
FAMILIES OF CURVES OVER ANY FINITE FIELD ATTAININGTHE GENERALIZED DRINFELD-VLADUT BOUNDbyStéphane Ballet & Robert Rolland
Abstrat. � We prove the existene of asymptotially exat sequenes of algebrai funtion�elds de�ned over any �nite �eld Fq having an asymptotially maximum number of plaes of adegree r where r is an integer ≥ 1. It turns out that these partiular families have an asymptotilass number widely greater than all the Lahaud - Martin-Deshamps bounds when r > 1. Weemphasize that we exhibit expliit asymptotially exat sequenes of algebrai funtion �eldsover any �nite �eld Fq, in partiular when q is not a square, with r = 2. We expliitly onstrutan example for q = 2 and r = 4. We dedue of this study that for any �nite �eld Fq there existsa sequene of algebrai funtion �elds de�ned over any �nite �eld Fq reahing the generalizedDrinfeld - Vladut bound.Résumé. � Nous prouvons l'existene de familles asymptotiquement exates de orps defontions algébriques dé�nis sur un orps �ni Fq qui ont un nombre maximum de plaes dedegré r où r est un entier ≥ 1. Il s'avère que pour es familles partiulières le nombre delasses est asymptotiquement beauoup plus grand que la borne générale de Lahaud - Martin-Deshamps quand r > 1. Pour r = 2 nous onstruisons expliitement des suites de orps defontions algébriques sur tout orps �ni Fq qui sont asymptotiquement exates et ei mêmelorsque q n'est pas un arré. Nous onstruisons un exemple pour r = 4 dans le as où q = 2.Nous déduisons de ette étude que pour tout orps �ni Fq il existe une suite de orps de fontionsalgébriques sur Fq qui atteint la borne de Drinfeld - Vladut généralisée.

1. Introdution1.1. General ontext and main result. � When, for a given �nite ground �eld, thesequene of the genus of a sequene of algebrai funtion �elds tends to in�nity, there existasymptoti formulae for di�erent numerial invariants. In [10℄, Tsfasman generalizes someresults on the number of rational points on the urves (due to Drinfeld-Vladut [13℄, Ihara [5℄,and Serre [8℄) and on its Jaobian (due to Vladut [12℄, Rosembloom and Tsfasman [7℄). Hegives a formula for the asymptoti number of divisors, and some estimates for the number ofpoints in the Poinaré �ltration.Key words and phrases. � Finite �eld, funtion �eld, asymptotially exat sequene, lass number, towerof funtion �elds.



6 Families of urves over �nite �eldsFor this purpose, he introdued the notion of asymptotially exat family of urves de�nedover a �nite �eld. It turns out that this notion is very fruitful. Indeed, for suh sequenesof urves, we an evaluate enough preisely the asymptoti behavior of ertain numerialinvariants, in partiular the asymptoti number of e�etive divisors and the asymptoti lassnumber. Moreover, when these sequenes are maximal (f. the basi inequality (1)) they havean asymptotially large lass number. In partiular, it is the ase when they have a maximalnumber of plaes of a given degree. Unfortunately the existene of suh sequenes is not knownfor any �nite �eld Fq, in partiular when q is not a square (f. Remark 5.2 in [11℄). In thispaper, we mainly expliitly onstrut examples of asymptotially exat sequenes of algebraifuntion �elds for any �nite �eld, so proving the existene of maximal asymptotially exatsequenes of urves de�ned over any �nite �eld Fq where q is not a square. So, we answer inCorollary 3.4 the question asked by Tsfasman and Vladut in [11, Remark 5.2℄.1.2. Notation and detailed questions. � Let us reall the notion of asymptotiallyexat family of urves de�ned over a �nite �eld in the language of algebrai funtion �elds.De�nition 1.1 (Asymptotially Exat Sequene). � Let F/Fq = (Fk/Fq)k≥1 be a se-quene of algebrai funtion �elds Fk/Fq de�ned over a �nite �eld Fq of genus gk = g(Fk/Fq).We suppose that the sequene of the genus gk is an inreasing sequene growing to in�nity.The sequene F/Fq is said to be asymptotially exat if for all m ≥ 1 the following limitexists:
βm(F/Fq) = lim

k→+∞
Bm(Fk/Fq)

gkwhere Bm(Fk/Fq) is the number of plaes of degree m on Fk/Fq.The sequene β = (β1, β2, ...., βm, ...) is alled the type of the asymptotially exat sequene
F/Fq.De�nition 1.2 (Generalized Drinfeld-Vladut Bound). � Let F/Fq = (Fk/Fq)k≥1 bea asymptotially exat sequene of algebrai funtion �elds Fk/Fq de�ned over a �nite �eld
Fq of genus gk = g(Fk/Fq) and of type β. The sequene β (respetively the sequene F/Fq)is said maximal (of maximal type) when the following basi inequality, alled GeneralizedDrinfeld-Vladut bound,(1) ∞∑

m=1

mβm

qm/2 − 1
≤ 1is reahed.De�nition 1.3 (Drinfeld-Vladut Bound of order r). � Let

Br(q, g) = max{Br(F/Fq) | F/Fq is a funtion �eld over Fq of genus g}.Let us set
Ar(q) = lim sup

g→+∞

Br(q, g)

g
.Publiations mathématiques de Besançon - 2011



Stéphane Ballet and Robert Rolland 7We have the Drinfeld-Vladut Bound of order r :
Ar(q) ≤

1

r
(q

r
2 − 1).Remark 1.4. � Note that if for a family F/Fq of algebrai funtion �elds, there exists aninteger r suh that the Drinfeld-Vladut Bound of order r is reahed, then this family is amaximal asymptotially exat sequene namely attaining the Generalized Drinfeld-Vladutbound. Moreover, its type is

β = (0, 0, ...., 0, βr =
1

r
(q

r
2 − 1), 0, ...).Tsfasman and Vladut in [11℄ made use of these notions to obtain new general results on theasymptoti properties of zeta funtions of urves.Note that a simple diagonal argument proves that eah sequene of algebrai funtion �eldsof growing genus, de�ned over a �nite �eld admits an asymptotially exat subsequene.However until now, we do not know if there exists an asymptotially exat sequene F/Fqwith a maximal β sequene when q is not a square. Moreover, the diagonal extration methodis not really suitable for the two following reasons. First, in general we do not obtain by thisproess an expliit asymptotially exat sequene of algebrai funtion �elds de�ned over anarbitrary �nite �eld, in partiular when q is not a square. Moreover, we have no ontrol onthe growing of the genus in the extrated sequene of algebrai funtion �elds de�ned over anarbitrary �nite �eld. More preisely, let us de�ne the notion of density of a family of algebraifuntion �elds de�ned over a �nite �eld of growing genus:De�nition 1.5. � Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai funtion �elds Fk/Fqof genus gk = g(Fk/Fq), de�ned over Fq. We suppose that the sequene of genus gk is aninreasing sequene growing to in�nity. Then, the density of the sequene F/Fq is

d(F/Fq) = lim inf
k→+∞

gk
gk+1

.A high density an be a useful property in some appliations of sequenes or towers of funtion�elds. Until now, no expliit examples of dense asymptotially exat sequenes F/Fq havebeen pointed out unless for the ase q square and type β = (
√
q − 1, 0, · · · ).1.3. New results. � In this paper, we answer the questions mentioned above. Morepreisely, for any prime power q we ontrut examples of asymptotially exat sequenesattaining the Drinfeld-Vladut Bound of order 2. We dedue that for any prime power q (inpartiular when q is not a square), there exists a maximal asymptotially exat sequenesof algebrai funtions �elds namely attaining the Generalized Drinfeld-Vladut bound. Wealso onstrut for q = 2 and r = 4 an example of maximal asymptotially exat sequeneattaining the Drinfeld-Vladut Bound of order 4. Then, we show that the asymptotially exatsequenes of onsidered maximal type have an asymptotially large lass number with respetto the Lahaud - Martin-Deshamps bounds. The paper is organized as follows. In setion 2,we study the general families of asymptotially exat sequenes of algebrai funtion �eldsPubliations mathématiques de Besançon - 2011



8 Families of urves over �nite �eldsde�ned over an arbitrary �nite �eld Fq of maximal type (0, ..., 1r (q
r
2 − 1), 0, ..., 0, ...) where

r is an integer ≥ 1, under the assumption of their existene. In partiular, we study forthese general families the behavior of the asymptoti lass number hk, and we ompare ourestimation to the general known bounds of Lahaud - Martin-Deshamps (f. [6℄). Morepreisely, we show that for suh families, if they exist, the asymptoti lass number is widelygreater than the general bounds of Lahaud - Martin-Deshamps when r > 1. Next, in setion3, we onstrutively prove the existene of asymptotially exat sequenes of algebrai funtion�elds de�ned over any arbitrary �nite �eld Fq of maximal type β = (0, ..., 1r (q
r
2 −1), 0, ..., 0, ...)with r = 2. Moreover, we exhibit the example of an asymptotially exat sequene of algebraifuntion �elds de�ned over Fq of maximal type β = (0, ..., 1

r (q
r
2 −1), 0, ..., 0, ...) with q = 2 and

r = 4. For this purpose, we use towers of algebrai funtion �elds oming from the desentof the densi�ed towers of Garia-Stihtenoth (f. [4℄ and [1℄). Note that all these examplesare expliit and onsist on very dense asymptotially exat towers algebrai funtion �elds(maximally dense tower for q = 2 and r = 4).2. General results2.1. Partiular families of asymptotially exat sequenes. � First, let us reallertain asymptoti results. Let us �rst give the following result obtained by Tsfasman in [10℄:Proposition 2.1. � Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai funtion �elds ofinreasing genus gk growing to in�nity. Let f be a funtion from N to N suh that f(gk) =
o(log(gk)). Then(2) lim sup

gk→+∞

1

gk

f(gk)∑

m=1

mBm(Fk)

qm/2 − 1
≤ 1.Now, we an easily obtain the following result as immediate onsequene of Proposition 2.1:Theorem 2.2. � Let r be an integer ≥ 1 and F/Fq = (Fk/Fq)k≥1 be a sequene of algebraifuntion �elds of inreasing genus de�ned over Fq suh that βr(F/Fq) = 1

r (q
r
2 − 1). Then

βm(F/Fq) = 0 for any integer m 6= r. In partiular, the sequene F/Fq is asymptotiallyexat.Proof. � Let us �x m 6= r and let us prove that βm(F/Fq) = 0. We use Proposition 2.1 withthe onstant funtion f(g) = s = max(m, r). Then we get
lim sup
k→+∞

1

gk

s∑

j=1

jBj(Fk)

qj − 1
≤ 1.But by hypothesis

lim sup
k→+∞

rBr(Fk)

gk(q
r
2 − 1)

= lim
k→+∞

rBr(Fk)

gk(q
r
2 − 1)

= 1.Publiations mathématiques de Besançon - 2011



Stéphane Ballet and Robert Rolland 9Then
lim sup
gk→+∞

1

gk

∑

1≤j≤s;j 6=r

jBj(Fk)

qj − 1
= lim

gk→+∞
1

gk

∑

1≤j≤s;j 6=r

jBj(Fk)

qj − 1
= 0.But

Bm(Fk)

gk
≤ (qm − 1)

m


 1

gk

∑

1≤j≤s;j 6=r

jBj(Fk)

qj − 1


 .Hene

lim
gk→+∞

Bm(Fk)

gk
= 0.Note that for any k the following holds:

B1(Fk/Fqr) =
∑

i|r
iBi(Fk/Fq).Then if βr(F/Fq) =

1
r (q

r
2 − 1), by Theorem 2.2 we onlude that β1(F/Fqr ) exists and that

β1(F/Fqr) = (q
r
2 − 1).In partiular the sequene F/Fqr reahes the lassial Drinfeld-Vladut bound and onse-quently qr is a square.If β1(F/Fqr ) exists then it does not neessarily imply that βr(F/Fq) exists but only that

limk→+∞
P

m|r mBm(Fk/Fq)

gk
exists. In fat, this onverse depends on the de�ning equations ofthe algebrai funtion �elds Fk/Fq.Now, let us give a simple onsequene of Theorem 2.2.Proposition 2.3. � Let r and i be integers ≥ 1 suh that i divides r. Suppose that

F/Fq = (Fk/Fq)k≥1is an asymptotially exat sequene of algebrai funtion �elds de�ned over Fq of type (β1 =

0, . . . , βr−1 = 0, βr = 1
r (q

r
2 − 1), βr+1 = 0, . . .). Then the sequene F/Fqi = (Fk/Fqi)k≥1 ofalgebrai funtion �eld de�ned over Fqi is asymptotially exat of type (β1 = 0, .., β r

i
−1 =

0, β r
i
= i

r (q
r
2 − 1), β r

i
+1 = 0, . . .).Proof. � Let us remark that by [9, Lemma V.1.9, p. 163℄, if P is a plae of degree r′ of

F/Fq, there are gcd((r′, i)) plaes of degree r′
gcd(r′,i) over P in the extension F/Fqi . As we areinterested by the plaes of degree r/i in F/Fqi , let us introdue the set

S = {r′; r gcd(r′, i) = i r′} = {r′; lcm (r′, i) = r}.Then,
Br/i(F/Fqi) =

∑

r′∈S

ir′

r
Br′(F/Fq).Publiations mathématiques de Besançon - 2011



10 Families of urves over �nite �eldsWe know that all the βj(F/Fq) = 0 but βr(F/Fq) =
1
r (q

r
2 − 1). Then

βr/i(F/Fqi) = iβr(F/Fq),

βr/i(F/Fqi) =
i

r

(
q

r
2 − 1

)
.2.2. Number of points of the Jaobian. � Now, we are interested by the Jaobianardinality of the asymptotially exat sequenes F/Fq = (Fk/Fq)k≥1 of type (0, .., 0, 1

r (q
r
2 −

1), 0, ..., 0).Let us denote by hk = hk(Fk/Fq) the lass number of the algebrai funtion �eld Fk/Fq. Letus onsider the following quantities introdued by Tsfasman in [10℄:
Hinf (F/Fq) = lim inf

k→+∞
1

gk
log hk

Hsup(F/Fq) = lim sup
k→+∞

1

gk
log hk.If they oinides, we just write:

H(F/Fq) = lim
k→+∞

1

gk
log hk = Hinf (F/Fq) = Hsup(F/Fq).Then under the assumptions of the previous setion, we obtain the following result on thesequene of lass numbers of these families of algebrai funtion �elds:Theorem 2.4. � Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai funtion �elds of in-reasing genus de�ned over Fq suh that βr(F/Fq) =

1
r (q

r
2 − 1) where r is an integer. Then,the limit H(F/Fq) exists and we have:

H(F/Fq) = lim
k→+∞

1

gk
log hk = log

qq
r
2

(qr − 1)
1
r
(q

r
2 −1)

.Proof. � By Corollary 1 in [10℄, we know that for any asymptotially exat family of algebraifuntion �elds de�ned over Fq, the limit H(F/Fq) exists and
H(F/Fq) = lim

k→+∞
1

gk
log hk = log q +

∞∑

m=1

βm. log
qm

qm − 1
.Hene, the result follows from Theorem 2.2.Corollary 2.5. � Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai funtion �elds of in-reasing genus de�ned over Fq suh that βr(F/Fq) =

1
r (q

r
2 − 1) where r is an integer. Thenthere exists an integer k0 suh that for any integer k ≥ k0,

hk > qgk .Publiations mathématiques de Besançon - 2011



Stéphane Ballet and Robert Rolland 11Proof. � By Theorem 2.4, we have limk→+∞(hk)
1
gk = qq

r
2

(qr−1)
1
r (q

r
2 −1)

. But
qq

r
2

(qr − 1)
1
r
(q

r
2 −1)

>
qq

r
2

(qr)
1
r
(q

r
2−1)

= q.Hene, for a su�iently large k0, we have for k ≥ k0 the following inequality
(hk)

1
gk > q.Let us ompare this estimation of hk to the general lower bounds given by G. Lahaud andM. Martin-Deshamps in [6℄.Theorem 2.6 (Lahaud - Martin-Deshamps bounds). � Let X be a projetive ir-reduible and non-singular algebrai urve de�ned over the �nite �eld Fq of genus g. Let JXbe the Jaobian of X and h the lass number h = |JX(Fq)|. Then1. h ≥ L1 = qg−1 (q−1)2

(q+1)(g+1) ,2. h ≥ L2 =
(√

q − 1
)2 gg−1−1

g
|X(Fq)|+q−1

q−1 ,3. if g >
√
q/2 and if B1(X/Fq) ≥ 1, then the following holds:

h ≥ L3 = (qg − 1)
q − 1

q + g + gq
.Then we an prove that for a family of algebrai funtion �elds satisfying the onditions ofCorollary 2.5, the lass numbers hk greatly exeeds the bounds Li. More preiselyProposition 2.7. � Let F/Fq = (Fk/Fq)k≥1 be a sequene of algebrai funtion �elds ofinreasing genus de�ned over Fq suh that βr(F/Fq) =

1
r (q

r
2 − 1) where r is an integer. Then1. for i = 1, 3

limk→+∞
hk
Li

= +∞,2. for i = 2 the following holds:(a) if r>1 then
limk→+∞

hk
L2

= +∞,(b) if r=1 then
hk
L2

≥ 2.5.Proof. � 1. ase i = 1: the following holds
L1 = qgk−1 (q − 1)2

(q + 1)(gk + 1)
= qgk

(q − 1)2

q(q + 1)(gk + 1)
<

qgk

(gk + 1)
,so, using the previous orollary 2.5, we onlude that for k large

hk
L1

> gk Publiations mathématiques de Besançon - 2011



12 Families of urves over �nite �eldsand onsequently
lim

k→+∞
hk
L1

= +∞;2. ase i = 2:(a) ase r = 1: we bound the number of rational points using the Weil bound. Morepreisely
L2 = (q + 1− 2

√
q)

qgk−1 − 1

gk

B1(Fk/Fq) + q − 1

q − 1
≤

(q + 1− 2
√
q)

qgk−1 − 1

gk

2q + 2gk
√
q

q − 1
<

2
q + 1− 2

√
q

(q − 1)
√
q

qgk
(
1 +

√
q

gk

)
;but for all q ≥ 2

2
q + 1− 2

√
q

(q − 1)
√
q

< 0.4,then
L2 < 0.4

(
1 +

√
q

gk

)
qgk ,hene

hk
L2

> 2.5
gk

gk +
√
qwhih gives the result;(b) ase r > 1: in this ase we know that

lim
k→+∞

B1(Fk/Fq)

gk
= β1(F/Fq) = 0.But

L2 <
q + 1− 2

√
q

(q − 1)q
qgk

B1(Fk/Fq) + q − 1

gk
.Then

hk
L2

>
(q − 1)q

q + 1− 2
√
q

gk
B1(Fk/Fq) + q − 1

.We know that
lim

k→+∞
gk

B1(Fk/Fq) + q − 1
= +∞,then

lim
k→+∞

hk
L2

= +∞.Publiations mathématiques de Besançon - 2011



Stéphane Ballet and Robert Rolland 133. ase i = 3:
L3 = (qg − 1)

q − 1

q + g + gq
<

qgk

gk
,then for k large

hk
L3

> gkand onsequently
lim

k→+∞
hk
L1

= +∞.As we see, if F/Fq = (Fk/Fq)k≥1 satis�es the assumptions of Theorem 2.4, we have hk >

qgk > qgk−1 (q−1)2

(q+1)gk
for k ≥ k0 su�iently large. In fat, the value k0 depends at least on thevalues of r and q and we an not know anything about this value in the general ase.Remark: We an remark that the lass number of these families is very near the Lahaud- Martin-Deshamps bound L2 when r = 1 but is muh greater than the Lahaud - Martin-Deshamps bound L2 when r > 1.3. Examples of asymptotially exat towersLet us note Fq2 a �nite �eld with q = pr and r an integer.3.1. Sequenes F/Fq with β2(F/Fq) = 1

2(q − 1) = A2(q). � We onsider the Garia-Stihtenoth's tower T0 over Fq2 onstruted in [4℄. Reall that this tower is de�ned reursivelyin the following way. We set F1 = Fq2(x1) the rational funtion �eld over Fq2 , and for i ≥ 1we de�ne
Fi+1 = Fi(zi+1),where zi+1 satis�es the equation

zqi+1 + zi+1 = xq+1
i ,with

xi =
zi

xi−1
for i ≥ 2.We onsider the ompleted Garia-Stihtenoth's tower T1/Fq2 de�ned over Fq2 studied in [2℄obtained from T0/Fq2 by adjuntion of intermediate steps. Namely we have

T1/Fq2 : F1,0 ⊂ · · · ⊂ Fi,0 ⊂ Fi,1 ⊂ · · · ⊂ Fi,s ⊂ · · · ⊂ Fi+1,0 ⊂ · · ·with s = 0, ..., r. Note that the steps Fi,0/Fq2 = Fi−1,r/Fq2 are the steps Fi/Fq2 of the Garia-Stihtenoth's tower T0/Fq2 and Fi,s/Fq2 (1 ≤ s ≤ r− 1) are the intermediate steps onsideredin [2℄.Let us denote by gk the genus of Fk/Fq2 in T0/Fq2 , by gk,s the genus of Fk,s in T1/Fq2 and by
B1(Fk,s/Fq2) the number of plaes of degree one of Fk,s/Fq2 in T1/Fq2 .Publiations mathématiques de Besançon - 2011



14 Families of urves over �nite �eldsReall that eah extension Fk,s/Fk is Galois of degree ps with full onstant �eld Fq2 . Moreover,we know by [3, Theorem 4.3℄ that the desent of the de�nition �eld of the tower T1/Fq2 from
Fq2 to Fq is possible. More preisely, there exists a tower T2/Fq de�ned over Fq given by asequene:

T2/Fq : G1,0 ⊂ · · · ⊂ Gi,0 ⊂ Gi,1 ⊂ · · · ⊂ Gi,r−1 ⊂ Gi+1,0 ⊂ · · ·de�ned over the onstant �eld Fq and related to the tower T1/Fq2 by
Fk,s = Fq2Gk,s for all k and s,namely Fk,s/Fq2 is the onstant �eld extension of Gk,s/Fq. First, let us study the asymptotibehavior of degree one plaes of the funtion �elds of the tower T2/Fq and more preiselythe existene and the value of β1(T2/Fq). In order to derive a result on the tower T2/Fq webegin by the study of the terms given by the desent of the lassial Garia-Stihtenoth tower

T0/Fq2 . Next we will study the intermediate steps.Lemma 3.1. � Let T0/Fq2 = (Fk/Fq2)k≥1 the Garia-Stihtenoth tower de�ned over Fq2and T ′
0/Fq = (Gk/Fq)k≥1 its desent over the de�nition �eld Fq i.e suh that for any integerk, Fk = Fq2Gk. Then

β1(T
′
0/Fq) = lim

k→+∞
B1(Gk/Fq)

g(Gk/Fq)
= 0.Proof. � First, note that if the algebrai funtion �eld Fk/Fq2 is a onstant �eld extensionof Gk/Fq, above any plae of degree one in Gk/Fq there exists a unique plae of degree onein Fk/Fq2 . Consequently, let us use the lassi�ation given in [4, p. 221℄ of the plaes ofdegree one of Fk/Fq2 . Let us remark that the number of plaes of degree one whih are notof type (A), is less or equal to 2q2 (see [4, Remark 3.4℄). Moreover, the genus gk of thealgebrai funtion �elds Gk/Fq and Fk/Fq2 is suh that gk ≥ qk by the Hurwitz theorem, thenwe an fous our study on plaes of type (A). The plaes of type (A) are built reursivelyin the following way (f. [4, p. 220 and Proposition 1.1 (iv)℄). Let α ∈ Fq2 \ {0} and Pαbe the plae of F1/Fq2 whih is the zero of x1 − α. For any α ∈ Fq2 \ {0} the polynomialequation zq2 + z2 = αq+1 has q distint roots u1, · · · uq in Fq2 , and for eah ui there is a uniqueplae P(α,i) of F2/Fq2 above Pα and this plae P(α,i) is a zero of z2 − ui. We iterate nowthe proess starting from the plaes P(α,i) to obtain suessively the plaes of type (A) of

F3/Fq2, · · · , Fk/Fq2, · · · ; then, eah plae P of type (A) of Fk/Fq2 is a zero of zk − u where
u is itself a zero of uq + u = γ for some γ 6= 0 in Fq2 . Let us denote by Pu this plae. Now,we want to ount the number of plaes P ′

u of degree one in Gk/Fq, that is to say the onlyplaes whih admit a unique plae of degree one Pu in Fk/Fq2 lying over P ′
u. First, note thatit is possible only if u is a solution in Fq of the equation uq + u = γ where γ is in Fq \ {0}.Indeed, if u is not in Fq, there exists an automorphism σ in the Galois group Gal(Fk/Gk) ofthe degree two Galois extension Fk/Fq2 of Gk/Fq suh that σ(Pu) 6= Pu. Hene, the uniqueplae of Gk/Fq lying under Pu is a plae of degree 2. But uq + u = γ has one solution in Fqif p 6= 2 and no solution in Fq if p = 2. Hene the number of plaes of degree one of Gk/FqPubliations mathématiques de Besançon - 2011



Stéphane Ballet and Robert Rolland 15whih are lying under a plae of type (A) of Fk/Fq2 is equal to zero if p = 2 and equal to
q − 1 if p 6= 2. We onlude that

lim
k→+∞

B1(Gk/Fq)

g(Gk/Fq)
= 0.Let us remark that in any ase, the number of plaes of degree one of Gk/Fq is less or equalto 2q2.Now we an get a similar result for the desent T2/Fq of the densi�ed tower T1/Fq2 of T0/Fq2 .Lemma 3.2. � The tower T2/Fq is suh that:

β1(T2/Fq) = lim
g(Gk,s/Fq)→+∞

B1(Gk,s/Fq)

g(Gk,s/Fq)
= 0.Proof. � As Gk+1 = Gk+1,0 is an extension of Gk,s we get B1(Gk,s/Fq) ≤ B1(Gk+1/Fq).Using the omputation done in the proof of Lemma 3.1 and Remark 3.4 in [4℄ we have

B1(Gk+1/Fq) ≤ 2q2, then we get B1(Gk,s/Fq) ≤ 2q2. By [2, Corollary 2.2℄ we know that
lim

l→+∞
g(Gl+1/Fq)

g(Gl/Fq)
= pwhere g(Gl/Fq) and g(Gl+1/Fq) denote the genus of two onseutive algebrai funtion �eldsin T2/Fq. Then for k su�iently large we get

gk,s ≥ gk,0 = gk.We onlude that β1(T2/Fq) = 0.Let us prove a proposition establishing that the tower T2/Fq is asymptotially exat withgood density.Proposition 3.3. � Let q = pr. For any integer k ≥ 1, for any integer s suh that s =

0, 1, ..., r, the algebrai funtion �eld Gk,s/Fq in the tower T2 has a genus g(Gk,s/Fq) = gk,swith B1(Gk,s/Fq) plaes of degree one, B2(Gk,s/Fq) plaes of degree two suh that:1. g(Gk,s/Fq) ≤ g(Gk+1/Fq)
pr−s + 1 with g(Gk+1/Fq) = gk+1 ≤ qk+1 + qk.2. B1(Gk,s/Fq) + 2B2(Gk,s/Fq) ≥ (q2 − 1)qk−1ps.3. β2(T2/Fq) = limgk,s→+∞

B2(Gk,s/Fq)
gk,s

= 1
2 (q − 1) = A2(q).4. d(T2/Fq) = liml→+∞

g(Gl/Fq)
g(Gl+1/Fq)

= 1
p where g(Gl/Fq) and g(Gl+1/Fq) denote the genus oftwo onseutive algebrai funtion �elds in T2/Fq.Proof. � By Theorem 2.2 in [2℄, we have g(Fk,s/Fq2) ≤

g(Fk+1/Fq2 )

pr−s + 1 with g(Fk+1/Fq2) =

gk+1 ≤ qk+1 + qk . Then, as the algebrai funtion �eld Fk,s/Fq2 is a onstant �eld extensionof Gk,s/Fq, for any integer k and s = 0, 1 or 2, the algebrai funtion �elds Fk,s/Fq2 and
Gk,s/Fq have the same genus. So, the inequality satis�ed by the genus g(Fk,s/Fq2) is alsotrue for the genus g(Gk,s/Fq). Moreover, the number of plaes of degree one B1(Fk,s/Fq2)of Fk,s/Fq2 is suh that B1(Fk,s/Fq2) ≥ (q2 − 1)qk−1ps. Then, as the algebrai funtion �eldPubliations mathématiques de Besançon - 2011



16 Families of urves over �nite �elds
Fk,s/Fq2 is a onstant �eld extension of Gk,s/Fq of degree 2, it is lear that for any integer
k and s, we have B1(Gk,s/Fq) + 2B2(Gk,s/Fq) ≥ (q2 − 1)qk−1ps. Moreover, we know that
β1(T2/Fq) = 0 by Lemma 3.2. But B1(Gk,s/Fq) + 2B2(Gk,s/Fq) = B1(Fk,s/Fq2) and as by[4℄, β1(T1/Fq2) = A(q2), we have β2(T2/Fq) =

1
2 (q − 1).In partiular, the following result holds:Corollary 3.4. � For any prime power q, there exists a sequene of algebrai funtion �eldsde�ned over the �nite �eld Fq reahing the Generalized Drinfeld-Vladut bound.3.2. Sequenes F/F2 with β4(F/F2) =

3
4 = A4(2). � We use the notations of the previ-ous paragraph onerning the towers T1/Fq2 and T2/Fq. Now we suppose that q = p2 and weask the following question: is the desent of the de�nition �eld of the tower T1/Fq2 from Fq2to Fp possible? The following result gives a positive answer for the ase p = 2.Proposition 3.5. � Let p = 2. If q = p2, the desent of the de�nition �eld of the tower

T1/Fq2 from Fq2 to Fp is possible. More preisely, there exists a tower T3/Fp de�ned over Fpgiven by a sequene:
T3/Fp = H1,0 ⊆ H1,1 ⊆ H2,0 ⊆ H2,1 ⊆ ...de�ned over the onstant �eld Fp and related to the towers T1/Fq2 and T2/Fq by

Fk,s = Fq2Hk,s for all k and s = 0, 1 or 2,

Gk,s = FqHk,s for all k and s = 0, 1 or 2,namely Fk,s/Fq2 is the onstant �eld extension of Gk,s/Fq and Hk,s/Fp and Gk,s/Fq is theonstant �eld extension of Hk,s/Fp.Proof. � Let x1 be a transendent element over F2 and let us set
H1 = F2(x1), G1 = F4(x1), F1 = F16(x1).We de�ne reursively for k ≥ 11. zk+1 suh that z4k+1 + zk+1 = x5k,2. tk+1 suh that t2k+1 + tk+1 = x5k(or alternatively tk+1 = zk+1(zk+1 + 1)),3. xk = zk/xk−1 if k > 1 (x1 is yet de�ned),4. Hk,1 = Hk,0(tk+1) = Hk(tk+1), Hk+1,0 = Hk+1 = Hk(zk+1), Gk,1 = Gk,0(tk+1) =

Gk(tk+1), Gk+1,0 = Gk+1 = Gk(zk+1), Fk,1 = Fk,0(tk+1) = Fk(tk+1), Fk+1,0 = Fk+1 =

Fk(zk+1).By [3℄, the tower
T1/Fq2 = (Fk,i/Fq2)k≥1,i=0,1is the densi�ed Garia-Stihtenoth's tower over F16 and the two other towers T2/Fq and T3/Fpare respetively the desent of T1/Fq2 over F4 and over F2.Publiations mathématiques de Besançon - 2011



Stéphane Ballet and Robert Rolland 17Proposition 3.6. � Let q = p2 = 4. For any integer k ≥ 1, for any integer s suh that
s = 0, 1 or 2, the algebrai funtion �eld Hk,s/Fp in the tower T3 has a genus g(Hk,s/Fp) = gk,swith B1(Hk,s/Fp) plaes of degree one, B2(Hk,s/Fp) plaes of degree two and B4(Hk,s/Fp)plaes of degree 4 suh that:1. g(Hk,s/Fp) ≤ g(Hk+1/Fp)

pr−s + 1 with g(Hk+1/Fp) = gk+1 ≤ qk+1 + qk.2. B1(Hk,s/Fp) + 2B2(Hk,s/Fp) + 4B4(Hk,s/Fp) ≥ (q2 − 1)qk−1ps.3. β4(T3/Fp) = limgk,s→+∞
B4(Hk,s/Fp)

gk,s
= 1

4(p
2 − 1) = 3

4 = A4(2).4. d(T3/Fp) = liml→+∞
g(Hl/Fp)

g(Hl+1/Fp)
= 1

2 where g(Hl/Fp) and g(Hl+1/Fp) denote the genusof two onseutive algebrai funtion �elds in T3/Fp.Proof. � By Theorem 2.2 in [2℄, we have g(Fk,s/Fq2) ≤
g(Fk+1/Fq2 )

pr−s + 1 with g(Fk+1/Fq2) =

gk+1 ≤ qk+1+qk . Then, as the algebrai funtion �eld Fk,s/Fq2 is a onstant �eld extension of
Hk,s/Fp, for any integer k and s = 0, 1 or 2, the algebrai funtion �elds Fk,s/Fq2 and Hk,s/Fphave the same genus. So, the inequality satis�ed by the genus g(Fk,s/Fq2) is also true for thegenus g(Hk,s/Fp). Moreover, the number of plaes of degree one B1(Fk,s/Fq2) of Fk,s/Fq2 issuh that B1(Fk,s/Fq2) ≥ (q2 − 1)qk−1ps. Then, as the algebrai funtion �eld Fk,s/Fq2 is aonstant �eld extension of Hk,s/Fp of degree 4, it is lear that for any integer k and s, we have
B1(Hk,s/Fp) + 2B2(Hk,s/Fp) + 4B4(Hk,s/Fp) ≥ (q2 − 1)qk−1ps. Moreover, we have shown inthe proof of Lemma 3.2 that for any integer k ≥ 1 and any 0 ≤ s ≤ 2 the number of plaesof degree one B1(Gk,s/Fq) of Gk,s/Fq is less or equal to 2q2 and so β1(T2/Fq) = 0. Then, asthe algebrai funtion �eld Gk,s/Fq is a onstant �eld extension of Hk,s/Fp of degree 2, it islear that for any integer k and s, we have B1(Hk,s/Fp) + 2B2(Hk,s/Fp) = B1(Gk,s/Fq) andso β1(T3/Fp) = β2(T3/Fp) = 0. Moreover, B1(Hk,s/Fp) + 2B2(Hk,s/Fp) + 4B4(Hk,s/Fp) =

B1(Fk,s/Fq2) and as by [4℄, β1(T1/Fq2) = A(q2), we have β4(T3/Fp) = A(p4) = p2 − 1.Corollary 3.7. � Let T3/F2 = (Hk,s/F2)k∈N,s=0,1,2 be the tower de�ned above. Then thetower T3/F2 is an asymptotially exat sequene of algebrai funtion �elds de�ned over F2with a maximal density (for a tower).Proof. � It follows from (4) of Proposition 3.3.4. Open questions1. Find asymptotially exat sequenes of algebrai funtion �elds de�ned over any �nite�eld Fq, of type β = (β1, β2, ...., βm, ...) with several βi > 0, attaining the generalizedDrinfeld-Vladut bound (i.e maximal or not).2. Find asymptotially exat sequenes of algebrai funtion �elds de�ned over any �nite�eld Fq, attaining the Drinfeld-Vladut bound of order r for any integer r > 2 (exeptase q=2 and r=4 solved in this paper). Publiations mathématiques de Besançon - 2011
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