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A Gap in the Spectrum of the Faltings Height

par STEFFEN LOBRICH

RESUME. Nous montrons que le minimum h,,;, de la hauteur de
Faltings stable sur des courbes elliptiques trouvé par Deligne est
suivi par un écart. C’est-a-dire qu’il y a une constante C' > 0 telle
que pour toute courbe elliptique F/K & réduction partout semi-
stable sur un corps de nombres K, nous avons ou h(E/K) = hyin
ou h(E/K) > hmin + C. Nous déterminons une telle constante
absolue explicitement. Pour les courbes elliptiques a réduction in-
stable, nous montrons au contraire qu’il n’y a pas de tel écart.

ABSTRACT. We show that the minimum h.,;, of the stable Falt-
ings height on elliptic curves found by Deligne is followed by a gap.
This means that there is a constant C' > 0 such that for every ellip-
tic curve E/K with everywhere semistable reduction over a num-
ber field K, we either have h(E/K) = hyin or h(E/K) > hpmin+C.
We determine such an absolute constant explicitly. On the con-
trary, we show that there is no such gap for elliptic curves with
unstable reduction.

1. Introduction and Statement of Results

The Faltings height was introduced by Faltings in his famous proof of
the Mordell conjecture [4] and gives a notion of arithmetic complexity for
abelian varieties over number fields. In this article we will only consider
elliptic curves, the abelian varieties of dimension 1. The spectrum of values
of the Faltings height h(E/K) for E an elliptic curve over a number field
K (see Definition 2.3) was first examined by Deligne [2], who showed that
it attains a minimum precisely at elliptic curves with j-invariant 0 and
everywhere good reduction. Deligne also gave an explicit expression for the
minimal value using the Chowla—Selberg formula. Throughout this article
we follow Deligne’s normalization.
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Theorem 1.1 (Deligne). The Faltings height for elliptic curves is mini-
mal precisely at elliptic curves with j-invariant 0 having everywhere good
reduction. The minimum is given by

R S O SO N VE A
Roin = 210g<\/§ (F(2/3)>>_ 0.74875248 . ...

The minimal value of the Faltings height arises from elliptic curves with
complex multiplication by the ring of integers of Q(v/—3). The Chowla—
Selberg formula and its generalization by Nakkajima and Taguchi [7] ex-
press the Faltings heights of CM-curves in terms of finite sums involving
the Gamma-function. However, it is only in the CM-case that such explicit
expressions for the Faltings height are known.

Zhang showed that heights on arithmetic varieties induced by hermit-
ian line bundles with smooth metric have isolated minima (see [10, Corol-
lary 5.7]). It is therefore natural to ask if the minimum of the Faltings
height on elliptic curves is also isolated. If so, one can try to determine
an explicit gap and look for a second minimum. The stable Faltings height
hstap (defined in Section 2) is obtained by extending the number field such
that the curve has everywhere semistable reduction. We show that, similar
to the Weil height (see Definition 2.1), the values of the Faltings height can
get arbitrarily close to hmin, while for the stable Faltings height there is a
gap behind hpin. More precisely, the main result of this article is

Theorem 1.2. There is a C > 0 such that for every elliptic curve E/K
we have

hstab(E/K) - hmin or hstab(E/K) Z hmin + C,

or equivalently, for every elliptic curve E/K with j-invariant not equal to 0
we have

Moreover, we can choose C = 4.601 - 10718,

For the proof we relate the Faltings height to the modular height (see
Definition 2.2) of an elliptic curve. Silverman estimated the Faltings height
from below and above by the modular height [8]. In Section 3 we will
employ estimates for the j-function by Faisant and Philibert [3] in order to
determine an absolute constant for the estimate from below. This will be a
key ingredient for the full proof given in Section 4. To study the growth of
the Faltings height, we need a result by Masser [6] on the vanishing of the
non-holomorphic Eisenstein series of weight 2.
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On the other hand, we have

Theorem 1.3. For every € > 0 there is a number field K and an elliptic
curve E/K with j-invariant O such that

hoin < W(E/K) < hpin + €.

We show this in Section 5 by constructing elliptic curves with j-inva-
riant 0 over an appropriate sequence of number fields. These curves have
bad reduction at only one prime ideal lying over a totally ramified prime
number that can be kept small.

The smallest value of the stable Faltings height on elliptic curves apart
from hpyi, that we could find by numerically testing elliptic curves with
roots of unity and small Salem numbers as j-invariants in SAGE [9] is
hy = —0.74862817 ..., attained at curves with j-invariant 1 and everywhere
good reduction. However, we could not prove that the stable Faltings height
attains a second minimum.

2. Definitions and Preliminaries

In this section we define the modular height and the Faltings height of
an elliptic curve. Throughout we denote by K a number field and by O
its ring of integers. We write E/K for an elliptic curve over K and jg for
its j-invariant. We denote by 7 = x 4 iy a variable in the complex upper
half-plane H and write ¢ = q(7) = e*™7, A(7) = (2m)2q[[,,>1(1 — ¢")*
for the modular discriminant and j(7) = % + 744 + ... for the modular
j-function. We also define the closed fundamental domain

Fi={reH: -1 <Rer <1iand|r|>1}.

For every prime number p, we define a p-adic absolute value |- |, on Q
by |z|p, := p~ % for x € Q* and |0|, := 0. A place of a number field K
is an equivalence class of non-trivial absolute values on K. Let M- denote
the set of all non-archimedean places of K. It is well known that every non-
archimedean place on K uniquely corresponds to a non-zero prime ideal in
Ok, so we will freely identify these two sets. Every non-archimedean place
pe M?( restricts to a non-archimedean place on QQ corresponding to some
prime number p. We define | - |, to be the absolute value in p that restricts
to | - |p. Let K, denote the completion of K with respect to the metric
defined by p. The local degree of p is defined as ny, := [K : Qp].

Definition 2.1. The (absolute logarithmic) Weil height of an algebraic
number « € K is defined as

Z np logmax{1, ||y} + Z logmax{1, |o(a)|} |,
peM?, 0:K—C
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where the second sum runs over all embeddings ¢ : K — C.

The product formula implies that the Weil height does not depend on
the number field K containing a. If o € Q* and a = 3 for coprime integers
s, t, then we simply have

h(a) = log max{|s|, |¢|}.

Definition 2.2. The modular height of an elliptic curve over a number
field is the absolute logarithmic Weil height of its j-invariant.

Now we define the Faltings height of an elliptic curve E/K. Let Ag/x
denote the minimal discriminant of E' /K. For every embedding o : K — C,
we write j, for o(jg) and choose a 7, € H such that j(7,) = j,.

Definition 2.3. The Fultings height of E/K is given by

WE/K) = G (logiNK/@mE/Kn - ;Clogm(n)um(n)ﬁ)) g log.
Remark 2.1. The %log m-term has conventional reasons, as we follow the
definition of Deligne [2]. There are several normalizations of the Faltings
height going around, all of them differing only by an additive constant.
Faltings’s original definition [4] does not have the % log m-term. Silverman’s
definition [8] differs from Faltings’s by —2log 2w, because he defines the
A-function with a prefactor of (27)~!? instead of (27)'2. Of course, our
results on the existence and size of a gap are independent of the chosen
normalization.

The definition is motivated by Arakelov theory. For an abelian variety
A/K with Néron model A/Ok, every embedding o : K — C induces a
norm on the sheaf of Néron differentials w 4,0, . These norms make w 4,0,
into a metrized line bundle on O . The Faltings height of A/K is originally
defined to be the normalized Arakelov degree of w 4,0, (see [4, §3]). In case
of elliptic curves this is equivalent to Definition 2.3 (see [8, Proposition 1.1]).

The Faltings height of £'/K depends on the field K. However, it is the
same for every field over which ' has everywhere semistable reduction. To
get rid of the dependence, we define the stable Faltings height hgqp by choos-
ing a finite field extension L/K such that E/L has everywhere semistable
reduction and setting hstar,(E/K) := h(E/L). The stable Faltings height
does not depend on the field K and the chosen field extension. We have
hetab(E/K) < h(E/K) for every elliptic curve E/K with equality if and
only if /K has everywhere semistable reduction.

Sometimes we want to split the Faltings height into an archimedean and
a non-archimedean part. We set

ho(E/K) =

1
m log |NK/Q(AE/K)’
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and
1

heo(E/K) = —m

S log(|A(r) | Im(r,)%),
o:K—C
so that
WE/K) = ho(E/K) + hoo(E/K) + 1 log .
Note that hg is non-negative. The next proposition tells us how the Faltings
height behaves under field extensions.

Proposition 2.1. Let E/K be an elliptic curve and L/K a finite field
extension. Then we have
(1) hoo(E/L) = hoo (E/K)
(ii) ho(E/L) < ho(E/K) and ho(E/L) = ho(E/K) if E/K has every-
where semistable reduction.
(iii) ho(E/K) =0 if and only if E/K has everywhere good reduction.

Proof.
(i) For every embedding o : K < C there are [L : K| embeddings of L
that restrict to o on K. For every such embedding p : L — C, we
have p(jr) = 0(jE), so we may assume that 7, = 7,. Hence

l05(1A(70)| 1m(7)%) = xS 1oB(1A(r)| (7)),
’ p:L—=C

plo
Summing over all o and averaging implies the statement.
(ii) The ideal Ag/y, divides Ag O with equality if £/K has every-
where semistable reduction. Thus

Npjo(Apjr) < Npjo(Ap/kOL) = Nigjg(Ap k)X
with equality if E//K has everywhere semistable reduction.
(iii) £/K has everywhere good reduction if and only if Ap/x = O if
and only if ho(E/K) = 0. O
In particular, if E/K has everywhere potential good reduction, then
hstab(E/K) = hoo(E/K) + % log . A well-known result from the theory of

elliptic curves states that this is the case if and only if jgp is an algebraic
integer.

3. An Estimate between Faltings Height and Modular Height

In this section we estimate the Faltings height explicitly from below
against the modular height. We factor the principal ideal (jg) as (jg) =
AD~! for coprime integral ideals A, D C O. Then D divides Ap /K With
equality if and only if F/K has everywhere semistable reduction. Hence we
can write Ap/g = Dyp/k for some integral ideal vg,/ g, such that yg/x =
O if and only if F/K has everywhere semistable reduction. The ideal
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Ye/K is called the unstable discriminant of E/K. Silverman proved the

following result.

Proposition 3.1 ([8, Proposition 2.1]). There are constants Ci,Ca such
that for every elliptic curve E/K we have

C1 < 15h(ip) + ey 108 [Nk /o (ve/K)| — M(E/K)
< glog(1 + h(jp)) + Co.

In particular, if E/K has everywhere semistable reduction, there is a con-
stant C with

(3.1)

|$5h(is) = h(E/K)| < $log(1 + h(jm)) + C.

Gaudron and Rémond showed that one can choose Cy = 0.72 (cf. [5,
Lemme 7.9]). They proved the result for curves with everywhere semistable
reduction, but it easily extends to the unstable case. We want determine
an absolute Co in (3.1) in order to find a lower bound for the Faltings
height in terms of the modular height. In fact, we show that one can choose
Cy = 2.071.

Proposition 3.2. Let E/K be an elliptic curve over a number field K with
j-tnvariant jg. Then

h(E/K) > 5h(jE) — 5log(1 + h(jr)) + g 08 | Nk /o (ve/x)| — 2.071.

Before we prove Proposition 3.2 we need some preparation. To treat the
archimedean part we apply estimates for the j-function by Faisant and
Philibert.

Lemma 3.1 ([3, §2 Lemme 1]).

(i) For every 7 € H we have |j(7)| < j(iImT).
(ii) For every y > 1 we have j(iy) < €™ + 1193.
(ili) For every T € F we have Im 7 < 3 log max{e, |j(7)|}.

Now we establish a bound for [j(7)| in terms of Im 7.

Lemma 3.2. For every T € F we have
log max{1, |j(7)|} <27 Im7 +log 1193 < 27 Im 7 + 7.09.
Proof. First we show that
17(r)] < e*™/V3 41193 < 2609
for every 7 € F with Im7 < 1. Since j is a modular function, we have
J(iy) :j(—i) = j(i) It follows
GOl <3(iTmr) = j (k) < e¥/™7 41193 < /Y3 4 1193
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by Lemma 3.1 (i) and because of Im7 > @ for 7 € F. Next observe that
for s,t € R with 2 < s <t it holds that

log(s +t) <log(2t) =log2 + logt < logs+ logt,
so by Lemma 3.1 (i) and (ii) we have for Im7 > 1
log|j(7)| < log (¢*™™7 +1193) < 2w Im T + log 1193,
Altogether this implies

271 log1193 if I > 1
logmax{1, |7(7)|} S{ TimT 4 g ST =

log(e“/‘/g +1193) ifIm7 <1,
for every T € F. Since Im 7 > @ and
log(e*™/V3 4 1193) < mv/3 + log 1193
we have in any case
log max{1, |j(7)|} <27 Im7 +log 1193 < 27 Im 7 + 7.09. O

We also need the following inequality by Silverman.

Lemma 3.3 ([8], §2 Exercise 1). For every 7 € F we have
log |A(7)| < =27 Im 7 + 22.16.

Proof. Since |q| < e=V3 and log(1 4 z) < z for all x > 0, we have
> log|l—q"[ < Y log(1+al") < D log(1+eV*™)

n>1 n>1 n>1
1
< e—\/gwn — 1.
7;[ 1 - e_\/gﬂ-

We deduce that

log |A(7)] =log|q| +24 > log |1 — ¢"| + 12log(27)
n>1

< 2w ImT + 22.16. |

Proof of Proposition 3.2. First we estimate the non-archimedean part
ho(E/K). Note that for every prime ideal p C Ok we have

_ ordy,(A) if ordy(jg) > 0
ordy(jE) = 2 : p(j.E) P
—ordy(®) if ordy(jg) <0
where (jg) = AD ! as above, and thus

(3.2) max{L, |jgly} = py 0GR er _ jords(0)/ey.
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where p, is the unique prime number divided by p and e, the ramification
index of p in K/Q. It follows that

(3.3)

. 3.2
Z np log max{1, |jg|,} (3:2) log H p;lp ordp(D)/ep | _ log ’NK/@(Q)’
peMy peM?,

= log |Nk/o(®ve/Kk)| — log [Nk o(ve/K)|
= log|Nk/o(Ag/k)| —log|Ng/o(Ve/K)]

= 12[K : Qlho(E/K) —log [Nk /o(ve/K)|-
Thus 12ho(E/K) is greater than or equal to the non-archimedean part of

the modular height of E/ K with equality if and only if /K has everywhere
semistable reduction.

Putting the inequalities from Lemma 3.2 and 3.3 together, we obtain
(3.4) —log|A(7)| > log max{1, [j(7)|} — 29.25.
Moreover, Lemma 3.1 (iii) yields
(3.5) log Im 7 < log log max{e, | (7)|} + log 2
< loglog max{e, |j(7)|} + 0.41
Now we can estimate the Faltings height. Setting d := [K : Q], we obtain
(3.6)

12dh(E/K) = 12dho(E/K) — Y log(|A(7s)|Im(7,)%) + 6dlog 7
o:K—C
(3.3)
> > mplogmax{l,|jply} +log|Nio(vm/x)|

peM
— Z log |A(7,)| — 6 Z log Im 75 4 6d log
o K—=C o:K—C
(3.4)
(3.5) .
> Z np log max{1, [jgly} + log ’NK/Q('YE/K”
peMy
+ Y (logmax{1,|jgls} — 29.25)
o:K—C
—6 Y (loglogmax{e,|jg|s} + 0.41) + 6dlog 7
o:K—C
> d(h(jg) — 24.85) — 6 Z loglog max{e, |jr|s}

o:K—C
+log [Nk /o(VE/K)I-
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The geometric-arithmetic mean inequality yields
(3.7)

Z loglog max{e, |jr|s} = log ( H log max{e, jE]U}>

g:K—C o:K—C

d
< log (31 Z log max{e, \jE\g}>

o:K—C

< dlog (1 + é Z log max{1, ‘JE‘0}>

o:K—C
< dlog(1+ h(jg)).

Now Proposition 3.2 follows by plugging (3.7) into (3.6). O

4. Proof of Theorem 1.2

Now we want to prove Theorem 1.2. Assume throughout this section that
je # 0. Let o = _1%/51 denote the third root of unity in H. For 7 € H we
define

V(1) := —15 log(|A(7) | Im(7)°),

[ Z V(1,).

o:K—C
Also note that V(o) = hpin + 5 log 7. Since A is a modular cusp form of
weight 12, the function V' is invariant under the action of SLg(Z) on H
and goes to infinity for Im 7 — oco. Therefore we may assume that all the
{75} o lie in F.

The idea is that if 7 € F\{o, —0?} is close to g or —p?, then |j(7)|~}
becomes large. Consequently, h(j(7)~!) = h(j(r)) becomes large. If this
happens for too many {7,},.xc, then E/K has a large modular height.
Because of Proposition 3.2 the curve E/K cannot have a too small Faltings
height. If on the other hand a certain part of the {7,},.x—c lies far from
both ¢ and —g?, then the corresponding {V (74)}o.x<sc become too large for
E/K to have a small Faltings height. We will now make this idea rigorous
and divide the proof into several lemmas.

so that
hoo(E/K)

Remark 4.1. The function
z— Ha— Llog(l+x)

is monotonically increasing for x > 5 and becomes greater than 1.323 for
x > 37.84. Thus if h(jg) > 37.84 then

WE/K) > Sh(jp) — 3log(1 + h(jg)) — 2.071 > —0.748 > iy + 0.0007
by Proposition 3.2.
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Lemma 4.1. Let P € (0,1) and assume that jg # 0 and that at least a
fraction of P of the conjugates {jo}o.xsc Of jE satisfy

ol < eIV = 2(P),
meaning that
H{o: K —C:l|j,| <e(P)}>P-[K:Q).

Then we have h(jg) > 37.84 and therefore h(E/K) > hp, + 0.0007 by
Remark 4.1.

For the next lemmas we define
Bs:={r€F:|r—o <dor|r+o° <6}

Lemma 4.2. Let 0 < ¢ < 5.08-107° and § = 0.027 - /. Then for every
T € Bs we have |j(1)] < e.

Lemma 4.3. Let 6 € (0,3), ¢ := —q(0) = e=™3 and define

_ 6—27r6’) N 2q3(1 . 6—67r5’)
l1+gq 1+¢3
2 2

-0 e ) T - @

Then for every T € F\Bs we have
V(r) = V(o) +C(d).

First we prove that Theorem 1.2 follows from Lemma 4.1-4.3:

Proof of Theorem 1.2. By Lemma 4.1 we either have h(E/K) > hpin +
0.0007 or at most a fraction of P of the {j,}s ke satisty |j,| < e(P). Let

§(P) :=0.027 - {/e(P).

Note that £(P) < e 378 < 5.08- 1075 and §(P) < 3 for every P € (0,1).
It follows from Lemma 4.2 that at most a fraction of P of the {7,}s.xC
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satisfy 7, € Bj(p). In this case Lemma 4.3 implies
1
ME/K)>h (E/K) + flogw

Z Vity) + flogw

[ ’ Q] 0:K—C
N Z Vite) + Z V(1s) +llog7r
[K : Q] o:K—C o:K—C 2
To €Bs(p) To¢Bs(p)

Z hmm + Z mln +C 5/( )))

[K : Q] o: K—C o: K—C
TUEB(S(P) TogB(;(p)

Z hmin + (1 - P)C(6/<P))7

where
§ 2
§'(P) := L5(P)y/1 — AL _ V3 5(p)?
and C'(¢') as in Lemma 4.3. As P was arbitrary, we obtain a gap of

min{0.0007, maxpe (g 1)(1 — P)C(&'(P))}.

We will see that maxpe(o,)(1 — P)C(d'(P)) is much smaller than 0.0007,
so the gap function is given by

P+ (1-P)C(d'(P))

T _ 27 (P)
=(1-P)(GoP) - %log (1 - \3??5/(P)) » 20 1+gq )

2q3(1 _ 67671'(5’(13)) N 9 B ) )
1+ g5 1— )1 — e @)~ (1 - )2

Numerical computations at high precision in SAGE [9] suggest that the
function has a maximum at 0.964.... So we choose P = 0.964 and obtain
a gap of 4.601 - 10718, O

Now we prove Lemma 4.1-4.3.

Proof of Lemma 4.1. First note that e(P) = e 37%/F < 1 for P € (0,1).
Assuming that at least a fraction of P of the {j, },. k¢ satisfy |js| < e(P)
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and that jg # 0 we obtain

h(jg') =

C -1
K Q U:g;(clogmax{l, l7o17"}

1 o
K Q Uzéclogmax{l, l7o| 7}

ljo|<e

= = Z —log |jo| > —Ploge(P) = 37.84.
[KTJ@]UJ@%C

ljo|<e
It is well-known that h(a~!) = h(a) for every a € Q \ {0}, which proves
Lemma 4.1. g

Proof of Lemma 4.2. Bilu, Luca and Pizarro-Madariaga showed that
(m)] < 47000 - |7 - of®

for all 7 € F with |7 — ¢ < 0.001 (see [1], Proposition 2.2). Thus if &£ <
5.08-107° and § = 0.027 - {/z, then § < 0.001 and [j(7)| < e forall T € F
with |7 — 0| < §. The same statement holds for —o? instead of o. O

To prove Lemma 4.3, we first show that we can restrict ourselves to the
half-line ReT = —%:
Lemma 4.4. For all 7 = x + iy € F we have

V(1) 2 V(-3 +iy)
and V' is monotonically increasing on the half line defined by x = —% and
Yy > §

Proof. We regard V as a function of the real variables z, y and examine the
partial derivatives. Let

Ey(x,y):=1-—24 Z

n>1

nqg" 3

I1—q" my

denote the non-holomorphic Eisenstein series of weight 2. Direct calculation
shows that

0.V (x,y) —i0,V(z,y) = —%Eg(x,y).
According to Masser’s proof of Lemma 3.2 in [6], we have Fs(z,y) € R and
hence 8,V (z,y) = 0 if and only if z € 2Z. In the expression

A(z,y)] = @2m)?q [T 11— ¢"** = 2m)|q| [] (1 — 2Re(q") + |g[*")*?
n>1 n>1

only the Re(¢")-term depends on . For fixed y > 0 the product is minimal
if ¢ > 0, i.e. © € Z. Therefore it has to be maximal for x € % + Z. Hence
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V(z,y) = —75log(|A(z,y)|y°) is minimal for z € § + Z if y is fixed. Fur-
thermore, Masser’s proof shows that the only zero of E5 on the half-line

z = —1% in His o. Since 8,V is continuous and limy_,o V(2,y) = oo, it fol-
lows that 8yV( ,y) >0 for y > f , hence V' is monotonically increasing
on this half-line. O

Proof of Lemma 4.3. For 6 € (0, %), the upper intersection point w of the
circle |7 — g| = ¢ and the unit circle has imaginary part

Imw:@—i—%&/l—%—@ﬁzlmg—ky.

Since this is the smallest possible imaginary part on the two arcs consti-
tuting Bs N F, we have Im7 > Imw = Im ¢ + ¢’ for every 7 € F\B;. By
Lemma 4.4 we have

V(r) > V(—% +ilmT) > V(o+1id)

for every T € F\Bs, so it suffices to show the estimate for p+id’ € —% +1R.
For the rest of the proof we set ¢ := —q(p) = e~™3 and t := e~2™ g0 that

q(o + i1d’") = —qt. First we estimate the difference of the infinite product
of A(T).
n 1—(=q)"
log [T 11 = (=at)"] —log [T It = (—q) !—Zlog Cor

n>1 n>1 n>1

<X () =z<‘1>_§1_;>:i”>

n>1 n>1
0 -1 P-4
z -t (1 ; ) S - e
1+q 1+q n>1
. q(lft>_q3(1ft3>_ 1 Lo
l+q 1+¢> (A-¢)(1-¢t?) (1-¢%)?

For (x) we used that since 0 < ¢,t < 1 we have

(- (1 -1")

L= (=q)" <0

for n odd and 0 < g™ < ¢? for n > 2 even.
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Hence we have for 7 € F\ Bs:

V(r)=V(e)

> V(g + i) — V(o)
1 |A(e+id)] 1 25"
i RE L G )

T 1— 6727rn5’(_q)n 1 25"
=521 — 1 <1+)

R P vy T R ARG

T, 1 2 2q(1 — 72"y 2¢3(1 — e 67")
> —§ —=log(1+——=0
,65 2og(+\/§5>+ 1+ 4q 1T &

2 2
+ =C(8). O

(1— ) (1 — g 4)  (1—¢?)?
5. A Construction for the Case jp = 0

In this section we show that if E/K with jp = 0 is not supposed to have
everywhere semistable reduction, then h(E/K) can get arbitrarily close to
hmin-

First we recall a well-known result on Eisenstein polynomials. Let K be
a number field, p C Ok a prime ideal, f € Og[X] a monic Eisenstein
polynomial for p of degree n and « a zero of f. Then f is irreducible in
K[X] and p is totally ramified in the extension K(«)/K. If in particular
K = Q, p = (p) and furthermore f(0) = p, then pOg(,) = a"Og(a) and
NQ(a)/@(a) = (_1)np'

Lemma 5.1. Letn > 1 and p a prime number with p = (—1)" mod 9. Then
there is a monic polynomial f of the form

(5.) FX) = (X — 1)+ 30 04y (X — 1yt
k=1

with by, € Z and f(0) = p that is Fisenstein for p. If a is a zero of f, then
1

g(a—1) is an algebraic integer.

Proof. Let p = (—1)"+9m and f a polynomial of the form (5.1). We have to
show that there is a vector b = (b1, ...,b,) € Z" such that f(0) = p and f
is Eisenstein for p. Let ay, ..., a, € Zsuch that f(X) = X" +>7_, ap X"
We have

n

£0) =an =D (—1)"F9by, + (—1)™.
k=1
Thus the condition that f(0) = p can be written as

(5.2) Y(b) = zn:(—n"—’“gk—lbk =m.

k=1
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One integral solution is u; = ((—1)""'m,0,...,0)", so the solution set
of (5.2) is given by u; + kert). We write F}; for the n-dimensional vector
space over the field with p elements and a tilde for component-wise reduc-
tion mod p. Obviously ker{pv is an (n — 1)-dimensional subspace of F} that

—~

contains ker ¢/ 1. Since ker ¢ is a primitive subgroup of Z, the subspace ker
is also (n — 1)-dimensional. Hence we have ker¢ — ker ¢ ¥, i.e. every vector
v e kerw lifts to a vector v € ker 1.

Let now a = (ay,...,a,_1)" € Z" ', Then a and b are related by the
system of linear equations
9 0 s 0 bl —-n ajl
—9(n—-1) 9% ... 0] [ b2 (5) as
: D : o : I
(—=1)"9(n — 1) o9l 0/ \b, (-1 In An—1

which we will write as Ab + ug = a. A is a lower triangle (n — 1) X n-
matrix with nonzero diagonal entries and therefore has rank (n — 1). The
coefficients ay, are divisible by p if

Ab+ iy =a = 0.

Since the diagonal entries of A are not divisible by p, the reduced matrix
A also has rank (n — 1) and we have ker A = {0}"~! x F,. It follows that

ker ) Nker A = {0}, so A defines a bijection between kerz/z and F)~ L Let
U= Au1 + t2. Then the system

AV +i=0
has a unique solution b’ € ker 1;, that lifts to an integral vector b’ € ker 1.
Let b = uj + b'. Then ¢(b) = m and

Ab + 1y = Ay + V) + G = AV + 1@ = 0,
so the polynomial defined by b has the desired properties.
Let eventually p be a prime in Og(q) lying over 3. Then

o — 1} < max < 9B — 1) K], < 97F0fa — 110
for some ko. Thus |a — 1], <971 O
Now we are ready to construct the appropriate number fields.

Proof of Theorem 1.3. For an algebraic integer a € Q", we consider elliptic
curves with j-invariant 0 given by the equations

(5.3) B :Y?+aYy =X3
with discriminant A; = —27a* and
(5.4) By:Y? =X+ (0 ~1)X? = 0’X + x(a® — 1),
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where again ¢ = 71%/3@', with discriminant Ay = 16a*. Note that jp, =
je, = 0. One can think of Fs as a disturbed Legendre equation. Let (g =
e /8 K = Q(/4, v27¢s) and L = K(a). Then we have [K : Q] = 12 and
i,0,v/3 € K. The discriminant of the extension K/Q is 2'¢ - 3% so 2 and
3 are the only primes that ramify in K/Q. The change of variables

X=g:((1-0X ~1), Y=3(V216Y" - a)

shows that Fy/L and Es/L are isomorphic. We denote the corresponding
curve by E/L. Now we assume that a is coprime to 2 and 3. Then (5.3)
is a minimal Weierstral equation at every prime in Op, lying over 2. If

ﬁ(O‘Q — 1) is an algebraic integer, then (5.4) is integral and therefore min-

imal at every prime in Op, dividing 3. In this case, E/L has bad reduction
only at primes dividing a.

Our task is to choose a suitable a. Let n > 1 and p a prime number with
p = (—1)"mod 9. By Lemma 5.1 there is a monic polynomial f € Z[X] of
degree n that is Eisenstein for p and of the form (5.1) with f(0) = p. We

choose a to be a zero of f, so that (o — 1) and hence also ﬁ(oﬂ - 1)

is an algebraic integer. Moreover, p factors as pOg(a) = @ Og(n)- We have
p > 5, so p does not ramify in K/Q. Let pOx = p;---p,, be the prime
factorization of pOk. Regarded as a polynomial in Og[X], f is monic and
Eisenstein for every p; and therefore irreducible in K[X]. Thus [L : K] =n
and every p; is totally ramified in L/K, say p;Or, = PB’. Now we have

a"Op =pOr =p1- pmOr =BT - Py,
It follows that aOp = P1 - - Py, so aOp is unramified in L/Q(«). If ¢ C
Oy is a prime ideal dividing aQp, then

ordy Ay = ordg Ay = ordy(a?0r) = 4 < 12.

It follows that (5.3) and (5.4) are minimal Weierstrafl equations for E/L
at q. Hence

Nrjo(Ap/r) = Nijgla) = Ny gla) H) = pHEQ@,

and

ho(E/L) = 137798 NujalAyn) = “forr gt logn = L.

We can keep p bounded as n grows, for example we may choose p = 17 for
n odd and p = 19 for n even. Then ho(E/L) gets arbitrarily close to 0. Since
hoo(E/L)+ 3 log @ = iy for all elliptic curves E/L with j-invariant 0, this
implies Theorem 1.3. O
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