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Continuity of the Hausdorff Measure of
Continued Fractions and Countable Alphabet
Iterated Function Systems

par MARIUSZ URBANSKI et ANNA ZDUNIK

REsUME.  Nous montrons que, si J,(G) est U'ensemble des réels
dans [0, 1] dont la fraction continue infinie est constituée de nom-
bres entiers compris entre 1 et n, alors lim,_,o Hp, (J,(G)) =
1 = Hy(J(G)), ou h, est la dimension de Hausdorff de J,(G),
Hj,, est la mesure de Hausdorff correspondant et ou J(G) est 'en-
semble de tous les nombres irrationnels de [0, 1], i.e. ceux dont la
fraction continue est infinie. Nous montrons aussi que cette pro-
priété n’est pas générale en construisant une classe de systémes de
fonctions itérées S sur [0, 1], formés de similarités, pour lesquels
limp , zHy (Jrp) < Hpg(Js); cette limite inférieure s’étend sur
les sous-ensembles finis de I’alphabet infini E.

ABSTRACT. We prove that if by J,(G) we denote the set of all
numbers in [0, 1] whose infinite continued fraction expansions have
all entries in the finite set {1,2,...,n}, then lim,,_, o Hy, (Jo(G))=
1 =H;(J(G)), where h,, is the Hausdorff dimension of J,,(G), Hp,
is the corresponding Hausdorff measure, and J(G) denotes the
set of all irrational numbers in [0,1], i .e. those whose contin-
ued fraction expansion is infinite. We also show that this prop-
erty is not too common by constructing a class of infinite iterated
function systems S on [0, 1], consisting of similarities, for which
limp .,z Hp,.(Jr) < Hpg(Js); the lower limit is taken over finite
subsets of the countable infinite alphabet E.

1. Introduction

Let (X, p) be metric space and let A C X. Given ¢t > 0 we define

Hy(4) := lim inf { 3~ diam(U,) : |J Un 5 A, diam(U,) <6 ¥ n > 1}
n=1 n=1
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and H;(A) is called the t-dimensional (outer) Hausdorff measure of A. The
function A — H;(A) restricted to the o-algebra of Borel sets of X is (an
ordinary non-negative o-additive) measure. The number

HD(A) = inf{t > 0 : H;(A) = 0}

is called the Hausdorff dimension of A. Frequently, especially in dynamics,
if 0 < H¢(X) < 400, one considers also normalized Hausdorff measure, i.e.
the function

A HE(A) == Hy(A)/Hy(X).

In order to avoid any confusion as to which Hausdorff measure we mean,
we frequently refer to H(A) as the numerical value of the Hausdorff mea-
sure of A. In this paper we always consider the Hausdorff measure (and
dimension) with respect to the standard (Euclidean) metric on the ambi-
ent space which is with no exception R? with some integer ¢ > 1.

Passing to a number theoretical context, in agreement with notation of
Section 3 by J,(G) we denote the set of all numbers in [0, 1] whose infinite
continued fraction expansions have all entries in the finite set {1,2,...,n}.
It is well-known (see [1], comp. [3] and [4], where an analogous statement
is proved for all conformal iterated function systems), that

(1.1) Tim HD(J,(G)) = 1.

D. Hensley was even able to show in [1] that

) 6
Jim n(1 — HD(Jy(0))) = .
Motivated by such results and some continuity properties of the numeri-
cal value of the Hausdorff measure of the limit sets in conformal dynamics
(see [5] and [6]), we asked ourselves whether a continuity like in (1.1) holds
on a deeper level of Hausdorff measures. Armed with the theory of iter-
ated function systems it can be relatively easy to show that the continuity
holds for normalized Hausdorff measures in the weak* topology on Borel
probability measures on the unit interval [0,1]. For the numerical values
of Hausdorff measures the positiver answer is given in Section 3 below; see
Theorem 3.1. Its proof is in its majority number theoretical slightly touching
on iterated function systems. However, this result fits well into the context
of both: number theory and iterated function systems. Section 4 briefly
describes the latter and recalls Bowen’s formula expressing the Hausdorff
dimension of the limit set in dynamical terms. If S = {¢.}e € E is a con-
formal iterated function systems satisfying the Open Set Condition, then
(see [4])
sup{HD(Jr) : F C E} = HD(Js)

where the supremum is taken over all finite subsets F' of E¥ and Jg is the
limit set of the iterated function system {¢.}.cr. Motivated by this fact
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and Theorem 3.1 we asked ourselves whether
A Hy,, (Jp) = Hyg (Js)

for all conformal iterated function systems satisfying the Open Set Con-
dition; in here hp = HD(JF), hs = HD(Js) and H; denotes always -
dimensional Hausdorff measure. We show in Section 6 that the answer is in
general negative. It is negative already in the simplest possible situation to
think about: linear (similarity), so no distortion of derivative, IFS on [0, 1]
whose limit set is all of [0,1] but a countable set (as is also the case for
continued fractions). This shows that being of number theoretical origin,
continued fractions are rather special amongst IFSs on [0, 1]. It also shows
that bounded distortion of derivative, one of the main technical issues in
the proof of Theorem 3.1, is by no means all what counts for the proof of
this theorem. As a convenient tool to prove discontinuity in the counterex-
ample constructed in Section 6, we derived in Section 5 a simple formula
to express the Hausdorff measure of iterated function systems consisting of
similarities; this formula is of interest on its own.

2. Selected Preliminaries from Geometric Measure Theory

In this section we collect some well-known general density theorems
which ultimately express the numerical value of Hausdorff measures in the
form suitable for our continuity considerations in the following sections. We
start with the following density theorem for Hausdorff measures (see [2] for
example).

Fact 2.1. Let X be a metric space, with HD(X) = h, such that Hy(X) <
+oo. Then (see p. 91 in [2]),

Hy(F —
lim sup #:xGF, F =F,diam(F) <r; =
r—0 diam" (F")

for Hy—a.e. x € X.

As an immediate consequence of this, we get the following, fundamental
for us, fact, which was extensively explored in [5] and [6].

Theorem 2.2. If X is a metric space and 0 < Hp(X) < 400, then

diam”(F —
H,(X) = lim inf %() .z €F, F=F, diam(F) < r
=0 Hj (F)
forH} —a.e. z € X.
Since in all Euclidean metric spaces the diameter of the closed convex

hull of every set A is the same as the diameter of A, as an immediate
consequence of this theorem, we get the following.
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Corollary 2.3. If X is a subset of a Euclidean metric space R* and 0 <
Hy,(X) < 400, then for Hj-a.e. x € X we have that

iam”
Hp(X) = li_r}r(l)inf {dI'I,ll(P(’;:)}

where, given r > 0, the supremum is taken over all closed and convex sets
F C R? such that x € F and diam(F) < r.

Being even more specific, we get the following consequence.

Corollary 2.4. If X is a subset of an interval A C R and 0 < Hp(X) <
400, then for H}-a.e. x € X we have that

jam”
Hp(X) = }ni_I;((l)in {dH}L(ZEf)} ,

where, given r > 0, the supremum is taken over all closed intervals F C R?
such that x € F and diam(F) <r.

3. Continued Fractions

For every integer n > 1 let g, : [0,1] — [0, 1] be given by the formula

1
3.1 n = .
(3.1) gul@) = ——
Note that there exists & > 0 such that for all n > 1,
11 11

2 w| Be | =, = Bel =, =
(3:2) 9(@(22+§>>C C(z2+€)

da :B (1 1 ) 11 : : .
and g, : Be (3,5 +&) = Bc (5,5 +§) is a univalent map. The collection

of maps G := {g,}°2,, acting on both [0,1] and B¢ (%,%—i—f), forms a
conformal iterated function system in the sense of [4] and [3]. It is called
the Gauss system. In view of (3.2), for every w € N := U,,~; N", say
w € N", the composition -

9w ‘= Guwy ©Guws © - - -0 Gu,

is a well-define self-map of both B¢ (%, % +§) and [0,1]. The map G :
(0,1} — (0, 1], defined by the formula,

G(a:):é—n if xe(

)

1 1}
n+1 nl’
is called the Gauss map. Of course

G o gnljo,1) = 1d]jo,1),
and iterating this formula,

Gl o guloy = Tdljo,)
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for every finite word w € N*, where the latter throughout this section
includes the symbol “0” and gg := Id. So, for every k£ > 0, and every
irrational number z € [0, 1],

1 1

GF(z) e , ,
(=) w(@)g+1 + 17 w(@)k+1

where w(z)g41 is the (k4 1)th digit of the continued fraction expansion of
x. Given an arbitrary non-empty subset £ of N we denote by Jg(G) the set
of all numbers in [0, 1] whose infinite continued fraction expansions have all
entries in E. Of course

9.(Je(9)) € JB(9)

for all w € E*, and moreover

Je@) = U 9.(JE(9)).

wWERN

Anticipating the terminology of the next section we call Jg(G) the limit
set of the system Gg := {gn : n € E}, which is also a conformal iterated
function system in the sense of [4] and [3]. In this section we exclusively con-
sider only those systems where the set E is of the form N,, := {1,2,...,n},
n € N. We then abbreviate Gy, and Jy, (G) to G, and J,(G) respectively.
We also write J(G) for Jy(G), i. e. the set of all irrational numbers in the
interval [0, 1]. Let

hy, :=HD(J,(G))
be the Hausdorff dimension of the limit set J,,(G). It follows from Theorem 1
(formula 7.11) in [1], comp. [4], that

(3.3) nlglgo h, =HD(J(G)) =1,
In fact Theorem 1 in [1] provides the rate of convergence of the sequence
(hn)se to 1:
: 6
(3.4) lim n(l —h,) = —

n—o0 7r2 )

Since each G,, n > 2, is a finite conformal iterated function system con-
sisting of at least two elements, we have (see [1] or [4] for instance) the
following well-known result.

0 < Hp, (Jn(G)) < +o0.
The main, number theoretical, result of this section is this.

Theorem 3.1.
lim Hy, (J,(G)) =1 =H;y(J(G)).

n—oo
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Of course Hi(J(G)) = Hi([0,1]) = 1. So, only the first equality is to be
proved. We start it with a long series of lemmas.
If g : Ay — As is a differentiable diffeomorphism, we define

o l9'(y)| .
k(g) := sup { rok T,y € Al}

and call this number the distortion of the map g : Ay — Ay. We say that
g has bounded distortion if x(g) < +o00. The following lemma collects the
basic, straightforward to prove, properties of the concept of distortion.

Lemma 3.2. Let A;, i = 1,2,3, be some three intervals in R. Let also
Diff(A;, Aj), 1 < 4,5 < 3 be the set of all diffeomorphisms from A; onto
Aj. Then

(a) If g € Diff(A;, Aj), then r(g) = k(g™1)

(b) If g € Diff(A;, Aj), then k(g) > 1

(c) If g1 € Diff(A1,A2) and go € Diff(Ag, Ag), then k(g2 0o g1) <

r(91)k(g2)
(d) If g € Diff(A;, Aj) and A is an interval contained in Ay, then

1 (9lg' @) - 18] < 19(A)] < w(g)lg/ (@) - |A]
for every x € A;. In particular
k7 (g)sup{le']} - |A] < [g(A)] < w(g) inf{lg'[} - A
It follows from (3.2) and (3.1) that

w(3e(306)) ol 39

for all w € N*, and that all maps g, (BE (%, % + f)) — C are 1-to-1 and
holomorphic. As an immediate consequence of Koebe’s Distortion Theorem
we get therefore the following.
Lemma 3.3.

lim sup{r(gu|a) : w € N*, intervals A C [0,1] with |A] <t} = 1.

t—0

Since
(3.5) Jim sup{lg. (0. 11)| 0 € N} =0

(the convergence is even exponentially fast), as an immediate consequence
of this lemma we get the following.

Lemma 3.4.
qlLrgo sup{r(9gulg, (j0,17)) 1w € N, [7| = ¢} = 1.

We shall prove the following.
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Lemma 3.5.

Aim (gn) = 1.
Proof. We have
1
/ —_—
and therefore,
1 2
m(gn):W—)l as n — 0o.
n
O
Since |g,([0,1])| = m — 0 as n — 00, as an immediate consequence

of this lemma, Lemma 3.3, and Lemma 3.2, we get the following.
Lemma 3.6.
Jim_sup{r(gw 0 gn) 1 w € N} = 1.

We now pass to examine normalized Hausdorff measures. For every n > 2
let

Mp = H;:(Jn(g)) ) th\Jn(gy
We also frequently consider m,, as a Borel probability measure on [0, 1], i.e.
mn(A) =, (J0(9)) - Ha, (Ju(G) N A)

for Borel subsets A of [0,1]. It follows from [4] that m, is the unique
(probability) hy-conformal measure on J,,(G), meaning that

mu(g(4) = [, lgLrdm,

for every Borel set A C [0,1] and all w € N.

We start with the following definition.

Definition 3.7. A family R of closed subintervals of [0, 1] is called extremal
if
imintint{ L2 A e gl s
iminf in : .
n—00 mn(A) -

Lemma 3.8. For every d > 0 the family R of all closed intervals A C [0, 1]
with |A| > 0 is extremal.

Proof. Suppose on the contrary that for some & > 0 the family R4 is not
extremal. This means that there exist n € [0,1), an increasing sequence
(nj)3° of positive integers, and a sequence (A;)7° of closed intervals in Rs
such that

A.
(3.6) lim I
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Passing to a subsequence we may assume that the left-hand endpoints and
the right-hand endpoints of A; converge respectively to a and b in [0, 1]
with b —a > 6. Let A :=[a,b] € Rs. Since the sequence (mnj)io converges
weakly to m, the Lebesgue measure on [0, 1], we get from (3.6) that

A lim; o0 | A" A
T e ] R Y]
m(A) T Hmsup; o mn; (A;) oo my, (A;)
This contradiction finishes the proof. U

Lemma 3.9.

phn
liminf { ——— t > 1.
o Lma((0,7)
Proof. Fix N > 2 so large that hy > 3/4 and keep always n > N. For
every r € (0,1/2) let s, > 1 be the unique integer such that

1
<r< —.
s+ 1 Sy
We then have
o
mn([0,7]) < D mn(g;([0,1]))
Jj=sr
o0
< > g5 llbzma([0,1])
j=sr
[ee]
<y
j:5r

o
< / x “"rdx
sr—1

= (2h, — 1) (s, — 1)1 72,

Therefore,
my (|0, r _ _
Sl D < (b, — 1) (51 4 1) (s, — 1) 200
P+ 1\
- o7 () G
(3.7) Sr

hn
= (2h, — 1)1 (1 42 1) (s, —1)t=hn

Sy —
< (2hn — 1)1 4 4r) (s, — 1)1

. 1
Of course if 0 < r < =7, then
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Hence, we can continue (3.7) assuming that » > —1=. Then s, < n + 1,

n+1°
and (3.7) along with (3.4) yield for all n > 2 large enough the following.
mn ([0, 7)) - -
"TT < (2hn — 1) 7H(1 4 4r)ntlm

< (2hy — )Y 1 + 4y

(2 — 1)L (%) 72 (1 + 4r).

Since lim,, oo hy, = 1 and lim,, nw = 1, this formula gives

0
hmsup{W} <1,
e LT

The proof is complete. O

For every w € N* let

B.(9(0),7) = [9(0), 9 (0) + 7] and  Bi(9.,(0),7) = [9.(0) = 7, 9o (0)]
respectively if |w]| is even or odd. Let

B*(w) = {B*(gw(O),T‘) HUAES (07 1]}
We shall prove the following.
Lemma 3.10. For every w € N* the family B.(w) is extremal.
Proof. For all r € (0, |g.([0,1])|] there exists a unique 7 € (0, 1] such that

B.(9.(0),7) = 9.,([0, 7).
By virtue of Lemma 3.2(d) this gives,

£ (9ol j0,) 195, (07 < 7 < K (guwljo,) 90 (0)|7.

Hence,
rhe K (gulio )19, (0)Prtn
(3.8) M (Bi(9.,(0),7)) — K (gwlj0,77) 194 (0) [P mn ([0, 7])
N
—2hn, ren
=K 2 (gw|[0ﬂ)m.

Since lim,_,o 7 = 0, as an immediate consequence of both, Lemma 3.9 and
Lemma 3.3, we get the following.
hn,

>1
"2y mn(Ba(9(0),7)) T
This means that for every € > 0 there exist an integer N. > 2 and a radius
R. € (0,1] such that

T‘hn

mn(B*(gw(O)v T))

>1—¢
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for all n > N and all 0 < r < R.. Invoking now Lemma 3.8, we therefore
get

lim inf e
n—00r€(0,1] | Mn(Bx(gw,(0),7))
1- . . f /’nhn
= lim min in ,
00 re(0,Re] | M (B (90(0),7))
. rhn
inf
r€(Re,1] {mn(B*(gw(0)7 r)) }}
>min{ lim  inf i
min{ lim in ,
- n—oo r€(0,R.] mn(B*(gw(0)7r))

lim inf i
n—00r€(Rey1] | M (Bi(gw,(0),7))
>min{l —¢,1} =1—e.

Letting now € — 0T our lemma follows. O
Now consider an arbitrary finite word w € N*. Put k = |w|. Since

9:(0) = Guoly_y (wr—1)1(0)
if wg > 2, and
90(0) = gw|k—2(wk—1+1)(0)
if wy, = 1, and since |w|x—1(wr—1)1| = |w|+1 and |w|k—2(wk—1+1)| = |w|—1,

as an immediate consequence of Lemma 3.10, we get the following.

Corollary 3.11. For every w € N* let R.(w) be the collection of all closed
intervals A in [0, 1] having g.,(0) as one of its endpoints. Then each family
Re(w), w € N*, is extremal.

If R and S are two families of closed subintervals of [0, 1], then

R+xS:={AUl':AeR,T'eS, and #(ANT)=1}.

Of course the operation “x” is is associative and commutative. Generalizing

Definition 3.7 we introduce the following.

Definition 3.12. A sequence (Rj)$° of families of closed subintervals of
[0, 1] is called extremal if

lim inf inf |A|hn TAERE > 1

k—oco

The first obvious observations are these.
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Lemma 3.13. If for every k > 1, Ry C Sk and the sequence (S)3° is

extremal, then the sequence (Ry)3° is also extremal.

Lemma 3.14. A sequence (Ry)(° is extremal if and only if the sequence
(Uier Ri)pey is extremal.

Lemma 3.15. If (R;)7° and (S;)7° are two extremal sequences, then the
sequence (R USk)I° is also extremal.

Lemma 3.16. If (Rk)zozl is an extremal sequence of extremal families of
sets, then the family Up—, Ry is extremal.

Now we shall prove the following slightly more involved lemma.

Lemma 3.17. If (Ry)3° and (S;)3° are two extremal sequences, then the
sequence (Ry * Sk)$° is also extremal.

Proof. Fix € > 0. By our hypothesis there exists N; > 2 such that
I oy
—€
mp(T) —

foralln,k > N, and allT" € R, US). Fix n,k > N, and A € Ry, xSi.. This
means that

(3.9)

A:A,UA+

with some A_ € Ry and A, € S such that D_ N A_ is a singleton. Now
the standard calculus argument shows that

xt 4 (1 _ :U)t S 21—t

for all ¢,z € [0, 1]. Therefore we get

!A_!hw\m""_( A_| )’1( A )h"<21hn_
(A-T+TAD — \A+[A4] [Add+iasd)

Hence, using also (3.9), we get

Al (A [+ [ALD"™
mp(A)  ma(A-) +mn(Ay)
s gt B[P A [P

ma (A=) +mn(Ay)

hn hn

mn (A=) ma(Aq)
> (1 —¢)2hn1

Invoking (3.3) this completes the proof. |
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If R and S are two families of closed subintervals of [0, 1], we define
RS =RU(R=+xS)US.

As an immediate consequence of Lemma 3.15 and Lemma 3.17 we get the
following.

Corollary 3.18. If (Ry)° and (Sk)7° are two extremal sequences, then the
sequence (R ® Sk)1° is also extremal.

An immediate induction then yields the following.

Lemma 3.19. If T is a finite set and for everyt € T a sequence (Ry(t))3 4
is extremal, then the sequence (®teTRk(t))Zo:1 s also extremal.
Applying this lemma to a constant sequence we get the following.

Corollary 3.20. If T is a finite set and for every t € T a family R(t) is
extremal, then the family @ic7R(t) is also extremal.

For every w € N* let R(w) be the collection of all closed intervals A in
[0,1] containing g.,(0). We can now easily upgrade Corollary 3.11 to the
following.

Lemma 3.21. For every w € N* the family R(w), w € N*, is extremal.

Proof. It suffices to notice that R(w) = Re(w) ® Re(w) and to apply Corol-
lary 3.11 along with Lemma 3.19. g

Now for every integer k > 1 let S, be the family of all intervals of the

form
1

il e
——r,=|,r — .
ko k]’ "k(k+1)
We shall prove the following.

Lemma 3.22. The sequence (S, ){° is extremal.

Proof. We start the proof in the same way as the proof of Lemma 3.10 with
w = k. Formula (3.8) then says that

hp 7zhn 5

e ({% . %D > ﬁfz(gk\o,f])m > K (Qk)m

for all r € [O, k:(k:l-ﬁ-l) . Invoking now Lemma 3.10 and Lemma 3.5 completes

the proof. O

phn

<

—

Now for every integer k > 1 let S,j be the family of all intervals of the

form
v trreld
., T T
k+1k+1 N

We shall prove the following.

)
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Lemma 3.23. The sequence (S;)5° is extremal.

Proof. Observe that for every r € {0, ﬁ} there exists a unique 7 € [0, 1]
such that

| e
k+1 k+1 — ST
Proceeding now in the same way as that leading to (3.8), we get the fol-

lowing.

hn Nhn
: > 52 (gkl—r1]) -
1 - - —
mn([kﬂ,k#ﬂ—i—r}) (1 —71])
9 fhn
> —_—.
= )
Invoking now Lemma 3.5 and Corollary 3.11 (with w = 1), completes the
proof. O

Now we shall prove a purely computational lemma.

Lemma 3.24.
— (k—1)—(k—14¢)°
. > < 1.
kl;m sup{ (bt g ac(1/2,1],¢>1,<1

Proof. We have for all a € [1/2,1] all ¢ > 1, and all £ > 2 that

(=D =Gl (ko1y (1- (559) ™)

k=@ —(k+q)~ k (1_ (k;gq)a)

—Q
- ( k ) 1- (14 5%)
S e
Since limy,_, oo ki 1, it is therefore enough to show that
(1 )
(3.10) hm sup €[1/2,1],¢g>1; <1
k—oc0 ( %

With « € [1/2,1] let
Ya(t)=1—(1+1t)" t>0.



274 Mariusz URBAKSKI and Anna ZDUNIK

The Mean Value Theorem then gives

() (-

q @)
(3.11) % .
S kQ( +§) +Oé

2q q>—(1+a)
<144
— k2 ( + k

for some £ € [%,—] and all k& > 2. Now, if ¢ > k, then ¢,(q/k) >
275 =1 — % > 0. Hence,

Yo (gwla (%)% (%) <y (1 - ?)‘1 % <Z> (1+a)
=2(1- f) B g k!
(i)
<2 (1— ?)115‘*
<2 (1 - ‘f>_1ké.
Equivalently,
(3.12) W §1+2<1—‘f>_1k;—%.

So, assume that ¢ < k. Applying the Mean Value Theorem once more, we
get

a\_ 4 ~(1+a) 5 4 d9-(+a) 5 19-2,9 _ lq
w“(k) oy (1+9) = a2 22 k- 8k

for some v € [0,¢q/k] C [0, 1]. Therefore, using also (3.11), we get
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Equivalently,
Vo (54) 16
— T <l+—.
Ya (%) k
Along with (3.12) this shows that (3.10) holds, and the proof is complete.

g

Now for every k > 2 let

11
=l — Z] k<1 >1}.
M {[Hq’J =hi=

We shall prove the following.
Lemma 3.25. The sequence (M), is extremal.
Proof. Since m,, ([0, ”LHD = 0 we are to show that
h
1 1 n
(i)

lim inf q> 1, k<I<I+qg<n+4+1,>1.

Soo 11
o Mn ({Hq’ lD
Equivalently,
11
R m 4o’ 1
lim sup n([quD:qZL E<I<l+q¢<n+1); <1
k— oo 1 1 hn
But
I+q—1
1 1 1 1
m T 07 = m =
"([Hq lD JZZ ”(L+1 JD
g1
< Z j2h”
j=l
I+q—1
< / Y
I-1
1
o1 (=1 (I=149)'")
So, it is enough to show that
(3.13)
[ I —1)1—2khn _ (] —1 1-2hy,
klirnsup ( ) ( +4) q> L, E<I<I+qg<n+1

11\

<1.
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Since 1/2 < 2h,—1 < 1 for all n > 2 large enough, by virtue of Lemma 3.24,
it thus suffices to show that

L l1_2h" —( 1-2h,
lim sup ( +q})L
koo (; _ L) "

We have

1—2hy,
[1=2hn (] 4 g)1=2hn (I +q)t=2m ((ZL]) — 1)

(=) o (oy)”

q>1, k<I<l+q<n+1p<L.

where the last inequality holds for all n > 2 large enough due to (3.4).

Since limy, o0 (n + 1)% = 1, formula (3.13) is established and the proof is
complete. O

For every k > 1 let N, ,j be the family of all closed intervals contained
in [0,1/k] that intersect the set {1/l : I € N} or equivalently, the set
{1/1:1 >k} . We shall prove the following.

Lemma 3.26. The sequence (N;")$° is extremal.

Proof. Since N} € U S @ M;" ® S, the proof is concluded by
invoking Lemma 3.25, Lemma 3.22, Lemma 3.23, and Lemma 3.19 and
Lemma 3.14. O

Along with Lemma 3.21, restricted to the subfamily generated by words
of length one, and Lemma 3.16, Lemma 3.26 yields the following.
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Lemma 3.27. The family N := U2 N} precisely consisting of all those
closed intervals that intersect the set {1/n :n € N}, is extremal.

Let F be the family of all closed intervals in [0, 1]. We shall prove the
following.

Proposition 3.28. The family F is extremal.

Proof. Proceeding by contradiction suppose that the family F is not ex-
tremal. This means that there are n € (0,1) and two sequences, (n;)7° of
strictly increasing positive integers, and (F};)7® of closed intervals in [0, 1]
such that

| By
(3.14) i, (F) <
for all j > 1. For every j > 1 let w9 € N* be the longest word such that
(3.15) Fj C g,)([0,1]).
Denote
1= |wi).
Fix
n<&<l

Formula (3.15) means that
(3.16) GY(Fj)n{l/n:n>2} #0.
By Lemma 3.27, formula (3.16) implies that
G
(3.17) tim 1
jo0 M, (G (F}))
By Lemma 3.3 there exists s € (0,1] so small that

(3.18) K(gwla) <&/n

for all w € N* and all intervals A C [0, 1] with |A] < s. Now we shall show
that

(3.19) lim |G (F})| = 0.

Jj—00
Indeed, assume on the contrary that this lower limit is positive. This means
that there exist 8 > 0 and an integer P; > 1 such that

G (Fy)| > 0

for all § > P;. This in turn implies that for every j > P; there exists a least
¢; €{0,...,1;} such that

(3.20) |G (Fj)| > min{#0, s}.
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By Lemma 3.8 and by (3.14),
j—o0

Therefore there exists P, > P; such that ¢; > 1 for all j > P». It then
follows from the definition of g; (the least one) that either

(3.21) v < |G%Y(F))| < min{#,s} < s

for all j > P, and some v > 0 or lim;_, wg)ﬂ = 00. In the former case
denote g; — 1 by p;, while in the latter case denote g; by p;. In either case,
respectively by (3.18) or Lemma 3.6, for infinitely many js large enough

(3.22) K(GPi|R,) < &/n.

On the other hand, in view of Lemma 3.8 again and of (3.20) along with
(3.21), we have for all j > P, large enough that

|G (F5)|"
i, (GP7(Fj))

Making use of this formula, along with (3.14) and (3.22), we get for infinitely
many js that

> €.

GP ()™
Mp; (Gk(Fj))
|F5l" it ([ (GP) ||} B[
=, (F) inf{[(GP) ||y}, ()
This contradiction finishes the proof of (3.19).
Now, because of (3.16), Lemma 3.27 implies that

|Gl (Fy) |

n= g £ < kNG| R,)
(3.23)

<.

lim ————— > 1.
j—ro0 M, (Glj (FJ))
So there exists P3s > P» so large that
1 F hn .

M, (G5 (F}))
for all j > P3. On the other hand, formula (3.19) entails
H(Glj |FJ) < 5/77

for infinitely many js . Having this, (3.24) and (3.14)), we get a contradic-
tion in the same way as in the one involving (3.23). We are done. O

As an immediate consequence of this proposition and Corollary 2.4, we

get the following.

n—oo



Continuity of the Hausdorff Measure 279

In order to complete the proof Theorem 3.1, we also need the following,
much easier to prove, formula.

(3.26) Jim Hy, (Jn(9)) < 1.

Indeed, let o : NN — NN be the shift map, i.e. o(w) is uniquely defined be
declaring that for every n € N the nth coordinate of w is equal to wy41.
We denote by m(w) the unique element of [0, 1] whose continued fraction
representation is equal to w. So, we have defined an injective Borel map
7 : NN — [0, 1]. Its restriction to N is then a Borel bijection onto .J,,(G).
Denote by ;, the image of m, under the inverse of m|yy. It is known
from [4] that there exists fi,, a unique Borel probability measure o-invariant
measure on NI, absolutely continuous with respect to 1m,. In addition, fi,
is ergodic with respect to o : NN — NN and equivalent to 7n,,. Now for
every w € {1,2,...,n}" let

Z(w):={j>1:w;=(¢?"Hw))1 = n}.

Because of Birkhoff’s Ergodic Theorem, ergodicity of the measure fi,, and
n%q, H ), there exists a Borel set I';, C {1,2,... ,n}N with
fin(I'y) =1 (equivalently m,(I';,) = 1) such that for every w € I';, the set

positivity of fi, ([

Zn(w) :={j > 1:wj = (67" Hw))1 = n}
is infinite. Now fix € > 0. By virtue of Lemma 3.6 there exists V. > 1 such
H(gw\j) <l+e

forn > N, allw € Iy, and all j € Z,,(w). But then, using Lemma 3.2(d),
we get

diam” (g, ([0,1])) _ s" (g.),) nf" {|g/luy [},
mn(9w|j([07 1])) = infh”{|g’|w|j|} =k <gw‘j)

< /{(gwb)
<l+4e.

Along with (3.5) this implies that

: h
n(F
}%inf{% cwely, m(w) € F, diam(F)<7“} <l+e.

Asmy(7(Ty)) = my(Ty) = 1 by Corollary 2.4, this gives that Hy, (J,(G)) <
1+ ¢ for all n > N.. The formula (3.26) is proved.

Now, formulas (3.25) and (3.26) taken together, prove Theorem 3.1.
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4. Short Preliminaries on Conformal Iterated Function Systems

Let (X, p) be a compact metric space. Let E be a countable set, either
finite or infinite, called in the sequel an alphabet. Fix a number s € (0,1).
Suppose that for every e € E there is given an injective contraction ¢; :
X — X. with a Lipschitz constant < s. The collection

S:{¢€:X_>X}8€E

is called an iterated function system; briefly an IFS. Our main object of
interest is the limit set of the system S. We will now define it. For each
w € E* say w € E™, we consider the map coded by w:

Qu =Gy 0 0y, : X = X.

For every w € EN, the sets {®u, (X) }n>1 form a descending sequence of
non-empty compact sets and therefore (> ¢y, (X) # 0. Since for every
n>1,

diam (¢, (X)) < s"diam(X),

we conclude that the intersection

M o, (X)

n>1

is a singleton and we denote its only element by m(w). In this way we have
defined the coding map 7w the coding map from the coding space to the
limit set :
T BN 5 X

from EN to X. The set

J = Jg = n(BEY)
will be called the limit set of the IFS S. An IFS S is called conformal if the
following conditions are satisfied.

(a) X is a compact connected subset of a Euclidean space R? and X =
Int(X).

(b) (Cone Condition) There exist ,1 > 0 such that for every z € 0X C
RY there exists an open cone Con(z,u,a) C Int(X) with vertex x,
the symmetry axis determined by the vector u € R of length [ and
a central angle of Lebesgue measure o. Here Con(z,u,a,l) = {y :
0<(y—=x,u) <cosally—z| <I}.

(c¢) (Open set Condition; OSC). For all a,b € E, a # b, it holds

¢a(Int(X) N gp(Int(X) = 0.

(d) There exists an open connected set RY > W O X such that for

every e € F, the map ¢, extends to a C' conformal diffeomorphism
of W into W.
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(e) (Bounded Distortion Property) There exist a constant K > 1 and
a € (0, 1]such that

|64 (9)
|60, (2)]

—1\ < Klly - ||

and

K1 ]qﬁéj(y)\ K
= oL =

for every w € E* and every pair of points x,y € X.

Remark 4.1. Observe that the Cone condition is automatically satisfied if
d = 1. Also, (see [4]) the Bounded Distortion Property is satisfied if either
d > 2, or elseif d = 1 and the alphabet FE is finite. It is also trivially satisfied
whenever the system S consists of similarities only. Finally, decreasing a
constant K if necessary, the latter property in (e) follows from the former.

For every ¢t > 0 define

1
P(t) := lim —log ezb; 1655
w n

The limit exists indeed since the corresponding sequence is subadditive. It
is called the topological pressure of ¢. If the system S consists of similarities
only, then the pressure is easy to calculate. We have,

P(t) =log ) [¢Ll"

ecE

The following formula, called Bowen’s formula, was proved in [4].
(4.1) HD(Js) =inf{t > 0:P(t) <0} =sup{HD(Jp) : FF C E is finite}.

JF in here is the limit set of the iterated function system {¢. : X — X }ecp.
If all elements of the system S are similarities, then this formula simplifies
to read the following.

(4.2)

HD(Jg) = inf {t >0: Z o]t < 1} = sup{HD(Jp) : F' C E is finite}.
eeE

Remark 4.2. If there exists a parameter ¢ > 0 such that P(¢) = 0, meaning

that
P!

eclk
in case of similarities, then this ¢ is unique and is equal to HD(Jg). The
system S is then called regular. All finite alphabet systems are obviously
regular.
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5. Hausdorff Measures for Similarity IFSs

In this section we prove a considerably simplified formulas for the numer-
ical value of the Hausdorff measure of the limit set of a conformal (either
finite or infinite) IFS consisting of similarities only. It will be extensively
used in the next section, where a counterexample for continuity of Hausdorft
measure is constructed.

Theorem 5.1. If S = {¢. : X = X}ccp is a conformal (either finite or
infinite) IFS consisting of similarities only, and Hy(Js) > 0, then
diam” (F)

Hy(Js) = inf{ H}L(F)

:FCX,F—F}.
Proof. Since

. h
inf{dlam(F):FCX,F}

H, (F)
diam”(F)
H;, (F)

< lim inf
r—0

cx € F, F=F, diam(F) < r}
for every x € X, as an immediate consequence of Theorem 2.2, we get that

diam” —
(5.1) inf{H}ng)F) :FC X, F:F} < Hp(Js).

In order to prove the opposite inequality fix € > 0. Denote the left-hand
side of (5.1) by L. Fix a closed subset F' of X such that

diam"(F
(5.2) %U <L+e
Hj, (F)
and
H} (F) > 0.

Given w € EN let
Z(w):={j>0:0(w) e n Y(F)}.

Since fip, (771 (F)) = pp(F) > 0, it follows from Birkhoff’s Ergodic Theorem
(and ergodicity of fi;, with respect to the the shift map o : EN — EW) that
fin () = 1, where

I = {w e: Z(w) is infinite}.
Let w € T"and j € Z(w). Then

(W) = Gy, (m(0? (W) € by, (F)
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and, using (5.2),
diamh(¢w‘j (F)) _ ’¢L|j‘hdiamh(F) B diam” (F)
Hiy (6w, (F)) o), ["HL(F)  HL(F)
Since Z(w) is unbounded and since H} (7 (")) > ﬁ,ll(F) > 1, the last two
formulas, in conjunction with Theorem 2.2 (7(w) plays the role of = ap-

pearing there), imply that Hy(Js) < L + e. Letting ¢ — 07, this yields
Hy(Js) < L. Along with (5.1) this completes the proof. O

<L+e.

Since in all Euclidean metric spaces the diameter of the closed convex
hull of every set A is the same as the diameter of A, as an immediate
consequence of this theorem, we get the following.

Corollary 5.2. If S = {¢e : X — X}eecr is a conformal (either finite
or infinite), IFS consisting of similarities only, Hp(Js) > 0, and X is a
convex set, then

diam”(F)

Hy(Js) = inf{ H}ll(F)

: FFC X s closed and canvem} .

Being even more specific, we get the following consequence.

Corollary 5.3. If S = {¢e : X — X}ecr is a conformal (either finite or
infinite) IF'S consisting of similarities only, Hy(Js) > 0, and X is a closed
bounded subinterval of R, then

H;,(X) = inf {diamh(F)

T :F C X is a closed interval} .
Hy, (F)

6. One Dimensional Linear Counterexample

One of the major technical issues in the proof of Theorem 3.1 was to have
the derivative distortion so close to one as desired. As the counterexample,
for continuity of the Hausdorff measure, described below shows, this was
not the only problem.

Ezxample 6.1. We will construct by induction an infinite iterated function
system S = {¢,, : X — X },en with the following properties.

(a) X =1[0,1].

(b) S consists of decreasing similarities only.

(c) U on([0,1]) = (0,1]
n=0

and, consequently,

Js =[0,1]\ | ¢w(0).

weN*
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(d) lim th(Jn) =0<1= Hl(JS),
n—00

where J, = Js, is the limit set of the iterated function system

Sn = {0, 1. .., 00}, and hy, := HD(J,).

We define I; := {1} and ¢; : [0,1] — [0,1] to be the unique linear
(decreasing) map such that

61(0) =1 and ¢:(1) = 1/2.
Proceeding inductively suppose that n > 2 and I,,_1, an initial finite block

of N has been defined along with the linear decreasing maps ¢; : [0,1] —
[0,1], i € I,,_1, satisfying the following properties

© o] e U awone (]

(f) (;51(0) = (ﬁi_l(l) forallie I,_1 \ {1}

Let N,_1 be the largest number in I, ;. Fix a point &, € (n%rl, %), for
1( 1

example 5 (n—+1 + %) Let ¢n, ,+1 : [0,1] — [0,1] be the unique linear
(decreasing) map such that

(g) on,_1+1(1) =&, and ¢n,_,+1(0) := ¢n,_, (1) is the left-hand end-
point of U’L‘Efnfl ¢z([07 1])

Let
Ry ={¢j: 1<j< Ny +1}
and let
sy, = HD(Jg:).
Fix
Yn € (85, 1)
Take an integer k,, > 1 so large that
(6.1) (1 —y,)logky,, > logn.
Since, by Remark 4.2 |
Np_1+1
> gl =1,
i=1
there exists a, € (0,1) so small that
Np_141
(6.2) ST G + knagr = > 95" + kna)m < 1.
i=1 i€lp_1U{Np_1+1}
Let
I ={Np-1+2,Ny1+3,...,Ny_1 + kn + 2}
and let

I, ::In_lU{Nn_l—i—l}UIZ:{1,2...,Nn_1+kn+2}.
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Now, for every Np—1 +2 <1 < N1 + ky + 2, let ¢; : [0,1] — [0,1] be a
linear (decreasing) map with the following properties:
(h) The scaling factor of ¢; is equal to a,, for alli = Np,_1+2, ..., Np_1+
kn + 2,

(i> ¢Nn—1+2(0) = ¢Nn—1+1(1)7
() ¢i+1(0) = ¢i(1) for all i = Np—1 +2,..., Npy1 + b + 1.

We set
Ry = {¢itier,-
Formula (6.2) implies that

(6.3) $p = HD(JR,,) < Yn.
Now let
Ay = ¢i([0,1)).
i€l

By our construction A,, C (0,1] is a closed interval and we have
diam® (A,)  (knan)®"

where 7, is the only s,-conformal measure for the system R,,. By (6.3)
and (6.1), we get

_ 1.5n—1
_k;n" ,

log (ki 1) = (sn — 1) log kp < (yn — 1) logkn < —logn = log(1/n),
and therefore,

diam**(A,) 1
4 _— < -
(64) By n

By construction, (I,){° is an ascending sequence of initial blocks of N,
> 1 In =N, Rut1l1, = Rn, and we define

S=J Rn.
n=1

The required properties (a) and (b) then trivially hold for the system S.
The property (c¢) holds by virtue of (e), and (d) holds because of (6.2),
which because of Theorem 5.1, implies that H(Jg, ) < 1/n.
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