OURNAL

de Théorie des Nombres

"¢ BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

positive characteristic

Tome 34, n° 3 (2022), p. 679-703.
https://doi.org/10.5802/jtnb.1222

© Les auteurs, 2022.

Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 4.0 FRANCE.
http://creativecommons.org/licenses/by-nd /4.0 /fr/

<

4
>
CENTRE
MERSENNE
Le Journal de Théorie des Nombres de Bordeaux est membre du
Centre Mersenne pour I’édition scientifiqgue ouverte
http://www.centre-mersenne.org/
e-ISSN : 2118-8572



https://doi.org/10.5802/jtnb.1222
http://creativecommons.org/licenses/by-nd/4.0/fr/
http://www.centre-mersenne.org/

Journal de Théorie des Nombres
de Bordeaux 34 (2022), 679-703

Effective equidistribution of lattice points

in positive characteristic
par TAL HORESH et FrREDERIC PAULIN

RESUME. Etant donné une place w d’un corps de fonctions global K sur un
corps fini, d’anneau des fonctions affines associé R, et de complétion K,
le but de ce texte est de donner un résultat d’équidistribution jointe effectif
pour les points entiers primitifs renormalisés (a,b) € R,? du plan K%, et
pour les solutions renormalisées de ’équation du pged ax + by = 1. Les outils
principaux sont les techniques de Gorodnik et Nevo sur le comptage de points
entiers dans des familles de parties bien arrondies. Ceci donne un résultat plus
précis en caractéristique positive d’un résultat de Nevo et du premier auteur
sur I’équidistribution des points entiers primitifs de Z2.

ABSTRACT. Given a place w of a global function field K over a finite field, with
associated affine function ring R, and completion K, the aim of this paper
is to give an effective joint equidistribution result for renormalized primitive
lattice points (a,b) € R,,? in the plane K%, and for renormalized solutions
to the ged equation ax + by = 1. The main tools are techniques of Gorodnik
and Nevo for counting lattice points in well-rounded families of subsets. This
gives a sharper analog in positive characteristic of a result of Nevo and the
first author for the equidistribution of the primitive lattice points in Z2.

1. Introduction

This paper has two motivations. The first one is the following result of
Dinaburg—Sinai [7]. Given two coprime positive integers a,b with a < b,
let (zo,y0) be a shortest solution (with respect to the supremum norm
|(z,y)|lcc = max{|z|,|y|}) to the equation |az + by| = 1 with unknown
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(z,y) € Z%. Dinaburg-Sinai proved that the quotients of norms

[1(20, 40) [l
(@, b) o

equidistribute in the interval [0,1] as ||(a,b)|le tends to +oo. A key idea
in the approach of this paper, as well as the one for [19, 18], is due to
Risager—Rudnick [24], who translate the above problem in terms of the
equidistribution of the real parts of points of an SLa(Z)-orbit in the Poincaré
upper-half plane, and give a solution different from the one of [15] (which
uses spectral theory of automorphic forms).

The second motivation is the well-studied Linnik problem of equidistri-
bution on the unit sphere S*~! of the directions of integral vectors in the
Euclidean space R™ for n > 2. See for instance [8, 26, 9, 10, 12, 4, 13, 1, 2] as
well as the joint works of the first author [19, 18]. Let us denote by Zj,;,, the
set of primitive integral vectors, by Lebgn—1 the spherical measure on S*~*
renormalized to be a probability measure, and by A, the unit Dirac mass
at any point x in any measurable space. A simple version of this equidis-
tribution phenomenon is the now well-known fact that, as N — 400, we
have

1

Card{v € Z", . : |[v|| < N}

prim

> Ao = Lebgi1,

[v]]
VELD i * IVIISN

where = denotes the weak-star convergence of measures, here on the com-
pact space S*~1. Actually, as considered in the above references and pointed
out by the referee, a much stronger result holds when considering the prim-
itive integral vectors on a sphere with appropriate large radius (instead of
in a ball with large radius). This will be the case also in this paper, though
the ultrametric properties makes this restriction to spheres much easier to
handle, and without restrictions on the radius. A connection between the
two motivations is that when n = 2, an integral vector (a,b) is primitive if
and only if there exists an integral vector (z,y) with |az + by| = 1.

The goal of this paper is to address analogous questions in local fields
with positive characteristic. In this introduction, we describe our results in
the special following case.

Let [F, be a finite field of order a positive power ¢ of some positive
prime, and let K = F,(Y") be the field of rational functions in one variable
Y over F,. Let R = F,[Y] be the ring of polynomials in Y over F,, let
K= F,((Y 1)) be the non-Archimedean local field of formal Laurent series

in Y1 over F, and let & = F,[[Y!]] be the local ring of K (consisting
of formal power series in Y ~! over F,). We denote by | - | the complete

non-Archimedean absolute value on K such that |P| = ¢%&” for every
PeR.
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We endow K with its Haar measure pj standardly normalized so that

pp(0) = 1, and the quotient IA(/R with the induced measure IR /R and

the quotient distance. We also endow the plane K2 with the product mea-
sure and with the supremum norm. We denote by Sl the (compact-open)
unit sphere of K 2 that we equip with the restriction psi, of the product
measure. R

Given v = (a,b) € K2—{(0,0)}, we denote by ||v||oc = max{|al, |b]} € ¢*
its supremum norm. We denote by z, = a if |a| > |b|, and z, = b other-
wise, the component of v with maximum absolute value. We also denote by
7= (ay~'o8qllvllee py—logsllVlc) the vector v canonically renormalised to
be in the unit sphere S!_, of which we think as the direction of v.

We let Rf,rim denote the set of elements v = (a,b) in the standard
R-lattice R? of the plane K 2 that are primitive, that is, satisfy aR+bR = R.
Let w, = (—y',2") be such that (z/,%') is a solution to the ged equation
ax + by = 1 of v, with unknown (z,y) € R2 We could for instance take
the shortest one, that is, the one with the smallest supremum norm (see
Section 5 for the existence and uniqueness). We then think of w, as a nor-
malized “rotated” version of v (or generating the “orthogonal” R-lattice in
analogy with [1, 2]). What follows is actually independent of the choice of
Wy.

The following result is a joint equidistribution theorem, with error term,
for the direction and renormalized ged solution of the primitive lattice
points in the non-Archimedean plane K 2.

Error terms in equidistribution results usually require smoothness prop-
erties on test functions. The appropriate smoothness regularity of functions
defined on totally disconnected spaces like KN for N € N is the locally con-
stant one. For every metric space E and € > 0, a bounded map f: E — R
is e-locally constant if it is constant on every closed ball of radius € in E.
Its e-locally constant norm is || f||c = L sup,cp | f()].

Theorem 1.1. For the weak-star convergence of measures on the compact
space S', x (K /R), we have, as n — 400,

1 ) *

2-1 1 " > As @Az ,p — ksl ®HR/R -
VER] iy ¢ [lvlloo=g"

Furthermore, there exists T € 10, %] such that for all €, > 0, there is
a mutiplicative error term of the form 1 4+ Os(¢® 7 || fllc llglle) when
evaluated on pairs (f,g) for all e-locally constant maps f : SL, — R and

g:K/R—>R.

The factor m ¢~2" in front of the above sum is a renormalization

factor, needed in order to have a convergence to the natural finite measure
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on the right hand side (whose total mass q2q§1 will be computed in Sec-

tion 2.1). The constant 7 is described in terms of representation-theoretic
data for the locally compact group SLQ([% ), but it is not explicit, as it
relies in particular on a nonexplicit spectral constant (see the proof of The-
orem 4.1).

We will actually prove a more general version of this result, when K is
replaced by any (global) function field in one variable over a finite field and
when congruence properties are added, see Theorem 4.5. See also Corol-
lary 4.6 for a counting corollary of primitive lattice points.

We begin in Subsection 2.1 by recalling basic facts about functions fields
over finite fields. In Subsection 2.2, we define the various closed subgroups
of the totally disconnected locally compact group SLQ(_[? ) which will be
useful in order to transfer arithmetic information on lattice points in the
plane to group-theoretic information. We will also discuss the properties
of their Haar measures. In Section 3, we give a precise correspondence be-
tween primitive lattice points and elements in the Nagao—Weyl modular
group SLa(F,[Y]). We adapt in Section 4 the results of Gorodnik-Nevo [16]
(building on works of [11, 14]) on counting lattice points in well-rounded
subsets of semi-simple Lie groups, and check that a family of nice compact-
open subsets coming from a mixture of the LU and Iwasawa decompositions
of SLQ(IA( ) is indeed well-rounded. Finally, in Section 5, we give an applica-
tion to the distribution properties of the continued fraction expansions of
elements in Fy(Y"), thus giving an analogue to the result of Dinaburg-Sinai
in [7] described in the beginning of this introduction.

2. Background on function fields and their modular groups

2.1. Global function fields. We refer for instance to [17, 25] and [5,
Chap. 14] for the content of this Section.

Let I, be a finite field of order g, where ¢ is a positive power of a positive
prime. Let K be a (global) function field over F,, that is, the function
field of a geometrically connected smooth projective curve C over F,, or
equivalently an extension of IF, of transcendance degree 1, in which F, is
algebraically closed. We denote by g the genus of the curve C.

There is a bijection between the set of closed points of C and the set
of (normalised discrete) valuations w of its function field K, where the
valuation of a given element f € K is the order of the zero or the opposite
of the order of the pole of f at the given closed point. We fix such a valuation
w from now on.

We denote by K, the completion of K for the valuation w, and by

O,={zxe K, : w(x)>0}
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the valuation ring of (the unique extension to K,,) of w. Let us fix a uni-
formiser 7, € K, of w, that is, an element in K, with w(m,) = 1. We
denote by g, the order of the residual field O, /7,0, of w, which is a (pos-
sibly proper) power of ¢q. We normalize the absolute value associated with
w as usual: for every x € K, we have the equality

|20 = (qu) ")

Finally, let R, denote the affine algebra of the affine curve C — {w},
consisting of the elements of K whose only poles (if any) are at the closed
point w of C. Its field of fractions is equal to K.

The case in the introduction corresponds to C = P! (so that g = 0) and
W = weo the valuation associated with the point at infinity [1 : 0]. Then

o K = Fy(Y) is the field of rational functions in one variable Y
over Fg,
® Wy is the valuation defined, for all P,Q € F,[Y], by

Woo(P/Q) = deg Q — deg P

e R, . =TF,[Y]is the (principal) ring of polynomials in one variable
Y over F,

o K, =TF,((Y™1))isthe field of formal Laurent series in one variable
Y~! over F g

e 0, =F,[[Y!] is the ring of formal power series in one variable
Y~ over F,, m,., = Y ! is the usual choice of a uniformizer, and
Quoe = 4.

Recall (see for instance [28, I1.2, Notations]) that R, is a Dedekind ring,
not principal in general. We have (see for instance [5, Eq. (14.2)]) that

(2.1) R,N0O,=F,.

Lemma 2.1. For all elements a,b,c,d € R, — Fy such that ad — bc = 1
and |aly > |blw, we have |cly, > |d|w.

Proof. The equality ad — be = 1 implies that w(ad — bc) = 0. We have
w(ad) < 0 and w(bc) < 0 since the only elements of R, which have nonneg-
ative valuations are the elements in the ground field F, by Equation (2.1).
Therefore w(ad) = w(bc) and

w(c) —w(d) =w(a) — w(b) .

The left hand side is nonpositive, since the right hand side is. This proves
the result. O
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The (absolute) norm of a nonzero ideal I of the ring R, is defined by
N(I) = [Ry : I] = |Ry/I|. Dedekind’s zeta function of K is (see for in-
stance [17, §7.8] or [25, §5])

1
Cr(s) =D ~rms
T N(I)®
where the summation runs over the nonzero ideals I of R,,. By (for instance)
[25, §5], it is a rational function of ¢~* with simple poles at s = 0,5 = 1.
In particular, when K = F,(Y"), then (see [25, Thm. 5.9] with g = 0)

1
2.2 = ———
( ) CFQ(Y)( ) (q — 1)((]2 — 1)
We denote by
2 2. —
R, prim = {(a,0) € R,” 1 aR, + bR, = R,}

the set of primitive elements in the lattice R,,? in the plane K. Note that
since R,, is not always principal, not every point of R,? is an R,-multiple
of an element of Riyprim.

For every v € K,? — {(0,0)}, we write v = (2,,%,), and define

(2 3) o x, if ’xv|w > ‘yv’w and 2 — Yo if ‘xv‘w > ’yv‘w
. v = . = .
Yu 1f|xv|w<|yv|w v Ty 1f|$v‘w< |yv|w7

as well as

! .
(2.4) [Jv]lw = max{|zy|w, |Yolw}, vt = (Yo, —2y) and U = mquw(llvﬂ )1)

We denote the unit sphere in the plane K> endowed with the supremum
norm || - ||, by
S}d ={ve K,?: lvllw =1} .

Note that v has the same norm as v and belongs to Riprim if v does,
and that S, = {¥ : v € K,? — {(0,0)} }. We think of ¥ as the direction
(or renormalisation) of v, it is a preferred element in the intersection of the
unit sphere S}, with the vector line defined by v.

We denote by ||| the total mass of any finite measure p. We denote by
ik, the Haar measure of the (abelian) locally compact topological group
(Ky,+), normalised so that uk,(0,) = 1. This measure scales as follows

under multiplication: for all A\, x € K, we have
(2.5) dpk, (Az) = (A dpk, (2) -

We denote by pg,, /g, the induced Haar measure on the compact additive
topological group K, /R,. Using the above scaling for the first equation
and [5, Lem. 14.4] for the second one, for every m € N, we have the equality

(2.6) prc, (1 00) = az™ and g r, )l = 87
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We endow K2 with the product ur, ® g, of the Haar measures on
each factor. Note that the unit ball of K,,% is €,,2, so that for every k € Z,
the measure of any ball in K, of radius ¢*, which is of the form v4n;*0,,2
for some v € K2, is equal to a2k

We denote by g1 the restriction to the compact-open subset St of K,?
of the product measure. Since

(2.7) NKw(ﬁS) =, (Ow — T,0,) = 1_%:1

by Equation (2.6), and since S}, = (6% x 0,,) U (O, x 0)), the total mass
of ugy is

2
28)  lusyll=(0-a)+ (-~ (- gp"? =B

)
2.2. The modular group. The aim of this section is to introduce the
various closed subgroups of the special linear group of the plane K,,? that
will be useful in order to transfer arithmetic information concerning lattice
points in R,? into group-theoretic information. We will also discuss the
properties of their Haar measures.

Let G = SLy(K,,), which is a totally disconnected locally compact topo-
logical group. The modular group T' = SLa(R,,) is a non-uniform lattice in
G. When C = P! and w = wy as in the introduction, then up to finite
index, it is called Nagao’s lattice (see [22, 30]). For every nonzero ideal I of
R, we denote by I'g[I] the Hecke congruence subgroup of I' modulo I:

Dolll={(¢3)eTl:bel}.
By [5, Lem. 16.5], the index of I'o[I] in T is

1
(2.9) [T:Toll]] =N [[(1+ ~—) -
" H< )

where the product ranges over the prime factors p of the ideal I.
For every commutative ring S, we denote by .#5(S) the S-module of
2 x 2 matrices with coefficients in S. For every closed subgroup H of G, we

denote by H(0,,) the compact-open subgroup H N .#>(0,,) of H, and by
pp the (left) Haar measure of H normalized so that

MH(H(ﬁw)) =1.

Note that G is unimodular. For every lattice I of G, we denote by upn g
the measure on I"\G induced by . By Exercice 2e) in [28, I1.2.3] (which
normalizes the Haar measure of G so that the mass of G(&0,) is q, — 1),
the total mass of pp\q is

(2.10) lumell = Cre(=1) -
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Let Z be the diagonal subgroup of G, let U~ and U™ be its lower and
upper unipotent triangular subgroups, and let P~ = U~ Z be its lower
triangular Borel subgroup. We also consider the Cartan subgroup A =

{(Wéﬁ ﬂ§n> 'n € Z} of GG, whose centralizer in G is Z.

Since A(0,,) = {id} has measure one for the measure p4 with the above
normalisation, the Haar measure p4 on A is exactly the counting measure:

(2.11) pa=>_ Ay.
geA

The maps from K, to U~ and U™, defined by a — u™(a) = (1 9) and
a — ut(a) = (§¢) respectively, are homeomorphisms (and even abelian
group isomorphisms). They send €, to UT(0,,), and the Haar measure
of (K,,+) to the Haar measure of U*: namely, for (almost) all a € K,

we have

(2.12) dpys (U (@) = dpk, (a) -
Similarly, the map from the multiplicative group K to the diagonal group

0a !
group isomorphism). It sends & to Z(0,), and the restriction to K of
the Haar measure px,, to a multiple of the Haar measure of Z: namely, for
(almost) all « € K}, by Equation (2.7), we have

Z, defined by o — (O‘ 0 ), is a homeomorphism (and even an abelian

(2.13) 2 g ((5.0)) = due (o).

qw
Let
ngﬁ — {’U c Salu : ’xv|w > ‘yv’w} = ﬁtj X ﬁw 5

which is a compact-open subset of the plane K,2. The map from SL to
P~(0,) defined by (o, 3) — p~ (o, 8) = (gagl) is a homeomorphism.
Let us prove that it sends the restriction to SL¥ of the measure ug to
a multiple of the Haar measure of P~ (0,). First note that for (almwost)
every a € 0 and f € 0, since |af, = 1, the action by conjugation of
(0‘ 0 ) on U™ (0,), which satisfies (O‘ 0 )u*(ﬁ) (O‘ 0 )71 =u"(a?B),

0a?! 0! 0a?!

preserves the Haar measure py—(¢,) by Equations (2.12) and (2.5). Hence

the measure dv(p~(a, 8)) = duy—(g,,)(u"(8)) duzs,) ((‘0“ 2 )) is a Haar

measure on P~(0,). Since up-(g,), Hu-(6,) and jz(e,) are probability
measures, we have (this will be extended in Lemma 2.2)

dpp—(6,) (0~ (@, B)) = duy-(o,)(u™ (8)) duz(a,) ((8‘ o )) :
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By Equations (2.12) and (2.13), we thus have, for (almost) every o € &
and 8 € 0,

dp-(0,) (0™ (@, 8)) = —— dure, (@) dpx., (8)
(2.14) (o

quw — 1 ¢
We will need the following refined LU decomposition of elements of the
special linear group G. Let g = (g g) € G with a # 0. Then there are
unique elements u;t € U%, m, € Z(0,) and a, € A such that

+

g=u, mgagu, .

Indeed, the existence of such a decomposition follows by taking

o {r 0y . 2
Y9 =18 1) % =0 1)
«

ozm;w(a) 0 775(@) 0
My = 0 05717'('2;)(0‘) )y Ag = 0 W;w(a) :

In order to prove the uniqueness of this decomposition, if ¢ = u~ m a u™
where ut € U*, m € Z(0,) and a € A is another such writing, then the
equality

(2.15)

(u)huy =maut( -t

between a unipotent lower triangular matrix and an upper triangular matrix
implies that u~ = u, and that (m a)™' my a; = u™( uf)~". This last
equality between a diagonal matrix and a unipotent upper triangular matrix
gives ut = uf and m a = my ay, which in turn give m = m, and a = q,

since AN Z(0,,) = {id}. We also consider

—w(a)
(2.16) Py =1, my = <O”T“’ 0 ) epP .

Bm—)w(a) a—lwz(a)

my agu

Note that if w(a) < w(p), or equivalently if |«|, > |f]w, then we have
p, € P~ (0,) =U(0,)Z(0,), so that p, belongs to the maximal compact
subgroup G(0,,) of G. In particular, the writing g = p, a4 u; is an ITwasawa
decomposition of g.

We conclude this section by providing the expression for the Haar mea-
sure of GG in the refined LU decomposition. The composition map from the
product U~ x Z(0,) x A x U to G is an homeomorphism onto an open-
dense subset with full Haar measure in G, and the following result says
that the Haar measure of GG is absolutely continuous with respect to the
product of the Haar measures of the factors. The main point of its proof is
to compute the Radon—Nikodym derivative. We denote by x : Z — K/ the
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standard character <0‘6 ' g) — «. It is well known (by the standard action
of a split torus on its root groups) that for all 3 € Z and a € K, we have

(217)  3u(a); ' =u"(x(3)’a) and 3 'ut(a)z=ut(x()’a).

Lemma 2.2. For pg-almost every g € G, we have

qu
d _
pa(g) P

x(ag)l5? duy-(ug) diz(a,) (mg) dua(ag) dug+(ug) -

Proof. By [20, §II1.1], since G and U™" are unimodular, there exists a con-
stant ¢; > 0 such that dug(p~u™) = ¢; dup-(p~) duy+(u™) for (almost)
every p— € P~ and u™ € U™, using the product map P~ x UT — G. Note
that U~ is unimodular and that Z normalizes U~ as made precise in Equa-
tion (2.17). Hence there exists a constant ca > 0 such that, for (almost)
every u~ € U~ and z € Z, we have

IX(2)]o 2 dpy-(u™) dpz(z) = e dpp-(u™2) .

This indeed follows by uniqueness from the fact that the left hand side
defines a left Haar measure on P~ using the product map (u™,2) — u™ 2
from U™ x Z to P~ (which is an homeomorphism), by Equations (2.5)
and (2.12). Since Z = Z(0,,)A with A and Z(0,,) abelian and commuting,
this proves that there exists a constant ¢z > 0 such that
(2.18) dpa(g) = e3 [x(ag)l? duy-(uy) dpz(a,)(mg) dpalag) dugs (uy) -
In order to compute the constant c3, we evaluate the measures on both
sides on the compact-open subgroup

H= {(g}) €G(0,): .6 €1+m,0,, ﬁ,fyemﬁw}.

This group, being the kernel of the reduction modulo 7,0, has index

ISLa(Fy,)| = qu(g? — 1) in G(0,,). Since ug(G(0,)) = 1, the group H
has Haar measure ug(H) = m. By Equation (2.15), the refined LU

decomposition identifies H with the product space Hy- X Hz x Hy+ in
U~ x Z x U, where

H _:{(é?) :Beﬂwﬁ’w}, HZ:{(%Q%) :ael—l-ﬂwﬁw},
Hy :{<(1]¥) :7€7rwﬁw}.

These groups have index respectively q,,, |0 /(1+m,0,)| = FX|=qu—1
and ¢q, in U~ (0,,), Z(0,,) and Ut (0,). Hence the measure of H for the

measure on the right hand side of Equation (2.18) is equal to m. This

implies that c3 = qfﬁ, as wanted. O
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3. Primitive lattice points seen in the modular group

Recalling the relevant notation from Subsection 2.1, let K be a function
field over Fy, let w be a (normalized discrete) valuation of K, let K, be
the associated completion of K, and let R, be the affine function ring
associated with w. The aim of this section is to naturally associate elements
in the modular group I' = SLa(R,,) to primitive lattice points in R,>.

We start by introducing subsets of the plane K2 and of the group G =
SLo(K,,) which will be technically useful. Let

G ={(§3)€G : |al,>|Bl} and I*=TNC,
K2 = {(a,b) € K2 lale > [blo} and B2, = R2 o 0 K2E.

w,prim w,prim

We identify any element v = (x,y) € K,? with the column matrix v = ()
of its components, and thus write 2 x 2 matrices of elements of K, as 1 x 2
matrices of elements of K,%. For all measurable subsets © of S}, and 2’ of
K, and for every n € Z, let

Py ={( w)eP (0,):ve0},
w={(5 8)) e
U;,:{(CIJ) 6U+:76@’}.

By Lemma 2.2 and the various explicitations of Haar measures in Equa-
tions (2.14), (2.11) and (2.12), we have

_ Y Qu qu ny —2 /
1e(Pg AnUgy) = otla—1 psy (©) (Il ") px, (2')
2+
(3.1) = q;_ T psy (©) k., (2') .

The following result gives a precise 1-to-1 correspondence between prim-
27ﬁ

itive lattice points in R i,

group I'.

and appropriate matrices in the modular

Proposition 3.1. Let Z be a fized (strict) fundamental domain for the
lattice R, acting by translations on K. There exists a unique bijection
from Ri’jjpﬁm to T¥N (P~ UL) of the form v + v, = (v wy) (where wy
will be defined in the following proof) such that for every n in Z, for all
measurable subsets © of SL, and 2’ of 9, and for every nonzero ideal I of

R, the following two assertions are equivalent:
(1) the lattice point v satisfies ||v]lw = ¢, y» € I, T € © and 72> € 7',
(2) the modular matrix v, belongs to the Hecke congruence subgroup
I'o[I] and satisfies v, € Py Ay U;',.
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Proof. Let v = (a,b) € Ri’,ﬁpﬁm. In particular @ # 0 and ||[v||, = |a|,. Let
us define
Solap = {(7,y) € R, :ax + by =1},
which is the set of solutions in R,? to the equation ax + by = 1.
Given wg = (0, yo) € Solyp, we claim that

Solap = {wo + vt : X € R},
where w — w' is defined in Section 2.1. Indeed, we clearly have
{wo +Avt : A€ R,} CSolyy -

Conversely, let (z,y) € Sol, be a solution different from (zg, y9). We have
a(x — xo) = b(yo — y). We may assume that b # 0, since otherwise a € R}
and v+ = (0,—a) so that the result is clear. Then x # x9 and y # o,
so that the nonzero principal ideal (a), being coprime with the principal
ideal (b) in the Dedekind ring R,,, divides the principal ideal generated by
Yo — ¥, and y — yo is a multiple of —a, which implies that x — zq is the same
multiple of b.

Let w, be the unique element of R,? such that (wy)* is the unique
element of Sol,; with x% € 9. As xy, = — Y(wy) L this is possible since,
by the above, the subset of K, consisting of the elements —%, where y
varies over the second components of elements of Sol, 3, is exactly one orbit
by translation under R,, (without repetition).

Let us define v, = (v w,) = (Z Z;U: ) We have 7, € T since (w,)*
belongs to Sol,, so that det~, = 1. Furthermore, we have v, € I since
v € R Let g = 7,. By Equation (2.16), the first column of p, is

w,prim*
(aw;w(a), bm;w(a)) = miogq“ lal v =1, so that p, € Py if and only if ¥ € ©.
Since ||v||ly = |al, = q;w(a) and by Equation (2.15), we have a, € A, if
and only if |||, = ¢}. Again by Equation (2.15), we have uf € U, if and
only if % =2 e 9.

)i

The map v — 7, from Ri’ﬁ)rim to I'* is clearly injective. Its image is
N (P~ UJ), since if (v w) € T*N(P~UJ) and v = (a,b), then v belongs

to R>* . and w' is an element of Solgp such that by Equation (2.15)

w,prim
we have _waJ_ = #v € 9, hence w = w, by uniqueness. We clearly have
Y, = b € I if and only if v, € I'g[Z]. This proves the result. O

4. Joint equidistribution of primitive lattice points

The aim of this section is to prove the main result of this paper, The-
orem 4.5, establishing the effective joint equidistribution of directions and
renormalized solutions to the associated gcd equations for primitive lattice
points, generalizing Theorem 1.1 in the introduction to any function field.
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The main tool for this result is an adaptation of two theorems of Gorod-
nik and Nevo [16], that we now state, after the necessary definitions.

Let G’ be an absolutely connected and simply connected semi-simple
algebraic group over K, which is almost K -simple. Let G’ = G/(K,,) be
the locally compact group of K,-points of G’. Let I” be a non-uniform!
lattice in G’, and let g be any (left) Haar measure of G'. Note that G’ = G
and IV = T'y[I] satisfy these assumptions for every nonzero ideal I of R,,.

Let p > 0. Let (#/)e>0 be a fundamental system of neighborhoods of the
identity in G’, which

e is symmetric (that is, x € #/ if and only if 27! € ¥/),
e is nondecreasing with e (that is, #/ C ¥, if ¢ < €’), and
e has upper local dimension p, that is, there exist mi,e; > 0 such
that pe (¥) > mq € for every € € 10, €] .
Let C' > 0. Let (%)nen be a family of measurable subsets of G’. We define

(BT = VB,V = U 9gBnh and (%) = ﬂ gPBnh .
g,he?! g,he?!

The family (%, )nen is C-Lipschitz well-rounded with respect to (¥)eso if
there exists ¢g > 0 and ny € N such that for all € € |0, ¢o[ and n > ng, we
have

1 (B)7) < (1+C ) per(#)) -
1

Theorem 4.1. For every p > 0, there exists 7(I") € |0, m] such that
for every C > 0, for every symmetric nondecreasing fundamental system
(¥)es0 of neighborhoods of the identity in G' with upper local dimension
p, for every family ($n)nen of measurable subsets of G' that is C-Lipschitz
well-rounded with respect to (¥!)eso0, and for every 6 > 0, we have that, as
n — 400,

1 ,
Card(%, NT") Tammal 11 (B)| = Oy (B~ 7TH0Y

e
where the function O(-) depends only on G', 17,6, C, (¥))es0, p-

Proof. The proof is a simple adaptation of a particular case of results of
Gorodnik—Nevo [16], which are phrased for algebraic number fields and not
for function fields.

By the assumptions on G’ and I”, and by [3, Thm. 2.8|, the regular
representation 7 of G’ on LZ(G’/T’) has a spectral gap. By [6] (see [3,
Thm. 2.7]), since 7° has a spectral gap, there exists p > 2 such that 7°
is strongly L? (called LP" in [16, Def. 3.1]). We do not know what is the
smallest such p. As in [16, Eq. (3.1)], let ne(p) = 1 if p = 2 and otherwise
let ne(p) = [5] € N—{0,1}. Since 7 is strongly L?, by [16, Thm. 4.5], for

IThis implies that G’ is isotropic over K, as part of the assumptions of [16].
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every measurable subset B of G’ with finite and positive Haar measure, if
B = m (ner)p and 7°(B) is the operator on L3(G'/T”) defined by

(0@ = —— [ 7))

for all f € L3(G’/T’) and almost all z € G’/I", then we have that, for every
n >0,

1
I7° (Bl = O (e (B)) 7w ™)

Actually, Theorem 4.5 of [16] is stated in characteristic zero. But its
proof has two ingredients, a spectral transfer principle, which is valid for
any locally compact second countable group by [6, Thm. 1], and a Kunze—
Stein phenomenon, which is valid even in positive characteristic by [29,
Thm. 1].

Now, by [16, Thm. 1.9] where a = 1, which is valid for any locally
compact second countable group, and whose assumptions we just verified,
we have

Card(%,NI") 1
ne (%n) el
Theorem 4.1 follows with 7(IV) =

1

= OG'I',C7P7(7/6')6>0 (UG’(% )( 2”&( )+n)(p+1)) .
1

T 0

The main result that will allow us to use Theorem 4.1 is the following
proposition. We will use, as a fundamental system of neighborhoods of the
identity element in G, a family of compact-open subgroups of G(&,,) given
by the kernels of the morphisms of reduction modulo 7} &, for n € N. For
every € > 0, let N = [—log,, €| so that N. > 1 if and only if € < q%. Let

Ve =G(0y) if € > .- and otherwise let
Ve = ker(G(ﬁw) — G(O,/7N0,))

14nlea nle
:{< e T )eG( ) aﬁv,éeﬁ}

147, €0

The family (7#¢)eso is indeed nondecreasing and we have (.-q % = {id}.

Note that for all €1,..., ¢, > 0, we have
min{N,,..., N, } > min{—log, e1,...,—log, e} —1
—log, (€14 -+ ex) = 12> Ny (¢ 4ter) »
hence
(4.1) Ve Ver Voo T Vaolertter) -

Proposition 4.2. For all metric balls © in S, and 9’ in K,, with radius
less than 1, the family (Pg A, Ug’)neN is 0-Lipschitz well-rounded with
respect to (V¢)e>0-
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Proof. We will actually prove (as allowed by the ultrametric situation) the
stronger statement that given © and 2’ as above, if € is small enough, then
for every n € N, we have

(P AnUZ) ™" = PoAnUf = (Po AnUS) ™ .

We start the proof by some elementary linear algebra considerations.
For every subgroup H of G, let ¥l = ¥, N H. We endow .#5(K,,) with its
supremum norm || - ||, defined, for every element X € #>(K,) — {0}, by
| X |lw = max{|X; j|w: 1 <1i,j <2} € ¢Z The unit ball of | - ||, is #a(0,).
We denote the operator norm of a linear operator ¢ of .#5(K,,) by

1]l = max { | \(XH)}U X € Mr(K,,) — {O}} € ¢ uf{o},

so that ((#2(0,,)) C Mo(m B0 ”e”wﬁw). For every g € G, recall that Ad g
is the linear automorphism z — grg~! of .#5(K,,).
Lemma 4.3. For all e > 0 and g € G, we have

9%t € Hadgle» Ye=2"" 1Y and vE =917 v E.

Qw

Furthermore, we have pg(¥e) > 2 e for every € > 0 small enough, so

that p = 3 is an upper local dimengwn of the family (7¢)eso-

Proof. Let Is be the identity element in G. The first claim follows from the
fact that

9Veg™t =+l g to(C0)g™"
N€ 1 Adg||w
C Iy I g(60) = Vo jaag) -

The second and third claims follow from the fact that by Equations (2.15)
and (2.16), if g € ¥ then a, = I, u;t € V/EUi and m, € 7%
Let us now apply Lemma 2.2 and the decomposition ¥ = ¥V~ 7.7 7/€U+:

ua () = g mo-(57) waony (F8) w777

By Equation (2.12) apphed twice, by the left part of Equation (2.6), and
since N = |—log, €|, we have that for e < q%,

-1
palt) = g (i 00) |02/ + 7S 00| (o)
w
Qo 1 —2N, @ 3
= € > —5——¢€".
qw+1 (Quﬁ—l)qiyeil o _q3—1
This proves the final claim of Lemma 4.3. O

The main ingredient in the proof of Proposition 4.2 is the following ef-
fective refined LU decomposition.
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Lemma 4.4. With ¢ : G — ]0,+00[ the continuous function defined by
h— ||Adh |, for every g € G with |x(ag)|w < 1, we have

— P~ Ut +
Te97e C Py ety retuie % Laatetoy ) +2ci e U9 -

Proof. In order to simplify notation, let a = ag, p =p, and u = u;', so that
g =pau. For every h € G, let ¢, = ||Ad h||. In the following sequence of
equalities and inclusions, we use

e the first claim of Lemma 4.3, for the first inclusion,

e the second claim of Lemma 4.3, for the second equality,

e the fact that

a %567 =a %111]67 7/cfe C 7/0111]; a nycfe = nj/cf; acC %uﬁ a

by the third claim of Lemma 4.3, by the left hand side of Equa-
tion (2.17) with x(a) € 0, and since a and Z commute, for the
second inclusion,

e the facts that 7., is a normal subgroup of G(&,) and that the
inclusion 7, C G(,,) holds, for the third equality,

e again the second claim of Lemma 4.3, and the right hand side of
Equation (2.17) with x(a) € 0, for the last inclusion.

We thus have
YegVe=pp Fpaudiulu C p¥ca¥cu
R AN AN S A AT N AU A S AT

cpe  Tcpe cue “cye cpe T cpe
_ P~ Ut U+ P~ P~ Ut Ut o, Ut
- p ycpe %uG 4j/cpe a/VCuE u C p Aj/cpe %cue aycue che ycue u.
Lemma 4.4 now follows from Equation (4.1). O

Now, in order to prove Proposition 4.2, we write © = vy + 7' .2 and

9' = xg + 7" O, for some m,m’ € N — {0}, zg € K,, and vy € SL. Let
¢ = max{qu(c(p) +2c(u)) :p € P5, ue U},

which is finite since Pg and U;, are compact. Let ¢g = %qoj mi—m -, 0, so
that we have N . > max{m,m'} > 1if € < €.

Let us fix € € ]0, ¢o[. We claim that
(4.2) Py vE =pP5 and ¥V UL =US, .
Indeed, the inclusion of the right hand sides into the left hand sides of these
equalities are immediate. If p € Py and p’ € #L™, we may write

b= (:rvo + 7l 0 )
Yoo + ﬂf.;nﬁ (xvo + Wga)il

; (147! 0
and p' = < ﬂivcgﬁ/ (1+7TU]JV“0/)_1
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for some «, 8,0/, 3" € O, so that

pp! = [0 TS My 0
Yoo + 7B+ mJe B (@ + w0 meea”)

for some o', 8" € O, (since x4, Yy, € O.,). The first claim of Equation (4.2)
then follows from the fact that N.. > m. The inclusion ”I/Cg+ Ut c U,
follows from a similar and even easier computation.

Now for every n € N, we have by Lemma 4.4 and Equation (4.2) that

_ € _ _ - + _
(P A U = 4 P A UL Y © Py vE A, vV U, = P5 AL U,
Since the converse inclusion is immediate, we have
(P35 A, UL = P5 A, US, .

Since 7¢ is symmetric, this implies that g Pg A, U, er, h > PgA, U;, for all
g,h € ¥ so that (Pg Ay U;r,)_6 D Py Ay U;r,. Since the converse inclusion
is immediate, this concludes the proof of Proposition 4.2. O

The main result of this paper is the following one. Recall that z,, z, and
¥ for v in K,% — {(0,0)} have been defined in Equations (2.3) and (2.4).
If v = (a,b) € R i, We denote by w, any element of RZ ;. such that
(wy)™ = (x,%) is a solution to the equation ax + by = 1. As seen in the
proof of Proposition 3.1 if |a|, > |b|w, and by symmetry otherwise, the
class Z;”—v“ +R,, of % in the quotient K, /R, does not depend on the choice
of w,. For every nonzero ideal I of R, let

(4.3) - (a5 — 1)CK(—1)]\;2(I) My (1 + 35)

Theorem 4.5. For every nonzero ideal I of R,,, for the weak-star conver-
gence on the compact space S}, x (K, /R.), we have, as n — 400,

_2 *
cr g " Z Ay ® Az;vierRw — sy © UK, /R, -
vER? !

w,prim : ||U||w:‘ﬂ$7 Z{;GI

Furthermore, there exists T € 10, %] such that for all €, > 0, there is
a multiplicative error term in the above equidistribution claim of the form
1+0y5.1 (qf,”(‘”‘” Il flle lglle) when evaluated on (f,g) for all e-locally con-
stant maps f:SL, =R and g : K,,/R,, — R:

— - z
cr ¢,>" > f(v)g(%Jer)
VER? it vllw=al, 2L €l v

= ([ s ) ([ odmesm) (15 Ouar@ sl loll)
Sy Ko /Rw
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When C = P!, w = we and I = R, , we recover Theorem 1.1 in the
introduction by using Equations (4.3), (2.9) and (2.2), as well as the fact
that g, = ¢. Note that up to changing the constant cj, the same result
holds when v ranges over the elements in Raprim with ||v|l, < ¢} rather
than |[v|l, = ¢ and 2] € I. But as said in the introduction, ranging on
spheres rather than balls gives much stronger result, in fit adequation with
the number theoretic results on Linnik’s problem. Also note that in the
statement of Theorem 4.5, the measures g1 and ug,, /g, are not normalized
to be probability measures, see Equations (2.8) and (2.6) if a normalization
is useful, as for instance in Corollary 4.6.

Given a nonzero (possibly nonprincipal) ideal J of R,,, an effective joint
equidistribution result similar to the one of Theorem 4.5 is possible when
the elements v = (a,b) € R,,? are not assumed to be primitive, but instead
to satisfy the property that a and b generate the ideal J.

Proof. Let I be a nonzero ideal of R,,. Let 7 = 7(I'o[I]) € ]0, 3] be as in
Theorem 4.1 applied with G’ = G and I" = T'y[I], and with (¥/)eso =
(7¢)e>0 which has upper local dimension p = 3 according to the final claim
of Lemma 4.3.

Let 6 € ]0,7]. Fix a compact-open strict fundamental domain 2 for
the action by translations of R, on K, such that for all xg € Z and
m/ € N—{0}, we have B(zo, ;™) = zo+7"" 0, C 2. This is possible since
R,N7,0, = {0} by Equation (2.1). Note that for all vy € S}, (respectively
vo € SLE) and m € N — {0}, the ball B(vg, ¢;™) = vo+ 777 0,? is contained
in SL (respectively SL#).

Let us prove that for all m,m’ € N — {0}, 9 € Z and vy € S}, if
O =vy+7"0,% and 9’ = xq + TrL"’ﬁw, then, as n — +o0

(4.4) Card {v € R‘%’prim c vllw=d, 2, €1, V€O, Tue ¢ 9’}

2y

1 —7 m~+m’
= " 15,(0) pac (7)1 + Ouar (@27 ™) ).

Since the characteristic functions 1g and 1¢ of © and &’ are respectively
g, - and ¢ ml-locally constant, and by a finite additivity argument, this
proves Theorem 4.5.

We first claim that in order to prove the counting result of elements

in Riprim stated in Equation (4.4), we only have to prove an analogous
counting result of elements in RZ’Pprim, namely that for all m,m’ € N—{0},

for all zg € 2 and vy € SLE, if © = vy + 70,2 and 2’ = z¢ + TQT/ﬁw,
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then, as n — +oo

(4.5) Card {@ € R ol =dl poe T 0, T2 e @'}
1
= — a2 e (0) e, (7) (1+ O (6270 ).

Indeed, by Lemma 2.1 and Equation (2.3), since det (v w,) =1, we have

“ww = T2 when v belongs to R** . except finitely many of them. The

2 w,prim
involutive linear map ¢ = (9 }) of exchange of coordinates
and S, of the plane K2,
e sends the compact-open set S}, — S}u’ﬁ into S}ﬂ,

e preserves the subsets R2 prim

e sends an element v in R? prim Ri’,ﬂprim to the element ¢(v) in Ri ti:)rlm
Tw
such that 2] = Zi(v) = Yu(v) and Z;“—v“ = ﬁ“)) again by Lemma 2.1

and Equation (2.3), and
e sends vy + 7)) .2 to t(vg) + Wf}@ﬁw?
Hence Equation (4.4) follows from Equation (4.5).
Now according to Proposition 4.2, the family (Pg A, U 5’)71 oy 18 0-Lip-
schitz well-rounded in G with respect to (7¢)e>0. Note that

I'Nn(Pg A US) =T N (Pg A, US)
since © is contained in S.¥ and by Equation (2.16). In the following se-

quence of equalities, we use respectively

e Proposition 3.1,

e Theorem 4.1 applied with G' = G, I" = TI4[I] and (Bn)nen =
(P@; An U%—/)neNv

e Equation (3.1),

e the fact that © is a metric ball of radius g™ in the plane K% and
' a metric ball of radius ¢;™ in the line K.

We thus have
Card{veR” Cvlle =7, yo €1, T €O, x“’”e@’}
Ty

w,prim
— Card(To[I] N (Py An UZ))
_ he(Pg AnUg)

+ Ousr((ne(Po A UL T)

liromal]
il (0) s (2)+ O gt (@2 11(O) i (7))
= = w + w wn w
(2= el S8 1 AL\ B8.15) HE
q2n+2
= z 151, (0) 11 (D) (14 Oy 5. (g2 TH 2T =0) g (7=0)))

(a3 =Dllpromell
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Since by Equations (2.10) and (2.9) we have

1
lroimall = llemell [T Told]] = Cr(=1) N() T]( 1+ 7=
To[IN\NG NG 0 K W( N(p))

and since 7 < & (so that 2m(r — §) < m and m/(7 — §) < m’), this proves
Equation (4.5) and completes the proof of Theorem 4.5. O

We conclude this section by stating a counting result, which follows from
the equidistribution claim of Theorem 4.5 by integrating on the pairs of
constant functions with value 1 on S}, and on K, /R, and by using Equa-
tions (2.8) and (2.6).

Corollary 4.6. There exists T € |0, %] such that for every § > 0, we have
Card {v € Rczu,prim C vl = a2l € I}
¢¢!

_ 2n 2n(1—7+96)
= ;" + Os1(q )-
Cr(=1) N(I) Ty (1 + wgy)

5. Application to the distribution of continued fraction
expansions

In this section, we assume that C = P! and w = weo, so that the notation
in Section 2.1 coincides with the notation of the introduction: K = F,(Y'),
Ry, = R=TF,[Y], K,. = K = F,(Y™")), Ou.. = € = F,[[Y""]] and
’ ’ |woo - ’ ’ ‘

Let us recall elementary facts on the continued fraction expansions in K ,
similar to the ones in R, see for instance the surveys [21, 27], and [23] for
a geometric interpretation. Any element f € K may be uniquely written
f=1[f]+ {f} with [f] € R (called the integral part of f) and {f} € Y~1&
(called the fractional part of f). The Artin map ¥ : Y10 —{0} - Y10 is
defined by f — {%} Any f € K — R has a unique finite continued fraction
expansion

1
[ =ao0+ ] :
ay + 1
az + ———
o o + -
an
with ap = [f] € R and a; = [m] a nonconstant polynomial for

1 <i < n (called the coefficients of the continued fraction expansion of f),
where n € N — {0} is such that ¥"(f —ag) = 0.
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Two finite sequences of polynomials (P;)_i<i<n and (Q;)_1<i<n in R are
defined inductively as follows

Py=1 B =ay, P =P, qa; + P2
Q-1=0 Qo=1, Qi = Qi—10; + Qi—2
for 1 < i < n. The elements P;/Q; for 0 < i < n — 1 are called the

convergents of f, and P,/Q, = f. The convergents have the following
characterisation (see for instance [27, p. 140]): for all P,Q € R such that

deg @ < deg @,

(5.1) if |f —P/Q| < then P/Q is a convergent.

\QI2
For 0 <i<n—1, we have
P 1
5.2 f——=|=—————
(5:2) Qil Qi |Qit1]
by for instance [27, Eq. (1.12)]), and
(5.3) Qi+1P; — Pi1Q; = (1),

Since dega; > 1 if ¢ > 1, we have deg@; > deg@;_1 for 1 < i < n. If
f €Y710, then ag = 0 and P;/Q; € Y10, or equivalently |P;| < |Q;], for
1<i<n.

The following result relates the shortest solutions to an equation of the
form ax + by = 1 with the continued fraction expansion of a/b.

Lemma 5.1. Let a,b € R — {0} be two coprime polynomials such that
a/b € Y7LO. Let (P;/Q:)o<i<n be the sequence of convergents of a/b.
Then there exists a unique A € F such that (a,b) = (AP, AQy), and
(—(=D)"A 1 Qu_1,(=1)"X\"L P, 1) is the unique shortest solution to the
equation axr + by = 1.

Note that this result implies that for all a,b € R — {0}, the equation

ax + by = 1 has one and only one shortest solution, up to exchanging a and
b if |a| > |b] and to replacing (a,b) by (a — A'b,b) for the unique X' € Fy
such that deg(a — N'b) < degb if |a| = |b].
Proof. We may assume that a ¢ F, otherwise the result is immediate with
A=asinceag =0,a1 =a'bn=1 Pp=0,Qy =1, P, =1 and
Q1= a~'b.

Since P, and @, are coprime polynomials by Equation (5.3) and since

P,/Qn = a/b, there ex1sts A € Fy such that a = AP, and b = AQp. Let
af(l)n)\andbf( 77X LetSol~ f{(wy)eRQ ar+by=1}

We have @ = (—1)"P, and b = (—1)"Q,,. Again by Equation (5.3), this
implies that (—Qn—1, Ph—1) € Solflﬁ.
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Let (Zg,y0) be another element of Sol~~ Since we have |a| < |b], i
follows from Lemma 2.1 that |Zo| > |yol, so that I1(Zo, 7o) Hoo = |Zp|. We
have ||(=Qn—-1, Pn—1)|loc = |Qn_1| since P,_1/Qn_1 € Y~10. In order to
prove that (—Qn—1, P,—1) is the unique shortest element of Sol~+, let us
assume that |Zp| < |Qn—1|, and prove that (Zg, 7o) = (—Qn—1, n—l)-

Since |Zo| < |Qn-1] < |@Qnl, we have

gO P, o 1 < 1
—X Qn ’iO‘ ‘Qn‘ ’ - -%0‘2 '
Hence by Equation (5.1), % is a convergent of & that is, there exists

i €{0,...,n—1} such that 2 5 This 1mphes in particular that there
exists /\’ € IFX such that (yo, —x 0) = (NP, NQ;). Using Equation (5.2) for
the last equahty, we have
1 _ 1 _‘50__2_n_1
Qil 1Qul 170l Q] |=Z0  Qnl 1Qi  Qul  |Qil 1Qita]

Since |Qit1| < |@n| if i < n — 1, this implies that i = n — 1. Since (Zo, Jo)
belongs to Solgz and by Equation (5.3), we have X = 1. Hence (g9, —Zo) =
(Pr—1,Qn-1) as wanted.

Since the pair (xg, yo) is a solution to the equation ax+by = 1 if and only
if the pair ((—1)" Az, (—1)"Ayo) is a solution to the equation @z +by = 1,
the result follows. g

The following result is an analogue in the field of formal Laurent series
to the main result of [7] in the real field. It gives an application of Theo-

rem 1.1 to the distribution properties of the continued fraction expansions
Pi(v)

Qi(v )) 1<i<ng
the sequence of convergents of § and by A, € F; the unique element such
that v = (Ay Py, (v), \y@n, (v)). We denote by py-1, the Haar measure of

the compact additive group Y ~'&, normalized to be a probability measure.

of elements of K. For every v = (a,b) € R%;,,, we denote by (

prim>

Corollary 5.2. Let P, = Hf’zl m; be a nonzero polynomial in the Euclidean
gldes Px H’v (1_¥)
=1\ degm;

(q—-1)?
For the weak-star convergence of measures on'Y ~1 0, we have, as n — +00,

ring R, with prime factors my,..., 7. Let cp, =

—2n *
Ccp, q Z Ay, 1) — Hy-ig -
v=(P,Q)ER2,,,, : deg P <degQ=n, P.| P A Qny (v)

Furthermore, there exists T € |0, é] such that for all €,6 > 0, there is a
mutiplz’cative error term in the above equidistribution claim of the form
14 Os, p, (¢*"=™+9) ||g||c) when evaluated on g for every e-locally constant
map g: Y ! ﬁ — R.
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Proof. The result follows by applying the joint equidistribution Theorem 4.5

deg P, k (_;)
q *Hizl 1 qdeg‘rri

with C = P!, w = wy, and I = P, R (so that ¢; = =D
Equations (4.3) and (2.2)) to the characteristic function of the set

Sae =St ={(wy) e K*: |a| < [y| =1}
on the left factor, using the following remarks.
e Let v = (a,b) € R%,,, be such that |a] < |b| (or equivalently such

prim
that ¥ € SL —SLH), and let (P;/Q;)_1<i<n, be the sequence of con-
vergents of a/b. Lemma 5.1 (actually Equation (5.3) is sufficient)
says that we may take w, = (—(=1)" Ay 1 Py, 1, —(—=1)™ A\; 1 Qn,—1)-
Since |P;| < |Q;| for 0 < i < n,, we have
Zwy _ Yw, _ —(=1)"™ A Qn—1 (1) Qpn,—1

Zy y’l) )\'U QTLU B >\12)Q7’Lv

e The map from Y10 to IA(/R defined by f — f + R is a homeo-
morphism and an isomorphism of additive groups, which maps the

probability measure iy -1, to q iz R since p /R has total mass %

by Equation (2.6).
e The map from Y1 to itself defined by f + —f is an homeomor-
phism preserving py —14-.
e We have ,uSéO(S;O—S;;Dﬁ) =ppQup(Y1Ox0%) = % (1-1) =L

by

q q
so that
qg—1
psi (S, — S4 dug p(=f +R) = = dpy-14(f)
for (almost) every f € Y~10. O
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