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On finiteness of odd superperfect numbers
par TOMOHIRO YAMADA

RESUME. On montre de nouveaux résultats sur 'équation o(N) = all,
o(M) = bN. On en déduit, comme corollaire, qu’il n’existe qu’un nombre fini
de nombres impairs superparfaits ayant un nombre fixé de facteurs premiers
distincts.

ABSTRACT. Some new results concerning the equation o(N) = aM, o(M) =
bN are proved. As a corollary, there are only finitely many odd superperfect
numbers with a fixed number of distinct prime factors.

1. Introduction

As usual, () shall denote the sum of positive divisors of a positive in-
teger N and call a positive integer N to be perfect if o(N) = 2N. Though it
is not known whether or not an odd perfect number exists, many conditions
which must be satisfied by such a number are known.

Analogous to this notion, Suryanarayana [17] called N to be superperfect
if o(o(N)) = 2N. Suryanarayana showed that if N is even superperfect,
then N = 2™ with 2! — 1 prime, and if N is odd superperfect, then N
must be square and have at least two distinct prime factors.

Dandapat, Hunsucker and Pomerance [3] showed that if o(o(N)) = kN
for some integer k and o (V) is a prime power, then N is even superperfect
or N = 21,k = 3. Later Pomerance [12] called N to be super multiply
perfect if o(o(IN)) = kN for some integer k and showed that if p™ | o(N)
and N | o(p™) for some prime power p™, then N = 2”1 or 2" — 1 with
2" — 1 prime or N = 15,21,1023.

In the West Coast Number Theory Conference 2005, the author posed
the question whether there exist only finitely many odd integers N such
that N | o(o(N)) and w(o(N)) = s for each fixed s [19], where w(n) denotes
the number of distinct prime factors of n. The above-mentioned result of
Dandapat, Hunsucker and Pomerance answers the special case s = 1 of this
question affirmatively.
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Concerning the unitary divisor sum o*(N) (d is called a unitary divisor
of N if d | N and d, N/d are coprime), the author already proved that
N = 9,165 are all the odd integers satisfying o*(c*(N)) = 2N [20].

In this paper, although we cannot prove the above-mentioned conjec-
tures, some results are proved. Before stating our results, we introduce the
notation C;(-) for i = 0,1,2,..., each of which denotes some effectively
computable positive constant depending only on its arguments.

Theorem 1.1. If a quadruple of integers N, M, a,b satisfies o(N) = aM,
o(M) = bN and w(c(N)) < k, then we have a,b < Cy(k) for some effec-
tively computable constant Cy(k) depending only on k.

Theorem 1.2. Additionally to the condition described in Theorem 1.1,
assume that both M and N are odd. Then each of M and N must have
a prime factor smaller than some effectively computable constant Cy(k)
depending only on k.

Remark 1.3. The additional condition would be necessary. Indeed, if we
allow M or N to be even and take N = 2™ M = 2™+t1_1 then Theorem 1.2
would imply that there exist only finitely many Mersenne primes, contary
to the widely believed conjecture!

Theorem 1.4. For any given integers a,b, k,k’, there are only finitely
many pairs of odd integers M, N satisfying o(N) = aM,o(M) = bN with
w1(N) <K and w(M) < k, where w1 (N) denotes the number of primes di-
viding N only once. Moreover, such integers M, N can be bounded by some
effectively computable constant Cy(a, b, k, k") depending only on a,b, k, k.

Using Suryanarayana’s result that an odd superperfect number must be
square, the latter result gives the following corollary, which implies our
conjecture in the case o(c(N)) = 2N. Moreover, we observe that if N is an
odd superperfect number, then o(N) must be a product of a square and
a prime power p¢ with p = e = 1 (mod 4) and o(c(o(N))) = 0(2N) =
30(N). Hence, we have the following finiteness result.

Corollary 1.5. For each fized k, there exists some effectively computable
constant By such that, if N is an odd superperfect number with either
w(N) <k orw(c(N)) <k, then N < By.

The corresponding result for odd perfect numbers has been known for
years. Dickson [4] proved that there exist only finitely many odd perfect
numbers N with w(N) < k for each fixed k and an effective upper bound
was given by Pomerance [13], improved by Nielsen [10, 11].

It will be relatively easy to show that there exist only finitely many odd
superperfect numbers N with both w(N) and w(o(NV)) fixed, using Dickson’s
argument. However, if we only require that w(N) or w(o(NV)) is fixed, we
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have only known that w(N) > 2 from [18] and w(c(N)) > 2 from [3], which
is implied by the result of [12] mentioned above. Our corollary states that,
even under this restriction, we can obtain an effective upper bound for an
odd superperfect number N.

Our argument in this paper is based upon the one in [20]. In [20], we used
the fact that if 0*(0*(N)) = 2N, then N must be factored into N = [T, p5*

with p* +1 = 2% ¢% for some integers a;, b;, ¢. This means that pSi’s mulft
s must be

7
be distributed very thin and therefore the product of o*(pi*)/p;"”’
small.

However, we deal with the ¢ function in this paper. For a small prime
p, o(p€)/p° must be fairly large and therefore our argument from [20] does
not work.

We introduce some preliminary notations. In order to prove Theorems 1.1,
1.2 and 1.4, we consider slightly more general situation. Assume that N is
an integer such that w(o(N)) = k and we let ¢ < ¢2 < -+ < g to be
the prime divisors of o(N). For each 1 < r < k and a prime power [, let
Sr1 = 5r1(q1,q2, .. ,¢) denote the set of prime divisors p of N such that
p¢ || N with [ | (e + 1) and

—1 e
(1.1) P = =T
=1

for some integers a;(1 < i < r) with a, # 0 and let S, = UJ; Sy, where [
runs over all prime powers. Clearly, each prime divisor of N must belong
to a set S, for some 1 <7 < k and a prime power /.

In Section 4, using a lower bound for linear forms of logarithms, we
shall show that each S, contains at most r small primes. Combined with
Lemma 3.3, which states that the contribution of large prime factors to the
size of o(M)o(N)/MN must be very small, we shall prove the following
fact.

Theorem 1.6. Let N be an integer such that w(o(N)) = k and let ¢ <
G2 < -+ < q be the prime divisors of o(N) = aM as introduced above.
Then, for everyr =1,2,...,k, N has at most r prime factors in S, below

Cy(r, qr) = exp(C3(r)(log ¢,/ loglog g,) /2 *+ 1) and

(1.2) > ; < exp <C5(r) (bgq>2””> .

e log log q;-
p>Cy(r,qr)

This theorem allows us to overcome the above-mentioned obstacle. In-
deed, it is not difficult to derive Theorem 1.1 from Theorem 1.6, as shown
in Section 5. With the aid of a diophantine inequality shown in Section 6,
we shall prove Theorems 1.2 and 1.4.
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2. Preliminary lemmas

In this section, we introduce some preliminary lemmas. The first lemma
is a special case of Matveev [9, Theorem 2.2], which gives a lower bound for
linear forms of logarithms. We use this lemma to prove our gap principle
in Section 4. The second lemma describes an elementary property of values
of cyclotomic polynomials.

Lemma 2.1. Let a1,ao,...,a, be positive integers with a1 > 1. For each
j=1,...,n, let Aj > max{0.16,loga;}. Let b1,ba,..., by, be arbitrary inte-
gers.

Put

B = max{l, |b1| Al/An, |b2’ AQ/An, PN |bn|},
Q=AAy... A,
(2.1) C'(n) =4.4n+5.5logn + 7,

C(n) = %e"@n +3)(n +2)(4(n + 1)) (;en> C'(n)

and

(2.2) A=biloga; + -+ b, logany,.

Then we have A =0 or

(2.3) log |A] > —C(n)(1 +log 3 — log 2 + log B) max {1, Z} Q.

Remark 2.2. The assumption that a; > 1 is added in order to ensure
that loga,logas,...,loga, are linearly independent over the integers for
some (1 < r < n). We note that we do not need recent results for linear
forms in logarithms. We can see that a lower bound of the form log [A| >
—BY9) 16g/™ A where f(n),g(n) are effectively computable functions of
n such that g(n) > 1, is strong enough for our purpose. Such an estimate
would increase the right hand side of (4.2) but still give an estimate that
logn, < logh(” my41 for some effectively computable function h(r). Thus
even an old estimate such as Fel’dman [7] suffices.

Lemma 2.3. Ifa,l are positive integers with a > 2,1 > 3 and (a,l) # (2,6),
then (a' —1)/(a — 1) must have at least (1) — 1 distinct prime factors,
where T(l) denotes the number of divisors of l. Moreover, at least one of
such prime factors is congruent to 1 (mod ).

Proof. A well known result of Zsigmondy [21] states that if a > 2,n > 3
and (a,n) # (2,6), then a™ — 1 has a prime factor which does not divide
a™ —1 for any m < n. Applying this result to each divisor d > 1 of [, we see
that (a' —1)/(a—1) must have at least 7(I) — 1 prime factors. In particular,
applying with n = [, we obtain a prime factor ¢ such that a (mod ¢) has
order [ and therefore ¢ =1 (mod ). O
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3. The distribution of large primes in S,

In this section, we shall give an upper bound for the sum - g, ,~x 1 /D
for each fixed r, (.

Lemma 3.1. Let pg, p1, p2 be distinct primes with pg odd, | and f be positive
integers and put H; = | flogpo/logp;| for i =1,2. If the congruence

(3.1) pi=1 (mod pp)
holds for i =1,2, then

1 _
(3.2) it < ged(l,p) " (po — 1)).

Proof. Tt is clear that py'p3? takes distinct values modulo p{; for all non-
negative integers a; and as with 0 < ajlogp; + aslogps < flogpg. So
that p{*p5? takes at least HyHz/2 distinct values modulo pg. But these can
take at most ged(l, pg_l(]?o — 1)) distinct values since both p; and p2 have
residual orders dividing ged(l, pg_l(po —1)) modulo pg by (3.1). Hence, we
obtain Hy Hy/2 < ged(l,pd " (po — 1)). O

Lemma 3.2. Let pg, p1,p2 be distinct primes with po > p1 and pg > 2 and
q,s be positive integers. If | is an integer greater than 5s* and there are
integers f1, fo such that p{)ci ] a(pé_l) and py’ > U(pé_l)l/S fori=1,2, then

5
(3.3) logpz > - logpr.

Proof. Assume that pi,ps are two distinct primes satisfying the assump-
tion in the lemma but logps < (5/4)logpi, contrary to the statement
of the lemma. Let f = min{fi, fo} and H; = [flogpo/logp;|. We ob-
serve that pgi > o(pi /s > ng)/S for i = 1,2 and therefore flogpy >
(I —1)logpi/s. Since we have assumed that [ > 5s%, we have

(3.4) H, > V — 1J > 5s
and
(3.5) Hy > W;llo)gl;fmJ > F(ZUJ > 4s.

By the definition of H;, we can easily see that
S5sflogpo  5flogpo

3.6 H; >
(36) ! (55 +1)logpr — 6logps
and

4sf1 4f1
(3.7) Hy > s flogpo S Jlogpo

(4s+1)logpa — Slogps
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Hence, Lemma 3.1 gives
Lo o (=12 5
(3.8) llog py log ps > §f log” pog > 352 log” p1.

Recalling the assumption that [ > 552, we have

logpy  (1—1)? - 2532 .2
log p1 3ls2 T 3(hs?+1) — 18

ot

(3.9)

5
> Z’
which contradicts to the assumption. Hence, we have ps > p?/ * O

Using this result, we obtain the following inequality.

Lemma 3.3. For any set S,; defined in the introduction and X > 2, we
have

1 C log" X
(3.10) Z - < 6(7“)703;‘
P X
p>X,pESy

Remark 3.4. It is well known that, for fixed integers [ > 2,r and fixed
primes q1,qo,...,q, there exist only finitely many primes p and integers
ai,az,...,a, satisfying (1.1). Combining Coates’ theorem [2] and Schinzel’s
theorem [14], it follows that such integers and, consequently, the elements of
Sy are bounded by an effectively computable constant depending on [ and
the ¢;’s. For details of the history of the largest prime factor of polynomial
values, see Shorey and Tijdeman’s book [16, Chapter 7]. Furthermore, two
theorems of Evertse [5, 6] imply that |S,;| is bounded by an effectively
computable constant depending on r,l. However, in this paper, we need a
result depending only on 7.

Proof. First we note that S,; can be divided into r sets S, ;(1 < j <) so
that if p € S, ;, then q{j | o(p'=1) for an integer f; such that q;j > o(phr,

Assume that [ > 5r2. If p; < py are two primes belonging to Sy, then
logpa > (5/4)logp; by Lemma 3.2. Hence, we obtain

(3.11) > 1o i 2
p>X, p i=0 X6/ X
pes'f‘,l,j

and therefore
2r  Cg(r)log" X

1 " 1
3.12 - < - < =<
(3.12) 2 ;<2 2 <% <
p>X, Jj=1 p>X,
PES, PESr1,;
Next assume that [ < 5r2. It is clear that the number of primes p < x
belonging to S,; is at most (llogx)"/[[j—;logg¢; and partial summation
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gives
L1 > (llogt)"dt llog X)"
(3.13) R Py [ L
p>X,peSr,zp x t*[li=1loggi
Since I < 572, we have (Ilog X)" < (5r%log X)" and therefore
1 log” X
(3.14) 3 ,<%@y% . -

p>X7p€ST,l p X

4. Main theory — proof of Theorem 1.6

In this section, we shall prove Theorem 1.6, which plays the most essential
role in this paper. We begin by proving the following lemma.

Lemma 4.1. Letr,ly,...,l,41 andny < ng < --- < n, be positive integers.
Let m1 < mo < -+ < myy1 be distinct primes. Assume that there exist
integers a;;(1 <1 <s+1,1<j <s) such that

1:
m

J‘J -1 - i
(4.1) ,_1=HW
J i=1

m

forj=1,2,....,r+1 and a;; > 0 for the index i for which n; assumes the
mazximum. Then we have

(4.2) log n, < Cg(r)(log2™ ) m, 1) (loglog m,41).
Proof. We put

J

ml-j -1
(4.3) Aj = —ljlogm; +log(m; — 1) + Zaij logn; = log J » #0

for each j = 1,2,...,7 4+ 1. Since A; # 0, using Matveev’s lower bound
given in Lemma 2.1 we obtain

3el;logm; -
(4.4) log |Aj] > —C(r +2)log (2]10gm]) log? m; Z:r[l log n;.
Observing that |A;| < 1/(méj — 1), we have

(4.5) I; < Co(r)logm;log” n, log(log® m;log"*

ny)
and therefore

logm;

(4.6) aij < l;

I Tog < Cho(r)log? m; log" n, log(log m; logn,).
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Putting A = Cio(r) log? m,41log" n, log(logm,,1logn,), we see that
(4.1) ensures the existence of integers gi,...,gr+1 not all zero with ab-
solute values at most ((r 4 1)'/2A4)" such that

r+1 ml»j—l 9
(4.7) H( J ) =1

j=1 mj —1

by an improved form of Siegel’s lemma (the original form of Siegel’s lemma
gives the upper bound 1+ ((r + 1)A)". For detail, see [15, Chapter I]).
We put

r+1
(4.8) A=) gjljlogm; — gjlog(m; —1).
j=1
Since
r+1 l j r+1 ml
(4.9) A= gjlog Zgy log | /21—
Jj=1 ]J 1
and mzj — 1 must be divisible by n, by assumption, we have
r+1
i 2 1)(rA)"
|A|<Z lgj < (r+ )(7“ )
—Tm; —1 [Zs
(4.10) J J
2
2 +1)2(rCro ()" log?" my41log" n, log” (log m,,1logn,) ‘
Ny
We observe that A does not vanish since e* HTJrl Jg”/(mj —1)%

must be divisible by the largest prime m; among m;’s for Whlch lygy # 0.
Hence, taking G = max{|g;jljlogm;/logm, 1| | 1 < j <7+ 1}, for which
we have

(4.11) G < Cu(r)(r+1)"?1log? B mysy logrhr1 ny

from (4.6), we can apply Matveev’s theorem to A and obtain

r+1

3
log|A| > —-C(2(r+1 (log <€G>> log m;)?
) 12 = 0@l + ) (108 (5¢6) ) Tl vosmy
> — C12(r) log(log my1 log n,) logQ(rH) Myi1-

Now, combining inequalities (4.10) and (4.12), we have
(4.13) log ny < Cs(r)(1og?" ™ my, 1) (loglog my41),

which proves the lemma. O
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We see that the former part of Theorem 1.6 is an immediate conse-
quence of this lemma. Indeed, taking p; < ps < -+ < pr4+1 to be any
r + 1 prime factors of N and applying Lemma 4.1 with m; = p; for
i=1,2,...,r+1and nj = q; for j = 1,2,...,r, we must have log p,+1 >
C3(r)(log g,/ loglog ¢,)'/?"*+1) . Thus it remains to prove (1.2). By Lem-
ma 3.3, we have, for each r, 1,

(4.14) > ]1) < exp <_013(7a) (logqr> 2(+1)> .

oSy, log log g
p>Cy(r,qr)

Since [ must be a prime power dividing one of (¢; — 1)’s (1 < i < r) by
Lemma 2.3, there exist at most log” ¢, choices for I. Hence, we obtain

1
1 log g, 2(r+1)
> b < (log ¢,)" exp <—013(7“) (qu> )

e, log log q;-

(4.15) pZC4(r7QT)
1
log ¢, T
<exp [ —Cs(r) (qu> AR
log log gr

This completes the proof of Theorem 1.6.

5. Proof of Theorem 1.1

We may assume that o(V) has exactly k distinct prime factors. By The-
orem 1.6, there exist at most k(k + 1)/2 prime factors p of N for which
p € S, and p < C4(r, q,) for some r. Let T be the set of such primes. Then,
summing (1.2) over r = 1,2,..., k, we obtain

1
1 1 lo pIg=ny]
G0 X ey T Lcon(cut (et )T,
pIN,p€Tp r=1 p€ES,, p g log g1
p>Cy(r,qr)

Since the sum of reciprocals of the first k(k+1)/2 primes is < Cy5 loglog k,
we have

yioyl, v !

p|N p pETp p\N,mZTp

(5.2) : i
0 T
< C15loglog k + exp (—014(k) (gql) ) .

log log q1

Hence, >, y(1/p) < Ci6(k). Clearly we have 3°,,,(1/p) < Ci7(k) since M
has at most k distinct prime factors. Now Theorem 1.1 immediately follows
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from the observation that

o(N)/N <J]p/lp—1)<exp | D 1/(p—1) | <exp D (2/p)

p|N p|N p|N

6. Approximation of rational numbers

In this section, we shall prove a lemma concerning diophantine approx-
imation which is used to prove Theorem 1.2 and 1.4. We shall begin with
introducing some notations. For each prime p, we let h(p?) = o(p9)/p?
for g = 1,2,... and h(p>®) = p/(p — 1). Moreover, for not necessarily

distinct primes p1,pa,...,px and ej,ea, ... ep € {0,1,2,...,00}, we let
k i
h(pflzlvp?’ s 7p2k) = 1li=1 h(pf )
We observe that if p1, po, ..., pg are distinct primes and ej, es, ..., e are

nonnegative integers, then
o(Py'py - py")
(6.1) h(p{t,p2, ..., pF) = .
128200 Pk i S

For brevity, we write h(p{*, p5?, ..., p*) = hi(p”) and h(p$°, ps°, ..., pY°) =
hi(p™°).

For a rational number « and (not necessarily distinct) primes py, ..., px,
let sip(a,p) = s(a,pi1,...,pk) be the infimum of numbers of the form
a — hi(p®) with ey, ..., e such that hy(p®) = « for some (not necessarily
distinct) primes pgy1,pr+2,--.,p and exponents exy1,€xyo,...,e. More-
over, let s(a; k) be the infimum of si(a, p) with pq,...,px running over all
primes.

We shall prove that s(«; k) can be bounded from below by an effectively
computable positive constant depending only on « and k. This result is
essentially included in [13, Theorem 4.2]. But we reproduce the proof of
this lemma since our lemma allows duplication of primes and, as Pomerance
notes in [13, p. 204], the proof can be much shortened when p1,pa,. .., pk
are all odd.

Lemma 6.1. For any rational number « = n/d > 1 and primes pi,pa,

-+ Pk, we have Sk(n/d7p) > 5/€(nap)’ where 5k(nap) = 6(n7plap23 s 7pk:) is
an effectively computable positive constant depending only on p1,po, ..., Pk
and n.

Proof. For k = 0, we clearly have s(a) =a—12>1/d > 1/n. Now we shall
give a lower bound for si(a,p) in terms of «,p1,pa,...,pr and sx_1(c, p).
This inductively prove the lemma.

We first see that hy(p™°) # a. Indeed, the denominator of hy(p°) is even
while the denominator of & = hy(p®) must be odd. So that it suffices to
deal two cases hi(p™) < a and hy(p™) > a.
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In the former case, we see that

o) > 0 ) 2 1 (a1 ) 1/ (TT - 1)
Thus we have
swwmzu@ﬂ@—ﬂ

in this case.

In the latter case, letting z; = [log(2kn]];(p; — 1))/ logp;], we see that
ej < x; for some j since

hi (") = [T e (0™) [ (1—-p;;1>

% 7

> Hhk(poo) (1 - xl+1>

A 7

>(a+cmi<;—1>><1—w;—n)
”(”M)(“wﬁ—n)

> Q.

In this case, we have

1<i<k,
1<ej<a; 1<j<k,j#i)f

Observing that the reduced numerator of a,/h(p;*) divides np5*, we can take

k(. p) = mm{l/(nri[m - 1),

si(ayp) = inf{s(a/h@fi),pl,pz, o B R)

. _ j1<i<h,
inf 5(71]92 ap17p27"'>piapk‘) 1§€]<{I;j (1§]§k> .

By induction, this completes the proof. O
Lemma 6.2. Let n,d be integers with d odd, pi,...,ps any odd (not nec-
essarily distinct) primes and ey, . .., es non-negative integers. Assume that
h(pSt, P52, ..., p5) < n/d but h(p$*,ps?,....p;") = n/d for some (not nec-
essarily distinct) primes psi1,Pst2,---,P1 and positive integral exponents
€s+1, €542, -, €. Then the inequality
S

n .

(6.3) i [1 75 > Cus(s,n)

i=1
holds for effectively computable constants Cig(s,n) depending only on s,n.
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Proof. For s = 0, we have a trivial estimate C1g(0,n) > n/(n—1)—1 > 1/n.
Next we shall show that we can compute C1g(s+1,n) in term of Cig(s, n).
This gives the lemma by induction. If
2n
6.4 > —
( ) b dClg(S, n)

for some 4, then we have

1 —1 Clg(s,n) % _ Clg(s,n)
6.5)  h(pS R 12\ _ 4= "5
69 1o < (1) << _C<2>> 5 Cralo,m)

and therefore the inductive hypothesis yields that

stl e [T n  Cis(s,n)
(6.6) H h(p;") < h(p;*) i Cis(s,n) | < IR
i=1
If (6.4) does not hold for any 4, then we have
s+1 n
(6.7) Hh(pfl) < E—min5(n,p1,...,ps+1),
i=1
where p1,...,ps+1 run all primes below 2n/(dCis(s,n)). Hence, we have
s+1
. C -
(6.5) 7~ ITh07) > min [t s}
where §(s,n) denotes the minimum value of §(n,p1,...,psr1) with p; <
2n/C18(s,n). Now, Lemma 6.1 ensures that Cig(s + 1,n) is positive and
effectively computable. O

7. Proof of Theorem 1.2

First we shall show that M must have a prime factor smaller than C1 (k).
Let T be the same set as defined in Section 5. By Theorem 1.6, T contains
at most k(k+1)/2 primes. Since N is odd, we can apply Lemma 6.2 taking
D1, P2, - - -, Ps to be the primes in T and pg1,...,p; to be the prime factors
of M N not in T, with primes dividing both M and N counted doubly, to
obtain []peq h(p) < ab—Crg(k, ab). Hence, [[,an pgr () > 1+C20(k, ab),
implying

1
(7.1) Z - > CQl(k,CLb).
pIMNpgr P
But, as in the proof of Theorem 1.1, we have

(7.2) > 1o exp <—C14(k‘) <logql>2(k+1)> .

log1
p|N,p€Tp 0g10g q1
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Hence, observing that w(M) < w(o(N)) < k, we have ¢1 < Caa(k, ab).
Since a, b < Cy(k), we have ¢1 < C1(k).

Next we shall show that N must have a prime factor smaller than C1 (k).
X shall denote the smallest prime factor of N. Let ) be an arbitrary real
number which shall be chosen later and s be the index satisfying ¢; < @ <
@s+1. Similarly to (4.15), there exist at most r primes below Cy(r, ¢,) in Sy,
and we have

Xk: > ;<exp <—C5(r) <logqr)2<f+1)>

r=s+1 p€eS,, 10g log qr

(7.3) p=>Ca(r.qr)
1
log@ \20+D
< exp (—05(7“) (log logQ) ) .

Hence, for any real X, we obtain

k By
(7.4) Z Z ! < k“;;(:l) + exp (—C5(k;) (ng> ( )> .

r=s+1peS,p>X p log lOg Q
Since ¢s < @, Lemma 3.3 gives that

1 I log X)"
P X
PESy,p>X
for each r < s.
Hence, we have

1 s(logQlog X)®* k(k+1) log @ D

Taking Q so that Cs(k)(log Q/loglog Q)21 = log X, we have

1 Cos(k)log?*+k X
(7.7) Y - < (k) X .

p|N p

However, since o(M)o(N)/MN = ab and M is odd with w(M) < k,
Lemma 6.2 gives that o(M)/M < ab— Cig(k,ab) and therefore o(N)/N >
1+ C(k,ab), implying that

(7.8) S LS ok, ab).
p\Np

Hence, we must have X < Cas(k, ab). Since a,b < Cy(k) by Theorem 1.1,
we have X < Cj(k), which proves Theorem 1.2.



272 Tomohiro YAMADA

8. Proof of Theorem 1.4

First we shall show that g; < Cag(a, b, k, k', s) by induction. The induc-
tive base is that ¢; < Cy(k), which is the former part of Theorem 1.2. Now,
it suffices to prove that for any positive integer s < k — 1 we have ¢s+1 <
Cas(a, b, k, k', s+1) under the assumption that gy, ..., qs < Ca(a,b, k, k', s).

We see that for each r < s, S, contains at most a bounded number
of primes. Each S,; with [ > 3 contains at most Ca7(r,[) primes by two
theorems of Evertse [5, 6]. Since ¢1,q2,...,q9s < Cog(a,b, k,k',s) by the
inductive hypothesis, we see that [ < g is also bounded by Cag(a, b, k, k', s).
By assumption, for each r < s, except at most k' primes, any prime in S,
belongs to some S,.; for some prime power [ > 3. Hence, each S, with r < s
contains at most Cag(a,b, k, k', r) primes. We note that, by virtue of the
inductive assumption that g1, 2, ...,qs < Ca(a,b, k, k', s), we can also use
classical finiteness results such as Bugeaud and Gyéry [1], Coates [2] and
Kotov [8].

Moreover, by Theorem 1.6, for r > s, S, contains at most r prime factors
below Cy(r, q,).

Now, let Us be the set of prime factors p dividing N at least twice for
which p > Cy(r,q.) and p € S, for some r > s. It follows from the above
observations that there exist at most Csg(a, b, k, k', s) +s(s+1)/2+k+ kK
primes outside U dividing M N and therefore Lemma 6.2 yields that

k
(8.1) > > ;>Cgl(a,b,k,k’,s).

1
peUs p r=s+1 peS,,
PZC4(7’7QT)

However, (1.2) gives that

(8.2) Z 11) < exp (—05(7") (log ar >M>

pES, log log q;-
pZC4 (T1q7‘)

and therefore

(83) 2

1 N
pelUs P rZsr1 pes.,
p>C4a(r,qr)
In order that both (8.1) and (8.3) simultaneously hold, we must have
gs+1 < Co¢(a, bk, k' s + 1), which completes our inductive argument to
prove that ¢; < Cog(a,b, k, k', j) for every j =1,2,... k.
Now, by virtue of Lemma 2.3,

loglog gs+1

k 1
Z Z }1) < exp <C32(/<:) <1og Gt )2(k+1)> :

[
p =1
(8.4) b1 a7t gt
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implies that | < ¢ < Cog(a, b, k, k', j) and, using classical finiteness results
such as Bugeaud and Gy6ry [1], Coates [2] and Kotov [8], we finally obtain
p < Cs3(l,q1,92, - - -, qr) < Csg(a,b, k,k"). This proves the theorem.

9. Concluding remarks

Our proof of Theorem 1.4 exhibited in the last section indicates that we
can explicitly give the upper bound for N in terms of a,b, k, k¥’; although
Evertse’s results [5, 6] are not effective for the size of solutions, these results
give an effective upper bounds for the number of solutions. However, the
upper bound which our proof yields would become considerably large due
to its inductive nature exhibited in the last section. For sufficiently large k,
our proof yields that

(9.1) N < expexp---exp(a+b+k+ k),

where the number of iterations of the exponential function is < k and > k.
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