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Journal de Théorie des Nombres
de Bordeaux 31 (2019), 227–242

On class numbers of division fields of abelian
varieties

par Jędrzej GARNEK

Résumé. Soit A une variété abélienne définie sur un corps de nombres K.
On fixe un nombre premier p et pour tout nombre naturel n, on note Kn le
corps engendré sur K par les coordonnées des points de pn-torsion de A. Nous
donnons une minoration de l’ordre de la p-partie du groupe de classes de Kn

pour n� 0, en construisant une extension non ramifiée suffisamment grande
de Kn. Cette minoration dépend du rang du groupe de Mordell–Weil de A et
de la réduction des points de p-torsion en nombres premiers au-dessus de p.

Abstract. Let A be an abelian variety defined over a number field K. Fix
a prime p and a natural number n and consider the field Kn, obtained by
adjoining to K all the coordinates of the pn-torsion points of A. We give a
lower bound on the p-part of the class group of Kn for large n, by finding a
large unramified extension of Kn. This lower bound depends on the Mordell–
Weil rank of A and the reduction of p-torsion points modulo primes above p.

1. Introduction

Let us fix a prime p. Denote byK a number field with ring of integersOK .
Let A be an abelian variety of dimension d defined over K and let R :=
EndK(A). Let us consider the pnth division field of A:

Kn := K(A[pn]).
Let Cl(Kn) be the ideal class group of Kn, defined as the quotient of the
group of fractional ideals of the ring of integers of Kn by the subgroup of
principal ideals. We define the number kn by the equality:

# Cl(Kn)[p∞] = pkn .

In this paper we prove lower bounds on kn. Let p be a prime of K lying
above p with residue field Fp := OK/p. In case when A has a good reduction
at p, we denote the special fiber of the Néron model of A by Ap and the
reduction homomorphism by:

redp : A(K)→ Ap(Fp).
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We define also:

(1.1) hp :=
{

dimFp ker (A[p]→ Ap[p]) , if A has good reduction at p,
2d, otherwise.

Note that for a given prime p of good reduction we can compute hp by
evaluating #Ap(Fpn) for sufficiently large n ∈ N. Let Kp be the completion
of K at p. We show the following bound for kn:

Theorem 1.1. Let A/K be an abelian variety of dimension d. Denote by
r the maximal possible number of R-independent points of A(K). Then:

kn ≥

2rd−
∑
p|p

hp ·min {[Kp : Qp] · d, r}

 · n− C,
where the constant C depends on K, A and p.

The constant C in Theorem 1.1 may be computed explicitly in terms of
d, r, some local invariants of A and the order of the cokernel of the Kummer
map, see (3.4) for the precise value of C.

Note that always:
d ≤ hp ≤ 2d,

thus the best bound in Theorem 1.1 is obtained when all primes lying
above p have good ordinary reduction (in this case hp = d). Recall that an
unproven conjecture of Serre asserts that for any abelian variety A over a
number field K there exist infinitely many primes p such that A has good
ordinary reduction at p. This is known to be true for elliptic curves (cf. [23])
and for abelian surfaces (cf. [18]). These observations lead to the following
corollary:

Corollary 1.2. Let A/Q be an abelian variety of dimension d. If either of
the following condition holds:

• r ≥ 1 and A has good reduction at p with positive p-rank, i.e.
Ap(Fp)[p] 6= 0,
• r > d,

then: limn→∞# Cl(Kn) =∞.

Proof. By Theorem 1.1:

kn ≥ (2rd− hp min{d, r}) · n.

If any of the above conditions holds then the right-hand side tends to in-
finity. �

The basic idea of our proof of Theorem 1.1 is to find a large unramified
abelian extension of Kn inside the Kummer extension Ln (cf. Section 2 for
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the relevant definitions). The Bashmakov–Ribet theory of Kummer exten-
sions provides us a monomorphism with bounded cokernel:

Γ(∞) : Gal(L∞/K∞)→ Tp(A)⊕r,

where K∞ =
⋃
nKn, L∞ =

⋃
n Ln. This allows to estimate the degree

[Ln : Kn]. The rest of the proof of Theorem 1.1 focuses on estimating iner-
tia groups in Kummer extensions. The basic tools to this end are the clas-
sification theorem for compact p-adic Lie groups and the theory of Néron
models. In order to illustrate our estimates of class numbers we offer a
numerical example.

Example 1.3. Consider the genus two curve over Q with label
25913.a.25913 in [29]. Its affine part is given by the equation:

X : y2 + (x3 + x+ 1)y = x3 − x2 − 2x.

Let A = Jac(X) be the Jacobian of X. Its endomorphism ring EndQ(A)
equals Z. By using Magma we compute that A(Q) ∼= Z3. By Theorem 1.1
for each prime we have the following estimate (since hp ≤ 4):

kn ≥ 2 · (2 · 3− 4) · n− C = 4n− C,

where C = C(p) is an explicit constant, which we compute in Example 3.4.

In many cases it is possible to compute the constant C from Theorem 1.1.
To this end we need the following strengthening of Kummer theory:

Theorem 1.4. Suppose that the image of the p-adic representation

ρp : GK → GSp2d(Zp)

associated to the abelian variety A contains Sp2d(Zp). Then the map Γ(∞)

is an isomorphism.

Note that ρp(GK) contains Sp2d(Zp) for almost all p, if one of the fol-
lowing conditions is satisfied:

• d equals 2, 6 or is odd and A is a principally polarized abelian
variety of dimension d with EndK(A) = Z (cf. [25, Theorem 3]),
• EndK(A) = Z and K has a discrete valuation at which A has
semistable reduction of toric dimension one (this follows from [11]
or [19, Main Theorem] and [14, Theorem 1.1]).

In particular, for the abelian varieties of the type mentioned above, Γ(∞)

is an isomorphism for almost all primes p. We expect that a similar result
should be true for an arbitrary abelian variety, but despite our attempts,
we were unable to find it in the literature or to prove it.

Previous estimates on class numbers of division fields were given in two
cases: for abelian varieties with complex multiplication and for elliptic
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curves. Suppose that A/K is an abelian variety with complex multipli-
cation and that the prime p splits completely in the CM-field End0

K(A).
Let p be a prime ideal above p. Then the tower of division fields Kn :=
K(Q(A[pn])) forms a Zp-extension of K. Therefore by Iwasawa theory,
# Cl(Kn) ≥ pµp

n+λn+O(1) for some µ, λ ∈ N. Estimates on λ, depending
on the dimension and the Mordell–Weil rank of A, were given in [9] and
in [7]. Lower bounds on class numbers of division fields in the case of an
elliptic curve E over Q were recently given in papers [21], [22] and [13]. The
best obtained in loc. cit. bound was of the form:

# Cl(Q(E[pn])) ≥ p2n(r−1)−O(1)

(where r is the Mordell–Weil rank of E/Q) under some additional assump-
tions on p, including surjectivity of the Galois representation mod p asso-
ciated to E and vanishing of p-torsion in Qp (cf. [13, Theorem 1.1]).

Outline of the paper. In Section 2 we give a brief overview of the Kum-
mer theory of abelian varieties and prove the Theorem 1.4. We prove The-
orem 1.1 in Section 3, assuming some bounds on inertia groups. These
bounds are proven separately for primes lying above ` 6= p (in Section 4)
and above p (in Section 5).

Acknowledgment. The author wishes to thank Wojciech Gajda for sug-
gesting this problem and for helpful conversations. The author also thanks
Bartosz Naskręcki and Bernadeta Tomasz for valuable comments and tech-
nical help. Finally, the author would like to express his gratitude to the
anonymous referee for his thorough review.

2. Kummer theory for abelian varieties

For any point P ∈ A(K) and N ∈ N, we will denote by 1
NP an arbitrary

point T , such that NT = P . Note that there are N2 such points. Fix some
R-independent points P1, . . . , Pr ∈ A(K). We define:

Ln := Kn

( 1
pn
P1, . . . ,

1
pn
Pr

)
.

Note that the field Ln doesn’t depend on the choice of the points
1
pn
P1, . . . ,

1
pn
Pr.

The extension Ln/Kn is abelian, which can be seen by considering the
monomorphism Γ(n) : Gal(Ln/Kn) → A[pn]⊕r, Γ(n)(σ) =

⊕r
i=1 κn(Pi, σ),

where:

κn : A(K)×Gal(Ln/Kn)→ A[pn], κn(P, σ) =
( 1
pn
P

)σ
−
( 1
pn
P

)
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is the Kummer pairing. It turns out that for n large enough, Γ(n) is “almost
an isomorphism”. More precisely, consider the fields:

K∞ =
⋃
n

Kn, L∞ =
⋃
n

Ln.

By taking an inverse limit of homomorphisms Γ(n) : Gal(Ln/Kn)→ A[pn]⊕r
we obtain a monomorphism:

Γ(∞) : Gal(L∞/K∞)→ Tp(A)⊕r,

where Tp(A) := lim←−A[pn] is the p-adic Tate module for A. Note that Γ(∞) is
continuous, if we endow Gal(L∞/K∞) and Tp(A)⊕r with the usual profinite
topologies. The following theorem is based on results of Bashmakov [2] and
Ribet [20].

Theorem 2.1 ([1, Lemma 2.13]). Γ(∞)(Gal(L∞/K∞)) is an open subgroup
of finite index in Tp(A)⊕r.

Define the integer mp by the equality:

pmp := [Tp(A)⊕r : Γ(∞)(Gal(L∞/K∞))]

(observe that this index must be a power of p, since Tp(A)⊕r is a pro-p
group).

Corollary 2.2.
p2drn−mp ≤ [Ln : Kn] ≤ p2drn.

Proof. Note that [Ln : Kn] ≤ p2drn, since Γ(n) is injective. Let us denote
K ′n := Ln ∩K∞. Note that Kn ⊂ K ′n and thus

Gal(Ln/K ′n) ⊂ Gal(Ln/Kn).

The commutative diagram:

Gal(L∞/K∞) Tp(A)⊕r

Gal(Ln/K ′n) A[pn]⊕r

Γ(∞)

Γ(n)|Gal(Ln/K′
n)

implies that

Tp(A)⊕r/Γ(∞)(Gal(L∞/K∞)) � A[pn]⊕r/Γ(n)(Gal(Ln/Kn)).

It follows that:

[Ln : Kn] ≥ [Ln : K ′n] ≥ #A[pn]⊕r/pmp = p2drn−mp . �
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The above results are however insufficient to obtain any effective bound
on mp. Recall that Theorem 1.4 gives a criterion for mp to vanish. Its proof
will occupy the remainder of this section. First, we need few preliminary
lemmas concerning the symplectic groups. Recall that for any commutative
unital ring R:

GSp2d(R) := {M ∈M2d(R) : MΩMT = λ(M) · Ω for some λ(M) ∈ R×},

where Ω =
(

0 Id
−Id 0

)
. Note that λ(M) may be considered as a surjective

homomorphism GSp2d(R)→ R×. Its kernel is denoted by Sp2d(R). For any
local ring R with the maximal ideal m we introduce the following notation:

GSp2d(R)n := {M ∈ GSp2d(R) : M ≡ I2d (mod mn)}
= ker (GSp2d(R)→ GSp2d(R/mn)) .

We define Sp2d(R)n in a similar manner.

Lemma 2.3. If R is a local ring then for any positive integers m,n:

[GSp2d(R)n,GSp2d(R)m] = [Sp2d(R)n,Sp2d(R)m] = Sp2d(R)n+m.

Proof. The first equality is immediate. The second equality follows from [27,
Theorem, p. 843] by taking br := mr, f(i, j, k) = k and by noting that
a maximal ideal in a local ring must be quasi-regular. �

Lemma 2.4. The representation of Sp2d(Fp) on the Fp-vector space:

sp2d(Fp) = {M ∈M2d(Fp) : MΩ + ΩMT = 0}

(given by conjugation) is irreducible.

Proof. Let S(2) be the space of symmetric matrices in M2d(Fp) with an
action of Sp2d(Fp) given by:

(A,M) 7→ AMAT

(one may also identify S(2) with the space of quadratic forms over Fp in
2d variables). The maps:

η : S(2)→ sp2d(Fp), M 7→MΩ
δ : sp2d(Fp)→ S(2), N 7→ −NΩ

provide isomorphisms of Fp[Sp2d(Fp)]-modules. It suffices now to note that
S(2) is a simple Fp[Sp2d(Fp)]-module by [28, Proposition 2.2]. �

The following proposition is a generalization of [21, Lemma 2.2] to the
case of abelian varieties.

Proposition 2.5. If the image of ρp : Gal(K/K) → GSp2d(Zp) contains
Sp2d(Zp) then L1 ∩K∞ = K1.
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Proof. Let N := L1 ∩K∞. Let K(p)
1 be the maximal abelian extension of

exponent p of K1 inside of K∞. Then obviously N ⊂ K(p)
1 . Moreover, both

Gal(K(p)
1 /K1) and Gal(N/K1) are Fp[Gal(K1/K)]-modules. We’ll compare

their structure as Fp[Sp2d(Fp)]-modules. Note that by assumption

Sp2d(Zp)1 ⊂ Gal(K∞/K1) ⊂ GSp2d(Zp)1.

By Lemma 2.3 we see that

[Gal(K∞/K1),Gal(K∞/K1)] = [Sp2d(Zp)1, Sp2d(Zp)1]
= [GSp2d(Zp)1,GSp2d(Zp)1]
= Sp2d(Zp)2.

Therefore we have:

Sp2d(Zp)ab1 ≤ Gal(K∞/K1)ab ≤ GSp2d(Zp)ab1

and

GSp2d(Zp)ab1
∼= GSp2d(Zp)1/ Sp2d(Zp)2
∼= Sp2d(Z/p2)1 × (1 + pZp)
∼= sp2d(Fp)× Zp,

where:
• the isomorphism GSp2d(Zp)1/ Sp2d(Zp)2 ∼= Sp2d(Z/p2)1× (1 + pZp)
is given by A 7→ (λ(A)−1 ·A, λ(A)),
• the isomorphism Sp2d(Z/p2)1 ∼= sp2d(Fp) is given by I + pM 7→M .

Analogously, we have: Sp2d(Zp)ab1
∼= sp2d(Fp). This implies easily that

Gal(K(p)
1 /K1) ∼= sp2d(Fp)× (Z/p)i for i ∈ {0, 1}

as Fp[Sp2d(Fp)]-modules (with trivial action on Z/p and action on sp2d(Fp)
given by conjugation). The assumption implies that A[p] is an irreducible
Sp2d(Fp)-module. Thus Gal(L1/K1) ∼= A[p]⊕r′ for some r′ ≤ r. Moreover,
since

Gal(L1/K1) ∼= A[p]⊕r′
� Gal(N/K1)

we obtain Gal(N/K) ∼= A[p]⊕s for some s ≤ r′. On the other hand:

Gal(K(p)
1 /K1) ∼= sp2d(Fp)× (Z/p)i � Gal(N/K1),

and since sp2d(Fp) and Z/p are simple Fp[Sp2d(Fp)]-modules, which are
non-isomorphic to A[p], we obtain s = 0 and N = K1. �

Proof of Theorem 1.4. It suffices to check that Γ(∞) is surjective. One easily
checks that Sp2d(Zp) ⊂ ρp(GK) implies that the axioms B1, B2 and B3
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from [20] are satisfied. Thus Γ(1) is an isomorphism. By Proposition 2.5 we
obtain L1 ∩K∞ = K1. Consider the commutative diagram:

Gal(L∞/K∞) Tp(A)⊕r

Gal(L1/L1 ∩K∞) = Gal(L1/K1) A[p]⊕r

Γ(∞)

Γ(1)

∼=

Note that the Zp-modules

M := Γ(∞)(Gal(L∞/K∞)) and N := Tp(A)⊕r

satisfy M ⊂ N and

M ⊗Zp Zp/pZp = Γ(1)(Gal(L1/K1)) ∼= A[p]⊕r = N ⊗Zp Zp/pZp.

Therefore M = N by Nakayama’s lemma, which ends the proof. �

3. Proof of Theorem 1.1

The main idea behind the proof of Theorem 1.1 is to control the ramifica-
tion in Ln/Kn. A standard argument used in the proof of the weak Mordell–
Weil theorem shows that the only possible ramified primes of Ln/Kn, are
primes lying over primes of bad reduction for A or primes over p. We need
to bound the inertia group for those primes. Let I(P) denote the inertia
group of the extension Ln/Kn at a prime P ∈ Spec(OLn). For an arbitrary
prime p of K we define the following subgroup of Gal(Ln/Kn), generated
by inertia subgroups over p:

I
(n)
p :=

〈⋃
P
I(P)

〉
,

where the union is over all primes P of Ln above p. We define also:

I(n) :=
〈 ⋃

p∈Spec(OK)
I

(n)
p

〉
.

We will estimate the order of interia groups Ip separately for p - p and
for p|p. In order to do this, we will work in the local setting. Let us fix
p ∈ Spec(OK) and introduce the following notation:

• `, the unique rational prime such that p|`,
• Kp, completion of K at p with ring of integers OKp ,
• Ap, the Néron model of A over Kp with special fiber Ap and the
connected component of the identity A0

p,
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• we denote the group scheme of geometric components of A over p
by:

Φp := Ap/A
0
p,

• pαp , the exponent of the group Φp(Fp)[p∞],
• pβp , the exponent of the group A(Kp)[p∞].

Note that the group Φp(Fp) is finite (its order is called the Tamagawa num-
ber of A at p) and thus αp is well-defined. Moreover, αp = 0 whenever A has
good reduction at p. Also, βp is finite, since A(Kp) contains a subgroup of
finite index isomorphic to OdKp

, cf. [16]. However, it is unknown whether
βp = 0 holds for almost all p, even in the case of elliptic curves over Q,
cf. [5] and [8].

With this notation we have the following proposition:

Proposition 3.1. If p - p, then:

#I(n)
p ≤ p2drmin{αp,βp}.

Note that in particular this bound is independent of n and that it equals 1
for primes p of good reduction for A. Proposition 3.1 will be proven in
Section 4. In Section 5 we will estimate the order of I(n)

p for p|p and will
prove the following result.

Proposition 3.2. If p|p, then:

#I(n)
p ≤ php·min{d·[Kp:Qp],r}·n+rhpβp .

Before the proof of Theorem 1.1 we need one more lemma:

Lemma 3.3. Kn has no real embeddings for (p, n) 6= (2, 1).

Proof. Suppose to the contrary that σ : Kn ↪→ R is a real place of Kn. Then
may view A as an abelian variety over the field R, satisfying A(R)[pn] =
(Z/pn)2d. On the other hand, we have:

A(R) ∼= (S1)d × (Z/2)t

for some integer 0 ≤ t ≤ d (cf. [10, Proposition 1.1(c)]). Thus:

A(R)[pn] ∼= (Z/pn)d × (Z/2)t[pn],

which leads to a contradiction for (p, n) 6= (2, 1). �

Proof of Theorem 1.1. Let L̃n be the maximal unramified extension of Kn

inside Ln. Then it must be a subfield of the Hilbert class field of Kn. The
degree of the Hilbert class field of Kn is # Cl(Kn) and thus:

[L̃n : Kn] divides # Cl(Kn).(3.1)
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Note that by Propositions 3.1 and 3.2:

#I(n) ≤
∏
p

#I(n)
p =

∏
p|p

#I(n)
p ·

∏
p-p

#I(n)
p

≤ p
∑

p|p(hp min{d·[Kp:Qp],r}·n+rhpβp)+2dr·
∑

p-p min{αp,βp}.(3.2)

By Lemma 3.3 Kn has no real places and thus any extension of Kn is
unramified at infinite places. Therefore L̃n = (Ln)I(n) , which yields (using
Corollary 2.2):

[L̃n : Kn] = [Ln : Kn]/#I(n) ≥ p2dnr−mp/#I(n)(3.3)
(3.2)
≥ p

(
2dr−

∑
p|p hp min{d·[Kp:Qp],r}

)
·n−C

,

where for (p, n) 6= (2, 1) one can take:

(3.4) C := 2dr
∑
p-p

min{αp, βp}+ r
∑
p|p

hpβp +mp.

The proof follows by combining (3.1), (3.3) and noting that [L̃n : Kn] must
be a power of p, since [Ln : Kn] is a power of p. �

Example 3.4. Consider the abelian variety A = Jac(X) from Exam-
ple 1.3. We compute now the constant C for almost all primes p. Recall
that EndQ(A) ∼= Z. The conductor of A is 25913, which is a prime number.
Let p be a prime outside of the set S := {2, 3, 5, 7, 25913}.

• Using algorithm described in [6], we check that the Galois represen-
tation ρ` : GQ → GSp4(Z`) is surjective for primes outside S (note
that the primality of the conductor simplifies the calculations, cf. [6,
Remark 5.14]). Thus by Theorem 1.4 we have mp = 0.
• Using Magma we check that for every prime p the Tamagawa num-
ber of A at p is trivial and thus αp = 0.
• By [24, IV.II.9, Theorem 4] the formal group Âp(pZp) (which may be
identified with the kernel of redp : A(Qp)→ Ap(Fp)) is torsion-free
and thus pβp divides the exponent of Ap(Fp). Therefore by Weil’s
estimate we obtain βp ≤ 2.

Finally, using (3.4) it follows that we may take C = 24 in this case, i.e.

kn ≥ 4n− 24.

4. Inertia groups over ` 6= p

In this section we estimate the order of the inertia group I(n)
p for a prime

p ∈ Spec(OK), p - p. We use the notation introduced in Section 2.
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Proposition 4.1. If p - p, then

#I(n)
p ≤ p2drβp .

Proof. Let us fix a point P ∈ A(Kp). Recall that ` is the rational prime
below p. By the classification theorem of compact `-adic Lie groups (cf. [4,
Theorem 21]):

A(Kp) ∼= OdKp
×A(Kp)tors ∼= Zd·[Kp:Q`]

` ×A(Kp)tors
as topological groups. Note that multiplication by p is an isomorphism
on Z`. Therefore and by definition of βp:

pβpA(Kp) ∼= Zd·[Kp:Q`]
` × T,

where T is a finite group satisfying p - #T . This implies that multiplication
by p on pβpA(Kp) is an isomorphism and

pβpP = pnR

for some R ∈ A(Kp). Thus for the Kummer map κn:

pβpκn(P, σ) = κn(pβpP, σ) = κn(pnR, σ)
= Rσ −R = 0

for any σ ∈ Ip. In particular, taking P = Pi for i = 1, . . . , r we obtain:

Γ(n)(I(n)
p ) ⊂ A[pβp ]⊕r.

This ends the proof. �

We now move on to prove the second estimate on the order of I(n)
p . We

start with the following lemma that will be used later.

Lemma 4.2. Let G be a connected commutative algebraic group over an
algebraically closed field k. Then for any m relatively prime to char k the
morphism

[m] : G(k)→ G(k)
of multiplication by m is surjective.

Proof. The proof follows by noting that the image of [m] is a closed sub-
group of G (cf. [15, Proposition 1.5]) and its dimension is dimG (since
multiplication by m on the Lie algebra of G is invertible). �

LetKur
p be the maximal unramified extension ofKp inside Q`. We denote

its ring of integers by Our and the maximal ideal of Our by mur. Note that
formation of the Néron model commutes with étale base change (cf. [3,
Proposition 1.2.2]) and thus we can consider Ap as the Néron model over
Kur

p . Therefore the reduction morphism extends to Kur
p :

redp : A(Kur
p ) ∼= Ap(Our)→ Ap(Fp).
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The kernel of the reduction is isomorphic to Âp(mur), which is by definition
the Kur

p -analytic Lie group obtained by using the formal group law Âp
as a group operation on (mur)d. Recall that [p] : Âp(mur) → Âp(mur)
is an isomorphism, since p is invertible in Our (cf. [24, Chapter IV, §9,
Theorem 3]).

Proposition 4.3. If p - p then

#I(n)
p ≤ p2drαp .

Proof. Consider Ap as the Néron model for A over Our. Let α := αp and

c := #Φp(Fp).

Fix P ∈ Ap(Kp). We have c · redp(P ) ∈ A0
p(Fp). But A0

p is a connected com-
mutative group scheme over an algebraically closed field k of characteristic
` 6= p and thus by Lemma 4.2:

c · redp(P ) = pnR′

for some R′ ∈ A0
p(Fp). But Kur

p is henselian and thus by Hensel’s lemma
(cf. [3, 2.3, Proposition 5]) R′ = redp(R) for some R ∈ Ap(R′), i.e.

cP − pnR ∈ Âp(Our).

The multiplication by p is an automorphism of the formal group Âp(mur)
and thus Âp(mur) is p-divisible. Therefore (modifying R by some element
of Âp(mur) if necessary) we can assume without loss of generality that
cP = pnR. Note that c = pα · c′, where p - c′. Thus we can modify R by a
multiple of P to obtain:

pαP = pnR,

where R ∈ A(Kur
p ). This implies for the Kummer map κn:

pακn(P, σ) = κn(pαP, σ) = κn(pnR, σ)
= Rσ −R = 0

for any σ ∈ I(n)
p . Therefore Γ(n)(I(n)

p ) ⊂ A[pα]⊕r and we are done. �

Proof of Proposition 3.1. It follows by combining together Propositions 4.1
and 4.3. �

Remark 4.4. The form of the bound in Proposition 3.1 raises a natural
question: are both inequalities αp < βp and αp > βp possible? The answer
is yes. It turns out that in the case of elliptic curves with split multiplicative
reduction both cases are possible:
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• Let ordp(x) denote the p-adic valuation of x. We choose primes `, p
such that ordp(` − 1) = k ≥ 2. Consider the Tate curve Eq/Q`,
where q = `. Then by [26, Corollary IV.9.2.(d)] Φ`(F`) is trivial. On
the other hand, one easily checks that

Eq(Q`)[p] ∼= (Q`/q
Z)[p] = 〈ζpk〉 ∼= Z/pk,

thus α` = 0 < β` = k.
• Let `, p be primes such that ordp(` − 1) = 1. Note that not every
element of Q×` is a pth power, since

F×` /(F
×
` )p 6= 1.

Let a ∈ Q×` \ (Q×` )p and q := `p
k · a for some k ≥ 2. Consider the

Tate curve Eq/Q`. Using again [26, Corollary IV.9.2.(d)] we obtain:

Φ`(F`) ∼= Z/(ord`(q)) ∼= Z/pk.

On the other hand, one easily checks that

Eq(Q`)[p] ∼= (Q`/q
Z)[p] = 〈ζp〉 ∼= Z/p,

thus β` = 1 < α` = k.

However, it turns out that it is possible to compare the exponents of
Φ`(F`)[p∞] and A(Kur

p )[p∞].

Proposition 4.5. Let pγp be the exponent of A(Kur
p )[p∞]. Then

αp ≤ γp.

Proof. Let F/Fp be a finite extension such that Φp(F) = Φp(Fp) and let
K ′p be the finite unramified extension of Kp with F as the residue field. By
a similar argument as in proof of Proposition 4.1 the group pγpA(K ′p) is
p-divisible. Therefore pγpΦp(F) must also be p-divisible and thus (since it
is a finite group) it contains no p-torsion. This means that αp ≤ γp. �

5. Inertia groups over p

In this section we estimate the order of I(n)
p in the remaining case when

p|p. We use the notation from Sections 2 and 3. Assume for a while that
A has good reduction at p. In this case the Néron model of A over OKp is
an abelian scheme. Thus, by applying the valuative criterion of properness
(cf. [12, Theorem II.4.7]) to the valuation ring OKp

and by using the univer-
sal property of the fiber product, we can extend the reduction homorphism
to the algebraic closure of Kp:

redp : A(Kp) ∼= Ap(OKp
)→ Ap(Fp) ∼= Ap(Fp).
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Let:

Hn :=

ker
(
A(Kp)[pn]→ Ap(Fp)

)
, if A has good reduction at p,

A[pn], otherwise.

Note that hp defined in (1.1) satisfies

|Hn| = pnhp ,

since by definition |H1| = php and by [17, Chapter III.15, p. 146–147] for
any prime p of good reduction we have:

|Ap(Fp)[pn]| = |Ap(Fp)[p]|n.

Proof of Proposition 3.2. Observe that Γ(n)(I(n)
p ) ⊂ H⊕rn . If A has bad re-

duction at p, then this obviously holds true. If A has good reduction at p,
then for all σ ∈ I(n)

p :

redp(κn(Pi, σ)) = redp(Pi)σ − redp(Pi) = 0.

This yields the bound:

#I(n)
p ≤ #H⊕rn = phprn.

We put b := d · [Kp : Qp]. Using the classification theorem of compact
p-adic Lie groups (cf. [4, Thm. 21]) we obtain:

A(Kp) ∼= OdKp
×A(Kp)tors ∼= Zbp ×A(Kp)tors.

Let G be the group generated by the images of pβpP1, . . . , p
βpPr inside the

group
pβpA(Kp)/pn+βpA(Kp) ∼= (Z/pn)b.

The group G is generated by images of at most b elements Q1, . . . , Qb ∈
A(Kp). Suppose

pβpPi ≡
∑
j

aijQj (mod pnA(Kp)) for some ai ∈ Z.

Then for σ ∈ I(n)
p we have:

pβpκn(Pi, σ) =
∑
j

aijκn(Qj , σ).(5.1)

Consider the homomorphism

Ψ(n) : I(n)
p → H⊕bn ,

Ψ(n)(σ) =
b⊕
i=1

κn(Qi, σ).
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Note that the equality (5.1) implies that Γ(n)(ker Ψ(n)) ⊂ H⊕rβp and thus,
since Γ(n) is injective, #(ker Ψ(n)) ≤ phprβp . Finally we obtain:

#I(n)
p = #Ψ(n)(I(n)

p ) ·#(ker Ψ(n))
≤ phpbn · phprβp = phpbn+hprβp . �
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