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Journal de Théorie des Nombres
de Bordeaux 30 (2018), 681-694

Perturbing Eisenstein polynomials over local fields

par KEVIN KEATING

RESUME.  Soit K un corps local de caractéristique résiduelle p et soit L/K
une extension séparable finie totalement ramifiée. Soit 77, une uniformisante
de L, de polynéme minimal f(X) sur K. Supposons que 7;, est une autre
uniformisante de L telle que 7y, = 7y, —|—r7ré+1 (mod 7r€+2) pour certains ¢ > 1
et r € Og. Soit f(X) le polynéme minimal de 7, sur K. Dans cet article nous
donnons des congruences pour les coefficients de f (X) en termes de £, r, et

les coefficients de f(X). Ces congruences améliorent le travail de Krasner [8].

ABSTRACT. Let K be a local field whose residue field has characteristic
p and let L/K be a finite separable totally ramified extension. Let 7 be
a uniformizer for L and let f(X) be the minimum polynomial for m over
K. Suppose 7y, is another uniformizer for L such that 7; = np + rﬂfifl
(mod 74"2) for some £ > 1 and r € Ok Let f(X) be the minimum polynomial
for 77, over K. In this paper we give congruences for the coefficients of f (X)
in terms of ¢, r, and the coefficients of f(X). These congruences improve work

of Krasner [8].

1. Introduction

Let K be a field which is complete with respect to a discrete valuation
vk . Let Ok be the ring of integers of K and let Px be the maximal ideal
of Of. Assume that the residue field K = Ok /Pg of K is a perfect field
of characteristic p. Let K*% be a separable closure of K and let L/K be a
finite totally ramified subextension of K*? /K. Let 71, be a uniformizer for
L and let

fX)=X" - X" 4. (—1)" e 1 X 4 (=),

be the minimum polynomial of 7y, over K. Let £ > 1, let r € Ok, and let
71, be another uniformizer for L such that 7 = 7y + rwi“ (mod 73?2).
Let

fX)=X" X" o (D) e X 4 (—1)"E,
be the minimum polynomial of 77, over K. In this paper we use the tech-
niques developed in [7] to obtain congruences for the coefficients of f(X)
in terms of ¢, r, and the coefficients of f(X).
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The Hasse-Herbrand function ¢y, /x : [~1,00) — [~1,00) of L/K is de-
fined in Chapter IV of [10] for finite Galois extensions, and in the appendix
to [1] for finite separable extensions. Krasner [8, p. 157] showed that for

1 < h < n we have ¢, = ¢, (mod 73}?”(6)), where k5 (0) = [¢r,/ K (£) + b1 In

Theorem 4.3 we prove that é, = ¢, (mod 73?(5)) for certain integers pp,(¢)
such that pp(¢) > kp(€). Let h be the unique integer such that 1 < h <n
and n divides nyy, /g () + h. Krasner [8, p. 157] gave a formula for the con-

gruence class modulo P;(h O+ of ¢p, — cp. In Theorem 4.5 we give similar

formulas for up to v,(n) + 1 values of h.

Heiermann [4] gave formulas which are analogous to the results presented
here. Let S C Ok be the set of Teichmiiller representatives for K. Let mx
be a uniformizer for K and let F(X) be the unique power series with coef-
ficients in S such that mx = w7 F (7). Suppose 7, is another uniformizer
for L such that 77 = mp + ’I“7T€+1 (mod P;?) for some £ > 1 and r € S.
Let F be the series with coefficients in S such that mx = #7F (7). Using
Theorem 4.6 of [4] one can compute some coefficients of F in terms of r
and the coefficients of F.

In Section 2 we recall some facts about symmetric polynomials from [7].
The main focus is on expressing monomial symmetric polynomials in terms
of elementary symmetric polynomials. In Section 3 we define the indices
of inseparability of L/K and some generalizations of the Hasse-Herbrand
function ¢r/k. In Section 4 we prove our main results. In Section 5 we
give some examples which illustrate how the theorems from Section 4 are
applied.

2. Symmetric polynomials and cycle digraphs

Let n > 1, let w > 1, and let p be a partition of w. We view p as a
multiset of positive integers such that the sum of the elements of u is equal
to w. The number of parts of p is called the length of p, and is denoted
by |p|. For p such that |p| < n we let m,(Xy,...,X,) be the monomial
symmetric polynomial in n variables associated to u; see [11, Section 7.3]
for the definition and general facts about monomial symmetric polynomi-
als. For 1 < h < n let ep(Xy,...,X,) denote the elementary symmetric
polynomial of degree h in n variables. By the fundamental theorem of sym-
metric polynomials there is a unique polynomial v, € Z[X1,..., X,] such
that m, = ¢u(e1,...,ey). In this section we use a theorem of Kulikauskas
and Remmel [9] to compute certain coefficients of .

The formula of Kulikauskas and Remmel can be expressed in terms of
tilings of a certain type of digraph. We say that a directed graph I is a cycle
digraph if it is a disjoint union of finitely many directed cycles of length
> 1. We denote the vertex set of I' by V(I'), and we define the sign of I' to
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be sgn(I') = (—1)"7¢, where w = |V(I')| and c is the number of cycles that
make up I.

Let I" be a cycle digraph with w > 1 vertices and let X be a partition of
w. A A-tiling of ' is a set S of subgraphs of I" such that

(1) Each v € S is a directed path of length > 0.
(2) The collection {V () : v € S} forms a partition of the set V(T").
(3) The multiset {|V(y)|: v € S} is equal to A.

Let p be another partition of w. A (X, u)-tiling of T' is an ordered pair
(S,T), where S is a A-tiling of I and T is a p-tiling of T'. Let I be another
cycle digraph with w vertices and let (S’,7”) be a (A, p)-tiling of IV. An
isomorphism from (T, S,T) to (IV,S’,T") is an isomorphism of digraphs
0 : ' — I which carries S onto S’ and T onto T”. Say that the (X, p)-tilings
(S,T) and (S’,T") of T are isomorphic if there exists an isomorphism from
(I',S,T) to (T, S, T"). Say that (S,T) is an admissible (X, p)-tiling of T" if
(I', S,T) has no nontrivial automorphisms. Let 7y,(I") denote the number
of isomorphism classes of admissible (A, p)-tilings of T'.
Let w > 1 and let A, i be partitions of w. Set

(2.1) dap = (=)L sen (1) (T),
r

where the sum is over all isomorphism classes of cycle digraphs I" with w
vertices. Since nun = nau we have dyx = dx,. In Theorem 1(ii) of [9],
Kulikauskas and Remmel proved the following;:

Theorem 2.1. Let n > 1, let w > 1, and let p be a partition of w whose
length is < n. Let 1, be the unique element of Z[X1,...,X,] such that
my = Yu(er,...,en). Then

Pu(X1, o Xn) = dap - Xo X, - X,
A

where the sum is over all partitions X = {A1,..., A} of w such that 1 <
A <n forl<i<k.

We now recall some formulas from [7] for computing values of 7y, (T").

Proposition 2.2. Let a, b, c,d, w be positive integers such that a # ¢, b # d,
and let v, s be nonnegative integers. Let I be a directed cycle of length w.

(1) Suppose w = ra = sb+ d. Let A be the partition of w consisting of
r copies of a, and let p be the partition of w consisting of s copies
of b and one copy of d. Then nx,(I') = a.

(2) Suppose w =ra+c=sb+d. Let X be the partition of w consisting
of r copies of a and one copy of ¢, and let p be the partition of w
consisting of s copies of b and one copy of d. Then nx,(I') = w.
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Proof. Statement (1) follows from Proposition 2.5 of [7] if s = 0, and from
Proposition 2.3 of [7] if s > 1. Statement (2) follows from Proposition 2.2
of [7]. O

Using these formulas we can compute dy, in some cases.

Proposition 2.3. Let a,b,c,d,w be positive integers such that a # ¢ and
b # d. Let r,s be nonnegative integers such that w = ra + ¢ = sb+ d and
a > sb. Let A be the partition of w consisting of r copies of a and 1 copy
of ¢, and let p be the partition of w consisting of s copies of b and 1 copy
of d. Then

—1)rtstwtly, if bc orsb <c,
d —
An (—1)r+stetl —ab) ifb|c and sb> c.

Proof. Let T' be a cycle digraph which has an admissible (X, p)-tiling. Sup-
pose I' consists of a single cycle of length w. Then by Proposition 2.2(2)
we have 7y,(I') = w. Suppose I' has more than one cycle. Since I' has a
p-tiling, T" has a cycle I'; such that |V(I'y)| < sb. Since a > sb and T" has a
A-tiling, it follows that |[V(I'1)| = ¢ = mb for some m such that 1 < m < s.
Hence if T has more than one cycle we must have b | ¢ and ¢ < sb. Let A be
the partition of ¢ consisting of one copy of ¢ and let p; be the partition of ¢
consisting of m copies of b. Then every A-tiling of I' restricts to a A;-tiling
of I'1, and every p-tiling of T restricts to a p;-tiling of I';. It follows from
Proposition 2.2(1) that nx,,, (I'1) = b.

Let 'y be another cycle of I'. Since I" has a A-tiling, |V(I'2)| > a > sb.
Hence every p-tiling of I' restricts to a tiling of I's which includes a path
0 with |V(9)| = d. Since p has only one part equal to d, it follows that
I' = T'; UTy. Therefore we have |V(I's)| = ra = (s — m)b + d. Let Ay be
the partition of ra consisting of r copies of a and let p, be the partition of
(s—m)b+d = ra consisting of s —m copies of b and 1 copy of d. Then every
A-tiling of T restricts to a As-tiling of I'y, and every p-tiling of I" restricts
to a po-tiling of T'y. It follows from Proposition 2.2 (1) that nx,,,(I'2) = a.
Hence

n)\ﬂ(r) = My (Fl) “ Moy (FQ) = ba.

Suppose b 1 ¢ or ¢ > sb. Then it follows from the above that the only
cycle digraph which has a (X, p)-tiling consists of a single cycle of length
w. Hence by (2.1) we get

s = (~1)FIHER L (1o,

Suppose b | ¢ and sb > ¢. Then ¢ = mb with 1 < m < s. Hence there are
two cycle digraphs which have a (A, p)-tiling: a single cycle of length w,
and the union of two cycles with lengths ¢ = mb and ra = (s — m)b + d.
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Therefore by (2.1) we get
dAli _ (_1)(r+1)+(s+1)<(_1)w71w + (_1)w72ab)_
Hence the formula for dy, given in the theorem holds in both cases. O

We recall some results from [7] regarding the p-adic properties of the
coefficients dy,. Let w > 1 and let X be a partition of w. For k > 1 let kx X
be the partition of kw which is the multiset sum of k copies of A, and let
k - A be the partition of kw obtained by multiplying the parts of A by k.

Proposition 2.4. Lett > j >0, let w' > 1, and set w = w'p’. Let X' be a
partition of w' and set X = p'- X' Let K be a partition of w such that there
does not exist a partition p' with p = p™ « /. Then p'=J divides dyy,.

Proof. This is proved in Corollary 3.4 of [7]. O

Proposition 2.5. Let w’ > 1, j > 1, andt > 0. Let X', i’ be partitions
of w' such that the parts of N are all divisible by p'. Set w = w'p?, so
that X = p7 - N and p = p? * ' are partitions of w. Then dap = dy
(mod ptt1).

Proof. This is proved in Proposition 3.5 of [7]. O

3. Indices of inseparability

Let L/K be a totally ramified extension of degree n = up”, with p t u.
Let w7, be a uniformizer for L whose minimum polynomial over K is

fX)=X" - X" o (=) e 1 X 4 (1)
For k € Z define 7, (k) = min{v,(k),v}. For 0 < j < v set

;b= min{nvg(cy) —h:1 < h <n, v,(h) < j}
3.1

(3.1) = min{vg(cpm? ") : 1 < h < n, Ty(h) < j} —n.

Then 47" is either a nonnegative integer or oo; if char(K) = p then ;"
must be finite, since L/K is separable. Let e;, = vy (p) denote the absolute
ramification index of L. We define the jth index of inseparability of L/K
to be

(3.2) ij = min{i5" + (' — jer 1 j < j' < v}

By Proposition 3.12 and Theorem 7.1 of [4], i; does not depend on the
choice of 7. Furthermore, our definition of i; agrees with Definition 7.3
in [4]; for the characteristic-p case see also [2, p. 232-233] and [3, Section 2].
Write ij = Ajn — bj with 1 S bj S n.

Remark 3.1. If i7" is finite we can write i;* = ajn—b; with a; > 1 (see [7,
Section 4]). Thus if i; = 5/ + (j' — j)er then A; = aj + (j' — j)ek.
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The following facts are easy consequences of the definitions:
(1) 0=1,<1tp_1 <...<91 <9< o0.
(2) If char(K) = p then i; = i ".
(3) Let m = v,(i;). If m < j then ij = iy, = i;* = 47L. If m > j then
char(K) =0 and i; = iJL + (m — j)er.

Following [4, (4.4)], for 0 < j < v we define functions ¢; : [0,00) —
[0,00) by ¢j(z) = i; + p’x. The generalized Hasse-Herbrand functions
@; 1 [0,00) = [0,00) are then defined by
(3.3) pj(x) = min{@;,(z) : 0 < jo < j}.

It follows that ¢;(z) < ¢j/(x) for 0 < 5/ < j. By Corollary 6.11 of [4] we
have ¢, (7) = nyp /g (r) for all z > 0.

For a partition A = {A1,..., Ay} whose parts satisfy 1 < \; < n define

€A = C),C), - - - Cy,- The following is proved in Proposition 4.2 of [7].

Proposition 3.2. Let w > 1 and let A = {\1,...,\x} be a partition of
w whose parts satisfy 1 < \; < n. Choose q to minimize Ty(N\g) and set
t =Tp(Ag). Then vr(cx) > if" +w. If vr(ex) = i7" +w and if" < oo then
Ag = by and \; = b, =n for alli # q.

4. Perturbing 7y,

In this section we prove our main theorems. We begin by applying the
results of Section 2 to the totally ramified extension L/K. Write [L : K] =
n = up” with p t u. Let 7y, 77 be uniformizers for L, with minimum
polynomials over K given by

fX)=X"—a X" 4+ ()" e X + (1),
fX)=X"—a X" P4 (=) e 1 X + (-1)"E,.
Let 1 <h <n and set j = vp,(h). Define a function p, : N — N by

pr(l) = ij(a * hw :

n
Let £ > 1. Wesay f ~y f if &, = ¢p, (mod 7)?(3)) for 1 < h < n. Thus ~y
is an equivalence relation on the set of minimum polynomials over K for
uniformizers of L.
Let 01,...,0, be the K-embeddings of L into K*°. For each partition

p of length < n define M,, : L — K by

My(o) = my(oi(a),...,on(a)).
For 1 < h < n define Ej, : L —» K by

Eh(a) = eh(O'l(Oé), s 7O'n(04)).
Then Cp = Eh(ﬂ'L) and éh = Eh(ﬁ'L).
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Proposition 4.1. Let o(X) = 11X + raX? + -+ be a power series with
coefficients in O such that 7, = p(nr). Then for 1 < h <n we have

En(7r) = Zrmrm ooty My (),
n

where the sum ranges over all partitions p = {1, ..., un} of length h.
Proof. This is a special case of Proposition 4.4 in [7]. O

Proposition 4.2. Letn > 1, let w > 1, and let p be a partition of w whose
length is <mn. Then

My(mr) = deuch
A

where the sum is over all partitions X = {A\1,..., At} of w such that 1 <
Ai<n forl <i<k.

Proof. This follows from Theorem 2.1 by setting X; = E;(7) = ¢. O

Let £ > 1. Our first main result gives congruences between the coeffi-
cients of f(X) and the coefficients of f(X) under the assumption 7y, = 7,
(mod Pith).

Theorem 4.3. Let 7y, 71, be uniformizers for L and let f(X), f(X) be
the minimum polynomials for 7, 71, over K. Suppose there are £ > 1 and
o € Autg (L) such that o(7z) =, (mod PY). Then f ~y f.

Proof. We first show that the theorem holds in the case where 77, = 7y +
T‘7T€+l, with r € Ok. Let 1 < h < n and set j = Tp(h). For 0 < s < h let
s be the partition of ¢s + h consisting of h — s copies of 1 and s copies of
£+ 1. Then by Proposition 4.1 we have

h

h
(4.1) &= En(fr) =Y My (mp)r® =cp+ > My (7p)r’.
s=0 s=1

To prove that ¢, = ¢, (mod P]p(h(e)) it suffices to show that vg (M, (7r)) >
pn(f) for 1 < s < h. Therefore by Proposition 4.2 it suffices to show
vr(dap,cx) > @j(f) +h for all 1 < s < h and all partitions A of £s + h
whose parts are at most n.

Let 1 < s < h and set m = min{j,v,(s)}. Then m < j and s > p™. Let
A ={\,..., A} be a partition of £s+h such that 1 < A\; <nfor1 <i <k.
Choose ¢ to minimize 7,()\;) and set t = v,()\;). By Proposition 3.2 we
have v (cx) > i * + €s + h. Suppose m < t. Then m < v, so we have
p™ 1 ged(h — s, s). Hence by Proposition 2.4 we get v,(day,) > t — m.
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Thus

vr(dap,ex) = vr(dau,) +vrea)
> (t—m)vr(p) +i - +Lls+h
> i + p™ + h.
Suppose m > t. Then

vr(dap,cx) > vr(ca)
> it +ls+h
> i+ lp™ + h
> i+ p™ + h.
In both cases we get

vr(dap,ex) > Pm(l) +h > p;() + h,

and hence ¢, = ¢, (mod 73%’1(@)). Since this holds for 1 < h < n we get
[~ f. B

We now prove the general case. Since f is the minimum polynomial
of o(7r) over K we may assume without loss of generality that 7y =

{41

7, (mod P;""). By repeated application of the special case above we get

(0) (1) _(2)

a sequence 7; = mp,m; ,m; ,... of uniformizers for L with minimum

polynomials f© = £, fM 2 such that for all ¢ > 0 we have Wg) =
71, (mod PEFFL) and fO+1) ~yp; fO. Tt follows that f0+1) ~, @ and
hence that f() ~; f for all i > 0. Since the sequence (f®)) converges
coefficientwise to f it follows that f ~y f. O

Recall that the Hasse-Herbrand function ¢p/k : [~1,00) — [~1,00) is
defined for arbitrary finite separable extensions L/K (see for instance the
appendix to [1]). We say that b > 0 is a lower ramification break of L/K if
s /  (b) is undefined. This extends the usual definition of lower ramification
breaks for Galois extensions.

Remark 4.4. Tt follows from Theorem 4.3 that if o(77) = 77, (mod PL™)

for some o € Autg (L) then &, = ¢, (mod P[p(h(é)) for 1 < h < n. Define
functions kp : N = N by

ev(l) Hﬂ .

n

k() = {

Krasner [8, p. 157] showed that ¢, = ¢, (mod P}?(@)). Since kx(¢) < pr(¥)
Krasner’s congruences are in general weaker than the congruences that
follow from Theorem 4.3. If ¢ is greater than or equal to the largest lower
ramification break of L/K then for 0 < j < v we have ¢;(¢) = ¢, (¢), and
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hence kp,(¢) = pp(¢). Therefore Theorem 4.3 does not improve on Krasner’s
results in these cases.

For certain values of h we get a more refined version of the congruences
given by Theorem 4.3.

Theorem 4.5. Let L/K be a finite totally ramified extension of degree
n = up”. For 0 < m < v write the mth index of inseparability of L/K in
the form i, = Apn — by, with 1 < by, < n. Let wp, p be uniformizers
for L such that there are £ > 1, r € Ok, and 0 € Autg (L) with o(7r) =
7+t (mod PE2). Let 0 < j < v satisfy T,(;(£)) = j, and let h
be the unique integer such that 1 < h < n and n divides ¢;({) + h. Set
k= (p;(€) + h)/n and hg = h/p’. Then

P k—Am He k+1
G=cnt Y. gmey ey, (mod PETY,
meS;

where

Si={m:0<m <4, o) = pm(0)}

(=)Ao ™™ 4 0 —up?™™)  if by < h
gm = { (=1)FFEHAR (hopi =™ 4 1) ifh <bm<n
(_1)k+€+AmupV—m if by = 1.

Proof. We first prove that the theorem holds for 7y, = 7y + T‘Tl'?_l. Let
FX)=X"— X" o (=) X+ (1),

be the minimum polynomial for 7y, over K. Let 1 < s < h and let X be a
partition of /s + h whose parts are at most n. Choose ¢ to minimize T, (\;)
and set t = Tj,()\g). Recall that p is the partition of £s+h consisting of h—s
copies of 1 and s copies of £+ 1. Since T, (h) = Tp(¢;(£)) = j it follows from
the proof of Theorem 4.3 that v (dxu cx) > k. Suppose vk (dau cx) = k.
Then the inequalities in the proof of Theorem 4.3 must be equalities. Hence
there is 0 < m < j such that s = p™, vr(ex) = 4;° + €p™ + h, and
25(0) = Bm(0).

It follows that m € S; and X is a partition of w;,, where

Wy, = 0p" +h = @m(l) —im +h=0;(l) + h— iy = (k— Ap)n+ by,

Let k., be the partition of w,, consisting of k— A, copies of n and 1 copy of
bm. By Proposition 3.2 we see that A has at most one element not equal to n.
Therefore A = k,,,. Hence ¢y = ¢y, = ci=4me, and T,(by) = Up(Ny) = t.

Using equation (4.1) and Proposition 4.2 we get

(4.2) Ch=cp+ Z A ptym i Ame, P" (mod PEM).
meS;
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Let m € §j. Since
Jj= ﬁp(ﬂoj(g)) = Wp(ﬁm(é)) = Up(im +£p™)

and m < j we get m < Up(im) = Up(by). Hence b}, = by, /p™ is an integer.
Let k!, be the partition of
w), = (k= Ap)up”™"™ + b, = hop’ ™™ + £

m

consisting of k — A, copies of up”~™ and 1 copy of b,. Let u;m be the

partition of w/, consisting of hop’ ~™ —1 copies of 1 and 1 copy of £+ 1.
Since h < n we have up”~"™ > hop? ™™ — 1. Hence if b, # up”~™ then we
can compute d,, ,  using Proposition 2.3.

m pm

Suppose by, < h. Then hop’~™ — 1 > b/, so by Proposition 2.3 we get
d = (=1)MHFA (hop! ™ 0 — up? ™).

Ko bym
Suppose h < by, < n. Then hop/~™ — 1 < b, so by Proposition 2.3 we get
g, = (1A (i~ 4.0).

i Hym

Suppose b,, = n, so that b/, = up”~™. Since up’~™ > hop’~™ — 1, the only

cycle digraph which admits a (k/,, u;,m)—tiling consists of a single cycle I’

of length wy,. By Proposition 2.2(1) we get 7, ,» (I') = up”~™. It then
m pm

follows from (2.1) that

d

up”’™ ™.

— (—1)kHHAn

K My
Hence in all three cases we have d,;/ W = -
Since p! | by, we have pt~™ | b.,. Therefore by Proposition 2.5 we get
(4.3) d,gmupm = dn’mu;m (mod pt*mH).
Since m < t < v it follows from (3.2) and (3.1) that
im < it + (t—m)er
nApm — bm < nvg(cp,) — bm + (t —m)er
Ap < wvkl(e, )+ (t—m)ek
k4+1<k—An,+vk(e,)+ (Et—m+1ek.
Using (4.3) and (4.4) we get

k—An _ k—Anm k+1
dnmupm ey Ch,, = d,{/m%m ey Ch,, (mod PK+ )

= gmch e (mod PE™).

m

(4.4)

Hence by (4.2) the theorem holds when 7, = 7.
We now prove the theorem in the general case. We may assume that

7r =7+ttt (mod PET?).
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It follows that 77, = @1 (mod Pf”), so by Theorem 4.3 we get ¢, = ¢,
(mod Pf(h(gﬂ)). Since

. W) Hﬂ _ @i +h

n

and ¢;(£+1) > ¢;(¢) we get pp(£+1) > k. Therefore &, = &, (mod P}?Ll),
so the theorem holds for 7. O

Remark 4.6. Suppose Tp(¢;(¢)) = j' < j. Then ¢;(¢) = ¢;(¢). In par-
ticular, ¢, (¢) = ¢;(¢) with j° = T,(p,(¢)). Hence if 1 < h < n and n
divides ¢, (¢) + h then Theorem 4.5 gives a congruence for ¢, modulo 77?“1,
where k = (¢, (¢) + h)/n. This is the congruence obtained by Krasner [8,
p. 157]. If ¢ is greater than or equal to the largest lower ramification break
of L/K then ¢;(¢) = ¢, (£) for 0 < j < v. Therefore Theorem 4.5 does not

extend [8] in these cases.

5. Some examples

In this section we give two examples related to the theorems proved in
Section 4. We first apply these theorems to a 3-adic extension of degree 9.

Example 5.1. Let K be a finite extension of the 3-adic field Q3 such that
vi(3) > 2. Let

fX)=X% -1 X8+ 4+ X — ¢y

be an Eisenstein polynomial over K such that vi(c2) = vi(cg) = 2,
v (cp) > 2 for h € {1,3}, and vk(cp) > 3 for h € {4,5,7,8}. Let mp,
be a root of f(X). Then L = K(my) is a totally ramified extension of K of
degree 9, so we have u = 1, v = 2. It follows from our assumptions about
the valuations of the coefficients of f(X) that the indices of inseparability
of L/K areig = 16, i1 = 12, and io = 0. Therefore Ay =2, A1 =2, Ay =1,
and by = 2, by = 6, by = 9. We get the following values for ¢;(¢) and ¢;(¢):

1 @o(l) | @1(6) | @2(€) | poll) | 1(€) | pa(f)
0 16 12 0 16 12 0
1 17 15 9 17 15 9
2 18 18 18 18 18 18
3 19 21 27 19 19 19

Now let 7z, be another uniformizer for L, with minimum polynomial

f(X) =X - X8+ 4 &X —é.
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Suppose 71, = 7z, (mod P?). Then by Theorem 4.3 we get f ~1 f. Using
the table above we find that

én=c, (modP%) for he{1,3,9},
épn=c, (modPy) forhe{2,4,5,6,78}.

This is an improvement on [8], which gives &, = ¢, (mod P%) for 1 < h < 9.
If 71, = m (mod P3) we get f ~o f, and hence &, = ¢; (mod P3.) for
1 <h<9.If 7, =7, (mod P}) we get f ~3 f, and hence

ch =cp (mod Py) for 1 <h <8,
¢9 = ¢y (mod P).

Since the largest lower ramification break of L/K is 2, the congruences we
get for ¢ > 2 are the same as those in [8].

Suppose 71, = 7, +r72 (mod P3), with r € Of. By the table above we
get 3(o(1)) = 0, v3(p1(1)) = 1, v3(p2(1)) = 2 and So = {0}, 51 = {1},
Sy = {2}. The corresponding values of h are 1, 3, 9, and we have hy = 1,
k = 2 in all three cases. By applying Theorem 4.5 with £ =1, 7 =0,1,2 we
get the following congruences:

é1=c1+ (=122 4 1)eor (mod P3)
=1 — 2cor (mod P3)
i3 =c3+ (=121 4 1)eer® (mod P3)
= 3 — 2c67° (mod P})
Go = cg + (—1)2T1H1c20 (mod P3)
= ¢y + cor? (mod P3)

Only the congruence for ¢y follows from [8].

Suppose 7y, = m + rry (mod P}). Then v3(p2(2)) = 2 and Sy =
{0,1,2}, which gives h = 9, hg = 1, and k = 3. By applying Theorem 4.5
with ¢ =2, j = 2 we get the following congruence:

Gg = co+ (—1)>T2T2(9 42 — 9)cgeor
+ (=1)31272(3 42 — 3)cocer® + (—1)>T2 T B cgr? (mod Pj)

= g — 2c909T — 2c6C9T + cgrg (mod 77}1().
Suppose 7, = 7y, + 77 (mod P3). Then v3(¢o(3)) = 0 and Sy = {0}, so
we get h = 8, hg = 8, and k = 3. By applying Theorem 4.5 with ¢ = 3,
j = 0 we get the following congruence:

ég =cg + (—1)>3T2(8 + 3 — 9)cgcar (mod Pj)

= cg + 2cocqr (mod Pg).
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Again, since the largest lower ramification break of L/K is 2, the congru-
ences we get for £ > 2 are the same as those in [8].

One might hope to prove the following converse to Theorem 4.3: If 7y,
71, are uniformizers for L whose minimum polynomials satisfy f ~ f, then
there is 0 € Autg (L) such that o(7) = 7z (mod Pﬁ“). The example
below shows that this is not necessarily the case:

Example 5.2. Let w7, be a root of the Eisenstein polynomial f(X) =
X4 4 6X? +4X + 2 over the 2-adic field Q. Then L = Qy(7y) is a totally
ramified extension of Q2 of degree 4, with indices of inseparability ig = 5,
i1 = 2, and iz = 0. We get the following values for ¢;(¢) and ¢;(¢):

C@o(l) | @1(4) | B2() | po(f) | p1(f) | p2(f)
0 ) 2 0 ) 2 0
1 6 4 4 6 4 4
2 7 6 8 7 6 6
3 8 8 12 8 8 8

Set 7, = 7, + 7%, and let the minimum polynomial for 77, over Qg be
f(X) =X -6 X? + 56X - &X +é.

By Theorem 4.3 we have f ~; f, and hence

i1=0 (mod 4)
o =6 (mod 4)
3 =—4 (mod 8)
¢y = (mod 4).

Theorem 4.5 gives a refinement of the last congruence:

E=2+ (-2 1 -2). 22 e (—1)FH 227 2 (mod 8)
=2 (mod 8).

Using this refinement we get f ~s f.

Using [5] (see also [6, Table 4.2]) we obtain a list of the degree-4 exten-
sions of Q2. Using the data in this list we find that L/Qs is not Galois, and
the only quadratic subextension of L/Qq is M/Qz, where M = Qa(y/—1).
Hence Autg, (L) = Gal(L/M). Since the lower ramification breaks of L/Qq
are 1, 3, and the lower ramification break of M/Qy is 1, the lower ramifica-
tion break of L/M is 3. Hence if o € Autq, (L) then o(71) = 71, (mod P}).
Since 7, = 7, + 73 we get o(7L) # 7z, (mod P3).
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