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An exponential sum estimate for systems
with linear polynomials

par SHUNTARO YAMAGISHI

REsUME. Dans son article [5], W. M. Schmidt a obtenu une estimation
de somme exponentielle pour les systémes de polyndémes sans polynomes li-
néaires, qui a ensuite été utilisée pour appliquer la méthode du cercle de
Hardy—Littlewood. Nous démontrons une estimation analogue pour les sys-
temes qui incluent des polynomes linéaires.

ABSTRACT. In his paper [5], W. M. Schmidt obtained an exponential sum es-
timate for systems of polynomials without linear polynomials, which was then
used to apply the Hardy—Littlewood circle method. We prove an analogous
estimate for systems which include linear polynomials.

1. Introduction

Let u = (ug,...,u;) be a system of polynomials in Q[z1,...,z,], where
uy = (ug1,...,upr,) is the subsystem of all degree ¢ polynomials of u
(1 <¢<d). Welet U= (Uy,...,U;) be the system of forms, where for
each1 </¢<d,Uy=(Up,...,U,) and Uy, is the homogeneous degree ¢
portion of ug, (1 <r < ry). Let R =11+ --+7q. Let us denote By = [0, 1]™.
We define the following exponential sum associated to u,

(1.1)  S(a) =5S(u,Bp; ) := Y €< o> o W,r(X)>-
xePBNZ?  \1<0<d 1<r<ry

In his paper [5], W. M. Schmidt obtained an exponential sum estimate for
S(a) when u has integer coefficients, does not include linear polynomials,
and satisfies certain properties. The estimate was then used in applying the
Hardy—Littlewood circle method to obtain the asymptotic formula for the
number of integer points of bounded height on the affine variety defined by
u = 0. We refer the reader to [5] for more details on this important work.
The work of Schmidt was found useful in the breakthrough of B. Cook and
A. Magyar [4], where they count the number of solutions whose coordinates
are all primes to diophantine equations, and also in [6]. It makes sense
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for Schmidt in [5] to only consider systems without linear polynomials,
because he is concerned with integer points and linear polynomials can be
eliminated via substitution in this case. However, if one wants to apply the
result of Schmidt to a coordinate dependent problem (where one can not
eliminate linear polynomials by substitution), then it may be useful to have
an analogous exponential sum estimate for systems with linear polynomials,
and this is what we achieve in this paper. In fact, the estimates obtained in
this paper were found useful in [7]. It is also worth mentioning the recent
work by T. D. Browning and D. R. Heath-Brown [2] where they generalized
the seminal work of B. J. Birch [1] to handle systems of polynomials in
which the degrees need not all be the same. Similarly as in [5], they consider
systems of polynomials which do not include linear polynomials (see [2, 1. 7,
p. 359]). Thus the approach of this paper may be used to generalize their
work to include linear polynomials as well.

We need to introduce some notations before we can state our result.
Let 1 < ¢ < dand rp > 0. We let My = My(Uy) be the affine variety in
(C™)*~! associated to Uy, for which the definition we provide in (2.1) of
Section 2. For Ry > 0, we denote zgr,(M;) to be the number of integer
points (x1,...,%X¢—1) on My such that

1%11.12(){_1 fgjagxn |x1]’ < R07
where x; = (zi1,...,%in)(1 <i <€ —1). We define go(Uy) to be the largest
real number such that

(1.2) 2p(My) < Pré—1)=9:(Ur)te
holds for each € > 0.
Let
2Z*1(£ — 1)7“@
Vo=
9¢(Uy)

when ry > 0 and g(Uy) > 0. We let v, = 0 if 7, = 0, and let v, = 400 if
re > 0 and g,(Uy) = 0.

These quantities are not defined for linear polynomials. When ¢ = 1,
following [4] we instead consider B;(u;) which is defined to be the minimum
number of non-zero coefficients in a non-trivial linear combination

MU+ -+ A U,

where A = (A1,...,A) € Q\{0}. Clearly Bi(u;) > 0 if and only if the
linear forms Uy, ..., U,, are linearly independent over Q. If r; = 0 then we
let Bi(uy) = +o0.

For a € R, let ||| denote the distance from « to the closest integer. Let
a=(ag,...,a1) € RE where R =7+ -+rgand oy = (oga,...,0up,) €
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R"™ (1 < /¢ < d). We define

ol = max, flae, || and o] = max fa,|.
1<r<r, 1<r<r,

The following theorem is the main result of this paper.

Theorem 1.1. Suppose u has coefficients in Z, and that

d
Bi(ay) > 2r; (max {4(7'1 +1) <Z:4j27j> 7 4(Rl+1)}>

-1

Let

1 d - 1 d -
0<Q i 4972~ — 4972 )
<ocmn{ gt (Sv) (g S )

Jj=2 J
Let 0 < A <1, and let P be sufficiently large with respect ton, d, rq,...,r1,
A, Q, and u. Then one of the following two alternatives must hold:
(1) [S(@)] < P29,
(2) There exists ¢ € N such that

g<P? and |qag| < PR <0< d).

In Section 2, we also prove a lemma on estimating the quantity known
as the singular integral, which comes up in the Hardy—Littlewood circle
method. We use < and > to denote Vinogradov’s well-known notation.
We also use e(z) to denote €*™@ when z € R. For ¢ € N, we use the
numbers from {0,1,...,q — 1} to represent the residue classes of Z/qZ.

2. Proof of Theorem 1.1

First we present the following lemma from [4].
Lemma 2.1. [4, Lemma 3] Let G = (G1,...,G,) be a system of linear
forms in Q[x1,...,z,]. Given any 1 < j < n, we have

By(Gly,—0) > Bi(G) — 1.

Let x = (x1,...,2,) and x5 = (21,...,%j,) for j > 1. Given a function

G(x), we define

1 1
Toa(xi,..,x0) = Y oo > (=D G (tx) + -+ + texg).
t1=0 ty=0

Then it follows that 'y is symmetric in its ¢ arguments, and that
I'ea(x1,...,%x¢-1,0) = 0 [5, Section 11]. We also have that if G is a form
of degree d and ¢ > d > 0, then I'y ¢ = 0 [5, Lemma 11.2].

Let u = (ug,...,u;) and U = (Ug,...,U;) be as in Section 1. Let
e1,...,e, be the standard basis vectors of C". Let 1 < ¢ < d. We define
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M, = M;(Uy) to be the set of (£ — 1)-tuples (x1,...,x,_1) € (C?)~! for
which the matrix

(21) [m”'] = [Ff,Ugﬂ»(Xla sy Xd—1, ez)] (1 S r S Te, 1 S { S ’I'L)

has rank strictly less than r,.

Lemma 2.2 below is the inhomogeneous polynomials version of [5, Lem-
ma 15.1], and it is obtained by essentially the same proof. We refer the
reader to [5, Section 9] and “Remark on inhomogeneous polynomials” in [5,
p. 262] for further explanation. We remark that the implicit constants may
depend on u here, and not only on U. We also note that [5, Lemma 15.1]
is for systems without linear polynomials in contrast to Lemma 2.2 below.
However, it is clear from the proof of [5, Lemma 15.1] that the lemma is
not affected with the presence of linear polynomials.

Lemma 2.2. [5, Lemma 15.1] Suppose u has coefficients in Z. Let Q) > 0
ande > 0. Let 2 < ¢ < d withry > 0. Let P be sufficiently large with respect
tod and rg,...,r1. If £ =d, then let 6 =0 and ¢ = 1. On the other hand,
if 2< (¢ < d, then suppose 0 < 0 < 1/4 and that there is ¢ € N with

g< P’ and |qey| < PP(0 < j<d).

Let S(a) be the sum associated tou as in (1.1). Givenn > 0 with n+460 < 1,
one of the following three alternatives must hold:

(1) |S(e)| < P"9.

(2) There exists ng € N such that

no < P01 and lqnoow|| < ptH40+re(6=1)n

(3) 2ro (M) > RYVm2 7 @M= potds with Ry = P,

The implicit constants depend at most on n,d,rq,...,r1,7n,€, and u.

We are left to deal with the case £ = 1 in Lemma 2.2. Given € € (NU{0})"
and a sufficiently differentiable function f : R™ — C, put

a€1+"'+5nf
oz ... 0z

Let C"(R™) be the set of n-th continuously differentiable functions defined
on R".

For € € {0,1}", we define € = (1,1,...,1) —e. Given t = (¢1,...,t,), we
let te be the vector whose i-th coordinate equals zero if ¢; = 0 and equals t;
if ¢; = 1. Similarly, given N = (Ny,...,N,) € Z", we let Ng¢ be the vector
whose i-th coordinate equals N; if ¢, = 0 and equals zero if ¢; = 1. The
following is a generalization of the partial summation formula obtained by
applying induction on the dimension.

of =
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Lemma 2.3. [3, Lemma 2.1] Let ¢ : Z™ — C be a function, and let

T,(t) = Z Z o(x).

0<z1<t1 0<zn<tn

Let N; € R>o (1 <i <mn). Then for any f € C"(R") we have

2 X = D, <H (—1>€iNfi1>

0<z;<N; ec{0,1}n \1<i<n
(1<i<n)

/ / ¢ f(Nz + te)Ty(Nz + te)dt, . .. dty.
[Ole] [Oan]

Let us use the following notations. For a = (ay,...,a.,) € (Z/qZ)™, we
let

Maq(C) = {al €1[0,1)™ : max |ai, —ar/ql < PCI},
1<r<r;

MC) = J MaylO),
ged(a,g)=1
ac(Z/qZ)"1
1<q<P¢
and

m(C) = [0, 1)"\M(C).

We also let
N q(C) = {a €[0,1): la—a/q| < PC‘I},

NC) = U MO
0<a<q
1<q<P®

and
n(C) = [0, D\N(C).
With the use of Lemma 2.3, we obtain the following result when r; > 0.

Lemma 2.4. Suppose u has coefficients in Z and that rp > 0. Let 0 < 6y <
1, and suppose there exists ¢ € N with

q<P% and |qoyl < PPTI(1 <5 <d).
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Let S(a) be the sum associated to w as in (1.1). Let eg > 0 be sufficiently
small. Let @Q >0 and 0 < Qo < 1 be two real numbers such that

9 _
By < Qo/2 — <o
27‘1
and

Q< Bl(ul) <Qo/i_€0 — 290).

1

Suppose P is sufficiently large with respect to d, n, rq,...,71, €0, 0y, Qo,
Q, and u. Then one of the following two alternatives must hold:

(1) IS(a)| < P2,

(2) There exists ng € N such that

ng < P and |ngay| < PP

Proof. If the alternative (2) holds then we are done. Thus let us assume it
is not the case. Suppose a; € M(Qo/2). Then for some 1 < ¢/ < P%@/?
and ay,...,ay, €Z, we have

_ " <« p(Qo/2)-1
max |y, —ar/q| <P

from which it follows that
g || < P,

and this is a contradiction. Therefore, we have a;; € m(Qo/2).
For simplicity we denote B = Bj(u1) and Qf, = Qo/2. Let us also denote

T1
Z aqr - Ul,r(x) = Slxl +--+ gnxn-
r=1

We let M; be the n x r; matrix, where its (4, r)-th entry is the x; coefficient
of Uy (x). Since this matrix has full rank (because B > 0), let us take an
invertible 71 x r; submatrix, which we assume without loss of generality to
be the first r; rows of Ml, and denote it Mj.

Suppose &1,...,&, € N(C") for some C’ > 0. Then there exist integers
a,...,ar, and qi,...,qr such that ged(ar,qr) =1, 0 < ¢ < PY and
& —ar/q) < P /P (1 <r <r). Let us define

ay/qd a1/q 51 §&1—a1/q
Do =M and | ¢ | =M :
a;j /q, Qry /qu ;1 grl — Qry /qu
It is easy to deduce that we have
, PrlC’Jrso
¢ <Pt and B < ——5—(1<r<n)

P
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when P is sufficiently large with respect to the coefficients of Uj. Since
g, = 2—,7 + 65 (1 <r <rp), we see that a1 € M(r1C’ +¢p). However, since
a; € m(Qg), it follows from this argument that at least one of &1,...,&,
is in n((Qf — €0)/r1). Without loss of generality, we suppose that & €
n((Q —€0)/r1)- .

Let Ms be the matrix obtained by removing the first row of M;. Then
Mg is the coefficient matrix of linear forms Uj|;,—, and we know from
Lemma 2.1 that B1(Ui|z,=0) > B — 1. Thus if B — 1 > 0 then it follows
that ]\72 has full rank. Let us take an invertible r1 x 1 submatrix, which we
assume without loss of generality to be the first r; rows of ]\72, and denote
it Ms. By the same argument as above, we obtain without loss of generality
that & € n((Qy —0)/r1). In fact we can repeat the argument B times, and
obtain that &1, &, ...,&s € n((Q} —0)/r1).

Since q < P < P(QB_EO)/”, it then follows that

P(Qp—c0)/m1

(2.2) >

< lle&ll(1 <i < B).
Foreach 2 </ <d,1 <r <y, let ap, € Z and 3, € R be such that
(23) Qypr — af,r/q = Bf,r and |B€,r’ < POO?E-

We then consider

|S(e)| =

D> e<z > az,r-ug,r<x>)|
0<ki<q x€[0,P]" 1<t<d 1<r<rg

(1<i<n) z;=k; (mod q)

(2.4) (1<i<n)

Sqnog}f’.‘i > e( >y aﬁ,r'uﬁ,r(QY+k)>|'
(1<ion) | 0<ui<(P—ki)/q \1<E<d1<r<r,

(1<i<n)

Let us denote

f(y)=e< >y B@,T‘UE,T(QY'i‘k))'

2<U<d 1<r<ry
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Using the fact that e(m) = 1 for m € Z, we can simplify the above inequal-
ity (2.4) further,

5 e<z S Bor e (ay + K)

(od o<y <(P-k)/a \2<t<d1<r<r,
(1<i<n)
+ > al,r-Ul,r(q}’))|
1<r<m
< max 3 (y)e< > q&y)‘
(1<z<7"?) 0<y;<(P—k;)/q ! 0<y;<(P—ks)/q 1sisB
(B<i<n) (1<i<B)

Let 0 <y < (P—k;)/q (B <i<n).Given € € {0,1}7, let <(P k))7 be

the vector whose i-th coordinate, for 1 < i < B, equals (P —k;)/q if ¢; - 0
and equals zero if ¢; = 1, and for B < i < n, equals y;. We also let te be the
vector whose i-th coordinate, for 1 < i < B, equals 0 if ¢, = 0 and equals
t; if ¢, = 1, and for B < i < n, equals zero.

We prove that given € € {0,1}% and 0 < t; < (P — k;)/q (1 < i < B),
we have

et
(2.5) Her B f < q51+,..+EBP(go_l)(51+...+63)
’ Ayt ... 0yP ok ’
y=(F72)_+t
where the implicit constant is independent of kq, ..., kn, yB+1,- .-, Yn, and

t. In order to prove this statement, without loss of generality suppose ¢; = 1
for1 <i< Fande¢ =0 for F < i< B. The statement is trivial if ¢, = 0
forall 1 <i< B.Leti; <--- <1, < E. First note when m < d, we have
from (2.3) that

(2.6) M( Z Z /Bér Ug,r QY+k)>

2<0<d 1<r<ry

< qm Z Z ﬁf,rpgim

max{2,m}<t<d 1<r<r,
< quGO—m’

and when m > d,

(2.7) M( ST B ua( QY+k)> 0.

2<0<d 1<r<ry
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Thus we have

orf E pjfo—E
Oy g P
...0YE _ mi+-+m;=
(2.8) Y1 Yy y=((qu>)g+t€ 11§mi§]d

(1<i<y)
< ¢Eplo—1E

from which we can deduce (2.5). We now prepare to apply Lemma 2.3. Let
0<t; <(P—k)/q(1<i<B).Itfollows from (2.2) that

> eladii)

0<y; <t;

< min{t; + 1, [l¢&| "
29) { }
< p=@==)/m (1 <i< B).

Then for € € {0,1}7, we have by (2.5) and (2.9) that

(2.10) / / a€f<<(P_k)) —i—t6>
[0,(P—k)/q)  J10,(P—kg)/d] q Je

Z Z 8( Z q&'yi>dt3...dt1

0<y;i<(P—k:)/g 0<yi<t; \1<i<B
€;=0 €=
< q61+-~~+63P(6’01)(61+--~+63)< H P — kl) ,PB*B(Qf)*EO)/Tl‘
1<i<p ¢

Therefore, by Lemma 2.3 and (2.10) we obtain for any 0 < y; < (P—k;)/q
(B <i<mn),

(2.11) > f(Y)€< > q&w)

0<y; <(P—k;)/q 1<i<B
(1<i<B)
€;—1
< Z < H (P_ki> >q61+-~~+eB
ec{0,1}B \1<i<B q

. pllo—1)(e14++e€p) ( H M) pB-B(Qy—¢0)/m
1<i<p ¢
< pBbo pB—B(Qy—¢0)/m1
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Thus we obtain that (2.4) is bounded by

—B
1S(a)] < ¢" (P)n pBbo pB—B(Q—e0)/r1
q
< B pr+Boo—B(Qi—=0)/m
< Pn+2390_B(Q/0_50)/7'1 .

Since we chose @ to satisfy
9 _
Q<B(QM<%_2%»
1

it follows that we are in alternative (i) as long as P is sufficiently large with
respect to u, d, n, rq,...,71, and Q. O

Recall the definition of g;(Uy) and ~y, from above. For ¢ with r, > 0, we
also define
Ve

2.12 )= = .
( ) Ve QZ(UZ) (E— ]-)Té
From Lemma 2.2, we obtain the following corollary which is the inhomo-

geneous polynomials version of [5, p. 276, Corollary], and it is also obtained
by essentially the same proof.

25—1

Corollary 2.5 ([5, p. 276, Corollary]). Suppose u has coefficients in Z. Let
Q>0ande>0. Let 2 < £ < dwithry > 0. Let P be sufficiently large with
respect to d and rq,...,r1. If { =d, then let =0 and g = 1. On the other
hand, if 2 < ¢ < d, then suppose 0 < 0 < 1/4 and that there is ¢ € N with

g< P’ and |goy| < P'I(t < j<d).
Let S(ax) be the sum associated to u as in (1.1). Suppose
40 + Qv < 1.

Then one of the following two alternatives must hold:
(1) |S(e)| < P"9.
(2) There exists ng € N such that

ng < P2 and  |nggoy|| < PTHHA0FQYetE,

The implicit constants depend at most on n,d,rq,...,r1,€, and u.

The above corollary does not deal with the case £ = 1, and we take care
of this in the following lemma.

Lemma 2.6. [5, Lemma 15.2] Suppose u has coefficients in Z, and that

-1
Bi(uy) > 2r1<max{ r1+1 (lej 2%) R1—|— 0 })
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Let € > 0 be sufficiently small. Let QQ > 0 satisfy

d
i Q

Let S(ax) be the sum associated to u as in (1.1). Suppose P is sufficiently
large with respect to d, n, rq,...,71, €, @, and u. Then one of the following
two alternatives must hold:

(1) |S(@)] < P*=€9.
(2) There exist ni,na,...,ng € N such that

—E—l—Q( ¢t ~)+
ng < PO and ||ng...npoyl| < P A

ny < PMoQ  gnd ln1an]| < p1HMoQ

2<(<d),

where

d 1
My = max {8(7’1 +1) (2432%)’2(}%4—1)}.

The implicit constants depend at most on n,d,rg,...,71,€, and u.

Proof. We begin by proceeding as in the proof of [5, Lemma 15.2]. Suppose
we have

|S(a)| > P9,

Let ¢4 > 0 be sufficiently small. Since @7/, < 1, by Corollary 2.5 there
exists ng € N with

ng < P9 and  |ngoy| < Pm4t@atea

Suppose now that r4_1 > 0. Since 4Qv4 + Qv < 1, we can apply Corol-
lary 2.5 again with £ = d — 1, 6 = Qv + 2¢4, and ¢ = ngq. Note we have
by our assumption on @ that § < 1/4. Let €41 > 0 be sufficiently small.
Thus there exists ng_1 € N with

(2.13) ng_1 < PRYd-1F€d-1

and  ||ngng_iag_q|| < P~ HAQuFBH Qa1 +ea

In the case rq—1 = 0, we have 741 = 0 and obtain (2.13) trivially with
ng—1 = 1. It is clear we can continue in this manner. By repeating the
argument, we ultimately obtain that there exist na,...,nqs € N such that

—0+ 4ai—ty )+
ng < PO and  |ng...npayl| < P Q(ZFZ %) E(2 <l <d).
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If 1 = 0, then we are done trivially with n; = 1. Let ;1 > 0. We now
apply Lemma 2.4 with

d
0y = <Z4j2’}/j>Q+d€ <1,
j=2
where € > 0 is sufficiently small,
Qo/2 = max{4(r; +1) 243 2y 1Q @ <3
= T 4R +1) 2’

and
q=(ng...ny) < P%,

where the last inequality holds for P sufficiently large. Let €9 > 0 be suffi-
ciently small. With these choices of 8y and @)y, we have

200 < (Qo/2 —20)/(2r1) < (Qo/2 —€0)/71.

With our assumption on Bj(uy), it is clear that we have

Q < Bl(ul) <QO/2_€O> < Bl(ul) <QO/2_€O — 200) .

27y 1
Therefore, it follows by Lemma 2.4 that there exists n; € N such that
ny < P9 and In1a]| < pQo-1, O
We are now in position to prove our main result.
Proof of Theorem 1.1. By the hypotheses, we know that

(871 + 8)AQ (72 + 4ng + 42ys + - +442,) < 1,

AQ
SR <t
and
(2.14) Q (72 +dyg 4+ 42y 4+ 4d_27d) + QM < 1,
where

Mozmax{ (r1+1) (Zélj 2 > Rl—l—l)}

as in the statement of Lemma 2.6.
Let

(2.15) &)= % (1= 2 (h2+dys + 4P + -+ 4972,) — QM)
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We apply Lemma 2.6 with @ = AQ. If the alternative (1) of Lemma 2.6
holds then we are done. Let us suppose we have the alternative (2) of
Lemma 2.6. Then for P sufficiently large, we have

AQ (Zd 41’*27]-) FAQMo+AQE)

q:=ng...ngn; < P =2 )
and
lqoul] < pirae (Zjﬂ 4j—2»yj)+AQMo+AQs£) (1<t<ad).
Since
Q (7o + 473 + 4+ +49729) + QM + Qe < 1,
we obtain our result. Il

We also prove the following lemma which becomes useful in some appli-
cations of the Hardy—Littlewood circle method. The proof is based on that
of [5, Lemma 8.1]. Let

T(Bo, 7) = /

v

d ¢
e ( Z Z Ty - Ug,r(v)> dv.
[SDN)

{=1r=1

Lemma 2.7 ([5, Lemma 8.1]). Suppose u has coefficients in Z, and that

Bi(uy) is sufficiently large with respect to rq,...,r1, and d. Furthermore,
suppose ya, . ..,Yq are sufficiently small with respect to rq,...,r1, and d.
Then we have

(2.16) Z(Bo,T) < min(1, |7| "),

where the implicit constant depends at most on n, d, rq,...,r1, and U.
Proof. Given a = (ag,...,a1) € (Z/qZ)¥, where a; = (ag1,...,as,,) €

(Z/qZ)™* (1 <4 < d) and ged(a, q) = 1, let us define
Mag((R+2)7)
= {a efo,1): max lgoer — ag,| < P(R+2)71/P£(1 <1< d)} ,
<r<ry

and let

m= U Mag(R+2)7).
q<PER+)~1 ag(Z/qZ)F
ged(a,g)=1

Note the boxes Ma (R + 2)~1) with ¢ < PEHD™' a e (2/qZ)E, and
ged(a, ¢) = 1 are disjoint when P is sufficiently large.
Suppose |7| > 2. Let Pv = v’ so that we have

d

I(%OaT) = F}"/p% €<ZZ,@&T'U@7T(V/)>dV/,

f=1r=1
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where
(2.17) 6@,7’ =

Let P = |7|*2, and consider the exponential sum

d T
SB)= > e(ZZﬂe,r'Ue,r(X)>-

x€EPBoNZ" (=1r=1

Te,r

(1<e<d,1<r<ry.

Then B lies on the boundary of the box Mg 1((R + 2)~!). Thus for |7|
sufficiently large, 8 lies on the boundary of the set gﬁ, which is precisely the
set considered in the alternative (ii) of Proposition 1.1 with A = (R+2)~!
Consequently, 8 also lies on the boundary of [0, 1)F\9. Since |S(a)] is a
continuous function, we obtain via Theorem 1.1 (with Q@ = R + 1) that

(218) S(B)| < PrUETIE — prr |~ = Py
Note with the hypothesis of this lemma, we have

-1 -1

1 d 1 d
: 4]-2 . 4]-2 .
mm{8n+9<j§ %> ’<2(R+ 1) +§2 79) }

_<R+1 ZJQ)

>R+1,

-1

which justifies our application of Theorem 1.1 with 2 = R + 1. We also
have

5B~ [ e (ZZBM Us(v )

(=1r=1

= Y /x1+1 /Wrl e(Xd: iﬁf,r . Uf,r("))

x€[0,P)" =17—1
_€<ZZBZT UZT )dV +O(Pn 1)
(=1r=1
|| -1
P — +O(P"
<P+ ( )
< P77,

where we applied the mean value theorem and (2.17) to obtain the second
last inequality. Therefore, it follows that

S(B) = P"Z(By,T) + O(P"!|1)).
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It is then easy to deduce from (2.18) that
Z(Bo, ) < min{1,|7|"F1}. O

Finally, let us remark that from the above proof it is clear that the only
assumptions on By (u1), ¥2, - . ., 74 we needed to prove Lemma 2.7 were that
they satisfy the hypotheses of Theorem 1.1 with Q = R+ 1.
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