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Journal de Théorie des Nombres
de Bordeaux 30 (2018), 431-448

Extensions of local fields and elementary

symmetric polynomials

par KEVIN KEATING

RESUME. Soit K un corps local de caractéristique résiduelle p et soit L/K une
extension séparable finie totalement ramifiée de degré n. Soient o4, ..., 0, les
K-plongements de L dans une cloture séparable de K. Pour tout 1 < h < n,
soit ep(X1,...,X,) le polynéme symétrique élémentaire en n variables de
degré h, et pour tout a € L, soit Ep(a) = Ep(01(),...,on(@)). Soit Pk
l'idéal maximal de anneau des entiers de K et soit j = min{v,(h),v,(n)}.
Nous montrons que Ej(P]) C P%zﬁhr)/m pour tout r € Z, ou ¢; est I'indice
d’inséparabilité d’ordre j de l'extension L/K. Dans certains cas, nous mon-
trons également que Ej,(P}) n'est contenu dans aucune puissance supérieure

de PK.

ABSTRACT. Let K be a local field whose residue field has characteristic p
and let L/K be a finite separable totally ramified extension of degree n. Let
01,...,0, denote the K-embeddings of L into a separable closure of K. For
1< h<nletep(Xy,...,X,) denote the hth elementary symmetric polyno-
mial in n variables, and for a € L set Ep(a) = ep(01(),...,on(a)). Let Px
be the maximal ideal of the ring of integers of K and let j = min{v,(h),v,(n)}.
We show that for r € Z we have E,(P}) C PI[((lﬁhT)/"], where 4, is the jth
index of inseparability of L/K. In certain cases we also show that Ep (P} ) is
not contained in any higher power of Pk.

1. The problem

Let K be a field which is complete with respect to a discrete valuation
vk . Let Ok be the ring of integers of K and let Pxg be the maximal ideal
of Ok. Assume that the residue field K = Ok /Pg of K is a perfect field
of characteristic p. Let K*°P be a separable closure of K, and let L/K be a
finite totally ramified subextension of K% /K of degree n = up”, with p { u.
Let o01,...,0, denote the K-embeddings of L into K*P. For 1 < h < n
let ep(X1,...,X,) denote the hth elementary symmetric polynomial in n
variables, and define Ej, : L — K by setting Ep(a) = ep(o1(@),...,on(a))

Manuscrit regu le 26 aott 2016, révisé le 9 juin 2017, accepté le 16 juin 2017.

2010 Mathematics Subject Classification. 11515, 11S05.

Mots-clefs. local fields, symmetric polynomials, norm, trace, indices of inseparability,
digraphs.



432 Kevin KEATING

for o € L. We are interested in the relation between vy (o) and vi (Ep(a)).
In particular, for r € Z we would like to compute the value of

gn(r) = min{vg (Ep(a)) : o € Pr}.
The following proposition shows that g5 (r) is a well-defined integer:
Proposition 1.1. Let L/K be a totally ramified extension of degree n.
Let r € Z and let h satisfy 1 < h < n. Then Ey(P}) C PI[?T/M and
En(Pr) # {0},

Proof. For the first claim we observe that if a € P} then v (Ep(a)) >
hr, and hence vg (Ep(a)) > hr/n. To prove the second claim let 77, be a
uniformizer for L and let

fX)=X"— X" 1+ 4 (=) Lo, X 4+ (D),

be the minimum polynomial for 7y, over K. By Krasner’s lemma [6] there
is D > 1 with the following property: For every Eisenstein polynomial

fX)=X"—aX" "4+ ()" e X 4 (-1)"E,
in Ox[X] such that & = ¢; (mod PR) for 1 < i < n, there is a root 7, of
f(X) in K*¢ such that K (7)) = K(m) = L. By choosing ¢, to be nonzero

we get a uniformizer 7, for L such that Ej(7r) = ¢, # 0. Let mx be a
uniformizer for K. Then for ¢ sufficiently large we have 7l 7, € Py and

Ep(wifL) = i En(7L) = mitén # 0.
Therefore Ej,(Pf) # {0}. O
Since L/K is totally ramified, for o € L we have
vk (En(a)) = vk (Np/k (@) = vi(a).

Therefore gy, (r) = r for r € Z. The map Ey = Try /k is also well-understood,
at least when L/K is a Galois extension of degree p (see [8, V §3, Lem. 4]
or [1, III, Prop. 1.4]).

Proposition 1.2. Let L/K be a totally ramified extension of degree n and
let Pﬁ be the different of L/K. Then for every r € Z we have E1(P}) =

P}((dJrr)/nJ. Therefore g1(r) = [(d+1)/n].

Proof. Since E1(Pj) is a nonzero fractional ideal of K we have E1(P}) =
Pj. for some s € Z. By Proposition 7 in [8, IIT §3] we have

P COL- Pk =P
Pt ¢ op Pyt =Pt
It follows that ns < d+r < n(s+ 1), and hence that s = |(d+r)/n]. O
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In this paper we determine a lower bound for gp(r) which depends on
the indices of inseparability of L/K. When h = p/ with 0 < j < v and K
is large enough we show that g, (r) is equal to this lower bound. This leads
to a formula for g,,;(r) which can be expressed in terms of a generalization
of the different of L/K (see Remark 5.4).

In Sections 2 and 3 we prove some preliminary results involving sym-
metric polynomials. The main focus is on expressing monomial symmetric
polynomials in terms of elementary symmetric polynomials. In Section 4 we
prove our lower bound for gp(r). In Section 5 we show that g,(r) is equal
to this lower bound in some special cases.

The author thanks the referee for suggesting improvements to the proofs
of Propositions 1.1 and 3.3.

2. Symmetric polynomials and cycle digraphs

Let n > 1, let w > 1, and let A be a partition of w. We view A as a
multiset of positive integers such that the sum () of the elements of A
is equal to w. The number of parts of A is called the length of A, and is
denoted by |A|. For £ > 1 we let k * A be the partition of kw which is
the multiset sum of & copies of A, and we let k- X be the partition of kw
obtained by multiplying the parts of A by k. If |A| < n let my(X1,...,X,)
be the monomial symmetric polynomial in n variables associated to A, as
defined for instance in Section 7.3 of [9]. For 1 < h < n let ep(X1,...,X,)
denote the hth elementary symmetric polynomial in n variables.

Let 7 > 1 and let ¢(X) = a, X" + a1 X"t + -+ be a power series
with generic coefficients a;. Let 1 < h < n and let p = {p1,...,un} be
a partition with h parts, all of which are > r. Then for every sequence
ti,...,t, consisting of h distinct elements of {1,...,n}, the coefficient of
XX X inep(o(X1), ..., ¢(Xy)) is equal to ay = apuy Gy -y, -
It follows that

(2.1) en((X1), .., 0(Xn)) =D apmu(Xy, ..., Xy),
17

where the sum ranges over all partitions p with A parts, all of which are
> r. By the fundamental theorem of symmetric polynomials there is v, €

Z|X1,...,X,] such that m, = v¥u(e1,...,ey). In this section we use a
theorem of Kulikauskas and Remmel [7] to compute some of the coefficients
of y,.

The formula of Kulikauskas and Remmel can be expressed in terms of
tilings of a certain type of digraph. We say that a directed graph I" is a cycle
digraph if it is a disjoint union of finitely many directed cycles of length
> 1. We denote the vertex set of I' by V(I'), and we define the sign of I' to
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be sgn(I') = (—1)"7¢, where w = |V(I')| and c is the number of cycles that
make up I.

Let I" be a cycle digraph with w > 1 vertices and let X be a partition of
w. A A-tiling of " is a set S of subgraphs of I" such that:

(1) Each v € S is a directed path of length > 0.

(2) The collection {V(vy) : v € S} forms a partition of the set V(I').

(3) The multiset {|V(y)|: v € S} is equal to A.
Let p be another partition of w. A (A, p)-tiling of T' is an ordered pair
(S,T), where S is a A-tiling of I and T is a pu-tiling of I'. Let I be another
cycle digraph with w vertices and let (S’,7") be a (A, p)-tiling of IV. An
isomorphism from (T, S,T) to (IV,S’,T') is an isomorphism of digraphs
6 : I' — I which carries S onto S’ and T onto T”. Say that the (X, p)-tilings
(S,T) and (S’,T") of T are isomorphic if there exists an isomorphism from
(I, S, T) to (T',S",T). Say that (S,T) is an admissible (X, p)-tiling of T" if
(I, S, T) has no nontrivial automorphisms. Let 7y,(I") denote the number
of isomorphism classes of admissible (X, p)-tilings of I".

Let w > 1 and let A, i be partitions of w. Set

(2'2) d)\u = (_1)‘)\‘““' : Z SgIl(F)n)\u(F),

r
where the sum is over all isomorphism classes of cycle digraphs I' with w
vertices. Since 7,5 = Nau we have dy\ = dy,. Kulikauskas and Remmel [7,
Thm. 1(ii)] proved the following:

Theorem 2.1. Let n > 1, let w > 1, and let p be a partition of w with
at most n parts. Let 1, be the unique element of Z[X1,...,X,] such that
my = Yuler,...,en). Then

Vu(X1,. o X)) =) dap - Xa X, - X,
A

where the sum is over all partitions X = {\1,..., \x} of w such that A\; <n
for1 <i<k.

The remainder of this section is devoted to computing the values of
Map(I') and dy, in some special cases.

Proposition 2.2. Let w > 1, let A\, pu be partitions of w, and let ' be a
directed cycle of length w. Assume that T' has a A-tiling S which is unique
up to isomorphism, and that Aut(T',S) is trivial. Similarly, assume that T
has a p-tiling T which is unique up to isomorphism, and that Aut(T',T') is
trivial. Then nx,(I') = w.

Proof. For 0 < i < w let S; be the rotation of S by i steps. Then the
isomorphism classes of (A, p)-tilings of I' are represented by (S;,T) for
0 <i < w. Since Aut(I', T') is trivial, all these tilings are admissible. O
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Proposition 2.3. Let a,b,c,f,m,w be positive integers such that fa =
mb+c=w and b # c. Let X be the partition of w consisting of £ copies of
a, let p be the partition of w consisting of m copies of b and 1 copy of c,
and let I' be a directed cycle of length w. Then nx,(I') = a.

Proof. The cycle digraph I' has a A-tiling S which is unique up to isomor-
phism, and a p-tiling 7" which is unique up to isomorphism. For 0 <i < a
let S; be the rotation of S by ¢ steps. Then the isomorphism classes of
(A, p)-tilings of I' are represented by (S;,T") for 0 < i < a. Since Aut(I",T)
is trivial, all these tilings are admissible. O

Proposition 2.4. Let b,c,m,w be positive integers such that mb+ c = w
and b # c. Let X be the partition of w consisting of 1 copy of w and let
e be the partition of w consisting of m copies of b and 1 copy of c. Then
d)\ﬂ — (_1)w+m+1w'

Proof. 1f the cycle digraph I has a A-tiling then I" consists of a single cycle
of length w. Hence by (2.2) we get dy,, = (—1)¥T™ 1y, ,(T). It follows from
Proposition 2.3 that 1y, (I') = w. Therefore dy,, = (—1)*T™ . O

Proposition 2.5. Let a,b,{, m,w be positive integers such that fa = mb =
w. Let X be the partition of w consisting of £ copies of a, let u be the
partition of w consisting of m copies of b, and let I' be a directed cycle of
length w.
(1) The number of isomorphism classes of (A, w)-tilings of T is ged(a, b).
(2) Let (S,T) be a (A, p)-tiling of T'. Then the order of Aut(T', S,T') is
ged(4,m).

Proof. (1) Identify V(I') with Z/wZ and consider the translation action of
bZ/wZ on (Z/wZ)/(aZ/wZ). The isomorphism classes of (X, p)-tilings of
I' correspond to the orbits of this action, and these orbits correspond to
cosets of aZ + bZ = ged(a,b) - Z in Z.

(2) The automorphisms of (I', S, T') are rotations of I" by k steps, where
k is a multiple of both a and b. Hence the number of automorphisms is
w/ lem(a, b), which is easily seen to be equal to ged (¢, m). O

The following proposition generalizes the second part of [7, Thm. 6].

Proposition 2.6. Let a,b, {, m,w be positive integers such that fa = mb =
w. Let X be the partition of w consisting of £ copies of a and let pu be
the partition of w consisting of m copies of b. Set u = ged(a,b) and
v = ged(€,m). Then dy, = (—1)“=0 4™ (). In particular, if u < v then
dxy = 0.

Proof. Set i = a/u and j = b/u. Then m = vi and £ = vj. Let T be a cycle

digraph which has an admissible (A, pt)-tiling, and let I'g be one of the cycles
which make up I'. Then the length of T'y is divisible by lem(a,b) = uij.
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Suppose I'g has length k - uij. Let Ay be the partition of kuij consisting
of kj copies of a = wui, and let p, be the partition of kuij consisting
of ki copies of b = uj. Then by Proposition 2.5(2) every (Ao, pg)-tiling
of I'yp has automorphism group of order ged(ki,kj) = k. Since I' has an
admissible (A, p)-tiling we must have k = 1. Therefore I' consists of v
cycles, each of length uij. By Proposition 2.5 (1) the number of isomorphism
classes of (g, pg)-tilings of a uij-cycle I'g is ged(a, b) = u. An admissible
(A, p)-tiling of I' consists of v nonisomorphic (Ao, ptg)-tilings of wij-cycles.
Hence the number of isomorphism classes of admissible (A, p)-tilings of '
is mau(T) = (¥). Hence by (2.2) we get dy,, = (—1)*~oF+m(Y). O

v

3. Some subrings of Z[ X1, ..., X,]

Let n > 1. In some cases we can get information about the coefficients
dx, which appear in the formula for v, given in Theorem 2.1 by working
directly with the ring Z[Xi,...,X,]. In this section we define a family
of subrings of Z[X1,...,X,]. We then study the p-adic properties of the
coefficients dy,, by showing that for certain partitions p the polynomial v,
is an element of one of these subrings.

For k > 0 define a subring Ry of Z[X1, ..., X,] by

Re=ZIXY, .. XP 4 pz[XP L XP T e pREX L X)L

n

We can characterize Ry as the set of F' € Z[Xy,...,X,] such that for
1 <i < k there exists F; € Z[X1,...,X,] such that

(3.1) F(X1,...,Xn) = F(X, ..., X?")  (mod pFt=7).

n

Lemma 3.1. Let k,0 > 0 and let F € Ry,. Then p'F € Ryoy and P
Ry yp.

Proof. The first claim is clear. To prove the second claim with £ = 1 we
note that for 1 <i < k it follows from (3.1) that
F(X1,...,Xn)P = Fy(XY,...,XP')P  (mod ph+277).

n

In particular, the case i = k gives

F(X1,...,Xn)P = F(X7", ..., XP"Y  (mod p?)

n
k+1

= F(xXP L XPY (mod p).
It follows that FP € Ry.q. By induction we get PP e Ryygfor £>0. 0O

Lemma 3.2. Let k, £ > 0 and let F' € Ry. Then for any ¥1,...,%, € Ry
we have F(11,...,10n) € Rity.
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Proof. Since F' € Ry we have

k . .
F(X1,...,X,) = pF e (XY, ..., XD)
i=0
for some ¢; € Z[X1,...,X,]. Since ¢; € Ry, by Lemma 3.1 we get zl)fi €
Riyy. Since Ry is a subring of Z[X1, ..., X,] it follows that qbi(dﬁfz, e
YP') € Rijy. By Lemma 3.1 we get pF~i¢;( ’fl, ., YY) € Ryyp. We con-
clude that F(¢1,...,1%n) € Riiy. O

Proposition 3.3. Let w > 1 and let X be a partition of w with at most n
parts. For j >0 let N =p’ - X. Then v¥,; € R;.

Proof. We use induction on j. The case j = 0 is trivial. Let 7 > 0 and
assume that v,; € R;. Since N =p. N we get
myj+1 (X1, ..., Xn) =my (X7, ..., XP)
=yiler(XT, ..., XP), .. en(XT, ..., XP)).
For 1 <i<nlet 6, € Z[Xy,...,X,] be such that
ei( XV, ..., XE)=0;(e1,...,en).
It follows from the above that
Pyt (X1, Xn) =y (1( X, ., X)), o 0 (X, X))
Since
ei( X1, ..., Xp)P =ei(XV,..., XE) (mod p)
=0b;(e1,...,en) (mod p)

we have 6;(Xq,...,X,) = X (mod p), and hence 6; € R;. Therefore by
Lemma 3.2 we get ¢y;+1 € Rjq1. O

Corollary 3.4. Lett > j >0, let w' > 1, and set w = w'p'. Let X' be a
partition of w' and set X = p'-X'. Let u be a partition of w such that there
does not exist a partition p' with p = pI™ « p'. Then p'=J divides dy,,.
This holds in particular if P { |pl.

Proof. Since dy, does not depend on n we may assume without loss of
generality that n > w. It follows from this assumption that |[A| < n, so by
Proposition 3.3 we have 15 € R;. Since w < n the parts of p = {1, ..., un}
satisfy p; < n for 1 < ¢ < h. Therefore the formula for ) given by
Theorem 2.1 includes the term d 3 X, X, ... X,,. The assumption on p
implies that X, X, ... X, isnot a p? 1 power. Since 1y € R; this implies
that pt=7 divides dux- Since dy, = dux we get pi=7 | dap- O



438 Kevin KEATING

Prop051t10n 3.5. Letw' >1,j>1, and t > 0. Let N, u' be partitions
of w' such that the parts of )\ are all divisible by p'. Set w = w'pl, so
that A = p7 - X and p = p/ * y' are partitions of w. Then dap = dy
(mod pt+1)

Proof. As in the proof of Corollary 3.4 we may assume without loss of
generality that n > w’. Then |\'| = |A| < n. It follows from Proposition 3.3
that my = ¥y (e1,...,e,) for some 9y, € R;. Using induction on k we see
that for 1 <7 <mn and k > 0 we have

ei(ij, e ,X,’Zj)pk =e;i(Xq,... ,Xn)ka (mod pk+1).
Since 9y, € Ry it follows that
mA(X1, ..., Xn) = my (XY, ... XP)
=y (er(XY, X)L en(XT L X))
=Yy (er( Xy, ..., Xn) ,] ven(X1,... ,Xn)pj) (mod le).

We also have my = ¥x(eq, ... ,en). Therefore there is a symmetric polyno-
mial 7 € Z[X,...,X,] such that

Oalers - en) =Un (e, el )+ ptir(Xy, ..., Xn).

It follows from the fundamental theorem of symmetric polynomials that
T € Zley, ..., e,]. Hence we have

(X1, X)) = O (XP 0 XP) (mod pith.
Since w’ < n the parts of p/ and p are all < n. Therefore the formula for
Yy given by Theorem 2.1 includes the term d /X, Xy ... X e and the
formula for ¥y includes the term

_ P P p
dunXpn X -+ Xy, = dun X0 X5 XD

It follows that d,x = d,/n (mod p'™1). Therefore we have dy, = dy
(mod ptt1). O

4. Containment

Let L/K be a totally ramified extension of degree n = up”, with p t u.
Let o1,...,0, be the K-embeddings of L into K*P. Let 1 < h < n and
recall that Ej, : L — K is defined by Ep(a) = ep(o1(a),...,on()) for
« € L. In this section we define a function v, : Z — Z such that for r € Z
we have Ej(P}) C P?(h(r). The function 3, will be defined in terms of the
indices of inseparability of the extension L/K. In the next section we show

that O - Ep(P]) = P}Y(h(r) holds in certain cases.
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Let 7, be a uniformizer for L and let
fX)=X"—e X" 14+ (=) e X + (1),
be the minimum polynomial of 77, over K. Then ¢, = Ej(np). For k € Z
define T, (k) = min{v,(k),v}. For 0 < j < v set

i7" = min{nvk(cp) —h: 1 <h<n, 9y(h) < j}

= min{vL(Chﬂ'Z_h) :1<h<n, Up(h) < ]} - n.

Then %" is either a nonnegative integer or co. If char(K) = p then i%"
must be finite, since L/K is separable. If i7" is finite write i7" = a;n — b,
with 1 <b; <n. Then vK(cbj) = a;, vk (cp) > aj for all h with 1 < h < b
and 7,(h) < j, and vi(cp) > a;+1 for all h with b; < h < n and v,(h) < j.
Let e, = v, (p) denote the absolute ramification index of L. We define the
jth index of inseparability of L/K to be

ij = min{i" + (' —d)er: 5 <j <v}
By Proposition 3.12 and Theorem 7.1 of [4], i; does not depend on the
choice of 7. Furthermore, our definition of i; agrees with Definition 7.3
in [4] (see also [5, Rem. 2.5]; for the characteristic-p case see [2, p. 232-233]
and [3, §2]).
The following facts are easy consequences of the definitions:
(1) 0=1,<ip1 < <41 <jg < o0
(2) If char(K) = p then ey, = oo, and hence i; = 4"
(3) Let m = v,(i5). If m < j then ij = ip, = i7" = i7F. If m > j then
char(K) =0 and i; = 4L + (m — j)er,.
Lemma 4.1. Let 1 < h < n and set j = vp(h). Then v(cn) > 35" + h,
with equality if and only if either ;" = 0o ori;* < oo and h = b;.
Proof. 1f i7" = oo then we certainly have v, (cs) = oo. Suppose i7" < o0.
If b; < h < n then vr(cp) = nvk(cp) > n(a; + 1), and hence
vL(cn) > naj +n > na; —bj +h=14;" +h.
If 1 < h <bj then
vr(cn) = naj > naj —bj+h=1i;"+h.
Finally, we observe that v, (cp,;) = na; = i7" +b;. O
For a partition A = {A1,..., A\t } whose parts satisfy \; <n for1 <i <k
define cy = cy,cxy ... Cy,.-

Proposition 4.2. Let w > 1 and let A = {\1,..., \¢} be a partition of w
whose parts satisfy A; < n. Choose q to minimize Tp(Aq) and sett = Tp(Aq).
Then vr(cx) > i" +w. If vr(ex) = it * +w and if* < oo then A\g = by and
Ai =by, =n foralli #q.
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Proof. If if* = oo then vy (cy,) = oo, and hence vp(cy) = co. Suppose
it " < co. By Lemma 4.1 we have vy (cy,) > it" + A, and v (cy,) > A for
i # q. Hence vy, (cx) > i} +w, with equality if and only if vy (cy,) = if* +Aq
and vr,(cy,) = A; for i # g. It follows from Lemma 4.1 that these conditions
hold if and only if Ay = b; and \; = b, for all 7 # q. O

Proposition 4.3. Let w > 1, let pu be a partition of w with h < n parts,
and set j = Tp(h). Let A = {\1,..., \¢} be a partition of w whose parts
satisfy A\i < n, choose q to minimize T,(A\g), and set t =Tp(N;). Then
(1) UL(d)\#C)\) > ’ij + w.
(2) Suppose vr(dapca) = ij+w. Then if* is finite, \g = b, and \j = n
for all i # q.

Proof. (1) Suppose t > j. Then by Corollary 3.4 we have vp(dx,) >t — j.
Hence by Proposition 4.2 we get

UL(d)\“C,\) > (t—jler + Z'ZrL +w =i +w.
Suppose t < j. Using Proposition 4.2 we get
vr(daper) > vp(ea) > ik +w > i+ w > 45 + w.

(2) If vr(daper) = ij + w then all the inequalities above are equalities.
In either case it follows that iy is finite and vy (cx) = iy * + w. Therefore
by Proposition 4.2 we get Ay = b; and \; = n for all ¢ # q. O

We now apply the results of Section 2 to our field extension L/K. For
a partition p with at most n parts we define M, : L — K by setting
My (o) =my(oi(a),...,on(a)) for a € L.

Proposition 4.4. Let r > 1 and let a € P}. Choose a power series
¢(X) = arXT + ar+1XT+1 +e
with coefficients in Ok such that o = ¢(mwr). Then for 1 < h < n we have

Eh(a) = Z Ay Qpy - - - aMhMu(ﬂ-L)’
"
where the sum ranges over all partitions p = {p1, ..., pp} with h parts such
that pu; > r for 1 <i<h.

Proof. This follows from (2.1) by setting X; = o;(my) and taking a; €
Ok. O

Proposition 4.5. Let n > 1, let w > 1, and let p be a partition of w with
at most n parts. Then

MM(T‘-L) = Z dA}LC)n
A

where the sum is over all partitions X = {\1,..., \x} of w such that A\; <n
for1 <i<k.
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Proof. This follows from Theorem 2.1 by setting X; = E;(7r) = ¢;. O

Let 1 < h < n and recall that we defined g, : Z — Z by setting g (r) = s,
where s is the largest integer such that E(P}) C Pj.

Theorem 4.6. Let L/K be a totally ramified extension of degree n = up”,
with pfu. Let r € Z, let 1 < h <n, and set j =7T,(h). Then

B, (7)2) C Plf((ij—l—hr)/n]

gn(r) = [ﬂ * hﬂ .

n
Proof. Let mg be a uniformizer for K. Then for ¢t € Z we have

(4.1) En(PP™") = En(nlc - Pr) = - En(PY)
(4.2) Pj-i-h(:t-f—r)" htt {zj—;hr" .

Therefore it suffices to prove the theorem in the cases with 1 < r < n.
By Proposition 4.4 each element of Ep,(P}) is an O-linear combination of
terms of the form M, (7,), where p is a partition with h parts, all > r. Fix
one such partition p and set w = X(u); then w > hr. Using Proposition 4.5
we can express M,,(71) as a sum of terms dy,cx, where X = {A1, Ao, ..., Ap}
is a partition of w into parts which are < n. By Proposition 4.3(1) we get
vr(dapca) = ij+w > ij+ hr. Since dy,ex € K it follows that v (daucn) >
[(i; + hr)/n]. Therefore we have vi (My(7r)) > [(ij + hr)/n], and hence

Ey(Py) € P O

5. Equality

In this section we show that in some special cases we have Ok - Ep,(P]) =
P,glj +hr)/ M, where j = T,(h). This is equivalent to showing that g(r) =
[(i;+hr)/n] holds in these cases. In particular, we prove that if the residue
field K of K is large enough then g, (r) = [(i; + rp/)/n] for 0 < j < v.
To prove that gp(r) = [(i; + hr)/n] holds for all r € Z, by Theorem 4.6 it
suffices to show the following: Let r satisfy
[ij + h?”—‘ - {Z’j + h(?" + 1)—‘

n n

(5.1)

Then there is o € P} such that vk (Ep(a)) = [(i; + hr)/n]. By (4.1)
and (4.2) it’s enough to prove this for r such that 1 <r < n.

Once again we let 7y, be a uniformizer for L whose minimum polynomial
over K is

fX)=X"— X" T4 ()" e 1 X + (—1)"c,.
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Theorem 5.1. Let L/K be a totally ramified extension of degree n = up”,
with p{u. Let j be an integer such that 0 < j < v and v,(i;) > j. Then for
all r € Z we have

Ok - By (Py) = PRt
ij +rp’
gpj(r) = ’V ’ p]—‘ ‘

n

Proof. Set m =T,(ij). Theni; = (m—j)er+i}F. In particular, if char(K) =
p then m = j and i; = iy, = i;F. We can write il =an—bwith1 <b<n
and T,(b) = m. Since j < m there is ' € Z such that b = V'p’. Let r € Z
and set r = b’ + rjup”~7. Then

(5.2) ij+rp = (m—j)er +an +rin.

Therefore we have

Fj —I;Lrpf‘ =(m—jlex +a+r

.. 1 y
’VW :(m*j)€K+a+""1+1,

n

with ex = v (p) = er/n. It follows that the only values of r in the range
1 < r < n satisfying (5.1) are of the form r = b’ 4+ up” 7 with 0 < 1 < p’.
Therefore it suffices to prove that v (E,;(7})) = (m — j)ex +a+r1 holds
for these values of r.

Let p be the partition of 7p? consisting of p’ copies of 7. Then Ey(ry) =
M, (7r), so it follows from Proposition 4.5 that

(5-3) Byi(r]) =) dauca,
A

where the sum is over all partitions A = {\{,..., A} of 7p/ such that \; < n
for 1 <i < k. It follows from Proposition 4.3 (1) that vy, (dxcx) > 4j +rp’.
Suppose vr,(dx,cx) = ij+rp’. Then by Proposition 4.3 (2) we see that X has
at most one element which is not equal to n. Since £(A) = rp’ = b+7rn, and
the elements of A are < n, it follows that A = k, where & is the partition
of rp/ which consists of 1 copy of b and r; copies of n. Since E,i(n7) € K
and dyyc, € K it follows from (5.3) and (5.2) that

(5.4) Epj (ﬂ-z) = dmucn (mod P}{m—j)ex—i-a—i-m—&-l).

Let k' be the partition of r consisting of 1 copy of b’ and 7 copies of
up~7, and let p’ be the partition of r consisting of 1 copy of r. Then k = p/-
k' and p = p’ x p'. Since v,(b') = m — j it follows from Proposition 3.5 that
diy = dirp (mod p™ 7 T1). Suppose m < v. Then b < n, so b’ # up” ™.
Hence by Proposition 2.4 we get dyr,y = (—1)" "1+ 1r. Since r = b/ +rjup” ™
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and vy, (b') = m — j this implies vy (dy/) = vp(r) = m — j. Suppose m = v.
Then b =n and b’ = p~9b = up” 7, so k' consists of 1 + 1 copies of up” 7.
Since ged(up”~,7) = up”~/ and ged(ry + 1,1) = 1, by Proposition 2.6 we
get diry = (—1)"T lyp’=I. Hence vy(dyw) = v — j = m — j holds in
this case as well. Since dyy = dyryy (mod p™ 771 it follows that vy (dwy) =
m — j. Therefore

VK (dipck) = Vi (dip) + vic(epey) = (m = jlex +a+ 1.
Using (5.4) we conclude that
’UK(Epj(TFE)) = (m—j)eK+a+r1. O

Theorem 5.2. Let L/K be a totally ramified extension of degree n = up”,
with p f u. Let j be an integer such that 0 < j < v and Ty(ij) < j. Set
m = ,(i;) and assume that |K| > p™. Then for all v € Z we have

Ok - Eyp (Py) = P PII
ij+ rp’
gpj(r) = { ! p]—‘ .

n

Proof. Since m < j we have i,, = i; = Z;L Therefore i; = an — b for some

a,bsuch that 1 < b < n and v,(b) = m. Hence b = b'p/ +b"p™ for some ', b
such that 0 < b” < p/~™ and ptb”. Let r; € Z and set r = b + ryup” 7.
Then

(5.5) ij +rp’ =an+rn—b'p",
so we have
. ] _b//m
’VZ]ZTPJ-‘ZQ-FH-F" = -‘:a—i-rl
. 1 i '_bl/m
PJJF(TT:F )p]wza+r1+{pin P w:a—km—kl.

It follows that the only values of r in the range 1 < r < n satisfying (5.1)
are of the form r = b’ + ryup”~7 with 0 < r; < p’. It suffices to prove that

for every such r there is 8 € Ok such that vi (E,; (7}, + 67r£+b”)) =a+r.

Let n(X) = E,i (7}, + X7r2+b"). We need to show that there is 5 € Ok
such that vg(n(8)) = a + r1. It follows from Proposition 4.4 that n(X)
is a polynomial in X of degree at most p/, with coefficients in Q. For
0 < ¢ < p? let u’ be the partition of rp? + £b" consisting of p? — ¢ copies of
r and £ copies of r + b". By Proposition 4.4 the coefficient of X* in n(X) is
equal to M,,.(71,). By Proposition 4.5 we have

(5.6) Me(mp) = Zd)\ﬂch,
A
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where the sum is over all partitions A = {\1,..., Az} of 7p/ +£b" such that
Ai <n for 1 <i < k. Using Proposition 4.3(1) and equation (5.5) we get

vp(dyyeen) =i+ rpl + 0"
(5.7) =(a+ri)n+ (£ —pm)b”
> (a+r; —1n.

Since dy,ecx € K it follows that dy,ecx € P, Therefore by (5.6) we
have M, (mp) € Py

Suppose v (dyyeex) = a + 1. Then vy (dy,een) = (a+r1)n, so by (5.7)
we get £ < p™. Hence for p™ < ¢ < p/ we have M,e(mL) € P}?”H. Let
w=>b+rn=rp +0'p™ and let p = pP" be the partition of w consisting
of p™ copies of r + b" and p? — p™ copies of r. Then the coefficient of
XP" in n(X) is M, (7). Let & be the partition of w consisting of 1 copy
of b and 71 copies of n. Suppose A is a partition of w with parts < n
such that vi(dyucx) = a + 1. Since (a + 71)n = i; + w it follows from
Proposition 4.3 (2) that A has at most one element which is not equal to n.
Since X(A) = b+rin, and the elements of A are < n, it follows that A = k.
Hence by (5.6) we have

(5.8) M,(71) = dgpcr (mod PETHL).

Set w' = bp? ™™ + b 4+ riup’™™ = rp/ =™ + . Let k' be the partition
of w' consisting of 1 copy of b'p’~™ + b" and r1 copies of up”~™, and let
1’ be the partition of w’ consisting of 1 copy of r +b” and p/~™ — 1 copies
of 7. Then k = p"™ - k' and pu = p™ x u/, so by Proposition 3.5 we have
dyp = dyrye (mod p).

Let T be a cycle digraph which has an admissible (', pu/)-tiling. Suppose
I’ has more than one component. Since I' has a k/-tiling, I' has at least
one component I'g such that |V(I'g)] = k- up”~™ for some k such that
1 < k < ry. Let k{ be the submultiset of k' consisting of k copies of
up”~™. Then Ky is the unique submultiset of &’ such that 'y has a k(-
tiling. Furthermore there is a submultiset ug of p’ such that T'y has a
po-tiling. We will see below that gy is uniquely determined.

Suppose 7 does not divide kup”~™. Then there is ¢ > 0 such that py
consists of 1 copy of r 4+ b” together with £ copies of r. By Proposition 2.3
we have 7,/ . (T'o) = up”~™. Let 'y be the complement of I'y in I', let
K] = K N Ky, and let pf = p’ ~ pg. Since I'; has no cycle of length
[V(To)| = b+ (¢ + 1)r we have 77,4”/(1“) = Nk u, (F())T]Klll,/1 (T'1). Hence
Nww (I') is divisible by p in this case.

On the other hand, suppose r divides kup”~™. If r also divides 745" then
ptr,sor | ku. It follows that ryup” 7 +b = r < ku < ru, a contradiction.
Hence there is ¢ > 1 such that u{, consists of ¢ copies of r. Let (S,T) be an
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admissible (k/, p')-tiling of " and let (Sy, Tp) be the restriction of (S,T) to
Ty. Then (So, Tp) is a (k{, pg)-tiling of T'g. By Proposition 2.5(2) the auto-
morphism group of (I'g, So, Tp) has order ged(k, ¢). Since Aut(I'o, So, Tp) is
isomorphic to a subgroup of Aut(I', S,T), it follows that gcd(k,¥) divides
| Aut(T", S, T)|. Therefore the assumption that (S,T") is admissible implies
that ged(k,¢) = 1. Since k-up”™™ ={-r we get k | r and £ | up”~™. It fol-
lows that there is ¢ € Z with r = kq and up”~™ = {q. By Proposition 2.5(1)
the number of isomorphism classes of (ky, pg)-tilings of Ty is

Ny, (To) = ged(up”™™, 1) = ged(q, kq) = q.

If p | ¢ then as above we deduce that 7,/ (I") is divisible by p. On the other
hand, if p t ¢ then ¢ | u; in particular, ¢ < u. Since k < ry this gives the
contradiction r = kq < ryu. By combining the two cases we find that if I’
has more than one component then 7,,/(I') is divisible by p.

Finally, suppose that I" consists of a single cycle of length w’. Then by
Proposition 2.2 we have 7, ,/(I') = w’. Hence by (2.2) we get

dip = dypy = £0y (T) = 2w’ (mod p).
Since w' = b" (mod p) it follows that p { dx,. Hence by (5.8) we get
UK(MN(WL)) = UK(CR) =a -+ r.

Let mx be a uniformizer for K and set ¢(X) = 7" "'n(X). Then ¢(X) €
Ok[X]. Let ¢(X) be the image of ¢(X) in K[X]. We have shown that
¢(X) has degree p™. Since |K| > p™ there is 3 € K such that ¢(8) # 0.
Let 8 € Ok be a lifting of 3. Then ¢(8) € Of. It follows that

Vi (B (nf, + Br7") = v (n(8)) = a + 1.
Hence if 7 = b/ 4+ rup’~7 with 0 < r; < p/ then
Ok - By (Pp) = Pt = Pl inl,

We conclude that this formula holds for all r € Z. 0
Remark 5.3. Theorems 5.1 and 5.2 together imply that if K is sufficiently
large then g, (r) = [(i; +rp’)/n] for 0 < j < v. This holds for instance if
K| > p”.

Remark 5.4. Let L/K be a totally ramified separable extension of degree
n = up”. The different Pgo of L/K is defined by letting dy be the largest
integer such that El(PL_dO) C Og. For 1 < j < v one can define higher
order analogs ng of the different by letting d; be the largest integer such

that £, (P;dj ) C Ok. An argument similar to the proof of Proposition 1.2
shows that

OK k Epj (732) — ]L(p] (d]'+7“)/nj )
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This generalizes Proposition 1.2, which is equivalent to the case j = 0 of
this formula. By Proposition 3.18 of [4], the valuation of the different of
L/K is dy = ig +n — 1. Using Theorems 5.1 and 5.2 we find that, if K
is sufficiently large, d; is the largest integer such that [(i; — d;p’)/n] > 0.
Hence dj = [(ij +n —1)/p’| for 0 < j <.

Example 5.5. Let K = Fy((¢)) and let L be an extension of K generated
by a root mr, of the Eisenstein polynomial f(X) = X8 + tX3 + ¢tX? + t.
Then the indices of inseparability of L/K are ig = 3, i1 = iy = 2, and
i3 = 0. Since [(ig+22-1)/23] = 1, the formula in Theorem 5.2 would imply
Ok - E4(P}) = Pk. We claim that E4(Pr) C PZ.

Let o € Pr, and write o = a7, + CLQTI’% + .-+, with a; € Fa. It follows
from Propositions 4.4 and 4.5 that F4(«) is a sum of terms of the form
aydyycy, where A is a partition whose parts are < 8 and p is a partition
with 4 parts such that £(X) = X(u). We are interested only in those terms
with K-valuation 1. We have vg(cy) > 2 unless A is one of {5}, {6}, or
{8}. If X = {8} then 2 | dy, for any p by Corollary 3.4. If A = {6}
and p = {1,1,1,3} then dy, = 6 by Proposition 2.4. If X = {6} and
= {1,1,2,2} then a computation based on (2.2) shows that dy, = 9. If
A= {5} and p = {1,1,1,2} then dy, = —5 by Proposition 2.4. Combining
these facts we get

Ey(a) = alast +ata3t (mod PE).
Since a1, az € Fo we have ajas+afa3 = 0. Therefore E4(a) € P%. Since this

holds for every o € Py, we get E4(Pr) C P#. This shows that Theorem 5.2
does not hold without the assumption about the size of K.

The following result shows that gn(r) = [(i; + hr)/n] does not hold
in general, even if we assume that the residue field of K is large. It also
suggests that there may not be a simple criterion for determining when

gn(r) = [(ij + hr)/n] does hold.

Proposition 5.6. Let L/K be a totally ramified extension of degree n,
with ptn. Let v € Z and 1 < h < n be such that n | hr. Set s = hr/n,
u = ged(r,n), and v = ged(h, s). Then gn(r) = [(ip + hr)/n] = s if and
only if p does not divide the binomial coefficient (%!). In particular, if u < v
then gp(r) > s.

Proof. Since L/K is tamely ramified we have v = 0, ig = 0, and
[io + h?“—‘ _ [hr—‘ _
n n
It follows from Theorem 4.6 that g5 (r) > s. If ¥/ = nt+r then s’ = hr'/n =

ht+s, u' = ged(r’,n) = u, and v = ged(h, s') = v. Hence by (4.1) it suffices
to prove the proposition in the cases with 1 < r < n.
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Suppose p does not divide (}). To prove g, (r) = s it suffices to show that
vk (ER(m})) = s. Let p be the partition of hr consisting of h copies of r.
Then Ej(n}) = My (7r), so it follows from Proposition 4.5 that

(5.9) Ep(ng) =Y dauca,
)

where the sum is over all partitions A = {\1,..., A} of hr such that \; <n
for 1 <4 < k. Let k be the partition of hr = sn consisting of s copies of
n and let A be a partition of hr whose parts are < n. Then by Proposi-
tion 4.3 (1) we have vr(dguca) > hr = sn. Furthermore, if vy, (dgucy) = hr
then by Proposition 4.3 (2) we have A = k. Hence by (5.9) we get

En(rh) = depcr  (mod P ).

By Proposition 2.6 we have dy,, = %(}!). Since p t () and vk (ck) = s it
follows that vi (Ep(n})) = s. Therefore gi(r) = s.

Suppose p divides (%}). By Proposition 4.4, each element of Ej,(P}) is an
Og-linear combination of terms of the form M, (71) where v is a partition
with h parts, all > r. Fix one such partition v and set w = 3(v); then
w > hr = sn. By Proposition 4.5 we can express M, (nz) as a sum of
terms of the form dy,cx, where A = {\1, Aa, ..., A\;} is a partition of w into
parts which are < n. By Proposition 4.3(1) we have v, (dx,cy) > w > sn.
Suppose vr,(dy,cx) = sn. Then w = sn, and by Proposition 4.3(2) we see
that A consists of k copies of n. It follows that kn = w = sn, and hence
that k& = s. Therefore A = k. Since X(v) = w = sn = hr we get v = p.
Since d, = (1) and p divides (%) we have v (dxuce) > vi(ck) = sn, a
contradiction. Hence vr,(dx,cy) > sn holds in all cases. Since dy,cy € K
we get vi (dayca) > s + 1. Tt follows that E,(P}) C Pitt, and hence that
gn(r) > s+ 1. O
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