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GLOBAL EXPONENTIAL STABILISATION FOR
THE BURGERS EQUATION WITH LOCALISED CONTROL

BY ARMEN SHIRIKYAN

ApstracT. — We consider the 1D viscous Burgers equation with a control localised in a finite
interval. It is proved that, for any € > 0, one can find a time T of order loge~! such that
any initial state can be steered to the e-neighbourhood of a given trajectory at time 7. This
property combined with an earlier result on local exact controllability shows that the Burgers
equation is globally exactly controllable to trajectories in a finite time that does not depend on
the initial conditions.

Résumit (Stabilisation exponentielle globale pour 1’équation de Burgers avec contrédle localisé)

Nous considérons ’équation de Burgers visqueuse 1D avec un contrdle localisé dans un
intervalle fini. Nous montrons que, pour tout € > 0, on peut trouver un temps 7 d’ordre
loge™?! tel que tout état initial peut étre amené dans un e-voisinage d’une trajectoire donnée
au temps T'. Cette propriété, jointe a un résultat précédent de controle local exact, montre que
I’équation de Burgers est globalement exactement contrélable vers les trajectoires en un temps
fini qui ne dépend pas des conditions initiales.
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614 A. SHIRIKYAN

0. InTrRODUCTION

Let us consider the controlled Burgers equation on the interval I = (0,1) with the
Dirichlet boundary condition:

(0.1) Opu — vO2u + udyu = h(t,z) + ((t, 2),
(0.2) u(t,0) =wu(t,1) =0.

Here u = u(t, ) is an unknown function, v > 0 is a parameter, h is a fixed function,
and (¢ is a control that is assumed to be localised in an interval [a,b] C I. As is
known, the initial-boundary value problem for (0.1) is well posed; see Proposition 2.1.
Namely, if h € L (Ry,L?(I)) and ¢ = 0, then, for any ug € L?*(I), Problem (0.1),

(0.2) has a unique solution u(t, z) that belongs to the space

2 ={u € Liy(Ry, Hy (I)) : Opu € Lio(Ry, H'(I))}
and satisfies the initial condition
(0.3) u(0,2) = uo();

see the end of this Introduction for the definition of functional spaces. Let us denote
by Z(uo, h) the mapping that takes the pair (ug, h) to the solution u(t) (with ¢ = 0).
We wish to study the problem of controllability for (0.1). This question received great
deal of attention in the last twenty years, and we now recall some achievements related
to our paper.

One of the first results was obtained by Fursikov and Imanuvilov [F195, FI96]. They
established the following two properties:

LOCAL EXACT CONTROLLABILITY. — Let Ug € HS(I) and h € L (Ry, L*(I)) be some
functions, let @ = %4 (ug, h) be the corresponding trajectory of Problem (0.1), (0.2)
with ¢ =0, and let T > 0. Then there is ¢ > 0 such that, for any ug € H}(I) satisfying
the inequality ||uo — o g1 < &, one can find a control™ ¢ € L?(Jp x I) supported in
Jr X [a,b] for which Zr(ug, h+ ) = a(T). Moreover, when T is fized, the number &
can® be chosen to be the same for all Ty and h varying in bounded subsets of the

spaces HY(I) and L*(Jr x 1), respectively.

ABSENCE OF APPROXIMATE CONTROLLABILITY. — For any ug € L*(I) and any positive
numbers T and R, one can find u € L*(I) such that, for any control ¢ € L*(Jr x I)
supported by Jr X [a,b], we have

(0.4) 1% (uo, h + ) — @l| > R.
These results were extended and developed in many works. In particular, Diaz

[Dia96] established some a priori bounds for solutions of Equation (0.1) and used
them to prove the absence of approximate controllability in various functional classes.

(DWe denote by Jr the time interval [0, T7.
(2)This property is not explicitly mentioned in [FI95]. However, it is implied by the proof, and
we discuss it in Section 1 when proving our result on exact controllability to trajectories.
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(GLOBAL EXPONENTIAL STABILISATION FOR THE BURGERS EQUATION WITH LOCALISED CONTROL 615

His results show that the global approximate controllability does not hold, even if
we allow infinite time of control. Glass and Guererro [GG07] and Léautaud [Léal2]
proved global exact boundary controllability to constant states, Coron [Cor07b]
and Fernandez-Cara—Guererro [FCGO7] established some estimates for the time and
cost of control, and Chapouly [Cha09] (see also Marbach [Mar14]) proved global exact
controllability to trajectories with two boundary and one distributed scalar controls,
provided that h = 0. Horsin [Hor08] proved the local exact controllability in the La-
grangian setting. Some non-controllability results for Equation (0.1) with h=( =0
and boundary controls are established by Guererro-Imanuvilov [GI07], who used the
Cole-Hopf transform and some qualitative properties of solutions for the heat equa-
tion. The problem of stabilisation of the viscous Burgers equations was also studied in
a number of papers. In particular, Thevenet-Buchot—Raymond [TBR10] constructed
a nonlinear feedback law stabilising the 2D problem and Kréner—Rodrigues [KR15]
studied the stabilisation to a non-stationary solution. A large number of works were
devoted to the investigation of similar questions for other, more sophisticated equa-
tions of fluid mechanics; see the books [Fur00, Cor07a] and the review paper [Corl0],
as well as the references therein. We do not discuss them here, because their methods
are not likely to apply to the class of problems we deal with.

In view of the above-mentioned controllability properties for the viscous Burgers
equation, a natural questions arises: does the ezxact controllability to trajectories hold
for arbitrary initial conditions and nonzero right-hand sides? It turns out that the
answer to this question is positive, provided that the time of control is sufficiently
large. Namely, the main result of this paper combined with the above-mentioned
property of local exact controllability to trajectories imply the following theorem.(®)

Mam~ THEOREM. Let v > 0 and [a,b] C I be fixred. Then, for any K > 0, there is
T > 0 such that the following property holds: given a function h € (H&IOLOO)(]&_ x I)
whose norm does not exceed K and arbitrary initial conditions ug, o € L*(I) one can
find a control ¢ € L?(Jr x I) supported by Jr x [a,b] such that

(05) %T(’U,Q,h—l-C) :%T(ao,h).

We emphasise that the time of control T' does not depend on the initial conditions,
so that we have global exact controllability to trajectories at a fixed time, provided
that v, [a,b], and h are fixed. To the best of my knowledge, the Main Theorem stated
above provides a first global controllability result for Burgers-type equations with no
further conditions on the data. It remains in fact valid for a much larger class of
damped—driven scalar conservation laws in higher dimension, and this question will
be addressed in a subsequent publication.

The rest of the paper is organised as follows. In Section 1, we formulate a result
on exponential stabilisation to trajectories, outline the scheme of its proof, and derive
the Main Theorem. Section 2 is devoted to some preliminaries about the Burgers

(3)See the Notation below for definition of the spaces used in the statement.
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616 A. SHIRIKYAN

equation. In Section 3, we present the details of the proof of exponential stabilisation.
Finally, the appendix gathers the proofs of some auxiliary results.

Acknowledgements. I thank the anonymous referees for careful reading of the man-
uscript, for a number of pertinent remarks that helped to improve the presentation,
and for letting me know that [Dia96] proves a non-controllability result included in
the earlier version.

Notation. — Let I =(0,1), Jp =1[0,T], Ry = [0,4+00), and Dy = (T, T+ 1) x I. We
use the following function spaces.

— LP(D) and H?®(D) are the usual Lebesgue and Sobolev spaces, endowed with
natural norms || - ||.» and || - || g, respectively. In the case p = 2 (or s = 0), we
write || - || and denote by (-, ) the corresponding scalar product.

— C7(D) denotes the space of Holder-continuous functions with exponent v € (0, 1).

— H} (D) is the space of functions f: D — R whose restriction to any bounded
open subset D’ C D belongs to H*(D').

— H§ = H§(I) is the closure in H*(I) of the space of infinitely smooth functions
with compact support, and we write V = HJ(I) N H%(I).

— Hi(Ry x I) stands for the space of functions v € H (Ry x I) satisfying the
condition

Hu||H§1 = sup ||ull g+ (py) < 00.
T>0

Very often, the context implies the domain on which a functional space is defined,
and in this case we omit it from the notation. For instance, we write L2, H®, etc.

— LP(J, X) is the space of Borel-measurable functions f : J — X (where J C R is
a closed interval and X is a separable Banach space) such that

1/p
I fllzecrx) = (/J IFON% dt) < 00.

In the case p = oo, this condition should be replaced by

£l (.x) = esssup,e 7 || f(£)][x < o0.

— H*(J, X) stands for the space of functions f € L2(J, X) such that 8/ f € L2(J, X)
for 1 < j < k, and if J is unbounded, then HF _(J, X) is the space of functions whose
restriction to any bounded interval J’ C J belongs to H*(.J', X).

- C(J,X) is the space of continuous functions f: J — X.

— Bx/(a, R) denotes the closed ball in X of radius R > 0 centred at a € X. In the

case a = 0, we write Bx(R).

1. EXPONENTIAL STABILISATION TO TRAJECTORIES

1.1. MaIN RESULT ON sTABILISATION. — Let us consider Problem (0.1), (0.2), in which
v > 0 is a fixed parameter, h(t,z) is a given function belonging to H&l N L*° on the
domain I x R, and ( is a control taking values in the space of functions in L?(I) with
support in a given interval [a,b] C I. Recall that %Z;(uo, h + ¢) stands for the value of
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(GLOBAL EXPONENTIAL STABILISATION FOR THE BURGERS EQUATION WITH LOCALISED CONTROL 617

the solution for (0.1)—(0.3) at time ¢. The following theorem is the main result of this
paper.

Tarorem 1.1. — For any K > 0 there exist positive numbers C and v such that, given
h € HYNL> with Al 1 are < K and arbitrary initial data ug, o € L3(I), one can
find a piecewise continuous control ¢ : R, — H'(I) supported in Ry x [a,b] for which

(L.1) [1: (0, ht- )~ Za(@o )1 +HIC(0) 11 < Ce™ min(luo ~To|27,1), ¢ > 1.

Moreover, the control ( regarded as a function of time may have discontinuities only
at positive integers.

Let us emphasise that the above theorem is trivial if o~ = 0: in this case, all the
solutions go to zero exponentially fast, and inequality (1.1) is valid with ¢ = 0. On the
other hand, when A is a time-independent function, and the corresponding stationary
equation has two solutions, then one does need to apply a control to one of them
to make them converge to each other exponentially fast. Furthermore, the fact that
the right-hand side of (1.1) depends on the minimum of the initial distance between
solutions and the number 1 is a manifestation of uniformity of stabilisation with
respect to initial data: if ||ug — o/ is small, then the H'-norm of the difference
between the corresponding solutions remains small and decays exponentially with
time, while for the initial data that are far from each other, the stabilisation takes
place for ¢ > 1 with a rate that is independent of them. This phenomenon is due to
the strong nonlinear dissipation of the viscous Burgers equation.

Taking Theorem 1.1 for granted, let us prove the exact controllability result stated
in the Introduction.

Proof of the Main Theorem. — We shall combine Theorem 1.1 with a version of the
Fursikov—Imanuvilov result on local exact controllability to trajectories. Namely, sup-
pose we know that there are positive functions e(p) and C(p) defined for p > 0 such
that, for any functions @p € Hg(I) and h € (H' N L>)([0, 1] x I) whose norms are no
greater than p, the following property holds: if ug € Hg(I) and ||ug — @ ||z < €(p),
then there is a control n € L?([0,1] x I) such that

(1.2) 1 (uo, h+n) = F1(uo, h),  Inll> < C(p)lluo — ol

Let us take any 1y € L*(I). In view of Proposition 1.2 and Remark 3.1 (see below),
the corresponding trajectory u(t) = % (g, h) is bounded in HZ(I) for t > 1 by a
number depending only on ||A]| g1 Az and v. Thus, we can find p > 1 such that
lmeee <o (AT <p forany T>1,

where the norms are taken on [T, T + 1] x I and I, respectively. In view of the above-
mentioned local exact controllability result applied to the interval [T, T + 1] (rather
than to [0,1]), one can find € > 0 such that, if vy € H}(I) satisfies the inequality
lvo —@(T)|| g1 < € for some T > 1, then there is a control ny € L*(Dr) supported in
[T, T + 1] x [a,b] such that v(T' 4+ 1) = u(T + 1), where v(t, z) stands for the solution
of Problem (0.1), (0.2) with ¢ = nr such that v(T) = vg. Due to (1.1), there is a
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618 A. SHIRIKYAN

number® T, > 0 such that, for any ug € L?(I), one can find a piecewise continuous
control ¢ : Jy, — H'(I) supported in Jr. x [a, b] for which

%1, (uo, h +¢) —u(Te) [ < e
Extending ¢ to [T:,T: + 1] by ¢(¢) = nr. (t), we see that (0.5) holds with T'= T, + 1.
We now discuss briefly the proof of (1.2), which follows from the argument

of [F195, §5]. Let us set # = L2(J1,V) N H(J;, L?) and seek u € % in the form
u =11+ v. Then v € % must be a solution of the problem

(1.3) O —vdov+ 0, ((U+ 2v)v) =n, v(t,0) =v(t,1) =0, v(0) = vy :=ug— Up.
Together with (1.3), let us consider the linear problem
(1.4) O —v2v+ 0y (alt,z)v) =n, v(t,0)=0v(t,1) =0, v(0)=vo.

By Theorem 4.3 in [FI95], for any function a € % there exists a linear operator
%, : H(I) — L?(Jy x I) such that the operator norm of %, is bounded by a number N
depending only on ||a||#, the solution v € # of (1.4) with n = %,vo vanishes at ¢t = 1,
and the mapping . : a — v acts continuously in ¢ and takes bounded subsets to
relatively compact ones.

Let us fix a small number r > 0 and, given vy € By (r), consider a mapping
F : By/(1) — % that takes w to v = .%(i+w). Then v is a solution of Problem (1.4)
with @ = u + %w and n = %,v9, and F is a compact mapping that satisfies the
inequality

IF@)le < Ca(l[alla) (lvollar + lInllz2) < Ca(lfalla) (1 + N([[@lla))[lvoll

It follows that F' takes the ball Bg (1) into itself, provided that r is sufficiently small.
By the Leray—Schauder theorem, F' has a fixed point v € #. The function n =
Cayv2(uo — Ug) is the required control for which (1.2) holds. This completes the
proof of the exact controllability to trajectories. |

1.2. DESCRIPTION OF THE STABILISATION SCHEME. — We now outline the main steps of
the proof of Theorem 1.1, which is given in Section 3. It is based on a comparison
principle for nonlinear parabolic equations and the Harnack inequality.

Step A. Reduction to bounded regular initial data. — We first prove that it suffices
to consider the case of H2-smooth initial conditions with norm bounded by a fixed
constant. Namely, let V := H} N H? and given a number 7' > 0, let us define the
functional space

(1.5) Xp = L*(Jp, HY) N H (Jp, H™Y).

We have the following result providing a universal bound for solutions of (0.1), (0.2)
at any positive time; see Section 3.1 for a proof.

D1t is straightforward to see from (1.1) that T < Cy loge™!, where C; > 0 depends only on v,
[a,b], and the Hll11 N L* norm of h. This fact does not play any role in the argument.
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(GLOBAL EXPONENTIAL STABILISATION FOR THE BURGERS EQUATION WITH LOCALISED CONTROL 61()

Prorosirion 1.2 Let h € (H*NL*>®)(Jr x I) for some T > 0 and let v > 0. Then
there is number R > 0, depending only on ||h||ginr~ and v, such that any solution
u € Zr of (0.1) with ¢ = 0 satisfies the inclusion u(t) € V for 0 <t < T and the
inequality

(1.6) [u(T)|| 2 < R.
We emphasise that R does not depend on the solution u. Thus, if h € HY, N L> is
fixed, then, for any initial data ug, o € L*(I), we have
[21(uo, h)|[ 2 < R, [|Z1(uo, h)|| 2 < R,

where R is the constant in Proposition 1.2 with 7' = 1. Furthermore, in view of the
contraction of the L'-norm for the difference of two solutions (cf. Proposition 2.5
below), we have
%1 (o, h) — %1 (to, )| 21 < [luo — Toll 1.

Thus, applying zero control on the interval [0,1], we bring the solutions to some
states u; and u; that belong to the ball in V' of radius R centred at zero, and the
L'-distance between them does not exceed the initial distance. Hence, to prove The-
orem 1.1, it suffices to establish the inequality in (1.1) for ¢ > 0 and any initial data
UQ,QQ S Bv(R).

Step B. Interpolation. Let us fix two initial conditions ug, g € By (R). Suppose we
have constructed a control (¢, ) supported in Ry X [a,b] such that, for all ¢ > 0,

(1.7) % (uo, b+ Q)| 2 + [|Z4(Uo, h) || 2 < Cr,
(1.8) 1% (uo, b+ ¢) — Z:(Uo, h)|| 1 < Cae™* |lug — Tol| 1,

where C1, Cs, and « are positive numbers not depending on ug, Ug, and ¢. In this
case, using the interpolation inequality (see Section 15.1 in [BIN79])

(1.9) ol < Cslloll 72 N0llye, v e HA(D),
we can write
(1.10) 1% (o, b+ C) — Ry (To, h)|| e < Cae™ " ug — o[22,

where v = 2a/5, and Cy > 0 does not depend on wug, Uy, and ¢. This implies the
required inequality for the first term on the left-hand side of (1.1). An estimate for
the second term will follow from the construction; see relations (1.16) and (1.17)
below.

Step C: Main auxiliary result. Let us take two initial data vg,up € By (R) and
consider the difference w between the corresponding solutions of Problem (0.1)—(0.3)
with ¢ = 0; that is, w = v — @, where v(t) = Z:(vo, h) and u(t) = %:(to, h). It is
straightforward to check that w satisfies the linear equation

(1.11) dw — vdow + 0, (a(t, z)w) =0,

where a = (v + @). The following proposition is the key point of our construction.
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Prorosition 1.3. Let positive numbers v, T, p, and s < 1 be fized, and let a(t, )
be a function such that

(1.12) llallcs (rrxry + [|0zall Lo (1rx 1) < p-

Then, for any closed interval I' C I, there are positive numbers € and q < 1, depending
onlyonv, T, p, s, and I', such that any solution w € X7 of Equation (1.11) satisfies
one of the inequalities

(1.13) lw(D)llzr < qllw©)l[er or [Jw(T)l[pray = € llw(0)]| 1

This result can be described informally as follows. Let us consider the difference
w = v — u between two solutions of (0.1), (0.2). Then two cases are possible: either
the L'-norm of w at time ¢t = T is at least ¢~! times smaller than at t = 0, so that the
distance between the two solutions decreases without any control, or the L'-norm of
the restriction of w(7T') to the subinterval I’ is minorised by ||w(0)||r:. In both cases,
we can modify w in the neighbourhood of I’ so that the function v = v + w is a
solution to Problem (0.1), (0.2) with a control ¢ supported by [a, b], and the L*-norm
of the difference at ¢t = T is at least ! times smaller than the initial norm, where
0 < 1 is a number. We now describe this idea in more detail.

Step D: Description of the controlled solution. — Let us fix a closed interval I’ C (a, b)
and choose two functions xg € C*°(I) and 5 € C*°(R) such that

(1.14) 0 < xo(z) < lforx eI, xo(z)=0forxel, xolx)=1forzel\]a,bl]
(1.15) 0<pB(t)<lforteR, pB(t)=0fort<i,  B(t)=1fort>1.

Let us set x(t,z) = 1 — B(t)(1 — xo(x)); see Figure 1.1. Given ug,uy € By (R),

we denote by u(t, ) the reference trajectory and define a controlled solution u(t, x)
of (0.1) consecutively on intervals [k, k + 1] with k € Z, by the following rules:

(a) if u(t) is constructed on [0,k], then we denote by v(t,x) the solution issued
from u(k) for Problem (0.1), (0.2) on [k, k + 1] with { = 0;

t I
1
x=0
05 4444444444444444444444444444444444
x=1
0 a b 1z

Ficure 1.1. The function y decreases to zero in I’
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(b) for any odd integer k € Z.., we set
(1.16) u(t,z) =v(t,z) for (t,z) € [k, k+1] x I;
(c) for any even integer k € Z, we set
(1.17)  w(t,z) =u(t,z) + x(t — k,z)(v(t,z) —u(t,z)) for (t,z) € [k, k+1] x L.

It is not difficult to check that u(t, z) is a solution of Problem (0.1), (0.2), in which ¢
is supported by R x [a, b]. Moreover, it will follow from Proposition 1.3 that, for any
even integer k > 0, we have

(1.18) Ju(k +1) = u(k + )| < 0 [lu(k) —u(k)]|Lr,

where 6 < 1 does not depend on g, ug, and k. On the other hand, the contraction of
the L'-norm between solutions of (0.1) implies that

(1.19) lu(t) —u(®)llor < lluft]) —u(t)]zr  for any ¢ >0,

where [t] stands for the largest integer not exceeding t. These two inequalities
give (1.8). The uniform bound (1.7) for the H2-norm will follow from regularity of
solutions for Problem (0.1), (0.2).

2. PRELIMINARIES ON THE BURGERS EQUATION

In this section, we establish some properties of the Burgers equation. They are
well known, and their proofs can be found in the literature in more complicated
situations. However, for the reader’s convenience, we outline some of those proofs in
the appendix to make the presentation self-contained. In this section, when talking
about Equation (0.1), we always assume that ¢ = 0.

2.1. MAXIMUM PRINCIPLE AND REGULARITY OF SOLUTIONS. — In this subsection, we dis-
cuss the well-posedness of the initial-boundary value problem for the Burgers equa-
tion. This type of results are very well known, and we only outline their proofs in the
appendix. Recall that V = H}NH?, and the space 2 was defined in the Introduction.

Prorosition 2.1. — Let ug € L*(I) and h € L{ (R4, L*(I)). Then Problem (0.1)-

loc

(0.3) has a unique solution u € Z . Moreover, the following two properties hold.
— L™ bound. If h € L2 (Ry x I) and ug € L>®(I), then u € L2 (R4 x I).

loc loc

— Regularity. If, in addition, ug € V and h € HIIOC(RJr x I), then
(21) u € LIQOC(RJF’ H3) N HI{’)C(R-H H(%) N HIQOC(RJF) H_l)'

Let us note that, if ug is only in the space L?(I), then the conclusions about the L
bound and the regularity remain valid on the half-line R, := [r, +00) for any 7 > 0.
To see this, it suffices to remark that any solution v € 2" of (0.1), (0.2) satisfies the
inclusion u(7) € H} N H? for almost every 7 > 0. For any such 7 > 0, one can apply
Proposition 2.1 to the half-line R, and conclude that the inclusions mentioned there
are true with R, replaced by R;.
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2.2. COMPARISON PRINCIPLE. The Burgers equation possesses a very strong dissipa-
tion property due to the nonlinear term. To state and prove the corresponding result,
we need the concept of sub- and super-solution for Equation (0.1) with ¢ = 0. Let us
fix T > 0 and, given an interval I’ C I, define(®

X (') = LA(Jp, HY(I')) N H (Jp, H(I')).

Dermvition 2.2, — A function v € 27 (I') is called a super-solution for (0.1) if
T

T
(2.2) /0 ((atu, )+ (Voyu — %uz,amcp)) dt > / (h, @) dt,

0
where ¢ € L*(Jp, L3(I')) N L*(Jr, H}(I')) is an arbitrary non-negative function,
and (-, -) denotes the scalar product in L?(I’). The concept of a sub-solution is defined
similarly, replacing > by <.

A proof of the following result can be found in Section 2.2 of [AL83] for a more
general problem; for the reader’s convenience, we outline it in the appendix.

Prorosition 2.3. Let h € LY(Jr,L?), and let functions u™ and u~ belonging
to Zp(I') be, respectively, super- and sub-solutions for (0.1) such that®

(2.3) ut(t,r) > u (t,x) fort=0,x €l andte[0,T)], v €I,
where the inequality holds almost everywhere. Then, for any t € Jr, we have
(2.4) ut(t,z) > u (t,x) forae xel.

We now derive an a priori estimate for solutions of (0.1), (0.2).

Cororrary 24. — Let ug € L™ and h € L™ (Jp x I) for some T > 0. Then the
solution of Problem (0.1)—(0.3) with {( = 0 satisfies the inequality

(25) (T, )2~ < C,

where C > 0 is a number continuously depending only on ||h| L~ and T.

Proof. — We follow the argument used in the proof of Lemma 9 in [Cor07b, §2.1].
Given ¢ > 0 and ug € L>(I), we set

B. =1+ |0 /2(T +€)*3, L= |uollp~.

It is a matter of a simple calculation to check that the functions

B.(B L B.(B: — L
wta) = BB DL gy BB m D3 Lo
t+e t+e

are, respectively, super- and sub-solutions for (0.1) on Jr x I such that

ul (t,x) > u(t,z) > u; (t,z) fort=0,z€landtec[0,T],zr=0o0r1.

(®)Note that, in contrast to 27, we do not require the elements of 27 (I’) to vanish on 91I'.
(6)1t is not difficult to see that the restrictions of the elements of Z7(I') to the straight lines
t = to and = = xg are well defined.
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Applying Proposition 2.3 with I’ = I, we conclude that
ul (T,z) > u(T,x) > u- (T,r) forae. x€l.
Passing to the limit as € — 0T, we arrive at (2.5) with C = T~1By(Bg + 1). O

23 (}OV']‘RACTIO\ OF THE Ll-VOR\'I OF THE DIFFERENCE OF SOLUTIONS. — It iS a Well
known fact that the resolving operator for (0.1), (0.2) regarded as a nonlinear map-
ping in the space L2(I) is locally Lipschitz. The following result shows that it is a
contraction for the norm of L!([).

Proposition 2.5. Let u,v € Z be two solutions of Equation (0.1), in which { =0
and h € L (R, L?). Then

loc
(2.6) [lu(®) —v@) |1 < |lu(s) —v(s)||r  for anyt > s> 0.

Inequality (2.6) follows from the maximum principle for linear parabolic PDE’s,
and more general results can be found in Sections 3.2 and 3.3 of [H6r97]. A simple
proof of Proposition 2.5 is given in Section 4.3.

2.4, Har~ack ingQuaLity. — Let us consider the linear homogeneous equation (1.11).
The following result is a particular case of the Harnack inequality established in [KS80,
Th. 1.1] (see also Section IV.2 in [Kry87]).

Prorosition 2.6. — Let a closed interval K C I and positive numbers v and T be
fized. Then, for any p > 0 and T' € (0,T), one can find C > 0 such that the following
property holds: if a(t, x) satisfies the inequality

(2.7) lall oo (g7 xry + [10zall Lo (1 x1) < p,

then for any non-negative solution w € L*(Jr, H>* N HY) N H'(Jr, H}) of (1.11) we
have

(2.8) sup w(T",z) < C inf w(T,x).
zeK reK

3. PROOF OF THE MAIN RESULT

In this section, we prove Theorem 1.1. Its scheme, together with some details, was
presented in Section 1, and we now establish the claims that were not proved there.

3.1. REpucTioN TO SMOOTH INITIAL DATA. — Let us prove Proposition 1.2. Fix arbi-
trary numbers T; < T in the interval (0,7). By Proposition 2.1 and the remark
following it, for any 7 > 0 we have

(3.1) uw€ L®(Jor x )NV LA(Jpp, HY N HY (T 7, HY) O H?(Jop, HY),
where J. p = [7,T]. Applying Corollary 2.4, we see that
(3:2) lu(t,)|re <C for Ty <t <T.

Furthermore, it follows from (3.1) that u(t) is a continuous function of ¢ € (0, 7] with
range in V. Thus, it remains to establish inequality (1.6) with a universal constant R.
The proof of this fact can be carried out by a standard argument based on multipliers
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technique (e.g., see the proof of Theorem 2 in [BV92, §1.6] dealing with the 2D Navier—
Stokes system). Therefore, we confine ourselves to outlining the main steps. Until the
end of this subsection, we deal with Equation (0.1) in which ¢ = 0 and denote by C;
unessential positive numbers not depending u.

Step 1: Mean H'-norm. — Taking the scalar product of (0.1) with 2u and performing
usual transformations, we derive

Oellull® + 2v]|0zul® = 2(h, u) < vl|0zull® + v |A ).

Integrating in time and using (3.2) with ¢ = T3, we obtain

T T
(3.3) / l0pu|® dt < v |u(Th)|]? + u*2/ Al dt < C.
T1 Tl
Step 2: H'-norm and mean H?-norm. — Let us take the scalar product of (0.1) with

—2(t — T1)0%u:

0, ((t — T0)||0wu])?) — Hamﬁ+nu—nmymﬁzmp43w@u—mﬁm
< 2(t = Tn) (llull L= |0z + [I12]]) |Zull-

Integrating in time and using (3.2) and (3.3), we obtain

t
(3.4) lw(®)|| e —|—/ |w(r)||32dr < Oy for T <t < T.
T
Using (0.1), we also derive the following estimate for dyu:
T
(3.5) /HWW&g@.
T
Step 3: L*-norm of the time derivative. Taking the time derivative of (0.1), we obtain

the following equation for v = dyu:
Oy — V@iv + v0zu + udyv = Oth.
Taking the scalar product with 2(¢t — T3)v, we derive
O ((t = To)[|v]*) = loll* + 2v(t — T2)||0,0||* = 2(t — T2)(dh — udyv — vOzu, v)
< 2(t = To)([0ehl] + 3llull < 10z ][} 0]l

Integrating in time and using (3.2) and (3.5), we obtain

(3.6) [o(T)]| < Ca.
Step 4: H?-norm. — We now rewrite (0.1) in the form
(3.7) v u = f(t) :=v +udyu — h

In view of (3.4) and (3.6), we have || f(T)|| < Cs. Combining this with (3.7), we arrive
at the required inequality (1.6).
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Remark 3.1. The argument given above shows that, under the hypotheses of
Proposition 1.2, if ug € By (p), then ||R;(uo, h)||g2 < R for all t > 0, where R > 0 de-
pends only on h, v, and p. Moreover, similar calculations enable one to prove that, for
any t > 0, the resolving operator %;(ug, h) regarded as a function of g is uniformly
Lipschitz continuous from any ball of L? to H?, and the corresponding Lipschitz con-
stant can be chosen to be the same for 77! < ¢t < T, where T > 1 is an arbitrary
number.

3.2. PROOF OF THE MAIN AUXILIARY RESULT. — In this subsection, we prove Proposi-
tion 1.3. In doing so, we fix parameter ¥ > 0 and do not follow the dependence of
various quantities on it.

Step 1. We begin with the case of non-negative solutions. Namely, we prove that,
given ¢ € (0,1), one can find § = §(I',T,q,p) > 0 such that, if w € 27 is a non-
negative solution of (1.11), then either the first inequality in (1.13) holds, or

(3.8) iggw(T, x) = §||lw(0)] L.

To this end, we shall need the following lemma, established at the end of this subsec-
tion.

Lemva 3.2, — Forany 0 <7 < T and p > 0, there is M > 0 such that, if w € 27
is a solution of Equation (1.11) with a function a(t,z) satisfying (1.12), then
(3.9) sup  |w(t,z)| < M||w(0)||L:.
(t,x)e[r,T|xI

In view of linearity, we can assume without loss of generality that ||w(0)| 1 = 1.
Let us choose a closed interval K C I containing I’ such that
7
2M’
where |I'| denotes the Lebesgue measure of a set I' C R, and M > 0 is the constant
in (3.9) with 7 = 27/3. By Proposition 2.1 and the remark following it, the function w
satisfies the hypotheses of Proposition 2.6. Therefore, by the Harnack inequality (2.8),

(3.10) I\ K| <

we have

(3.11) sup w(2T/3,z) < C inf w(T,x),
rzeK zeK

where C' > 0 depends only on T, K, and p. Let us set § = ¢/2C|K| and suppose

that (3.8) is not satisfied. In this case, using (3.9)—(3.11) and the contraction of the
L'-norm of solutions for (1.11) (see Remark 4.2), we derive

lw(T)||1 < [[w(2T/3)]| s :/

I~

w(2T/3,m)dx+/ w(2T/3,z) dz
K
<MIINK|+CHK|<q.

This is the first inequality in (1.13) with ||w(0)| . = 1.

JE.P.— M., 2017, tome 4



626 A. SHIRIKYAN

Step 2. We now consider the case of arbitrary solutions w € Z7, assuming again
that [Jw(0)||z: = 1. Let us denote by wg and wy the positive and negative parts of
wp := w(0), and let w and w~ be the solutions of (1.11) issued from wy and wy
respectively. Thus, we have

wozwar—wa, ||war||L1—|—Hwa||L1:1, w=w" —w".

Let us set r := |lwg |2 and assume without loss of generality that r > 1/2. In view
of the maximum principle for linear parabolic equations (see Section 2 in [Lan98,
Chap. 3]), the functions w* and w™ are non-negative, and therefore the property
established in Step 1 is true for them. If ||w™(T)| |1 < r/2, then the contraction of
the L'-norm of solutions of (1.11) implies that

lw(D)llze < lw™ (D)l + lw™ (D)l < 7/2+ (1 —7) < 3/4.

This coincides with the first inequality in (1.13) with ||w(0)|| 1 = 1.
Suppose now that ||wt(T)||z1 > r/2. Using the property of Step 1 with ¢ = 1/2,
we find d; > 0 such that

3.12 inf wh (T, z) > 6,7
(3.12) ;gQw(,w) 1

Set & = 161|I’| and assume that ||w(T)| z1(;/) < € (in the opposite case, the second
inequality in (1.13) holds), so that

lwt (M) 2y = lw™ (Tl 2y <e.
It follows that
_ _ 1)
[w™ ()|l = [lw™ (T2 1y = 1w (D) g1y — € = bar|l’| - lef’\ > e

By the L'-contraction for w™, we see that ||wy |z = 1 —r > . Repeating the
argument applied above to w™, we can prove that if

(313 = (@l < 501 -1),

then [|Jw(T)| p1 < 1—¢/2, so that the first inequality in (1.13) holds with ¢ = 1—¢/2.
Thus, it remains to consider the case when (3.13) does not hold. Applying the property
of Step 1 to w—, we find d5 > 0 such that

(3.14) in}" w (T,x) = 02(1 —1).
xzel’

Since 1/2 < r < 1 — ¢, the right-hand sides in (3.12) and (3.14) are minorised by
9 = min{$4;,ed2}. Denoting by xp the indicator function of I’, we write

(T |11 = / (T, 2) — w™ (T, z)| da
- / |(w* (T, ) — bx (2)) — (w™ (T, ) — Oxp0()| d
< /I(1L1+(T7 z) — Oxp(z)) de + /I(uf(T, z) —Oxp(z))) dz

= [w™(D)l[zr + llw™(T) ]|z — 20|1").
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In view of the L!-contraction for w™ and w~, the right-hand side of this inequality
does not exceed

lwg |l + llwg [[£r — 201 = 1 — 26| I'|.

Setting ¢ = max{3/4,1—¢/2,1—-20|I'|}, we conclude that one of the inequalities (1.13)
holds for w. Thus, to complete the proof of Proposition 1.3, it only remains to establish
Lemma 3.2.

Proofof Lemma 3.2. By the maximum principle and regularity of solutions for lin-
ear parabolic equations, it suffices to prove that

(3.15) |lw(T)||Loe(ry < Cil|w(0)|lL1(ry,

where C7 > 0 does not depend on w. To this end, along with (1.11), let us consider
the dual equation

(3.16) Orz +v0%2 4 a(t,x)0pz = 0,
supplemented with the initial condition
(3.17) z2(T,x) = zo(x).

Let us denote by G(t,z,y) the Green function of the Dirichlet problem for (3.16),
(3.17). By Theorem 16.3 in [LSUG8, Chap.IV], one can find positive numbers Cs
and C3 depending only on p, s, and T such that

|G(t,z,y)| < Co(T —t)~1/2 exp(—Cs(z —y)?/(T —t)) forz,y €I,t€[0,T).
It follows that, for zg € L?(I), the solution z € 27 of Problem (3.16), (3.17) satisfies
the inequality
(3.18) 12(0)l 2o < Callzo] 1,

where C; > 0 does not depend on zj.

Now let w € 27 be a solution of (1.11). Taking any zg € L?(I) and denoting
by z € 27 the solution of (3.16), (3.17), we write
4
dt

Integrating in time and using (3.18), we obtain

(3.19) (w(t),2(t)) = (w, z) + (w, ,z) = 0.
/QMmM=/w@wmm@m@mwmmm«mmwmwm»
I I

Taking the supremum over all zy € L? with [[2]/z1 < 1, we arrive at the required
inequality (3.15). O

3.3. COMPLETION OF THE PROOF. We need to prove inequalities (1.7) and (1.8), as
well as the piecewise continuity of ¢ : R, — H!(I) and the estimate

(3.20) IC@E N < Cre™ min(flug — @o3°,1), ¢ >0.
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Proofof (1.7). The estimate for u(t) = %;(uo, h) follows from Remark 3.1. Setting
tr = 2k, we now use induction on k > 0 to prove that u(t) = Z(ug,h + () is
bounded on [tx,tx+1] by a universal constant and that u(tx4+1) € By (R), provided
that u(tx) € By (R). Indeed, it follows from (1.17) that
sup [[u(t)llg: < C2 sup (@)= + [lv(t) ] r2),
tr <SSk e SISk

where s = 2k + 1. In view of Remark 3.1, the right-hand side of this inequality does
not exceed a constant C3(R). Furthermore, recalling (1.16) and using Remark 3.1 and
inequality (1.6) with 7" =1, we see that

sup  [Ju(®)[[gz < C3(R),  [ultpsr)|[az < R.
S St<tey1

This completes the induction step.

Proofof (1.8). — In view of (1.19), it suffices to establish (1.18) for any even integer
k > 0. It follows from (1.17), (1.15), and the definition of x that

(3.21) ulk + 1) — @k + 1)1 = /IXO(J;)w(k +1) — Ak + 1)| da.

We know that the norms of the functions v and % are bounded in L*([k, k + 1], H?)
by a constant depending only on R. Since they satisfy Equation (0.1) with ¢ = 0, we
see that 9;v and 9;u are bounded in L>([k, k + 1], L?) by a number depending on R.
By interpolation and the continuous embedding H'(I) € C'/?(I), we see that

vl 1z prayxry + NEllerz e prxn < Ca(R).

Since the difference w = v—1 satisfies Equation (1.11) with a = % (v + @), we conclude
that Proposition 1.3 is applicable to w. Thus, we have one of the inequalities (1.13).
If the first of them is true, then it follows from (3.21) that (1.18) holds with 6 = ¢. If
the second inequality is true, then using (3.21), the contraction of the L*-norm for w,
and relations (1.14), we derive

Ju(k +1) —u(k + D[ < lwlk+ Dl = lwlk + Dz gy < (1 =e)llw(0)]| L1,

and, hence, we obtain (1.18) with 6 =1 —¢.
Proof of the properties of (. — In view of (1.16), on any interval [k, k + 1] with
odd k > 0, the function u satisfies (0.1) with ¢ = 0, and the required properties

of ¢ are trivial. Let us consider the case of an even k > 0. A direct calculation show
that

C(t,x) = Opu — vO?u + udpu — h
= —(xk(1 = xp)w + 200, xk) Opw + (Oexk — vO2 XK + UOu Xk + XkwIy Xk )W,
where x(t, ) = x(t — k,z). Since x(t,x) = 1 for ¢ [a,b] and for t < %, we have
supp( C [k + %, k + 1] x [a,b]. By Proposition 2.1, v and u are V-valued continuous
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functions, whence we conclude that ¢ is continuous in time with range in H{. More-
over, since the H2?-norms of v and % are bounded by a number depending only on R,
for t € [k, k + 1] we have

(3.22) ICONar < Cs(R) g1 /2,11 () [w(t) |2 < Co(R)[[v(k) — u(k)| a2,

where Ijj41/2,5)(t) is the indicator function of the interval [k + 1/2, k], and we used
the fact that the resolving operator for the Burgers equation is uniformly Lipschitz
continuous from any ball of H} to H? for positive times; see Remark 3.1. Since
v(k) —a(k) = u(k) — u(k), it follows from (1.8) and (3.22) that (3.20) holds. This
completes the proof of Theorem 1.1.

4. APPENDIX: PROOFS OF SOME AUXILIARY ASSERTIONS

4.1. Proor or Prorosition 2.1. — The existence and uniqueness of a solution v € 2
is well known in more complicated situations; see Chapter 15 in [Tay97]. We thus
confine ourselves to outlining the proofs of the L bound and regularity.

The solution u(t,z) of (0.1), (0.2) can be regarded as the solution of the linear
parabolic equation

(4.1) Opu — v0?u + b(t, x)0pu = h(t, ),

where b € L (R4, H}) coincides with u. If b, h, and ug were regular functions, then
the classical maximum principle would imply that (see Section 2 in [Lan98, Chap. 3])

(4.2) lu(t, )| < ||uollzee +t||hll Lo, xry forall (t,2) € Ry x 1.

To deal with the general case, it suffices to approximate ug and h by smooth functions
and to pass to the (weak) limit in inequality (4.2) written for approximate solutions.
This argument shows that the inequality in (4.2) is valid almost everywhere for any
solution wu.

We now turn to the regularity of solutions. The function u € 2 is the solution of
the linear equation

opu — vo2iu = f(t,z),

where the right-hand side f = h—ud,u belongs to L (R, L?). By standard estimates
for the heat equation, we see that

(43) u € L?OC(R+7H2) n H110c<R+7L2)'

Differentiating (0.1) with respect to time and setting v = dyu, we see that v satisfies
the equations

(4.4) O — v02v + vOu + udyv = Oh,  v(0) = vy,

where vg = h(0) — ugOyup + v02up € L2. Taking the scalar product of the first
equation in (4.4) with v and carrying out some simple transformations, we conclude
that v € Z". On the other hand, it follows from (0.1) that

O*u=v+udyu—hec L (Ry, HY,
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whence we see that u € L (R4, H?). Combining this with the inclusion du € 27,
we obtain (2.1).

4.2. Proor or Prorosition 2.3. — Without loss of generality, we can assume that
t =T. Define

u=u"—u", s(z) =1A((/6)Vv0),
where 0 > 0 is a small parameter, and a Ab (aVb) denotes the minimum (respectively,
maximum) of the real numbers a and b. In view of inequality (2.2) and its analogue
for sub-solutions (in which (-, -) denotes the scalar product in L?(I’)), the function u
is non-positive almost everywhere for ¢ = 0 and satisfies the inequality

T T 1 /7
(4.5) / (Oru, ) dt + u/ (O, Opip) dt — 3 / (w, Oyp) dt < 0,
0 0 0

where w = (u™)? — (u*)?, and p € L (Jr, L*(I')) N L?(Jr, HL(I")) is an arbitrary
non-negative function. Let us take ¢(t,z) = ¥s(u(t,z)) in (4.5). It is easy to check
that

T
| @aprat= [ witum)da,
0 ’
T T
/ (Opu, Opp) dt = / |0, u|?5 (u) dz dt > 0,
0 o Jr

T T
/ <w,ax¢>dt\ / Jul b+ 0yl () e
0

/ / Vol + 4 |u| 4+ ) () da i,

where Us(2 fo ¥s(r)dr. Substituting these relations into (4.5), we derive

1
/ Us(u(T))dz < —/ lul? [u™ + u” % (u) do dt
’ 8 0 I’

2L [ vwramars 2t o
viJo I'u B TES g I T e rxny

where we used the fact that 0 < u < ¢ on the support of ¢§(u). Passing to the limit
as 6 — 01 and using the Fatou lemma, we derive

/ (u(T) v 0)dz = 0.

This inequality implies that the Lebesgue measure of the set of points x € I’ for which
u(T,z) > 0 is equal to zero. We thus obtain (2.4).

4.3. Proor or Prorosrrion 2.5. We apply an argument similar to that used in the
proof of Lemma 3.2; see Section 3.2. Let us note that the difference w =u —v € Z
satisfies the linear equation (1.11), in which a = (u 4 v). Along with (1.11), let
us consider the dual equation (3.16). The following result is a particular case of the
classical maximum principle. Its proof is given in Section IIL.2 of [Lan98] for regular
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functions a(t,z) and can be obtained by a simple approximation argument in the
general case.

Levmva 4.1, — Let a € L*(Jp,H') for some T > 0. Then, for any zy € L*(I),
Problem (3.16), (3.17) has a unique solution z € Zr. Moreover, if zy € L*(I),
then z(t) belongs to L>(I) for any t € Jp and satisfies the inequality

(4.6) 2(D)l[L < llz0llze fort € Jr.

To prove (2.6), we fix t = T and assume without loss of generality that s = 0. By
duality, it suffices to show that, for any zg € L°°(I) with norm ||zo]|L~ < 1, we have

(4.7) /Iw(T)zo dz < ||Jw(0)||L:.

Let z € 27 be the solution of (3.16), (3.17). Such solution exists in view of Lemma 4.1
and the inclusion a € L?(Jy, HZ), which is ensured by the regularity hypothesis for
and v. It follows from (1.11) and (3.16) that relation (3.19) holds. Integrating it in
time, we see that

[um)ds = [ w020 ds < w)|2:120)
I I
Using (4.6) with ¢t = 0, we arrive at the required inequality (4.7).

Remark 4.2. — We have proved in fact that if w € 27 is a solution of the linear
equation (1.11), in which the coefficient a belongs L?(Jr, H') , then |w(t)||z: <
lw(s)||pr for 0 < s <t < T.
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