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DENSITY ESTIMATE FROM BELOW IN RELATION TO
A CONJECTURE OF A. ZYGMUND ON
LIPSCHITZ DIFFERENTIATION

BY Turierry DE Pauw

ABstract. — Let G(n, m) be the Grassmannian consisting of m-dimensional vector subspaces
of R™, let Z" be the Lebesgue measure in R™, let 5™ be the m-dimensional Hausdorff measure
in R", and let a(m) = £™(B(0, 1)) be the Lebesgue measure of the Euclidean unit ball of R™.
We establish that, if A C R™ is Borel measurable and Wg : A — G(n,m) is Lipschitzian, then
H™[ANB n W 1
bmsup 2T AN B ) 0 @+ Wo()] | 1

ot a(m)rm ~ o

)

for #"-almost every © € A. In particular, it follows that A is .Z™-negligible if and only if
HA(AN (x+ Wo(z)) =0, for £™-almost every x € A.

Riésumi (Borne inférieure de densité en lien avec une conjecture de A. Zygmund sur des bases
de dérivation & variation lipschitzienne)

On désigne par G(n, m) la grassmannienne constituée des sous-espaces vectoriels de dimen-
sion m dans R™, par Z" la mesure de Lebesgue dans R", par 7™ la mesure de Hausdorff
m-dimensionnelle dans R™ et par a(m) = £™(B(0,1)) la mesure de Lebesgue de la boule
euclidienne unité de R™. Nous montrons que si A C R™ est borélien et W : A — G(n,m) est
lipschitzien, alors

Jim sup A [ANB(z,r) N (z+ Wo(x))] S 1

r—0+t a(m)rm am
pour Z"-presque tout € A. Il en résulte en particulier que A est .£™-négligeable si et seule-
ment si (AN (z+ Wo(z)) =0, pour £"-presque tout = € A.

)
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1. ForEWORD

Let .7, be the set of squares centered at z € R?. The Lebesgue density theorem
states that if f : R? — R is Lebesgue summable, then

: 2
(+) f@) = Jm o raz
diam S—07"
for #2-almost every z € R2. This consequence of the Vitali covering theorem fails
if .7, is replaced with Z,., the set of rectangles centered at x of arbitrary direction and
eccentricity. It fails even for some indicator function f = 1 4. Indeed, Nikodym [12]
defined a set A C [0,1] x [0, 1] of full measure with the following property: For every
x € A, there exists a line L(x) such that AN L(z) = {x}. In fact, Nikodym’s example
shows that the Lebesgue density theorem fails if we replace .7, with 2L, the set of
rectangles of arbitrary eccentricity, centered at x, and one side of which is parallel to
L(z). Furthermore [9, Chap. IV, Th.3.5], replacing A by a nonnegligible subset of A,
one may choose L to be continuous with respect to x. Yet, if L is constant, then
the Lebesgue density theorem with respect to Z% holds, for p-summable functions f,
1 < p < o0, by virtue of a theorem of Zygmund, though the corresponding version
of the Vitali covering theorem fails, according to an example of H. Bohr [9, Chap.IV,
Th. 1.1]. This raises the question: What regularity condition of x — L(x) guarantees
that the Lebesgue density theorem holds with respect to Z% for, say, functions that
are square summable? The following version is a conjecture reportedly [11] attributed
to Zygmund. Assume that x — L(x) is a Lipschitzian field of lines, with © € L(x),
and f : R2 = R is square summable. Is it true that
f(z) = lim fdst,
r—0+ L(z)NB(z,r)
for £2-almost every x € R2? Here, " is the 1-dimensional Hausdorff measure.

E. M. Stein raised the singular integral variant of this conjecture. Both have received
much attention from the harmonic analysis community. To the author’s knowledge,
most results recorded so far in the literature, via the maximal function approach,
assume some extra regularity property of L — namely, that L be C! together with a
hypothesis on the variation of the derivative — see, for instance, [1] and [11].

In this paper we offer a novel approach — a kind of change of variable based on
an appropriate fibration and the coarea formula. This allows for treating the case
when L is Lipschitzian, without further restriction. We obtain the following lower
density bound for indicator functions. Let x — L(x) be a Lipschitzian field of lines,
with x € L(z), and let A CR? be Lebesgue measurable. Then,

Y AN B(z,r) N L(x)) < 1

lim su > -
ot 2r )

for £?-almost every x € A. Incidentally, the following corollary — a nonparallel
version of Fubini theorem — seems to be new as well. The set A is Lebesgue negligible
if and only if (AN L(z)) =0, for £*-almost every x € R2.

Our results hold in any dimension and codimension.

JE.P.— M., 2022, tome g



ON A CONJECTURE OF A. ZYGMUND 1475

2. SKETCH OF PROOF

Let A be a subset of Euclidean space R™, n > 2, and let .£"™ be the Lebesgue
outer measure. We start by considering the following weak question: Can one tell
whether A is Lebesgue negligible from the knowledge only of its trace on each mem-
ber of some given collection of “lower dimensional” subsets I'; € R", ¢ € I. One
expects that if ANT; is “negligible in the dimension of I';”, for each i € I, then
Z"(A) = 0. Of course, a necessary condition is that the sets I'; cover almost all of A,
ie., Z"(AN ;e i) = 0. Consider, for instance, n = 2, I = R, and I'; = {t} xR,
for t € R, the collection of all vertical lines in the plane. It is not true in general
that if A C R? and ANT, is a singleton, for each ¢t € R, then #?(A) = 0. There
exist, indeed, functions f : R — R whose graph A satisfies .#2?(A) > 0 — see, e.g., [10,
Chap. 2, Th. 4] for an example due to Sierpiniski. In order to rule out such examples,
we will henceforth assume that A C R™ is Borel measurable. In that case, the theo-
rem of Fubini, together with the invariance of the Lebesgue measure under orthogonal
transformations, imply the following. Given an integer 1 < m < n—1, if (T';);ey is the
collection of all m-dimensional affine subspaces of R™ of some fixed direction, and if
HM(ANT;) = 0foralli € I, then £™(A) = 0. Here, 7™ denotes the m-dimensional
Hausdorff measure. A special feature of this collection (T';);cy is that it partitions R™,
its members being the level sets f~1{y}, y € R*~™, of a “nice map” f : R" — R"™™,
indeed, an orthogonal projection. This is an occurrence of the following more general
situation when f and its leaves f~!{y} are allowed to be nonlinear. The coarea for-
mula due to Federer [7] asserts that if f : R™ — R™~ " is Lipschitzian and A C R" is
Borel measurable, then

/A Jf@)dgm@) = [ (AN YY) dgr ().

Rn—m
Thus, if the Jacobian coarea factor J f is positive, Z™-almost everywhere in A, then
the collection ( f *l{y})y crn—m 18 suitable for detecting whether or not A is Lebesgue
null. At Z"-almost all x € R™, the map f is differentiable, by virtue of Rademacher’s
theorem, and

Jf(z) = V/|det (Df(z) o Df(2)*)| = [An-mDf ()],

see [5, Chap. 3, §4] and [8, 3.2.1 & 3.2.11].

In this paper, we focus on the case when I';, i € I, are affine subspaces of R™, but
not necessarily members of a partition of the ambient space. Specifically, we assume
that with each x € R™ is associated an m-dimensional affine subspace W (x) of R"
containing x. Given a Borel set A C R™, the question whether

(1) If " (ANW(x)) =0, for all x € A, then L"(A) =0,

has a negative answer, in view of Nikodym’s set A C R? evoked in the previous
section. Indeed, corresponding to this set A, there exists a field of lines z — W (z)
such that ANW (z) = {z}, for all x € A. In this context, a selection theorem due to
von Neumann implies that (possibly considering a smaller, non Lebesgue null, Borel

JIEP. — M., 2022, tome g



1476 Ti. De Pauw

subset of A) the correspondence z — W (x) can be chosen to be Borel measurable
(see 3.19) and, in turn, it can be chosen to be continuous, according to Lusin’s theorem.
Nonetheless, when W is Lipschitzian, the situation improves, as illustrated in our
theorem below; G(n,m) is the Grassmannian manifold consisting of m-dimensional
vector subspaces of R™.

TueorEM. — Assume Wy @ R™ — G(n,m) is Lipschitzian and A C R™ is Borel
measurable. The following are equivalent.

(A) Z™(A) =0.

(B) For £™ almost every x € A, ™ (AN (x + Wo(z))) =0.

(C) For £L™ almost every x € R™, 7™ (AN (x + Wy(x))) =0.

As should be apparent from the discussion above, one difficulty stands with the
fact that the affine m-planes W (x) = x+ W (z) may not be disjointed. Nevertheless,
they locally are, in the following sense. Given xy € A there exist a neighborhood U
of xg and Lipschitzian maps wi,...,w,, : U = R"™ so that wi(z),...,w,;,(x) is an
orthonormal frame spanning W(x), for z € U, and the map

m
O: (Ve NU) X R™ — R (6,8) — £+ D taw;(€)
i=1
is a lipeomorphism of a neighborhood of xy onto its image — here, V,, = 29 + V and
V € G(n,n —m) is close to Wq(xg)*. This, and applications of Fubini’s theorem,
yield (B) = (A) in the theorem above (see 8.2).

However, we aim at obtaining a quantitative version of this result, that the change
of variable just described does not seem to provide. A natural route is to reduce the
problem to applying the coarea formula, by spreading out the W (x)’s in a disjointed
way, in a higher dimensional space — i.e., adding a variable u € W (x) to the given
x € R™ and considering W (z) as a fiber above the base space R™. We thus define

Y=R"xR"N{(z,u) :z € Fand u e W(x)},

where E C R"™ is Borel measurable. This set is (n + m)-rectifiable, owing to the
Lipschitz continuity of W. It is convenient to assume that Z"(FE) < oo, so that

) op(B) = /E AM(B AW (2)) dL (),

B C R", is a locally finite Borel measure 3.16. Now, ¥ was precisely set up so that,
for each x € F,

AT(E AT (B) Ny a)) = A™(B AW (),

where m; and 75 denote the projections of R™ xR™ to the x and u variable, respectively.
Abbreviating Y5 = £ N m, ' (B), the coarea formula yields

3) ou(B) = | Jsmdwmtm,
XB

JE.P.— M., 2022, tome g



ON A CONJECTURE OF A. ZYGMUND 1477

A simple calculation 5.4 shows that Jgme > 0, ST almost everywhere on Xp.
Since also
(4) Jamod AT = / A (Sp Ny H{u}) dL (u),

pops B
the implication (A) = (C) above should now be clear: Letting B = A and E =
B(0, R), one infers from hypothesis (A) and (4) that "™ (Xg5) = 0, whence,
¢B(0,r)(A) =0, by (3), and, in turn, conclusion (C) ensues from (2).

In order to establish that (B) = (A) by using this new change of variable, we need
to observe 5.2 that Jym > 0, 2" ™-almost everywhere, and, ideally, to show that
A™ (SpNmy 1{u}) > 0, for almost every u € B. This last part involves some dif-
ficulty. To understand this, we let m = n — 1, in order to keep the notations short.
Now u € W (z) iff u —x € Wo(z) iff (vo(x),r —u) = 0, where vo(z) € Wo(z)* is,
say, a unit vector. Abbreviating g, (z) = (vo(z),z — u), we infer that

A" (Sp Ny H{u}) = A" (BN g, {0}).

The problem remains that two of the nonlinear m-sets ENg; {0} and ENg;,' {0} may
intersect, thereby preventing another application of the coarea formula when looking
out for their lower bound. Yet, we already know that

quE(B):/BQ”EWLL?"7

where ZrW is a Radon-Nikodym derivative (see 5.6) and also that (ZzW)(u) is
comparable to 7™ (E N g, '{0}) (see 5.8). Adding an extra variable y to the fibered
space X, 5.10, we improve on this by showing that

1
(ZeW)(u) = n(n,m)liminf ¢ = 22 (ENg; H{y}) dL (y) = n(n,m)(ZeW)(u),
—j-

where the last equality defines W, and n(n,m) > 0 is a lower bound for the coarea
Jacobian factor of the restriction to the fibered space of the projection (z,u,y) —
(z,y) (see 5.12 and 5.16). We are reduced to showing that W > 0, almost every-
where. The reason why this holds is the following. Fix a Borel set Z C R", x5 € R™
and r > 0. Let Cw (zo,7) be the cylindrical box consisting of those z € R™ such
that | Py, (z0)(® — x0)| < 7 and [Py, (42 (@ — x0)| < 7. We want to find a lower
bound for

/ (Varr (oo (1) L7 (1),
ZﬁCW(ZE[),T‘)
To this end, we fix 2 € Wy(xg) N B(0,r) and we let

V. =R"N{xg+ 2+ svp(xg) : —r < s<r}

denote the corresponding vertical line segment. According to Fubini’s theorem we are
reduced to estimating

/ (@chw(a%,r)) (U) dﬁfl ('LL)

z

JIEP. — M., 2022, tome g



1478 Ti. DE Pauw

By virtue of Vitali’s covering theorem, we can find a disjointed family of line segments

I, 15, ..., covering almost all V,, such that the above integral nearly equals
S I A7 (20 a1 o)) 420
k k

Vgu, (x)| dZL" (z) = Z™(Z 0 Cw (x0,7)),

k n/;ﬁCW(Ioﬂ‘)ﬁgu,:(Ik)

where the first near equality follows from the coarea formula, and the second one
because |Vg,, | = 1 at small scales (see 3.12) and the “nonlinear horizontal stripes”
g;kl (I;) are nearly pairwise disjoint. Verification of these claims takes up sections 6
and 7. Now, we reach a contradiction if Z = R" N {# W = 0} is assumed to have
ZL"(Z) > 0, and z¢ is a point of density of Z.

Along this path, we have, in fact, achieved a quantitative version of these observa-
tions. Indeed, assuming that

Jimn sup A (AN B(x,r) N W(x)) - n(n,m)7
0t a(m)rm 2m

for ™ positively many z € A, we start by choosing £ C A with the same property,

whose diameter is small enough for the various estimates above to hold, and we refer

to Egoroff’s theorem to select € > 0 so that the set

(AN B(x,r) N W (x n,m
ANBEOWE) () _ )7l y

24¢e)m

has positive .£" measure. Thus, for 0 < £ < ¢, there exists xg € Z and there exists

r > 0 as small as we please so that

(1 — é\)gn(CW(Qio, T)

Z=FEnN {lim sup
S a(m)rm

%, w
<2"(ZNCwlan ) S [ s ggna)
ZNCw (zo,r) a(m)rm

< 1 / H"(Z N Cw(xg,m) N W (x)) 42" ()

n(nvm) ZNCw (zo,r) a(m)rm
< 1 / H(Z N B(x,2r 4+ o(r)) N W(x)) 42 (z)

n(n7m) ZﬁCW(IU,T) a(m)rm

i n(n, m)

< 1—e)—"—d%"(z) < (1 -Ce)ZL"(Cwl(zg,7)),
S /mwm,r)( o 27 (@) < (1= C2).2"(Cw (a0.1)

where the symbol < means that we loose a multiplicative factor A > 1 as close as we
wish to 1, according to the scale r. The above contradiction proves our main result 8.4,
namely,

Tueorem. — Assume Wy @ R™ — G(n,m) is Lipschitzian and A C R™ is Borel
measurable. Abbreviating W (xz) = x + Wo(z), it follows that
HM(ANB(z,r)NW
lim sup ( (,7) (x)) > !

e a(m)r Z o

for L™ -almost every x € A.

JE.P.— M., 2022, tome g
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3. PRELIMINARIES

3.1. — In this paper, 1 < m < n — 1 are integers. The ambient space is R™. The
canonical inner product of z,2’ € R™ is denoted (z,z’) and the corresponding Eu-
clidean norm of z is |z|. If S C R"™, we let Z(S) be the o-algebra of Borel measurable
subsets of S.

3.2. HAUSDORFF MEASURE. We let Z™ be the Lebesgue outer measure in R™ and
a(n) = Z"(B(0,1)). For S C R, we abbreviate ("™(S) = a(m)2~"(diam S)™.
Given 0 < § < oo, we call §-cover of A C R™ a finite or countably infinite family
(Sj)jes of subsets of R™ such that A C [J,.; S; and diam S; < 4, for every j € J.
We define

A (A) = inf {zjeJ C™(S;) : (S;)jes is a d-cover of A}

and S (A) = lims_,o+ 5" (A) = supsso 5" (A). Thus, ™ is the m-dimensional
Hausdorff outer measure in R"™.

(1) If (Kg)r is a sequence of nonempty compact subsets of R™ converging in Haus-
dorff distance to K, then J22(K) > limsup,, A7 (K}).

Given e > 0, choose an oo-cover (S;)jen of K such that 7' (K) +¢ 2> >, (™ (5)).
Since lim, o+ "™ (U(S;,7)) = (™ (S;), for each j € N, we can choose an open set U;
containing S; such that (" (U;) < €277 + ¢™(S;). Since U = |J; U; is open, there
exists a positive integer kg such that K C U, whenever k > ky. Thus, in that case
(Uj); is an oo-cover of Ky and, therefore, 7.7 (Ky) < >, (™(U;) < 2e + A (K).
Take the limit superior of the left hand side, as k — oo, and then let ¢ — 0.

(2) For all ACR™, one has L™(A) = #™(A) = 2 (A).

It suffices to note that ™ (A) > #(A) > L™(A) > #™(A). The first inequal-
ity is trivial; the second one follows from the isodiametric inequality [8, 2.10.33]; the
last one is a consequence of the Vitali covering theorem [5, Chap. 2, §2, Th. 2].

(3) If W C R" is an m-dimensional affine subspace and A C W, then ™ (A) =
S (A).

Let $ denote the m-dimensional Hausdorff outer measure in the metric space W.
In other words,

HT(A) = inf{ZjeJ ¢"™(S;) : (Sj)jes is a 6- cover of A and S; C W, for all j € J}7

and $™(A) = sups.oHF(A). It is elementary to observe that H™(A) = ™ (A)
and that 97 (A) = 227 (A). Now, if f: W — R™ is an isometry, then J#™(A) =
HT(A) = H#™(f(A)) = H7(f(A) = HT(A) = A7 (A), where the third equality
follows from claim (2) above.

JIEP. — M., 2022, tome g



1480 Tu. De Pauw

3.3. COAREA FORMULA. We recall two versions of the coarea formula. First, if A C R"
is Z"-measurable and f: A — R"™™ is Lipschitzian, then

R*™™ — [0,00]:  y+— A" (AN fﬁl{y})
is L™~ "™- measurable and
[ ar@azra = [ man i dzn ),
Here, the coarea Jacobian factor is well-defined .#"-almost everywhere, according to
Rademacher’s theorem, and equals

Jf(x) = \/|det (Df(z) o Df()*)| = [ An-mDf()];
see, for instance, [5, Chap. 3, §4].
Secondly, if A C RP is s##"-measurable and countably (5", n)-rectifiable and if
f: A — R™™ is Lipschitzian, then R*™™ — [0,00] : y +— ™ (Aﬁf’l{y}) is
LM -measurable and

/A Taf(@)dam@) = [ ATAN ) d2m ().

Rn—m

In order to state a formula for the coarea Jacobian factor Ja f(z) of f relative to A,
we consider a point x € A, where A admits an approximate n-dimensional tangent
space T, A and f is differentiable at x along A. Letting L : T, A — R™~" denote the
derivative of f at z, we have

Jaf(x) = +/|det (Lo L*)| = [|An—mLl};

see, for instance, [8, 3.2.22].
In both cases, it is useful to recall the following. If L : V' — V' is a linear map
between two inner product spaces V' and V', then

() [ARLl| = sup{(AxL, &) : £ € AV and [¢] = 1}.
On the one hand, ||AyL|| < ||L||*¥ [8, 1.7.6] and ||L|| < Lip f, with L as above. On the
other hand, if vy,...,v; are linearly independent vectors of V', then
|[L(v1) A+ A L(vg)|
(6) IARLl > :
[v1 A A g

Finally, we observe that both coarea formulas hold true when f is merely locally
Lipschitzian, according to the monotone convergence theorem.

3.4. GRASSMANNIAN. We let G(n,m) be the set whose members are the m-
dimensional vector subspaces of R”. With W € G(n, m), we associate Py : R" — R",
the orthogonal projection on W. We give G(n, m) the structure of a compact metric
space by letting d(Wyi,Ws2) = ||[Pw, — Pw,||, where || - || is the operator norm.
If W € G(n,m), then Wt € G(n,n — m) satisfies Py + Py1 = idgn, therefore,
G(n,m) = G(n,n —m) : W + W+ is an isometry. The bijective correspondence
¢ : G(n,m) - Hom(R",R") : W — Py identifies G(n, m) with the submanifold

M, m = Hom(R",R")N{L:LoL =L, L* =L, and trace L = m}.

JE.P.— M., 2022, tome g



ON A CONJECTURE OF A. ZYGMUND 1481

There exists an open neighborhood V' of M,, ,,, in Hom(R",R™) and a Lipschitzian
retraction p : V. — M, ,,, according, for instance, to [8, 3.1.20]. Therefore, if S C R"
and Wy : S — G(n,m) is Lipschitzian, then there exist an open neighborhood U
of S in R™ and a Lipschitzian extension ﬁ\/o : U — G(n,m) of Wy. Indeed, p o Wy
admits a Lipschitzian extension Y : R” — Hom(R",R"™) — see, e.g., [8, 2.10.43] — and
it suffices to let U = Y ~1(V) and Wo = po (Y|y).

3.5. OrTHONORMAL FRAMES. — We let V(n,m) be the set of orthonormal m-frames
in R, i.e.,
V(n,m) = R™")™ N {(w1,...,wy): the family wy,...,w,, is orthonormal}.

We will consider it as a metric space, with its structure inherited from (R™)™.

3.6. Let ¥ C G(n,m) be a nonempty closed set such that diam ¥ < 1. There exists
a Lipschitzian map E : ¥ — V(n,m) such that W = span{=(W),...,E, (W)}, for
every W € V.

Proof. Pick arbitrarily Wy € ¥. If W € ¥, then the map Wy — W : w
Py (w) is bijective: If w € Wy ~ {0}, then | Py (w) — w| = |Pw (w) — Py, (w)| < |w|,
thus, Py (w) # 0. Letting w,...,w,, be an arbitrary basis of Wy, it follows that,
for each W € ¥, the vectors w;(W) = Pw(w;), i = 1,...,m, constitute a basis
of W. Furthermore, the maps w; : ¥ — R™ are Lipschitzian: |w;(W) — w;(W')| =
| Pw (w;) — Py (w;)| < d(W, W’)|w;|. We apply the Gram-Schmidt process:
w1 (W) = wi (W)

i—1
and @Z(W) = U)Z(W) - <wl(W),EJ(W)>E](W), 1= 27 e,y
1

J
so that wy(W),...,w,, (W) is readily an orthogonal basis of W depending upon W
in a Lipschitzian way. Since each |w;| is bounded away from zero on ¥/, the formula
2 (W) = [w;(W)| ' w;(W), i =1,...,m, defines Z with the required property. [

-

3.7. — There exists a Borel measurable map = : G(n,m) — V(n, m) with the property
that W = span{Z (W), ..., E,, (W)}, for every W € G(n,m).

Proof. — Since G(n,m) is compact, it can partitioned into finitely many Borel mea-
surable sets ¥7,..., 7, each having diameter bounded by 1/2. Define =, piecewise,
to coincide on ¥; with Z; associated to Clos ¥} in 3.6, j =1,...,J. O

3.8. Assume S CR", xg € S, and Wy : S — G(n,m) is Lipschitzian. There exist
an open neighborhood U of xg in R™ and Lipschitzian maps w1, ..., Wy, V1,..., Vp_m:
U — R™ with the following properties.

(1) For every x € U, the family wy(z),. .., wn(x),v1(z),. .., Vh_m(x) is an ortho-
normal basis of R™.

(2) For every x € SNU, one has

Wo(x) = span{w, (z),...,w, ()} and Wolz)t = span{vi(z),...,vn_m(z)}.
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Proof. We let ‘//‘\/0 LU — G(n,m) be a Lipschitzian extension of W, where U
is an open neighborhood of S in R™ (recall 3.4). Abbreviate Wy := W(zg). Define
¥V = G(n,m) N{W : d(W,Wy) < 1/4} and U = Un Wo_l(”//). Apply 3.6 to Clos ¥
and denote by = the resulting Lipschitzian map ¥ — (R")™. Next, define ¥+ =
G(n,n—m)N {VVL W e 7/}, apply 3.6 to Clos 71, and denote by = the resulting
Lipschitzian map 7+ — (R™)"~™. Letting w;(z) = (Z; o f}[\/o)(x), t=1,...,m, and
vi(z) = (5 o Wo)(z), i = 1,...,n — m, completes the proof. O

3.9. — Assume Wy : R™ — G(n,m) is Borel measurable. There exist Borel measur-
able maps w1y, ..., Wy, V1,...,Vp_m : R = R™ with the following properties.

(1) For every x €R™, the family wi(x), ..., wn(z),v1(2),..., Vo_m(z) is an ortho-
normal basis of R™.
(2) For every x € R™, one has

Wo(x) = span{w, (z),...,w,(x)} and Wo(z)t = span{vi(z),...,vn_m(z)}.

Proof. — Choose Z : G(n,m) — V(n,m) and Z+ : G(n,n — m) — V(n,n —m) as
in 3.7. Letting

(w1 (2),...,wn(z) = (EcWy)(z) and (vi(z),...,Vn_m(x)) = (E o W§)(z),
for x € R™, completes the proof. O
3.10. Derinition or W (x). — The typical situation that arises in the remaining part
of this paper is that we are given a set S C R", a Lipschitzian map Wy : S — G(n, m),
and zo € S. We will represent W(z) and W () in a neighborhood U of z as in 3.8.
We will then further reduce the size of U several times, in order that various conditions

be met. With no exception, we will denote as W (z) = x + W(z) the affine subspace
containing z, of direction W (z), whenever W (x) is defined.

3.11. DEFINITION OF Gy, . v, _,. .u AND LOWER BOUND OF ITS COAREA FACTOR
Given an open set U C R", a Lipschitzian map v : U — R", and u € R", we define
gvu : U = R by the formula

Gou(x) = (v(z), z — u).

Clearly, gy, is locally Lipschitzian. If v is differentiable at € U, then so is gy, and,
for every h € R", one has

(7) Dgou()(h) = (Vgo,u(x),h) = (Dv(z)(h), 2 — u) + (v(z), h).

Next, we assume that we are given Lipschitzian maps vi,...,Vn_m : U — R™.
We define gy, ,....v,,_n,u : U — R"™™ by the formula

gvl)“wvnf'nuu(x) = (g'l/’hu(m)? tet 7gvn77n7u(m))'

It is locally Lipschitzian as well. The relevance of g, ,... »,,_,.,u stems from the following
observation, assuming that vq,...,v,_,, are associated with W and W as in 3.8
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and 3.10:
ueW(z) < u—zec Wy(z)
< (vi(z),u—z)=0,foralli=1,...,n—m

(8) _
= Jorvnmu(®) =0
= zecg,' . {0}
In fact, |go,,....on (@) = |[Pwy @) (z — u)].

Abbreviate g = gu,.... v, _m,u- If each v; is differentiable at x € U, and h € R",
then

h) = i Dgo, u(z)(h)es,
=1

where, here and elsewhere, eq,...,¢e,_,, denotes the canonical basis of R™”~™. Thus,
if v1(z),...,vp_m(z) constitute an orthonormal family in R™, then

ngi,u(x)(vj(x)) = 5i7j + 6i,j(x’u)a

where

9) lei.j (2, )| = [(Dvi(z)(v;(2)), # — w)| < (Lip ;) [& — ul,

according to (7), and, in turn,

Dyg(x Z (035 +eij(x,u))e;.
i=1
This allows for a lower bound of the coarea factor of g at x as follows.
[An-mDg(z)[| = IDg( J(wi(z)) A+ A Dg(x)(Vn—m(2))]
j( i1+ i (@) e) Ao A (S0 Ginom + Einom(@,w) )

et (6;; + €i,5(z,u)),

2,j:1,...,nfm"

In view of (9), we obtain the next lemma.

3.12. — Given A >0 and 0 < e < 1, there exists §3.12(n, A, €) > 0 with the following
property. Assume that

(1) U CR"™ is open and u € R™;

(2) v1,...,Vy—m : U = R™ are Lipschitzian;

(3) vi(x), ..., V—m(x) is an orthonormal family, for every x € U.
If

(4) Lipv; <A, for eachi=1,...,n—m;

(5) diam (U U {u}) < d3.12(n, A, ¢);
then

JGor, v u(T) 21—,

at L™ -almost every x € U.

JIEP. — M., 2022, tome g



1484 T, DE Pauw

3.13. DEFINITION OF Ty, AND ITS RELATION WITH Guy, v, .0 - With u € R™, we asso-
ciate

Ty 2 V(n,n —m) x R" — R*™™
(517"‘7£n7max) — (<£1,x_u>7"'a<£n7m7x_u>)'

When (&1,...,&—m) € V(n,n —m) is fixed, we also abbreviate as m¢, . ¢, . . the
map R" — R"~" defined by 7, ¢, ,..u(®) = T (&, ..., &nm, ). It is then rather
useful to observe that, in the context described in 3.8 and 3.10, the following holds:

(10) T (@)oo () 1 L9000 (X) } = W ().
Indeed,
heW(z) < h—xz€ Wy(z)
— (vi(z),h—z)=0,foralli=1,...,n—m
— (vi(x),h—u) = (vi(z),xr—u),foralli=1,....n—m
= Ty (@)vnm (@) (B) = Gor vy u(T)-
In the sequel, we will sometimes abbreviate £ = (£1,...,&n—m) € V(n,n —m). It also

helps to notice that, for given £ € V(n,n —m) and y € R"™™ the set ng{y} is an
m-~dimensional affine subspace of R™.

3.14. If Be A(R"™) and u € R", then
hg :V(n,n—m) x R*"™™ — [0,00] :  (§,y) — %ﬂm(B ﬂﬂ';i{y})
is Borel measurable.

Proof. We start by showing that, when B is compact, hp is upper semicontinuous.
Thus, if ((&k,yx))k is a sequence in V(n,n — m) x R*™"™ that converges to (§,y),
we ought to show that
(11) A (K) > limsup A2 (K,
k

where K = BN ﬂg_i{y} and K, = BN w;clu{yk} This is indeed equivalent to the
same inequality with 27 replaced by ™, according to 3.2(3) and the last sentence
of 3.13. Considering, if necessary, a subsequence of (K} ) we may assume that none of
the compact sets K}, is empty and that the limit superior in (11) is a limit. Since the
set of nonempty compact subsets of the compact set B, equipped with the Hausdorff
metric, is compact, the sequence (K} )i admits a subsequence (denoted the same way)
converging to a compact set L C B. Given z € L, there are z; € K} converging to z.
Thus, 7,(£,2) = limg 7, (&k, 2) = limg yx = y. In other words, z € K. Therefore,
H(K) = 27 (L), so that (11) follows from 3.2(1).

Next, we fix 7 > 0 and we abbreviate

o = B(R")N{B : hpnp(o,r) is Borel measurable}.

Thus, we have just shown that &/ contains the collection .# (R™) of all closed subsets
of R™. Observe that if (B;); is an nondecreasing sequence in & and B = |J; B;, then
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hpnB(o,r) = lim; hp,nB(0,r) Pointwise, thus, B € &/. In particular, R" € <. Further-
more, if B, B’ € & and B’ C B, then hg._g = hg—hps, because all measures involved
are finite; indeed, hpnp(o,r)(§,y) < a(m)r™, for all (§,y). Accordingly, B\ B' € /.
This means that o/ is a Dynkin class. Since .#(R") is a m-system, 2/ contains the
o-algebra generated by % (R"), i.e., Z(R") [3, Th.1.6.2]. Finally, if B € #(R"), then
hp = lim; hpnp(o,;) pointwise, whence hp is Borel measurable. O

3.15. Assume B € B(R"™) and Wy : R"® — G(n,m) is Borel measurable. The
following function is Borel measurable.

R" — [0,00] : xz+—— " (BNW(x)).

Proof. Let hw, g denote this function. Let v1,...,vp—pm : R — R™ be Borel
measurable maps associated with W in 3.9. Fix u € R™ arbitrarily. Define

T:R" —V(n,n—m)xR"™™: z+— ('Ul(a:), e U (), gvl(@7”.)1,,”77”(1))”(x))
and notice that

hw.p=hpoT
(where hp is the function associated with B and w in 3.14), according to (10). One
notes that Y is Borel measurable; whence, the conclusion ensues from 3.14. O

3.16. DerFiNiTION OF 0 w. — Let Wy : R® — G(n,m) be Borel measurable and
E € #(R"™) be such that £"(FE) < co. For each B € #B(R"), we define

b (B) = /E H(BOW (2)) dL (x).

This is well-defined, according to 3.15. It is easy to check that ¢ w is a locally finite
— hence, o-finite — Borel measure on R”; indeed, ¢ 5 w(B) < a(m)(diam B)™.£"(E).

To close this section, we discuss the relevance of ¢ w to the problem of existence
of “nearly Nikodym sets”.

3.17. DeriNrrioN oF NEARLY NikopYum ser. — Let E € B(R™). We say that B € #(F)
is nearly m-Nikodym in E if

(1) 2"(B) > 0,

(2) For Z"-almost each « € E, there is W € G(n, m) such that

™ (BN (x4 W) =0.

In case n = 2, m = 1, and E = [0,1] x [0,1], the existence of such a B (with
Z?(B) = 1) was established by Nikodym [12], see also [9, Chap.8]. For arbitrary
n > 2 and m = n — 1, the existence of such a B was established by Falconer [6].
In fact, in both cases, these authors established the stronger condition that, for every
x € B, #™(BN(x+W)) =0 can be replaced by BN (x + W) = {z}. Thus, in case
1 < m < n—1,letting B be a set exhibited by Falconer, if x € B and W C G(n,n—1)
is such that BN(x+W) = {z}, then picking arbitrarily V' € G(n, m) such that V.C W,
we see that BN (z + V) = {z}. Whence, B is also nearly m-Nikodym in B.
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Assuming that Wy : E — G(n,m) is Borel measurable, we say that B € #(F) is
nearly m-Nikodym in E relative to W if

(1) £™(B) > 0;
(2) For .Z™-almost each « € E, one has 7™ (BN W (z)) = 0.

3.18. — Let E € B(R™) have finite L™ measure and Wy : R" — G(n, m) be Borel
measurable. The following are equivalent.

(1) L7 m(E) is absolutely continuous with respect to ¢ w|zk)-
(2) There does not exist a nearly m-Nikodgm set in E relative to W.

Proof. — Aset B € B(F) such that ¢ w(B) = 0and .£"(B) > 0 is, by definition, a
nearly m-Nikodym set relative to W. Condition (1) is equivalent to their nonexistence.
O

3.19. — Assume that E € B(R™) and that B € B(FE) is nearly m-Nikodgm. The fol-
lowing hold.

(1) There exists Wy : R" — G(n,m) Borel measurable such that B is nearly
m-Nikodym in E relative to W.

(2) There exists C C B compact and W : R* — G(n, m) continuous such that C
is nearly m-Nikodiym in C relative to W.

Recall our convention that W (x) = x + Wo(z).
Proof. — Define a Borel measurable map € : G(n,m) — V(n,n —m) by &W) =
E (W), where 2 : G(n,n—m) = V(n,n—m) is as in 3.7. Choose arbitrarily u € R"
and define a Borel measurable map
T:ExG(n,m)— V(n,n—m)xR*"™™
(I7 W) — (E(W)v <€1(W)7I - U>, DR <€n—m(W)7$ - u>)
Similarly to (10), observe that

z+W = ﬁg(%,vm ((él(W),x —u), ..y (& m (W), — u))},
for every (z, W) € E x G(n,m). We infer from 3.14 that
hpoY:E x G(n,m) — [0,00]: (z,W)+— ™ (BN (z+W))
is Borel measurable. Thus, the set
E=ExGn,m)Nn{(z,W): ™ (BN (x+W))=0}
is Borel measurable as well. The set N = ENn{z : & = @} is coanalytic and
Z"(N) = 0, by assumption. By virtue of von Neumann’s selection theorem [13,

5.5.3], there exists a universally measurable map W/O : E~ N — G(n,m) such that
W(z) € &, for every z € EX N, ie., #™(BN(x+Wy(z)))= 0. We extend W, to

be an arbitrary constant on N U (R™ \ E). This makes W, an Z"-measurable map
defined on R™. Therefore, it is equal .Z"-almost everywhere to a Borel measurable

map Wy : R” — G(n, m). This proves (1).
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In order to prove (2), we recall 3.4, specifically, the retraction p: V. — M,, ,, and
the homeomorphic identification ¢ : G(n,m) — My, . Owing to the compactness of
M, m, there are finitely many open balls U;, j = 1,.. ., J, whose closures are contained
in V and whose union contains M, ,,. Since .£"(B) > 0, there exists j € {1,...,J}
such that £ (BN E;) > 0, where E; = (po W) " (U;). Tt follows from Lusm ]
theorem [8, 2.5.3] that there exists a compact set C C BN Ej; such that Z"(C) > 0
and the restriction Wy|¢ is continuous. The map ¢ o Wy|c takes its values in the
closed ball Clos Uj, therefore, it admits a continuous extension Y; : R” — ClosU; C V.
Letting W = ¢! 0 po Yy completes the proof. O

4. COMMON SETTING

4.1. SETTING FOR THE NEXT THREE SECTIONS. — In the next three sections, we shall
assume the following.
(1) E CR" is Borel measurable and .Z"(F) < co.
(2) U CR"isopen and E CU.
(3) B C R™ is Borel measurable.
(4) Wy : U — G(n,m) is Lipschitzian.
(5) W(z) =2z + Wy(x), for each z € U.
(6) A > 0.
(7) wy,. :U = R" and Lipw; <A, i=1,.
(8) v1,.. ., Vpm U—>R"andLlpvzéA,z—l,...,n—m.
(9) O(x) = span{wi (), ..., w,(x)}, for every z € U.
(10) Wo(2)* = span{v1(z),...,0n_m(z)}, for every x € U.
(11) wy(x),. .., wn(x),v1(2),...,Vh_m(z) constitute an orthonormal basis of R",
for every = € U.

5. Two FIBRATIONS
5.1. A FIBERED SPACE ASSOCIATED WiTH E, B, w1, ..., w,,. — We define
m
F:EXR™ —R"XR": (1,t1,...,tn) — (x,x+Ztiwi(ax))
as well as
Y=FExR")=R"xR"N{(z,u) :z € Eand u € W(z)}.

We will oftentimes abbreviate (z,t) = (z,t1,...,t,). It is obvious that F is locally
Lipschitzian and, therefore, ¥ is countably (n+m)-rectifiable and 5#"T™-measurable.
We also consider the two canonical projections

1 :R"XR" — R": (z,u)— 2 and m:R"xXR" —R": (z,u)+— u,
as well as the set

Yp=YN71(B)=R"xR"N{(r,u) : 2 € Eand u € BNW ()},
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which also is, clearly, countably (n +m)-rectifiable and #" " -measurable. With the
prospect of applying the coarea formula to ¥z and 71, and to X g and w9, respectively,
we observe that, for each fixed = € F,

Spnm{z}={z} x (R"N{u:ue BNW(z)}),
so that
(12) H (Sp O o)) = ABOW (@),
and that, for each fixed u € B,
Ypnmy{u} = (R"N{z:2 € Eand u € W(z)}) x {u}
=R"N{z:z e ENngyl o, .{0}}) x {u},

according to (8), so that

(13) A" (Ep Ny Hu}) = A (ENgy! b, u{0}),
whenever u € B. It now follows from the coarea formula that

(14) /E Jymy dAH = /E HM(BOW () dL" (z) = dp.w (B)
and ’

(15) /Z Jumy dAHT = /B AENG o {0} AL ().

For these formulas to be useful, we need to establish bounds for the coarea Jacobian
factors Jym and Jgme. In order to do so, we notice that if ¥ 3> (z,u) = F(x,t),
F is differentiable at (z,t), i.e., each w; is differentiable at x, i = 1,...,m, then the
approximate tangent space T(, . % exists and is generated by the following n +m
vectors of R™ x R™:

n 8F m )
Z(wj,ep>87(x,t) = (wj,wj + Zttii(ﬂﬁ)(wj)) i=1...n,
p

p=1 i=1
oF
7(58,15):(0,’11)16(1’)), k:17-'~7m7
Oty
where w1, . .., w, is an arbitrary basis of R™. As usual, eq, ..., e, denotes the canonical
basis of R"™.
5.2. CoAREA JACOBIAN FACTOR OF 1. — For " ™ -almost every (z,u) € 3, one has

—(n—m)/2

(14 m?A®|z — u|2)_m/2(2 +2mAlz — ul + m*A?|z — u|?) < Jum(z,u) < 1.

Proof. — Werecall 3.3. That the right hand inequality be valid follows from Lip 7y =1.
Regarding the left hand inequality, fix (z,u) = F(z,t) such that F is differentiable
at (x,t) and let L : T(,,)> — R" denote the restriction of 7y to T(; ,)%. Define

wj =wj(z),j=1,...,m,and w; = v;_n,(x), j=m+1,...,n. Put
= OF OF G
5= Y twpen) o) = G t) = (1 Y tDwila)wy))
p=1 P J i=1
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= Yt G nt) = (w0 + Y- tDwie)w,))
p i=1
j=m+1,...,n. Recall (6) that
1
J yu) = [[AnLl| 2 ——————,
ZWI(CC u) ” ” \U1/\'“/\Un|
since L(v;) = wj, j = 1...,n. Now, notice that, for j =1,...,m,
2

Joi1* = [y |* + <14+ m?A%tf?,

Z tiDw;(z)(w;)

whereas, for j =m+1,...,n,
m 2
o = 2+ i+ 3D (o))
i=1

m 2
Z tiDw;(z)(w;) < 2+ 2mAJt] + m2 A2t

i=1

<242 +

Zttii(x)(wj)

Since u =z + Y .-, t;w;(z), one also has

m 2
Z tiwi(x)
i—1

fu— af? = = |¢P.

Finally,
242 2\™m/2 242 2\ (n—m)/2
[or A=+ Avp| < (14 m?A%|z — ul?) (2 + 2mA|z — u| + m* A%z — ul?) ,
and the conclusion follows. ]
53. — Let1 < q<n—1 bean integer and let vy,...,v, be an orthonormal family

in R™. There exists A € A(n,q) such that

—1/2

|det (<U’€’e/\(j)>)j,k:1,...,q| 2 (n)

q
Here, A(n,q) denotes the set of increasing maps {1,...,q} — {1,...,n}.

Proof. — We define a linear map L : R? — R" : (s1,...,8,) — Y 3_; Sk and we
observe that L is an isometry. Therefore, its area Jacobian factor JL = 1, by definition.
Now, also
2
(JL)? = Z |det (<vk,ek(j)>)j}k:1wq|

AEA(n,q)

)

according to the Binet-Cauchy formula [5, Chap. 3, §2, Th.4]. The conclusion easily
follows. 0
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5.4. COAREA JACOBIAN FACTOR OF To. The following hold.
(1) For " t™-almost every (z,u) € X, one has

~1/2
( " > —m(n —m)Alx — ul (1—|—mA|gc—u|)"7m*1

n—m

< < 1.
(2_~_2mA‘x_u| +m2A2|x_u|2)(”_m)/2 S JZﬂ-Q(xau) X 1

(2) For "™ -almost every (z,u) € X, one has Jsma(x,u) > 0.

Proof. — Clearly, Juma(z,u) < (Lipma)™ < 1. Regarding the left hand inequal-
ity, fix (z,u) = F(x,t) such that F is differentiable at (z,¢) and, this time, let
L : Ty )% — R™ denote the restriction of 3 to T(, ) 2. We will now define a family of
n vectors v1, ..., v, belonging to T(; .y¥. We choose vy, = OF /0ty (x,t) = (0, wr()),
for K = 1,...,m. For choosing the n — m remaining vectors, we proceed as follows.
We select A € A(n,n —m) as in 5.3 applied with ¢ = n —m to vi(z),..., Vp_m(x)
and we let vy, y; = OF /0xy(jy(x,t), j = 1,...,n —m. Recalling (6), we have

|L(vy) A=+ A L(vy)|
"Ul/\"'/\’l)n| '

Jemi(@,u) = [|A L] >

As in the proof of 5.2, we find that

[ur Ao Avg| < (2 + 2mA|z — u| + m*A?|z — u|2)(”—m)/2

and it remains only to find a lower bound for |L(v1) A --+ A L(v,)|. The latter
equals the absolute value of the determinant of the matrix of coefficients of L(v;),

i = 1,...,n, with respect to any orthonormal basis of R™. We choose the basis
wi(x), ..., wn(z),v1(x),..., V5—m(x). Thus,

|L(v1) A+ A L(vy,)| = |det ’ 1 ‘
(16) 0+ 0[{exg) + Ty tigo (@), va(a))

s ow;
= |det | (‘exp) + Y tiz——(2),vi(x) .
<< @) ; 3%)\(3') §k=1,...n—m

Abbreviate
m awz
o =S
AG) ; D (z)
and observe that |hy(;)| < mA[t| = mAjz —ul, j = 1,...,n — m (recall the proof

of 5.2). It remains only to remember that A has been selected in order that

—1/2

‘det (<€)\(j)avk(x)>)j,k:1,~-»”—m’ > ( ’ )

n—m
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and to infer from the multilinearity of the determinant that
|det((exqs): vk (@) + (Pagi), vr(2))) ; ,, — det ({eagiy, vr(x)) ;]

n—m-—1
<m—m)(_max_ [hagl)(_max  |hagyl + lexy)

=L...n—m 77/ \y=1,...,

n—m-—1

< (n—m)mA|z — u| (1 + mA|x — ul)

This completes the proof of conclusion (1).
Let Ey denote the subset of F consisting of those x such that each w;,i=1,...,m,
is differentiable at x. Thus, Fy is Borel measurable and so is

A:E()XRm

ﬂ{(m,t):rank('wl(x)‘...‘wm(z)‘elJrZi 1&%’;’1( )‘...‘enJrZi lt,g’;’l( ))<n}

If (z,u) € ¥\ F(A), then the restriction of m to T, )% is surjective and, therefore,
Jsma(x,u) > 0. Thus, we ought to show that s#"T™(F(A)) = 0. Since F is Lips-
chitzian, it suffices to establish that Z"T™(A) = 0. As A is Borel measurable, it is
enough to prove that £™(A,) = 0, for every z € Ey, according to Fubini’s theorem.
Fix « € Ey. As in the proof of conclusion (1), choose A € A(n,n —m) associated with
v1(2),...,Vp_m(z), according to 5.3. Based on (16), we see that

A, CR™N {t det<<em) + Zt 8?:102) (x),vk($)>)j’k:1wn,m - 0}'

The set on the right is of the form S;c =R™N{(t1,...,tm): Pu(t1,...,tm) =0}, for
some polynomial P, € R[T},...,T,,], and

PE(O, ey O) = det (<€>\(j), vk(m)>)j,k:17...,n—m #0.
It follows that £™(S,) = 0 — see, e.g., [8, 2.6.5] — and the proof of (2) is complete. O

5.5. PrROPOSITION. The measure ¢ w is absolutely continuous with respect to £L™.

Proof. — Let B € Z(R™) be such that £"(B) = 0. It follows from (15) that
/ Jgﬂ'g d%n-i-m =0.
Yp
It next follows from 5.4(2) that #"*™(Xg) = 0. In turn, (14) implies that

(,Z5va(B) = / JE’/Tl d%n+m =0. O
¥B

5.6. DeriNtrion oF Z5W. — Note that ¢p w is a o-finite Borel measure on R”
(see 3.16) and it is absolutely continuous with respect to ™ (see 5.5). It then ensues
from the Radon-Nikodym theorem that there exists a Borel measurable function

QFEW :R" — R
such that, for every B € (R™), one has

/ H(BOAW (2))dL™(x) = dp.w(B) :/ LW () L7 (u).
E B
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Furthermore, ZgW is uniquely defined (only) up to an £ null set. This will not
affect the reasoning in this paper. Each time we write Zz W, we mean one particular
Borel measurable function satisfying the above equality, for every B € Z(R").

5.7. Derinition oF ZAW. We define ZIW : R™ — [0, o] by the formula
(17) YW (u) = A" (BN gy v, al0}),

u € R". Letting B = R"™ in (13), one infers from 3.3 that ZYW is Z"-measurable.
Using the estimates we have established so far regarding coarea Jacobian factors,
we now show that 25W and #2W are comparable, when the diameter of E is not
too large.

5.8. ProrosiTionN. Given 0 < € < 1, there exists d5.g(n, A, &) > 0 with the following

property. If dlam FE < d5.5(n, A, ¢), then
1/2

(1—e)2~ ™29 0W (1) < ZEW (u) < (1 +¢)200—™)/2 ( " ) IW (u),

n—m
for L™ -almost every u € E.

Proof. — We readily infer from 5.2 and 5.4(1) that there exists d(n, A, &) > 0 such
that, for " " -almost all (z,u) € %, if |x — u| < §(n, A, €), then

(18) o= (1—-e)2~ ™/  Jom (z,u)
and
—-1/2
n
(19) pim etz )< gmea),

where the above define o and .
Assume now that diam F < §(n, A, ¢). Given B € #(E), we infer from (14), 5.2,
5.4(1), (15), and the above lower bounds, that

qf)E’W(B) = / Jg’i‘(l d%n—i-m 2 aéf”*m(Eg) 2 Oé/ JETFQ d%n—i-m

YB 3B
=a / WIW d.L"
B
and
épw(B) = / Tom dA™m < (S < B0 [ Tume daen
EB EB
:ﬁ’l/ AW dL™.
B
Thus,

/a%’w(wng/ Q”Ede"g/ BrAW AL,
B B B

for every B € #(E). The conclusion follows from the .£™-measurability of both ZzW
and AW . O

5.9. Rest stop. The above upper bound for ZpW is already enough to bound
it from above, in turn, by a constant times (diam E)™ — see 6.4. We next want to
establish that 2xW > 0, almost everywhere in E. Yet, in the definition (17) of
%IW (u), u does not appear as the covariable of a function whose level sets we are
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measuring, thereby preventing the use of the coarea formula in an attempt to estimate
%W (u). This naturally leads to adding a variable y € R"~™ to the fibered space ¥,
a covariable for gy, ... v, .. u-

5.10. A FIBERED SPACE ASSOCIATED WITH F, B w1, ..., Wy, V1, -, Vp_m
Let 7 > 0. Abbreviate C,, = R™ ™ N{y : |y| < r}, the Euclidean ball centered at
the origin, of radius r, in R"~™. We define

F.ExR"xC, — R" x R" x R"™™
m n—m
(e, t,y) (x p 43 twia) + 3 pioi(e), y)
=1 =1

and
ir:ﬁr(EmexC’r)
=R"xR"x C, N{(z,u,y) ;o € Eand u e W(z)+ >, " yvi(x)}.

We note that ﬁ,« is locally Lipschitzian and fl,« is countably 2n-rectifiable and
S?"-measurable. Similarly to 5.1, we define

S5 =3, NmyY(B)

which, clearly, is also countably 2n-rectifiable and #2"-measurable. We aim to apply
the coarea formula to X, p and to the two projections

m X3 R X R XR"™™ — R"xR"™™:  (z,u,y) — (z,9)

and
my X3 R X R X R"™™ — R"xR*"™: (z,u,y) — (u,y).
To this end, we notice that
i\:'r',B N (71'1 X 71-3)_1 {(ﬂl‘,y)}
=R" xR®" x R*""™n {(z,u,y) cue BN (W(z)+ > " yzv,(:z:))}

and, thus,

~

A (S5 N (T X m3) {(z,y)}) =™ (B N(Wi(z)+> " yzvz(x))),
for every (z,y) € E x C,. We further notice that

i7‘,B N (7‘-2 X 773)_1{(ua y)}
=R"xR" X R"™N{(z,u,y):x € Eand u e W(z)+ >/ " yvi(x)}
=R"xR"xR"™nN {(x,u, y):x € EN 9;11,..4,1;",,,1,1;{3/}}7
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because
ue Wi(z)+ Zyzvz(x) = u—z— Z yiv;(x) € Wo(x)
i=1 i=1

= <'uj(a:),u —r—=>" yzvz(:v)> =0,forallj=1,....,.n—m
— gvlv“'vvnfmﬂ/‘(x) = y

and, therefore,

whenever v € B and y € C,..
It now follows from the coarea formula and Fubini’s theorem that

(20) /A Js (m1 x mg) A"
X B

= [Lazr@ [ om0 W)+ S @) a2 )

and
(21) /A Jg (w3 % 75) A"
Xr B
- /B 42" () /C A ENGG L {y}) dZv ().

5.11. COAREA JACOBIAN FACTORS OF 7y X T3 AND To X 73. — The following inequalities
hold, for 5" -almost every (z,u,y) € X,.

27" (14 2 fu — 2| + 202 A%u — )" < Tg (1 x ) ()
and
Ji,,(ﬂ-Q X 7(3)(1.711'7:[/) < L

Proof. — The second conclusion is obvious, since Lip w2 x w3 = 1. Regarding the first
conclusion, we reason similarly to the proof of 5.2. Fix (z,u,y) = F(x,t,y) such that
F, is differentiable at (x,t,y) and denote by L the restriction of 71 X 3 t0 T(4,4,4) -

This tangent space is generated by the following 2n vectors of R™ x R™ x R*™™:

oF. B T dwi(z), . S D o
8$_(x7t’y)_<e]’€]+;t7f axj (Z)+Zylaxj(x)?0>7 .]_17"'7’”"

J i=1

OF,
(z,t,9) = (0,wi(x),0), k=1,...,m,
Oty

T
ye
The range of 71 X 73 being (2n — m)-dimensional, we need to select 2n — m vectors

(x,t,y) = (0,v¢(x),e0), £=1,...,n—m.

VL, -y V2n—m N T4 4,4) 2 in view of obtaining a lower bound

|L(v1) A=+ A L(von—m)|
|’U1/\"'/\’U2n_m| ’

(22) Jg (m1 x m3)(7,u,y) = [[A2n-mL| =
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Our choice of v1,...,V2n—m is as follows. As in the proof of 5.2, we let w; = w;(x),
for j=1,...,m,and w; = vj_n(z), for j=m+1,...,n. For j =1,...,m, we define

d OF, OF,
v = <Z<wjaep>axp($7t»y)) - atj (x’t’y)
p=1

_ <wj, i ti Dw; () (w;) + nz_? yiDvi()(w;), 0) ’

forj=m+1,...,n, we define

m

5= D) G o) = (w50 + Y tDwi (o)) + Y weDvil)(w).0),

p=1 i=1
and, for j =n+1,...,2n —m, we define
_OF,
a OYj—n
so that L(v1),. .., L(van—m) is an orthonormal basis of R” x R~ and, therefore, the
numerator in (22) equals 1. In order to determine an upper bound for its denominator,
we start by fixing j = 1,...,n, we abbreviate a;(z,t,y) = > i~ t; Dw;(z)(z)(w;) and
bi(z, t,y) = >r " yiDv;(z)(w;), and we notice that |a;(z,t,y)| < mAlt] < nAjt,
bj(z,t,y)] < (n —m)Aly] < nAly|. Furthermore, since u — z = Y.*, t;w;(z) +
St " yivi(x), one has |u — z? = [t|* + |y[* > max{|t|?, |y|*}. Therefore, if j =
1,...,m, then
|’Uj|2 = ‘wj|2 + |aj(x7 2 y) + bj(xv L, y)|2

<+ Jag (@, b, y)|* + (b (@, 6, 9)|* + 2|ay (2,1, 9)] b (@, £, )]

<1+ n2A2 (|t + |yl + 21t|y])

<1+ 2n2A%u — 2%,

Uj ($7t7y) = (0’vj*’ﬂ(x)’ej*n)’

whereas, if j =m +1,...,n, then
01 = [, * + |w; + a;(x,t,y) + b (@, t, )|
<141+ |aj(z, t,y)|* + b (2, t,y)?
+ 2|a;(x, 6, y)| + 21bj(, , y)| + 2|a;(x, t, y)||bs(x, t, y)]|

<2 (1+n*A%u— 2> + 2nAju —2|),

and, if j=n+1,...,2n —m, then
o] = V2.
We conclude that
|[v1 A+ Avap—m|
<277 (14 2n°A?|u — 373|2)m/2 (14 n®A%u — z|* + 2nA|u — m|)(n7m)/2

<277 (14 2n°A%|u — z|* + 2nA|u — :c\)n/Q

and the proof is complete. O
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5.12. DeriNtTION OF ZE W . It follows from the coarea theorem that the function

R"xR™™™ — [0,00] :  (u,y) — A (ENgy! v . o{y})

Tyeey —m
is £™ ® " ™-measurable (recall 5.10 applied with B = R™). It now follows from
Fubini’s theorem that, for each r > 0, the function

R" 5 [0,00] : %f AENGE o Ay} dL ()
C,

is Z™-measurable. In turn, the function

YeW :R* — [0,00]: ur— hm-inf][ A" (BN Gor,...onuly}) L7 ()
J C ’ ’

i1

is #"-measurable. It is a replacement for Z2W defined in 5.7. We shall establish, for
ZEW , a similar lower bound to that in 5.8, this time involving #rW . Before doing
so, we notice the rather trivial fact that if F C E, then

YW (u) < YW (u),
for all u € R™.

5.13. PREPARATORY REMARK FOR THE PROOF OF D.15. — It follows from the coarea the-
orem that the function

R®" x R"™™ — [0,00] 1 (z,y) —> ™ (B N (W) + 3" ylvl(x)))
is L™ @ £ ™-measurable (recall 5.10 applied with B = R™). It therefore follows

from Fubini’s theorem as in 5.12 that

fi iR — (0,00 2 '_>][C_7 A (B N (W) + 35" yivi(x))) 42" (y)

is .Z"-measurable. Furthermore, if B is bounded, then |f;(z)| < a(m)(diam B)™, for
every ¢ € R".

5.14. — If B is compact, then, for every x € E, the function
R"™™ — Ry :  yr—— ™ (B NnWe)+>m" ymz(m))>
1S upper semicontinuous.

Proof. — The proof is analogous to that of 3.14. For each y € R"™™, define the
compact set K, =BN (W (z)+> " y;v;(x)). If (yx)x is a sequence converging to y,
we ought to show that

SO (Ky) = limsup 500 (K, ).
k

Since each K, is a subset of an m-dimensional affine subspace of R", this is indeed
equivalent to the same inequality with 77 replaced by J#™, according to 3.2(3).
Considering, if necessary, a subsequence of (yx)r, we may assume that none of the
compact sets K, is empty and that the above limit superior is a limit. Considering
yet a further subsequence, we may now assume that (K, ), converges in Hausdorff
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distance to some compact set L C B. One checks that L. C K. It then follows from
3.2(1) that 2227 (Ky) > 7 (L) > limsup, 560 (K,,). O

5.15. Prorosition. — Given 0 < € < 1, there exists d5.15(n, A, €) > 0 with the follow-
ing property. If diam(E U B) < 85.15(n, A, €) and B is compact, then

/ H(BAW (@) dL™@) > (1 — e)2—(=m) / VW (u) AL (1),
E B

Proof. — We first observe that we can choose 85.15(n, A, &) > 0 small enough so that
(23) Jir (’/T1 X ’/Tg)(x’ u’y) 2 (1 _ 5)2*(71*771)’

for s#*"-almost every (z,u,y) € ﬁr, provided |u — x| < 85.15(n, A, €), according to

~

5.11. Thus, (23) holds, for #?"-almost every (z,u,y) € ¥, g, under the assumption
that diam(E U B) < d5.15(n, A, ¢). In that case, (20), (21), and 5.11 imply that

/E 4L (z) /C %’”(BO (W () + 0" ym(:c)))df"*m(y)

"

_ /A Jg (71  73) dA"
B
(24) > (1—e)2- = (S, p)

>(1— 5)2—<"—m>/A Jg (o X m3) dA™"

.
ET,B

Fix z € E and 8 > 0. According to 5.14, there exists a positive integer j(z, 8) such
that if j > j(z, ), then

AT BOW @)+ 5> s A7 (BO(W )+ Tis" ivi(a) )

> ][C ™ (B N(W()+ >0 yivi(m))) Az (y).

Taking the limit superior as j — oo, on the right hand side, and letting 8 — 0, we
obtain

(25) 2™ (BNW(z))

> lim sup][ H™ (B N(W()+y " yzvz(x))> AL (y).

i Joy
As this holds for all € E, we may integrate over E with respect to .£". We notice
that for every j = 1,2,..., |f;| < a(m)(diam B)"1g~ (recall the notation of 5.13);

the latter being " L E-summable, this justifies the application of the reverse Fatou
lemma below. Thus, the following ensues from (25), the reverse Fatou lemma, (24),
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and the Fatou lemma:

/E%””(B AW (z))dL(x)

J

> /E d2" () lim sup ][C e (BN (W) + X" yovi(@) ) a2 (y)

2 lim sup /E 42" (x) ]{; A (B N(W(z)+ 3" yivi(x))) d.Zm=m(y)

J -1

>(1- 5)2_(”_’”) lim sup/ d.f”(u)][ IO (E N g;llw’vnfm’u{y}) AL ™ (y)
j B c

J -1

> (-2 @ it [ a2 AENGL ., o) 42 )
B C

J
=1

> (-2 [ g tinint f A ENGD ., 0D A2 ")
B C

~ (1= e)p-(n=m) /B W (1) L™ (). 0

5.16. Cororrary. — If0 <e <1 and diam E < 85.15(n, A, €), then
ZEW(u) = (1 — )2~ "B W (u),

for L™ -almost every u € E.

6. UppER BOUND FOR W AND ZgW
6.1. Bow 1iE LEmva. — Let S CR™, W € G(n,m), and 0 < 7 < 1. Assume that
VzeS)(V0< p<diamS): SNB(z,p) C Blx+ W, 7p).

Then there exists F : Py (S) — R™ such that S = im F and LipF < 1/v/1—72.
In particular,

1 m
m < 4 m.
H™(S) < (7M) a(m)(diam S)
Proof. — Let xz,2’ € S and define p = |z — 2/| < diam S. Thus, 2’ € SN B(z,p)
and, therefore, |Py.(z —a')| < 7p = 7|z — /|. Since |z — /|2 = |Pw(z —2/)|* +

| Py (z — 2')|?, we infer that
(1-72) |z —2')° < |Pw(z—2)|.

Therefore, Py |s is injective; and the Lipschitzian bound on F' = (P | S)fl clearly
follows from the above inequality. Regarding the second conclusion, we note that

H(S) =A™ (F(Pw(8))) < (Lip F)™ A™ (P (S5))
and Py (S) is contained in a ball of radius diam Py (S) < diam S. O
6.2. — Given 0 < 7 < 1, there exists dg.2(n, A, 7) > 0 with the following property. If

(1) 2o € U and v € R";
(2) diam (F U {zo} U{u}) < dg.2(n,A,7);
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then: For each y € R"™™ each x € EN gvh v mul¥), and each 0 < p < oo, one
has

ENgy .. Wy 0Bz, p) C B(x+ Wo(x),7p).

Proof. — We show that dg2(n, A, 7) = a7 Will do. Let z, e Eng,t o Auh
for some y € R™™™. Thus, gv,,...v,_m.u(Z) = Jo,,... vn_..u(@") and, hence,

0= |goy,....v0 m,u(w)—gvl,..‘,un,m,u(ﬂc’ﬂ
—\/Z ),z —u) — (vy(2'), 2 — u)[>
= VS ile),z — ) — (i) — vile), 2 — )
> /S (wile) e — 2P — S @) — via). o’ — ),

thus,
\/Z?:_rm\@i(x),w—x \/Z” " N — (), 2 — u)|?
<m1\|x—x||$/_ul<%|x_x/‘
In turn,

Py ooy (2 — )| = \/z (vi(wo), @ — o) 2

TIPS i) - vilao) @ — o)

\§|x—x|+\/n—mA|x—x0||x—x|\7|x—x’|. O
6.3. Prorosirion. — There are d¢.3(n,A) > 0 and cg3(m) = 1 with the following

property. If u € R™ and diam(E U {u}) < ds.5(n,A), then
max {ZEW (u), ZgW (u)} < cg.3(m)(diam E)™

Proof. — Let 86.3(n,A) = ds2(n, A, 1/2). Recall the definitions of ZIZW and ZgW,
5.7 and 5.12, respectively. If E = &, the conclusion is obvious. If not, pick zg € F
arbitrarily Given any y € R”’m, we see that 6.2 applies with 7 = 1/2 and, in turn,

ey

A (EO G ) < (%)mam)(diammm

The proposition is proved. 0

6.4. CororLrary. — There are dg.4(n,A) > 0 and ca(n) = 1 with the following
property. If diam FE < dg.4(n, A), then

Q‘”EW(U) < 06_4(n)(diam E)m
for L™ -almost every u € E.

Proof. — Let dg.4(n,A) = min{dg.3(n,A),d55(n,A,1/2)}. O
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7. Lower Bounp rorR ZEW anxp ZgW

7.1. SerTING FOR THIS SEcTION. — We enforce again the exact same assumptions as
in 4.1; and as in 5.10, we let C,, = R""™ N{y: |y| < r}.

7.2. PoLysaLLs. — Given xg € R™ and r > 0, we define
Cw (wo,7) =R" N {x: |Powy(zo) (@ — x0)| <7 and | Py o) (x — 20)| <7}

We notice that, if z € Cw (xg,7), then |[x—xz¢| < rv/2; in particular, diam Cw (zq, 1) <
2v/2r. We also notice that 2" (Cw (z0,7)) = a(m)a(n — m)r".

7.3. — Given 0 < e < 1/3, there exists d7.5(n,A,e) > 0 with the following property.

( ) 0<r< 57,3(%,/\,6);

(2) v e Cw(wo,r) CU;

(3) 19v1,...0n—m,u(@0)| < (1= 3e)r;
(4) C C C., is closed;

1
z"(Cc Ngy! >
( W(.’I;O,T) gvl,,..,vn,m,u(c)) 1+¢

7.4. REMARK. With hopes that the following will help the reader form a geometrical
imagery: Under the circumstances 7.3, Cw (2o, 7)Ngy! . (C) may be seen as a
“nonlinear stripe”, “horizontal” with respect to W(zo), “at height” gu, ... v, .u(Z0)

with respect to xg, and of “width” C.

a(m)r™ L ().

Proofof 7.3. — Given z € W (zg) N B(0,r), we define
V. =R"N{zo+2z+ > " yivi(wo) 1y € Cp} C Cw(wo,7)

and we consider the isometric parametrization =, : C,, — V. defined by the formula
n—m

Y=(y) =z0 + 2+ Z yivi(zo).-

i=1
We also abbreviate f. . = Guy,....0n_mu © Vz-

Cram #1. Lip f,, < (1+€)'/(n —m). — Since v, is an isometry, it suffices to obtain
an upper bound for Lip gv, ... v, n.ulCuw (z0,r)- Let 2,2 € Cw (20, 7) and note that

[Gorm (@) = G n @] = /S (i), — ) — (,(a), 2" — )

<V (i) — vila'), @ — w)] + |(vi(a), @ — )
VI (i) — v a — w4 /" [(wilal), @ — o)
Vn—mA|z — /| |z — u| + | Py oy (z — o)
(1+vn—mA2v2r)jz —2/|.

Recalling hypothesis (1), it is now apparent that d7.5 can be chosen small enough,
according to n, A, and ¢, so that Claim #1 holds.

NN N
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Cramn #2. For "~ -almost every y € Cy, one has |Df; ,(y) — idgn-m || < €

Let y € C, be such that f, ,, is differentiable at y. We shall estimate the coefficients
of the matrix representing D f, . (y) with respect to the canonical basis. Fix i,j =
1,...,n—m and recall (7):

<fu (), ¢5) =

H
Next, note that
1T — 05| = [IT = (v;(20), vi(z0))| = [{v;(72(y)) — v;(0), vi(20))]
< Alv:(y) — 20| < A2V2r < W,

where the last inequality follows from hypothesis (1), upon choosing 7 5 small enough,
according to n, A, and €. Moreover,

1| < Ay (y) — ul < A2v2r <

2(n —m)’
Therefore, if (@i;)i j=1,.. n—m is the matrix representing D f. ., (y) with respect to the
canonical basis, we have shown that |a;; —d;5| <e/(n—m), foralli,j=1,....,n—m.

This completes the proof of Claim #2.

Cram #3. Cer C f24(Cr). — We shall show that |y — f, .(y)| < (1 —&)r, for every
y € Bdry C}., and the conclusion will become a consequence of the intermediate value
theorem, in case m = n — 1, or a standard application of homology theory, see, e.g.,
[4, 4.6.1], in case m < n — 1. If m < n — 1, it is clearly enough to establish this
inequality only for s#" ™ l.almost every y € Bdry C,. In that case, owing to the
coarea theorem [8, 3.2.22], we may choose such a y so that that f,, is differentiable
A '-almost everywhere on the line segment R~ N {sy : 0 < s < 1}. Whether
m <mn—1,or m=n—1, it then follows from Claim #2 that

o) = forn(0) — 3] = ] | Pranmazie -

1
< [ IDealon)w) — o] 42 (5) < el =
0
Accordingly,

|fzu(y) — yl < |fou(y) = f2u(0) =yl + |fZ,U(0)| Ser+ |f2,u(0)|

and the claim will be established upon showing that |f, ,,(0)] < (1 — 2¢)r. Note that
J2u(0) = Guy,... v, u(To + 2); we shall use hypothesis (3) to bound its norm from
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above. Given j =1,...,n —m, recall that (v;(x¢), z) = 0, thus,

|9o;.u (0 + 2) = go, u(@0)| = [(Vj(20 + 2), 20 + 2 — u) — (vj(20), 20 — u)|
= [(vj(zo + 2), 0 + 2 — u) — (v;(x0), xo + 2 — u)| < Alz| |20+ 2z — ul

Er
<Ar2V2r < ——,
vVn—m

where the last inequality holds, according to hypothesis (1), provided 873 is chosen
sufficiently small. In turn,

|f27u(0)| < |g’01,...,’un,,m,,u($0 + Z) - gvl»-~7vn—m7u(xo)| + |gv17---7vn—”m;u(x0)|
<er+(1-3e)r=(1-2¢)r,

by virtue of hypothesis (3).

Cramm #4. For every z € Wy(xg) N B(0,7) and every closed C C Cg., one has
AT(CO) < (L +e) ™™ (gt C)nV).

Yo, ooy Un—m U
First, notice that

Gor o O)OVe =7 (7 o a(C) VL)) =2 (f10(C))

and, therefore,

%n—m( -1 (C) N Vz) _ %n—m(f—l(o))’

gvl:--wvnfmau Z,U

since 7, is an isometry. Now, since C C C., C f, ,(C}), according to Claim #3,
we have

C = fou(f22(C)):
It therefore follows from Claim #1 that

H"(C) < (Lip fo)" " AT (f10(0))

< (L4e) " ™ (gy! | ©)nv.).

o1, 0n—myu

We are now ready to finish the proof, by an application of Fubini’s theorem:

gn(CW(anr) mg;11 vn_m,u(c))

.....

-/ AL A (05l CV VL)
Wo(z0)NB(0,r)
1
7.5. Lower Bounp ror ZpW. Given 0 < € < 1/3, there exists d75(n,A,e) > 0

with the following property. If
(1) 0<r<drs(n,Ae);
(2) Cw(woﬂ‘) g U,‘
(3) ACU is closed;
4) " (ANCwl(xg,7)) = (1 — )L™ (Cw(xo,7);
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then
/ o) Yancw @or) W (1) dL"(u) = (1 — er5(n)e)a(m)r™ L (Cw (zo, 7)),
CW To,T
where ¢7.5(n) is a positive integer depending only upon n.

Proof. — Similarly to the proof of 7.3, we will first establish a lower bound for
Y AnCw (20, )W on “vertical slices” V of the given polyball, followed, next, by an
application of Fubini. Given z € W (zo) N B(0,r), we let V, and ~, be as in 7.3, and
we consider the set

Vo =R"N {zo+ 2+ 1" yivi(zo) : y € C1_zeyr }
(notice V., is slightly smaller than V, used in the proof of 7.3) and the isometric
parametrization ¥, : C(1_3¢), — V. defined by

n—m

F:(y) = xo + 2 + Z ;v (o).

i=1
For part of the proof, we find it convenient to abbreviate E = ANCw (9, 7). We also
put VpW = (ZEW)o7,.
By definition of W, for each 7,(y) € V, there exists a collection &, of closed
balls in R"~" with the following properties: For every C € €, C is a ball centered
at 0, C C Cy,,

YpW (1:(y)) +e 2 ][C A (EN 9;11,...,vn,m,az(y){h}) dz"="(h),

and inf{diam C : C' € €,} = 0. Furthermore, ZxW being .£"~"-summable, accord-
ing to 6.3, there exists N C C(1_3.), such that Z"~™(N) = 0 and every y ¢ N is a
Lebesgue point of ZzW. For such a y, we may reduce ¢y, if necessary, keeping all
the previously stated properties valid, while enforcing also that

DWW dL"™™ + & > (DW) (y),
y+C
whenever C' € ¢;,. We infer that, for each y € C(1_3.), ~ N and each C € €,

(26) W dL"™ + 262" ™ (y + C)
y+C

.....

It ensues from the Vitali covering theorem that there exists a sequence (yg)r in
Ci—3e)r N, and C}, € €, such that the balls y, + Cx, k = 1,2,..., are pairwise
disjoint and Z"~™ (C(l_ge)T ~Une (ye + Ck)) = 0. It therefore follows, from (26)
and the fact that 7, is an isometry, that

(27) YW dA"™ + 27" (V,)
Vz

>3 ; H(EN Gy o y}) AL (y),
k=1"Ck
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Cr)

where we have abbreviated u, = 7. (yx). We also abbreviate Sy, = g,
and we infer from the coarea formula that, for each £ =1,2,...,

5 Un—m,Uk (

(28) <%m@mgiwmwgwa“wm:/’ Tgor o AL
Ch ENSyg

> (1—¢e)Z"(ENSk),

where the last inequality follows from 3.12, applied with U = Int C'w (z0, 1), provided
that &75(n, A, ) is chosen smaller than (2v/2)7183.12(n, A, €). Letting S = (g, Sk
and recalling that £ = AN Cw(zo,r), we infer, from (27) and (28), that

(29) / YW dA"™ 4 2247~ (V.) > (1 — ) L™(EN S)
V.

> (1-¢)(L"(Cwl(zo,7)NS) — L™ (Cw(zo,7) N A)).
Applying 7.3 to each Sy does not immediately yield a lower bound for
L (Cw(xg,r)NS),

because the Sj are not necessarily pairwise disjoint. This is why we now introduce
slightly smaller versions of these:

C’k = (1 - E)Ck and S’k = 91711,“-,vn7m,uk (C’k)

Crarv. The sets S, N\ Cw (zo,7), k= 1,2, ..., are pairwise disjoint.

Assume, if possible, that there are j # k and = € Sj NSk N Cw (x0,7). Letting P;j
and pj denote, respectively, the radius of C}, and of Cj, we notice that p; 4+ pr <
ly; — yrl, because (y; + C;) N (yx + Cx) = @. Since ¥, is an isometry, we have
luj — we| = [¥2(y;) = ¥ (yr)| = ly; — yx| and, therefore, also

}gvl,mvnfm,uj (w) — Gvy,. 00—y ug (m)|
(30) < ‘gvl,nwvn—m’u;‘ (LL')| + |gv1,~~ﬂ’n7m7uk ('T)’
S =e)p;+ 1 —e)pr < (1 —e)|u; —ugl.

We now introduce the following vectors of R™~"™:

hj = Z <’Ui($0),ulj>6i and hk = Z <'Ui(xo),uk>ei
i=1 i=1

and we notice that
|y — bl = | Pwgao)r (uj — un)| = [ug — ugl,

where the second equality holds because u; — uy € W (o)™, as clearly follows from
the definition of 5,. Furthermore,

|(gv1,..,,vn_m,uj (x) — i, Vn—m,ug (r)) — (hx — hj)|

n—m 2
= S i) — wilao) - u)
<V —mAV2r luj — ug| < eluj — uyl,
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since we may choose d7.5(n, A, €) to be so small that the last inequality holds, in view
of hypothesis (1). Whence,

|Gor,com ity () = G oo (@) | = 1Ry — ] — € |uy — uge| = (1 =€) Ju; — uyl,
contradicting (30). The Claim is established.
Thus,
ZL" (Cw(zo,m)NS) =L (Cw(wo,m) N Uz Sk)
> 2" (Cw (wo,m) NUpZy Sk)

fn (Cw(l'o,’f’) n Sk)

o

ES
Il

(31) '

o

z" (CW(J"O7 T‘) N g;},...,vn,m,uk (Ck))

~
Il

1
S 1
T 1+e

a(m)r™ Z L),
k=1

where the last inequality follows from 7.3. We notice that, indeed, 7.3 applies, since
Cr € Crk C Cep and |go, .0 msun (T0)| = [Py () (ue — 0)| = lye| < (1= 3¢)r.
Now,

Zzn—m(é«k) — (1 _ 5)n—m Zi/pn—m (Ck)
k=1

k=1

(32) — (1 _ 8)n—m Zzn—m (yk + Ck)
k=1
> (1—e)" L™ (Crusey) = (1 —3¢)2"™a(n — m)r" ™.
We infer, from (31) and (32), that
(1 - 3c)2(n=m)
1+e¢
It therefore ensues, from (29) and hypothesis (4), that
(1 _ 36)2(71—777,)
1+e¢

Integrating over z, we infer from Fubini’s theorem that

/ @/Ancw(wo,T-)Wde”:/ d,f”(z)/ YW dem™™
Cw (zo,7) W (z0)NB(0,r) 7

1— 2(n—m)

> {(1 —¢) (L

1+e¢
7.6. Provosition. — Given 0 < & < 1/3, there exist 87.6(n,A,e) > 0 and ¢76(n) > 1
with the following property. If

(1) O<r< 67_6(72,/\,6);

£ (Cy(z0,7) N S) > L™(Cw (z0,7)).

/ W dA" ™" + 20" (V) =2 (1 — 5)( - E)iﬂn(cw(xoﬂ"))
V.

- 5) - 25] a(m)r L (Cw(zg,r)). O
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(2) Cw(l’oﬂ") g U;

(3) ACU is closed;

(4) Z"(ANCw(zo,7)) = (1 — )L™ (Cw(z0,7);
then

/ @AQCW(wO,T)W(u) dZL"(u) 2 (1 —erg(n)e)a(m)r™ L™ (Cw(zo,r)).
AﬁCW(Io,T’)
7.7. Remark. — The difference with 7.5 is the domain of integration (being smaller)

in the integral, on the left hand side in the conclusion.

Proofof 7.6. — The reader will happily check that
67.6 (n, A7 8) = min{57.5(n, A, E), (2\/5)_156.3(77/; A)}

suits their needs with ¢76(n) = max {cy6(n,m):m=1,...,n} where
2V 2 " e,
er g, m) = enp(n) 4 Y2 Cos(m) .
a(m)

7.8. Provosition. — There exists 87.8(n, A) > 0 with the following property.
If diam E < d7.8(n, A), then

f'fEW(u) > 0,
for L™ -almost every u € E.
Proof. — We let
d78(n,A) = min{57‘6 (n,A, 1/(407‘6(n))), d5.16(n, A, 1/2)}.

According to 5.16, it suffices to show that #gW (u) > 0, for £"-almost every u € E.
Define Z = EN{u : ¥gW(u) = 0} and assume, if possible, that £"(Z) > 0.
Since Z is Z"-measurable (recall 5.12), there exists a compact set A C Z such that
ZL™(A) > 0. Observe that the sets Cw (x,r), for x € U and r > 0, form a density

basis for £"-measurable subsets of U — because their eccentricity is bounded away
from zero — thus, there exists o € A and r¢ > 0 such that

)2 (Cow ),

ZL" (AN Cw(xo,7)) = (1 derg(n)

whenever 0 < r < 7g. There is no restriction to assume that ry is small enough
for Cw (zo,70) C U. Thus, if we let r = min{ro,67.6(n,A, 1/(467.6(71)))}, it follows
from 7.6 that
1
(33) / Vo oW (1) 4L () > (1= 7 )alm)r™ 2™ (Cw (w0, ) > 0.
AQCW(wo,T)

On the other hand, recalling 5.12 and the fact that AN Cw (zg,r) C E, we infer that
WAnCw (wo,r) W (1) < ZEW (u), for all u € R”™. In particular, Zancy, (z0,r) W (u) = 0,
for all u € ANCw(zo,r) C Z, contradicting (33). O

JE.P.— M., 2022, tome g



: N A CONJECTURE OF /. VAV(,H\II'\ID 15()"
0 W ;

8. PROOF OF THE THEOREMS

8.1. Tueorem. — Assume that S C R™, Wy : S — G(n,m) is Lipschitzian, and
A C S is Borel measurable. The following are equivalent.

(1) Z"(A) =0.

(2) For Z" almost every x € A, #™(ANW(z)) =0.

(3) For £ almost every x € S, A ™(ANW (x)) =0

Recall our convention that W (z) = x + Wy (x).

Proof. — Since G(n,m) is complete, we can extend Wy to the closure of S. Fur-
thermore, if the theorem holds for Clos S, then it also holds for S. Thus, there is no
restriction to assume that S is closed.

(1) = (3). It follows from 3.8 that each x € S admits an open neighborhood U,
in R™ such that W (z) can be associated with a Lipschitzian orthonormal frame
satisfying all the conditions of 4.1, for some A, > 0. Since S is Lindeldf, there are
countably many 1, z9,... such that S C Uj Ug,. Letting E; = SN U,,, we infer
from 5.5 that ¢, w is absolutely continuous with respect to .. Thus, if £"(A) =0,
then ™ (ANW(xz)) = 0, for Z"-almost every x € Ej, by definition of ¢p, w.
Since j is arbitrary, the proof is complete.

(3) = (2) is trivial.

(2) = (1). Let A satisfy condition (2). It is enough to show that £ (ANB(0,r))=0,
for each r > 0. Fix 7 > 0 and define S, = SN B(0,r). Consider the U, defined in the
second paragraph of the present proof; since S, is compact, finitely many of those, say
Uz, Uszy, cover Sp. Let A = max;—1 . n Ay, Partition each U, , j = 1,..., N,
into Borel measurable sets F; i, k = 1,...,Kj, such that diam E;; < d7.5(n,A).
It then follows from 7.8 that

(34) (Zang, W) (u) >0,
for Z"-almost every u € AN Ej . Now, fix j and k. Observe that
M (ANE; ;N W(z)) =0,

for Z"-almost every x € AN Ej . Thus, ¢pang, . w(AN Ej) = 0. Moreover,

0= ane,ow (ANEi) = [ (Zaow, W) (w27 (w)

AﬂEjyk
It follows from (34) that " (AN E; ) = 0. Since j and k are arbitrary, £"(A4) = 0.
O
8.2. Remark. — Alternatively, one can prove the principal implication (2) = (1) in

two other ways. One way — more involved — consists in applying our main result 8.4
below. A second — simpler — way, along the following lines, avoids reference to the
estimates we obtained for the functions #zW and 2gW. Consider x € A, n > 0,

JIEP. — M., 2022, tome g



1508 Tu. De Pauw

and V € G(n,n —m) such that d (V+, Wy(z)) <7, and put V, = 2 + V. Define

O: (U, NV,) xR™ — R (§8) — £+ > tiw;(9).
i=1
® is locally Lipschitzian and one checks that, in fact, ® is a lipeomorphism between B
and ®(B), where B = B(x, p), for some p > 0 depending upon 7 and A, because
its differential is close to the identity. Referring to Fubini’s theorem, one then further
checks that

ZL"(A") =0 if and only if ™ (A’ NW (£)) =0, for " ™-almost every £ € V,.

Finally, using Fubini again, with respect to the decomposition R = W (2)oW(z)*,
one shows that J#™(A N W(()) = 0, for " ™-almost every ( € z' + Wy(z)t,
where z’ is as close as we wish to z. Applying the previous construction with z’
replacing z, using V = Wy (z)+, we find that £"(A N B(z,r)) = 0, for some r > 0
depending on A,.

Notwithstanding, it seems that the (simpler) change of variable described here is
not enough to yield the (stronger) theorem below.

8.3. PoryBarLLs. Recalling 7.2, we notice that
Cw(zo,7) =R" N {vg, (z —x0) <7},
where v, is a norm on R" defined by the formula

Vao () = max{ | Pw, 20) ()|, | Pwo ao) - (2)] }
for x € R™. It is readily observed that Lip v, < 1.
(1) One has |Vug,(z)| =1, for £L™-almost every v € R™.
Abbreviate P = Py (z,) and @ = Py (5,)+ and define

S=R"N{z:|P(z) =|Q(2)|},

so that £"(S) = 0. Let x € R"~\. S and notice v,, is differentiable at . We henceforth
assume that |P(x)| < |Q(z)|, whence, vy, (x) = |Q(x)| — the proof in the other case
is similar. Define ¢ = |Q(x)| — |P(z)| > 0, e = Q()/|Q(x)], and let 0 < ¢ < . Note
that

t
QG +te)] = 1QI 1+ 15

Q)]
Thus, v, (z + te) = |Q(z + te)| and, in turn,
Vao (T +te) — vgo (2) = |Q(z + te)| — |Q(z)] = ¢.
It follows that (Vvy,(x), e) = 1. Since e is a unit vector and Lip v, < 1, we conclude
that |V, (z)| = 1.
(2) Let U, W and A > 0 be as in 4.1. Assume Cw (zo,r) C U, z € Cw(xo,r),
and 0 <t < 1 is so that vy (x — xo) = tr. It follows that

Cw (wo,r) "W (z) C B (2,7(1+1t) + 8mAr*) N W (z).

) > Q@) and [Pz +te)| < |P@)| +1t < Q).
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First notice that |z| < v/2vy,(2), for every z € R™, so that
|z — x0| < V20 (x — o) = V2r
and, for every 2’ € Cw (zo,1),
|z — 2| < V2 Ve (& — 0) + Vay (w0 — 27)) < V2r(1 +1).
Next notice that, for each h € R™,

Z <wz (xO wz 330 Z )

i=1 =1

ZI w;(xo), M| [wi(xo) — wilx |+Z| wi(zo) — wi(x), h)| [wi(z)]

< 2mA |z — x| |h|.

|(Pwo (o) = Pwioa)) (W] =

We now assume that @’ € Cw (z,r) N W (z), in particular, z — 2’ € W (), whence,
|JC - ‘ZJ‘ = ’PWO(LE)(x - I/)| < |PW0(w0)(I - I/)| + |(PW0(w0) - PWg(m)) (I - $/)|
< Vo (7 — 20) + Vg (2 — m0) + 2mA|z — 20|z — 2’| < (1 +1) + dmAL(1 + t)r?

8.4. THEOREM. Assume that A C R™ is Borel measurable and that Wq : A —
G(n,m) is Lipschitzian. It follows that

™ (AN B(z,r) N W (x)) 1

lim su > —,
T_>0+p a(m)rm ~ o
for L™ -almost every x € A.
Recall our convention that W (z) = x + W (x).
Proof. — Extend W to R™ in a Borel measurable way, for instance, to be an arbitrary

constant outside of A. It follows from 3.15 that, for each r > 0, the function
H (AN B(z,r) N W(x))
a(m)rm

R" — [0,00] :

is Borel measurable. Thus, for each j=1,2, ..., the function g, :R"™ — [0, co] defined by

gi(z) = sup H(ANB(z,r) "W (x)) sup (AN B(z,r) N W(z))
’ 0<r<1/j a(m)rm 0<r<1/gi a(m)rm
rrationa

is Borel measurable as well, and so is g = lim; g; = inf; g;.
Abbreviate n(n,m) = 2~ (»=™), Arguing reductio ad absurdum, we henceforth as-
sume that A and W fail the conclusion of the theorem. Thus, the set

Zo = An{x: g(x) <mn(n,m)/2™}

is Borel measurable and non Lebesgue null. Accordingly, there exists € > 0 such that
the set

Zy=An{z:g(x) < (I —e)n(n,m)/(2+e)"}
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is also Borel measurable and of positive Lebesgue measure. It therefore ensues from

Egoroff’s theorem [8, 2.3.7] that there exists a closed set Z C Z(') C A such that

Z"(Z) > 0 and that there exists a positive integer j, such that

T (ZNB(x,r)NW(z))
a(m)rm

(35)

N

gjo(x) < (1 —¢1) (;7(;:;3271

for each € Z and each 0 < r < 1/jy. Choose 0 < g2 < 10 such that

1—¢1 gl—g—l
1—82 2

(36)
and choose 0 < e3 < 1/3 such that
(37) 1-— % <1-— C7,6(7’L)<€3.

As in the proof of 7.8, we recall that the family Cw (z,r), for z € R™ and r > 0,
is a density basis of .Z"-measurable sets. Since .£"(Z) > 0, there exists xg € Z such

that
L(ZNCw(xo,T))

li =1.
50t 2 (Cyy (0,7
In particular, there exists R > 0 such that
(38) (1—63)$n(CW($077“)) <$”(ZHCW(Q:0,T)),

whenever 0 < r < R.
We let U be an open neighborhood of xy in R™ associated with A and W in 3.8,
so that W and W are associated with orthonormal frames as in 4.1, for some
A > 0. Define
1 €1 6515(’&,/\,62) diSt(.’L‘o,R" AN U)
jo(2+8mA)’ 8mA’ 22 2v2

Let 0 < r < rg and observe that

ro :min{l, ,67'6(n,A,53),R}.

%, oW
(39) (1 —ecro(n)es) L™ (Cw(zo,7)) < / 20w (0. W) 4.2 (u)
ZNCw (zo,7) a(m)rm
(by 7.6 applied with e =e3 and A = Z N Cw(xo,7))
o 1 / A (Z N Cw(xo,m) N W (x)) 42" ()
= (1 - 82)77(”7 m) ZﬁCW(l’o,’l’) a(m)rm

(by 5.15, applied with e =¢5 and E = B = Z N Cw(xo,7)).
We also note that
™ (Z N Cw(xg,r) N W (x))
(40) —
ZﬂCW(Io,T) a(m)r
_/ H(Z N Cw(xg,r) NW(x))
ZM{veg <1}

a(m)rm

d.ZL"(x)

Vv, (2)] 427 ()

(by 8.3(1))
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— /’" dfl(fo)/ A (Z N Cw(xg,r) N W(x)) ()
0 Z{vzg=p}

a(m)rm

(by [5, 3.4.3))

:T/l dfl(t)/ %m(ZﬂCW(Z‘o,T)ﬂW(Jj)) d%n_l(.’lﬁ)
0 Z{vzy=tr}

a(m)rm

! 1 A (ZN B (z,r(1+t) +8mAr?) N W (z)) _—
<r /O 4L (1) /Z _— T A" (z)

(by 8.3(2))

1
<r/ d.fl(t)/ (1—z:‘l)m(l—i—t—|—8mAr)mdf%””_1
0 Z{vey=tr} (2 +61)m

(by (35))

< (1 —e1)n(n,m) /07‘ dfl(p)/z dpn—1

f‘l{uz[):p}

— (1 en)n(n,m) / Voo (2)] 427 (2)

Z{vzo<r}
(by [5, 3.4.3))
= (1 —e1)n(n,m)ZL"(Z N Cw(zo,7)) < (1 —e1)n(n,m)L"(Cw(xo,7))
(by 8.3(1)).
Plugging (40) into (39), we obtain
(1~ ero(n)es) 2™ (Cw (o, ) < (1 )27 (Cw (o, )
< (1 — C7_6(n)83) .i””(CW(xO, 7"))
(by (36) and (37)), a contradiction. O
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