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PI CONTROLLERS FOR
THE GENERAL SAINT-VENANT EQUATIONS

BY AMAURY Havar

Asstract. — We study the exponential stability in the H2 norm of the nonlinear Saint-Venant
(or shallow water) equations with arbitrary friction and slope using a single proportional-
integral (PI) control at one end of the channel. Using a good but simple Lyapunov function
we find a simple and explicit condition on the gain of the PI control to ensure the exponential
stability of any steady-states. This condition is independent of the slope, the friction coefficient,
the length of the river, the inflow disturbance and, more surprisingly, can be made independent
of the steady-state considered. When the inflow disturbance is time-dependent and no steady-
state exist, we still have the input-to-state stability (ISS) of the system, and we show that
changing slightly the PI control enables to recover the exponential stability of slowly varying
trajectories.

Résumi (Contréles PI pour les équations de Saint-Venant générales). — Nous étudions la stabi-
lité exponentielle en norme H? des équations de Saint-Venant non-linéaires avec un frottement
arbitraire et une pente. Le systéme est régulé avec un unique contréle proportionnel-intégral
(PI) & une extrémité du canal. En utilisant une fonction de Lyapunov adéquate, nous trouvons
une condition simple et explicite sur le contréle PI pour assurer la stabilité exponentielle de tous
les états stationnaires. Cette condition est indépendante de la pente, du coefficient de friction,
de la longueur de la riviére, ou encore de la perturbation du débit entrant. Plus surprenant :
elle peut étre rendue indépendante de 1’état stationnaire considéré. Lorsque la perturbation du
débit entrant dépend du temps et qu’il n’existe pas d’état stationnaire, nous pouvons quand
méme montrer '« input-to-state stability » (ISS) du systéme. Par ailleurs, une légére modifi-
cation du contréle PI permet de retrouver la stabilité exponentielle des trajectoires & variation
lente.
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INTRODUCTION

Deduced in 1871, the Saint-Venant equations [28] (or 1-D shallow water equations)
are among the most famous equations in fluid dynamics and have been investigated
in hundreds of studies. Although being quite simple, their richness has made them
become a major tool in practice for many industrial goals, the most famous being
probably the regulation of navigable rivers. They are the ground model for such
purpose in France and Belgium. Regulation of rivers is a major issue, for navigation,
freight transport, renewable energy production, but also for safety reasons, especially
as several nuclear plants all around the world are implanted close to rivers. For these
reasons, the stability of the steady-states of the Saint-Venant equations has been, and
is still, a major issue.

Many results were obtained in the last decades. In 1999, the robust stability of
the homogeneous linearized Saint-Venant equations was shown using a Lyapunov
approach and proportional feedback controllers [11]. Later, the stability of the ho-
mogeneous nonlinear Saint-Venant equations was achieved, still using proportional
feedback controllers. In 2008, through a semi-group approach [17], the stability of
the inhomogeneous nonlinear Saint-Venant equation was shown for sufficiently small
friction and slope (or equivalently sufficiently small canal), and these results were suc-
cessfully applied to real data sets from the Sambre river in Belgium. More recently,
in [6] the authors have given sufficient conditions to stabilize the nonlinear Saint-
Venant equations with arbitrary friction for the H? norm but no slope using again
proportional feedback controllers, and in [21] with both arbitrary friction and slope.
This last result is proved by exhibiting a Lyapunov function that has a simple form
close to a local entropy for the nonlinear inhomogeneous Saint-Venant equations.

It is worth mentioning that other stability results have also been obtained in less
classical cases or with less classical feedback laws. For instance, in [8] was shown
the rapid stabilization of the homogeneous nonlinear Saint-Venant equations when a
shock (e.g. a hydraulic jump) occurs in the target steady-state. Such a shock indu-
ces new difficulties and the presence of shocks can limit in general the controllabil-
ity and the stability in weaker norms of hyperbolic systems with boundary controls
[1, 10]. Also, several results (e.g. [15]) were obtained using a backstepping approach, a
very powerful method based on a Volterra transformation, developed mainly for PDE
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in [24], and generalized recently with a Fredholm transformation for hyperbolic sys-
tems [13, 36, 35]. One may look at [21] for a more detailed survey about this method
and its use for the Saint-Venant equations. However, backstepping gives rise to non-
local and non-static feedback laws that are likely to be harder to implement, and, to
our knowledge, have not been implemented yet.

Most of the previous results were performed with static proportional feedback
controllers. When it comes to industrial applications, however, the proportional inte-
gral (PI) control is by far the most popular regulator. It is used for instance for the
regulation of the Sambre and Meuse river in Belgium [5, Chap. 8]. The reason behind
such preference is the robustness of the PI control with off-set errors [2, Chap. 11.3].
An example can be found in [16] where the authors show the interest of adding an
integral term to a proportional control on a linear and homogeneous system, and
exhibit coherent experimental result.

For these reasons, the PI controller has fed a wide literature, at least when used
on finite dimensional systems. However, despite their indisputable practical interest,
PI controllers for nonlinear infinite dimensional systems have shown hard to han-
dle mathematically and even studying simple systems give sometimes rise to lengthy
proofs with relatively sophisticated tools [12]. While the behaviour and the stability
of linearized equations with PI controller has been well understood in the past, partly
thanks to spectral tools like the spectral mapping theorem (e.g. [26, 25] for hyperbolic
systems), no such tool exists for nonlinear systems, and the stability of the nonlinear
Saint-Venant equations has remained a challenge until today. Among the existing lin-
ear results using a spectral approach, one can refer to [33, 34] where the authors find a
sufficient condition for the stabilization of the linearized inhomogeneous Saint-Venant
equations. Necessary and sufficient conditions for the linearized homogeneous Saint-
Venant equations are given in [5, §§2.2.4.1, 3.4.4]. In [14] the authors find a necessary
and sufficient condition for a linear scalar equation and show the difficulty of finding
good conditions for the nonlinear equation, while in [9] the authors deal with 2 x 2 sys-
tems. Among the existing nonlinear results one can refer to [30] in the case where the
operator without PI control generates an exponentially stable semi-group, [31] where
the authors find a sufficient condition for the nonlinear homogeneous Saint-Venant
equations, [5, 2.2.4.2] where the authors find a necessary and sufficient condition also
for the nonlinear homogeneous Saint-Venant equations, while [5, §§5.4.4,5.5] and [4]
give a sufficient condition for the inhomogeneous Saint-Venant equations for a sin-
gle channel or a network, but in the particular case of constant steady-states only,
which simplifies their analysis [19]. Strictly speaking, this last result was derived for
the linearized system but with a Lyapunov approach, which can easily be generalized
to the nonlinear system. More recently, and this is the most advanced result yet, [7]
gave a sufficient condition of stability for the inhomogeneous Saint-Venant equations
with an arbitrary friction and river length but only in the absence of slope, using a
Lyapunov approach.

In this paper, we consider the stabilization of the general nonlinear Saint-Venant
equations with a single boundary PI control. We give a simple and explicit condition on
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1434 A. Havar

the parameters of the PI controller such that any steady-state is exponentially stable
for the H? norm. While stability results in inhomogeneous and nonlinear systems
often imply a limit length for the domain, depending on the source term, above with
we are unable to guarantee any stability ([19, 20, 3, 17] or [5, Chap. 6]), this result
holds whatever the friction, the slope, and the length of the channel. Besides, our
condition is independent of the slope, the friction coefficient, the river length, and,
more surprisingly, can be made independent of the steady-state considered. Finally,
when there is no slope this condition is less restrictive than the condition obtained
in [7] and when there is no friction or slope this condition coincides with the necessary
and sufficient spectral condition of stability for the linearized system given in [9] and
[5, Th.2.7].

The case where the inflow disturbances are time dependent and no steady-states
exists was seldom considered in the literature. However, it is in fact unlikely that the
industrial target state is a real steady-state as the inflow disturbance often depends on
time in practice, even though only slowly. Therefore, in the more general framework
of slowly time-varying target states, we show the Input-to-State Stability (ISS) of
the system with respect to the variation of the inflow disturbance. Finally, we show
that if we allow the controller to depend on the target state, by changing slightly
the PI controller, we can ensure the exponential stability of slowly-varying target
trajectories. These trajectories are the natural targets to consider when there is no
steady-state of the system.

This paper is organized as follows: in Section 1 we give a description of the nonlinear
Saint-Venant equations, we introduce the time-varying target trajectories together
with some definitions and existence results, then we state our main results. In Section 2
we prove our main result, Theorem 1.7, that deals with the exponential stability of
time-varying state. In the appendix, we show that Corollary 1.8 dealing with the
exponential stability of steady-states, and Theorem 1.11 showing the ISS of the system
with respect to the variation of the inflow disturbance, are both deduced from the
proof of Theorem 1.7.

Acknowledgments. The author would like to thank Jean-Michel Coron for his con-
stant support and his advices, and Sebastien Boyaval for many fruitful discussions.
The author also wishes to thank Eric Demay, Peipei Shang, Shengquan Xiang and
Christophe Zhang for fruitful discussions.

1. MoODEL DESCRIPTION

We consider the following nonlinear Saint-Venant equations for a rectangular chan-
nel with arbitrary slope and friction.
OH +0,(HV) =0,
kV?2
OV + VO,V + gd,H + (7 - C(x)) —0.
Here, k is an arbitrary nonnegative friction coefficient and C denotes the slope, which

is assumed to be a C? function, with C(z) := —gdB/dx where B is the bathymetry

(1.1)
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and g the acceleration of gravity. We are interested in systems where the water flow
uphill is a given function, unknown and imposed by external conditions, for instance a
flow coming from another country, while the water flow downhill is controlled through
a hydraulic installation. Therefore, we have the following boundary conditions,

H(t’ O)V(t’ O) = QO(t)v

(1.2) H(t,L)V(t,L) = U(t),

where U(t) is a control feedback and Qq(t) is the incoming flow, which is a given
(and unknown) function. Here L denotes the length of the water channel. In practical
situations, the formal control U(t) can be expressed by a simple linear model [7]

(1.3) U(t) =ve(H(t, L) — Us(t)),

where Uj () is the elevation of the gate of the dam, which is the real control input
that can be chosen, while vg is a constant depending on the parameters of the gate
(potentially unknown as well).

1.1. CONTROL GOAL AND TARGET TRAJECTORY. — Usually, the industrial goal of such
system is to stabilize the level of the water at the end point H(t, L), called control
point, to a target value H, > 0. On the other hand, the usual mathematical goal in
such a problem is to stabilize a target steady-state (H*, V*), potentially nonuniform
[5, Preface|. However, in the present problem (1.1)—(1.2), it is clear that, when @ is
not constant, it is impossible to aim at stabilizing any steady-state and one needs to
alm at stabilizing other target trajectories. Therefore, we define the following target
trajectory (Hy,V}) that we aim to stabilize as the solution of

Oy Hy1 + 0,(H1 V1) =0,

kV2
OV + Vad, Vi + g0, Hy + (- = C(a)) =0,

(1.4) 1
Hl(tao)‘/l(ta 0) = Qo(t)v
H,; (ta L) = Hca
with the initial condition
(1.5) Hq.(0,-) =H*() and V4(0,) =V™*(:),

where (H*,V*) is the (unique) steady-state solution of the system when @ is con-
stant, equal to Qo(0). Namely, (H*,V*) is the solution of

0.(HV) =0,
EV?2
1.6 Mo _
(1.6) VO,V + gd, H + ( - C(w)) 0,
H(L)=H,,
with condition at x = 0
(1.7) H*(0)V*(0) = Qo(0).
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1436 A. Havar

We are now going to show that the trajectory (Hy, V1) exists for any time and satisfies
some bounds.

Existence and bounds of the target trajectory (Hy,Vy). — Instead of studying directly
our target trajectory (Hy,V;) we first construct an intermediary family of functions
(Ho, Vo) where at each time ¢, (Ho(t,-), Vo(t,)) is defined as the space dependent
steady-state that would be associated with the constant flow Qq(t). This is detailed
in the following paragraph.

We defined previously (H*,V*) as the steady-state associated to a constant flux
Qo = Qo(0), that is (H*,V*) is the solution of the ODE problem (1.6) with initial
condition H*(0)V*(0) = Qo(0). But in fact at each time t* € R’ , we can also define
a steady-state (Hj., V%) associated to a constant flux Qo = Qo(t*). In other words
(Hj., ;) is the solution of the ODE problem (1.6) with initial condition satisfying

(1.8) H(0)V2(0) = Qo(t").

Although the system (1.6), (1.8) could seem peculiar as it has boundary conditions
imposed both in 0 and in L, we know looking at the first equation of (1.6) that
this system (1.6), (1.8) is in fact equivalent to a single ODE on Hj. with boundary
condition H} (L) = H. and the function V% defined by Vit = Qo(t*)/H}.. Indeed the
first equation of (1.6) is equivalent to saying that H. V;% is a constant function, equal
to Qo(t*) thanks to (1.8). In other words (1.6), (1.8) is equivalent to

Vi) = s, vee .zl

2 1 k2 t* 2
(g - Qﬁf(t*ﬁ))awH;* + (i‘i(?)) - C(x)) =0,
H(L) = H,.

Thus for each t* € [0, +00) such function exists on [0, L], is unique and C® provided
that the state stays in the fluvial regime (or subcritical regime), i.e., gH; > V32
on [0, L]. This, for a given H.,, is equivalent to a bound on Qo (t*) (see [21] for more
details). As we are interested in stabilizing physical trajectories in the fluvial regime,
we assume that this assumption is satisfied in the following and that there exist a > 0
and Hpax > 0 independent of t* € [0, 00) such that

1
H. < =Hpae on |0, L],
gH;. — V2 >2a on [0, L]

For a given H., this is again equivalent to imposing a bound Q. on ||Qo|| L (0,00), from
(1.6) and (1.8), (which is more logical from an applicative point of view). However,
for convenience, we will still use Hyax and « in the following. This assumption is
quite physical: in practical situation the river is in fluvial regime and Qq(t) is often
periodic or quasi-periodic. This gives a family of one-variable functions indexed by
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a parameter t*, which can also be seen as the two-variable functions
(Ho, Vo) = (t,2) — (H{ (x), Vi (2)).

Besides, from (1.7), as (H;, V;*) is the solution of a system of ODE with a parameter ¢,
the two variable functions (Hy, Vo) therefore belongs to C3([0, +o00) x (0, L)) (see [18,
Chap. 5, Cor. 4.1]). From its definition, one can note that

(H0(07 ')7 %(07 )) = (H*v V*)
For clarity, we summarize here the different families of functions we introduced.

— (H*,V*), a function of x, the steady-state of the system when Qg = const.

— (H1,V1), a function of ¢ and z, the target trajectory to reach when Qg is not
a constant. This trajectory is compatible with the objective H(t,L) = H., for any
t € [0,T7.

- (H{, Vb)), a function of z, the steady-state of the system when Q) is a constant
equal to Qo(t*) (t* is fixed).

— (Hop, Vp), a function of ¢ and x, the family such that

(Ho, Vo) : (t,2) — (H{ (2), V] (2)).

Now that we have introduced this intermediary family of functions, we can show the
existence of the target trajectory (Hp, V1) and we have the following Input-to-State
Stability (ISS) result (see [29] for a definition of ISS for finite dimensional systems,
[23, Chap. 1, Chap. 3] for a generalization to first-order hyperbolic PDE and [27] for
the use of Lyapunov function to achieve ISS on time-varying hyperbolic systems),

Prorosition 1.1. — Assume that 8;Q¢ € C?([0,00)). There exist positive constants
ci, €2, o> 0, v >0 and § > 0 such that if [[0;Qollc2(jo,400)) < 9, then for any
(HY, V) € H*((0,L),R?) such that

|HY — H* || r2(0,0) + IV = V| ir2(0,2) < v,
the system (1.4) with initial condition (HY, V) has a unique solution (Hi,Vi) €
CY([0,4+00), H%(0, L)) which satisfies the following 1SS inequality
(1.10)  [|H1(t,-) — Ho(t, )2 (0,0) + IVi(t,-) = Volt, )l az0.1)
< CI(HH? — H*HH?(O,L) + HVlo — V*HHz(O’L))e_“t/Q

t
+ e (/ (10:Qu(s)| + 102 Qo(s)] + |82,Qo(s)]) eu8/2ds> —
0

This result is shown in Appendix B, and a definition of the C? norm is recalled
in Remark 1.2. Note that @) is supposed to be bounded, which is quite physical,
but there is no additional requirement on this bound besides the physical assumption
given by Qs of remaining in the fluvial regime. This is important as in practical
situations the value of the incoming flow can change a lot, even though slowly.

Here, we choose to stabilize the trajectory (Hi, Vi) associated to HY = H* and
HY = V*. As we will see, this target trajectory can be seen as the natural trajectory
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1438 A. Havar

to stabilize as it satisfies the industrial goal H(t,L) = H. and it coincides with the
steady-state solution when Qg is a constant. In this last case Qo and H,. are imposed
and H* and V* = Qo/H* are thus fully determined using (1.6). But one can note
from (1.10) that, in fact, the behavior of (Hy, V;) at large time does not depend on the
initial condition (HY, V) in (1.5), provided that it is close in H? norm to (H*,V*).

Remark 1.2. — The same ISS result can be shown replacing the H? norm in Proposi-
tion 1.1 by the H? norm where p € N* ~\ {1}, with the condition [|0;Qo||cv([0,400)) < 9
instead of [|0;Qollc2([0,4-00)) < 9. This is shown in Appendix B. We define here the C?
norm for a function U € CP(I), where I is an interval, as

Ullerp:= max (||[07U]|| pos
[Ulesoyi= mavs (105U~

Thus, from Proposition 1.1 and (1.9), there exists a constant 6 > 0 such that,
if ||atQ0||Cz([07oo)) < 5, then (Hl, Vl) S CO([0,+OO),H2(0,L)) and

(1.11) Hi(t,x) < Hyax, Y(t,z) € [0,4+00) x [0, L],
(1.12) gH, (t,x) — V2(t,x) >, Y (t,x) € [0,+00) x [0, L].

Besides, when Qg is a constant, it is easy to check that (Hy, Vo) = (H*,V*) is
also solution of (1.4)-(1.5). Thus, from the uniqueness of the solution of (1.4)—(1.5),
(Hy, V1) = (H*,V*) and, therefore, we recover a steady-state. This illustrates that
(H1, V1) can be seen as the natural target state when Qg is not a constant anymore.
Moreover, from (1.4), stabilizing (Hy, V1) also satisfies the industrial goal by stabiliz-
ing H(t,L) on the value H.,.

1.2. CONTROL DESIGN AND MAIN RESULT. — As mentioned in the introduction, a usual
type of controller used in practice to reach this aim is the proportional-integral (PT)
controller. It has the advantage of eliminating the offset coming from constant load
disturbances, which can usually appear in these systems as the command on the
gate’s level are only known up to some constant uncertainties. A generic PI controller
is given by

(1.13) Ui(t) = kp(H. — H(t,L)) + k1 Z,

where £, and k; are coefficients that can be designed and Z accounts for the integral
term, i.e.,

(1.14) Z=H.,—H(L).

With such controller, and using (1.3), the boundary conditions (1.2) become (1.14)

and
115 H(t,O)V(t,O) = QO(t)v
(1.15) H(t, L)V (t, L) = va(1 + ky)H(t, L) — vgky H. — veki Z.

In Corollary 1.8 we show that this boundary control can be used to stabilize expo-
nentially a steady-state when g is a constant. In Theorem 1.11 we show that this
control can also provide an Input-to-State Stability property with respect to 9;Qp.
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However, this control (1.13) cannot be used to stabilize a dynamic target trajectory
(Hy, V1), whatever the coefficients, as there is no function Z; € C*([0, +00)) such that
(Hy1,V1,Z4) is a solution of (1.1), (1.14), (1.15) while (H;,V7) is a solution of (1.4).
Therefore, when stabilizing a dynamic target trajectory, one has to add an additional
term and use

(1.16) Ur(t) = kp(He — H(t, L)) + k1 Z — f(t),
where f(t) := Hy(t,L)Vi(t,L)/ve. The boundary conditions (1.2) become then

H(t7 O)V(ta 0) = QO(t)a

(1.17) H(t,L)V(t,L) = HiVi(t,L) + va(1 + kp)(H(t, L) — H.) — veki Z,

where we have actually changed Z and re-define Z := Z — k, /k;, which still satisfies
the equation (1.14). This can be seen as a feedforward control.

This new control (1.16) assumes that Vi (¢, L) is known at least up to a constant,
as Hy(t,L) = H. and additional constants can be incorporated into Z. When no
knowledge on the target state is available besides H., it is impossible to stabilize
exponentially the system, and the best one can get is the Input-to-State Stability
which is given by Theorem 1.11. However, in the following we will keep working with
(1.16) and (1.17) to show Theorem 1.7 and the exponential stability of the system,
as the proof of Theorem 1.11 and Corollary 1.8, which uses only the control (1.13)
and (1.15), are easily deduced from the proof of Theorem 1.7.

We introduce the first-order compatibility conditions associated to the boundary
conditions (1.17) for an initial condition (H°,V°, Z°):

H°(0)V°(0) = Qo(0),
HO(L)VO(L) = H Vi (0, L) + vg(1 + k) (HO(L) — H,) — k; Z°,

IO (voyz(0) - 0HO(0)) = @4(0),

(1.18) { —0=(H(0)VO(0) + 9=

—o, (Vo) + o) — vop () - cow))
=0;(H1V1)(0,L) —va(1+ kp)am(HO(L)VO(L)) +kr(H°(L) — H,.).

With such compatibility conditions the system (1.1), (1.14), (1.17) is well-posed and
we have the following theorem due to Wang [32, Th. 2.1]:

Tueorem 1.3 (Well-posedness). — Let T > 0, and assume that (Hy, V1) is well-
defined and belongs to C°([0,T], H3>(0,L)). There exists v(T) > 0 such that for any
(H°, VO 7% € (H%((0,L))))? x R satisfying

I () = H1(0, )20,y + VO () = Vi(0, ) 20,1y + 12°| < w(T),

and satisfying the compatibility conditions (1.18), the system (1.1), (1.14), (1.17) has
a unique solution (H,V,Z) € (C°([0,T], H*((0,L))))? x C1([0,T)). Moreover there
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exists a positive constant C(T) such that

(1.19) |lH(t,-) — Hi(t, )20,y + V(L) = Vit )lmzo,n) + 1 2]
< C(T)(IH() = Hi(0,) |20,y + V() = Vi(0, )l 20,y + | 2°])-
To apply the result from [32], note that Z can be seen as a third component of the

hyperbolic system with a null propagation speed, a constant initial condition Z°, and
Z(t) being thus its value everywhere on [0, L] including at the boundaries.

Remark 1.4. — If, in addition, (H°, V%) € H3((0, L); R?), then the unique solution
(H,V,Z) given by Theorem 1.3 belongs to C°([0,T], H3((0, L); R?)) x C?([0,T]) and
there exists a constant C(T") such that
(1.20) [[H(, ) = Hi(t, )z .0y + IV(E ) = Valts )laso.n) +12]

SO (IIH () = Hi(0, )l ms o,y + VO () = Va(0,)llms o,y + 12°])-

We recall the definition of (local) exponential stability.

Derinirion 1.5, — We say that a trajectory (Hi, Vi) is locally exponentially stable
for the H? norm if there exists v > 0, C > 0 and 7 > 0 such that for any 7' >ty > 0
and any (H°,V?, Z9) satisfying

[H®(-) = Hi(to, M 20,y + V() = Vi(to, )l w20,y + 12°] < v,
and the compatibility conditions (1.18), the system (1.1), (1.14), (1.17) with initial
condition (H°, V0 Z%) at to has a unique solution

(H,V, Z) e (C°(to, T, H*((0, L))))* x C*([to, T])

and

[H(t,-) = Hi(t, ) z20,0) + 1V -) = Vit )l a2 0,y + 2]
< Ce " (|H(-) = Hi(to, )l a2 0.0) + IVO() = Vilto, )l m2(0.0) +12°1),
Vte [to,T}.

Remark 1.6. — From (1.4) and Sobolev inequality, this exponential stability implies
in particular the (local) exponential convergence of H(t,L) to H,.

We can now state the main results of this article.
Turorem 1.7 (Exponential stability). — There exists 6 > 0 such that, if

10:Qollc2(j0,+00)) <,
then the trajectory (Hy, Vi) given by (1.4) of system (1.1), (1.14), (1.17) is exponen-
tially stable for the H? norm if:
kp > —1 and kr > 0,
1.21 H(t,L) — V2(t, L
( ) or kp<7179 1(7) Vl(v)
veVa(t, L)

and ky < 0.
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This result is proved in Section 2. The main idea of the proof consist in finding a
local convex and dissipative entropy for the system (1.1), (1.14), (1.17).

In particular, in the case where @)y is constant, we can use the static boundary
control (1.13), and we have the following corollary:

Cororrary 1.8. If Qo is constant, then the steady-state (H*,V*) of the system
(1.1), (1.14), (1.15) given by (1.6)—~(1.7) is ezponentially stable for the H* norm if:

kp > =1 and kr > 0,

(1.22) gH*(L) — V*2(L)
k, < —1-— d k; <0.
or k, eV (L) and kg
Proof. This is a particular case of Theorem 1.7. To see this, note, as mentioned

earlier, that when Q) is constant, then (Hy,Vy) = (H*,V*). Then, observe that f(t)
given in (1.16) is a constant that can be added in Z (i.e., we can re-define Z := Z— f(t),
which still satisfies (1.14)). O

1.3. COMPARISON WITH EXISTING RESULTS AND CONTRIBUTTION OF THIS PAPER. Many
results exist in the literature concerning this stabilization problem (e.g. [17, 33, 4, 34,
31, 9, 7]). To our knowledge the most advanced result for the full non-linear system
is [7] where the authors show that if there is no slope, i.e., C'(z) = 0, then the system
can always be stabilized by the PI control (1.13) as long as the steady-state exists,
and they give the sufficient condition

kp >0 and kr > 0.

Note that this is the first result that allows an arbitrary size of source term and length.
In this paper, using a different type of Lyapunov function, we manage to show a more
general result. Our main contributions are the following:

— The result holds for an arbitrary friction and also an arbitrary slope C(x) €
C?([0, L]). Physically this means that the source can be non-dissipative and increase
the energy of the system compared to the case where there is only friction.

— We find a less restrictive stability condition

kp > —1 and k; >0,

and we also show that another condition is sufficient:
gH*(L) —V**(L)
vaV* (L)

This one is counter intuitive as k, < —1 and k; < 0. It means that if the height of
the water is too high at L the control would reduce the aperture of the gate in L and
reduce the flow that we let exit the system, which intuitively should increase even
more the height of the water at L.

— Our result holds also when stabilizing a slowly varying trajectory rather than
a steady-state (that might not exist in practical case). In this case we use a kind of
feedforward term in the boundary control (see (1.16)).

kp < —1-— and ky < 0.
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— In addition to the exponential stability, we show the Input-to-State Stability
with respect to an unknown inflow. In this case the only knowledge required on the
system is the height of the water at z = L.

Note that, just like [7], this approach uses very little knowledge of the state of the
system, as we only measure the height at the boundary z = L.

Remark 1.9. — When the system is homogeneous, our conditions (1.22) are optimal
(necessary and sufficient) [9], [5, §2.2.4.1].

Remark 1.10 (Alternative notation in literature). — In the literature, results about
PI control of the Saint-Venant equations sometimes leave the step of modeling the
spillway, and use a generic formulation of the PI control on the outflow rate of the
form
Ht, L)V (t,L) =ky(H(t,L)— H;) — k1Z,
where Z is the integral term, still given by (1.14). Note that, with these notations,
the sufficient condition of Corollary 1.8 becomes
kp >0 and kr >0,

_gH*(L) —V**(L)

d k .
V*(L) an 1 <0

or k,<

1.4. CASE OF TIME-VARYING INPUT DISTURBANCE Qq(t): ISS EsTIMATE. In practical
situations, however, we may also have only little knowledge of the target trajectory
(Hy, V1) or the input disturbance Qg (t) and we only know H,. In this case we cannot
use a controller of the form (1.17), but only a static controller of the form (1.15),

namely
H(t,L)V(t,L) =vg(l + ky,)H(t,L) —vgk,H. — vaki Z.

In this case, it is impossible to aim at stabilizing the target trajectory (Hyp, Vi), but
we still have the Input-to-State Stability with respect to the input disturbance 9;Qy,

Taeorem 1.11. There exists v >0, § >0, v > 0 and C, such that if
10:Qollc2([0,400)) < 9,
then for any T > 0 and (H°, V%) € (H%(0,L))? such that
IH® = H* |20,y + IV? = V¥ [l20,) < v,

the system (1.1), (1.14), (1.15) with initial condition (H°,V°) has a unique solution
(H,V) e C0,T], H*(0, L)) which satisfies the following ISS inequality

(1.23) ||H(t,-) — Ho(t, ) m20,n) + IV () = Volt, )l az0.1)
< et (I~ V0 = Vo
t
+ [ (01Qu(o)] + 155 Qu(o)] + |afttczo<s>>e“d8>‘
0

The proof is given in Appendix C and is a consequence from the proof of Theo-
rem 1.7. In Section 2 we give a few tools to prepare the proof of Theorem 1.7.
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2. EXPONENTIAL STABILITY FOR THE H2 NORM

This section is divided in two parts. First we transform the system through a change
of variables. Then we state two lemma, which simplify the proof of Theorem 1.7.
We will then prove Theorem 1.7 in Section 3.

2.1. A cHANGE OF vARIABLES. — For any solution of (1.1), (1.14), (1.17) we define the

perturbations as
H— Hy
vV-1n)’

" "

Let us assume that there exists v € (0,19) to be selected later on, such that

I () = H1(0, ) |20,y + VO () = Va(0, )| 20,2y +12°] < v
The boundary conditions (1.17) can be written in the following form

’U(t’ O) =% (h(t7 0)5 t),

2.2
22 o(t.L) = Za(h(t, ). Z.1),
with
W)
81(@1(0,?5) - Hl(t, 0)7
1+k,) —Vi(t,L
(23) 81%2(0,070 = vG( Hf()t L)l( )7
_ 'UGkI
0,58(0,0.0) = ~ L

We introduce the following change of variables:

e o= ()= ()

Note that this change of variables is very similar to the change of variables used in
[3, 21] with the only difference that (Hy, V1) is not a steady-state anymore. It corre-
sponds to the transformation in Riemann coordinates for the perturbations. Indeed,
denoting S, F and G by

g/Hl(t7I) 1
(2.5) S(x,t) = (\/m 1) ,

20 r()=Gv) o) = G o)

and using (1.1), (1.14), (1.17), (1.4), (2.1)—(2.4), one has
6{[1,1 =+ Al(u,x,t)arul =+ 61('111, z,t)@zm + Bl(u,x,t) = 0,
0

2.7
( ) Ogig — Ao (u, x, t)agEUQ + {5 (u, x, t)agﬂn + By (’lL, x, t)

)
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Therefore,
)\1(0,.T,t)=‘/1—|— gHq, )\Q(O,x,t)Z\/ng—Vl,
Kl(O,x,t) = Bl(O, m,t) = 0, Eg(O,gc,t) = BQ(O, Qi,t) = 0,

0B
5 (0.2,0) =t 2)ur(t, 2) + 72t 2)uz(t, 2),
002 0,0, = 8a(t,2pun (1) + Bo(t, @), ),

3 3 KV kV2
= 2 /g/H, Hyy + Vi, + oL _ 5V
y =gV it R YT 1/9,

1 1 KVi KV
Yo =~V g/Hi Hiz + -Viz + — + 555V Hi/9g,
1 1 H ' 2m

(2.10)

(2.11)

where

2.12
(2.12) Vi KV

1 1
61 = — /g /Hy Hyy + Vi + 22 5/
1= Vel et e g T o2 1/9,

3 3 kVi  kV?
0y = —*\/g/Hl Hi,+ -Vig+—+ 72\/H /g.
4 4 H, 2H;
For the boundary conditions, there exists 4 € (0,19) such that for any v € (0,14),

one has:
u1(t,0) = Z1(uz(t,0),t),

UQ(t, L) == @2(“1 (t, L>7 Z7 t),

5, (D) ;uz(t, L)) VHL(6 D) /g,

where 2, and 9, are C? functions and

(2.13)

0172,(0,t) = ijgg;’
(2.14) 52:(0,0,1) = —i;glzzgizg
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Expression (2.12) is simply a computation, very similar to what is done in [21] for
instance, while the derivation of (2.13) and (2.14) are detailed in the appendix. In the
following we denote for simplicity

kz = 6191(0,15), kl = 6192(0,0,t) and kg = *82.@2(0,0,0,

Remark 2.1. — Obviously, from the change of variables (2.1)-(2.4), the exponential
stability of the system (1.1), (1.14), (1.17) is equivalent to the exponential stability
of the steady-state u* = 0 for the system (2.7), (2.13).

As the operator A, given by (2.8), is a C? function in u, t and z (and in particu-
lar C1) and as, from (2.11) and (1.12), A1(0,x,t) > 0 > —X3(0, z,t), there exists v €
(0, 1) depending only on Hyax, @ and E € C*(4,, x (0, L) x [0, +00); .#5(R)), where
A, C R? is the disc of radius v, and center 0, such that for any ||w(t,-)||g2(0,1) < v2,

E(u(t, z),z,t)A(u(t, z), ,t) = D(u(t, ), 2,t) E(u(t, ), z,t),

2.15
(2.15) E(0,z,t) =1d,

where D(u(t,z),z,t) = (D;(u(t, x),z,t));c1,2 is a diagonal matrix and Id is the iden-
tity matrix. Before going any further, let us note a few useful properties of these
functions. For simplicity in the following we will denote for any n € N* and any
function U € L*((0,T) x (0, L); R™) (resp. L>=((0,L); R™))
[Ulloe = Ul > ((0,7) x (0,L);R")>
(resp. [Ulloo == Ul (0, L)m))-
We may also denote ||wl|g2(0,z) instead of ||u(t,-)|[#2(0,1) to lighten the expressions.
From the definition of A given in (2.8), and from (1.12), for |lu| g2(0,z) < v2, there

exists a constant C; depending only on Hy,.x, @ and v such that we have the following
estimates

max(||8t(A(u(t,x),m,t) — A0, z,1))] 0o, |0 (D(u(t, z), z,t) — D(0,x,t))| 0o,
10:(B(u(t,z),2,1))| )

< Cr(llwlloo(10:Hilloo + 10 Villoo) + 10400

max ([0, (A(u(t, ), z,t) — A(0,2,1)) ||, | 02(D(u(t, ), z,t) — D(0, z,1)),
102 (B (u(t, x), 2,1))||)

< Cr(|[ulloo (102 Hilloo + 192 Vi lloo) + (1022 o0)-

(2.16)

For E and D, this comes from the fact that ' and D are C* functions with respect
to the coefficients of A (recall that D is the matrix of eigenvalues of A), and that
A€ C*(By,; CH([0, +00) x [0, L])).

2.2. Two useruL LEMMas. — We introduce now two lemma, which simplify the proof
of Theorem 1.7. The first one is a classical result about Lyapunov functions.
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Lemma 2.2, Let V : (H*(0,L))* x R x Ry — R%, n >0, and ¢ > 0 such that for
any (U, z,t) € (H?(0,L))? x R x Ry, with |U|| > + 12| <7,

1
(2.17) c(lUFr2 0,0y + 12°) S VU, 2,%) < E(HUH?W(O,L) + |2).
If for any T > tg > 0 there exists v > 0 independent of tog and T, and v > 0 depending
only on T —tg such that, for any solution (u, Z) of the system (2.7), (2.13) with initial
conditions satisfying ||u(to, )|l m2(0,) + | Z(to)| < v, the differential inequality
qa
dt
holds in a distribution sense, then the system (2.7), (2.13) is exponentially stable for
the H? norm and V is called a Lyapunov function for the system (2.7), (2.13).

(2.18) V(u(t, ), t)] < —V(u(t,-),t), Vte (to,T),

This first lemma reduces the problem of proving the exponential stability to finding
a Lyapunov function V for the system (2.7), (2.13). A proper definition of a differential
inequality in a distribution sense as in (2.18) can be found in [19]. To lighten this article
we do not give a proof of this classical lemma, although a proof for a very similar
case (Lyapunov function that does not depend explicitly on time and for the C' norm
instead) can be found for instance in [19, Prop. 2.1], and is easily extended to this case.

Remark 2.3. Note that ¥ may depend on ty and T with this definition, contrarily
to the Definition 1.5 of exponential stability. However, this is not an issue since we
can deduce, thanks to (2.18), the existence of v independent of ¢y and T such that
(2.18) holds with «/2 instead of «. Indeed, assume that the assumption of Lemma 2.2
holds and select to = 0, and T} > 0 such that e~ 771/2 < ¢2 /2 where c¢ is the positive
constant involved in (2.17) (note that v does not depend on to and T3). From (2.18)
there exists v depending on T3 (that we denote v(T1) in the following) such that if
[0, )l 2(0.1) + 1 Z(0)] < v(T1), then

V(u(Ty,-)) < V(u(0,:))e 1.
Thus, using (2.17)

- 1
(2.19) (1, w2,y +12(T0)] < e ([[w(0, )| m2(0,0) + 12(0)]) < 5 V().

Since v only depends on T — tg, (2.19) means that the system with initial condition
(u(T1,-), Z(T1)) has a solution on [T7, 271] and, thanks to (2.17)—(2.18) and the choice
of Tl,

[a(t, Mm20,0) + 1Z2(1)] < e Ee T (w0, )20,y +12(0)])

< e e 2 ([u(0, | 20,1y +12(0)])

< e 2 (w0, ) 20,0y + 12(0)]) Vi€ [Ty, 2T1]
and

lw(2T1, ) lmr2(0,2) +12(2T1)] < e (a0, )| 20,y +12(0)]) < S v(Th).

o~ =
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Hence we can iterate on [277,3T1],...,[nT1, (n + 1)T1], and so on, for any n € N
and we obtain the exponential stability estimate on [0, 4+00) and in particular on any
[to, T] with v := v(T}) that does not depend on T or t.

Our second lemma seems very natural:
LEvma 2.4, There exists £ > 0 and C > 0 such that if [|0;Qol|c3(j0,400)) < £, then
max ([[0:Hx [lcr (0. 00).c0 (0.1 19:Viller (o, 400).c0(0.11) < ClIOQolles (0, 400))-

This is a consequence of the ISS property (Proposition 1.1) and Remark 1.2 for
p = 3 and is shown in Appendix E. Thanks to this lemma, we now only need to show
Theorem 1.7 with a bound on 0; H, and 9;V; rather than a bound on 9;Qy.

3. Proor or Tueorem 1.7

From Theorem 1.3, Remark 2.1, and Lemma 2.2, one only needs to find a Lya-
punov function V : (H?(0,L))? x R x Ry — R% satisfying (2.17) and (2.18). We will
proceed as follows: first we introduce a Lyapunov function defined up to two positive
functions f; and fo and two positive constants p and g. Second, we show a differen-
tial inequality satisfied by this Lyapunov function candidate with respect to fi1, fa, p
and ¢ (Proposition 3.1). Then we give sufficient conditions such that this differential
inequality simplifies to (2.18). Finally, we show how to choose f1, f2, and then ¢ and p
such that these sufficient conditions are satisfied, together with (2.17).

Let us define the following functional on H?(0,L) x R x Ry

L
(3.1) Vo(U,zt) :z/O filt,x)e " (B(U(x),z, ) U (x))3
+ fo(t,2)e" (E(U(z), z,t)U (x))3dx + q2°,

where f1, fo are positive and bounded functions which will be defined later on, and u
and ¢ are positives constant which will also be defined later on. Recall that E is given
by (2.15). We introduce the following candidate Lyapunov function defined for H?
trajectories of (2.7):

(3.2) Viu(t,-), Z(t),t) = Vo(ul(t, ), Z(t),t) + Vi(u,t) + Vo(u,t),

where

(3.3) Viu, 1) = Va(Oru(t, ), Z(1), 1),
Ve(u,t) = Va(OFult, ), Z(t),1).

This functional is a priori only defined for trajectories of (2.7), however using (2.7)
its definition can be extended to H2(0, L) x R x R as well (see Appendix F for more
details). We have the following proposition

Prorosition 3.1. — There exists § > 0 such that if

max ([|0; H1 || o1 (1t0,00):00 (10,21))+ [19¢ Vi |1 ([t6,00):00(10,23))) < 6
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then for any T > 0 and to € [0,T), there exists v > 0 depending only on T — tg such
that for any solution (u,Z) of (2.7) belonging to C°([ty,T], H*(0,L)) x C*([to,T))
with ingtial condition u® and Z° at time ty satisfying

(Il 20,y +12°1) < v,
one has the following differential inequalities for any t € [to, T

AV (u(t,-), Z,t) .
< - ) » " 7Za
e uﬁé{IL](Al M)V (ul(t,-), Z,1)

+ [idik3 — Ao fo] (u3(t,0) + (Qpua(t,0))® + (97us2(t,0))?)

— (w1 (t,L), Z) — [(dyur (t, L), Z) — (82 us(t, L), Z)

(3.4)

L
—/0 L((Bu)1, (Eu)s) + L((Edu)1, (Edwu)s) + I(Ediu) 1, (EdAw)s)dx

+C(llulls + [100u] ) <||U||%2(0,L) + 10l 0,0y + 107wl L2 0.1,
+ (oo + 10alloc)* + [ua(t, 0)%] + (Jus (t, L) + | Z])?
+10eua(t,0)% + (10cua (t, L)| + [ Z1)? + [0Fu2(t, 00| + (|07ur (¢, L)| + |ZD2>
405 (Jus(t, 00 + (fur (1. 2)| + 12 + [9yuat. 0 + (0w (1. 1) + | 2))°) + CaV,
where C' is a constant independent of tog and T', and I, Is denote the quadratic forms
given by
Li(z,y) = (M fi(L)e ™™ = Ao fo(L)e P kT) o

+ (aVHTgks = Mo fa(L)e R~ min (A Ao)a)y?

+ (2)‘2f2(L)euLk’3k’1 —qV/Hi/g (k1 —1))zy,
L(z,y) = (M f)s + 2fin(t,x) — Oufr)e " a?
+ ((A2f2)$ + 2fo02(t, ) — atfz)e’“”yQ
+2(72fre M + 61 f2e"" ) ay.
This proposition is showed in Appendix G. We can now use this to derive sufficient

conditions for the Lyapunov function candidate to satisfy (2.17) and (2.18) and prove
Theorem 1.7.

31 SUFFICIENT CONDITIONS FOR A LLYAPUNOV FUNCTION

Let T >ty > 0 and (u, Z°) € H?(0, L) x R satisfying the compatibility condition
(1.18) and such that

(3-5) (lu’ 20,y +12°) < v,
where v is a constant to be chosen later on but such that v < min(ve, v(T'—1t()). Recall

that T — v(T) is given by Theorem 1.3 and vy is chosen such that (2.15) holds.
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From Theorem 1.3 there exists a unique solution w € C°([to, T], H?(0, L)). To ob-
tain this, set

(Hi(t,-), Va(t,-)) = (Hu(t — to,-), Vi(t — to, ")),
(H(t,),V(t,-) = (H(t — to,"), V(t — to,)),
Z = Z(t —ty).

Since (Hy, Vi) is still in CO([0, T—to], H3(0, L)) (besides, note that it satisfies the same
upper bound in the H? norm as (Hy, V1)), Theorem 1.3 still applies and there exists
a unique solution (H,V) in C°([0,T — to], H2(0, L)) satisfying (1.19) on [0, — to]
with (Hy, Vi) instead of (Hy,V4), provided that

I (0, ) — Hy(0,) | 20,0y + V(0,-) = Vi(0, M mr2(0,1) + | Z(t0)| < v(T — to),

which is exactly (3.5). Thus (H(¢t,-),V(t,-)) = (H(t + to,-), V(t + to,-)) belongs to
CO([to,T], H*(0,L)). In order to use Proposition 3.1, we suppose in addition that
(u®, Z%) € H3(0, L)xR, and that (3.5) also holds for the H3 norm instead of the H>
norm in u. From Remark 1.4, (u, Z) € C%([to, T)x H3(0, L)) x C3([to, T]). This assump-
tion will be later relaxed later on by density. From Lemma 2.4, instead of assuming
a bound on [|9;Qo|¢3(j0,+00) We can assume that

(3.6) max ([|0H1 [l e (fto.c0pico((o.21)) 10:Vi e (20 ,00)sc0(10,1))) < 6

where § is a positive constant independent of T. Let (f1, f2) € C1([0, L]; (0, +00))
and ¢ > 0, 4 > 0 to be defined later on. From Proposition 3.1, there exists 14
and 97 such that if 6 < d1, then the differential inequality (3.4) holds. In the expres-
sion of (3.4), one can see that three identical quadratic forms appear in the integral
in (Edju)1, (Ediu)s2), i = 0,1,2, as well as three identical quadratic forms at the
boundaries in (Qui(t,L),0{Z), i = 0,1,2, and three identical terms proportional
respectively to (9jua(t,0)), i = 0,1,2. Thus a sufficient condition so that there exists
1 > 0 such that V is strictly decreasing would be that the square terms and the forms
that appear at the boundaries are negative-definite and the quadratic form in the
integral is negative-definite, i.e., the three following conditions:

(1) Condition at 0

A2 f2(0)
A1f1(0)

(3.7) > k3.

(2) Condition at L

A1 fi(L) 2
X2 fo(L) -

(388D (MAL) = Aefa(L)RY) (av/Hifg = dafaL)ks ) ks

1 2
— (AQfQ(L)kgkl — iq Hl/g (k‘l — 1)) > 0.

(3.8a)
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(3) Condition from the integral

(=M Sf1)o +2fin(t,z) — Ouf1) >
(3.9) ((=M\f1)e +2fimn(t, z) atfl)(()\QfQ +2f252(t z) — Of2)

— (i +61£2)° >0, V(ta) € [to,T] x (0,L).
Let assume for the moment that (3.7)—(3.9) are satisfied for any § € (0, d3) where s is
a positive constant. We are going to show that (2.18) hold. Then, as the inequalities
(3.7)—(3.9) are strict, by continuity there exist ¢ > 0 such that the square terms and
the quadratic forms I; at the boundaries and the quadratic forms I in the integral
are positive definite. Also, there exists v3 € (0,12) and d4 € (0,03) such that, for any
v € (0,v3), and any & € (0,04),

V< - - A, A)V + OV 4 C o+ 10su]l0)?).
L AN CEREE) ((lelloo + 102t o0)?)

where C' is a positive constant depending only on the system. Note that here,
the cubic boundary terms that appeared in (3.4) and the quadratic boundary
terms proportional to § have been compensated by the strictly negative quadratic
boundary terms, taking § and v sufficiently small and using (1.19). Note also that,
thanks to (1.12), ming, 1) [ty,+o00) (A1, A2) > 0. Thus, choosing d5 € (0,d4) such that
05 < pmingg 1]x[te,+00) (A1, A2) /4C, for any é € (0, d5) one has

3 . 3
0 L]H[ltl(?-i-oo)( 1, A2) ((JJael] [0zu][00)”)

Now, if we assume in addition that (2.17) hold, using (1.19), and Sobolev inequality,
there exists v4 € (0, v3] such that, for any v € (0,vy),

M
C((ulle +[9eul)®) <5 min  (n 22}V,

thus, setting v = pming, 1)x[zy,+00) (A1, A2),
V< —%V, Vit € [to, T

which shows the exponential decay of V' and (2.18). If in addition (2.17) holds, this
ends the proof of Theorem 1.7.

3.2. StraTEGY TO consTRUCT A [yapunov runcrion. — All that remains to do is to
find f1, fo and ¢ such that (3.7)—(3.9) are satisfied and such that V satisfies (2.17).
To do so, we first introduce the following function ¢ defined by

d1(t,x) = exp(/om jfd:v),

(3.10) Pa(t,x) = exp(—/0 de)
- ¢1(t,l’)
¢(t’x) B ¢2(t7x)7
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The functions ¢; and ¢ are defined such that the diagonal change of variables
(y1 = P1u1, Y2 = @aus) removes the diagonal source terms of the linearized system
associated to (2.7) (recall that ~y;, d2 are given in (2.11)—(2.12) and are the diagonal
coefficients of the source term of the linearized system). This change of variable is
used for instance in [3, 20] and is inspired from [24, Chap.9].(!) In the following we
are going to search for functions fi, fo of the form

d)% 42 f(t, x)

(3.11) fl(t,x):m, fa(t @) = 27N,

where ¢ is a positive C'! function to be defined. The motivation to look for functions
of this form is the following: it was shown in [3], in the autonomous case with a purely
proportional control, that (3.11) is an optimal choice in the following sense: if there
exists a Lyapunov function of the form (3.2), then there exists a positive function
¢ € C([0, L]) such that (3.11) holds and the converse is true for suitable boundary
conditions. This reduces the problem to finding a function £. Then, having f; and fs
satisfying the differential inequalities (3.9) is shown in this case (still in [3]) to be
equivalent to having £ to be a supersolution of a given ODE. This is the approach
followed for instance for the Saint-Venant equations in [6, 21] with a proportional
control and in the autonomous case. Of course, the autonomous case with a propor-
tional control is simpler than our current framework and brings some differences: the
functions &, fi and fo do not depend on time. Also, because of this, we will want &
to satisfy

—1
3.12) o> |22 4 ¢A251 €+ %\/g/Hl 9. H,
1

3 , Yz el0,L], t €[0,+00),
1

and not anymore to be a supersolution of the ODE in [3].

In order to find such a function ¢ and such functions (fi, f2), we start with the
following lemma, from which we will construct a solution to (3.12). We will see later
on that, if £ is a solution to (3.12), then (f1, f2) defined as (3.11) satisfy the condi-
tion (3.9), at least under some condition on 4.

Lemma 3.2, — There exists 09 > 0 such that if ||0sH1| 1o ((tg,4+00)x(0,0) < 00, the
function x = Ao/ A1 is solution on [0, L] to the following equation

(318)  dox =24 0y O gT o, Ve e (0,5, 1€ lto, +00),
1 2 1
and for any x € [0, L] and any t € [ty, +00),
-1
(3.14) (@ L0y O T 8tH1) > 0.
M 32

(1)Although this is not used here, this change of variable also allows that the semigroup of
the linearized system after change of variables has a compact difference with the semigroup of the
homogeneous system, see [22].
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The proof is given in Appendix D. To understand the link between Lemma 3.2 and
the choice of the coefficients of the Lyapunov function candidate (f1, f2), note that
since [0, L] is a closed interval we are going to be able to construct a solution y. to
(3.12) from x. Then (f1, f2) will in turn be defined by (3.11). This is what we do now.

3.3. CONSTRUCTION OF X AND ITS PROPERTIES. Let now assume that § < g, where g
is given by Lemma 3.2. Recall that ¢ is the constant such that (3.6) holds, namely

max (|0 H1 |1 ([to,00):00(10,21)) s 106V [l o1 ((29,00):00 (0, £1)) ) < 6
As this is the only assumption on (Hy, V1), in the following we can assume without
loss of generality that tg = 0. From Lemma 3.2, we know that there exists a solution
on [0, L] to equation (3.13), which is xo :=X2¢/A1. Therefore, as [0, L] is a compact
set, there exists gg such that for any e € [0,¢¢) there exists a solution y.(¢,z) to the
following system
OuXe(t ) = (@+¢T \/g/HlatHl)
)\2 (ta 0)
(0) = ;
O =N T°
and moreover (t,x,¢) — X< (t, ) is of class C° and 9, x. (¢, z) as well. This is a classical
result on ODEs due to Peano (see e.g. [18, Chap. 5, Th. 3.1]). Note that g9 > 0 a priori
depends on t and one could wonder whether £ — 0 when ¢t — 4+00. We are going to

(3.15)

show that this does not happen and we can choose €y > 0 independent of ¢ € [0, +00)
such that x. exists on [0,+00) X [0, L] for any € € [0,ep). Finally, note that x. is a
solution to (3.12) if we can show that

(@ + ¢T 5)2 + ;%\/g/Hl atH1> >0

From (3.15), Oy x. satisfies the following equation

P2 01 9 @ 2
(3.16) 0.0ixe = 2¢)\ X0t Xe + <T1)t + (@)th + 7 Vv 9/H1 0y Hy

—%% g/H; (0,H1)? ( )x/g/HlatHl.
1

We used here that, from Proposition 1.1 and Remark 1.2,
(H1, V1) € CO([0, +00); H*(0, L)),
and from (1.4),
0RH, = =0, (H\VY), 0:0,H, = —02(HV)
and 0:0:Vi = 0x (V102 V1 — g0x Hy — (KVP /Hy — gC)) .

Thus 02 H; belongs to C°([0, T); H'(0, L)) and (1,72, d1,d2) to C1([0,T]; H(0, L)).
Besides, from (2.10),

()= % - 5 oy o)
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Using (3.16), we have
ros
(3.17)  Oixe(t,z) = Oexe(t,0) exp </0 2¢—;2 xs(t,y)dy>
v Y0 2P 01 2
—|—/0 exp (/y 2¢)\2X5(t,w)dw) <<)\1) + <@) X:
53 VAT Oy — 5o/ Y Qutt)? + (55) ValHr it )y
1

Instead of seeing the function y. as a solution of an ODE (in space) with a parameter ¢,
one can see it as a solution of an ODE with parameters Ay, Ao, v2, d1, O H1, OV
and ¢ that we denote x. (¢, z) =g (z, A1, A2, 71,01, O H1,0: V7). From [18, Th.2.1] the
function

(@,€, A1, A2,72, 01, 0 H1, 0, V1) ¥ ge(@, A1, A2, 71, 01, O Hy, 04 V1)
is continuous. But from (1.11), (1.12), and (3.6), the quantities
<)‘1<t)’ )‘Q(t)v72(t)751(t)7atH1(t)’8t‘/1)

are bounded from above and below and therefore belong to a compact set when
t € [0,400). From this one can obtain that

(3'18) Er— gﬁ(x’ A1 (t)? /\Q(t)7 Y1 (t)’ 1 (t)7 O Hy (t)7 at‘/l) = Xs(t> !L‘)

is uniformly continuous in ¢ € [0,&1) for (¢,x) € [0,+00) x [0, L], for some g1 > 0
(independent of ¢). One can obtain this uniform continuity and this €1 by observing
that, from Lemma 3.2 and (3.15),

Do (xe(t, ) — xo(t, @) = -x3) +e= o [(x — x0)® + 2x0(x= — Xx0)] + ¢

DLy
HAa A2
< C(xe = x0)* + (xe — x0)] +¢,

where C' is a positive constant that might change between lines but depends only on
H.x, o and an upper bound of § and where we used that xo = Aa2¢/A1. Let us set h

defined by
310 dxh(t,z) = C [h*(t,z) + h(t,z)] +e¢,
( ' ) h(t,()) :Xs(ta O) 7X0(ta0) =5

by comparison x.(t,x) — xo(t, ) < h(t,z) for any (t,z) € [0, +00) x [0, L], provided h
exist on [0,400) x [0, L]. This implies that x. exist on [0,+00) x [0, L] provided h
does. Besides, from (3.19), h is nondecreasing and therefore h(t,z) > h(t,0) = € so

dxh(t,z) < 2C K3 (t, z) + h(t, z)],

which implies, integrating and using that In(z/1 + z) is a primitive of 1/(z? + z),

h(t, ) € ocL
2 < )
(3:20) T+ h(te) S1te’
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From (3.20) we deduce that there exists £; depending only on Hyy.x, o, L and an upper
bound of § such that for any € € [0,e1), h (and hence x.) exists on [0, +00) X [0, L]
and
Xe(t, ) — xo(t,z) < h(t,x) < C(e), V(t,z)€[0,+00) x [0, L],
where C(e) depends only on Hax, «, L, €, and an upper bound of §, varying contin-
uously with e with C(0) = 0. By comparison again and (3.15) we have (x. — xo) = 0,
hence
Ixe(t, )| < [xo(t, )|+ Cle),  V(t,x) €[0,400) x [0, L].

Finally we conclude to the uniform continuity of € — x. with respect (¢,z) € [0, +00) X
[0,L] for € € [0,1) by using the fact that xo = Aa¢/\; is uniformly bounded on
[0, +00) %[0, L]. Indeed, from (1.12) and (1.11) we know that for any (¢,z) € [0, +00) x
[0, L],

(3.21) VgHmax > A2 >, 2v/gHpax > A1 > a.

Besides, from the definition of ¢; and ¢2 given by (3.10), (2.12) and the bound (1.12),
(1.11), there exists a constant Cg that only depends on §, @ and Hy,ax such that

1 1
(3:22) . S llonl s g Sl 8

This, together with (3.17) implies that there exists Cy depending only on L, Hpax,
a, €, an upper bound of § (for instance dy), and continuous with e € [0,£1) such that

/0 exp (/y 2@ Xs(t,w)dw) 0:(0y(H1V1))dy

< Comax([|0¢Hl| o1 (j0,+00):c0((0,L1)) 10:Vill o1 (f0,400):c0 (0,10 ) -

Similarly there exists a constant C; > 0 depending only on L, Hy,ax, o, and an upper
bound of § such that
(3:23)  [|0¢@l Lo ((0,400)x(0,L)

< Crmax([|0cH [l e1 ((o,+00)i00((0,21)): 10:Vill o1 (0400300 (10,21)))

and similarly for ¢o. This, together with the definition of A\; and Ay given by (2.10),
(3.17), and using the continuity of € — x. on [0,&1) (recall that this continuity is
uniform with respect to (¢, z) € [0,400) x [0, L] from (3.18)), we get that there exists
C > 0 depending only on Hy,.x, o, an upper bound of §, ¢ and continuous with € on
[0,e1) such that

91 (8 )] < (|9rxe(8,0)]

+ max (|0 H1 || c1 ([0, +00):00([0,L])) ||0tV1||01([o,+oo);c0([o,L]))))C(E)-
But, from (3.15) 0;x<(t,0) = (A2(0)/A1(0)),, thus using (3.6) we obtain
(3.24) 0ex(t, 2)| < 6Ca(e),

where C5 is again a constant that only depends on €, a, Hpyax, an upper bound of §
and is continuous with € on [0,e1). We can now restrict ourselves to € € [0,¢1/2] and
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then Cy can be chosen independent of £ by simply taking its maximum on [0,e/2].
Recall that from Lemma 3.2 we have, Xo = ®A2/ A1, and
72 ¢
( + ¢/\ + 55 Vol 8tH1) > 0.

Recall also that we did not yet choose the bound § € (0, o) on ||9:H1 |1 ([0,00);00(j0,L]))
and [0:Vi |1 ([0,00);00(j0,2])) given in (3.6). From the assumptions on k, and &y, i.e.,
(1.21), and (2.14), and recalling that ky = 01%-(0,0,t) and ks = —02%-(0,0,t), one
has

(3.25) k2 < (M)z ks > 0.

Thus, using (2.10),
. 1 (L) )\2(L)>
3.26 :=min| ( — — ;1 — > 0.
520 o= i ) 3
As € = xe(t,z) is uniformly continuous with e for (¢,x) € [0,+00) x [0, L], there
exists e € (0,£1/2) such that for any (¢,2) € [0,400) x [0, L]

(327) |X62 (t,.’E) - Xo(t,.l?)l < ¢(ta L)771,
and
(3.28) (@ + st ;%\/Q/Hl BtHl) > 0.

In particular y. is a solution to (3.12). Note that €2 depends a priori on § from (3.28).
However, from Lemma 3.2 we can in fact choose €5 independent of § and depending
only on an upper bound of § (for instance dg given by Lemma 3.2). This is important
as, in the following, we will choose a § that may depends on €.

3.4. CONDITION FROM THE INTEGRAL. As announced we select f; and f5 in the fol-
lowing way:

filt,z) = S — >0
(3.29) B
t
Folt, ) = %M >0,
A2
and we can now check that the condition (3.9) is verified for ¢ small enough. We have
((bl);c/\lfl 2 $X€2 (t 1‘)
-2 =-2 + .
( 1f1)x ¢1 ¢ X€2 (t LL')
Thus from (3.10)
D Xe,
(3.30) — (Mf1)e 4211 h = qﬁ%e
€2

and similarly

(A2fa)a +202f2 = ($3xXeo (. 7))a — (63)aXea (t, 7)

(3.31)
%ame'
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Therefore, from (3.15), (3.30), and (3.31), one has

(3.32) (—(Mfi)z+2nfi —0cfr)(Aaf2)e + 202 f2 — O f2)

:(¢1¢2)2(<¢’72+ ;é\/g/iHlatHl)—kaz)Q

Xea QSA
_ i 2
Oxes (13- Ouf2 + 3011 ) + @) @1f2)

€2

But we have

(3t¢1)¢1 O OrXes 2
A B ()\2 e ) L
1Xeo 1 Xe2 1Xe,

and besides, from (1.4) and (3.6), there exists C5 > 0 depending only on a and Hpax,
and an upper bound of § (for instance dy), such that

(3.33) O f1 =2

maX(HHlm\|Loc((0,+oo)x(0,L)» ||V1m||L°°((O,+<x>)><(O,L)) < Cs.

Thus, using (2.12) and (2.10), there exists Cy > 0 depending only on L, a and Hpax,
and &g (but not on ¢) such that

(3.34) max (]|¢1 || Lo ((0,400) x(0.£))5 167 | Lo ((0,400) x(0.))) < Cis

and similarly for ¢5. Observe now that, from xo = A2¢p/A; and (3.34), |xo| and 1/|xo|
can be bounded by a constant depending only on L, o, Hpyayx, and dg. Thus from
(3.27) one obtains

(3.35) 1/Cs < |[Xeall Lo ((0,400)x(0,L) < Cs,
where C5 only depends on L, o, Hpax and &g. Therefore, from (2.10), (3.24), (3.23),
(3.33) and (3.35) one has
|0¢f1] < Cgd
and similarly
|0 f2| < C70,
where Cg and C7 are constants that only depend on L, «, Hyax (and dp). We now

select the bound on max(||(“)tH1 ||C1([t0,oo);00([O,L]))7 HatVl ||C1([t0,oo);00([0,L]))): we select
d3 € (0,d0) such that, for any § € [0, d3] and any (¢,z) € [0,+00) x [0, L],

(3.36) CsC2C35 < e,
and
2 . ¢’Y2 1 2
(337) 420 inf (— LR \/g/Hl 8tH1)
te[0,400)
e€(0,e2)
P2 X2 ¢
>(7+¢T +72 g/H15+€2)( +C7¢2>(¢ ¢2>
9 P2 ¢ 101 0 ¢ g
+2 \/g/Hl( o X )5 <(¢1¢2) CrCo+ 3 7 82,
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for any = € [0, L] and any X € [1/C5, Cs] (note that having it for X = Cj is enough).
This is possible as €5 > 0 and, when 03 = 0, (3.37) is verified and the inequality is
strict. Then, from (3.10), (3.34), (3.32), (3.35)—(3.37),

(~Oufida + 2 = 0 (Oafads + 20afa - 0f) > (22) (524 22, )
= (121 + 01f2)°,

which is exactly the second inequality of (3.9). Besides, from (3.14) and (3.36),

aszg

(=(Aifi)z +20f1 —0:f1) = — O f1
A
_ qﬁ ¢72 2 (,25 81‘.le§2
- X2, ( +¢)\ 52+)\%\/9/H18tH1)+52 2 > 0.
3.5. CONDITIONS AT THE BOUNDARIES. We can now check that (3.7) and (3.8) are

also verified thanks to the choice of 9 and n1, and (f1, f2) given by (3.29). Indeed,
using (3.15), (3.10) and (2.14), one has

A2(0) f2(t,0) [ 22(0) 2 A2(0)\2
MOV i)~ X (B0 = (Al(o) ter) > ()\1(0)> =k,

which is exactly (3.7). This explains our choice of initial condition for x.,. Now, from
(3.27), one has

Mt L)L) ¢*(t, L) - 1
Aa(t, L) fa(t, L) Xx2,(L) = (Ao(t, L) /M (t, L) +m)>
and from the definition of 7, given by (3.26),

Ao(L) .
m + m = mln(l/\k1|, 1)
Therefore,
(3.38) Mt DAL L) ax(k?, 1),

>\2(t7 L)f2(t7 L)
and in particular the condition (3.8a) is verified. Let us now look at condition (3.8b).
So far we have not selected the positive constant g. We want to show that there exists
g > 0 such that the condition (3.8b) is satisfied. Observe that the left-hand side of
(3.8b) can be seen as a polynomial in ¢, and the condition (3.8b) can be rewritten as

P(q) :== fq—% (k1 — 1)+ qv/Hi/gks (M fi(L) = Xafo(L) (K — k1 (k1 — 1))

4
— (ML) Mo fa(L)) k§
2
JIZ% (k1 — 1)% + gv/H1 /g ks O fi(L) — Ao fo(L)kr))
— (MAUL)) Mo fo(L)) K2

> 0.
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From (3.38) A1fi(¢t,L) > Aafa(t, L)k and from (3.25) k3 > 0. Thus the real roots
of P are positive if they exist. This implies that there exists a positive constant g such

that (3.8b) is satisfied if the discriminant of P is positive. Denoting its discriminant
by A,
Hi 900 { ALfi(L) 2 AW 2]
A=—kMNEL)||—= k) — (—FF=) (k1 —1)7].
g 22 (1) ()\zfz(L) 1> </\2f2(L)) (= 1)
Let us introduce h : X — (X — k1)? — X (k1 — 1)2. The function h is a second order

polynomial with a positive dominant coefficient and observe that its roots are k?
and 1. Thus h is increasing strictly on [max(k?,1),4+00). Hence, using (3.38),

H, A fi(L)
A= 2)22¢L h(i)
g 3 2f2 ( ) AQfQ(L)
H
~5 XA Dhmax(k, 1)) = 0.
This proves that there exists ¢ > 0 such that (3.8b) is satisfied, and we select such g.
All it remains to do now is to show that the function (U, z,t) — V(U, z,t), which is
now entirely selected, satisfies (2.17).
Thus, using that xo = A2¢/A1, (3.29), (3.27), (3.22), and (3.21), there exists n > 0,
c1 > 0 constant independent of U and Z such that, for any (U, Z) € H?(0,L) x R

with |U|[g> + 2] <7

>

a1 (IUlm20,0) +121) < VU, Z,t) < — (IUlg20,2) +12]) - Yt € [0,+00),

1
C1
which is exactly (2.17). This concludes the proof of Theorem 1.7.

4. CoNcLustoN

In this paper, we gave simple conditions on the design of a single PI controller to
ensure the exponential stability of the nonlinear Saint-Venant equations with arbitrary
friction and slope in the H? norm. These conditions apply when the inflow is an
unknown constant. In that case the system has steady-states and any of them is
stable. Additionally these conditions also apply when the inflow is time-dependent
and slowly variable (with potentially a large total variation). In that case, no steady-
state exists and one has to stabilize other target states. When the values of the target
state are known at the end of the river, we have exponential stability of the target
state. In other situations, we have the Input-to-State Stability with respect to the
variation of the inflow disturbance. These sufficient conditions are found using a local
quadratic entropy and, to the best of our knowledge, are less restrictive than any of
the conditions that existed so far, even in the linear case. In [9] it was shown that, in
absence of friction and slope, these conditions are optimal for the linear case. When
there is some slope or friction, however, there is so far no answer. Knowing whether the
conditions of Theorem 1.7 are optimal or not would be a very interesting open question
for a further study. Its possible application to a network of channels would also be
a matter of interest. Finally, many stabilizing devices for finite dimensional systems
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also use a PID control with an additional derivative term. It has been shown in [14]
that this control cannot ensure exponential stability for a homogeneous hyperbolic
equation. It would be an interesting question to know whether a filtering on the
derivative term could enable to recover the stability for infinite dimensional system
and whether this would enable a faster stabilization than the PI control.

ArpENDIX A. BoUunDARY conpITIONS (2.13) AND (2.14)

In this appendix we justify the boundary conditions (2.13) with (2.14) after the
change of variables. From the boundary conditions (2.2) in the physical coordinate
(h,v), together with the definition of w; and ug given in (2.4), one has at x = L

ur(t, L) = Ba(h(t, L), Z( ) ) g/Hih(t, L) =: Z1(h(t, L), Z(1), z, 1),
us(t, L) = Bo(h(t, L) — Vg/Hi h(t, L) = Fa(h(t, L), Z(t), x,1).

From its definition, .%#; is Cl and, from (2.3), and (1.19), there exists 11 € (0,1p)
such that, for any ¢ € [0,00), 01.%1(0,Z(¢),t) # 0. Thus % is locally invertible
with respect to its first variable, thus there exists vo € (0,14) such that h(t,L) =
F ui(t, L), Z(t),t), where .Z; ' denotes the inverse with respect to the first vari-
able. Besides, as % is of class C? with respect to the two first variables, .7, s also
of class C2. Then, using (A.1)
ug(t, L) = Fo(F7  (ur(t, L), Z(t),1), Z(t),t) =: Do(ui(t, L), Z(t),1),
and, using (2.3),
01922(0,0,t) = 01.%5(0,0,)0:(F; 1)(0,0,t)
. 81/2(0,0,t) o 81%2 0 0 t \/g/Hl )\1(
819.1(0,0715) 81%2 0,0, t \/g/Hl )\2<L)+Ug(1+k‘p).

Now, as 2.7, *(0,0,t) = —02.%71(0,0,t)/9,.%1(0,0,1), using (2.3

9222(0,0,1) = 01.%5(0,0,t)02(F; 1)(0,0,) + 02.%,
02.%#1(0,0,1)
01:71(0,0,1)

01%5(0,0,t) —\/g/H
:82%’2(0,0,75)(1— 1%:(0,0,4) = vg/ 1)
81932(0,0,75)4' g/H1
_vgks ( gH:(t, L) )
Hi(t,L) \vg(1+kp) + X2(t,L) /"

The same can be done in = 0 in a slightly easier way, as %; does not depends on Z.
This gives (2.13) and (2.14).

(A1)

0,0,t)

= _alyQ(Ovoﬂt) +82y2(070at)

AprenDpIX B. Proor or Prorosttion 1.10

This appendix uses many computations that are very similar to the ones in Sec-
tion 2, but in a simpler way. Thus, in order to avoid writing two times the same thing
and to keep the proof relatively short, some steps might be quicker in this appendix.
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Let T1 > 0 and to be chosen later on. As (Hy(0), V5(0)) satisfies (1.9), there exists v, >0
such that for v € (0,v,), F((H?,V)T) has two distinct nonzero eigenvalues. Recall
that F is given by (2.6) and that v is the bound on ||HY — Ho(0), V} — V5 (0)|| g2(0,1)-
Besides, from (1.8), the function (Hy(t, ), Vo (¢, -)) is the solution of a system of ODEs
with an initial condition depending on a parameter ¢t. Thus, as 9,Qg € C?([0,+00))
and the slope C satisfies C € C2([0,L]), using (1.6) and [18, Chap.5, Th.3.1],
(Ho, Vo) € C3([0,T1]; C2([0, L])) and there exists a constant C' depending only on
Hpax, @ and an upper bound of §, such that,

(Bl) ||8ZH075§%||C2([0,L]) < CZ |8?Q0|7 Vie [173}7 Vite [Ole]v
n=1

and in particular

(B.2) 10:Ho, 0: Vol c2 ([0, m11:c2(10,7)) < CllO:Qollc2([0,4-00)) -

Thus [32, Th.2.1] can still be used on (Hy — Hp) and there exist 6o(77) > 0 and
vo(T1) € (0,v,) such that, if v € (0,19(71)) and § € (0,0¢(11)), there exists a unique
solution (Hy, Vi) € C°([0,T1]; H%(0,L))? to the system (1.4)—(1.5). Besides (Hy, V4)
satisfies an estimate as (1.19) but with (Hy, V1) instead of (H, V') and (Hy, Vp) instead
of (H1, V7). We denote by C(T7) the associated constant. Let us define hy := Hy — Hy
and v; := Vi — V. We transform (hy,v;)? into w = (w1, w2)” using the change of
variables defined by (2.1)—(2.4) with Hy and V} instead of H; and V;. Thus we obtain

Ow + Ap(w, 2) 0w + Bo(w, z) + So (gigg) =0,
wi(t, 0) = 4 (wa(t,0), Qo(t) — Qo(0)),
wy(t, L) = Az (wa(t, L)),

(B.3)

where Ag, By and Sy have the same expression as A, B and S (given by(2.8), (2.9),
(2.5)) but with (Hy, Vp) instead of (Hy, V7). Similarly we define

A =Vo+gHo, A =+/gHo— W,
and ¢, defined as ¢ but with (Hy, Vp) instead of (Hy, V4). Similarly as in Appendix A,
H5(0) = =N (L)/A3(L),  4(0) = =X3(0)/A1(0),

which is of the form (2.13) with v = 0 and Z = 0. Before going any further, note
that we can perform the same computations as in Section 2 with no problem, as
the proof in Section 2 only used Proposition 1.1 to get that (Hp, Vi) exists for any
time and that (1.12) and Lemma 2.4 hold, but we will see now that such claims
are true for Hy and V. The existence of (Hp,Vp) was already shown in Section 1
and (1.9) is exactly (1.12) with (Ho, V;) instead of (Hy, Vi). Finally, (B.2) is exactly
the equivalent of Lemma 2.4 for (Hy,Vp). We define now the Lyapunov function
candidate V := V (w(t,z),t) + Vi(w(t, z),t) + Ve(w(t, x),t) + Vy(w(t, z),t), where
V., Vp and V. are defined in (3.1), (F.1), with f; and fo chosen as fi := (¢9)2/(\{n)
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and fo := (¢9)?1/()\9), where 7 is a function such that there exists a constant & > 0
independent of w such that

/ 72

)\04—)\077 ‘+€ Va €0, L],
)\O
00 = 32 PO +
Note that 7 exists as, for any ¢ € [0, +00), (¢(t,)°AJ(¢:)/A{(¢+)) is a solution of
50
OpX = 1% + = Va e |0, L],

this can be proved as in Lemma 3.2, and thls case was actually shown in [21]. Note that
from (1.6), (1.8) and (1.9), (Ho), and (Vp), can be bounded by above and by below
by constants that only depend on H,.x, @ and an upper bound of Qg (which can also
be expressed only with Hy,.x, o from (1.9)). Therefore, looking at their definition,
the function f; and fo can also be bounded by above and below by constants that
only depend on Hyax, @ and €. Thus there exist ¢; > 0 and ¢y > 0 depending only
on Hy.x and «, € and p such that

(B4) c|lha(t,-), vt ')H%JQ(O,L) <V(t) < CQth(tv ), vi(t, ')H%JZ(O,L)ﬂ Vit e [Ole]'
Consequently, by differentiating V' exactly as in (G.1)—(3.4), and from (B.3), we ob-
tain that there exists g > 0, v1 € (0,19(71)) and 63 > 0 such that, for any
1710, ), v1(0, )| 20,y < 1, and [|9:Qol|c2(j0,00)) < J, where & € (0, d3),

L
. 6tH0 8tHO
< _
V < ’LLV —|—/0 2f1’LUl <So (8tV0>)1 =+ 2f2w2 (SO <8tvo)>2d$,
+/L2f8w (5 <8f2tH0>> + 220w (S (aEfH‘))) dx
0 10t W1 0 8,52,5% ) 20t W2 0 atgt% ) )

[ 2o (s (Ge)), v 250 (G5 oo
0 attVO 6ttV0

Thus, using Cauchy-Schwarz inequality, (B.4), and (B.1) there exists C; > 0 depend-
ing only on Hpax, o and an upper bound of p such that for any ¢ € [0, 7],

(B.5) V(1) < —pV(t) + C1 (18:Qo(0)] + |05,Qo ()] + 05, Qo (1)]) V/3(2),
and in particular
(B.6) V(t) < —uV () + C1]10:Qollc2(0,ep V2 (1)

Let us define Voq := (C16/p)?. From (B.6), if V() > 2V, then there exists a constant
k> 0 such that V(t) < —kV'/2(t). We now choose § such that v/2C18/(uu\/c1) <.
Thus, from (B.6) and as ¢, ¢2, C1 and u do not depend on T7, we can choose T} large
enough such that
V(T1) € 2Veq < 117,
which implies that
[ha (T, ), v1(Th, )|l e2g0,0) S v
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and therefore there exists a unique solution (hy,v1) € C°([T1,2T1], H?(0, L)), with ini-
tial condition (hq(71,-),v1(T1,-)) (we use the same existence theorem ([32, Th. 2.1]))
and, noting that V(71) < 2Vq implies V(211) < 2V,q, this analysis still holds. We can
do similarly for any [nT1, (n + 1)T3] with n € N, thus, as
(H07 ‘/0) € CO([O7 —|—OO), H2(07 L))v
there exists a unique solution
(Hl, Vl) € CO([O» +OO)7 H2(07 L))

and (B.5) holds for any ¢ € [0,400). Therefore, denoting g(t) = V (t)e**, we deduce
from (B.5) that
(B.7) g'(t) < C1 (|0:Qo(1)] + [07,Q0(t)] + 07, Qo (1)]) €% /().
Thus

1/2 1/2 —ut/2 Gy ? 2 3 ns/2 —put/2
V() S VIE0)e™ 72 4+ == [(10:Qo(0)] +103.Qo (1) + 107, Qo ()] ) e*/ ds | ™17,

0
This implies the ISS property
(B.8)  [[ha(t,-),v1(t, ) m2(0,0)r2) < Vea/er [[ha(0, ')7111(0,')HH?((O,L);W)@_M/2
CVl t 2 3 ; _
0 Qo(t)| + |07,Qo(t)] + 105, Qo (t)|) e/ *ds | e/,
+ 50 ([ (0o 108001 + B, Qule) e s )

This ends the proof of Proposition 1.1. To extend this proof to the HP norm for
p > 2, note that using the same argument (B.2) holds with the C?([0,T1]; C3([0, L]))
norm in the left-hand side and the C? norm in the right-hand side. We can can define
Va,...,V,on HP(0, L) x R xR, as in (F.1) such that Vi (w(t,z),t) = Vo (0Fw(t,z),1),

for any k € [3,p]. Then (B.4) holds with V :=V, + V, + V. + V5 +--- + V], and the
HP norm, and the rest can done done identically.

AppenpIx C. Proor or Turorem 1.11

Theorem 1.11 result from the proof of Theorem 1.7. Note that the boundary con-
ditions (1.15) can be written under the form (1.17) with (Hyg, Vp) instead of (Hy, V1)
where the only difference is that Z satisfies now

(C.1) Z=H,—H(t L)+ J(®) ,
ng[

where f(t) = H.0;Vy(t, L). The rest of the proof can be conducted as in Appendix B
for (Hy,V7), with a priori two differences: (H,V') satisfies the boundary conditions
of the form (1.17) and not of the form given in (1.4), and Z satisfies (C.1) instead
of (1.14). However, note that in Appendix B the only assumption used on the bound-
ary conditions of the transformed system is that they are of the form (2.2), which
is still the case here. Thus, the only difference with Appendix B are some addi-
tional terms when Z is used, which is in the boundary terms in the derivative of
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the Lyapunov function. There exists therefore 4 > 0 and v, > 0 such that, for any
||h1(0, '),’01(0, ')||H2(O,L) Vo, and HatQ0||c2 0 ,0)) X 5 Where 5 S (0 54)
V()< -2 V (t)+C1]0:Qo(t) + 02Qo(t) + 05, Qo (t) |V

+2qZf(t) +29Zf'(t) + 2¢Z f"(¢),

where C7 is a constant only depending on Hpax, @, v5 and d4. Using Lemma 2.4,
there exists a constant C' > 0 depending only on Hp,.x, @, v2 and §4 such that

V< —% V+ CV1/2|atQ0(t) + 07,Qo(t) + a?ttQO(t”'

The same argument as in Appendix B, (B.7)—(B.8), implies directly the ISS prop-
erty (1.23).

AppeEnpIX D. ProOF oF LLEM™mA 3.2

In this appendix we prove Lemma 3.2. The proof is very similar to the one given
in [21] in the special case where (Hy,V;) is a steady state. However, it happens that
the proof actually does not need the relation (H;V;), = 0, which is no longer true
when (Hy, Vi) is not a steady-state. Let x = (A2¢)/A1), we have from (3.10):

DX = S idds — XaDehi + Ao + i)

1

¢ VgH

= 3 (0 Vo) (e + )
VgH:
— (7V1 + ng)(Vlac 2H, Hli)
3 3 KV kVR
+(VgH: - Vl)(*\/g/iHlHlx + *Vm + H 20 \/W)

28V kV
(Vi + oH) (——\/ JHy Hiy + VM+F 2H12 Hi/g ))
1
3 28V
:>(f52<\/gH1(_2V1x+2V1x+I{1)
1

3 kV2
- V1(§\/9/71H11 - ?ém - MH1m>>
1
2kV KV 1
= (AL ot + S Vi o o).
1 1 1

On the other hand:

P2 571 2
( N ee )
= 32 A2+ dedr)

—_

(D.2)

2KV kV2 Hm VgH
( VgH + 1 \/Hl J9Vi+ViN/g/Hy —— ! + Vig 2 1)
2/<:V
< VH, + ?é\/Hl/g%_i\/g/HlatHl)-

1

H%\ﬂﬁz,\%
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Thus from (D.1) and (D.2)

P2 51 ¢ s
and there exists dg such that, if HatH1||Loo (0,400)x (0,1) < 00,
o oy + SV T T Vi + o T OiH1) >0, Va € 0,L], t € [0,+),
»\m, ik
and, from (D.1) and (D.3),
Oux = @4'7 %Vg/HlatHl ,
M dag AL

this ends the proof of Lemma 3.2.

AprpreEnDIX E. Proor or LLEmva 2.4

In this appendix we show that Lemma 2.4 is a consequence of Proposition 1.1 and
Remark 1.2.

Proof. — Indeed using Proposition 1.1 and Remark 1.2 with p = 3, we have

||H1(t7 ) - Ho(t, ')||H3(O,L) + |H/1(ta ) - VO(tv ')||H3(O,L)
< (1HY = H |lgso.0) + 1V = Vw0, €/

2 _
+ 62;(1 — e "/2))18,Qoll 3 ([0, 1-00)) -

Note that we chose Hj 0 — H* and VO V* which means that
2
(E.1) [|Hy(t,-) = Ho(t, ) zsco,n) + Vit ) = Volt, ) laso,n) < C2;||3th||c3([o,+oo))~

Note that H; — HY is the solution of a quasilinear hyperbolic system and is small in H?3
norm provided that 0,Qq is small in C® norm. Therefore, there exists a constant C
depending only on the parameters of the system and the bound v such that

(B.2) [[H(t,-) = Ho(t,")||z2(0,0) + IVi(t,+) = Vo(t, )l 20,1

+0cH (8, ) — 0 Ho(t, ) z2(0,1) + [10:Va(t,-) — OiVo(t, )l L2 (0,1

+ 107, Hy(t,-) — 87, Ho(t, )| 220,y + 107 VA (t, ) — 92, Vo (t, )l L2(0.1)

+ ||8t2tH1(t ) atZtHO HL2(0 L) + ||atQtVl( ) atQt%< ')HL2 0,L)

+ ||8t3ttHl(tv ) a?ttHO( : HL2(0,L) + ||a?ttvl( ’ ) 8?&% )HLQ(O L)

+ 105 Hi (1, ) = O3 Ho(t, )| 22(0,) + 105 Vi (t, ) — 03 Vo (t, )l 220, 1)
< O|Hq(t,+) — Ho(t, ) lmso,z) + IValt, ) = Vo(t, )l azo,1)-

In what follows, the value of C' might change between lines but it still denotes a
constant that only depends on the parameters of the system and the bound v. Besides,
from Sobolev inequality, for f € H'([0, L)),

(E.3) Ifllcogo,Lyy < C (I1f112q0,Ly) + 1102 f1l L2(j0,L)) -
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Combining (E.1), (E.2) and (E.3),

max (|| Hy(t,-) — Hol(t, )HCO(OL] Va(t, ) = Vo(t, leogo.z))
+ max (||, H(t,-) — O:Ho(t, )| o< (0,1), |0: VA (E, ) — B:Vo(t, )l copo,z)))
+ max ([|07,H1(t, ) — 07 Ho(t, )|l L= (0,1), 107 Vi (L, -) — 07 Vo(t, )l copo,)))

2
< CC2;H3thHC3([o,+oo))-
Therefore, using the reverse triangular inequality and the fact that
maX(HHl(ta ) - Ho(t» ')HCO([O,L])7 ”Vl(t’ ) - VO(t7 ')HC’O([O,L])) >0,
we have
max (|8 Hy (t, )|l (0,1, 10: Vi ()| L (0,L))
+ max (|07, H1 (t, )| oo 0,2), 105 Vit )l < o,1))
< max(||0:Ho(t, )| Lo (0,), 10:Vo (t, )|l o (0,1)
2
+ max (||07 Ho(t, )| L 0,2), 107 Vo (t, )| L= (0,1)) + CC2;||3tQ0||CS([O,+oo))-
Recall that (Ho(t,-), Vo(t,-)) satisfies (B.1), This implies
max (||0:H1(t, )|l o= 0,2), 10:Vi(t, )| L 0,1))
2
+ max (|| 07 H1(t, )| 2o (0,0): 06 Vi(t, )| L= (0,1)) < C<1 + 02;) 19:Qollc3 ([0, +00)) -

As this is true for any t € [0, 400) we have

2
10:H1, 0: Vil o1 (j0,4-00).00(0,1))) < 0(1 + C2;> 19:Qollc3 ([0, +00)) -
This ends the proof of Lemma 2.4. O

Aprpenpix F. Expression or V, aNDp V.. For runcrions or H2(0, L)

Looking at (3.1), V, is indeed a function defined on H?(0,L) x R x R,. How-
ever, V given by (3.2) is a priori only defined for time-dependent functions u €
C?([0,T7], L*(0, L)). In fact, we can extend this do define V on H?(0,L) x R x R, by
defining Vj, and V. as follows:

Vo(U,t) = /0fle_”””(E(U(x),a:,t)I(U,xﬂt))f + f2e"*(B(U (z), 2, ) I(U, x,t))3dx

+ B 0 n) - (o2

(F.1)
V(U t) = /0fle_’””(E(U(x),a:,t)J(U,xﬂﬁ))f + f2e"*(B(U (z), 2, t)J (U, z,t))3dx

+a(VEE L) /g (1L (+,L) — (¢, L)

N f”ffw g6, 1) (U(L) ~ Us(1))
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where

):= AU, z,t)0,U + B(U, z,t),

)= AU, z,t)0,(—I(U,x,t)) + (0 A(U, z,t)
+0v AU, z,t)- (—I(U,,t)))0,U + 0, B(U, z,t)
+ (o B, 2,0)(~I(U,2,1)),

Observe that, for a solution w of (2.7), these quantities reduces to

I(U,z,t) = —0wu(t,z) and JU,x,t) = —0u(t,z).

x,t
JU,z,t
(F.2)

Hence, using the expression of Z given by (1.14), the expressions of V;(u(t,-),t) and
Ve(u(t,-),t) reduces to

L
Vo(u(t,-),t) :== /0f1(t, z)e M (Edu)i(t, @)+ fo(t, @) (BOu)3(t, @)dz+q(Z(t))*,

L
Ve(u(t, ), t) = /Ofl(t, z)e M (EOju)i (t,2)+ fa(t, 2)e" (BOju)3(t, x)da+q(Z(1))?,

which is exactly the definition (3.3) given earlier and justifies the expression chosen
for (F.1) and (F.2).

Appenpix G. Proor or ProrosiTion 3.1

Let T >ty > 0 and (u, Z°) € H?(0, L) x R satisfying the compatibility condition
(1.18) and such that
(1wl 20,y + 12°) < v,
where v is a constant to be chosen later on but such that v < min(ve, V(T — ty)). Let
(u, Z) € CO[to, T), H3(0, L)) x C?([to, T]) be a solution with initial condition u°, Z.
Let 6 > 0 to be chosen later on and assume that
max ([0 H | et ,00):00 (0.L1)) 101 Vi lle (o .00yic0 (0.1))) < &

As this is the only assumption on H; and V7, we can assume from now on that tg = 0
without loss of generality.

We start now by dealing with V. Differentiating ¢ — V, (¢) with respect to time,
using (2.7), (2.15) and integrating by parts, one has

L
(G.1) vV, = —2/0 f1t, 2)e " (Bu)y [(EA(u,z,t)0,u); + (EB)1(u, z,t)]
+ fo(t,x)e!* (Eu)s [(FA(u, z,t)0,u)s + (EB)2(u, z,t)] dz

L
+ / Ou(f)e " (Bu)? + 0y(f2)e™ (Bu)3de

L
+ 2/ fre " (Eu)q ((GtE + O F - &gu)u)l
0

+ f2e"" ((OE + OuE - dyu)u), dx

+2qZ2(1) 2 (1)
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L
= —2/0 fi(t,x)e " (Eu), [D1(u, z,t) (0z(Eu) — (0 E + Ou E - 0yu)u),|
+ fa(t, x)e!* (Eu)s [Da(u, z,t) (0z(Eu) — (0, E + Oy E - 0yu)u),] dz

L
* /0 O (fr)e " (Eu); + 0y(f2)e'* (Bu)jdx
L
o / fre e (Bu) (EB)1 (u, 2,t) + foch® (Bu)a(EB)a(u, v, t)dx
0

L
+ 2/ fle_’“”(Eu)l ((@E + 8uE . 8{&)’&)1
0

+ f2e" ((DE + 0uE - dyu)u) da

+2qZ(t)Z(t),

(G2) Va= — [fie™""Di(Bu)? + Dafoe (Bw)];
L
- / (EU)1€7”w<(—az(D1f1) — f10u(D1) - Oyu) (Eu)y
0
~ 211Dy (0. E + 0y E - D,u)u), )
+ (Eu)qe!® ((—69;(D2f2) — f20u(D3) - 0,u)(Eu),
~2/D5((0.E + du E - Dyu)u), ) da
L
" / O(fr)e™ " (Bu)i + i(fo)e"" (Bu)3dx
0
L
- 2/ fie " (Eu)1(EB)1(u, z,t) + foe'*(Eu)2(EB)2(u, z,t)
0
L
+ 2/ fle_‘“”(Eu)l ((OtE + 6uE . 6tu)u)1
0
+ fge“z ((8tE + 8uE . 8tu)u)2dx
L
— /.L/ lele_‘””(Eu)% — Dgfge‘“”(Eu)%dx + QQZ(t)Z(t).
0
In order to simplify this expression, observe that from (2.8), (2.15) and (2.10),
D1(0,z,t) = M\ (t,z) and D2(0,x,t) = —A2(t, x). Recall that H; is bounded by Hpax
from (1.11) and that gH; — V;? is bounded by below by « from (1.12). Using this, the

fact that D is C! in u, and using also (2.16) and (3.6), there exists C' > 0 depending
only on Hy . and «, v and § such that

1D — sgn(Di)Ailloo

[Cu]loo,
Cllovulloo + [[uflo), @€ {1,2},

NN
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and
102 E]|
|OLE + 0w EOru| oo
Thus, using this together with (G.2)
V, < — [fre " Dy (Eu); + D2f2€uw(Eu)§]oL

Cllulleo),
Clllulloo + l0rulloo)-

NN

L
- /0 (Bu)ie " (=0, (A1 f1) — 0:(f1)) + (Bu)3e” (0:(Aaf2) — Oi(f2))dx

L
— 2/ fie " (Eu)1(EB)1(u,x,t) + foe'*(Eu)s(EB)2(u, x,t)dx
0
L

— i A\ fre M (Bu)? + A\g foel® (Bu)idr + ZqZ(t)Z(t)
0

L
+ O (e + [002]0) / (Bu)? + (Bu)ide

L
+C([[uflo + ||8mu||oo)2/0 [(Bu)i| + [(Eu)s|dz,

where C' is a constant that may change between lines but only depends on v, an upper
bound of § (for instance dy), 4, Hmax and «. Note that C' is continuous in p € [0, 00),
thus it can be made independent of p by imposing an upper bound on p, for instance
p € (0,1]. Finally, from the second equation of (2.15), and the fact that E is C* in u,
there exists a continuous function & defined on %4,, x [0, L] x [0,7T] such that, for
any vector v € R? and any (¢,z) € [0,7] x [0, L],

(G.3) E(u(t,z),z,t)v — v = (u(t,x) - & (ult, z), z,t))v.

As E(u(t,x),z,t) is a C* function of the coeflicients of A, & is bounded on %,, x
[0, L] x [0,T] by a bound that only depends on v, Hyax and a. Thus there exists a
constant C' depending only on vo, Hy . and a such that

1 _
(G.4) z Ivllzzco.yme) < 1EVz20.0)m2) < Cllvlizao.nyme)-

Thus, using this together with the fact that D; and Dy are C! with u, (3.1), and
Young’s inequality and then Cauchy-Schwarz inequality on the last integral term,

Vo <= [fre "\ (Bu)] — )\2f2€“$(E“)§]§
- /0 (Bu)ie " (=0, (ALf1) — 0:(f1)) + (BEw)3e (0x(Aaf2) — Oi(f2))dw

L
9 / fre " (Bw)y (EB)y (u,2,1) + foe" (Eu)y(EB)s (u, . t)dz
0
—p min (A, \o)Vat+p min (A, \o)gZ%(t) 4 2¢Z(t) Z(t)
z€[0,L] z€[0,L]

+C (lulloo + 10alloo) 121720,
+ C (oo + 192ulloc)” + Cllaall oo (Jult, 00| + |u(t, L)?)).
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Now, as E and B are C? with u and continuous with x and ¢, and as B(0,z,t) = 0,
there exists a continuous function & € C°(%,, x [0,T] x [0, L]; R**2*2) such that for
any (t,x) € [0,T] x [0, L]

(G.5) (EB)(u(t,z),z,t) = 04, (EB)(0,z,t) - u(t,z) + (&a(u, z,t) - u(t, x))u(t, x).
Note that from (2.9), & is bounded on 4%, x [0, L] x [0, T] by a constant that only
depends on vy, 0, Hyax and «. From (2.9) and (2.15) 0, (EB)(0,x,t) = 0,B(0,z,t).
Besides, from (2.15), E is invertible and C*, thus an inequality similar to (G.4) holds
for E71, and uw = E~1(Eu). Therefore, using (G.5) together with (G.3), the fact
that & and & are bounded, and the expression of 9,,B(0, z,t) given in (2.11)—(2.12),
one has

. _ L
Va S — [fle ‘”C)qu% — )\Qfge‘””ug}o

- /O (Bu)e ™ (=0, (A f1) — 0(1)) + (B (0, (Aafo) — Bi(fa))de

-2 /OLfle“I’yl (Eu)f + fge“zég(Eu)g + ('ygfle*’” + 51f26’“”) (Eu)1(Eu)odx
—pmin (A, 2)Vakp min (M, 22)gZ%(t) + 2¢Z(t)Z(t)
+C (lulloo + 10zul00) ullZ2 (0,1
+ O ([ulloo + 10sulloc)” + Cllae]oo (Jae(t, 0)%] + Jua(t, L))
As 9, and 2, are of class C?, denoting for simplicity
ko :=0121(0,t), ki:=0122(0,0,t), k3:=—029%2(0,0,1t),

and using (2.13)

Vo < —p min (A, Ao)Va + [fidik3 — Aafo] u3(t,0)
z€[0,L]

L
— Li(ui(t, L), Z(1)) —/0 I((Ew)y, (Eu))dr + C([lullco + [[0zul|oo)

(0,0 + (lulloe + 102llo0)® + (fult, 02| + fult, L)?))),

where I; and I denote the following quadratic forms
Li(z,y) = (A fi(L)e ™ = Ag fo(L)e!" k)2
+ ((J\/ Hi/gks — Ao fo(L)e k5 — N”Ten(i)fi]()\h )\2)Q>y2

+ (2Xa fo(L)e"E kgky — qv/H1 /g (k1 — 1))zy,
L(z,y) = (A\fi)e + 2fim(t, @) — Ocfr)e Hoa?
+ ((A2f2)z + 2f202(t,x) — 3tf2)€”xy2
+ 2 (vofre " + 61 foeh") my.
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We can perform similarly with Vj, and V,, to do this observe that d;u and 93w are
respectively solutions of
(G.6) 0:(0ru) + A(u, z,t)0:(0su) + (O B(u, x,t))(du)
+ (0t A(u, z,t) + Oy A(u, ,t).0pu)0pu + O B (u, x,t) = 0,

and
(G.7)  0:(0%u) + A(u, z,t)0, (0% 1) + (0uA(u, x) - 02u)0pu + (Ou B(u, 2))(0%u)

+ 204, (0 A(u, 2, 1)) - Oyu)Opu + 04 A(u, x, )0, u

+ 204 A(u, ) - Opud, (Oru) + Ot A(u, x, t) 0, (Opu)

+ ((02 A(u, z) - Opu) - Opu)dpu + 02, B(u, )

+ 0u(0:B(u, x)) - Opu + (02 B(u, x) - dpu)(dpu) = 0,

which are very similar to (2.7), as they only differ by quadratic perturbations or terms
involving a time derivative of (Hy, V7). We get then

V=Vt W+V.< —p H[l(l)n (A1, A2)V
xre

s

+ [fidak3 — Nafa] (u3(t,0) + (Brua(t,0))* + (9Fuz(t,0))%)
_Il(ul(tvL)vz)_Il(atul(taL)aZ) Il(attul( ) Z)

L
- /012((Eu)1, (Bu)s) + I((Edu)1, (Edyu)z) + Io((Ed3w)1, (BO%u)s)dx

+ Cllulloo + 10atlloe) (IeliZz0.) + 19032 0.1 + 10Rul 30,1
+ (oo + 10xulle)® + [ua(t, 002 + (Jua (t, L)| + | Z)* + |sus (¢, 0)?]
4 (|00 (t, D)| + |Z)? + 102 us(t, 002 + (|02ui (¢, L) + | Z)) 2)
+ O3 (Jua(t,0) + (Jua (1, L)| +121)% + 0yuua(t,0)
+ (19 (t, L)| + |Z|)2> + OV

The two last terms come from the successive differentiations of the boundary con-
ditions (2.13), together with (3.6), or from the terms in (G.6)—(G.7) involving a time
derivative of A or B. This ends the proof of Proposition 3.1.

REFERENCES

[1] F. A~cona, A. Bressan & G. M. Cocrire — “Some results on the boundary control of systems of
conservation laws”, in Hyperbolic problems: Theory, numerics, applications. Proc. of the ninth
intern. conf. on hyperbolic problems (Pasadena, CA, 2002), Springer, Berlin, 2003, p. 255-264.

2] K.J. Astrom & R. M. Murray — Feedback systems—An introduction for scientists and engineers,
Princeton University Press, Princeton, NJ, 2008.

[3] G. Bastin & J.-M. Coron — “On boundary feedback stabilization of non-uniform linear 2x2 hy-
perbolic systems over a bounded interval”, Systems Control Lett. 60 (2011), no. 11, p. 900-906.

, “Exponential stability of networks of density-flow conservation laws under PI boundary

control”, IFAC Proceedings Volumes 46 (2013), no. 26, p. 221-226.

(4]

JE.P.— M., 2022, tome g



(16]

(17]
18]
(19]
20]
(21]

(22]

Pl CONTROLLERS FOR THE GENERAL SAINT- VENANT EQUATIONS I/|7I

, Stability and boundary stabilization of 1-D hyperbolic systems, Progress in Nonlinear
Differential Equations and their Appl., vol. 88, Birkhéduser/Springer, Cham, 2016.

, “A quadratic Lyapunov function for hyperbolic density-velocity systems with nonuni-
form steady states”, Systems Control Lett. 104 (2017), p. 66-71.

, “Exponential stability of PI control for Saint-Venant equations with a friction term”,
Methods Appl. Anal. 26 (2019), no. 2, p. 101-112.

G. Bastin, J.-M. Corox, A. Havar & P. Suane — “Boundary feedback stabilization of hydraulic
jumps”, IFAC J. Systems and Control T (2019), article no. 100026 (10 pages).

G. Bastin, J.-M. Coronx & S. O. Tamasorv — “Stability of linear density-flow hyperbolic systems
under PI boundary control”, Automatica J. IFAC 53 (2015), p. 37-42.

A. Bressan & G. M. Cocrite — “On the boundary control of systems of conservation laws”, SIAM
J. Control Optim. 41 (2002), no. 2, p. 607-622.

J.-M. Coron, B. p’Axpréa-Nover & G. Bastin — “A Lyapunov approach to control irrigation
canals modeled by Saint-Venant equations”, in CD-Rom Proceedings, ECC99 (Karlsruhe), 1999,
p- 3178-3183.

J.-M. Coron & A. Havar — “PI controllers for 1-D nonlinear transport equation”, IEEE Trans.
Automatic Control 64 (2019), no. 11, p. 4570-4582.

J.-M. Coron, L. Hu & G. Orive — “Finite-time boundary stabilization of general linear hyperbolic
balance laws via Fredholm backstepping transformation”, Automatica J. IFAC 84 (2017), p. 95—
100.

J.-M. Coron & S. O. Tamasorv — “Feedback stabilization for a scalar conservation law with PID
boundary control”, Chinese Ann. Math. Ser. B 36 (2015), no. 5, p. 763-776.

J.-M. Coron, R. Vazquez, M. Krstic & G. Bastin — “Local exponential H? stabilization of a 2 x 2
quasilinear hyperbolic system using backstepping”, SIAM J. Control Optim. 51 (2013), no. 3,
p- 2005—-2035.

V. Dos Sanros, G. Bastin, J.-M. Coron & B. p’Axpria-Nover — “Boundary control with integral ac-
tion for hyperbolic systems of conservation laws: stability and experiments”, Automatica J. IFAC
44 (2008), no. 5, p. 1310-1318.

V. Dos Santos & C. Prieur — “Boundary control of open channels with numerical and experi-
mental validations”, IEEE Trans. Control systems technology 16 (2008), no. 6, p. 1252-1264.
P. Hartman — Ordinary differential equations, John Wiley & Sons, Inc., New York-London-
Sydney, 1964.

A. Havat — “Boundary stability of 1-D nonlinear inhomogeneous hyperbolic systems for the C!
norm”, SIAM J. Control Optimization 57 (2019), no. 6, p. 3603-3638.

, “On boundary stability of inhomogeneous 2x 2 1-D hyperbolic systems for the C?!
norm”, ESAIM Control Optim. Calc. Var. 25 (2019), article no. 82 (31 pages).

A. Havat & P. Suanc — “A quadratic Lyapunov function for Saint-Venant equations with arbitrary
friction and space-varying slope”, Automatica J. IFAC 100 (2019), p. 52-60.

L. Hu & G. Orive — “Minimal time for the exact controllability of one-dimensional first-order
linear hyperbolic systems by one-sided boundary controls”, J. Math. Pures Appl. (9) 148 (2021),
p. 24-74.

1. Kararviiis & M. Kesric — Input-to-state stability for PDEs, Communications and Control
Engineering Series, Springer, Cham, 2019.

M. Kersric & A. Smysuryaev — Boundary control of PDEs: A course on backstepping designs, Ad-
vances in Design and Control, vol. 16, Society for Industrial and Applied Mathematics (STAM),
Philadelphia, PA, 2008.

M. Licarser — “Spectral mapping theorem for linear hyperbolic systems”, Proc. Amer. Math.
Soc. 136 (2008), no. 6, p. 2091-2101.

A. F. Neves, H. p. S. Riseiro & O. Lores — “On the spectrum of evolution operators generated by
hyperbolic systems”, J. Funct. Anal. 67 (1986), no. 3, p. 320-344.

C. Prieur & F. Mazenc — “ISS-Lyapunov functions for time-varying hyperbolic systems of balance
laws”, Math. Control Signals Systems 24 (2012), no. 1-2, p. 111-134.

A. BArrE DE Saint-Venant — “Théorie du mouvement non permanent des eaux, avec application
aux crues des riviéres et a l'introduction des marées dans leurs lits”, C. R. Acad. Sci. Paris 73
(1871), p. 237-240.

JEP. — M., 2022, tome g



1472

(29]

(30]

(31]

A. Havar

E. D. Sontac — “Input-to-state stability: basic concepts and results”, in Nonlinear and optimal
control theory, Lect. Notes in Math., vol. 1932, Springer, Berlin, 2008, p. 163-220.
A. Terranp-Jeanng, V. Axprieu, V. Dos Santos Marrins & C.-Z. Xu — “Adding integral action
for open-loop exponentially stable semigroups and application to boundary control of PDE
systems”, IEEE Trans. Automatic Control 65 (2020), no. 11, p. 4481-4492.
N.-T. Trizn, V. Anpriev & C.-Z. Xu — “PI regulation control of a fluid flow model governed
by hyperbolic partial differential equations”, in Proceeding of the International Conference on
System Engineering (Coventry), 2015.
7. Wane — “Exact controllability for nonautonomous first order quasilinear hyperbolic systems”,
Chinese Ann. Math. Ser. B 27 (2006), no. 6, p. 643-656.
C.-Z. Xu & G. SavLLer — “Proportional and integral regulation of irrigation canal systems governed
by the Saint-Venant equation”, IFAC Proceedings Volumes 32 (1999), no. 2, p. 2274-2279.

, “Multivariable boundary PI control and regulation of a fluid flow system”, Math. Con-
trol Relat. Fields 4 (2014), no. 4, p. 501-520.
C. Zuanc — “Finite-time internal stabilization of a linear 1-D transport equation”, Systems
Control Lett. 133 (2019), article no. 104529 (8 pages).

, “Internal rapid stabilization of a 1-D linear transport equation with a scalar feedback”,
Math. Control Relat. Fields 12 (2022), no. 1, p. 169-200.

Manuscript received 5th August 2021
accepted 28th August 2022

Amaury Havar, Centre d’Enseignement et de Recherche en Mathématiques et Calcul Scientifique,
Ecole des Ponts ParisTech

6-8 avenue Blaise Pascal, Cité Descartes — Champs-sur-Marne, 77455 Marne-la-Vallée, France
E-mail : amaury.hayat@enpc.fr

Url :

JLEP

http://cermics.enpc.fr/~hayata/index_en.html

M., 2022, tome g


mailto:amaury.hayat@enpc.fr
http://cermics.enpc.fr/~hayata/index_en.html

	Introduction
	1. Model description
	2. Exponential stability for the H2 norm
	3. Proof of Theorem 1.7
	4. Conclusion
	Appendix A. Boundary conditions (2.13) and (2.14)
	Appendix B. Proof of Proposition 1.10
	Appendix C. Proof of Theorem 1.11
	Appendix D. Proof of Lemma 3.2
	Appendix E. Proof of Lemma 2.4
	Appendix F. Expression of V
	Appendix G. Proof of Proposition 3.1
	References

