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QUANTITATIVE DE GIORGI METHODS
IN KINETIC THEORY
BY JEessicaA GUErRAND & CLEMENT MouHOT
Asstract. — We consider hypoelliptic equations of kinetic Fokker-Planck type, also known as

Kolmogorov or ultraparabolic equations, with rough coefficients in the drift-diffusion operator.
We give novel short quantitative proofs of the De Giorgi intermediate-value Lemma as well
as weak Harnack and Harnack inequalities. This implies Holder continuity with quantitative
estimates. The paper is self-contained.

Reésumic (Méthodes a la De Giorgi quantitatives en théorie cinétique). — Nous considérons des
équations hypoelliptiques de type Fokker-Planck cinétique, également appelées équations de
Kolmogorov ou ultraparaboliques, avec des coefficients sans régularité dans l'opérateur de
dérive-diffusion. Nous donnons de nouvelles preuves quantitatives du lemme des valeurs inter-
médiaires de De Giorgi ainsi que des inégalités de Harnack faibles et fortes. Cela implique la
continuité holdérienne avec bornes explicites. L’article ne fait pas appel & des résultats précé-
dents.
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1. InTRODUCTION
1.1. Tur proBLEM sTUDIED. — This paper is concerned with local regularity proper-

ties, namely boundedness, Harnack inequalities and Hélder continuity, of solutions
f = f(t,x,v) to the following class of hypoelliptic partial differential equations in
divergence form

(1.1) O f+v - Vof =V, (AVuf)+ B -V,f+S, teR, ze€R? veR?,

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 35K70, 35Q84, 35R09, 35B45, 35B65.

Keyworps. — Hypoelliptic equations, kinetic theory, Fokker-Planck equation, ultraparabolic equa-
tions, Kolmogorov equation, Hoélder continuity, De Giorgi method, Moser iteration, averaging lemma,
weak Harnack inequality, trajectories.
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6o J. Gueranp & C. Mounor

where A = A(t,xz,v), B = B(t,z,v) and S = S(t,z,v) satisfy (for some constants
0<A<A):

A is a measurable symmetric real matrix field with eigenvalues in [A, A],
(1.2) B is a measurable vector field such that |B| < A,

S is a real scalar field in L*°.

This equation naturally appears in kinetic theory where it is refereed to as the kinetic
Fokker-Planck equation; it is included in the class considered by Kolmogorov [Kol34]
(with constant A and linear B) that inspired the theory of hypoellipticity of Hérman-
der [Hor67] (see [AP20]). The coefficients are called “rough” because A, B and S in
the drift-diffusion operator on the v variable are merely measurable with no further
regularity.

Our class (1.1)—(1.2) is invariant under translations in ¢,  and under Galilean
translations, i.e., under z — zy o z where 2y = (to, Zo, Vo), 2 = (¢, 2,v) and with the
non-commutative group operation

z00z = (to + t,z0 + = + tvg, vo + V).

Finally for any r > 0 it is invariant under the scaling z = (t,z,v) — rz =
(r?t,r3z,rv). Using the invariances of the equation, we define for z; € R'*2¢ and
r > 0:

QT(Z()) =290 [T‘Ql} = {—7"2 <t—tp < 0, |1,' — Ty — (t — t(])U()| < 7’3, |’U — ’U()| < 7’}

and we simply write @,.(0) = @, when zy = 0. We denote |E| the Lebesgue measure
of a Lebesgue set E. We write a < b (resp. a 2 b) when a < Cb (resp. a > Cb)
for some constant C' > 0 whose only relevant dependency, if any, is specified in the
index, as in Sparameter- We write a ~ b if a < b and a > b. We write f for integrals
normalized by the volume of the integration domain, and 7 := 0; + v - V.

Derinition 1 (Weak solution, sub-solution, super-solution)
Let 7 = (a,b) x Q, x Q, with —0c0 < a < b < 400 and , and 2, two open sets
of R%. A function f: % — R is a weak solution of (1.1) on % if

f e L®((a,b); L?(, x Q,)) N L*((a,b) x Qq; H(Q))

and (1.1) is satisfied in the sense of distributions in %. A function f is a weak sub-
solution of (1.1) if

f e L™®((a,b); L*(2 x Q,)) N L*((a,b) x Qu; H(Qy,))

and for all B : R — R in C? with 8/ > 0 and 8” > 0 both bounded, and any
non-negative ¢ € C°(%)

- / B(f) Tpdz < - / AV,B(F) - Vopd + / B-V.8(f) + 58'(f)] pdz.
4 4 4

It is a weak super-solution of (1.1) if —f is a weak sub-solution.

JE.P.— M., 2022, tome g



QU,\NTIT'\TIVE Dr GIORGI METHODS IN KINETIC THEORY n61

Remark 2. This definition is equivalent to those in [PP04] and [GIMV19] in the
case of solutions, but is weaker than them in the case of sub- and super-solutions.
Indeed [PP04, GIMV19] make respectively the extra regularity assumption 7 f €
L?((a,b) x Q, x Q,) or Tf € L?((a,b) x Qu; H1(Q,)). These assumptions were
introduced to justify the energy estimates. It is however enough to assume the renor-
malization formulation above, and it allows to include important sub-solutions such
as for instance f = f(t) = 1;<o (when S = 0) which were excluded by the definition
in [PP04, GIMV19]. Our definition is equivalent to that of De Giorgi in the elliptic
case (and reminiscent of the definition of solutions in [GV15]).

1.2. Maix contrisutions. — Given the invariances, we only state results in unit cen-
tered cylinders.

[H] [ @ @)

Qry/2
Q/'u

E Qros
Q-

/2

Qr,

Q12

Ficure 1. The different cylinders in the Intermediate-Value Lemma
and Harnack inequalities.

Tueorewm 3 (Intermediate-Value Lemma). — Given d1,02 € (0,1), there are explicit
constants ro ~ \/61/1/1+ [[S][Le=(q,) in (0,1/20) if S # 0 and ro = 1/20 if S = 0, and
0 ~ ((5152)10d+15/(1 + ||S||LOC(Q1))4d+3 and v > (5162)10d+16/(1 + ||S||L00(Q1))2d+1

~

both in (0,1), such that any sub-solution f : Q1 — R to (1.1)~(1.2) so that f < 1 in
Q1/2 and

(13)  HF<0IN@Qp|=al@Q, and  |{f>1-0}N00Qr[>0|Qr,

i.e., we control the measure of where f is below 0 and above (1 — 0), satisfies

(1.4) {0 < f<1-0}NQ1p| > v|Qipl,

where Q= Qo (—2r5,0,0) = (=373, =2rg] x B,3 x By, (see Figure 1).

Remark 4. — This lemma is the kinetic quantitative counterpart of the quantitative
elliptic [DG56, DG57, Vas16] and parabolic [Gue20] intermediate value lemma. As in

the parabolic case, past and a future cylinders @, and Q;‘; are required to be disjoint
but contrary to the parabolic case, a gap in time between the two cylinders is also

JIEP. — M., 2022, tome g



1162 J. Gueranp & C. Mounor

required. This gap is also mentioned in [GIMV19, AP20]. Let us explain why it cannot
be removed. Consider for instance S = 0 and velocities bounded by |v| < V,, in the
cylinder. Then 1,4 c<q is a sub-solution for any a € R and |¢| > V,,. If Q. and Q,,
were too close, a line of discontinuity of the form x + ¢t = a could cross both and the
previous sub-solution would contradict the conclusion of Theorem 3.

Turorem 5 (Harnack inequalities). — There is { > 0 depending only A\, A such that
any non-negative weak super-solution f to (1.1)—(1.2) in Q1 satisfies the weak Harnack
inequality

1/¢
(15) ([ reada) s gl 1+ 18I,
ro/2

QTO/Z

where ro = 1/20 and @;0/2 = Qry/2((—%73,0,0)) (see Figure 1), and any non-
negative weak solution f to (1.1)—(1.2) satisfies the following Harnack inequality (with
Q;o/4 = QT0/4((_%T%7OaO)))

(1.6 s f o ot 74 1Sl

ro/4
QT0/4 o/

Remarks 6

(1) The “weak” Harnack inequality, in spite of its name, is not weaker than Harnack
inequality since it holds for super-solutions. Combined with the L¢ — L gain of
integrability in Proposition 12, it implies the Harnack inequality for solutions. Super-
solutions of the form 1,4 .>, for a € R and |¢| > V,,, (included in our definition) show
that the gap in time is required in (1.5).

(2) The Harnack inequality for equation (1.1) was first proved in [GIMV19] by a
non-constructive argument. The present paper provides a new constructive De Giorgi
approach. Another constructive proof by the Moser-Kruzkov approach is proposed
in [GI21]. The weak Harnack inequality was obtained for the long-range Boltzmann
equation in [IS20], and was proved for the kinetic Fokker-Planck equations considered
in this paper in [GI21] by the Moser-Kruzkov approach.

(3) As compared to that in [GI21], our approach is based on trajectorial arguments
and does not require working on the logarithm of the solution or the so-called inkspot
lemma. Our Poincaré inequality (Proposition 13) and measure-to-pointwise estimate
(Lemma 16) take into account a gap in time which removes the requirement for the
sub-solution to be considered in a large domain. Our Poincaré inequality also holds
without an information in measure around the center of the cylinder as in [GI21].

Turorem 7 (Holder continuity). — There is a € (0,1), computable from the proof
and only depending on X\, A and ||S||r, such that any weak solution f of (1.1)-(1.2)
in Qo satisfies
|f(z1) = f(22)]
(flea(q.) = sup ——————=

«
21,22€Q1 |Z1 - Z2|
z21F£22

Sar (L + 1Sl (@2)) ULFlL2(@a) + 1S (s) ) -

JE.P.— M., 2022, tome g



QuaNTITATIVE DE GIORGI METHODS IN KINETIC THEORY 163

Remark 8. The Holder continuity was first proved in [WZ09, WZ11] (with con-
structive method) and this proof is revisited and simplified in [GI21], including ideas
and methods from [Mos64, Kru63, Kru64]. An alternative non-constructive proof was
proposed in [GIMV19] following the De Giorgi method [DG56]: the non-constructive
part was the intermediate-value lemma and we provide here a new constructive argu-

ment.
1.3. STRUCTURE OF THE METHOD. The core of our proof is, given f sub-solution
to (1.1)—(1.2) with S = 0:
fers, ¢>0 Y perenrt, w0
E)% Weak Poincaré inequality in L'
ﬂ Intermediate-Value Lemma (Theorem 3)
ﬁ)» Measure-to-pointwise estimate
(i)> Weak log-Harnack estimate
ﬂ Weak Harnack estimate.

Once these steps are proved, it is immediate to prove the Harnack inequality for so-
lutions by combining the weak Harnack inequality for super-solutions and step (1)
for sub-solutions. The Holder continuity follows classically (see Subsection 4.2) from
either the measure-to-pointwise estimate applied to both sub-solutions f and —f, or
from the Harnack inequality. Step (1) (Section 2) is semi-novel: it elaborates upon
ideas in [PP04] to prove the first Lemma of De Giorgi as well as a gain of Sobolev reg-
ularity with the help of Kolmogorov fundamental solutions. Step (2) (Proposition 13)
is the most novel step and introduces an argument based on trajectories and the previ-
ous Sobolev regularity to “noise” the z-dependency of the trajectories. Step (3) (proof
in Subsection 3.2) is novel and based on simple energy estimates. Step (4) (Lemma 16
in Subsection 3.3) is standard and sketched for the sake of obtaining quantitative
constants. Step (5) (in Section 4) is semi-novel but immediate when constants are
quantified properly in the previous steps. Step (6) (in Section 4) is novel in the con-
text of hypoelliptic equations but inspired from elliptic equations [LZ17]; it uses an
induction, Vitali’s covering lemma and Step (5) at every scale.

Acknowledgements. — The authors are grateful to C.Imbert for the inspirational in-
teractions, as well as for specific help with the literature and the comparison with
the Moser-Kruzkov approach in [GI21]. The second author would also like to thank
L. Silvestre who pointed out several years ago how Kolmogorov fundamental solutions
were used in [PP04] to replace averaging lemma, which was the starting point of our
Section 2 (and is also used in [IS20]).

2. INTEGRAL ESTIMATES REVISITED

In this section, we briefly revisit estimates from [PP04, GIMV19] on the gain
of integrability for sub-solutions (the kinetic counterpart to the first lemma of
De Giorgi) and the low-order Sobolev regularity estimate for sub-solutions, first

JIEP. — M., 2022, tome g



1164 J. Gueranp & C. Mounor

mentioned in [GIMV19]. We provide new proofs based on fundamental solutions
which, albeit variants of existing ones, seem simpler and optimal.

2.1. THE ENERGY ESTIMATE

Prorosition 9 (Energy estimate). Let f be a non-negative weak sub-solution
to (1.1)~(1.2) in an open set % € R¥*21. Given any Q.(20) C Qr(z0) C % with
0<r <R, one has

/ |Vuf|2§A,A%(T7R,’Uo)(/ P f5|)7
Qr(z0) Qr(z0) QRr(z20)

where zy = (to, zo,v0), Q7 (20) = {(x,v) € R*?: (1,2,v) € Q,(20)}, and

1 ‘Uo|+R 1
+ + )

(2.1) %(T,R,UO)::(H(R_T)Q Rt )

Proof of Proposition 9. Consider ¢ a smooth function valued in [0, 1] that is equal
to 1 on Q,(20) and 0 outside Qg (z0). In order to use fo? as a test function, we argue
by density. Introduce

Un x [felp(2) = / U (t =tz —tv— (2" = "), v =) f(N)e(2)0(2),

where t, (t, 2, v) = n*+2¢(nt, n3z, nv) and Y (t, 2, v) 1= 79 /2e=t |2’ =" Then
Ly = (T [0 * [felo) = (fs¥n * (T Fele)
= LT Fwn = ) + (F. 00+ (T Dle)]
= 2 [ < FRUT ) — (o # (TN,

which converges to —%< 27 <p2> as n — oo. The other terms in the inequation
converge thanks to the bound f € L>((a,b); L*(Q: x Q,)) N L?((a,b) x Q3 H1(Q,)).
We deduce

A watas [ (el (ol + RIVaple) de
+A/ Vo flIVuil fiodz
Qr(zo0
+A \va|f<p2dz+/ f1S|p? dz.

Qr(20) Qr(20)

The result follows from Cauchy-Schwarz’ inequality and

|0rp| < Vel S NS

_1 _
(R—r)r’ (R—r)r?’ (R—r)’

JE.P.— M., 2022, tome g
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2.2. INTEGRAL ESTIMATES ON K()LM()G()R()V FUNDAMENTAL SOLUTIONS. We denote

K =T — A,

Lemma 10 (Estimates on the fundamental solution with constant coefficients)

Consider f > 0 locally integrable so that # f =V, - F1 + F» —m with Fy, Fy €
L'NL2(R_ x R?) and 0 < m € M*(R_ x R??) (a non-negative measure with finite
mass) and where Fy, F» and m have compact support in time included in some (—,0].
Then there for any p € [2,2+1/d) and o € [0,1/3)

(22) 1f @ xrzay Sran @+ (1/d) =p) 7 (1Pl 2 xgzey + 1 Foll g2 xiea]s

(2.3) Hf”L%YUWf'l(]R_x]R?d)
S ((1/3) = )7 IRl wmoey + 1 Ball s o + Il e ey

Proof'of Lemma 10. — We use the fundamental solution computed by Kolmogorov
in [Kol34] (see for instance [BDM120, App. A] for details):

VteR_, z,veR?,
ft,z,v) = / Git—t,o—a — (-t ,v=20) (X, 2,
(t/7wl7v/)6R2d+1

Vit >0, z,v € RY,

3 \d/2 3z — (/20?7 .
G(t,xz,v) := (4772154) *P [_ 3 T ift>0,
0 if t <0.
Since f and G are non-negative, we deduce that
0<f(t,x,v)</ Git—t,o—a' —({t—t)W,v-1")
(t/,x/,UI)ER2d+1

) [(Vv, B (20 + Fg(t’,a:’,v’)]
and since
Vt>0, z,v e R

_3le— (/20 ﬁ]
213 8t

we have V,G,tV,.G € L23ﬂ}270((0, 7) x R??) and therefore by integration by parts

|V,G(t, z,v)| + t|V.G(t,z,v)] < t—2d=1/2 exp{

f(t,z,v) < / VoGt =t x—a' — (t -t ,v-20 ) {2 v)

(t’,x’,v/)GRZdJrl
+/ Git—t,o—a —({t—t)W,v—20)F{, 2 )
(t’,z’,’u’)ERz‘H’l

and Young’s convolution inequality (which works in unimodular spaces like (R24+1 o)
with the Lebesgue measure), we deduce, by tracking down the dependency in p of the

JIEP. — M., 2022, tome g



166 J. Gueranp & C. Mounor

constant

Vpel2,2+1/d),
Il e r_ xr2ay Sr (2 + (1/d) —P)_l [||F1||L2(1R, xR2d) T HF2HL2(R,xR2d)]-
(The threshold 2+ 1/d is likely to be optimal.) This proves (2.2). To prove (2.3) split
G=G.+Gt with G.(t,z,v) = x (t/e) G(t,z,v),

where € > 0 and x is a smooth function on Ry valued in [0,1] equal to 1 in [0, 1]
and 0 on [2,+00). We have the following simple estimates for every £ € N

3l — (1)/20° @}

‘ViGEL(t,x,v)’ <y g (3/2)tp—2d exp{— 573 n

|V, VEGE(t, 2, v)| + |V, VEGE (¢, 2,0)|

<p e B/D1/24-2d o {_3 |2 *2(;/2)“ |ZL2}

which straightforwardly implies (assuming 7 > 1 and ¢ < 1 wlog)

HGJ_HLl L ((0,7) xREWE T (RD))) + vaGé_HLl L ((0,7) xR WET (R4))
+ [tV G|,

t,v

((0,7) xREWE (RI)) e re—(3/2)e-1/2

IGellLr(0,m)xr22) + [IVoGell L1 (0,r) xr2ey + 1EVaGell 10,7y xr2ay S TE 1z,

The splitting G = G. + GZ yields f = f. + f+, and the convolution inequality
M'« L' — L' implies

||f5||L1 R_ xR2d) < Tg1/2(HF1HL1(R_xR2d) + ||F2||L1(]R_><]R2d) + ||m||M1(R_xR2d))

HfLHLl WE(R_ xR2d)

S 7e” G2 | b m xroey I Bl o g smzay +Imllan e xreay]-

Since this decomposition holds for all € > 0, it implies by standard interpolation
the estimate (2.3) for any o € [0,1/3) (again the exponent is likely to be optimal
but in any case our constant degenerates as ¢ — 1/3). In order to be self-contained
let us a give a short proof. Given o € [0,1/3), we Fourier-transform and decompose
dyadically, defining (&) := (1 + |£|?)"/?

(1- Aw)U/Qf(t, x,v)

= & (z—y) 4 — i (x—y)
/EyERde ©fty,v)= Y /Eye]Rde ar(€)f(t,y,v)

(2.4) K>—1

= Z /§ R ez&(xfy)Bk(g)(]_ - Ay)e/zf(t, Y, U)a
k>—1 Y

where ap(¢) = (€)% and Bp(¢) = (€)°‘pi, and where we have defined in
the standard way ¢ (&) = [x(27%¢) — x(27%FL¢)] for & > 0 with x a smooth

JE.P.— M., 2022, tome g
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function valued in [0,1] and equal to 1 in B(0,1) and 0 outside B(0,2), and
©-1(8) = Y pe1[X(27%€) — x(2771E)]. For a given F = F(y) one has

/:neRd

/E B e - Ay)F(y)' < 2O e
,Yye

Lo e“‘“‘y’amF(y)' S 2P|,
YE

/xe]Rd

by splitting the integrand into |z — y| < 27% and |z — y| > 27% and integrating by

parts the operator Ag/ % with ¢ even and strictly greater than d. We then use the
decomposition (2.4) in the “a;” form on f. and in the “By” form on f1, and with a
€ = ¢ depending on k defined below:

o g - e_ o—
H(l —A,) /2fHL1(R,XR2d) <r Z (5i/22k te, (3/2) 1/221<:( é))
k>—1
[HFlﬂLl(R,xR?d) + ||F2||L1(R, xR24) + HmHMl(R,wa)]

<

~

X
-
3 (1P L xrzay + [ F2ll g xmeay + 17l ar g xmea)]

with the choice 0 = 1/3 — 6 € [0,1/3) and ¢, := 272F(1/379/2) and ¢ > 1 +4/95. This
concludes the proof. O

2.3. INTEGRAL ESTIMATES FOR SUB-SOLUTIONS. We combine the previous lemma with
a localization argument and the energy estimate to get the

Prorosition 11 (Integral regularization estimates for non-negative sub-solutions)

Let f be a non-negative weak sub-solution to (1.1)~(1.2) in an open set % € R**+24.
Given any Qr(z0) C Qr(z0) C % with0 <r < R< 1, and any p € [2,2+ 1/d) and
o €10,1/3), f satisfies
(2:5)  fllze(@zon S 2+ 1/d=p) " " (r, R, v0) (I1f1l L2 @20y + 151 L2(@R (o)) 5

—1
(2.6) ”f”L%YUW,;"l(QT(zO)) S (1/3—0)" € (r, R, ) [”f”LZ(QR(zU)) + ||SHL2(QR(ZO))L

where € was defined in (2.1) and
1
/ —
%' (r, R, vp) = (1 + = r)%”(?“, R, v),
1
" . pl42d
%" (r, R,v0) := R <1+ =

-Tr

)%(r, R, wo).

Proofof Proposition 11. — Since f is a sub-solution to (1.1), there is a non-negative
measure m > 0 so that

Tf=Vy - (AVy,f)+B-V,f+5—m.

JIEP. — M., 2022, tome g



168 J. Gueranp & C. Mounor

Consider ¢; smooth valued in [0,1] and equal to 1 on @,(zp) and 0 outside
Qr1(r—ry/2(20) and g1 := o1 f. The latter satisfies
H g =V -Fi+F,—m
m = mpq,
with ¢ F1:= (AV, f)p1 — (Vo f)er — Ve,
Fyi=—AV,f- Vo1 +(B-Vuf)e1 +Se1+ [T 1.

(2.7)

The energy estimate in Proposition 9 implies
1F1 ]| L2 (r_ xr2ay + [ F2ll L2 (m_ xr2a)

1 R—r
< (1 + ﬁ)%(r +—— R vo) (1f 1 22(@r(z0)) + 1S1L2(Qr(20)))

S (1 R, 20) (11 22(@r(zo)) + 1SN L2(Qr(z0)))

which, combined with (2.2), shows (2.5).

Consider then ¢, smooth valued in [0, 1] and equal to 1 on Q4 (r—r)/2(20) and 0
outside Qgr(z0) and g2 := @of. The function g satisfies a similar equation as g;
in (2.7), with @9 replacing ¢;. Integrating this equation simply against 1 yields (thanks
to the cancellation of divergence terms)

||mHM1(QT+(R7T)/2(ZO)) S HSO2mHM1(]R_ x R2d)

5/ [*Avq)f'VUQDQ“i’(B'vvf) 902+S@2+f9902]
Q

r(rR—r)/2(20)
< R—r
~ CK(T + 2 R, vO) ||f||L1(QR(ZO)) + HSHLI(QR(ZO))

SE (1, Bvo) [[Ifll2@nzo)) + 1S122(@ntzon]-
Combined with (2.3) and (thanks to the localization)

I Fll L e xreay + | F2llomo xr2ey S 1Fillz2@_ xr2ay + [ P2l L2 xR2ays

it implies (2.6). O

2.4. ITERATED GAIN OF INTEGRABILITY FOR SUB-SOLUTIONS. — We give a short proof of
this result first obtained in [PP04, Th.1.2] and then proved differently [GIMV19,
Th. 12]. This is the counterpart of the “first lemma of De Giorgi” for elliptic equations,
in the context of kinetic hypoelliptic equations. We allow for an initial integrability L¢
with exponent ¢ € (0,2) (such extension is well-known for elliptic equations).

Prorosirion 12 (Upper bound for sub-solutions). Let f be a non-negative weak sub-
solution to (1.1)~(1.2) in an open set % € R1*24. Given any Q. (20) C Qr(20) C %
with 0 <r < R<1, and ( >0, f satisfies

1+ |wo| )<1+4d>/<

11z (@0 (20)) Saa (m [ f e @nczon + 1S = (@nzon ] -

JE.P.— M., 2022, tome g



QU,\NTIT'\TIVE Dr GIORGI METHODS IN KINETIC THEORY IIG()

Proof of Proposition 12. Fix po := 2+1/2d and define ¢ := py/2 and ¢, := ¢™. Con-
sider 3, on R with 3/ = 0and Bn © = 0 both bounded and so that 8, x(z) = 2%
as k — oo and B, k(%) S 2% and ] () < 29" uniformly in k& € N*. Definition 1
implies that 3, (f) is a weak sub-solution with source term S, j := 3, ;(f)S. Define
ro=Randr, =7, 1—0n"2 with§ = %(21@1 k=2)~1(R—r). Since py € [2,2+1/d),
the estimate (2.5) implies for all n > 1

1Bnk ()| 2ro (@, (20)) S € (TnsTn 1#’0) 1Bk (D 22(@r,_, o)) + 1Skl 22 (@, zo))]

< (L+[vo])n
N IR -1 [||ﬁn K2 @r, oy T I1Snkllz2 (@, zo))]

for n > 1, which means by taking ¥ — oo and coming back to f

£l 201 (s, (20

< (Ut |vo|>n6>1/4"2f1+1/qn [
~\r2(R—r)3

< (G ™ [ D) en @, eon + oISl o)

assuming by induction | f[|rz2an(q,  (s)) < +00. The convergence of the infinite
product then implies

1-1/qn 1/qn
Pz, on Izl cop 11T %oy ]

~

1+|U0| )

1z (@01 = (w "1z @uteon + 15112 @anteon]

This proves the claim when ¢ > 2. To prove it when ¢ € (0,2), we deduce from the
previous estimate

11l (@r(z0)) + 11 Lo (@r(20))

1+ |vol
S (r2(R—r)3> RIP= ‘@ 115 @nieony T 15N @nton]

and thus by Young inequality, the quantity A(r) := || fllz=(Q,(z0)) + ISz (Q, (20))
satisfies, for some C > 0,

14 |v (14+4d)/¢
A) < 5AR) + () Y e gy + IS = @atan]-

2 2(R—r)3
Introducing an (increasing this time) sequence of radii r,, := r,_1 + dn~2 we obtain
by induction

A(rn) < (1/2)A(rns1)

14 Juo| N (+4a)/C
(2+8d)/¢
+Cn (rQ(R—r)3)
A(ro) < (1/2)" A(rnt1)

L(2+8d)/¢ 1+ |vg| \A+4d)/¢
-‘rC(kZ_l ok )(TZ(R—T)?’) [Hf||L<(QR(z0)) + ||SHL°°(QR(ZO))]’

which yields the result by taking n — oo in the right hand side. |

£ Le@nrzon) + 1SN 2o (@ (200 ]
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3. INTERMEDIATE- VALUE LLEMMA AND OSCILLATIONS

3.1. Weak Poincaré iNeQuarity. — The adjective ‘weak’ refers to the small addi-
tional L2 error term below.

Prorosition 13 (Hypoelliptic Poincaré inequality with error). — Given any e € (0,1)
and o € (0,1/3), any non-negative sub-solution f to (1.1)-(1.2) on Qs satisfies

1 _
Saa gz Vil gy +¢7 (1/3 - 0) HIF N2 gy + 1811220
where Q7 = Q1(—2,0,0) = (=3, -2] x By x By and (f}Q; = fo f:= IQilf\fo f.

Remark 14, The motivation for the following argument was [Vasl6, Lem. 10, p. 11],
where a simple quantitative proof of the intermediate value lemma of De Giorgi (also
sometimes called De Giorgi’s isoperimetric inequality) is sketched in the elliptic case,
based on introducing the trajectory between two points of the domain and using the
vector field V,, to connect them. We have to deal here with the hypoelliptic structure.

Proof. — Consider, for £ € (0,1), a smooth function ¢. = ¢.(y, w) which satisfies
0 < ¢- < 1 and has compact support in B? and such that ¢. =1 in B¢y X B(1—¢)
and with |V p:| S et and |V, < et We then split the integral to be estimated
as follows

H(f - <f>Q1_)+HL1(Q1) S H(f - <f905>Q1_)+HL1(Q1)

SJ [tx )GQ {f( ) 1 [f( 7']:711) f(57y7w) Wa(va)}
U $,Y,w GQ

1

</ { f F(t20) — (5,5, 0) sos<y,w>} 2 flz o),
(t7w’v)€Q1 (S7y»w)€Q1_ +

where we have used (f¢.) ar < f>Q1_ and the Cauchy-Schwarz inequality.

Let us estimate the first term of the previous inequality. Given ¢, z, v fixed, we de-
compose the trajectory (¢, z,v) — (s,y,w) into four sub-trajectories in @Q5: a trajec-
tory of length O(e) along V., two trajectories of length O(1) along V,, and finally
one trajectory of length O(1) along 7 := 9y + v - Vg

Tr+ew—1y
(t,z,v) v—: (t,x + ew,v) v—v> (t,ersw,ﬁ)

xr+ew — y)
—_— ) — .
— 5 (5.9 w)
The first sub-trajectory is estimated by the integral regularity L%’ng’l proved
n (2.6). The other trajectories are estimated directly by the vector fields in the

equation. The position z + ew € Qs since x,w € By and ¢ € (0,1). The velocity

- (o
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(r+ew—y)/(t—s) € Q3 since z,w,y € By and t —s > 1 due to the definitions
of Qf and Q7 , and this velocity yields a transport line from (¢, z +cw) to (s,). Note
that we are implicitly using the Hérmander commutator condition: V,, 7, [V,, 7]
span all the vector fields on R24+1,

Decompose along the previous trajectories

f(t,x,v)—f(s,y,w)
= [f(t,x,v) —f(t,x—i—aw,v)] + [f(t,x—l—sw,v) —f(t,x—i—sw,

U = R O =]
+ (s ) = fpw)]

r+ew—y
and integrate against ¢.(y,w) on (s,y,w) € Q7 , which gives the four terms

x—l—aw—y)}
t—s

t—s

n(t,3,0) = /( O L R R XA}
S, Yy, w 1

IQ(tal'7v) = / |:f(tal' + E’w,U) - f(t7:1j + cw, w)}‘ps(va)a
(5:9,)€QT t—s

r+ew—y r+ew—y
Is(t = t 7)) - .
3( ,x,v) /(\873/710)6@1 |:f( 7.’1?+E’LU, t—s ) f(S,?J’ t— s )]Qpa(yﬂu),
T+ew—y
I4(t,$,1)) ::/ [f(saya t ) - f(say7w):| (Pg(y,w)
(s,y,w)€EQY -

Regarding the term I, we use Taylor’s formula and 0 < ¢, < 1 to deduce

12(t7x,1,)</ / (U_w>.
r€[0,1] t—s

(5,y,w)€Q
X va(t,x+€w,rv+ (1 fr)w

t—s

)%(y, w)

5/ / |va\(t,x+5w,7'v+(1—r)w>_
(s,y,w)eQ) JT€[0,1] t—s

Integrate then on (¢,z,v) € Q7 to get

(3.2) ][ b
(t,x,v)EQ1

< / / / Vo fl (6 X v+ (1—7)Y)
(£,X,0)E(—1,0)x Box By J (s,Y,w)€(—3,—-2)x B4 x By J7€(0,1)

Vo fl (4. X,V) < / V. fl.

<
~ /(t,X,V)e(l,O)szxB5 /(s,Y,w)€(3,2)><B4><B1 /Te(o,n 5

where we have used successively the following changes of variables with bounded
Jacobians:

X
r— X =x+ew € By, y—>Y:t7y—v€B4, v—V =v+(1-7)Y € Bs.
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The term I, is treated like I5:

(3.3) ][ 145/ |V f]-
(t,z,v)EQ Qs

Regarding the term I, we perform the change of variable w € By — ' = v +cw €
B.(x) with Jacobian e =% and use the L; ,WZ"! regularity of non-negative sub-solutions
proved in (2.6):

f L< / F(t,z,0) — flt, o +w,v)|
(t,z,v)€Q1 (t,z,v)€Q1, (s,y,w)EQT

|f(t,.’]},’U) B f(t,:c+sw,v)|

N lew|d
(3.4) /(t,zmeczl, weB, lew|d+e

<€0‘/ |f(t,:c,v)ff(t,x’,v)|

~ (t,z,0)€Q1, z'€Bs |z — a’|dte

o o -1
Se Hf”L%,,UW;”l(Qz) Se”(1/3-0) [||fHL2(Q3) + HS||L2(Q3)]'

Regarding the term I3, we note first that .7 f € L7 H, ' + M}, , with finite
norm in Qr(zo) (arguing as in proof of Proposition 11). The Taylor formula between
(t,z+ew) and (s,y) along .7 thus holds in weak form against . thanks to the latter
bounds and the non-singular change of variable (3.7) discussed below:

(3.5) Is(t,z,v)

T+ ew — T +ew —
:/ |:f(t7x+gw77y> - f<57ya 7y):|@5(yaw)
(s,y,w)EQ; t—s t—s

</ e
(s,y,w)eQ] JT€[0,1]

x Zf(rt+ (1= 7)s,7(0 +ew) + (1= 1)y, zrew-y

t—s

)%(y,w)-

We then use the fact that f is a sub-solution to (1.1) in the distributional sense:
I3 (tv x, U)

< / / (t—s)
(s,y,w)eQy J7€[0,1]

X Vy - (AV, f) (Tt + (A =-7)s,7(x+ew)+ (1 —7)y,

+ / / (t—s)
(s,y,w)eQ] JT€[0,1]

T+ew—y
t—s

)‘Pe (y,w)

X B - va(Tt + (1 —7)s,7(x +ew) + (1 —7)y, :H_tg_#)(pe(y,w)
+ / / (t—s)
(s,y,w)eQ] JT€[0,1]
Tr+ew—y

X S(Tt+ (1—1)s,7(x +ew) + (1 —7)y, )ws(%w)

t—s
= I31 + I35 + I33.
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Arguing as for Iy and Iy, we have

(3.6) ][ 1325/ V.f| and ][ 1335/ 1S,
(t,z,v)€Q1 Qs (t,z,v)EQ1

where we performed consecutively the changes of variable
y—V=r—"-" z—X=x+ew—(1-7)(t—9)V,
s— s =t—s and t' —t—(1-1)s".
To estimate the remaining term I3;, we use the change of variable
3.7 (yw)— (Y, W) withY =7z +ew)+ (1—7)yand W := OC-I—%UJS—;U
such that (y,w) — (Y, W) is a bijection from the set (B;)? to the (diamond-shaped)
set

1
E :=E(1,e,t,s,z2) C B(tx,(1 —7) + 7€) X B(ti, tj) C By x B3
—s't—s
with Jacobian (g/(t — s))¢ and which maps respective boundaries (to compute the

Jacobian easily use the formula det(é g) = det(A — BD~1C)det D). We deduce

1
Isn = =d / / (t - s)d+lvv : (Avvf) (Tt + (1 - T)Sv Y, W)
€% Jrelo,1] Jse(—3,-2), (Y,W)eE

Y—$+(1—T)(t—S)W)
5
and we integrate by parts in W, using that ¢, = 0 on the boundary of E(7,¢,t, s, z):

X e (Y —7(t — )W,

1
=/ (t — )™ AV f) (7t + (1= )5, Y, W)
€% Jreo,1] Jse(=3,-2),(Y,W)eE

Y—x—|—(1—7')(t—s)W)
Yg—x—s—(l—r)(t—s)W
€ )}

X [T(t — 85)Vye (Y —7(t— )W,

— vaapg (Y —7(t — )W,

Using the bounds on the derivatives of ¢, then yields

1
(68) Eiltan) S [ Vol (t 4 (1= 7)s,Y, W)
€ T€[0,1] Js€(—-3,-2),(Y,W)EE

1
— 1315—/ Vo fl.
€d+2 05

Q1
The result follows from combining (3.2), (3.3), (3.4), (3.6) and (3.8). O
Rewark 15, Note that the regularity W' is only used over a small trajectory

that “noises” the position variable = in ¢y with the velocity w in @7, hence allowing
to integrate by parts the diffusion operator using only the variables in @} . Note also
that it is possible to get some Wf;l)
by the same method as in Lemma 10, however such regularity is too weak to yield

any intermediate value estimate alone. Note also that the gap in time between Q7

regularity in all variable with ¢’ € (0, 0) small
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and @ is used to make sure the intermediate velocity (z +ew —y)/(t — s) remains
bounded and the various domains of integration remain bounded along the velocity
variable. In fact, the result is false without such gap, see Remark 4.

3.2. Proor or tHE INTERMEDIATE-VALUE LEMMA. — In this subsection, we prove that
Proposition 13 implies Theorem 3. Take f a sub-solution to (1.1)—(1.2) on @1 and
satisfying (1.3) for some given 61,02 > 0:

(3.9) Hf<0}N@Q |2 61Q,| and  [{f>1-0}NQr| > 0a|Qrl
Define g := f — (t + 2578)||S||L=(q,)- Then its positive part g; is a sub-solution

to (1.1)~(1.2) in @5y, with zero source term and with g, € [0,1] since f < 1 in Q4.
We set

5 2 1
< an if S = )
(400(147HSHLx(Qﬂ)> 9o 7 HonEere
1
— if S =
20 if S =0,

and we apply (3.1) to g4+ at scale rg, for some € > 0 to be chosen later:

1/2
7o o 2
(94 —(94)0-) . S 7][ IVogi| +e <][ g+>
Ji? Qro/+ gd+2 Qsr Qs

o 0 0
S v [ [Vl 4
e T T e
~ 4d+1_gio vg+ )
TO € + Qsm

where we have used the bound g, € [0, 1] to control the L? norm. Then (3.9) implies

<g+>Q: = - [f(S,yJU) - (S + 25T§>”SHL°‘°(Q1)]
o Jisyaweqn, *

(3.10)

(3.11) i
<HfquM%J<1@
and
][ (9+ — <9+>Q;0)+
1
> 0l Jimapeq, TEEY — (t+25r3) 1Sl L=(@u) — (1~ 61)] ,
(3.12) ol HLEUIEC

1
> P
g |QT0| (t,2,0)EQr

g |Q1To| {f>1-0}NQr, (%1 - 9)+ g 52(%1 - 9>'

We then estimate from above the right hand side of the Poincaré inequality (3.10):

/ \va+|</ Vol
Q Q

570

[ -
{f=0}NQsr, {0<f<1-0}NQs5r {f21-0}NQsr,

=1+ I+ Is.

[f(t?xvv) - 25T8||S||L°°(Q1) - (1 - 51)]+

510
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The first term I; = 0 since V, f4 = 0 almost everywhere on {f; = 0} (see [EG15,
§4.2.2]). Combining the Cauchy-Schwarz inequality, Proposition 9 and the fact that
<1, we get

1/2
L <0< f<1-0}0Qs,|"? <f |va+|2>

Qsrg

1/2
SHO< fF<1-0}NQyp0l? (f f.’i) SHO< fF<1—0}NQ1pl?

Q12

and (using that V, f is zero almost everywhere on { f = cst}, see again [EG15, §4.2.2])

13=/Q !Vv[(f—(1—9))++(1—9)]\:/ [Vulf =@ =0,

Qsrg
<(/
Qsrg

< (/Q [f—(1—9)]2++/Ql/2 [f—<1—9>}+|5)1/2

S 0+60"2)S] 101 S 0V2(1+ 1] L= 01),

) 1/2
vls- -0l f)

where we have used the energy estimate in Proposition 9 on [f — (1 — 6)].
The last two estimates on Iy and I3 yield the following control on the right hand
side of (3.10):

1
3.13) ————— Vo +&°
519 e /Q V]

0P+ ISI=@n)  HO<f<1-03n@Qupl?
~ réd+1€d+2 rgd+1€d+2

Combining (3.12) and (3.13) gives, for some universal constant C' > 1:

C(1+1Sli=@0) 62 CHO< f<1-0}nQupl”* |

Ce°.
réd+1€d+2 réd+1€d+2

(3.14) % < 0a0+

We choose ¢ such that Ce? < §102/8 and 6 such that
C(1+ ISz (qy)) 012 _ 010

020 +

T§d+15d+2 S8
e.g.
- 5152 1/o 2 C(l—’—HS”LW(Ql)) -
(3.15) £= <@) , = 0703 8(52 + i (6152/80)(d+2)/a> ’

which finally implies the result with

(3.16) o 1 (5152(6152)(d+2)/0r§d+1>2> (6162)10d+16 |
AANTEATTE (L4 1S l=(@0) "
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3.3. MEASURE-TO-POINTWISE ESTIMATE. In this subsection, we combine Proposi-
tion 12 and Theorem 3 to prove a measure-to-pointwise estimate of “lowering of the
maximum” a la De Giorgi.

Lemma 16 (Measure-to-pointwise upper bound). — Given § € (0,1), define ro =
(6/800)/2 if S non-zero and ro=1/20 if S=0. There is ju:= () ~ §2(1+0711T1 S
such that any sub-solution f to (1.1)~(1.2) in Q1 with S such that ||S||p~(q,) < 1
and so that f <1 in Q1,9 and

(3.17) {f<0}nQ,|>dQ,

satisfies f <1 — p in Qyy /2, with Q;, := Qpy(—2r3,0,0) = (=3r§, —2r§] x B,s x By,
(see Figure 1).

Proof. — In view of Proposition 12 and the scaling invariance, there is 6’ > 0 de-
pending only on A and A such that for any r > 0, any sub-solution f on @, so that
er [ < &|Qy] satisfies f < 1/2 in Q, o (imposing Cp < 1/4 with C' the univer-
sal constant in the estimate of Proposition 12 used here). Define then v,0 > 0 as
in (3.15)—(3.16) with §; = ¢ and d2 = ¢’ and a source term bounded in L> by 1.

Define f;, := 07F[f — (1 — 6%)] for k& > 0. The functions f) are sub-solutions
to (1.1)—(1.2) for all ¥ > 0 with a source term of L norm less than 1 as long
as k < 1+ 1/v (assuming [|S]|ze(q,) < o so that |[S||pe(g,) < 0MF1/¥). The sets
{0< fr<1-0}={1-0% < f<1—6*1} are disjoints and each fj, satisfies (3.17).
If fQTO (fr)2 < &'|Qr,| then fi < 1/21in Q, /2 so f < 1 — p with g = 6*%/2 which
concludes the proof. Consider 1 < ko < 1+ v~! such that erO (fe)2 > &|Qy,| for
any k such that 0 < k < kg. Then for k£ such that 0 < k < kg — 1

i > 1= 030 Q] = (i = 0} N Qs >/ s > 51Qu).

Qrg

{fe<0}nQ | = {f <0}NQ;, | =61Qr, .

Theorem 3 for sub-solutions with source term of norm L™ less than 1 then implies,
choosing 7o = (6/800)'/2,

{0 < fr <1 =0} N Q12| = vIQ1y2l
Summing these estimates and using the fact that the sets are disjoints we have

k}o—l
Qujal = Y {0 < fr <1=60}NQuypa| > kov|Qual-
k=0

So ko < v~ which ensures that source terms remain indeed less than one along the
iteration, and we deduce

Pro+1 9(1+u)/u )
f<1- 7 \I_T n Q2
which yields p(8) := §1+1/7 /2 ~ §20+37 70710 O
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4. Harnack INEQUALITIES AND HovpER conTINUITY

4.1. Tue Harnack iNneQuaLiTiEs. — To prove the weak Harnack inequality, we first
assume S = 0, and re-introduce S in the end. Without source term, ro = 1/20 can be
taken constant in the measure-to-pointwise estimate. Consider then h non-negative
super-solution to (1.1)—(1.2) on @ with S = 0. The contraposition of Lemma 16 on
the sub-solution g := 1—h/M then implies for any § € (0,1) and M ~ §—20+6"*7*)
that

(4.1) VQr(2) C Q1 with Q:/Q(z) C Q1,

=300 5 hs,
|Qr(2)] Q/2(2)

where Q:’/Q(z) = Q,)2(z + (2r%,2r%0,0)), for z = (t,z,v), is obtained by in-
verting the operation Q,/2(z) — @Q;(2) in Lemma 16 (noting that Q7 (z) =
Q.(z — (2r%,2r%v,0))). It implies (inverting the relation § — M and using the
layer-cake representation) that if infg, ,h <1,

(42) VM >1,

[{h=>M}NnQ, B 1 1/(10d+17)
o 000 = (gan)

— [In (1 + h))/ (0418 <
Qro

This “point-to-measure” estimate controls the decay of the upper level set in the
manner of a weak Harnack inequality, although with a “logarithmic” rather than
power-law integrability. We shall now improve the integrability to a power-law by
going back to (4.1) and performing an inductive argument inspired from the elliptic
theory [LZ17]. Note that the logarithmic integrability in (4.2) is reminiscent of Moser’s
approach.

We improve inductively the control of upper level sets in the following decreasing
sequence of cylinders

2
9k .— Q(ro/2)+ar (—;rg + % (%0 + ak) 7O,O) CQ,, with a:= 2):4%.

These cylinders satisfy @;0/2 c 2% c @k c 91 ¢ Q,, for all k > 1. We now
claim that for dg > 0 small enough (to be chosen later), for any non-negative super-
solution h with ianTO/2 h < 1 we have

[{h > M*} N 2*| ~ %
|;2k| = 910(4d+2)k”

(4.3) Vk>1,
where M ~ §=20+87171) with § .= 80/210%2 as in (4.1). Admitting first (4.3) we

deduce by layer-cake representation that there is an explicit { 2> (530‘”17 > 0 such
that f@, h¢dz < 1, which implies by linearity

ro/2
1/¢

( / h(z)Cdz> < inf h.

@:0/2 Qry/2
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This implies the weak Harnack inequality (1.5) on any f non-negative super-solution

o (1.1)-(1.2) by applying the previous estimate to h := f+ (1 +1)[|S||z(q,). To de-
duce the Harnack inequality (1.6) we consider f a non-negative solution to (1.1)—(1.2)
and combine the previous control with Proposition 12 to get

ro/2

1/¢
wpfS(A; f&f®> .

Qry /4
S inf f+Slre(@) S dnf [+ [[S]lLe@)-
Qr0/2 Q'"O/4

Let us now prove the claim (4.3) to conclude the proof. The initialization k = 1 is
proved in (4.2). Then define Ay := {h > M*+1} N 2*+! and denote the following
translated centered cylinders

¢ [2] i= 2 0Qa-((2r%,0,0)) = z 0 (—27“2,27“2] X B(arys X Bo.

Let us construct z; = (tp, xp,v¢) € 21 and r, > 0, ¢ > 1, so that:

YVE=1, 1 € (0 ak+1/15)
) Vﬁ > 1, |Ags1 N Cisp, [20]] < 60|Cisr, [20]],
) VS, [ A N€, 2] > ol€s, (2],
4) the cylinders €3y, [2¢], £ > 1, are disjoint,
) Agt1 is covered by the family €15,,[2¢], £ > 1.

(1
(2
3
(

(5

Note that inverting the operation Q,/2(z) — Q; (z) in Lemma 16 yields, when starting
from €,,[z], the cylinder &, [z¢]" := 2,0Q,,((10r2,0,0)) = z;0 (97, 10r7] X B3 X By,
Note also that €, [z]" C €3,,[z¢] and that property (1) combined with z, € 2F+1
imply €15,,[2¢] C 2F. Let us prove that the family .# of cylinders €, [2] with z € 2F+1,
r € (0, agt+1/15) and so that |Ak11NC15,[2]| < Jo|C1s.[2]| and [Ak+1NE,[2]| > 0|€,[2]]
cover Ayy1. We have, using (4.3) at the previous step k,

(4.4) Vr e( o ak+1), | Ajsr N €2 < AR N C 2] < [Ap N 2]

do

< ggaarar 12" < Sl &[]

If z € Apyq is not covered by % it means that the continuous positive function
o(r) = |Akr+1 NE[2]|/|€[2]] on (0,400) satisfies (r) < dp or ¢(15r) > dg for all
r € (0,ak+1/15). The constraint (4.4) and the continuity impose ¢(r) < d¢ for all
r € (0,ag+1/15). Taking » — 0, a straightforward variation of the Lebesgue differ-
entiation theorem then implies z ¢ Ajpi; which contradicts the assumption. Hence
Agy1 is covered by the family .%.

It implies in particular that Agy; is covered by the family %’ of cylinders €3,.[z]
with z € 2F1 r € (0,0441/15) and such that |A1 N €15.[2]] < do|€15.[2]| and
|[Ak1 N € [2]| > do|€,[2]|. The Vitali covering lemma then gives the existence of a
countable sub-family, denoted (&,,[2¢])¢>1, such that the (€15,,[2¢])e>1 cover Apiq
and the (€3, [2¢])r>1 are disjoint. The Vitali lemma applies thanks to the following

J‘/
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property:
[erl [21] N €, [22] # @ and r; < 27"2] = &, [x1] C &5y, [22).
Take zp = (to, o, Vo) in the intersection and z = (t,z,v) € €., [z1]. Inequalities
|t —t2| < 1873 and |v —va| < 10ry come naturally and |x — [xg + 273vs + (t — t2)va]| <
20073 follows from
|:17 - [:EQ + 27'%1}2 +(t— tQ)Uz] |
g ’IL‘ — [%1 -+ 27”%1)1 -+ (t — tl)Ul} |
+ } [I‘Q + 27’%'02 + (t — tQ)’UQ] — [$1 + 27”‘%[)1 + (t — tl)vﬂ ’
<78+ |[w2 4+ 2730 + (to — t2)va] — [m1 + 2rfvr + (to — t1)v1]|
+ |(t = to) (v2 — v1)]
< 1287”:23 + ‘.130 — [1‘1 + 27“%1)1 + (to — tl)vl] } + |$0 — [1‘2 + 27“%1}2 + (to — tg)vg] ‘
< 20075,
This finishes constructing the covering with the properties (1)-(2)-(3)-(4)-(5) above.

Then Lemma 16 applied to each €, [z implies €,,[z]t C A, and the €, [z]T C
€3y, [2¢] are disjoint. We deduce

| Ars1| < Z | A1 N s [20]] < o Z [SEEA
>1 >1

< 154425, ¢, [z]| < 30%4+25, ¢, [zt
I 4
=1 >1

304d+252 5o
2104d+2)k = 91((4d+2)(k+1) |

< 304d+260 ‘Akl < Qk-‘,—l |

for §p small enough which proves the induction claim (4.3) and concludes the proof.

4.2. Tae Hovper continuity. — De Giorgi’s argument to Holder continuity uses the
measure-to-pointwise Lemma 16. We briefly sketch it in order to track the constant.
Holder regularity could also be deduced from the Harnack inequality in Theorem 5.
Given f solution to (1.1)—(1.2) on Q2 and ro = 1/40

/,l/ 10d+16
(4.5) oscq,, f < (1 - 5) max(oscq, f,e*(1+? S| Lo (@2))

follows from Lemma 16 rescaled to Q2 with § = 1/2 and applied to whichever of F’
or —F satisfies (3.17), where

F :=2[max(oscq, f, 62(1“10‘”16)||S||LOC(QZ,))]_1 [f = 3(supg, f +infg, f)].
By iteration we deduce

(4.6) Vzo € Q1,Vr € (0,70),

0SCQ, (z0) | < 2142104710 (1 + ||SHLoo(Q2)) maX(€2(1+210d+16)||S||LOO(Q2),OSCQl f)

JISP — M., 20292, tome ¢
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Indeed, the following sequence of solution of (1.1)—(1.2) in @4

fn(Tava) =2

(1— M/Q)l_" f (to + 737, 2o — U0 + 18"y, vo + Tgw)
max(osca, £, 2O ST o))

satisfies oscq, fn < 221420710 (1 4 S| Lo (@,)) by induction on n>1 (the case n=1
is true by definition of f,, and it propagates thanks to (4.5)). If one defines « € (0, 1)
such that 1 — /2 = r§ (assuming that p is small enough), the previous induction im-
plies (4.6) by standard arguments. To deduce the Holder estimate between z, 2’ € @1,

use intermediate points in [z, 2] at distance less than r and the estimate (4.6).
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