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TWISTED COTANGENT BUNDLE OF
HYPERKÄHLER MANIFOLDS

(with an appendix by Simone Diverio)

by Fabrizio Anella & Andreas Höring

Abstract. — Let X be a Hyperkähler manifold, and let H be an ample divisor on X. We give a
lower bound in terms of the Beauville–Bogomolov–Fujiki form q(H) for the pseudoeffectivity of
the twisted cotangent bundle ΩX ⊗H. If X is deformation equivalent to the punctual Hilbert
scheme of a K3 surface, the lower bound can be written down explicitly and we study its
optimality.

Résumé (Faisceau cotangent tordu des variétés hyperkählériennes). — Soit X une variété hyper-
kählérienne, et H un diviseur ample sur X. Nous donnons une borne inférieure en fonction de
la forme de Beauville-Bogomolov-Fujiki q(H) pour la pseudo-effectivité du faisceau cotangent
tordu ΩX⊗H. SiX est équivalente par déformation au schéma de Hilbert ponctuel d’une surface
K3, cette borne inférieure peut être calculée explicitement et nous étudions son optimalité.
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1. Introduction

1.A. Motivation and main result. — Let X be a compact Kähler manifold, and
let ΩX be the cotangent bundle of X. If the canonical bundle KX = det ΩX is posi-
tive (e.g. pseudoeffective or nef) we can use stability theory to describe the positivity
of ΩX . The most famous result in this direction is Miyaoka’s theorem [Miy87] which
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1430 F. Anella & A. Höring

says that for a projective manifold that is not uniruled, the restriction ΩX |C to a gen-
eral complete intersection curve C of sufficiently ample general divisors is nef. However
this result only captures a part of the picture: denote by ζ → P(ΩX) the tautological
class on the projectivized cotangent bundle π : P(ΩX)→ X. If X is Calabi-Yau or a
projective Hyperkähler manifold the tautological class ζ is not pseudoeffective [HP19,
Th. 1.6]. In particular X is covered by curves C such that ΩX |C is not nef.

Our goal is to measure this defect of positivity by considering polarized manifolds
(X,H). We say that the twisted cotangent bundle of (X,H), i.e., ΩX ⊗H, is pseudo-
effective (resp. nef) if, by definition, the tautological line bundle of its projectivization
has this property (see also Definition 2.3). This goal has been accomplished for in-
finitely many families of projective K3 surfaces in a beautiful paper of Gounelas and
Ottem:

1.1. Theorem ([GO20, Th.B]). — Let (X,H) be a primitively polarized K3 surface of
degree d and Picard number one. Denote by π : P(ΩX) → X the projectivization of
the cotangent bundle, and by ζ → P(ΩX) the tautological class. Suppose that d/2 is a
square and the Pell equation

x2 − 2dy2 = 5

has no integer solution.
Then ζ+(2/

√
d/2)π∗H is pseudoeffective and ζ +

(
(2/
√
d/2)− ε

)
π∗H is not pseu-

doeffective for any ε > 0.

In the situation above one has ((2/
√
d/2)H)2 = 8, so we see that, under these

numerical conditions, the class ζ + π∗A is pseudoeffective for an ample R-divisor
class A of degree at least eight. In view of this observation we make the following

1.2. Conjecture. — Fix an even natural number 2n. Then there exists only finitely
many deformation families of polarized Hyperkähler manifolds (X,H) such that
dimX = 2n and H is ample Cartier divisor on X such that ζ + π∗H is not
pseudoeffective.

This conjecture should be seen as an analogue of the situation for uniruled mani-
folds: in this case ΩX is not even generically nef in the sense of Miyaoka, but ΩX ⊗H
is generically nef unless X is very special ([Hör14, Th. 1.1], see [AD19, Cor. 1.3] for a
stronger version).

In this paper we give a sufficient condition for the pseudoeffectivity of twisted
cotangent bundles for Hyperkähler manifolds. Since deformations to non-projective
Hyperkähler manifolds are crucial for the proof we state the result in the analytic
setting:

1.3. Theorem. — Let X be a (not necessarily projective) Hyperkähler manifold of
dimension 2n, and denote by q(·) its Beauville-Bogomolov-Fujiki form. Denote by
π : P(ΩX) → X the projectivization of the cotangent bundle, and by ζ → P(ΩX) the
tautological class. There exists a constant CX > 0 depending only on the deformation
family of X such that the following holds:

J.É.P. — M., 2021, tome 8



Twisted cotangent bundle of Hyperkähler manifolds 1431

– Let ωX be a nef and big (1, 1)-class on X such that q(ωX) > CX . Then ζ+π∗ωX
is pseudoeffective.

– Suppose that X is very general in its deformation space, and let ωX be a nef and
big (1, 1)-class on X. Then q(ωX) > CX if and only if ζ + π∗ωX is nef.

The proof of the second statement is a combination of Demailly-Pǎun’s criterion
for nef cohomology classes with classical results on the cohomology ring of very gen-
eral Hyperkähler manifolds: we show in Lemma 3.1 that all the relevant intersection
numbers are in fact polynomials in one variable, the variable being the Beauville-
Bogomolov-Fujiki form q(ωX). The largest real roots of these polynomials turn out to
be bounded from above, this yields the existence of the constant CX . The first state-
ment then follows by a folklore degeneration argument that is proved by S.Diverio in
the appendix.

As an immediate consequence we obtain some good evidence for Conjecture 1.2:

1.4. Corollary. — Let X0 be a differentiable manifold of real dimension 4n. Then
there exist at most finitely many deformation families of polarized Hyperkähler man-
ifolds (X,H) such that X0

diff.
' X and H is an ample Cartier divisor on X such that

ζ + π∗H is not pseudoeffective.

1.B. Hyperkähler manifolds of type K3[n]. — While Theorem 1.3 is quite satisfac-
tory from a theoretical point of view, it it is not clear how to compute the constant CX
in practice. We therefore prove a more explicit version under a technical assumption:

1.5. Theorem. — Let X be a (not necessarily projective) Hyperkähler manifold of
dimension 2n. Suppose that a very general deformation of X does not contain any
proper subvarieties. Let ωX be a Kähler class on X.

– Suppose that
(ζ + λπ∗ωX)4n−1 > 0 ∀λ > 1.

Then ζ + π∗ωX is pseudoeffective.
– Suppose that X is very general in its deformation space. Then ζ + π∗ωX is nef

if and only if
(ζ + λπ∗ωX)4n−1 > 0 ∀λ > 1.

We also prove in Proposition 4.2 that for very general X, the class ζ + π∗ωX is
pseudoeffective if and only if it is nef. Thus Theorem 1.5 is optimal at least for very
general X. Since (ζ + λπ∗ωX)4n−1 can be expressed as a polynomial depending only
on the Segre classes of X, see equation (5), the sufficient condition can be written
down explicitly.

If ωX is the class of an ample divisor, the condition in Theorem 1.5 essentially says
that the leading term of the Hilbert polynomial

χ(P(ΩX),OP(ΩX)(`(ζ + π∗ωX)))

is positive. It is however possible that the higher cohomology of OP(ΩX)(`(ζ +π∗ωX))

grows with order 4n− 1, so it is not obvious that ζ + π∗ωX is pseudoeffective.

J.É.P. — M., 2021, tome 8



1432 F. Anella & A. Höring

Let S be a K3 surface, and denote by X := S[n] the Hilbert scheme parametrizing
0-dimensional subschemes of length n. Then X is Hyperkähler [Bea83], and by a
theorem of Verbitsky [Ver98, Th. 1.1] a very general deformation does not contain
any proper subvarieties. Thus the technical condition in Theorem 1.5 is satisfied for
a Hyperkähler manifold of deformation type K3[n]. We compute the constant CX for
Hilbert schemes of low dimension. In particular we obtain

1.6. Corollary. — Let S be a (not necessarily projective) K3 surface. Let ωS be a
nef and big (1, 1)-class on S such that ω2

S > 8. Then ζ + π∗ωS is pseudoeffective.

The theorem of Gounelas and Ottem shows that this result is optimal for infinitely
many 19-dimensional families of projective K3 surfaces. Their results also show that
for certain families, e.g. general smooth quartics in P3, our estimate is not optimal
[GO20, Cor. 4.2]. In these cases the obstruction comes from the projective geometry
of X [GO20, §4.2].

In higher dimension the situation becomes much more complicated. We show in
Corollary 5.3 that for a nef and big class ωX on a Hilbert square X := S[2] such that

q(ωX) > 3 +

√
21

5
,

the class ζ + π∗ωX is pseudoeffective. This bound is optimal for a very general defor-
mation of X. However a Hilbert square S[2] deforms as a complex manifold in a
21-dimensional space, while its deformations as a Hilbert square only form a 20-dimen-
sional family. In Section 5 we study in detail very general elements of the family of
Hilbert squares: since the Hilbert square always contains an exceptional divisor, it is
obvious that the nef cone and the pseudoeffective cone of P(ΩS[2]) do not coincide. It
is much more difficult to decide if ζ+π∗ωX is nef if it is pseudoeffective. For this pur-
pose we construct in Section 5.D a “universal” subvariety Z ⊂ P(ΩS[2]) that surjects
onto S[2] and is an obstruction to the nefness of ζ + π∗ωX (cf. Proposition 5.10).

Acknowledgements. — We thank D.Huybrechts for his remarks on the first version
of this paper. We thank S.Boissière and S.Diverio for very detailed communications,
appearing in Proposition 6.2 and the appendix respectively.

2. Notation and basic facts

We work over C, for general definitions we refer to [Har77, Dem12]. Manifolds
and normal complex spaces will always be supposed to be irreducible. We will not
distinguish between an effective divisor and its first Chern class.

We recall some basic facts about the positivity of (1, 1)-cohomology classes that
generalize the corresponding notions for divisors classes.

2.1. Definition. — Let X be a compact Kähler manifold and α ∈ H1,1(X,R). The
class α is a Kähler class if it can be represented by a smooth real form of type (1, 1)

that is positive definite at every point. The class α is pseudoeffective if it can be
represented by a closed real positive (1, 1)-current.

J.É.P. — M., 2021, tome 8



Twisted cotangent bundle of Hyperkähler manifolds 1433

The cone generated by the Kähler forms is the open convex cone K (X) in
H1,1(X,R) called Kähler cone. The cone generated by closed positive real (1, 1)-
currents is a closed convex cone denoted by E (X) called pseudoeffective cone. The
closure of the Kähler cone is the nef cone and the interior of the pseudoeffective cone
is the big cone. Clearly since a pseudoeffective class may be represented by a singular
current the pseudoeffective cone contains the nef cone.

Suppose now that X is a projective manifold. Inside the real vector space
H1,1(X,R) there is the group of real divisors modulo numerical equivalence or real
Néron–Severi space

NSR(X) =
(
H1,1(X,R) ∩H2(X,Z)

)
⊗Z R.

Then we have

K (X) ∩NSR(X) = Nef(X), E (X) ∩NSR(X) = Eff(X),

where Nef(X) (resp. Eff(X)) is the nef cone (resp. pseudoeffective cone) well-known
to algebraic-geometers (cf. [BDPP13] for more details).

In the analytic context it is difficult to characterize the positivity of a (1, 1)-class
via intersection numbers, however we have the following easy consequence of the
Demailly-Pǎun criterion [DP04, Th. 0.1]:

2.2. Lemma. — Let X be a compact Kähler manifold, and let V be a vector bundle
over X. Denote by π : P(V ) → X the natural morphism, and by ζ the tautological
class on P(V ). Let ωX be a Kähler class on X such that for all λ > 1 we have

(ζ + λπ∗ωX)dimZ · Z > 0 ∀Z ⊂ P(V ) irreducible.

Then ζ + π∗ωX is a Kähler class.

Proof. — By assumption the class ζ + λπ∗ωX is an element of the positive cone
P ⊂ H1,1(P(V )) of classes having positive intersection with all subvarieties. By the
Demailly-Pǎun criterion [DP04, Th. 0.1] the Kähler cone K is a connected component
of P. Since ζ is a relative Kähler class, we know that (ζ + λπ∗ωX) ∈ K for λ � 0

[Voi02, Proof of Prop. 3.18]. Conclude by connectedness. �

Given a vector bundle V over a complex manifold, we will denote by π : P(V )→ X

its projectivization in the sense of Grothendieck, i.e., the space of hyperplanes in the
fibres of V → X. We denote by ζ the tautological class on P(V ).

2.3. Definition ([Laz04, §6.2]). — Let V be a vector bundles over a compact Kähler
manifold, and π : P(V ) → X its projectivization. Given a (1, 1)-class α on X we say
that the twisted vector bundle V<α> is pseudoeffective (resp. nef) if the (1, 1)-class
ζ + π∗α is pseudoeffective (resp. nef).

If α is the first Chern class of a line bundle H, the formal notation V<c1(H)> can
be replaced by the more familiar V ⊗ L. Recall also [Laz04, Ex. 8.3.5] that the k-th
Segre class of V is given by π∗ζr+k = sk(V ∗) = (−1)ksk(V ).

J.É.P. — M., 2021, tome 8



1434 F. Anella & A. Höring

A (not necessarily projective) Hyperkähler manifold is a simply connected compact
Kähler manifold X such that H0(X,Ω2

X) is spanned by a symplectic form σ, i.e., an
everywhere non-degenerate holomorphic two form. The existence of the symplectic
form σ implies that dimX is even, so we will write dim(X) = 2n. The symplectic
form defines an isomorphism TX → ΩX , so we can also consider P(ΩX) as the space
of lines, allowing us to use e.g. [Kob87]. Moreover the odd Chern and Segre classes
of X vanish.

The second cohomology group with integer coefficients H2(X,Z) is a lattice for the
Beauville-Bogomolov-Fujiki quadratic form q = qX [Bea83, §8]. Somewhat abusively
we denote by q(. , .) the associated bilinear form. If X is projective it follows from the
Bochner principle that all the symmetric powers S`ΩX are slope stable with respect
to any polarization H on X [Kob80, Th. 6].

We will frequently use basic facts about the deformation theory of Hyperkähler
manifolds, as explained in [Bea83, §8] [Huy99, §1]. In particular we use that a very
general point of the deformation space corresponds to a non-projective manifold, but
the projective manifolds form a countable union of codimension one subvarieties that
are dense in the deformation space. A very general deformation of X is a manifold Xt

which corresponds to a very general point t in the Kuranishi space of X.
The Picard group Pic(X) is by definition the group of isomorphism classes of line

bundles on X. Since H1(X,OX) = 0 and H2(X,Z) is torsion-free, the Lefschetz
(1, 1)-theorem [Huy05, Prop. 3.3.2] gives an isomorphism

H2(X,Z) ∩H1,1(X,R) ' Pic(X).

2.4. Remark. — By Hodge theory a class α ∈ H2(X,Z) is of type (1, 1) if an only
if it is orthogonal to the symplectic form σX . If σX is not orthogonal to any non
zero element of the lattice H2(X,Z) then there are no integral cohomology classes
of type (1, 1) in X. For any 0 6= α ∈ H2(X,Z) the orthogonal α⊥ ⊂ H2(X,C) is a
proper hyperplane because the Beauville-Bogomolov-Fujiki form q is non degenerate.
By the local Torelli theorem [Bea83, Th. 5], the moduli space of the deformations
of X is locally an open inside the quadric {q(β) = 0} ⊂ P(H2(X,C)). So a very
general Hyperkähler manifold can be taken outside all the hyperplanes α⊥ such that
0 6= α ∈ H2(X,Z), hence has trivial Picard group.

2.5. Remark. — For any very general Hyperkähler X we have by [Huy03a, Cor. 1]

E 0(X) = K (X) = C (X),

where C (X) is the connected component of {α ∈ H1,1(X,R) | q(α) > 0} that contains
K (X) and E 0(X) is the interior of the pseudoeffective cone. In particular the classes
in the boundary of the Kähler cone cannot be in the interior of the pseudoeffective
cone because they have trivial top self intersection. Thus a big class, being in the
interior of E (X), is in fact Kähler.

J.É.P. — M., 2021, tome 8



Twisted cotangent bundle of Hyperkähler manifolds 1435

3. The projectivized cotangent bundle

Let X be a compact Kähler manifold, and let V → X be a vector bundle over X.
Denote by ζ := c1(OV (1)) the tautological class on P(V ) and by π : P(V ) → X the
projection. By [Kob87, Chap. 2] the cohomology ring with integral coefficients is

H•(P(V ),Z) = H•(X,Z)[ζ]/p(ζ),

where p(ζ) = ζn + ζn−1π∗c1(V ) + · · ·+ π∗cn(V ).
Passing to complex coefficients we get that any class α ∈ H2k(P(V ),C) can be

uniquely written as

α =

k∑
p=0

ζp · π∗β2k−2p,

where β2k−2p ∈ H2k−2p(X,C).
Since X is Kähler we can consider the Hodge decomposition of H2k(P(V ),C) and

obtain a decomposition

Hk,k(P(V )) =
k⊕
i=0

Cζk−i ⊗ π∗Hi,i(X).

Using the canonical inclusion Hk,k(P(V )) ⊂ H2k(P(V ),C) we can compare the two
decompositions and obtain

(1) Hk,k(P(V )) ∩H2k(P(V ),Z) =
k⊕
i=0

Zζk−i ⊗ π∗(Hi,i(X) ∩H2i(X,Z)).

In particular the cohomology class of a codimension k subvariety Z of P(V ) can be
uniquely written as

(2) [Z] = β0ζ
k + ζk−1 · π∗β1 + ζk−2 · π∗β2 + · · ·+ π∗βk,

where βi ∈ Hi,i(X) ∩H2i(X,Z) and β0 ∈ Z.
In this section we will first use this decomposition to establish Theorem 1.3, see

Section 3.A. Then we will prove an additional restriction on the component β1 that
allows us to describe the varieties Z ⊂ P(ΩX) in some cases, see Section 3.B.

3.A. Proof of the main result. — For a very general Hyperkähler manifold X

many computations can be reduced to its Beauville-Bogomolov-Fujiki form [Huy99].
We start by showing a similar property for P(ΩX):

3.1. Lemma. — Let X be a Hyperkähler manifold of dimension 2n, and denote by q(·)
its Beauville-Bogomolov-Fujiki form. Let

Θ ∈ Hk,k(P(ΩX)) ∩H2k(P(ΩX),Z)

be an integral class of type (k, k). Suppose that the class Θ is of type (k, k) for every
small deformation of X. Then there exists a polynomial pΘ(t) ∈ Q[t] such that for
any (1, 1)-class ω on X, one has

(ζ + π∗ω)4n−1−k ·Θ = pΘ(q(ω)).

J.É.P. — M., 2021, tome 8



1436 F. Anella & A. Höring

Proof. — Observe first that both sides of the equation are polynomial functions on
H1,1(X). In particular they are determined by their values on an open set and we can
assume without loss of generality that ω is Kähler. Let

(3) Θ =

k∑
i=0

ζk−iπ∗βi

be the decomposition of Θ according to (1) where βi ∈ Hi,i(X) ∩H2i(X,Z). By our
assumption, for any small deformation X → ∆, the class Θ deforms as an integral
class Θt of type (k, k). Thus we can write

Θt =

k∑
i=0

ζk−it π∗βi,t,

with βi,t ∈ Hi,i(Xt) ∩H2i(Xt,Z). Since the family P(X)→ ∆ is locally trivial in the
differentiable category, we can consider the classes βi as elements of H2i(Xt,Z) for
t 6= 0. The integral cohomology class Θt ∈ H2k(P(ΩXt ,Z) does not depend on t, so (3)
induces a decomposition

Θt =

k∑
i=0

ζk−it π∗βi.

By uniqueness of the decomposition we have βi = βi,t, in particular the classes βi are
of type (i, i) in Xt.

We have

(ζ + π∗ω)4n−1−k =

4n−1−k∑
j=0

(
4n− 1− k

j

)
ζ4n−1−k−jπ∗ωj ,

so

(ζ + π∗ω)4n−1−k ·Θ =

4n−1−k∑
j=0

(
4n− 1− k

j

) k∑
i=0

ζ4n−1−j−iπ∗(βi · ωj).

By the projection formula and the definition of Segre classes one has for i+ j 6 2n

ζ4n−1−j−iπ∗(βi · ωj) = (−1)i+js2n−j−i · βi · ωj ,

where si = si(ΩX). Since the odd Segre classes of a Hyperkähler manifold vanish, we
can implicitly assume that i+ j is even. In particular (−1)i+j = 1. We claim that we
can also assume that j is even.

Proof of the claim. — Note that f(ω) := s2n−j−i · βi · ωj defines a polynomial on
H1,1(X). Thus, up to replacing ω by a general Kähler class, we can assume that
s2n−j−i · βi · ωj = 0 if and only if s2n−j−i · βi · (ω′)j = 0 for every (1, 1)-class ω′.
As we have already observed at the start of the proof, we can make this generality
assumption without loss of generality. If s2n−j−i · βi · ωj = 0, the term is irrelevant
for our computation. If s2n−j−i ·βi ·ωj 6= 0, then by [Ver96, Th. 2.1] the degree of the
cohomology class s2n−j−i · βi is divisible by 4 (here we use that ω is a Kähler class).
Since s2n−j−i · βi ∈ H4n−2j(X,R), the claim follows.

J.É.P. — M., 2021, tome 8



Twisted cotangent bundle of Hyperkähler manifolds 1437

Thus we obtain

(ζ + π∗ω)4n−1−k ·Θ =

4n−1−k∑
j=0

(
4n− 1− k

j

) k∑
i=0

s2n−j−i · βi · ωj .

We have shown above that the classes s2n−j−i · βi are of type (2n− j, 2n− j) on all
small deformations of X. Since j is even, we know by [Huy97, Th. 5.12] that there
exist constants di,j ∈ Q such that for any δ ∈ H1,1(X,R) we have

s2n−j−i · βi · δj = di,jq(δ)
j/2.

The polynomial

pΘ(t) :=

4n−1−k∑
j=0

(
4n− 1− k

j

) k∑
i=0

di,jt
j/2

has the claimed property. �

Proof of Theorem 1.3. — Suppose first that X is very general in its deformation space.
Let Z ⊂ P(ΩX) be a subvariety. Since X is very general, we know that for any small
deformation X→ ∆, the variety Z deforms to a variety Zt ⊂ P(ΩXt). In particular its
cohomology class [Z] is of type (k, k) for every small deformation. Thus Lemma 3.1
applies and there exists a polynomial pZ(t) = p[Z](t) such that

(ζ + π∗ω)4n−1−k · [Z] = pZ(q(ω))

for any (1, 1)-class ω onX. Since intersection numbers are invariant under deformation
and the cycle space has only countably irreducible components, we obtain a countable
number of polynomials (pm(t))m∈N such that for every subvariety Z ⊂ P(ΩX) there
exists a polynomial pm such that

(ζ + π∗ω)4n−1−k · [Z] = pm(q(ω)).

Denote by cm the largest real root of the polynomial pm. We claim that

sup
m∈N
{cm} <∞.

Indeed fix a Kähler class η on X such that ζ + π∗η is a Kähler class on P(ΩX). Then
ζ + λπ∗η is a Kähler class for all λ > 1, so

pm(λ2q(η)) = (ζ + λπ∗η)4n−1−k · [Z] > 0

for all λ > 1. In particular cm 6 q(η), and hence supm∈N{cm} 6 q(η). This shows the
claim and we denote the real number supm∈N{cm} by CX .

Proof of the second statement. — Since X is very general, we know by Remark 2.5
that the nef and big class ωX is Kähler. If q(ωX) > CX then by construction of the
constant CX one has

(ζ + λπ∗ωX)4n−1−k · [Z] = pm(λ2q(ωX)) > 0

for every subvariety Z. By Lemma 2.2 this implies that ζ + π∗ωX is Kähler.
If q(ωX) > CX then q((1+ε)ωX) > CX , so ζ+(1+ε)π∗ωX is Kähler. Thus ζ+π∗ωX
is nef.
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Vice versa suppose that ζ+π∗ωX is nef. Then ζ+λπ∗ωX is nef for all λ > 1. Thus

pm(λ2q(ωX)) = (ζ + λπ∗ωX)4n−1−k · [Z] > 0

for all λ > 1. Since limλ→∞ λ2q(ωX) = ∞, this implies cm 6 q(ωX) for all m ∈ N.
Hence we obtain q(ωX) > CX .

Proof of the first statement. — We claim that we can assume that ωX is a Kähler class
with q(ωX) > CX . Indeed let δ be any Kähler class on X, then ωX + δ is Kähler.
Moreover one has

q(ωX + δ) = q(ωX) + q(δ) + 2q(δ, ω) > q(ωX) > CX .

Thus if ζ + π∗(ωX + δ) is pseudoeffective for every δ, then the closedness of the
pseudoeffective cone implies the statement by taking the limit δ → 0. This shows the
claim.

We denote by 0 ∈ Def(X) the point corresponding to X in its Kuranishi family.
By [Huy16, Prop. 5.6] we can assume that in a neighborhood U of 0 ∈ Def(X) the
Kähler class ωX deforms as a Kähler class (ωXt)t∈U . In order to simplify the notation
we replace U with a very general disc ∆ centered at 0 and consider the family X → ∆.
Since the Beauville-Bogomolov-Fujiki form is continuous we have, up to replacing ∆

by a smaller disc, that q(ωXt
) > CX for every t ∈ ∆. By the second statement

this implies that for t ∈ ∆ very general the class ζt + π∗t ωXt is nef, in particular it is
pseudoeffective. Now we apply Theorem A.1 to the family P(ΩX)→ ∆ and the classes
ζt + π∗ωXt

: this shows that ζ + π∗ωX is pseudoeffective. �

Proof of Corollary 1.4. — By [Huy03b, Th. 2.1] there exist at most finitely many dif-
ferent deformation families of irreducible holomorphic symplectic complex structures
on X0. For any such deformation type, Theorem 1.3 gives a constant Ck such that
ζ +π∗ωX is pseudoeffective for every Kähler class ωX such that q(ωX) > Ck. Let CX
be the maximum among the constants Ck. Since the differentiable structure on X is
fixed, the constant of proportionality between the Beauville-Bogomolov-Fujiki form
q(ωX) and the top intersection ω2n

X is fixed. Thus the polarized Hyperkähler manifolds
(X,H) such that X0

diff.' X and ζ + π∗H is not pseudoeffective satisfy H2n 6 b for
some constant b. By a theorem of Matsusaka-Mumford [MM64] there are for any fixed
0 < i 6 b only a finite number of deformation families of polarized Hyperkähler man-
ifolds (X,H) such that H2n = i. Thus the cases where ζ+π∗H is not pseudoeffective
belong to one of these finitely many families. �

3.B. Subvarieties of the projectivized cotangent bundle. — We start with a tech-
nical observation:

3.2. Lemma. — Let X be a projective Hyperkähler manifold of dimension 2n. Let Z be
an effective cycle on P(ΩX) of codimension k>0 such that π(SuppZ)=X. Denote by

[Z] = β0ζ
k + ζk−1 · π∗β1 + ζk−2 · π∗β2 + · · ·+ π∗βk

the decomposition (2) of its cohomology class. Then we have β1 6= 0.
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Proof. — We argue by contradiction and suppose that β1 = 0. Let C ⊂ X be a general
complete intersection of sufficiently ample divisors Di ∈ |H| so that the Mehta–
Ramanathan theorem [MR84, Th. 4.3] applies for ΩX . Then the restriction ΩX |C is
stable, and by a result of Balaji and Kollár [BK08, Prop. 10] its algebraic holonomy
group is Sp2n(C). Thus not only ΩX |C , but also all its symmetric powers S`ΩX |C
are stable. Denote by ZC the restriction of the effective cycle Z to P(ΩX |C). Since
π(SuppZ) = X the effective cycle ZC is not zero. Then its cohomology class is

[ZC ] = (β0ζ
k + ζk−2 · π∗β2 + · · ·+ π∗βk) · π∗H2n−1 = β0ζ

k
C ,

where ζC is the restriction of the tautological class. In particular, since c1(ΩX |C) = 0,
we have ζ2n−k

C · [ZC ] = β0ζ
2n
C = 0. Yet this is a contradiction to [HP19, Prop. 1.3]. �

3.3. Remark. — Lemma 3.2 also holds if X is a Calabi-Yau manifold (in the sense
of [Bea83]): the cotangent bundle ΩX is also stable and the algebraic holonomy is
SLdimX(C) [BK08, Prop. 10]. Thus the proof above applies without changes.

In [COP10, Cor. 2.6] it is shown that a very general Hyperkähler manifold is not
covered by proper subvarieties. We show an analogue for the projectivized cotangent
bundle ΩX :

3.4. Lemma. — Let X be a Hyperkähler manifold of dimension 2n. Suppose that X is
very general in the following sense: we have

(1) Pic(X) = 0;
(2) if X→ ∆ is a deformation of X = X0, then every irreducible component of the

cycle space C (P(ΩX0
)) deforms to C (P(ΩXt

)) for t 6= 0.
Let Z ( P(ΩX) be a compact analytic subvariety. Then π(Z) ( X.

By countability of the irreducible components of the relative cycle space [Fuj79,
Th.] and by Remark 2.4 we know that for a very general choice of X the hypothesis
of the lemma are satisfied.

Proof. — We argue by contradiction, and suppose that Z is a subvariety of P(ΩX) of
codimension k > 0 such that π(Z) = X. Denote by

[Z] = β0ζ
k + ζk−1 · π∗β1 + ζk−2 · π∗β2 + · · ·+ π∗βk

the decomposition (2) of its cohomology class. Since Pic(X) = 0 we know that β1 = 0.
Projective Hyperkähler manifolds are dense in the deformation space of any Hyper-

kähler manifold [Bea83, §9] [Buc08, Prop. 5], so we can consider a small deformation
of X

X //

��

X

��

0 // ∆
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such that Xt0 is projective for some point t0 ∈ ∆. This deformation comes naturally
with a deformation of the cotangent bundle, so we have a diagram

P(ΩX) //

π
��

P(ΩX/∆)

��

X //

��

X

��

0 // ∆

By the second assumption the subvariety Z ⊂ P(ΩX) deforms in a family of subvari-
eties Zt ⊂ P(ΩXt) having cohomology class

[Zt] = β0ζ
k + ζk−2 · π∗β2 + · · ·+ π∗βk.

Since the cycle space is proper over the base ∆ [Bar75, Th. 1] we obtain in particular
that the class β0ζ

k + ζk−2 · π∗β2 + · · · + π∗βk is effectively represented on P(ΩXt0
).

This contradicts Lemma 3.2. �

3.5. Corollary. — Let X be a Hyperkähler manifold of dimension 2n. Suppose that X
is very general in the sense of Lemma 3.4. Suppose also that X contains no proper
compact subvarieties. Let Z ( P(ΩX) be a compact analytic subvariety. Then π(Z) is
a point.

Proof. — By Lemma 3.4 we have π(Z) ( X for every subvariety Z ( P(ΩX). By our
assumption this implies that π(Z) is a point. �

3.6. Remark. — A very general deformation of Kummer type does not satisfy the
assumptions of the corollary ([KV98, §6.1]).

4. The positivity threshold

In view of the results from Section 3.B, we will deduce Theorem 1.5 from the main
result:

4.1. Proposition. — Let X be a Hyperkähler manifold of dimension 2n. Suppose that
a very general deformation of X contains no proper compact subvarieties. Let pX(t)

be the polynomial defined by applying Lemma 3.1 to [P(ΩX)]. Then the constant CX
appearing in Theorem 1.3 is the largest real root of pX(t).

Proof. — Since CX only depends on the deformation family we can assume that X
is very general in its deformation space. In the proof of Theorem 1.3 we defined the
constant CX as supm∈N{cm}, where cm is the largest real root of the polynomials
pm(t), and the family of polynomials (pm(t))m∈N is obtained by applying Lemma 3.1
to the classes of all the subvarieties Z ⊂ P(ΩX).
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By our assumption and Corollary 3.5 we know that a proper subvariety Z ( P(ΩX)

is contained in a fiber. Thus for any Kähler class ωX the restriction

(ζ + π∗ωX)Z = ζ|Z = c1(OP2n−1(1))|Z
is ample. Hence the corresponding polynomial pm(t) is constant and positive. In par-
ticular there is no real root to take into account for the supremum. �

Proof of Theorem 1.5. — By Proposition 4.1 the constant CX in Theorem 1.3 is the
largest real root of the polynomial pX(t) defined by

pX(q(ω)) = (ζ + π∗ω)4n−1.

Thus the condition q(ωX) > CX is equivalent to

(ζ + λπ∗ω)4n−1 > 0

for all λ > 1. Conclude with Theorem 1.3. �

We have already observed that for a very general Hyperkähler manifold the pseudo-
effective cone and the nef cone coincide. This also holds for the projectivized cotangent
bundle:

4.2. Proposition. — Let X be a Hyperkähler manifold of dimension 2n. Suppose
that X is very general in the sense of Lemma 3.4. Suppose also that X contains no
proper compact subvarieties.

Let CX > 0 be the constant from Theorem 1.3. Then we have

(4) E (P(Ω1
X)) = {aζ + π∗δ | a > 0, δ ∈ K (X), q(δ) > a2CX}

and
E (P(Ω1

X)) = K (P(Ω1
X)).

Proof. — We start proving the last statement. We recall the definition of the Null
cone of P(Ω1

X) that is the following set

N :=
{
x ∈ H1,1(P(Ω1

X),R) |
∫
P(Ω1

X)
x2n−1 = 0

}
.

For any class γ ∈ ∂K (P(Ω1
X)) there exists a subvariety V of P(Ω1

X) such that∫
V
γdim(V ) = 0. Since we are assuming that there are no proper subvarieties in X,

by Lemma 3.4 we know that the proper subvarieties of P(Ω1
X) are contracted to points

in X. Since P(Ω1
X) is a projective bundle the integral along a contracted subvariety V

has the following property∫
V

(aζ + π∗δ)dim(V ) = 0 ⇐⇒ a = 0.

This implies using [DP04, Th. 0.1] that

∂K (P(Ω1
X)) ⊆ N ∪ {a = 0}.

A (1, 1) form in the hyperplane {a = 0} is in the null cone. This tells that the Kähler
cone is one of the connected component of H1,1(P(Ω1

X),R)rN . Hence the classes in
the boundary of the Kähler cone are nef classes with trivial self intersection, so they
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are also in the boundary of the pseudoeffective cone [DP04, Th. 0.5]. This proves that
the closure of the Kähler cone is the pseudoeffective cone.

For notation’s convenience we set

A :=
{
aζ + π∗δ | a > 0, δ ∈ K (X), q(δ) > a2CX

}
.

The inclusion E (P(Ω1
X)) ⊇ A follows from the first statement of Theorem 1.3.

To prove the other inclusion we argue as follows. The points of ∂A are contained
in the set {a = 0 ∨ q(δ) = a2CX}. By definition of the constant CX the self intersec-
tion of the classes aζ + π∗δ vanishes. We also have (π∗δ)2n−1 = 0, hence

∂A ⊂ N .

Moreover there are no points in the interior of A contained in the null cone, so A ◦

must be a connected component of H1,1(P(Ω1
X),R) r N . Since the intersection of

E (P(Ω1
X)) and A is non-empty and both are closed convex cones the conclusion

follows. �

4.3. Remark. — The rest of the paper is devoted to giving more explicit expressions
of the conditions in Theorem 1.3 and Theorem 1.5, so for clarity’s sake let us write
down the polynomial pX(t) from Proposition 4.1: let X be a Hyperkähler manifold of
dimension 2n, and denote by ζ the tautological class of π : P(ΩX) → X. Recall that
by definition of the Segre classes we have π∗ζ2n+i = (−1)isi(X). Since the odd Chern
classes of a Hyperkähler manifold are trivial, the odd Segre classes vanish. Note also
that (π∗ωX)i = 0 if i > 2n. The top self-intersection is thus

pX(λq(ωX)) = (ζ + λπ∗ωX)4n−1 =

2n∑
i=0

(
4n− 1

i

)
ζ4n−1−i · π∗ωiXλi

= ζ2n−1
n∑
i=0

(
4n− 1

2i

)
ζ2n−2i · π∗ω2i

Xλ
2i

=

n∑
i=0

(
4n− 1

2i

)
s2n−2i(X) · ω2i

Xλ
2i.

(5)

Recall also that by [Fuj87, Rem. 4.12] there exist constants d2i ∈ R that depend only
on the family such that

(6) s2n−2i(X) · ω2i
X = d2iq(ωX)i

for any (1, 1)-class ωX . Note that s0(X) · ω2n
X = ω2n

X = d2nq(ωX)n, so d2n > 0.

4.4. Example. — For n = 1 we obtain

(ζ + λπ∗ωX)3 = −c2(X) + 3ω2
Xλ

2.

For n = 2 we obtain

(ζ + λπ∗ωX)7 = (c2(X)2 − c4(X))− 21c2(X) · ω2
Xλ

2 + 35ω4
Xλ

4.
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Proof of Corollary 1.6. — By Proposition 4.1 we only have to compute the largest real
root of pX(t). By Formula (5) and Example 4.4 the constant CX is the largest root
of −c2(X) + 3t = 0. Since c2(X) = 24 the result follows. �

4.5. Definition. — Let X be a Hyperkähler manifold of dimension 2n, and let ωX
be a nef and big class on X. The positivity threshold of (X,ωX) is defined as

γp(ωX) := inf{λ0 ∈ R | (ζ + λπ∗ωX)4n−1 > 0 ∀λ > λ0}.

4.6. Remark. — Since (ζ + λπ∗ωX)4n−1 ∼ λ2nω2n
X for t� 0 we have γp(ωX) < +∞.

It seems unlikely that (ζ + λπ∗ωX)4n−1 > 0 for all λ ∈ R. If (a very general deforma-
tion of) X contains no proper subvarieties, this can be seen as follows: since X has no
subvarieties, the nef and big class ωX is Kähler. By Corollary 3.5, the class ζ+λπ∗ωX
satisfies the condition of Lemma 2.2 for any λ ∈ R, so ζ + λπ∗ωX is Kähler for any
λ ∈ R. But K (P(ΩX)) does not contain any lines.

Let X be a Hyperkähler manifold, and let ωX be a Kähler class on X. We define
the pseudoeffective threshold

γe(ωX) := inf{t ∈ R | ζ + tπ∗ωX is big/pseudoeffective}

and the nef threshold

γn(ωX) := inf{t ∈ R | ζ + tπ∗ωX is Kähler/nef}.

Since ζ + tπ∗ωX is Kähler for t� 0, both thresholds are real numbers.

4.7. Proposition. — Let X be a (not necessarily projective) Hyperkähler manifold of
dimension 2n. Suppose that a very general deformation of X does not contain any
proper subvarieties. Let ωX be a Kähler class on X. Then we have

γe(ωX) 6 γp(ωX) 6 γn(ωX).

For a very general deformation of X these inequalities are equalities for any Kähler
class ωX .

Proof. — The top self-intersection of a Kähler class is certainly positive, so the in-
equality γp(ωX) 6 γn(ωX) is trivial. The inequality γe(ωX) 6 γp(ωX) follows from
Theorem 1.5. For a very general deformation ofX we can apply Proposition 4.2, so the
nef cone and the pseudoeffective cone coincide. Thus we have γe(ωX) = γn(ωX). �

We will show in Section 5 that for the Hilbert square of a K3 surface the second
inequality is strict.

5. Hilbert square of a K3 surface

5.A. Setup. — We recall the basic geometry of the Hilbert square, using the notation
and results of [Bea83, §6]: let S be a (not necessarily algebraic) K3 surface, and let
ρ : S̃ × S → S × S be the blow-up along the diagonal ∆ ⊂ S × S. We denote the
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exceptional divisor of this blowup by E. The natural involution on the product S×S
lifts to an involution

i
S̃×S : S̃ × S −→ S̃ × S,

and we denote by η : S̃ × S → X the ramified two-to-one covering defined by taking
the quotient with respect to this involution. It is well-known that X is smooth and
Hyperkähler. Finally we denote by π : P(ΩX) → X the natural projection, and by
ζ → P(ΩX) the tautological divisor.

Recall that X is isomorphic to the Hilbert scheme of length two zero dimensional
subschemes S[2], and denote by

ε : S[2] −→ S(2)

the natural map to the symmetric product. We denote by EX ⊂ X the exceptional
divisor of this contraction, and observe that η|E induces an isomorphism E ' EX .
Since ρ is the blowup of the diagonal one has E ' P(ΩS), and we denote by

πS := ρ|E ' η|EX
: P(ΩS) −→ S

the natural map. Denote by ζS → P(ΩS) the tautological divisor.
By [Bea83, §6, Prop. 6] we have a canonical inclusion i : H2(S,Z) ↪→ H2(X,Z)

inducing a morphism of Hodge structures

H2(X,Z) ' H2(S,Z)⊕ Zδ,

where δ is a primitive class such that 2δ = EX . This decomposition is orthogonal
with respect to the Beauville-Bogomolov-Fujiki quadratic form q [Bea83, §9, Lem. 1]
and one has q(δ) = −2 [Bea83, §1, Rem. 1]. By construction of the inclusion i [Bea83,
§6, Prop. 6] we have

(7) αX |EX
= 2π∗SαS ,

and by [Bea83, §9, Rem. 1] one has q(αX) = α2
S .

Since E is the ramification divisor of the two-to-one cover η, we have η∗EX = 2E.
Since E|E = −ζS and 2δ = E, we obtain

(8) δ|EX
= −ζS .

By [Bea83, §9, Lem. 1] we have

(9) α4 = 3q(α)2

for any α ∈ H1,1(X). If αS is any (1, 1)-class on S, we set αX := (i⊗ idC)(αS).
The second Chern class c2(X) is a multiple of the Beauville-Bogomolov-Fujiki form.

More precisely we have

(10) c2(X) · α2 = 30q(α)

for any α ∈ H1,1(X) [Ott15, §3.1].
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5.B. Intersection computation on X. — Denote by pi : S × S → S the projection
on the i-th factor. The composition of pi with the blow-up ρ defines a submersion

pi ◦ ρ : S̃ × S −→ S,

the fiber over a point x ∈ S being isomorphic to the blow-up of S in x. We denote
by Fi a pi ◦ ρ-fiber and by S = η(Fi) its image(1) in X. We will denote by Sx the
image of the fiber pi ◦ ρ−1(x) ⊂ S̃ × S in X.

The tangent sequence for ρ

0 −→ ρ∗ΩS×S −→ Ω
S̃×S −→ OE(2E) −→ 0

immediately yields

(11)
c1(Ω

S̃×S) = E, c3(Ω
S̃×S) = E3 + 24(F1 + F2) · E,

c2(Ω
S̃×S) = 24(F1 + F2)− E2, c4(Ω

S̃×S) = −E4 − 24(F1 + F2) · E2 + 576.

From tangent sequence for η

0 −→ η∗ΩX −→ Ω
S̃×S −→ OE(−E) −→ 0

one deduces

(12)
c1(η∗ΩX) = 0, c3(η∗ΩX) = 0,

c2(η∗ΩX) = 24(F1 + F2)− 3E2, c4(η∗ΩX) = 648.

We can then deduce the Segre and Chern classes of X:

(13)

s1(X) = 0 = c1(X), s3(X) = 0 = c3(X),

s2(X) = −24S + 3δ2 = −c2(X), s2(X)2 = 828 = c2(X)2,

s4(X) = 504, c4(X) = 324.

More precisely these formulas follow from (12), the projection formula and the fol-
lowing lemmas.

5.1. Lemma. — In the setup of subsection 5.A, one has

S · δ = `

where ` is the class of a fiber of ε|EX
: EX → S. Moreover one has

S · δ · αX = 0, S · δ2 = −1, S
2

= 1, S · α2
X = α2

S .

Proof. — The first statement is equivalent to S · EX = 2`. Since S = η∗F1 and
η∗EX = 2E we know by the projection formula that

S · EX = η∗F1 · EX = F1 · η∗EX = 2F1 · E.

Now recall that Fi is the blow-up of p × S in the point (p, p). Thus the intersection
F1 ·E is the exceptional divisor of the blowup Fi → p× S. This exceptional P1 maps
isomorphically onto a fiber of ε|EX

. This shows the first statement.

(1)Note that the involution i
S̃×S

maps F1 onto F2, so S is well-defined.
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The equalities S · δ · αX = 0, S · δ2 = −1 now follow from (7) and (8). Since
η∗S = F1 + F2 the projection formula implies

S
2

=
1

2
(η∗S)2 =

1

2
(F1 + F2)2 = F1 · F2 = 1,

where the last equality is due to the fact that the strict transform of p× S and S × q
intersect exactly in (p, q) if p 6= q.

Finally the equality S · α2
X = α2

S follows from the construction of αX [Bea83, §6,
Prop. 6] and observing that if F1,x is the fiber of p1 ◦ ρ over x ∈ S, then αX |µ(F1,x) =

ρ∗xαS where ρx : F1 × S is the blow-up in x. �

5.2. Lemma. — In the setup of subsection 5.A, one has

α4
X = 3(α2

S)2, α3
X · δ = 0, α2

X · δ2 = −2α2
S , αX · δ3 = 0, δ4 = 12.

Proof. — A standard intersection computation based on (9), (7), (8) and q(δ)=−2.
�

5.C. Positive threshold. — Using the preceding section we can easily compute the
positive threshold:

5.3. Corollary. — Let X be a four-dimensional Hyperkähler manifold of deformation
type K3[2]. Let ωX be a nef and big (1, 1)-class on X such that

q(ωX) > 3 +

√
21

5
∼ 5.0493.

Then ζ+π∗ωX is pseudoeffective. This bound is optimal for a very general deformation
of X.

Proof. — By Proposition 4.1 we only have to compute the largest real root of pX(t).
By Formula (5) and Example 4.4 we have to compute the largest solution of

d0 + 21d2t+ 35d4t
2 = 0,

where the constants d2i are defined by (6). By (9) and (10) we have

c2(X)α2 = 30q(α), α4 = 3q(α)2

for any element α ∈ H1,1(X,R). By (13) we have c4(X) = 324, c22 = 828. Thus we
obtain the quadratic equation

504− 630t+ 105t2 = 0.

Its largest solution is

CX =
630 + 42

√
105

210
= 3 +

√
21

5
. �

5.4. Remark. — Let X be a four-dimensional Hyperkähler manifold, not necessarily
deformation equivalent to a Hilbert square. In this case the coefficients di are not

J.É.P. — M., 2021, tome 8



Twisted cotangent bundle of Hyperkähler manifolds 1447

known. However, if a very general deformation of X does not contain any subvarieties,
we can use Example 4.4 to show that for a Kähler class ωX the positivity threshold is

γp(ωX) =

√
21ω2

Xc2 +
√

(21ω2
Xc2)2 − 140(ω4

X)(c22 − c4)

70ω4
X

.

5.D. A subvariety of P(ΩX). — Denote by pi : S×S → S the projection on the i-th
factor. Then pi ◦ ρ : S̃ × S → S is a submersion, the fiber over a point x ∈ S being
isomorphic to the blow-up of S in x. Thus we obtain rank two foliations

kerTpi◦ρ =: Fi ⊂ TS̃×S .

In view of the description of the Fi-leaves it is clear that the natural map F1⊕F2 →
T
S̃×S has rank 4 in the complement of the exceptional divisor E, but

F1|E ∩ TE = TE/S = F2|E ∩ TE .

5.5. Lemma. — The composition of the inclusion Fi ⊂ T
S̃×S with the tangent map

T
S̃×S → η∗TX is injective in every point. Thus Fi ↪→ η∗TX is a rank 2 subbundle.

Proof. — Since Tη is an isomorphism in the complement of E, it is sufficient to study
the restriction to E. Note also that

T
S̃×S |E −→ (η∗TX)|E

has rank three in every point, since η|E induces an isomorphism E → EX . Arguing
by contradiction we assume that there exists a point x ∈ E such that the map

Fi,x −→ T
S̃×S,x −→ (η∗TX)x

has rank at most one for some i ∈ {1, 2}. Since η ◦ i
S̃×S = η this implies that

F3−i,x −→ T
S̃×S,x −→ (η∗TX)x

also has rank at most one. Yet kerTη,x has dimension one, so we obtain

kerTη,x ∩F1,x = kerTη,x = kerTη,x ∩F2,x.

In particular we have
kerTη,x = F1,x ∩F2,x = TE/S,x.

Yet η induces an isomorphism E → EX , so TE/S,x ⊂ TE,x is not in the kernel. �

By Lemma 5.5 we have an injection Fi ↪→ η∗TX . The corresponding quotient
η∗TX → Qi defines a subvariety P(Qi) of πη : P(η∗TX) → S̃ × S that is a P1-bundle
over S̃ × S. Since η ◦ i

S̃×S = η the involution i∗
S̃×S

acts on P(η∗TX) and maps P(Q1)

to P(Q2). Thus if we denote by Z ⊂ P(TX) the image of P(Qi) under the two-to-one
cover η̃ : P(η∗TX)→ P(TX), we have

η̃∗[Z] = [P(Q1)] + [P(Q2)].

5.6. Proposition. — In the situation of Section 5.A, denote by Z ⊂ P(TX) ' P(ΩX)

the subvariety constructed above. Then we have

(14) [Z] = 2ζ2 + 2π∗δ · ζ + π∗(24S − 6δ2).
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Proof. — Consider the exact sequence

0 −→ Fi −→ T
S̃×S −→ (pi ◦ ρ)∗TS −→ 0.

The Chern classes of (pi ◦ ρ)∗TS and T
S̃×S are known, cf. (11). An elementary com-

putation then yields

(15) c1(Fi) = −E, c2(Fi) = 24F3−i − 3E2.

Denote by ζη the tautological bundle on P(η∗TX). Since Qi = η∗TX/Fi we have

[P(Qi)] = ζ2
η − ζη · π∗ηc1(Fi) + π∗ηc2(Fi) = ζ2

η + ζη · π∗ηE + π∗η(24F3−i − 3E2).

Since η̃∗[Z] = [P(Q1)] + [P(Q2)] and

η∗S = F1 + F2, η∗δ = E, η̃∗ζ = ζη,

the claim follows. �

5.7. Remark. — The geometry of Z can be understood as follows: on S̃ × S we have
two distinct families of surfaces ((pi ◦ ρ)−1(x))x∈S . The images in X of these two
families coincide and form a web of surfaces (Sx)x∈S . For a point x ∈ X that is not
in EX there are exactly two members of the web passing through x and they intersect
transversally. The projectivization of their normal bundle defines a projective line in
P(ΩX,x). Since the intersection is transversal, the general fiber of Z → X is thus a
pair of disjoint lines.

For a point x ∈ E ⊂ X, the involution i∗
S̃×S

acts on P((η∗TX)x) and identifies
P(Q1,x) with P(Q2,x). Thus the fiber of Z → X over a point in x ∈ EX ' E is
a double line. Hence Z ∩ π∗E is non-reduced with multiplicity two. In fact since
(η∗TX)|E ' TX |EX

we can identify (Z ∩ π∗E)red to the quotient defined by the
inclusion Fi|E → (η∗TX)|E .

5.E. The intersection computation. — We will now compute some intersection num-
bers on P(ΩX).

5.8. Lemma. — In the situation of Section 5.A, let αS be a (1, 1)-class on S and
αX = (i⊗ idC)(αS) ∈ H1,1(X,R). Then one has

ζ7 = 504,

ζ5 · π∗δ2 = 60, ζ5 · π∗(δ · αX) = 0, ζ5 · π∗α2
X = −30α2

S ,

ζ3 · π∗δ4 = 12, ζ3 · π∗(δ3 · αX) = 0, ζ3 · π∗(δ2 · α2
X) = −2α2

S ,

ζ3 · π∗(δ · α3
X) = 0, ζ3 · π∗α4

X = 3(α2
S)2.

Proof. — Observe first that ζ7 = s4(X), so the first statement is included in (13).
Also note that by (13) one has

π∗ζ
5 = s2(X) = −24S + 3δ2,

so the second statement follows from Lemma 5.1 and Lemma 5.2. The intersections
with ζ3 are simply a restatement of Lemma 5.2. �

J.É.P. — M., 2021, tome 8



Twisted cotangent bundle of Hyperkähler manifolds 1449

In order to compute the intersection numbers with π∗S, note that by Lemma 5.1
one has

c1(ΩX |S) = 0, s2(ΩX |S) = s2(ΩX) · S = (−24S + 3δ2) · S = −27.

Thus we have ζ5 · π∗S = −27 and

(16) ζ3 · π∗S · δ2 = −1, ζ3 · π∗S · αX · δ = 0, ζ3 · π∗S · α2
X = α2

S .

The intersections with ζ4 and ζ6 are all equal to zero: the Segre classes s1(X) and
s3(X) vanish, so the statement follows from the projection formula.

Let now S be a very general K3 surface such that Pic(S) = 0, in particular S does
not contain any curves. The subvarieties of the product S × S are exactly S × x,
x × S and the diagonal ∆: the case of curves and divisors is easily excluded. For a
surface Z ⊂ S × S we first observe that the projection on S is étale, since S does not
contain any curve. Since S is simply connected, we obtain that Z is the graph of an
automorphism of S. Yet a very general K3 surface has no non-trivial automorphisms
[Ogu08, Cor. 1.6].

5.9. Lemma. — In the situation of Section 5.A, let S be a very general K3 surface
such that Pic(S) = 0.

– The subvarieties of X are exactly (Sx)x∈S, the exceptional divisor EX and the
fibres of EX ' P(ΩX)→ S.

– Let αS be a Kähler class on S. Then αX − δ is a Kähler class if and only if
α2
S > 2.

Proof. — Since η is finite, any subvariety of X corresponds to a subvariety of S̃ × S.
By the discussion above and Corollary 3.5 we know the subvarieties of S × S and
P(ΩS), so the first statement follows.

We know that tαX − δ is Kähler for t� 0, so by the Demailly-Pǎun theorem it is
enough to check when αX − δ is in the positive cone. By Lemma 5.1 and Lemma 5.2
we have

(αX − δ)4 = 3((α2
S)2 − 4α2

S + 4), (αX − δ)3 · E = 12(α2
S − 2),

(αX − δ)2 · S = α2
S − 1, (αX − δ) · ` = 1,

which are all positive for α2
S > 2. �

5.10. Proposition. — In the situation of Section 5.A, let αS be a Kähler class on S
such that ω := αX − δ is a Kähler class. Let Z ⊂ P(TX) ' P(ΩX) be the subvariety
constructed in Section 5.D. Then we have

(ζ + π∗ω)5 · [Z] = 15
(
(α2
S)2 − 8α2

S − 56
)
.

In particular we have
(ζ + π∗ω)5 · [Z] > 0

if and only if α2
S > (8 +

√
288)/2 ≈ 9, 6569.
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Proof. — The class [Z] is given by (14) and all the intersection numbers are de-
termined in Section 5.E. The statement follows from an elementary, but somewhat
lengthy computation. �

We can summarize our computations on X = S[2] as follows: since α2
S = q(αX)

we know that for a very general K3 surface, the class αX − δ is Kähler if q(αX) > 2

(Lemma 5.9). The class ζ + π∗(αX − δ) is pseudoeffective if q(αX) > 5 +
√

21/5

(Corollary 5.3). If q(αX) < (8 +
√

288)/2, the class ζ + π∗(αX − δ) is not nef (Propo-
sition 5.10). In particular we see that for the Hilbert square of a K3 surface polarized
by an ample line bundle L of degree eight, the integral class ζ +π∗(c1(L)X − δ) is big
but not nef.

5.F. Remark on subvarieties ofX. — By [Ver98, Th. 1.1] a very general deformation
of the Hilbert scheme S[n] does not contain any proper subvarieties. Verbitsky’s proof
is rather involved, but for the case n = 2 general arguments are sufficient: a very
general deformation satisfies satisfies Pic(X) = 0, so there are no divisors and by
duality there are no curves on X. The vector space

H4(X,Q) ∩H2,2(X)

is one dimensional by [Zha15, TableB.1] and thus generated by the non-zero class
c2(X). If X contains a surface S, we obtain that c2(X) is represented by an effective
Q-cycle for X very general. By properness of the relative Barlet space [Fuj79, Th. 4.3]
this implies that c2(X) is effectively represented for every member in the deformation
family. Yet this contradicts [Ott15, Prop. 2].

6. Hilbert cube of a K3 surface

Now we compute explicitly the positivity threshold for n = 3.

6.1. Corollary. — Let X be a six-dimensional Hyperkähler manifold of deformation
type K3[3]. Let ωX be a nef and big (1, 1)-class on X such that

q(ωX) >
2

21

(
18 +

3

√
6(1875− 7

√
4233) +

3

√
6(1875 + 7

√
4233)

)
≈ 5.9538.

Then ζ+π∗ωX is pseudoeffective. This bound is optimal for a very general deformation
of X.

The proof is based on the following proposition, communicated to us by Samuel
Boissière:

6.2. Proposition (S. Boissière). — Let X be a six-dimensional Hyperkähler manifold
of deformation type K3[3]. Then for any (1, 1)-class α on X one has

α6 = 15q(α), c2α
4 = 108q(α)2,

c22α
2 = 1848q(α), c4α

2 = 2424q(α).
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Proof. — By [Fuj87, Rem. 4.12] or [Huy97, Th. 5.12] we know that for any element
γ ∈ Hi,i(X,R) that deforms to a very general deformation of X as element of type
(i, i), its intersection with a class in H2(X,R) satisfies γ · α = C(γ)q(α)n−i for any
α ∈ H2(X,Z). We need to compute these constants for varieties that are deformation
equivalent to K3[3] and γ in the subalgebra generated by the Chern classes. By abuse of
notations we will denote by ci the Chern classes ofX. The constants C(γ) are invariant
by deformations, so we can assume that X is isomorphic to S[3] for a projective K3
surface S. As we mention before in the case of S[2], there is an isometric inclusion
i : H2(S,Z) ↪→ H2(X,Z). Geometrically this inclusion is realized sending a line
bundle L on S to the line bundle L3 := detL[3]. By Riemann–Roch formula and by
[EGL01, Lem. 5.1] we have∫

X

ec1(L3) Todd(X) = χX(L3) =

(
χS(L) + 2

2

)
.

From now on we by abuse of notation we will confuse line bundles with their first
Chern class. We recall that the Todd class for six dimensional Hyperkähler manifolds is

(17) Td(X) = 1 +
1

12
c2 +

1

240
c22 −

1

720
c4 +

1

6048
c32 −

1

6720
c2c4 +

1

30240
c6

and χS(L) = L2 + 2 = q(L3) + 2. Putting the Todd class and the characteristics in
the equation above we get

1

720
L6

3 +
1

288
c2L

4
3 + (

1

480
c22 −

1

1440
c4)L2

3 +
1

6048
c32 −

1

6720
c2c4 +

1

30240
c2c4

=
1

6
χS(L)(χS(L) + 1)(χS(L) + 2) =

1

48
q(L3)3 +

3

8
q(L3)2 +

13

6
q(L3) + 4,

that, by homogeneity, tells us that
L6

3 = 15q(L3), c2L
4
3 = 108q(L3)2.

The quadratic term is not sufficient to gives us the other constants but tells only that
(18) 3c22L

2
3 − c4L2

3 = 3120q(L3).

We are going to use a consequence of a formula due to Nieper that can be found in
[Huy03b, Th. 4.2]:

(19)
∫
X

√
Td(X)ex = (1 + λ(x))3

∫
X

√
Td(X)

for a quadratic form λ : H2(X,C) → C and any x ∈ H2(X,C). One can deduce
directly by (17) that√

Td(X) = 1 +
1

24
c2 +

7

5650
c22 −

1

1440
c4 +

31

967680
c32 −

11

241920
c2c4 +

1

60480
c6.

By the terms of degree 4 and 6 of (19) we deduce that λ(x) = 1
3q(x). This fact with

the degree two component of (19) gives

(20) 7

4
c22x

2 − c4x2 = 810q(x).

Finally the solution of the system given by (18) and (20) is

c22L
2
3 = 1848q(L3), c4L

2
3 = 2424q(L3). �
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Proof of Corollary 6.1. — By Proposition 4.1 we only have to compute the largest real
root of pX(t). By Formula (5) we have to compute the largest solution of(

11

6

)
d6t

3 +

(
11

4

)
d4t

2 +

(
11

2

)
d2t+ d0 = 0,

where the constants d2i are defined by (6). Using Proposition 6.2 we can compute the
constant d2i in our setting, one obtains the cubic equation

6930t3 − 35640t2 − 31680t− 10560. = 0.

This polynomial has only one real solution, the one from the statement. The last
statement is the second part of Theorem 1.3. �

Appendix. Limits in family of pseudoeffective classes, by Simone Diverio(*)

A crucial step in the proof of Theorem 1.3 is to pass from the twisted cotangent
bundle of very general Hyperkähler manifold to a specialization. This step fits into a
more general framework:

Let π : X→ ∆ be a proper holomorphic submersion onto the complex unit disc of
relative complex dimension n, and call Xt = π−1(t) the compact complex manifold
over the point t ∈ ∆.

Suppose also that π is a weakly Kähler fibration, i.e., there exists a real 2-form ω

on X such that its restriction ωt = ω|Xt is a Kähler form on Xt, for each t ∈ ∆.
By Ehresmann’s fibration theorem, π it is a locally trivial fibration in the smooth

category. Thus, after possibly shrinking ∆, we may suppose that we are given a
smooth compact real manifold F of real dimension 2n and a smooth diffeomorphism
θ : X→ F ×∆ such that the following diagram commutes:

X
θ //

π
��

F ×∆

pr2{{
∆

Next, call θt := θ|Xt
: Xt →'C∞

F . For any t ∈ ∆, given a real (1, 1)-cohomology class

αt ∈ H1,1(Xt,R), we can then think of it as an element βt ofH2(F,R), by pulling-back
via θ−1

t , that is βt :=
(
θ−1
t

)∗
αt.

Now, suppose that we are given a class α0 ∈ H1,1(X0,R) with the following
property: there is a sequence of points {tk} ⊂ ∆ converging to 0, for each k it is
given a (1, 1)-class αtk ∈ H1,1(Xtk ,R) which is pseudoeffective and the corresponding
classes βtk converge to β0 in the finite dimensional vector space H2(F,R). Then we
have the following statement that completes the proof of the first part of Theorem 1.3.

(*)Simone Diverio, Dipartimento di Matematica “Guido Castelnuovo”, Sapienza Università di
Roma, I-00185 Roma, Italy. E-mail: diverio@mat.uniroma1.it.
Partially supported by the ANR Programme Défi de tous les savoirs (DS10) 2015, “GRACK”, Project
ID: ANR-15-CE40-0003ANR, and by the ANR Programme Défi de tous les savoirs (DS10) 2016,
“FOLIAGE”, Project ID: ANR-16-CE40-0008.
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A.1. Theorem. — The class α0 is also pseudoeffective.

We claim in no way any originality for this theorem, since this is certainly a well-
known statement for the experts, and moreover widely used. But we were unable to
find a clean proof in the available literature. We take thus the opportunity here to
give a complete proof. We follow the notations of Demailly’s book [Dem12].

Proof. — To start with, we select for each k a closed, positive (1, 1)-current Tk ∈
D′+n−1,n−1(Xtk) representing the cohomology class αtk . Each of these, being a positive
current, is indeed a real current of order zero.

Now, set Θk :=
(
θtk
)
∗Tk. This is a closed, real 2-current of order zero on the

compact real smooth manifold F .
The first step is to produce a weak limit Θ of the sequence Θk on F . In order to to

this, by the standard Banach–Alaoglu theorem, it suffices to show that for every fixed
test form g ∈ D2n−2(F ) we have that the sequence 〈Θk, g〉 is bounded. By definition,
we have

〈Θk, g〉 =
〈(
θtk
)
∗Tk, g

〉
=
〈
Tk,
(
θtk
)∗
g
〉
,

and of course
〈
Tk,
(
θtk
)∗
g
〉

= 〈Tk, fk〉, where fk is the (n − 1, n − 1) component of(
θtk
)∗
g on the complex manifoldXtk . The (n−1, n−1)-forms fk are real, since

(
θtk
)∗
g

is so.

A.2. Lemma. — Let (X,ω) be a compact Kähler manifold, T be a closed positive
current of X, and f be a real smooth (n−1, n−1)-form. Then, there exists a constant
C > 0 depending continuously on f and ω such that we have

|〈T, f〉| 6 C [T ] · [ω]n−1,

where the right hand side is intended to be the intersection product in cohomology.

Proof. — Since f is real, we are enabled to define the following (possibly indefinite)
hermitian form on T ∗X :

(ξ, η)f 7−→
f ∧ iξ ∧ η

ωn
.

We also have the positive definite hermitian form given by

(ξ, η)ω 7−→
ωn−1 ∧ iξ ∧ η

ωn
.

It is positive because (ξ, ξ)ω = 1
n trω(i ξ ∧ ξ). By compactness of the bundle of (· , ·)ω-

unitary (1, 0)-forms on X, we can define

C ′ := − min
(ξ,ξ)ω=1

{(ξ, ξ)f},

and we have that (ξ, η)′ 7→ (ξ, η)f+C ′ (ξ, η)ω is positive semidefinite. This constant C ′
depends manifestly continuously on f and ω. We can do the same job with −f in
the place of f thus obtaining another constant C ′′, still depending continuously on f
and ω such that

(ξ, η)′′ 7−→ −(ξ, η)f + C ′′ (ξ, η)ω
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is positive semidefinite. Now set C := max{C ′, C ′′} > 0, which again depends contin-
uously on f and ω. This means exactly that both f + C ωn−1 and −f + C ωn−1 are
positive (n− 1, n− 1)-forms.

But then, begin T positive on positive forms,

〈T, f〉 = 〈T, f + C ωn−1 − C ωn−1〉

> −C 〈T, ωn−1〉 = −C [T ] · [ω]n−1,

〈T, f〉 = 〈T, f − C ωn−1 + C ωn−1〉and
= −〈T,−f + C ωn−1〉+ 〈T,C ωn−1〉

6 C 〈T, ωn−1〉 = C [T ] · [ω]n−1. �

Now, we apply the above lemma with (X,ω) = (Xtk , ωtk), T = Tk and f = fk.
We therefore obtain positive constants Ck such that

|〈Tk, fk〉| 6 Ck [Tk] · [ωtk ]n−1.

The right hand side is equal to Ck βtk ·Ωn−1
tk

, where Ωt ∈ H2(F,R) is the cohomology
class of

(
θ−1
t

)∗
ωt. It converges to the quantity C0 α0 · Ω0, where C0 is the constant

obtained if one applies the above lemma with (X,ω) = (X0, ω0), and f the (n−1, n−1)

component of
(
θ0

)∗
g. Thus, the left hand side is uniformly bounded independently

of k.
We finally come up with a real 2-current Θ on F which is a weak limit of the

Θk’s. By continuity of the differential with respect to the weak topology we find also
that Θ is closed and of course its cohomology class is β0. Being Θ trivially with
compact support since it lives on the compact manifold F , by [dR84, Cor. on p. 43],
it is of finite order, say of order p.

A.3. Remark. — We can then look at the whole sequence {Θk} together with its weak
limit Θ as a set of currents of order p. In particular, this is a set of continuous linear
functionals on the Banach space pD2n−2(F ) which are pointwise bounded. By the
Banach–Steinhaus theorem this set is uniformly bounded in operator norm, i.e., there
exists a constant A > 0 such that for each positive integer k and each g ∈ pD2n−2(F )

we have
|Θk(g)| 6 A ‖g‖pD2n−2(F ).

This remark will be crucial in what follows.

Next, set T :=
(
θ−1

0

)
∗Θ. It is a real current of degree 2 on X0. We are left to show

that T is indeed a (1, 1)-current which is moreover positive.

A.4. Proposition. — The current T is of pure bidegree (1, 1).

Proof. — If not, there exists a (n, n − 2)-form h on X0 such that 〈T, h〉 6= 0. Fix a
finite open covering of X0 by coordinate charts and a partition of unity {ϕj} relative
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to this covering. Since

0 6= 〈T, h〉 =
〈
T,
∑
j ϕjh

〉
=
∑
j

〈T, ϕjh〉,

there exists a j0 such that 〈T, ϕj0h〉 6= 0. Thus, we may assume that h is compactly
supported in a coordinate chart (U, z). Without loss of generality, we can also suppose
that such a coordinate chart is adapted to the fibration π, i.e., U = U ∩X0, where U

is a coordinate chart for X with coordinates (t, z) such that π(t, z) = t.
In this way, we can extend h “constantly” on the nearby fibres of π: call this

extension h̃ and write h̃t for h̃|U ∩Xt
. If we set ut :=

(
θ−1
t

)∗
h̃t we obtain a family of

test form on F such that, for k sufficiently large, we have

〈Tk, h̃tk〉 = 〈Θk, utk〉.

By Remark A.3, we have
|〈Tk, h̃tk〉 − 〈T, h̃〉| = |〈Θk, utk〉 − 〈Θ, u0〉|

6 |〈Θk, utk − u0〉|+ |〈Θk, u0〉 − 〈Θ, u0〉|
6 A ‖utk − u0‖pD2n−2(F )︸ ︷︷ ︸

→ 0, by construction

+ |〈Θk, u0〉 − 〈Θ, u0〉|︸ ︷︷ ︸
→ 0, by weak convergence

.

Being the Tk’s of bidegree (1, 1) and h̃tk of bidegree (n, n − 2), we have that
〈Tk, h̃tk〉 ≡ 0 and we deduce then that 〈T, h〉 = 0, contradiction. �

A.5. Proposition. — The current T is positive.

Proof. — The proof is almost identical to that of the above proposition. We want to
show that for any positive (n−1, n−1)-form h onX0 we have that 〈T, h〉 > 0. As before
the question is local, so we can suppose that h is compactly supported in U as above.
Now the “constant” extensions h̃t are again positive (n−1, n−1)-forms on Xt, so that
〈Tk, h̃tk〉 > 0 and we still have convergence to 〈T, h〉. But then 〈T, h〉 > 0. �

This concludes the proof of the theorem, since we have represented α0 by a closed
positive (1, 1)-current, i.e., α0 is a pseudoeffective class. �
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