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Perturbations of the harmonic map equation

T. Kappeler

Abstract

We consider perturbations of the harmonic map equation in the case where
the source and target manifolds are closed Riemannian manifolds and the lat-
ter is in addition of nonpositive sectional curvature. For any semilinear and,
under some extra conditions, quasilinear perturbation, the space of classical
solutions within a homotopy class is proved to be compact. For generic per-
turbations the set of solutions is finite and we present a count of this set. An
important ingredient for our analysis is a new inequality for maps in a given
homotopy class which can be viewed as a version of the Poincaré inequality
for such maps.

0. Introduction

In this paper we report on joint work with S. Kuksin and V. Schroeder as well as J.
Latschev on semilinear and quasilinear perturbations of the harmonic map equation
7(u) = 0 following the expositions in | 1Ll |,[KCL].

The harmonic map equation is an equation for maps u : M — M’ between Rieman-
nian manifolds, defined as the Euler-Lagrange equation for the energy functional

E(u) ::/Me(u)(a;)dvol(x)

where e(u)(z) denotes the energy density,

o) ) = 29 (x) (o, O

Here ¢"/(z) is the inverse of the (smooth) metric tensor on M, dvol(x) the corre-
sponding volume element, and (-, -) the scalar product in T'M’. In local coordinates
for M and M’, the operator 7 can be written as the Laplace-Beltrami operator,
perturbed by terms which are quadratic in the derivatives of u.

If not stated otherwise we assume throughout the paper that M and M’ are
closed.
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Our aim is to consider perturbations of the equation 7(u) = 0 by a semilinear
term F'(x,u(z)) with F' being a z-dependent vector field on M’, and by terms linear
in the derivatives of u and of sufficiently small size of the form

Lz, u(x)) u. (G(x, u(x)))

where L(z,u(x)) is a linear operator on Ty, M’, u, the differential of u, and G a
y-dependent vector field on M, G(z,u(z)) € T, M. More precisely we want to study
the set of solutions u : M — M’ of

7(u)(x) + F(x,u(x)) + Lz, u(zr))u, (G(z,u(z))) =0 (0.1)
in a given homotopy class ¢ of C'-maps u : M — M’,
u € (. (0.2)

Note that (0.1) is not necessarily of variational form. The main assumption we
impose is that
M' has nonpositive sectional curvature . (0.3)

Unless otherwise stated this assumption will be made throughout the paper. Given
F,G and L of class C* with k > 2, denote by Spg. = Sg%,L the set of all Ck+1
solutions of (0.1). In the case L = 0 and G' = 0 we simply write Sr instead of Sg 0.
We note that by the regularity theory of elliptic equations, given F' of class C*, any
C3-solution v € S is C*-smooth, i.c.

Similarly, if dimM < 3 and F,G and L are of class C*, one has S}Qé . Sg% 7
It follows from [I25], [Ha] and [SY] that for any homotopy class ¢, the set Sy N ¢ of
harmonic maps in ¢ is a nonempty, connected and compact subset of C*°(M, M").

Our aim is to investigate if the solution set Sg% ; N ¢ has similar properties.

1. Compactness

First we prove that for any F, G, L of class C* with k > 2, Sp N ( is compact in the
C**1 topology and, if dimM < 3, Spg.z, N ¢ is compact in the C*™! topology for G
and L of sufficiently small size,

max(|[L(z )] - |G,y < .

yeM’

where ¢, > 0 is a constant which only depends on ¢ and the manifolds M and M.
Here | L(x,y)| denotes the operator norm of L(x,y) : T,M" — T, M’ and ||G(z,y)||
is the norm of G(x,y) in T, M.

In fact we prove slightly stronger results. To state them we first need to introduce
some more notation. Let us denote by C* the space of C¥-maps from M to M’, by
F®) the vector space of z-dependent vector fields F(z,y) on M’ of class C* in z

IX-2



and y, by G the vector space of y-dependent vector fields G(z,y) on M of class
C* in z and y and by £® the vector space of linear operators L(z,y) on T,M' of
class C* in z and y. Let

MP = {(u,F)| Fe F®; ue Spn (¢}
considered as a subset of C**1 x F®*) and, for any ¢, > 0

NQ(,IZ)* = {(U7F7G7L) ‘ (FaGaL) € :’t(k) X g(k) X ‘C(k)v u € SF,G,L ﬂC )
max [ Lz, y)| - | G(z, y)ll < c

considered as a subset of CFt1 x F®) x gk x £k), By 7 we denote the natural
projections
T Mék) — F® or 7 /\/'C(k) — F®) x g0 x £®)

Recall that a continuous map between topological spaces is called proper if the
preimage of any compact set is compact.
The main results in | ] are the following ones:

Theorem 1.1 Let M and M’ be closed Riemannian manifolds with M' having non-
positive sectional curvature and ¢ be a homotopy class of C*-maps from M to M.
Then for any k > 2, the projection m : J\/lék) — F®) s proper.

Theorem 1.2 Let M and M’ be closed Riemannian manifolds with M’ having
nonpositive sectional curvature and ¢ be a homotopy class of C'-maps from M
to M'. Assume that k > 2 and dimM < 3. Then there exists ¢, > 0 such that
T /\/'C(lz)* — FB) % GH) % £5) s proper.

In particular, Theorem 1.1 contains the following extension of a result due to
Schoen-Yau for harmonic maps [SY] (cf also Hartman [Ha]) concerning the com-
pactness of the space of harmonic maps within a homotopy class.

Corollary 1.3 Let ' € F® with k > 2. Then Sp N ( is compact in the C*'-
topology.

We note that a corollary of Theorem 1.2 similar to Corollary 1.3 holds.

Simple examples show that the stated result of Corollary 1.3 does not need to
hold if M’ is not of nonpositive sectional curvature and the statement of Theorem 1.2
is not necessarily true if the perturbation is not affine in the differential u, or the
part which is linear in wu, is not sufficiently small.

We remark that no efforts have been made to see if Theorem 1.1 and Theorem 1.2
hold for k smaller than two. Moreover, most likely Theorem 1.2 holds for manifolds
M of arbitrary dimension.

Our results are similar in flavour to the compactness results due to Kuksin
[Xu] for double periodic solutions of quasilinear Cauchy-Riemann equations which
originated in a compactness result of Gromov [Gr] for J-holomorphic curves. In
future work we plan to establish similar results for other important nonlinear elliptic
equations.
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The main ingredient of the proof of Theorem 1.1 and Theorem 1.2 in | | is
an apriori estimate for the energy E(u) for a solution u of (0.1) in a given homotopy
class (: As a first step we introduce canonical distance functions N,(u,v)(p > 1)
between two maps u,v : M — M’ in ¢ and prove that if u, v are of class C® the
energy E(u) can be bounded by

E(u) < | FllooNi(u,v) + V2(|Glleo B(w) 2 Na(u, v) + E(v).
Here N,(u,v) is defined by
N,(u,v) :=inf{N,(H) | H is a C'-homotopy between u and v}

N,(H) := (/M (/01 H%Hs(x)ﬂds)pdvol(x))l/p.

In a second step we show that Ny(v,u) can be bounded in terms of E(u) and

E(v):

with

Theorem 1.4 Let M and M’ be closed Riemannian manifolds with M’ having non-
positive sectional curvature and ¢ be a homotopy class of C*-maps from M to M.
Then there exists a constant C > 0 such that for any u,v €

No(u,v) < C’(E(u)l/2+E(v)1/2+1) . (1.1)

Our proof of Theorem 1.4 uses in an essential way that M’ has nonpositive
sectional curvature. The main ingredient of the proof is a version of the apriori
estimate (1.1) for maps from a metric graph to M’ which we discuss in the subsequent
section.

In | | we prove a sharper version of Theorem 1.4: In the case where M’ has
negative sectional curvature there is a constant C’ > 0 so that for any homotopic
maps u,v : M — M’ inequality (1.1) holds with C replaced by C".

Estimate (1.1) is a new inequality which can be viewed as a version of the
Poincaré inequality for maps between manifolds and is of independent interest. It
also has the flavour of a quadratic isoperimetric inequality. We illustrate this by
considering the case when M = S'. Viewing E(u)'/? as a measure for the length
of u, inequality (1.1) says that there exists a homotopy such that the area of the
cylinder given by the homotopy can be bounded in terms of the square of the length
of its boundary. Here the area of the cylinder is measured in terms of its Lo-averaged
"length" Ny(u,v) and the length of its boundary by E(u)/? 4+ E(v)'/2. We recall
that for a Hadamard space X the following isoperimetric inequality holds: given
any simple, closed curve v in X of length L, there exists a disc D with 0D = v so
that area (D) < wL%

2. Short homotopies between graphs

Let M’ = X'/T" be a compact Riemannian manifold with nonpositive sectional
curvature. In this section we show that two homotopic maps from a graph into M’
can be joined by a short homotopy.
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Let G be a finite metric graph, i.e. a finite graph, where every edge has some
positive length (cf [BH] 1.1.9). We also assume for simplicity that G has no terminals,
i.e. that every edge is incident to at least two edges. A map u : G — M’ is called
differentiable, if the restriction of u to every edge is differentiable. In an obvious
way one defines the length L(u) of a differentiable map u : G — M’ by summing up
the lengths of the restriction of u to any of the edges of G. The following result is
the main ingredient in the proof of Theorem 1.4.

Theorem 2.1 Let ¢ be a homotopy class of Ct-maps from G to M'. Then there is
a constant Cy > 0 such that for any u,v € ¢ there exists a homotopy H : G x[0,1] —
M’ from v to u, with the property that for any point z € G,

lr(z) < Co(L(u) + L(v) +1).

The constant Cy does not depend on the choice of the metric on G. Here (g (z)
denotes the length of the curve s — H(z,s).

We outline the proof in the special case where G is a circle with a given metric,
the homotopy class ¢ is nontrivial, and the sectional curvature of M’ is strictly
negative. Denote by T' C R an interval of the same length as G and by p™,p~ its
two endpoints. Let ¢ : T'— G be the canonical map identifying p*™ and p~, choose
to = pt € T as a basepoint and let HY : G x [0,1] — M’ be a given homotopy from
v to u. Consider the map HT : T x [0,1] — M’ defined by HT(t,s) = H%(o(t), s)
which can be lifted to a map H' : T x [0,1] — X'. Since HT (p*,s) = H (p", s)
for any 0 < s < 1 and I' acts discretely, there is a deck transformation v € I" so
that 'yFT(p+, s) = HT(p_,S) for any 0 < s < 1. Furthermore ~ is not the trivial
element, since ¢ is nontrivial. Denote by d, the displacement function given by
d(x) := d(z,yx) where d is the distance function on X'. As, by assumption, the
curvature is strictly negative, v translates a unique geodesic which coincides as a
set with

MING) = { € X' | d,(x) = inf d,(y)}

(cfsection 6 in | ]). Using the convexity of the distance function on the Hadamard
space X' one can prove - see | I, [ ]

d (ﬁT@O, 1),MIN(7)) < od,(H" (ty, 1)) + 1 < oL(u) + 1 (2.1)
for some p > 0, only depending on ¢ and M’ and similarly,
d (ﬁT(z&O,O),MIN(fy)> < oL(v) + 1. (2.2)
Let mvin(y) : X" — MIN(7) be the metric projection onto MIN(«y). The cyclic group
() operates with compact quotient on the geodesic MIN(7) - see | |, 1CS].
Thus there exists m € Z such that for a = ™

d(OHTMIN(W)HT@m ].), WMIN(,Y)FT(to, O)) S C (23)
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where C' is the minimum of d., which depends only on the homotopy class of (. With
the help of & we define a new homotopy H” : T x [0,1] — X’ by HT(t,s) = ci(s)
where for any ¢t € T, ¢; : [0,1] — X’ is the geodesic from ﬁT(t,O) to aﬁT(t, 1).
Since a commutes with v it is easily checked that for any 0 < s < 1, yHT (p*,s) =
HT(p~,s). Hence HT induces a homotopy H from v to u. By (2.1),(2.2) and (2.3)
we estimate

d(H" (to,1), H (t0,0))
< d(H"(to, 1), O‘ﬂ'MIN(w)FT(tm 1)) + d(ONTMIN(A/)FT(th 1), WMIN(W)ﬁT(t(Ja 0))

—|— d(’ﬂ'MIN(,Y)HT(to, O), ET@(), 0))
< (oL(v)+ 1)+ C+ (oL(u) +1).

Let H : G x[0,1] — M’ be defined by composing HT with the projection X' — M.
Then the above inequality implies

ly(z0) < C'(L(u) + L(v) + 1)

for zg = (o) and C" is given by C’ := C' 4 2+ p which is independent of the metric
on (. Using the triangle inequality we obtain

ly(z) <(C"+1)(L(u)+ L(v)+1)

for an arbitrary point z € GG. The argument in the general case is essentially the
same. The interval T has to be replaced by a suitable metric tree, MIN(y) by
MIN(f) for a suitable function f = Y.", d,, and the group () by the centralizer
Z(Y1y .- Ym) - see | | for details.

In the case M’ has strictly negative sectional curvature Theorem 2.1 can be im-

proved. Denote by N (u,v) the following distance between two homotopic C' —maps
u,v: G — M,

(2.4)

N(u,v) = 1%f{§gg lu(2)}

where the infimum is taken over all C'—homotopies H : G x [0,1] — M’ between
uw and v and ¢y (x) is the length of the curve s — H(z,s). In | | we show the
following estimate.

Theorem 2.2 Let k > 0 and o0 > 0 be given. Then for any Riemannian manifold
M'" with sectional curvature bounded from above by —k < 0 and injectivity radius
bounded from below by o > 0, but not necessarily compact, for any finite metric
graph G and for any homotopic C* maps u,v : G — M’ which are not in the trivial
homotopy class

N(u,v) < 3(L(u) + L(v)) + C(k, 0/20)
where

Ok, €) := 8sh (1) + sh1(1/sha(e))

with shy(€) := sinh(y/ke). For u,v: G — M in the trivial homotopy class, one has
to assume that M’ is compact and obtains in a straight forward way

L (L(u) + L(v)) + diameter(M").

N < -



3. Count of solutions

Theorem 1.1 and 1.2 form the basis for a more detailed study of the set of solutions
of (0.1) in a given homotopy class ¢ which is presented in [[XI.]. To simplify the
exposition we state our results in the case G = 0, i.e. for

Sp(u) :=7(u) + F(x,u(x)) =0 (3.1)

u € (. (3.2)

For this section it is more convenient to work with Sobolev spaces. For any
j > n/2 we denote by HY) the Hilbert manifold of maps from M to M’ of Sobolev
class H’. By the Sobolev embedding theorem HY) is compactly embedded into
C' (M, M’) for any 0 < i < j —n/2. The connected components Héj) of the space

HU) correspond to the homotopy classes ¢ of maps in H\Y) from M to M’. We now

fix an integer k > 2 + ”J;”/, denote by F*) the space of z—dependent vector fields

on M’ of class H* and define

MP = {(u, F) € HF? < FO | @p(u) = 0}.

We point out that Theorem 1.1 remains valid in this setting. One first observes
that Mék) is a C’-Hilbert manifold with 2 < ¢ < k — %"I and that the projection
T /\/lé.k) — F®) is C’-smooth. Let us denote by fr(fg) the set of reqular values of
Tkc. As T is proper, .7-"52 is an open subset of F*). By the Sard-Smale theorem
[Sm], it is dense in F®) and, for any F € FE the inverse image W,;é(F) is a
C*—submanifold of Mék). It turns out that 7 is a Fredholm map of index 0,
hence this submanifold is of dimension 0. As 7 is proper it then follows that
W,;é(F) is a finite set.

The idea is to prove that there is a natural notion of degree associated to the
map 7 ¢. We follow a common approach using determinant line bundles defined for

a family of Fredhom operators of some fixed index - see | | for a more general
framework of this construction.

Theorem 3.1 Let k > 2+(n+n')/2 and ¢ be a homotopy class of mapsu : M — M’
between closed Riemannian manifolds M, M’ and assume that M' has a nonpositive
sectional curvature. Then the projection map ¢ : ./\/lék) — F®) admits a degree
D, which is independent of k. In particular, the equation ®p(u) = 0 has at least

|D¢| solutions in  for any F € fﬁfg and, in the case D¢ # 0, at least one solution
for any F € F®.
If in addition, the restriction of E& to ( is Morse-Bott, then
D¢ ==£x(SoN Q)

where Sy is the set of harmonic maps u : M — M’ and x(So N () denotes the
Euler characteristic of the submanifold So N ¢ C C°(M, M’).
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As an example let us consider the case where M’ has negative sectional curvature.
In this case the restriction of the energy function F(u) to any homotopy class (
can be shown to be Morse-Bott and, according to [[Ha], the set of harmonic maps
So N [u] in the homotopy class [u] of a harmonic map w has the property that either
SoN[u] = {u} or SoN[u] consists of all constant maps, or u(M) is a closed geodesic
v and any other element in Sy N [u] is obtained by composing u with a translation
along v. Hence the integer D, in each of the three cases is given by 1, x(M’) or 0
respectively.

Examples show that the inequality £ (Sp N () > ‘X (SoN <) ‘ is sharp.

References

[BGS] W. Ballmann, M. Gromov, V. Schroeder: Manifolds of nonpositive curva-
ture. Birkhauser, Basel - Boston, 1985.

[BH] M. Bridson, A. Haefliger: Metric spaces of non-positive curvature. Springer,
Berlin - New York, 1999.

[CMS] K. Cieliebak, I. Mundet i Riera, D. Salamon: FEquivariant moduli problems,
branched manifolds and the Euler class. ETHZ preprint, 2001.

[CS] C. Croke, V. Schroeder: The fundamental group of compact manifolds with-
out conjugate points. Comment. Math. Helv. 61 (1986), 161 - 175.

[ES] J. Eells, J.H. Sampson: Harmonic mappings of Riemannian manifolds.
Amer. J. Math. 86 (1964), p. 109 - 160.

[Gr] M. Gromov: Pseudo-holomorphic curves on almost complex manifolds. In-
vent. Math. 82 (1985), p. 307 - 347.

[Ha]  P. Hartman: On homotopic harmonic maps. Can. J. Math. 19 (1967), p.
673 - 687.

[KKS1] T. Kappeler, S. Kuksin, V. Schroeder: Perturbations of the harmonic map
equation. Preprint Series, Insitute of Mathematics, University of Zurich,
2001.

[KKS2] T. Kappeler, S. Kuksin, V. Schroeder: Poincaré inequality for maps to
closed manifolds of negative sectional curvature. In preparation.

[KL]  T. Kappeler, J. Latschev: Counting solutions of perturbed harmonic map
equations. In preparation.

[Ku]  S. Kuksin: On double-periodic solutions of quasilinear Cauchy-Riemann
equations. CPAM 49 (1996), p. 639 - 676.

[Sm]  S.Smale: An infinite dimensional version of Sard’s theorem. Amer. J. Math.
87 (1965), p. 861 - 866.

IX-8



[SY]  R. Schoen, S.T. Yau: Compact group actions and the topology of manifolds
with non-positive curvature. Topology 18 (1979), p. 361 - 380.

INSTITUT FUR MATHEMATIK, UNIVERSITAT ZURICH, WINTERTHURERSTRASSE
190, CH-8057 ZURICH, SWITZERLAND.
tk@math.unizh.ch

IX-9


mailto:tk@math.unizh.ch

	Introduction
	Compactness
	Short homotopies between graphs
	Count of solutions

