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1. Introduction

We study parabolic equations posed on the whole Euclidean space R?,

@+ P)f(t,x) = Loy (X)u(t,x), xeR >0, 0
fli=o = fo€ L*RY),

and controlled by a source term u locally distributed in a time-dependent control subset w(f)

R%. The controllability of partial differential equations with moving control subsets is at the core

of current investigations and the topics of several recent works [8, 23, 28].

We consider in this work two specific classes of hypoelliptic quadratic parabolic equations,
and we aim at pointing out necessary or sufficient geometric conditions on the moving control
subsets (w(?)) se1 to ensure null-controllability. In order to ensure the well-posedness of the evolu-
tion equations (1), the moving control subsets are assumed to satisfy the following measurability

property:

Definition 1 (Moving control support). Let Q be an open subset of R? and I be an interval of
R. A moving control support on I in Q is a family (w(t))c; of subsets of R% such that the map
(t,x) € IxQ — 1, (x) is measurable, where 1, ;) denotes the characteristic function of the moving
setw(t).

The Cauchy problems (1) studied in this work will all be well-posed in the space
C%([0, T), L*(R%)), for any initial datum fy € L?(R%) and control function u € L?((0, T) x R%).
The previous definition of moving control support (w(?))r does not rule out the case when the
control subsets are empty w(f) = @ at certain times. Let us notice in particular that if (w(#)) ey
is a moving control support in R4, and E is a measurable subset of I, then the family of subsets
(@(1) ey defined as @(t) = w(?) if t € E, or w(t) = @ if t € I\ E, also defines a moving control
support in [R{d, since 1y (x) = Lg(£) Ly (x) is a product of measurable functions.

Definition 2 (Null-controllability and control cost). Let T > 0 and (w(?))co,1] be a moving
control support on the time interval [0, T] in R4, Equation (1) is said to be null-controllable on
the time interval [0, T if, for any initial datum fy € L*(R%), there exists a control function u €
L2((0, T) xRY), such that the solution of (1) satisfies f(T,-) = 0. If the equation is null-controllable,
the control cost is defined as the smallest positive constant Ct > 0 such that any initial datum
fo € L>(R%) can be steered to zero by means of a control function u € [*((0, T) x RY) satisfying

” u”LZ((O,T)XIRd) = CT"fO”LZ([Rd)-

We consider in this work two specific classes of hypoelliptic quadratic parabolic equations (1).
The first one is the class of evolution equations associated to non-autonomous Ornstein—
Uhlenbeck operators satisfying a generalized Kalman rank condition described in Section 1.1.
The null-controllability with fixed control subsets w(#) = wg of these non-autonomous equations
was studied by the first and third authors in [4], and the following sufficient condition for null-
controllability on fixed open control subsets was established in [4, Theorem 1.3],

3r6>0,YyeR%,3y cwy, By(y,r)cwoand|y—y|<86, )

where B;(y',r) denotes the open Euclidean ball centered at y’ with radius r. The second class
studied in this article is the class of evolution equations associated to accretive non-selfadjoint
quadratic operators with zero singular spaces described in Section 1.2. The null-controllability
with fixed control subsets w(f) = wq of these hypoelliptic equations was studied by the first and
third authors in [5, Theorem 1.4], and was shown to hold for any fixed control subset satisfying
the very same geometric condition (2). The results in [4, 5] were some first steps outlining
and providing preliminary insights on the geometry of the control subsets needed to get null-
controllability for these two classes of hypoelliptic non-selfadjoint evolution equations. However,
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the geometric condition (2) was not expected to be sharp to ensure null-controllability, and a new
breakthrough was then made by Veseli¢ and the second author in [10], who established that the
following notion of thickness is a necessary and sufficient condition on fixed control subsets to
ensure the null-controllability of the heat equation posed on the whole Euclidean space R in
some positive time, as well as in any positive time:

Definition 3 ((§, @)-thick set). Let0<d<1anda = (ay,...,ay) € (0, +00)?. A measurable subset
ScR? isa (8, a)-thick set inR? if the following estimate holds:

d
VxeR?, A(Sn(x+[0,a1] x - x[0,aq)) =26 []a;,
j=1
with A being the Lebesgue measure on R%. A measurable subset S < R is said to be thick inR% if S
is a (8, a)-thick subset inR%, for some0 <8 <1 and a € (0, +00)?.

The very same result about the heat equation was obtained independently by Wang, Wang,
Zhang and Zhang in [48]. As the heat equation is a particular example of Ornstein-Uhlenbeck
equations which obviously enjoys the very specific features of being autonomous, elliptic, as
well as having only a diffusive structure with no transport part, it is then natural to wonder to
which extent this thickness condition is also relevant to ensure the null-controllability of gen-
eral Ornstein—-Uhlenbeck equations, and whether the null-controllability results obtained in [4,5]
actually extend for thick control subsets. We therefore aim in this work at sharply understand-
ing which geometry on the control subsets rules the null-controllability of Ornstein-Uhlenbeck
equations, and how possible transport phenomena induced by these equations interplay with
the geometry of the control subsets. This geometry of the control subsets naturally ends up to be
time-dependent because of the transport phenomena associated to general Ornstein—-Uhlenbeck
equations. The results given in Section 1.1 provide some necessary or sufficient geometric con-
ditions on the moving control subsets to ensure null-controllability. In the particular case when
the moving control subsets comply with the flow associated to the transport part of the Ornstein—
Uhlenbeck operators, a necessary and sufficient condition related to the thickness property of the
moving control subsets is derived. In a second part of this work, we consider evolution equations
associated to accretive non-selfadjoint quadratic operators with zero singular spaces. The results
given in Section 1.2 show how those established in [5] can actually extend in the framework of
moving control subsets. For this second class of hypoelliptic quadratic parabolic equations, we
unfortunately provide only a sufficient condition for null-controllability. It would be of course
most interesting to also derive a necessary condition for null-controllability as for Ornstein—
Uhlenbeck equations. However, the transport phenomena at play for this second class of equa-
tions are far more complex and this topic is not studied in this work.

1.1. Null-controllability of non-autonomous Ornstein—-Uhlenbeck equations

1.1.1. Non-autonomous Ornstein-Uhlenbeck operators and generalized Kalman rank condition
We consider the evolution equation

0:f = F Tr(AM A TV ) = (B x, Vi f) = Loy (X,
fli=o = fo€ *RY),

associated to the non-autonomous Ornstein—-Uhlenbeck operator

3)

1 1 d d
P = ETr(A(t)A(t)TVi)+<B(t)x,Vx>: 5 Y aiDa; (0%, o+ ) bij(0xj0x, xR, @)
ij,k=1 i,j=1
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where
A=(ai,isijsa» B=bii<ij<a € CTUI,MaR)),

are smooth mappings with values in real d x d matrices, with I being an open interval of R
containing zero, AT standing for the transpose matrix of A(f). The well-posedness of the
Cauchy problem (3) is proved in appendix (Section 6.1).

In order to ensure appropriate smoothing properties in Gevrey spaces, which are a key ingredi-
ent to establish null-controllability thanks to an adapted Lebeau-Robbiano method when using
the abstract observability result in Theorem 13, we assume that the following generalized Kalman
rank condition holds:

To that end, we define by induction the sequence of smooth mappings (Ap)i=o €
C(I, My ®R)™ by

Viel, Ayn)=AW®), 5)
~ d ~ ~
V0¥ el A ()= T Ak(0)+BOA®D). (6)
Definition 4 (Generalized Kalman rank condition). The generalized Kalman rank condition is
said to hold at some time T >0, if T € I and

Span{Ar(T)x: xeR?, k= 0} =R’ @)

The condition (7) was shown by Chang [7], and by Silverman and Meadows [40] to be sufficient
for the controllability of the linear control system x = —B(#)x + A(#) u on the interval I. As noticed
in [9, p. 11], the two following vector spaces

Span{ﬁk(T)x: X€E [R{d,k >0} # Span{ﬁk(T)x: X€E [Rd,O <k=sd-1},

are in general distinct, as contrary to the constant case studied in Section 2.2, the Cayley—
Hamilton theorem does not apply. However, it was proved by Coron in [9, Proposition 1.19] that
when the condition (7) holds at some time T € I, then there exists a positive constant € > 0 such
that

VieIn(T—¢ T+e)\{T}, Span{Ai(t)x: xeR,0<k<d-1}=R" ®)

This assertion (8) can be reformulated as
Vteln(T-¢ T+e)\{T}, Rank[A(1),A(D),...,Aq-1(D)] =d, 9)

where [ﬁo(t),ﬁl(t),...,Zd_l(t)] is the d x d? matrix obtained by writing consecutively the
columns of the matrices A;(7). The above formula directly relate to the classical Kalman rank
condition (33) appearing in the autonomous case.

1.1.2. Geometric conditions for null-controllability

The main result of null controllability for non-autonomous Ornstein—-Uhlenbeck equations (3)
contained in this work is the following one:

Theorem 5. Let T > 0 and (w (1)) cj0,7) be a moving control support in R?. We assume that the
generalized Kalman rank condition (7) holds at time T .
(i) (Sufficient condition). Let 6 > 0, a € (0, +oo)d and E be a measurable subset of [0, T]
satisfying
30<rg=sT,VO0<r<ry, AMEN[T-rT])>0. (10
If w(t) is a (8, a)-thick subset in R? for all t € E, then the non-autonomous Ornstein—
Uhlenbeck equation (3) is null-controllable on [0, T] from the moving control support
(w(D) tefo, 11

C. R. Mathématique, 2020, 358, n° 6, 651-700



Karine Beauchard, Michela Egidi and Karel Pravda-Starov 655

(ii) (Necessary condition). If the non-autonomous Ornstein-Uhlenbeck equation (3) is null-
controllable on [0,T] from (w(?))co,1), then the moving control support satisfies the
following integral thickness condition on [0, T],

T
3Ir,6>0,Y xeRY, f A(B4(x,r)NRO, T - Hw(1))dt =6 >0, an
0

where By (x, 1) denotes the open Euclidean ball centered at x with radius r, and where R
stands for the resolvent of the time-varying linear system

X1 =B(T-0X(),
that is, the solution of the system

R -
a1, (1, 1) = B(T — t1)R(11, to), (12)
R(t(]» tO) = Id-
(iii) In particular, ifo(t) = R(T—t,0)wy, withwy a fixed subset of R, then the non-autonomous
Ornstein-Uhlenbeck equation (3) is null-controllable on [0, T] from (w(2))tepo, 1), if and
only ifwg is a thick subset in R?.

The assertion (i) in Theorem 5 extends the result of [4, Theorem 1.3] to non necessarily open
and possibly moving control subsets since the geometric assumption (2) readily implies the thick-
ness condition. We also notice that in the assumptions of Theorem 5, the generalized Kalman
rank condition (7) is only supposed to hold at time T, and is allowed to fail for smaller times in
the limit of the constraints highlighted by (8). Regarding the assumption (10) in assertion (i), and
for a given subset E c R with positive Lebesgue measure, we observe that condition (10) holds
for almost every time T € E, as it holds in particular for any Lebesgue point T in E, that is, points
satisfying the condition

1
lim —AEN[T-r,T+r])=1. (13)
=02

Indeed, condition (13) readily implies that

lim l/I(E'm [T-r,T)=1.

=E
The proof of assertion (i) relies on an adapted Lebeau-Robbiano method and an abstract ob-
servability result proved in Theorem 13, which is applied to the adjoint problem. The result of
Theorem 13 extends the abstract observability result established in [5, Theorem 2.1] to the non-
autonomous case and under weaker dissipation assumptions allowing a controlled blow-up for
small times in the dissipation estimates. This generalization with weaker dissipation assumptions
is motivated by various study cases, and is actually needed in Theorem 6 (even in the framework
of fixed control subsets) to derive the null-controllability of evolution equations associated to
accretive non-selfadjoint quadratic operators with zero singular spaces.

The assertion (ii) in Theorem 5 provides a necessary condition for the null-controllability,
which does take into account the transport phenomena induced by the drift term in the Ornstein—
Uhlenbeck equations associated to the drift matrices B. Notice that this condition implies in
particular that any point x € R4 is at distance less than r of the set R(0, T - t)w(t) on a time subset
whose Lebesgue measure is bounded from below as

0
VxeR? AUx) = ,
x (I(x)) Cord

with C; > 0 being the measure of the unit open Euclidean ball in R%, and

I(x)={t€l0,T]: B(x,r)N RO, T - Hw(t) # ¢}.
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The necessary condition (ii) is derived by trying out gaussian explicit solutions in the observabil-
ity estimate for the adjoint system. We observe that assertion (ii) turns out to be useful to produce
negative null-controllability results and can allow to find out cases when null-controllability may
require a positive minimal time as the integral thickness condition can fail for small times while
holding for large ones. We refer the reader to the various study cases in Section 2.

When the moving control subsets comply with the flow associated to the transport part
of the Ornstein—-Uhlenbeck equations, that is, when w(f) = R(T — ¢,0)wg for all 0 < ¢t < T,
with wq a fixed subset of [Rd, assertion (iii) in Theorem 5 provides a necessary and sufficient
condition, namely the thickness condition on wy for null-controllability to hold on [0, T]. This
result allows to directly recover the necessary and sufficient condition for null-controllability
of the heat equation established independently in [10] and [48], as in this case B = 0 and
w(?) = R(T-1,0)wp = wy for all 0 < t < T. Regarding the proof of assertion (iii), the necessary
result is a direct consequence of (ii) as condition (11) implies that there exist §, r > 0 such that for
all xe R4,

T
0<é sf A(Ba(x,r)NR(O, T - Hw(1))dt = TA(Ba(x,r) Nwo),
0

which by equivalence of norms in finite dimension, implies the thickness property of the subset
wp in R%. On the other hand, if the subset wyg is thick in R?, there exist some positive constant
8¢, I'o > 0 such that

Vxe Rd, )L(Bd(x, T0) ﬁa)o) =0y >0.
The control subsets w(f) = R(T — t,0)wy are then (8, a)-thick subsets in R? for all 0 < ¢ < T, since
forall0 <7< T and x € R?,
AMix+ =% no®) = A(Balx, 1) no(D)

= |detR(T — t,0)|A((R(O0, T — 1) B4(x, 1)) N wy)

= coA(Ba(R(0, T — 1)x,10) Nwg) = coBo
with

0050

r=ryg sup ||[R(T-1t0)|»>0,co= inf |detR(T-1t,0)|>0,0=
Ote[o,pT] 2 7 o) @2r)d

>0,

and a = (2r,...,2r) € (0, +oo)d. This proves that assertion (iii) is a direct consequence of asser-
tions (i) and (ii) in Theorem 5.

The following section provides some applications of Theorem 5 with several study cases of
Ornstein—-Uhlenbeck equations including the detailed analysis of the general autonomous case.
We prove for instance that the Kolmogorov equation

@ + 10y —02) f(t,x,v) = Ly (x, V)ult, x,v), (£,x0)€(0,T)xRxR, (14)

(i) is not null-controllable on [0, T], for any arbitrary T > 0, when the control acts on the
fixed control subset w made of parallel vertical strips

w= U(n—£|m,n+£|m) xRcRy xR,
nez

whose width 0 < €, < 1 defines (g,) >0 @ non-increasing sequence vanishing at infinity
limy . 400€n=0

(ii) is not null-controllable on [0, T1, for any arbitrary T > 0, when the control acts on the
cone

T
w={(x,v=ax) eR*: —tan@o<a<0}c[Rx><|R2,,WithO<90<E (15)
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(iii) is not null-controllable on [0, T] with T < —=+, when the control acts on the cone

= tan0 ’
wz{(x,vzax)E[Rz: —tan90<a<tan90}cRx><lRy, (16)
with0 <68y <5
We also prove that the Kolmogorov equation with the non-degenerate quadratic external poten-
tial V(x) = 3 L x2,
(0 + v0y — x0y —ai)f(t, x,v) =14, Vult,x,v), (tx,v)e0,T)xRxR, a7
(i) is not null-controllable on [0, T], for any arbitrary T > 0, when the control acts on a strip

shaped control subset w =R x (=L, L) c R, x R, with L>0
(ii) is not null-controllable on [0, T] with T < & — 6y when the control acts on the cone

7
w={x,v=ax)eR*: 0<a<tanfp} <R, x R, with 0 <y < 1 (18)
We also provide in Section 2 examples of moving control supports (w(f))s; that satisfy the

integral thickness condition (11) without being thick subsets in R?. For instance, we prove that:

(i) The cone (16) satisfies the integral thickness condition (11) associated to the Kolmogorov
equation (14) ifand only if T > —=- o 9
(ii) The cone (18) satisfies the integral thickness condition (11) associated to the Kolmogorov
equation with the quadratic external potential (17) when T > 7 — 60
(iii) The moving control support (w(?)) (o, 1) defined by

w(t) = wy/1+2ut, where w = [-1,1]U | % n+nu(=n®-n,—n,

n=1
with p > 0, is not thick in R for any 0 < ¢t < T, but does satisfy the integral thickness
condition (11) on [0, T] associated to the one-dimensional heat equation

—0%) f(t,x) = Ly () ult,x), (t,x)€0,T)xR,

for any positive time T > 0

1.2. Evolution equations associated to accretive non-selfadjoint quadratic operators with
zero singular spaces

1.2.1. Miscellaneous facts about quadratic operators

Quadratic operators are pseudodifferential operators defined in the Weyl quantization
el e dyd 19
(Zﬂ)deZ a(5.¢) Fondyde, (19)

by symbols g(x,¢), with (x,¢) € R4 xR9, d = 1, which are complex-valued quadratic forms
q:RIxRE —C
(x,8) — q(x,¢).

These operators are actually differential operators with simple and fully explicit expression since
the Weyl quantization of the quadratic symbol x*¢ /3, with (a, B) € de, la + Bl =2, is given by the
differential operator

q¥(x,Dy) f(x) =

apby pf e
Tt De=iTlen

Notice that these operators are non-selfadjoint as soon as their Weyl symbols have a non-zero
imaginary part. The maximal closed realization of the quadratic operator g% (x, Dy) on L?(R%),
that is, the operator equipped with the domain

D(@Y)={fe*RY): q"“(x,D,) f € )R}, (20)

C. R. Mathématique, 2020, 358, n° 6, 651-700
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where g (x, Dy) f is defined in the distribution sense, is known to coincide with the graph closure
of its restriction to the Schwartz space [19, p. 425-426],

q¥(x,Dy):. S RY) — S RY).

Classically, to any quadratic form g : RY x IR? — C defined on the phase space is associated a
matrix F € M,,4(C) called its Hamilton map, or its fundamental matrix, which is defined as the
unique matrix satisfying the identity

V(6,8 eRD Y (y,m eR?, q((x,8),(y,m) = o ((x,8), F(y,m), @1)

where ¢g(-,-) is the polarized form associated with the quadratic form g, and where o stands for
the standard symplectic form

d
o((x,8), (ym) =Y &jyj—xjn)), (22)
j=1
with x = (x1,...,x32), y = (y1,... ¥a), § = &1,...,€g) and n = (11,...,04) € C%. We observe from the
definition that )
F:l VeVag qu
2\ -V2g —V,Veq
where the matrices Vg = (ai,j)1<i,j=d> V?G] = (bi,jh<ij<da» VeVxq = (¢ijhi<i j<da» VxVeq =
(d; j)1<i,j<a are defined by the entries

_ a2 L _ a2 A2 )
a,-,,-_axi,qu, bl,]_aqu, c,,]—agi,qu, d,,,—axiygjq.

The notion of singular space introduced in [14] by Hitrik and the third author is defined as the
following finite intersection of kernels

2d-1 .

S =( () Ker[Re F(Im F)’ ]) nR, (23)
j=0

where Re F and Im F stand respectively for the real and imaginary parts of the Hamilton map F

associated with the quadratic symbol g,

1 — 1 =
ReF=—-(F+F), ImF=—(F-F).
2 21

As pointed out in [14, 17, 18, 33, 38, 39, 46], the notion of singular space plays a basic role in
the understanding of the spectral and hypoelliptic properties of (possibly non-elliptic) quadratic
operators, as well as the spectral and pseudospectral properties of certain classes of degenerate
doubly characteristic pseudodifferential operators [15, 16, 44, 45]. In particular, the work [14,
Theorem 1.2.2] provides a complete description for the spectrum of any non-elliptic quadratic
operator g% (x, Dy) whose Weyl symbol g has a non-negative real part Req = 0, and satisfies a
condition of partial ellipticity along its singular space S,

(x,§) €S, q(x,6)=0=(x,6)=0. (24)

Under these assumptions, the spectrum of the quadratic operator g*(x,Dy) is shown to be
composed of a countable number of eigenvalues with finite algebraic multiplicities and the
structure of this spectrum is similar to the one known for elliptic quadratic operators [41]. This
condition of partial ellipticity is generally weaker than the condition of ellipticity, S C R??, and
allows one to deal with more degenerate situations. An important class of quadratic operators
satisfying condition (24) are those with zero singular spaces S = {0}. In this case, the condition
of partial ellipticity trivially holds. More specifically, these quadratic operators have been shown
in [38, Theorem 1.2.1] to be hypoelliptic and to enjoy global subelliptic estimates of the type

3C>0, Vue S®RY, 1(x,D))* Y Dul2 < Cllg¥x, Dyull 2 + lull2), (25)
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where || ll;2 = Il -l ;2 ga) and ((x, D,))? =1 +x|? + | Dy|?, with a sharp loss of derivatives 0 < § < 1
with respect to the elliptic case (case § = 0), which can be explicitly derived from the structure of
the singular space.

In this work, we study the class of quadratic operators whose Weyl symbols have non-negative
real parts Req = 0, and zero singular spaces S = {0}. These quadratic operators are known [14,
Theorem 1.2.1] to generate contraction semigroups (e717") ;29 on L2(R%), which are smoothing
in the Schwartz space for any positive time

V>0,V fel?®Y, e fe.s®RY.

In the recent work [18, Theorem 1.2], these regularizing properties were sharpened and these
contraction semigroups were shown to be actually smoothing for any positive time in the

Gelfand-Shilov space S}/2(R):3C>0,34>0,V fe [*R),V a, feN/, VO < 1 < 1,

C1+|a|+|ﬁ|

2kp+1
2

124051 )]l oo ay < @221 £l 2 gy, (26)

t (lal+IBl+2n+s)

where s is a fixed integer verifying s > d/2, and where 0 < kg < 2d — 1 is the smallest integer
satisfying

ko )

(] Ker[Re F(Im F)/] | nR?? = {0}. @7)

j=0
The definition and few facts about the Gelfand-Shilov regularity are recalled in appendix (Sec-
tion 6.5). Notice that the definition (27) makes sense as the singular space is zero S = {0}. An inter-
esting example of accretive quadratic operator with zero singular space is the Kramers-Fokker—
Planck operator acting on L*(R2 ),

v? 5
K:—Ay+z+v6x—VxV(x)6,,, (x,v) ER?, (28)

1x2 for which ko = 1 in this case.

with a non-degenerate quadratic external potential V(x) = 5
We refer the reader to the works [5, 33, 38] for other examples of accretive quadratic opera-
tors with zero singular spaces, as e.g. hypoelliptic Ornstein—-Uhlenbeck or Fokker—Planck oper-
ators acting on L2-spaces weighted by invariant measures [5], quadratic operators appearing in
finite-dimensional Markovian approximations of the non-Markovian generalized Langevin equa-

tion [33], or models of chain of oscillators coupled at heat baths at each side [5, 33].

1.2.2. Sufficient geometric condition for null-controllability

The main result regarding evolution equations associated to accretive non-selfadjoint qua-
dratic operators with zero singular spaces is the following sufficient geometric condition for null-
controllability with moving control supports:

Theorem 6. Let g : R x [R? — C be a complex-valued quadratic form with a non-negative real

part Req = 0, and a zero singular space S = {0}. Let T >0, 5 > 0, a € (0,+00)%, (w(£))sej0,7] be
a moving control support in R? and E be a measurable subset of [0, T] with positive Lebesgue
measure A(E) > 0. Ifw(t) is a (8, a)-thick subset of R? for all t € E, then the parabolic equation

{6tf(tyx) +q% (6, D) f(t, %) =Ly (Dult,x), xeR?, 29)

fli=zo = fo€e 2R,

is null-controllable on [0, T1].
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The null-controllability from fixed control subsets of evolution equations associated to accre-
tive non-selfadjoint quadratic operators with zero singular spaces was studied in the previous
works [3,5], and was shown to hold for any fixed control subset satisfying the geometric assump-
tion (2) in (5, Theorem 1.4], and for any fixed thick subset in [3, Theorem 2.2]. The result of The-
orem 6 therefore extends these previous results in the framework of moving control supports.
In the case of fixed control subsets, let us mention that Theorem 6 actually provides an alterna-
tive proof to the one given in [3]. Indeed, the proof of Theorem 6 relies on an abstract observ-
ability result (Theorem 13), that extends the abstract observability result established in [5, The-
orem 2.1] from which is derived Theorem 2.2 in [3]. However, the abstract observability results
are applied with different families of orthogonal projections. In the work [3], the orthogonal pro-
jections at play are the projections onto the first Hermite modes, whereas in the present work,
the orthogonal projections are frequency cutoff projections. The spectral estimates (46) and the
dissipation estimates (47) are therefore of different kinds in the two proofs, and are linked to
smoothing effects in different types of regularity. In [3], the dissipation estimates are derived
from a Gelfand-Shilov smoothing effect, that is, some Gevrey type smoothing effects both for
the solutions and their Fourier transforms. In the present work, the dissipation estimates are de-
rived from a weaker smoothing effect only given by a Gevrey type smoothing effect for the solu-
tions. Regarding the spectral estimates (46), we use in this work the quantitative version of the
Logvinenko-Sereda Theorem established by Kovrijkine [21], whereas it was needed in [3] to de-
rive an adapted version of the Logvinenko-Sereda Theorem for finite combinations of Hermite
functions. The proof given in the present work is then somehow more natural than the one de-
rived in [3]. However, it is actually most interesting to be able to use two different approaches for
establishing null-controllability. On one hand, one can indeed consider more degenerate cases
of evolution equations associated to accretive non-selfadjoint quadratic operators with possibly
non zero singular spaces. This question was recently addressed by Alphonse in [1, Theorem 1.12],
who obtained some null-controllability results from fixed thick subsets for evolution equations
associated to certain classes of quadratic operators with non zero singular spaces that enjoy only
partial Gelfand-Shilov smoothing effects. Theorem 1.12 in [1] is actually derived from the abstract
observability result (Theorem 13) established in the present work and used with frequency cut-
off projections. On the other hand, the other approach based on the Gelfand-Shilov smoothing
effects and projections onto the first Hermite modes which applies only for evolution equations
associated to quadratic operators with zero singular spaces can be push further by taking advan-
tage of the up to now unused exponential decay of the solutions in order to weaken the thickness
assumption of the control support. This is the topic of a work in preparation by Martin and the
third author [27].

1.3. Structure of this article

Section 2 is devoted to provide some applications of Theorem 5 and to study specific non-
autonomous Ornstein-Uhlenbeck equations with various moving control supports including the
general autonomous case and various examples of non-thick control supports that still satisfy
the integral thickness condition (11) for some positive time. The main result in Section 3 is
Theorem 13 which extends the abstract observability result established in [5, Theorem 2.1] to
the non-autonomous case and under weaker dissipation assumptions allowing a controlled
blow-up for small times in the dissipation estimates. This abstract result is key in the proofs of
Theorems 5 and 6. Theorem 5 is established in Section 4, whereas the proof of Theorem 6 is given
in Section 5. The appendix in Section 6 recalls various results needed in the core of this work as the
well-posedness of the homogeneous and inhomogeneous Cauchy problems associated to non-
autonomous Ornstein—-Uhlenbeck equations in Section 6.1; the Hilbert uniqueness method in the
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framework of moving control supports in Section 6.2; some key uncertainty principles related to
thick subsets in R? in Section 6.3; basic facts and estimates on Hermite functions in Section 6.4;
and the definition and various characterizations of the Gelfand-Shilov regularity in Section 6.5.

2. Some study cases of Ornstein—-Uhlenbeck equations

This section provides some applications of Theorem 5 with several study cases of Ornstein—
Uhlenbeck equations.

2.1. Heat equation

By applying Theorem 5 to the heat equation, that is, the autonomous Ornstein—-Uhlenbeck

equation with A(f) = v2I; and B(¢) =0,
{ 0r - A f(t,x) = 1o ult,x), (£,x)€©,T) xR, 30)

fli=o = fo € I*RY,
we recover the following result established for fixed control subsets w R4 in [10,48]:

Corollary 7. Letw be a measurable subset of R%. The following assertions are equivalent:

(i) The subset w is thick in R4
(i) The heat equation (30) is null-controllable from w for some time T > 0
(iii) The heat equation (30) is null-controllable from w in any time T >0

Proof. We first notice that the generalized Kalman rank condition (7) holds at any positive time
T >0, as EO(T) = \/Zld. Corollary 7 is then a direct consequence of assertion (iii) in Theorem 5,
ashere B=0andw(t)=R(T-t,0)w=wforall0<t<T. O

2.2. Abstract autonomous hypoelliptic Ornstein-Uhlenbeck equations

We consider Ornstein-Uhlenbeck equations on R? in the autonomous case
0, f(t, %) = 3 Tr[QVA (1, X)] — (BX, Vi f (£, X)) = Loy ult, x),
flizo = foe L*®RY),

with Q, B € M4(R), where Q is a symmetric positive semidefinite matrix. We assume that general-
ized Kalman rank condition holds at some time T > 0, that is,

Span{BkQ%x: X€E [R%d,kzo}:[R?d, (32)

(€20)

with Q% the symmetric positive semidefinite matrix given by the square root of Q. In the au-
tonomous case, notice that if the generalized Kalman rank condition holds at some positive time,
then it holds at any positive time. According to the Cayley-Hamilton theorem, condition (32) is
equivalent to the classical Kalman rank condition

Rank|[B| Q| =4, (33)
where
1 1 1 1
[B|@?]=[Q? BQ2, ... B 02,
is the d x d? matrix obtained by writing consecutively the columns of the matrices B/ Q%. By
applying Theorem 5, we obtain the following result in the autonomous case:
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Corollary 8. Let T > 0 and (w(t)) (0,1 be a moving control support in R?. We assume that the
Kalman rank condition (33) holds.

(i) (Sufficient condition). Let§ > 0, a € (0, +00)? and E be a measurable subset of [0, T] with
positive Lebesgue measure A(E) > 0. Ifw(t) is a (5, a)-thick subset in R? for all t € E, then
the autonomous Ornstein—Uhlenbeck equation (31) is null-controllable on [0, T] from the
moving control support (w(1)) te(o,1]-

(ii) (Necessary condition). If the autonomous Ornstein-Uhlenbeck equation (31) is null-
controllable on [0,T] from the moving control support (w(t))sco,1), then the moving
control support satisfies the following integral thickness condition on [0, T,

T
35,6 >0,V xeR?, fA(Bd(x,r)me”‘T)Bw(r))dr26>o, (34)
0

where B;(x, 1) denotes the open Euclidean ball centered at x with radiusr.
(i) In particular, ifw(t) = eT=YBwy, with wy a fixed subset of R?, then the following assertions
are equivalent:
(a) The subset wy is thick in R4
(b) The autonomous Ornstein—-Uhlenbeck equation (31) is null-controllable on [0, T]
from the moving control support (w(?)) wcjo, 1) for some positive time T > 0
(c) The autonomous Ornstein-Uhlenbeck equation (31) is null-controllable on [0, T]
from the moving control support (w(?)) rcjo, 1) in any positive time T >0

Proof. The assertions (ii) and (iii) of Corollary 8 are a direct rephrasing of the corresponding
statements in Theorem 5, since here R(#1, fy) = e~ 08 with £, t; € R. It therefore remains to
prove assertion (i). If E is a subset of [0, T] with positive Lebesgue measure, we can find0< 7" < T
such that
J0<rg=<T,VO0<r=ry, AMEN[T -1r,T1) >0,

as it is sufficient to take any Lebesgue point T’ of E. The Kalman rank condition (33) implies
that the generalized Kalman rank condition (7) holds at time T’. The assertion (i) in Theorem 5
provides the null-controllability of the autonomous Ornstein-Uhlenbeck equation (31) on [0, T']
from the moving control support (w(#))co,77]. We therefore obtain the null-controllability on
[0, T] from the moving control support (w(?)) «[o,7) by extending the control function to zero on
[T, T]. g

2.3. Translation example with the Kolmogorov equation

The Kolmogorov equation
@+ 0y —02) f(t,x,V) = Lo (x, V)ult, x,v), (t,x,0)€(0,T)xRxR, (35)
with T > 0, is an autonomous Ornstein—-Uhlenbeck equation (31) with the matrices
0-1 00
B‘(o 0)’ Q‘(oz)'
The Kalman rank condition holds since

o= [0 40]

Notice that in this case, the characteristics associated to the drift matrix B follow horizontal lines
and are translations along the x-axis since
1t
vi>0 e B= . 36
(O 1) 36)
The following result holds true:
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Proposition 9.

() If w is a thick subset in Rfc,v, then the Kolmogorov equation (35) is null-controllable on
[0, T from the fixed control subset w for any positive time T >0
(ii) Ifw is made of parallel vertical strips whose width vanishes to zero at infinity

w= U(n—£|m,n+£|m) xR,, where0<e,<1and lim €,=0,
nez n—+oo

with (e,)n=0 being a non-increasing sequence, then, for any arbitrary time T > 0, the
Kolmogorov equation (35) is not null-controllable on [0, T] from the fixed control subset w
(iii) Ifw is a cone of the type

n
w={(x,v=ax)eR:,: —tanh < a <0} with0 <0y < 2

then, for any arbitrary time T > 0, the Kolmogorov equation (35) is not null-controllable
on [0, T1 from the fixed control subset w
(iv) Ifw is acone of the type

n
w={(x,v=ax)eR},: —tanfy < a <tanby} with0 <y < 2

then:
(a) The integral thickness condition (34) on [0, T] holds ifand only if T > ﬁ
(b) The Kolmogorov equation (35) is not null-controllable on [0, T from the fixed control

subset w when
0<T<

tan6
(c) The null-controllability of the Kolmogorov equation (35) on [0,T] from the fixed

control subset w when 5

tan6,’
is not covered by the previous results and is an open problem

Proof. The assertion (i) in Proposition 9 is a consequence of (i) in Corollary 8. Regarding the
proof of assertion (ii) in Proposition 9, we first observe that the strip-shaped control subset w is
not thick in R?, since
n+N
VN=1,YnzN, A({(n,00+[-N,N*nw)< Y 4e;N<4NQ@N+1e,_p,
j=n—-N

tends to zero when n — +oo. The sufficient condition given by assertion (i) in Proposition 9
therefore does not hold. According to (36), the subset e"*w is composed by parallel strips with
the angle arctan ¢ with respect to the v-axis as shown in Figure 1. It follows that forall 1 =0, N = 1
andn=([t]+2)N+1,

N
A{(n,00+ [-N, N} ne Pw) < m(mf) " 4N <4N(2([t] +2)N +3)e
’ ’ = J = n—([t]+2)N-1,
j=n—([t]1+2)N-1

where [-] denotes the floor function. The necessary condition for the null controllability (34)
therefore does not hold on [0, T'] forany T >0, asforall 7T>0, N=1land n= ([T]+2)N +1
T
0< f A({(n,0) + [-N, N1} ne”Bw)dt <4TN(2(T1 +2)N +3)en—qri+2)N-1,
0

tends to zero when n — +oo. For any arbitrary T > 0, the Kolmogorov equation (35) is therefore
not null-controllable on [0, T'] from the fixed control subset w.
We now give a proof of assertion (iii). Let 0 < 6y < Z, T > 0 and r > 0. We denote by

21 ={x,v) € R%:v= —xtanfy} and 9y = {(x,0) : xR}, 37)
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a)r=0 v b)t>0 v

Figure 1. Motion of the union of strips with parameter €, = 27", n = 0 under rotation of
angle arctan ¢ with respect to the v-axis.

the straight lines composing the boundary of the conic subset w. We notice that (e~ *Bw) o 1)
is an increasing family of cones whose boundaries are given by the straight lines e~*5%; and
e 89y = @y. For any t > 0, the line

—1+ ttanf
=————FVg, (38)

e By :{ x,v)eER?: x=
! (x,v) tan@

never coincides with 2. In particular, the subset
R\ |J e Ba=R*\e "8p,
t€[0,T]
is a non-empty open cone. By picking X = (x, v) € R? with a sufficiently large norm in this set, we
can ensure that
BaX,nne Bw=g,
for all £ € [0, T']. Such a point X violates the integral thickness condition (34) in time T'. For any

arbitrary T > 0, the Kolmogorov equation (35) is therefore not null-controllable on [0, 7] from the
fixed control subset w.

ar=0 a)t>0

20

0o 28y

e” tB_@l

Figure 2. Motion of the cone under rotation when ¢ > 0.

We now give a proof of assertion (iv). Let 0 < 6y < 7. We denote

21 ={(x,v) € R%: v= —xtan6y}, D, ={(x,v) € R%: v= xtanfo},
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the straight lines composing the boundary of the conic subset w. We notice that (e~ w) (0,1} is

a family of cones whose boundaries are given by the straight lines e~ "8%; and e~ 2%, For any
t > 0, the straight line e By is given by (38), whereas
_ 1+ttanfy
" tan6, U} ’
is a straight line with positive slope with the x-axis and converging to the x-axis when t — +oo.

e By, = {(x, VER?: x

atr=0 b)0<t<m

. "eitBQZ

%o/ ) oy, =

eftB.@l

Figure 3. Family of cones (e”"Bw) (0,1

We observe that the set R?\ e~ "B is a non-empty cone for any time ¢ > 0. As above, this implies
in particular thatforany t =0, e~ !B, is not a thick subset in R? and that assertion (i) in Corollary 8
does not apply.

Let0< T < ﬁ, r >0 and y = (x,v) € R? be such that the open Euclidean ball By(y, 1) is
contained in the cone R\ e~ "Bw and tangent to @, as in Figure 4. This ball intersects the set
e "By only on a time interval ¢ € [0, £(y)) < [0, T] whose length £(y) tends to zero when | y| — +oco.

It follows that
T

T
f/l(Bd(y,r)me(t_T)Bw)dtzf A(Baly,r ne Bw)dt
0 0

)
=f A(Bd(y,r)me’th)dts)L(Bd(O,r))l(y)l s
0 yl—+oo

The integral thickness condition (34) is therefore violated on [0, T] when 0 < T < LO It follows
from the assertion (ii) in Corollary 8 that the Kolmogorov equation (35) is not null-controllable
on [0, T] from the fixed control subset w, when 0 < T < ta%eo.

1 1 2
= — _ < <
ot tanf d) tanf <t= tanfg
1By,
v v
i,
P2
T - x X

t

Figure 4. Family of cones (e""Bw)e(o, 7).
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e) > @, tanBo

eithl

= e By,

Figure 5. Family of cones (e""Bw)e(o, 7.

Let T> tanG . We aim at proving that the integral thickness condition (34) holds on [0, T]. Let
i 00 < T1 < T, 07 be the angle between the x-axis and the straight line e ~TBg,, 01 be the angle

between the x-axis and the straight hne e~ TiBgy, We observe that 0 < 0; < 6, < 6p. We can choose
the parameter T close enough to 5~ 6 so that there exists 0 < T> < T such that

e_TZB@2 = e_TlB@L

Forany X = (x,v) € R2\ {0} with x = 0, we introduce

arctan(y) ifx>0,
arg(X) =4 -2 ifx=0, v<0,
% ifx=0, v>0.

We notice that

e ifarg(X) e [- 90,61] then X belongs to e~ ~1Bg atleast for all £ € [0, T»)
o ifarg(X) e [01, ’2’] then X belongs to e By atleastforall r € [T7, T]
o ifarg(X) € [-5,—60], then X belongs to e~ Bw atleast for all ¢ € [—L—, T]

We set T* = min{Tz, T-T,T- tane } > 0. By changing X to —X, we easily notice that any
point X = (x,v) € R2\ {0} belongs to e By at least for all ¢ in an interval .#(X) < [0, T] of
length |.#(X)| = T.. On the other hand, the point X = 0 belongs to the closed cone given by the
adherence of e~ *Bw for all 0 < ¢ < T. By the conic structure of the set e"*3w, we can find p > 0
such that for all X € R? with |X]| > p, and for all £ € .#(X), e~ By contains at least half of the ball
B4(X,1). This implies in particular that for all X € R?, |X| > p,

T T 1
f/l(Bd(X,l)me“‘T)Bw)dtzf /I(Bd(X,l)me_th)dtZ5/1(3,1(0,1))
0 0

tanH ’

By continuity of the translation in L', we notice that the function

T
XeR? *’f A(Ba(X,)ne "Bw)dt,
0

is continuous on R?. Furthermore, this function is positive as any point X € R? belongs to e~ ‘P w at
least for all ¢ in an interval .# (X) c [0, T] of length |.# (X)| = T.. By compactness of the set B;(0, p),
the above function is therefore bounded from below by a positive constant on R?,

T T
35>0,V X e R?, f)L(Bd(X,l)me”’T)Bw)dt:f A(Ba(X,1)ne Pw)dt = 6.
0 0

The integral thickness condition (34) then holds on [0, T] with r = 1 and &. This ends the proof of
Proposition 9. d
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2.4. Rotation example with the Kolmogorov equation with a non-degenerate quadratic
external potential

The Kolmogorov equation with the non-degenerate quadratic external potential V(x) = %xz
writes as

’

@ + V0x — 0,V (X)8,, — 02) f (1, %, V) = (3; + vy — X0, — %) f (£, X, V) = L (x, V) u(t, x,v),  (39)

with (¢,x,v) € (0,7) x R xR, is an autonomous Ornstein—-Uhlenbeck equation (31) with the

matrices
0-1 00
p=(1%) e=[os)

The Kalman condition holds since
00 0- \/é)

1 1
[QZ,BQZ]—(O\/EO N

Notice that in this case the characteristics are given by rotations as

(40)

cost sint
V>0, e B=|"" i
—Ssint cost

Proposition 10.

(i) Ifthe subset w is thick in R?, then the Kolmogorov equation with external potential (39) is
null-controllable on [0, T] from the fixed control subset w for any positive time T > 0
(i) Ifw is made of a strip
w=Rx(-LL)cR},,
with L > 0, then for any arbitrary T > 0, the Kolmogorov equation with external poten-
tial (39) is not null-controllable on [0, T| from the fixed control subset w
(iii) Ifw is a cone of the type
w={xv=ax) eR*: 0<a<tany},
with0 <6 < %, then
(a) The integral thickness condition (34) on [0, T associated to the Kolmogorov equation
with external potential (39) fails when T < — 0y, and holds when T > — 0
(b) The Kolmogorov equation with external potential (39) is not null-controllable on
[0, T'] from the fixed control subset w when T < -0y

(c) The null-controllability of the Kolmogorov equation with external potential (39) on
[0, T from the fixed control subset w when T = — 8y is an open problem

Proof. The assertion (i) is a direct consequence of assertion (i) in Corollary 8. We now give a proof
of assertion (ii). The strip-shaped control subset

w=Rx (=L L) cR?

X, 0’

is obviously not thick in RZ?. The sufficient condition (i) in Proposition 10 therefore does not hold.
According to (40), the subset e~ "B is a strip with width 2L and angle — ¢ with respect to the x-axis
(see Figure 6). Let T > 0 and N be the smallest integer satisfying % < N.Letr>0and y € R?\ {0}.
For any u > 0, the strip e~*Bw intersects the ball B;(iy, r) on a union of at most N time intervals

tef(W=hL{wu---Uly,

with length | I.(1)| converging to zero when u — +oo. It follows that
T

T
f)L(Bd(uy,r)ne”_T)Bw)dt:f A(Ba(uy, 1) ne Bw)dr
0 0

=f A(Ba(uy, 1) ne”Bw)dr < A(B4(0,1).# (W — O0.
te.# (1) H—+oo
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The integral thickness property (34) therefore does not hold on [0, T]. The Kolmogorov equation
with external potential (39) is then not null-controllable on [0, T'] from the fixed control subset w.

ar=0 b) >0

u/

Figure 6. Motion of the strip R x (—L, L) under a rotation of angle —¢ with respect to the
X-axis.

We now give a proof of assertion (iii). Let 0 < 8y < %. For ¢ = 0, the subset e~ B is the cone w
rotated with angle —¢, see Figure 7.

ar=0 b)t>0

0o

0o

Figure 7. Motion of the cone under rotation of angle —t.

For any ¢t = 0, this subset is never thick in R2. The sufficient condition (i) in Proposition 10
therefore does not hold. If 0 < T < 7 — 0, R? \ Useo,11¢~ "B is a non-empty open subset of R?. Let
r > 0. If the point X = (x,v) € R?2 is chosen in this set with a sufficiently large norm, then

By X,r)ne Bw=g,

for all £ € [0,T]. The cone w does not satisfy the integral thickness condition (34) on [0, T]
associated to the Kolmogorov equation with the quadratic external potential (39) when 0 < T <
7T —0y. We now consider the case when T > 7 —60, and set T, = inf(T +0y—,0p) > 0. There exists a
positive constant p > 0 such that for any X = (x, v) € R? with | X| > p, there exists a time set .# (X)
with Lebesgue measure A(.# (X)) = T, > 0 such that

Vte#(X), ABaX,1)ne Bw)==-1A(B4(0,1).

N | —
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It implies that
r 1
YIXI>p, f A(BaX, ) ne Bw)dt = EMB”’(O’ )T, >0.
0

By continuity of the translation in L', we notice that the function

T
X eR? ”f A(Ba(X, D ne Bw)dt,
0

is continuous on R?. Furthermore, this function is positive as any point X € R? belongs to e~ “Bw at
leastforall ¢ in a time set.# (X) c [0, T'] with Lebesgue measure A(.# (X)) = T, > 0. By compactness
of the set B,4(0, p), the above function is therefore bounded from below by a positive constant

on R?,

T T
35>0,V X e R?, f}L(Bd(X,l)me“‘T)Bw)dt:f A(BaX, D ne Bw)dr= 6.
0 0

The integral thickness condition (34) then holds on [0, T] with r = 1 and ¢. This ends the proof of
Proposition 10. d

®

Figure 8. Trace of the ball of radius one when the cone rotates.

2.5. Dilation example

We consider the one-dimensional heat equation
@r =0 f(t, %) = Loy (O u(t, ), 41)
with the moving control support
w(t) = a)\/TZut, where w =[-1,1]U U (nz, n + n)u (—n2 -n, —nz),

n=1

with p > 0. The subset w is not thick in R. Indeed, for all > 0, there exists 7y = 1 such that for all
n = ny,

, 3n , 3n

n“+-—-rn+—+r|Nw=4a.
2 2

Equivalently, for any ¢ > 0, the subset w(¥) is not thick in R. However, the following proposition
shows that the heat equation (41) satisfies the integral thickness condition (34) on [0, T'] with
the moving control support (w(#)) o, 1], for any positive time T > 0. The null-controllability of
the one-dimensional heat equation (41) with the moving control subset (w(#))se[o,7] is an open
problem.

Proposition 11. Forall T > 0, there exist some positive constants r,0 > 0 such that

T
VxeR, f Mx-rnx+r)no)dt=6>0. (42)
0
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a)tr=0
-2 2

B R R N N D N S I (D A S IO SRS B

—32 2 22 32 42 52 62 72

b)t>0, a=./1+2ut

—2a 2a
( ) () [ () ( A ( A ( |
( ] |GV J U { ] ( ] ( J
-32q —22q 22q 32q 22q 52q

Figure 9. The control subsets w(f) = w+/1+2ut attime £ =0 and ¢ > 0.

Proof. Let T > 0. By symmetry, it is sufficient to establish (42) when x = 0. We begin by studying
the case when x > max(5, /1+2uT). We first prove that for all x > max(5,/1+2uT),

T (x—1)2 1 x+1)2 1 )
AMx—1,x+Dnw®))dt= —1-— ——|, (43)
fo ( ) i ke;x)k“ x=1) (1+4)?
with
y(x):{kzzz_mllsks_ms—l}_
(1+2uT)i 2

Let x > max(5,1/1+2uT).Forany 0 < t < T and k = 2, the set inclusion
(x—1,x+1)c+/1 +2pt(k2, K +k),

is equivalent to the two estimates

Vit2utkl<x—-1, x+1s<\/1+2ut(k*+k),

il )=l )
— -1|=t=s— -1].
2u\\kK2+k 2u '\l K2

We observe that the set inclusion
Gl ) zll&) e
— —_— — — — p— C ,
2u\\ k2 +k “2u i\l k2 '

is equivalent to the condition k € .#(x). We finally obtain that

or, equivalently

T T
f/l((x—l,x+1)mw(t))dt2/ )L((x—l,x+1)m U \/1+2/Jt(k2,k2+k))dt
0 0

ke.# (x)
T
> f A= 1 x+ 1) 0 /TH2ai(2, K2 + 0)de
ke (x)Y0
T 1((x-1)? +1)2
f ME-Lx+Dno®)diz Y —((x—z) —(xz— )
0 reg B\ K kK +k
It proves the estimate (43). Next, we prove that there exist some positive constants A>1and C >0
such that for all x > A,

and

T
f MEx-Lx+Dnw(®)dt= < (44)
0 4u
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We first notice that there exists n > 0 such that forall0 < x <7,

1 X

<
Q+x)2 - 2

There exists a positive constant A’ > max(5, /1 +2uT) such that for all x > A’,
x—-1 1
—_— >
1+2uhz 1N
We obtain that for all x > A’ and k€ .# (x),

1

1_Q+2pDs
k x—1

It implies that for all x > A" and k € .# (x),
Lol (45)
1+ 7)? 2k

We can find some positive constants C >0, C' >0 and A” > A’ such that for all x > A”,

1 1+2uT 1+2uT [ V4x+5-1 x—1 ol
= —'uz#y(x)S 'uz ( - I =31
ke S (x) k (x-1) (x-1) 2 (1+2uT)i X
and
1 25 C
Y = #I(x) 2 —.
ke K " Waxrs-1p x
According to (43) and (45), we obtain that for all x > A”,
T -1)2 1 +1)2 +1)% 1
f A((x—l,x+l)mw(t))dt2(x ) —4( (2= + x—) —)
0 B kezmk x—1 x—-1) 2k
2
keﬂ(x) k ke s (x) k
4C’
TuvE 2u
Finally, there exists a positive constant A > A” such that for all x > A,
4Cc"  C
=—,
wx o Ap

which establishes the estimate (44). We now conclude with a compactness argument when
|x| < A. For any x € [- A, A], we notice thatforall0< r < T,

(-1, Dc(x-2A,x+2A)Nnw().
It implies that
Vx| < A, fOT)L((x—ZA,x+2A) Now(r))dt=2T > 0.
It gives the conclusion with 7 =2A and § = min{&,ZT}, aswhen x> A,
(x-Lx+1)c(x—-2A,x+2A),

since A > 1. This ends the proof of Proposition 11. O
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3. An adapted Lebeau-Robbiano method with moving control subsets

Definition 12. Let (X, |-|lx) be a Banach space. A two-parameters family of bounded linear
operators % (t,s), 0 < s < t < T is an evolution system of contractions of X if the following three
conditions are satisfied:
D) VYO<ss<T, % (s,8)=Idx;VO<s<r=<t<T %, nN%rs)=%(t,5s)

(i) (t,8)— % (t,s) € L.(X) is strongly continuous forall0<s<t<T

(i) VOss<t=T 1%tz =1
where Idx denotes the identity operator on X and £.(X) stands for the set of bounded linear
operators on X.

The following result extends the abstract observability result established in [5, Theorem 2.1]
to evolution systems and time-varying control subsets. It also allows some controlled blow-ups
for small times in the dissipation estimates that is not covered by the result of [5, Theorem 2.1],
and that is absolutely needed for various study cases and in particular for the proof of Theorem 6
in the present work. Despite these improvements, the following proof essentially follows the very
same lines as the one given in [5, Theorem 2.1].

Theorem 13. Let Q be an open subset of R?; T > 0; (w(1)cj0,7) be a moving control support
in Q; (L) =1 be a family of orthogonal projections defined on L*(Q); % (t,s),0<s<t<T be
an evolution system of contractions on I2(Q); 61, my = 0; 62,01,61,02,cé,a, b, m; > 0 be positive
constants with a < b and 0 < 61 < 82 < T; E be a measurable subset of [01,02] with positive
Lebesgue measure. If the following uniform spectral estimates with respect to t € E,

VieEV gel? @),V k=1, Imiglieq < e  1megl 2w (46)

and the following dissipation estimates with controlled blow-up
Vgel?(Q),Vk=1,V8 ss<t<8y,

_ _omy b
1L -7 % (t,9)8 2 ) < eI gl 0, (A7)

cy(t—s)me
hold, then there exists a positive constant C > 0 such that the following observability estimate holds

fora.e t* € EEYR>0,3f€(t*,t* +R)NE,Y g€ I*(Q),

C f e
PPN % (t,t*)gl dr. (48)
(to—t*)b-i) (t*,1)nE 82w

In particular, there exists a positive constant Cy > 0 such that

% (ty, t*)glliZ(m < exp(

2 2 2
More specifically, let C > 0 be a positive constant verifying
b __a 2agh
C>cl“c, " —ﬁ, (50)
yY(ﬁ—y)ﬁ—Y
with
=4 Sy B=2y+ abrm >0, a=y+l+a+ a >0
YEpa”" P T a2 T 4T b-a
Then, there exists Ty > 0 such that, if E = [61,62] = [0, Tl with0< T < Ty, then
C T
II%(TyO)gIIiz(Q) SeXp(W)fo ll%(t,o)glliz(w(t))dt. (51
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The proof of Theorem 13 relies on a telescopic series argument due to [29] (see also [30]), and
already used in [2, 37, 49]. The proof of the observability estimate (48) uses the following result
which is already stated in [47, Lemma 2.3] and briefly proved in [25, p. 256-257]. For the sake of
completeness of the present work, a proof is given:

Proposition 14. Let 0 < 0; < d2 < +oo and E be a measurable subset of [81,02] with positive
Lebesgue measure. There exist some positive constants 0 < p < 1 and Cy, Cj > 0 such that for almost
every t* € E and for all R > 0, there exists a decreasing sequence (t;) j=o of (t*,t"* + R) N E such that

t; — t¥,

Jj—+o0
Vizl, A((tj,%)mE)Zp(%)>0, (52)
Vijz1l, tj—tjs1=Coltj—1—1))>0 (53)
and
fo— 1 = Cylto—1*) > 0. (54)

Proof. The above result is proved here with the constants p = %, Co= é and C) = i. The proof
can actually be performed with any 0 < p < 1 and related constants Cy(p) > 0 and C((p) > 0. Fora
given measurable subset A of R, we recall that a Lebesgue, or density, point of A is a point x € A

satisfying

X+r

1 1
Z—r/l([x—r,x+r]mA)—5fx_r La(dy — 1.
r>0
This property readily implies in particular that
1 1 xX+r
—A[x, x+ 71N A) =—f La(y)dy — 1. (55)
: s =

By Lebesgue theorem, almost every point of A is a density point of A.

Step 1. We begin by constructing a particular subset E of E satisfying A(E) = A(E). It will be then
sufficient to establish Proposition 14 for any ¢* € E. For any m = 1, we introduce the set

1 3r
En=40€E:Y0<r<—, /1([0,0+r]mE)zz cE.
m
Let D,,, respectively D, be the set of Lebesgue points of E,;,, respectively of E. The sequence of
subsets (E;;) ;=1 is non-decreasing for the inclusion
Vm=1, E;<Ep+1.
The sequence of subsets (D,;) =1 is therefore also non-decreasing for the inclusion
Vm=1, Dy <Dpys.

According to (55), any Lebesgue point of E belongs to a subset E,, for some m = 1 sufficiently
large
Dc | En.

m=1

By Lebesgue theorem, we have A(D) = A(E) and A(D,,) = A(E;,) for all m = 1. It follows that

AME) = A(D) s)t( U Em) = lim AMEp)= lim A(Dp) :)L( U Dm).
ma1 m—+oo m—+oo m=1
As U1 Dm € E, we obtain that
A(E)z/l( U Dm).

m=1
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We set E = Uyy=1 Dy Let t* € E and R > 0. There exists m* = 1 such that t* € D,,+. It follows
from (55) that

1

Mt t* +rINEpe) — 1.

r

r—0
r>0

There exists 0 < rg < min{R, #} such that
. x 3r
Yo<r=<ry, A[t%¢ +r]mEm*)zz. (56)

Step 2. Next, we construct by induction a decreasing sequence (¢;) j>o of E;» N (t*, t* + o) such
that
tj—t* 3(tj—t")
tis1€|t"+ ]4 S+ ]4 NEpx < (&, t" +719) N Epy>. (57)

According to (56), the set (t*,t* + ryp) N E;+ is not empty. We choose an arbitrarily point £ €
(t*, £* +ro) N Ejp+. Let us now assume that the points (£))o<;<j, with j = 0, are already constructed
and satisfy (57) for all 0 < [ < j — 1. We aim at finding ¢, € (¢*, t* + rp) satisfying (57). Since
0 < tj—t* <rg, we deduce from (56) that

3(ti—t")

)L([t*,tj]nEm*)ij.

s, Gt 3(t—tY) . . .

The set |t* + T+ N E,;+ is therefore not empty, since otherwise the above measure

. tj—t* . . .
would necessarily be less or equal than <5—. It is then sufficient to choose the point f;,;

arbitrarily in this set. The sequence (¢;) j>o is decreasing by construction of (¢*, t* + R) N E.

1

—=» we deduce from

Step 3. Let j = 1. Since by construction f; € Ej;+ and 0 < 1 := # < ’2—0 <
the definition of the set Ej;,+ that

A((tj,tj+r)r1E) >-r,

S w

which proves (52) with p = %. Furthermore, it follows from (57) that for all j = 0,
tj—t *<3(tj—t)
4

Stin—t's——,

4
which implies that

hh—tHh=t)—

3t+lt*)—l(t ")
4074 )T g0

This establishes (54) with Cj = %‘. We finally obtain by using anew (57) that forall j > 1,

ti—tim=t 3tj+t*)—1(t t*)>1(t )
J ]+1 =1 4 4 - 4 ] - ].6 ]_1
>1( 4( tjfl))_l(t £)>0
“1e\ s\ ) T
This proves the estimates (53) with Cy = é U

We can now prove Theorem 13.
Proof. For simplicity, the notation |- | refers in this proof to the norm |-|l;2). We aim at

establishing (48) with the parameters t* and t; given by Proposition 14. We first observe that the
estimate (49) is a direct consequence of the contraction property of the evolution system and (48).

C. R. Mathématique, 2020, 358, n° 6, 651-700



Karine Beauchard, Michela Egidi and Karel Pravda-Starov

675

Indeed, by applying (48) to some allowed values of t* € E and t € (t*, t* + 1) N E, we obtain from

the contraction evolution system properties that for all g € L?(Q),

1% (T,0)g 1> = | % (T, to)% (to, t*)% (t*,0)g|1* < | % (to, t*)% (t*,0) g |1?

C
— | [ e gt e
(to— t*)p=a J Jt*,0)0E ¢

< exp(
<G [ 12 (100l .
with

C
C = exp(—uml) >1.
(to—t*)b=a

Let us now prove the estimate (48). Let 0 < p < 1, Cp, C(’) > 0 be as in Proposition 14. Let 0 < € < 2.

We consider the positive constants

2+¢€)c 24 a
Y=|———5— >0, M=Q2+¢&c2y)*>0.

[
2-8)cCy

By the definition (58) of the constant y, we observe that

bmy

M=(2+eap*=2-8cy’ci .

Let R > 0. There exists 0 < R < R such that forall 0 < 7 < R,

bmy

brb-a

14 >1 pT @n* < G
L , 2 o = €XP | —€C1 —zmy |» G 2 2mp—1 = exp| Ec amy
Tb-a Cl Tb-a 062 T T b=-a

Then, for all 0 < 7 < R, there exists an integer k(r) = 1 verifying

2y

my
T b-a

1< <k()=<

my ’
T b-a

(58)

(59)

(60)

(61)

since according to (60), the interval (y7~ =3 2yt~ #-a) is of length greater than 1, and is contained
in (1,+00). Let t* and (tj) j=0 be as in Proposition 14 applied with the constant R > 0 defined

in (60). We define
Vj=1, Tj=%>0.
We observe from (52) and (53) that
Vj=1, 0<7;<R,
vVijizl, 7 SCioTj-H,
Vjiz1l, A((tj,tj+T)NE)=p1;.
According to (61) and (62), we can define k; = k(7;) = 1 such that

4 <kj< Zml
b-a
J

Vj=1,

T

L |

b-a
. T
J
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Step 1. We begin by establishing the following estimate: V j > 1, V g € L*(Q),

F@pl% i+, 9817 = FE DI (tjo1+T a1, )81 sf 1% (2, 1) 172 17y 41> (66)
(tj,tj+Tj)ﬂE
where
M
f(s)—exp( T ), s>0. (67)
Sb-a
By using successively (64), the contraction property of the evolution system, the Pythagorean
identity, the spectral estimates (46), the triangular inequality and || - | ;2,5 < Il - |, we obtain that
forall j=1,
—chk“ -2c1k?
e e I * 2
pri g < S | 1% (1, 1) gIdr
2c! 1 2¢q (tj,tj+7)NE
6—201k}‘
| (1,2 (2, )12 + 10 = )% (1, £)g1 ) de
261 (tj,tj+T)NE
= Sl % (8t gl +I(A = )% (2, 17) IIZ)dt
j;t],t]+rj)ﬁE( &l / &
thatis

—chka
* 2 * 2
PTj——5— 20 % (tj+7;,1" )gll? f(t,- t,-n,—)ms(”%(t't 081172 iy TN =Tk )X (6,8)8172 01

HIA =T )% (1,812t

* 2 _ * 2
sf([] oo (170080 #2000 % (01150

By using successively the dissipation estimates (47) and the fact that
te(tj,tj+1;) = t—-({tj1+7j21)=7j41>0,

for any j = 1, we obtain that for all j = 1,
f 2011 -7 )% (1, 1) gl*de
(tj,tj+1,)NE

S[ 201 _”kj)%(t» L+ T )Y (L1 +T 1, t*)gl?dt
(t] t]+r])

o 2ee =t Tl MR

1% (tj41 + 741, £ gl d1

2
= 12 2
(tj,tj+1)) €5 [t —(tj+1+Tj+1)] me

2.”—j —201"

)
= 2p2m / ]||%(t]+1+T]+1,t )gll
2 " j+1

We deduce from the previous two estimates that for all j = 1,

p ] 2()1k 2
” ,2 i (tj+15,t)g]
2Tj —201" 1
= 1% (6, )85 oy AT+ et JII%(IJ+1+T]+1,I )gl%. (68)
(tj,tj+1)NE € T

By first using (60), (62) and (65), and then (58) and (67), we obtain that forall j =1,

Ti _ a a 2 a
d ée 2aky 5 > Pt 7 exp —26‘1( 321 > exp —(2+£)cl( V) =f(r;
2¢/ 201 T]{gfu T;,fa T;;fa
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By using successively (65), (63), (62), (60), (59) and (67), we obtain that forall j =1,

2T 20,7™ kb 2T ; b
-2c7; L k7
Lotk < exp| —2c1"! 14
cl2p2me cl2p2me j+1 bmy
2 " j+1 2 Yj+l T b-a
J
bmy '}/h
< - _ b-a
< Coc’zrzmz_l exp [ -2¢2C, o
. —da
2 Tj+1 Tj+1
bmy ,}/b
b— —_ —
sexp|-2-8aCy ™ —m | =exp| ——mr | = f(Tj+1).
b-a b-a
Tj+1 Tj+1

According to the two above estimates, we deduce (66) from (68).

Step 2. We can now derive the observability estimate (48). Summing up the estimates (66) for all
Jj =1 provides that

FaOI% (1 +711, )81 Sf

(t*,10)N

since by the contractivity property of the evolution system and (67),

N (@881 A (69)

N M
FEl% (@t +7;, )81 <exp | —— ||g||2j—» 0,

—+00

as 7; — 0 when j — +oo, because t; — t* when j — +oo; and since the intervals (tj,tj + 1) are
disjoint and included in (¢*, fy). According to (54), the estimate

) *
=——2>—(tr— %) >0,
71 2 2 (to—17)
implies that
M o
f(@) =exp| —— | = exp (_—aml)’
Ao (fo—t*)T-a
with C = M( %] =1 . We finally obtain from the contractivity property of the evolution system that
0
* 2 * 2 C * 2
% (2o, £)gN° < % (1 + 711, £7) gl Sexp(—ml)f 1% (£, £) 8172 A2 (70)
(tg— t*)b=a | (", 10)NE

This ends the proof of (48).

Step 3: Estimate of the observability cost when E = [0, T]. We consider the case when E =
[61,62] = [0, T]. Let u > 0. We define the sequence (£;) j=o by

Vjz0, t €(0, 7).

= 5Ghn

We notice that on one hand
ti — 0

j—+o0
and that on the other hand, the conclusions of Proposition 14 hold with t* =0 and R = T, since
assertion (52) holds with p = 1, assertion (53) holds with Cy = 2% and assertion (54) holds with
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Cy = 1 - 3z. We can therefore resume the previous proof and deduce from (70) the following
observablllty estimate holds for all g € L?(Q),
2 r 2
1% (T,0081" = | % (2—”,0)5'
24570 C ”
= exp ﬁ foyzz |% (¢, O)gIILz(w(m (71)

C
SeXp( m)fo 1% (1,008 1 A1

T bv=a

by the contractivity property of the evolution system with the constants

((2+5)cl zwbml)bl
2-¢)c '

amy

~ 22u+1\ p=a
=2+ 2 a, C=M
2+&)a2y) (2#—1)

By choosing the parameter 0 < £ < 2 small enough, the positive constant C > 0 appearing in the
observability estimate (71) may be chosen arbitrarily as

amy a

. 22u+1 b-a c bmy \ b-a
> ( ) c121*e (—lzwﬁ) , (72)
2H—1 Co

as long as the parameter R = T > 0 is chosen sufficiently small to ensure (60) with this choice of
the parameter 0 < € < 2. The estimate (72) can be equivalently written as

a 2

C> ¢, " h(w, with @= Zml >0 (73)

and )
2HB am; ~ abm
h(y) = ——, ith ¥= >0, =27+ >

(1) oy Wi Y=, B=2y b2

The function & takes its minimum value on (0,00) at g, such that 2#+ = f%_/ and
gh
h(ﬂ*) = %
YrB-ph-7

If C is a positive constant such that (50) holds, we conclude that there exists Tp > 0 such that (51)
holdsforall0 < T < Ty. O

4. Proofs of the main results for Ornstein—-Uhlenbeck equations

This section is devoted to the proof of Theorem 5. Let T > 0 and (w(#))sejo,7) be a moving
control support in R?. We assume that the generalized Kalman rank condition (7) holds at time
T. We begin by noticing that the null-controllability on [0, T] from the moving control support
(w(1)) rejo, 1) of the equation (3) is equivalent to the null-controllability of the following equation

0:f -3 Tr(AWAWTVESF) = (B()x, Vi f) = 3 Tr(B(D)) f = Lo (D u,
flizo= fo e L*RY),
as it is sufficient to change the unknown function f to f exp(% fot Tr(B(s))ds). This reduction

ensures that the adjoint system (76) defined below generates a contraction evolution system on
[*(R%). Next, we observe that the L?(R¢)-adjoint of the operator

(74)

%Tr(A(t)A(t)TVfC) +{B(t)x,Vy) + %Tr (B(1),
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is given by
1 T2 1 ! T2 1
5Tr(A(t)A(t) Vx)+<B(t)x,Vx)+ETr(B(t))) :ETI(A(I)A(t) Vx)—<B(t)x,Vx>—ETr(B(t)).

By using the Hilbert uniqueness method, see Proposition 21 in Section 6.2, the null-controllability
on [0,T] of the equation (74) from the moving control set (w(t)):co, 1) is equivalent to the
following observability estimate with respect to the moving observation support (w(T — £)) te[o, 1,

T
3C>0,Y g e PR, 18D, 5 =<C fo 1§22 -y A1 (75)
where g is the mild solution to the Cauchy problem

0:8(t,x) -~ P(1)g(t,x)=0, xeRY,
8 ; 8 y (76)
8lt=0 = o € L7 (RY),
with ) 1
P(t)= ETr(A(:r— HAT - )TV2) —(B(T - 1)x,V,) - 5Tr(B(T -1).
We deduce from Proposition 19 and (143) that there exists an evolution system (% (¢, $))o<s<¢<T
of contractions of L?(R?) such that the mild solution to the Cauchy problem (76) is given by

Vg e’ RY,VO<t<T, g(t)=%(t0g € L*R. @7

4.1. Sufficient condition for null-controllability

Let 7y : L2(R%) — Ej be the orthogonal projections onto Ej the closed subspace of L?(R%)-
functions whose Fourier transforms are supported in the cube [k, k19,

Ex={fe*®RY :supp fc [~k k19}, k=1. (78)

The normalization of the Fourier transform used throughout this work is the one given by (137).
Instrumental in the proof of assertion (i) in Theorem 5 are the following dissipation estimates
similar to the ones established in [5, Proposition 3.2] in the autonomous case and in [4, Propo-
sition 2.2] in the non-autonomous one. However, the result of [4, Proposition 2.2] cannot be di-
rectly applied here and its proof needs to be revisited as follows:

Proposition 15. Let T > 0. We assume that the generalized Kalman rank condition (7) holds at
time T. Then, there exist some positive constants0 <€ < T, m; > 0 and c, > 0 such that

—~ _ — o\ 2
Vg e PR, V0ss<i<EVEk=1, [A0-m)% 598l 2qs<e ™" Cligll 2@, (79

where % is the contraction evolution system on L*(R%) associated to the adjoint system (76) given
by Proposition 19.

Proof. There exists a positive constant 0 < € < T such that (T —¢,T +¢) < I, since I is an open
interval and T € I. We first aim at establishing that there exist some positive constants ¢ > 0,
0 < € < € and a positive integer m; = 1 such that

T
VEeRYVO<t<T<E, f AT — )TR(¢,9)T&Pds = c(z — )™|¢)?, (80)
t

with | - | being the Euclidean norm on R¢ and R being the resolvent of the time-varying linear
system

X()=B(T-0X(). (81)
We recall for instance from [9, Proposition 1.5] that this resolvent satisfies the following properties
Vit,7€[0,Tl, R(DR(T,0)=14 (©02R)(t,7)=-R(t1)B(T-71). (82)
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We notice from (5), (6) and (82) that forall k =0and t,7 € [0, T],
k
dr a-k

We consider the function

— (AT -0"Rt, 1)) = D AT - R, DT (83)

T
fi(t,7) =f AT - )" R(t, )" ¢”ds, t,7€0,T],
t

depending on the parameter ¢ € R%. According to (83), we easily check by the Leibniz formula
that

Vk=0,Vt,Te(0,T],

@5 (1) = (1) Z
j=0

| JT-D"REDTEAT-D'REDTE, (84

where (-,-) denotes the Euclidean scalar product on R%. The generalized Kalman rank condi-
tion (7) holding at time T implies that

+00 -
() Ker (Ax(T) ) nR? = {0}. (85)
k=0
By induction, we easily check from (84) that for all k£ = 0,
k
VOs<i<2k+1, (35£)(0,00=0 < &e [ Ker(A;(D7)nRY. (86)
j=0

According to (84), (85) and (86), it follows that for all { € R\ {0}, there exists k¢ = 0 such that
VO<j<2k;, 0)f)0,0=0 @87)
and

@ | A (D)7 &2 >0, (88)

1:)(0,0) = (
f

We aim at proving that for all ¢ € S4! (the unit sphere), there exist positive constants ce >0,
0 < & < ¢ and an open neighborhood V; of ¢ in S9! such that

T
VO<t<T<E,VneV, f |A(T - $)TR(t,5)Tn?ds = ce (1 — )R, (89)
t
By analogy with [42, Proposition 3.2], we proceed by contradiction. If the assertion (89) does not
hold, there exist sequences of non-negative real numbers (#;);>¢, (77) ;>0 satisfying

VIi=0, 0<t<71/<E, lim ;= lim 7;=0, (90)

[—+00 I—+00

and a sequence (1]);>¢ of elements in S$4-1 g0 that

lim n;=¢, 91)
I—+00
and . o
lim —/ AT = s)TR(#;,5)Tn;1%ds = 0. (92)
I=+oo (7, — 1))%ke 1 Jy e
We deduce from (92) that
1 i+t
lim —————  sup |A(T — )T R(1,5) Tn;12ds = 0. (93)

I—+00 (77— 17)2Ke+ Y o<p<r)—1 Iy
Setting

1 t+x(T;—1;) T T
f |A(T = 9T R(11,9) Ty 2ds 2 0, 94)

u(x) = ———-—
(x;— )2kt Jy
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for any 0 < x < 1, we can reformulate (93) as

lim sup |u;(x)|=0. (95)

l=+o00p<x<1

By writing that

T
) = | 1A= 9T R(t;, 9 ni12ds

7]

2ke+1 2k +2
(T -t~ 2kg+2
Z “(])(T -1 ) + m[ (1- S)Zkfﬂ(az o fm)(tl, f+s@—1t))ds, (96)
¢+ Db Jo
with a(] ) é 05 fa )t 1) (j 1)~1, we notice from (84) that there exists a positive constant M > 0 such
that
Viz0,V7elo,T], ‘(gk +1)lf (1_5)216'5+1((92]C +anl)(tl,tl+S(T—tl))ds <M. 97)
It follows from (94), (96) and (97) that
2kg+1 a;f)
VO<sx<1,VI=0, |u(x) - — L x| = M- )xPket?, (98)
l ;) (Tl _ tl)2k¢'+lf] l l
It follows from (90), (95) and (98) that
lim sup |p;(x)| = (99)
—>+ooo<x<1
with
2kg+1 a¥ _
pro= Y ——L . (100)

o (7y— )Pkt
By using the equivalence of norms in finite-dimensional vector spaces, we deduce from (99) that

(j)
VO0<j<2k:+1, lim L S 101
/ ¢ I—+oo (7 — t;)2ke+1-] (101)

We obtain in particular that
Q@ke+1)

lim a,

[—+00

According to (88), this is in contradiction with the fact that

=0. (102)

. (2](3{ 1) . il bl Zkf 1
ll“l - h]“ ’ 0 O >0 103

By covering the compact set S9! by finitely many open neighborhoods of the form (V¢,)1<j=n,
and letting c = infi<j<n > 0,0<€= 1nf1<]<N{e Sl<e, m = 1+sup; <<y kg =1, we conclude
that

T
VEeREVO<t<T<F, f|A(T—s)TR(t,s)T5|2dszc(r—t)’"waz.
t

It ends the proof of the estimate (80). We can now derive the estimates (79). Let % be the
contraction evolution system associated to the adjoint system (76) given by Proposition 19. We
deduce from (135) in Proposition 19 thatforall0<¢t<t<Tand gy € I? ([Rd),

(% (7,080 &)
T T
:exp(%f Tr(B(T—s))ds)xga(R(T,t)Tf)exp(—%f |A(T - 9)TR(x,9)7¢Pds|, (104)
t t
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where the resolvent R is defined in (81). We deduce from (80) and (104) that forall0 <t <7 <¥E,
k=1 and gy € L2(R%),

2
10 =70 % (, D80l g, (105)
! f’Tr(B(T—s»dsf = T )2 - J{ 1AT-9)TR(z,9)T €2 ds
= — el o(R(, D" &)|"e /i el de
@2md EeRA\[—k, k14 8ol )
= |det(R(t,r))|efrtTr‘B(T‘3))dsf IG5 (©) e [T IAT-9TRwST e s g
@emn)d R(t,7)TE€RIN [~ K, k]d
1 f ey 12— c(r— 1) |2
< Igo(&)I7e™° d¢,
@m4 JigzkiRE DT

since
Vi,b,3€[0,T], R(t,)R(t,3)=R(1,13),
see e.g. [9, Proposition 1.5], and by Liouville formula

vt,1el0,T], det(R(r,t)):epr Tr(B(T - s))ds|,
t

see e.g. [6, Proposition I1.2.3.1]. We deduce from (105) that there exists a positive constant ¢, > 0
suchthatforall0<st<t<¢ k=1land g€ LZ([Rd),
_ _am k2
10 =) (T, 080172 gay < €277 1017, ay- (106)
It proves the estimate (79) and ends the proof of Proposition 15. O

We can now resume the proof of assertion (i) in Theorem 5. Let § > 0, a € (0, +00)% and E be a
measurable subset of [0, T] satisfying

30<rg=sT,VO0<r<ry, AMEN[T-rT])>0. (107)

We assume that w(z) is a (8, @)-thick subset in R for all € E. In order to establish assertion (i)
in Theorem 5, we prove that the observability estimate (75) holds by applying Theorem 13
(formula (49)) with % the contraction evolution system on L?(R%) associated to the adjoint
system (76) given by Proposition 19, §; = 0, 0 < §2 = min(¢, ry) < T, € given by Proposition 15
and the moving control support (@(?)) rcjo,1] defined as
o) =w(T-1, tel0,T].

Proposition 15 shows that the dissipation estimates (47) hold with ¢} = 1, my = 0 and b = 2.
Regarding the uniform spectral estimates (46), we notice that @(¢) is a (8, @)-thick subset in R?
forallte T—E ={T—s: s € E}. It follows from (107) that the subset E = (T — E)N [0, 85] is therefore
a measurable subset of [0,6,] with positive Lebesgue measure as

AME)=A(T-E)n[0,62]) = A(EN[T =85, T]) > 0.

We deduce from Theorem 24 that the uniform spectral estimates (46) hold with E c [0,55] and

the parameters
@ ©¢d
a=1, ¢ :2%|a|ln(7)>0, c{:(—) > 0. (108)

We can therefore deduce (75) from Theorem 13. This ends the proof of assertion (i) in Theorem 5.

Remark 16. Let C > 0 be a positive constant verifying

2
32 €4 8\3m
C>—(<€|a|ln(—)) (—) ,
C2 0 3

where the positive constants ¢, > 0 and m; > 0 are given by Proposition 15, and € > 1 is the
universal constant given by Theorem 24. We deduce from Theorem 13 that there exists a positive
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constant 0 < Ty < T such that, if E = [T, T] with Ty < T < T, then the following quantitative
observability estimate holds

C T-T
2 (md 2 - 2
Vg e L RY), I8N}, g, sexp((T_ Fm )fo I8 ONT2 o (7— gy At

where g is the mild solution to the Cauchy problem (76). This provides a quantitative estimate
of the observability cost with respect to the characteristic parameters related to the thickness
property of the moving control support. On the other hand, let us notice that the positive
parameter m; > 0 is actually independent on the control support.

4.2. Necessary condition for null-controllability

This section is devoted to give a proof of assertion (ii) in Theorem 5. Let T > 0. We assume
that the non-autonomous Ornstein—-Uhlenbeck equation (74) is null-controllable on [0, T] from
(w(1))teo,7), or equivalently, that the adjoint system (76) is observable on [0, T] from (w(T —
1)o<:<T, that is, there exists a positive constant C > 0 such that any solution of (76) satisfies the
observability estimate (75). We aim at finding some positive constants r > 0 and 6 > 0 such that

T
VzeR?, fA(Bd(z,r)mR(O,T—t)a)(t))dt26>0, (109)
0

where B;(z, ) denotes the open Euclidean ball centered at z with radius r, and R stands for the
resolvent of the time-varying linear system X(t) = B(T-1X, given by the solution of (12). In
order to derive this necessary condition, we try out the observability estimate (75) with explicit
gaussian solutions of (76) centered at z € R?. The computation of the Fourier transform of the
solution of (76) with respect to the space variable is performed in appendix (Proposition 19), see
also [4, Appendix A.2],

1 t
g(r,é)=exp(5f Tr(B(T—s))dS) Bo(R(1,0) ") e 2 o AT RU9Teds
0
when 0 < £ < T and ¢ € R?, or equivalently
1 t
g(1,6) = exp(EfO Tr(B(T—s))ds) Go(R(£,0)T&)e 2 VQRWOTE? (110)
where ,
Q: =f R(0, ) A(T — $)A(T - )T R(0,5) T ds, (111)
0

is a symmetric positive semidefinite matrix for all 0 < # < T. Let z € R?. We consider the gaussian
initial datum

_ Ixfz\2
golx)=e 22,
with a > 0. Since
alk? ..

GO =ra)te T e 7,
we deduce from (110) thatforall0<t<Tand ¢ e R4,

t
§(t,£)=(2na)?exp(%f Te (B(T - 9))ds | ¢~ 2IVIREOTEE g1 RIEOTE,
0

with M; = Q; + al;. We deduce from (111) that M; is a symmetric positive definite matrix for all
0 <t < T, and that the estimate
VO<r<T,VxeR? alxl®<|vVMxl?=Mx) x<(@+Qrl)x?

implies that
Vost<T, O<a®<detM, (112)
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andforallo<t< TanderRd

—I | <1y M xl= VM, x|<—IXI (113)
va+Qrll va
By using Liouville formula
T
vt,tel0,T], det(R(r,t)):exp(f Tr(B(T—s))ds), (114)
t

see e.g. [6, Proposition I1.2.3.1], and computing the inverse Fourier transform, we obtain that
d
az 1 t )
g(l‘,x)=—exp( [ Tr(B(T - ) ds) ZIF(R(O Dx-2)1°
det M; 2

By using the substitution rule with y = R(0, T)x — z, and anew the Liouville formula, we notice
that the left-hand-side term in the observability estimate (75) is a positive constant independent

of the parameter Z,
C = 8 T; x)|“dx f i | d y > 0. 115

According to (112), (113), (114) and the substltutlon rule with y = R(0, f)x — z, the right-hand-side
of the observability estimate (75) can be bounded from above up to the positive constant C > 0 as

T
f f Ig(t,x)lzdxdt
0 Jo(T-1)

T d t - 2
= a exp (—f Tr(B(T - s))ds) (f e_l VM HRO,0-2)| dx) dr
o w(T—1)

0 detMt

T d
a _ 1,2
= (] e WM dy)dt
o detM; \Jro,nw(r-n-z

T P
sf f e ofloridydt
0o JRO,Nw(T-n-z

Iyl

T Iy T B 112
sf (f e aorlerl dy)dt+f (f e orlorl dy)dt
0 B4(0,r)N[RO,Hw(T-1)-2] 0 lyl>r

1y

T
s/ ;L(B,,,(o,r)m[R(o,t)w(r-t)—zl)dHTf o war gy,
0 |yl>r

for any r > 0. Since by dominated convergence theorem
_ Iyl
lim e «fleridy =0,
r—+oo |y|>r

there exists a positive constant ry > 1 such that

Iy?
CT[ o~ T dy=< &
11> 2

It then follows from (75) and (115) that for all z € RY,
C T
0< 71 < Cf A(B4(0,70) N [R(O0, Do (T — 1) — z1)d ¢
0
or equivalently by translation invariance of the Lebesgue measure that for all z € R%,
C

T T
0<% sf A(Ba(z,19) N RO, (T — t))dt:f ABa(z,19) NR(O, T - Hw(t))dt
0 0

It establishes the integral thickness condition (109) with § = 2% This ends the proof of Theorem 5
as we have already checked that assertion (iii) is a direct consequences of assertions (i) and (ii) in
Theorem 5.
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5. Proof of the null-controllability for quadratic equations with zero singular spaces

This section is devoted to the proof of Theorem 6. Let g : R% x [R? — C be a complex-valued
quadratic form with a non-negative real part Re g = 0, and a zero singular space S = {0}. Let T > 0,
0>0,ac (0, +oo)d, (w(1)) tefo,7) be a moving control support in R? and E be a measurable subset
of [0, T] with positive Lebesgue measure A(E) > 0. We assume that w(t) is a (6, a)-thick subset
of R for all ¢ € E. By the Hilbert uniqueness method [9, Theorem 2.44] and its extension to the
moving control support case as presented in Proposition 21 for Ornstein-Uhlenbeck equations’,
the result of null-controllability on [0, T] from the moving control support (w(?)) (o, 7] given by

Theorem 6 is equivalent to the following observability estimate

T
flg(T,x)lzdstTff |g(t,x)*dxdt,
Rd 0 Jo(T-1

for the adjoint system

{atg(t, X)+q"¥(x,D)*g(t,x) =0, (,x)€ (0,+00) xR, 116)

gli=0 = go € L2(RY),

that is, there exists a positive constant Cy > 0 such that

T
2 md -T(G")* 2 -t(g")* 2
v 8o €L (IR ); ” e gO”Lg(Rd) = CT](; ”e 80 ”L2 (u)(T—l’))dt'

The L?(R%)-adjoint of the quadratic operator (g%, D(g%)) defined in (19) is given by the quadratic
operator (g%, D(g")), whose Weyl symbol is the complex conjugate g of the symbol g. We notice
that the assumptions of Theorem 6 hold for the quadratic operator P = g% (x, D,) if and only if
they hold as well for its L?(R%)-adjoint operator P* = g% (x, D). In order to prove Theorem 6, it
is therefore sufficient to prove that, if g : R% x IR? — C is a complex-valued quadratic form with a
non-negative real part Re g = 0 and a zero singular space S = {0}, and if E is a measurable subset
of [0, T] with positive Lebesgue measure A(E) > 0, such that w(#) is a (5, a)-thick subset of R? for
all t € E, then there exists a positive constant Cr > 0 such that

T
Vg€ PR, e T gl 00y = Cr [ 1e 0 g0l 117)

We establish the observability estimate (117) by applying Theorem 13 (formula (49)) with the
contraction evolution system % (t,s) = e 1=94" for 0 < s < t, defined by the contraction
semigroup (e~ %9 “)i=0 on L2(RY). As in the proof of Theorem 5, we consider anew the orthogonal
projections my : I? ([Rd) — Ej onto Ej the closed subspace of Lz(Rd)-functions whose Fourier
transforms are supported in the cube [k, k19, with k = 1. We deduce from Theorem 24 that the
uniform spectral estimates (46) hold with the subset E and the parameters

0

The next result establishes the dissipation estimates (47) with 61 = 0, 62 = ty, m; = 2ko + 1,
my = (2kg +1)(d + 1) and b = 2. Let us point out that Proposition 17 does not rule out some
blow-up for small times in the dissipation estimates. The assumption of dissipation estimates
with controlled blow-up (47) is then really essential and the result of [5, Theorem 2.1] does not
apply even in the case of fixed control subsets. The observability estimate (117) is then deduced
by applying Theorem 13 (formula (49)). Up to the proof of Proposition 17, the one of Theorem 6
is then complete.

<gd ng €d
a=1, 61:2<€|a|ln(7)>0, c{:(—) > 0. (118)

1The very same proof can be readily adapted to the quadratic case.
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Proposition 17. There exist some positive constants c; > 0, ¢, >0, 0 < ty < T such that for all
0<t<tygel?RY, k=1,

1 1 2kg+1 1.2
_ —tq" S erttlk
”(]. ﬂk)e g”LZ(Rd) = Cé t(2k0+1)(d+1) e "g”LZ(Rd)r

where0 < ko < 2d — 1 denotes the smallest integer satisfying

ko )

(] Ker[Re F(Im F)/] | nR?? = {0}.

j=0
Proof. The proof of Proposition 17 relies on basic estimates on Hermite functions recalled in
Lemma 26, see appendix (Section 6.4). In the work [18, Theorem 1.2], Hitrik, Viola and the third
author have shown that the contraction semigroup (e~ 9 “Y 0 is smoothing for any positive time

in the Gelfand-Shilov space S}/2(R?),

Vgel? R,V >0, e ' geSI2RY).
We refer the reader to the appendix (Section 6.5) for the definition and some characterizations of

the Gelfand-Shilov regularity. More specifically, we deduce from [18, Proposition 4.1] that there

exist some positive constants Cy > 1 and £y > 0 such that
12k +1
e

VO<t=<t,

_ 2 w
(Ax+Ix) ,-tq ) Co, (119)

<
Le(L2RD)
with Z. (L% (R%)) the space of bounded linear operators on L2 ([Rid) that is,

(4\Y|+2d)

VOststyVge PR, Y (e g ®))2mal’e o <Cyllglloqe, — (120)
yeNd

where (®y), ¢ denotes the Hermite basis whose definition is recalled in appendix (Section 6.4).
We deduce from (120) that

2kp+1
eyl

w _ I
Vost<t,VyeN,Vge?RY), [(e7'" g,®@)) 2 el =< Coe Igl 2@ (121)

Forany 0 < < to and g € L?(R%), the exponential decay of the Hermite coefficients (121) ensures
that the function
e ! g="Y (e7'" g,®)) 12 5ay Py €L (RY),
yeNd
belongs to the Schwartz space with convergence of the above series in the Schwartz space .7 (R%),
see for instance [43, Proposition 1.2]. By continuity of the operator x“af 1 (R — Z(RY), with
a, B € N“, we obtain that
e g = Y (67" g, ®)) 12 xY0Dy € S RY,
yeNd
with convergence of the series in . (R%), and a fortiori in L?(R%). We deduce from (121) and
Lemma 26 with r = 1/2 thatforall a, S € N £>0,0<t< to, 8 € L2([RY),

12905 (71" @)l 2y < 3 1679 g, @) 12 ey 13200y I 2 gy

yeNd
. Z%e% lal+| Bl 2k
52200( - \/a\/ﬁngumw) Yoe ez, (122)
inf(e2,1) yeNd
With the choice € = thco > 0, it follows from (122) that for all @, e N¥, 0 < ¢ < ty, g € L*(RY),
. |l +1B] g
W d 22e2 0*
129%™ " @)1l 2 gay < 22 Co W Ff||g||L2 @y e @ Ma23)
nf((=;7—)2,1) yeNd
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We notice that
[2k0+1 il Zoo(k+d 1) B Zlg)ﬂk
YGNd k=0
+oo de l 2k0+1k
124
7 w};)(km 1) (124)
+00 0+l 2kp+1
! ! (k+d)d+167 G (kﬂi)etco d.

<
T d-1)! ,;) (k+1)2
It follows from (124) that for all 0 < £ < 1y,

2k0+1
12k +1 1 _M +oo0 1
Z e Co | ‘ < (supxd+l ) Z _2 d
yeNd (d-D!'x=1 =1
dd+1)CI (oo 1 gkoﬂd
—_— C
= t@ko+1)(d+1) kz e @ 7, (125)
since »
Genq gari_ L[| @a DG @ DG e,
> - - ‘
r=h d+n'\ G [k D(@+1) = [@korDd+D) © :

We deduce from (123) and (125) that there exists a positive constant C; > 1 such that for all
a,BeN?, 0< <ty ge >R,

1+I06\+\ﬁl

B, —t
x%0h (e~ 1a" Val/p 126
l0xte ™ Oz = L (Ial+|ﬁ|+2d+2) Pllgh iz g (126)

By using the Parseval formula, we deduce from (126) that for all S e N O<t< to, 8 € I2[RY),

oW —tg%” d W
”fﬁe—tq gllLZ(Rd) = ||9(6€(€ tq g))”LZ(Rd) =(2m)2 ”65(9 t g)”LZ([Rd)
1+gl
d C
<@m? ————\/Blgl 2@, (127)

Zko“ (1B1+2d+2)

where & denotes the Fourier transform on R%. We obtain from (127) that for all 0 < ¢ < fo,
d
g€ L*(RY),

t2k0+1 1 t2k0+1 1Bl P
eXp( 8C2 ¢l ) “tatg =) E( Yo ) 162 e=1a" gl 12 ga, (128)
I2R4)  PeNd I 1
1Bl 2|ﬁ|+1
d 1 t2ko+1
S(zn)zﬁzr\mﬁ( 8C? ) t(2ko+1)(|ﬁ|+d+1) V @PHIgN 2@y
€

d Cl 1
=@z ———-—| Y —|lgl2ge
koD (d+1D) (ﬁeNd 4Iﬁ|) LZ®9)

since \/(Z_ﬁ)' < 2181, By using that

5 1 +Zoo(k+d 1) JVERC |
BeNd 4lﬁ| k=0 k 4k =

we obtain that forall 0 < ¢ < f, g € L>(R%),

t2k0+1 . 2d(27'[) Cl
ex “1q¥ g
p( 8C2 <1 )

= koD (d+1) 1812 -

(129)

L2(R4)
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It follows that there exists a positive constant C, > 1 such thatforall0< t <1, g€ L2(R%),

t2k0+1 ) ’__’th C2
exp Icl”|e " g = @ 18lzwa)- (130)
8C? ‘

L2(R4)
We obtain that forall 0 < < f, g € L>(R%), k =0,

|0 -1 e g

L2(R4)
t2k0+1 ) t2k0+1 o\ ——
Q=1 ga@)exp|— 51| exp 517 |e "1 g

8C? 8C?
t2k0+1
Sexp(— 8c? kz)

1
1

L2(R4)

(131)

t2k0+1 2| —=—
ex |E|° | e—ta”
p( 8C2 ¢ ) g

L2(R4)

2ko+1
< x-S k2 Il
= [ekorn@+n P 8C2 8lrzwdy

where ]l[_ kK4 denotes the characteristic function of the set [—k, k]d. This ends the proof of
Proposition 17. O

6. Appendix

6.1. Well-posedness of the homogeneous and inhomogeneous Cauchy problems

This subsection is devoted to recall from [4, Appendix A.1] the well-posedness of the homoge-
neous and inhomogeneous Cauchy problems for non-autonomous Ornstein—-Uhlenbeck equa-
tions.

We first study the well-posedness of the homogeneous equation

d¢k(t,x) = Po(Dk(t,x) =0, (£,%) € (1, Ty) x RY, 132)
kli=ry = ko € I*(RY),
associated to the non-autonomous Ornstein—-Uhlenbeck operator
1 T2 1
Py(1) = ETI(Ao(t)Ao(t) V) = (Bo(0)x,Vy) - ETI (Bo(1)), te(To, Th), (133)

with Ty < ty < T1 and Ag, By € CO([TO, T11, M4(R)). In order to define the concept of weak solutions,
we introduce the space E(fy, T1) of functions ¢ € CO([ty, Th1, L2 (R%)) satisfying

(i) ¢@(-,x) € C'((ty, T1),C) for all x e R?
(ii) @(t,-) € C*(R4,C) forall t € (ty, T1)
(ili) The functions 8, + (Bo(£)x, V), V2@, ¢ belong to L?((ty, T1) x RY)

We consider the following notion of weak solutions:

Definition 18. Let Ty < to < Ty, Ao, By € C°([To, T11, M4 (R)) and ko € L2(RY). A weak solution to
the Cauchy problem (132) is a function k € C°([ty, T1], L*>(R%)) such that k(ty) = ko in L>(R%), and
satisfying for all ¢ € E(ty, T1), t« € (%o, T1),

tx
fRd (s, 0)p(tn, X) — ko (0)( g, X)) dx =f fRd (£, ) (0,0 (£, X) + Po(D)* (£, x))dxdlt,
)

with g - 1
Py (1) =§Tr(A0(t)A0(t) Vx)+<Bo(t)x,Vx>+ETr(Bo(t)), te (To, T). (134)

We establish the following result:
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Proposition 19. Let Ty < Ty, Ay, By € CO([To, T1], My (R)) and 7 = {(t, ty) : To < ty < t < T1}. There
exists a strongly continuous mapping
U: T — L(*RY),
(t,t0) — % (1, ty),
with L.(L*[R%)) denoting the space of bounded linear operators on L*([R%), satisfying
) YVTo<t<T, (1) =1dpga
(i) VIp<tysti <t <Ti, Ut )% (t,t) =% (L, 1o)
(iii) For all ko € L*(R%), the function k(t) = % (t, ty)ko is the unique weak solution to the
Cauchy problem (132)
Furthermore, the Fourier transform of the function k(t) = % (t, to) ko is given by

~ ~ 1 rt _1rt T T g2
k(t,f) — k()(R()(t, tO)TE)ez ftOTr(BO(S))dSe Zfl‘olAO(s) Ry (2,9 <| dS’ (135)

where Ry denotes the resolvent associated to the linear time-varying system X (t) = Bo(£) X (1), that
is, forall Ty < tp, t < Ty,
ORo _
=2 (&, o) = Bo(£)Ro (¢, 1p),
3t (L 10) = Bo () Ro(t, to) (136)
Ro(to, to) = I.

In the above statement, the normalization of the Fourier transform with respect to the space
variable is given by

k(t,é) = f Lk, e Fidx. (137)
R

Following [36, Chapter 5, Section 5.1, Definition 5.3, p. 129], the two parameter family of bounded
linear operators (% (1, £2)) (¢,,1,)e 7 is called the evolution system associated to the homogeneous
equation (132). More specifically, we shall say that the mapping % (t, ty) is the evolution mapping
associated to the family of operators s € [ty, ] — Py(5).

Proof. Let Ty < fp < Ty and kg € L2(R%).

Step 1. We first derive heuristically an explicit expression of the Fourier transform k. To that
end, we consider k a smooth solution to the Cauchy problem (132) and define the function
K :[to, T1] x R? — C by

k(t,x) = K(t,Ro (19, 1)x). (138)
We recall for instance from [9, Proposition 1.5] that for all T < 1, tp, 3 < T,
Ro(t1, 2)Ro(t2, 1) = Ig,  Ro(t1, 2)Ro(t2, t3) = Ro (11, t3) (139)
and
VTost,tp<Ti, (02R0)(f1,12) =—Ro(t1, 12)Bo(t2). (140)

According to (139) and (140), the function K is well-defined and a direct computation provides
that
@k (2, x) + (Bo(£)x, (V. k) (£, x)) = (0:K) (1, Ro (19, ) x). (141)
It follows from (132) and (141) that
0:K(t,y) — 1 Tr(Ro(to, 1) Ao (1) A (£) T Ry (o, n"VAK(1,y))
+3 Tr(Bo(1)K(t,y) =0,
Kli=g, = ko € L2(RY).
By taking the Fourier transform, we deduce that
0:K(t,m) + 31 Ag() T Ro (1o, Y TI2K (2,m) + 3 Tr (Bo (1)) K (2,m) =0,
R(to,m) = ko).
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It leads to the following explicit expression

Rit,n) = % (n)e_%flg IAo(s)TRO[to,s)Tn|2dse_% I Tr(Bo(s))dsr (142)
for all (¢,m) € [ty, T1] x R%. By using the Liouville formula

t;
Y n,telTo, Thl, det(Ro(tz,tl)):exp(fZTr(Bg(s))ds), (143)
t

1
see e.g. [6, Proposition I1.2.3.1], and the substitution rule with y = Ry (%, t)x, it follows that

k(5,6) = fRd K(t, Ro(to, )x)e™™**dux = |det(Ry (t, o)) fw K(t, y)e” {Foby<qy,
that is
Rit,6) = o TROSR(1 Ry (1, 10)7 ) = R (RoCt, 1) 7€) o TS = Iy oo Rt
since Ry(fg, )T Ro (1, 1) T = (Ro(t, fo) Ro(t0,8)) " = Ro(t,s)”. We obtain the formula (135).

Step 2. We prove that the L?-function k whose Fourier transform is given by (135), is a weak
solution to the Cauchy problem (132). We easily notice that k(ty) = ko and k € C([1o, T1], L2(RY)).
Then, we use the change of function

@(t,x) = y(t, Ro(to, )x)|det (Ro(to, 1))|- (144)

According to (139), the function v is well-defined. It follows from the Liouville formula (143) that
0:0) (£, %) +(Bo(D)x, (Vx)(t, X))

= |det (Ro(t0, )| (0w (2, Ro(t0, Dx) = Tr (Bo(8)w(t, Ro(to, D)x)), (145)

since det(Ry(f, 1)) € R for all Ty < ¢ < Ty. According to (138), (144) and (145), it is sufficient to

prove that for all w € E(to, T1), fo < t« < T,
fw (K(te, )y (te, y) = ko (MY (to, y))dy
[ 1 1
:f fRd K(t,y) (0t1//+ ETI(Ro(toy 1) Ao () Ao (D) R (to, t)TV§1//) - ETT(BO(I))U/ (¢, y)dydr.
fo

where E(tp, T1) stands for the space of functions y € CO((ty, Ty1, L2(RD)) satisfying

() w(-,y) € C ((to, T1),C) for all y € R?
(i) w(t,-) e C*R%,C) forall t € (ty, T1)
(iii) The functions d,y, V5w, ¥ belong to L*((ty, T) x RY).

For all w € E(ty, Ty) and ty < t, < T}, it follows from the Plancherel theorem, (135) and (138) that

t 1 1
f fm K(t,y) (atu/+ 5T (Ro(to, 1) Ao (1) Ao (1) Ro (10, ) ' V5 ) - 5Tr(Bo(r))w) dydt
fo

1 Lx ~ =~ 1 ~ 1 =~
f RdK(t,n)(atu/—EIAO(I)TRO(to,t)Tnlzt//—zTr(Bo(t))w)(t,n)dndt

~emd Jy
1 b 0~ = ~ = ~ = dn
= — | K(t, t,n) |dndt = K(t., t.,n) — K (1o, to,
(2n)dft0 fwat[ (&, |dn fw( (10 1) = Rt Y 0 m))

:fRd (K(t*,y)u/(t*,y)—K(to,y)w(to,y))dy:fw (K(ts, Y (ts, ¥) — ko (MW (Lo, y))dy.

Step 3: Definition and properties of the evolution system. Forall (1, ty) € .7 and kg € L?>(R?), we
define % (t, ty) ko as the L?-function k(f) whose Fourier transform is given by (135). With this
definition, we easily check that % (¢, 1) = Isz(Rd) for all Ty < ¢ < T, and that the mapping % is
strongly continuous from .7 to EC(LZ([R”I)) thanks to Plancherel theorem. On the other hand,
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with k; = % (41, to) ko, ko = U (62, ty) ko and ks = % (L2, t1) k3, it follows from (135) that for all
To<to<ti<tr<Ti, ko€ L>(RY),

-~ -~ 1rh _1rn T T r|2
k() = kO(RO(tl,tO)TE)eZ Jio Tr(Bo(S))dSe 2 J1y 140(8)" Ro(11,9)7 <] ds’

~ ~ 1 ri2 _1 2 T Tz2
k2(5)=ko(Ro(tz,to)Tf)ezf’O Tr(Bo(sDds 5 =3 Jig 140(9)" Rolt2,9)7¢Ids

and
~ ~ 1 2 _1 2 T T z2
k3 (&) = kl(Ro(tz,tl)Tf)QZI’I Tr(Bo(9)ds ;=3 Jiy 140(9)" Ro(12,)" {1 ds
o~ 1 rl2
= ko(Ro (1, t0) " Ro(t2, fl)Tf)ez Jig Tr(Bo(sNds
y e—%f,’ol |Ao(s)TRom,s)TRo(tz,mTazdse—% ff 1A0(9)T Ro(12,9) T €12 ds
=k (),
since
T
Ro(t1,8) " Ro(t2, t1)" = (Ro(t2, t1)Ro(11,5))" = Ro(t2,9)"
and

Ro(t1, 10) " Ro(t2, 1) = (Ro(t2, 1) Ro (11, l‘o))T =Ro(t2, to) .
It proves thatforall o< fy<t) <t < T1,
U (b2, 1)U (11, tg) = U (12, To).
Step 4: Uniqueness of the weak solution to the Cauchy problem (132). Let k be a weak solution
to the Cauchy problem (132) associated with the initial datum ky = 0. It follows that for all
Qe E(,T1), h<t.<T,

Ly

fd k(t*,x)(p(t*,x)dx:f fd k(t, x)(01(t, x) + Po(1)* (2, x))dxdt. (146)
R N R
Let tp < t. < T) be fixed. We aim at proving that k(z.) = 0. To that end, we consider a sequence
(gp)p=1 of C3° (R%) functions satisfying
pl—1>IPoo ”gp - k(t*) ”LZ(Rd)‘
By Plancherel theorem, we observe that
pgrwpoo”gp_k(t*)"LZ(Rd) =0. (147)

Following the very same strategy as in the two first steps, we build a weak solution ¢, : (o, £x) x
R? — C to the Cauchy problem

{6t<pp(t, X)+ Po(0)* (2, %) =0,
‘pp|t= te = 5

By deriving a similar formula as in (135), we notice that the function ¢, is smooth in the space
variable as its Fourier transform in the space variable is compactly supported. This similar

formula as in (135) also shows that the function ¢, is smooth in the time variable. It follows that
the function ¢, is a pointwise solution of the equation

Y (£,x) € (fo, £:) xRY,  0ypp(£,2) + Po ()" pp (£,) = 0.

Furthermore, we easily check that ¢, is an admissible test function. Then, we deduce from (146)
and (147) that

szl, ‘[I‘Qd k(t*,x)gp(x)dx:(k(t*),gp)LZ(Rd):0,

implying that k(z,) = 0, when passing to the limit p — +oo. It ends the proof of the uniqueness of
the weak solution to the Cauchy problem (132). O
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Regarding the inhomogeneous equation

{5th(l‘, x) = Po(D)h(t,x) = L@y (X)u(t, ), (t,x) € (1, T1) xRY,

(148)
Rls=g, = ho € L*(RY),

with (0(8)e[7,,7,) being a moving control support in RY, we use the notion of mild solutions
defined in [36, Chapter 5, Section 5.5, Definition 5.1, p. 146]:

Definition 20. Let Ty < fy < T1, Ag, By € CO([To, T11, Mg (R)), ko € L2R?), u € L' ((tp, T1), L*(R%))

and (w(1)) re[1y, 1) @ MOVINg control support in RY. The mild solution to the Cauchy problem (148)
is the function h € C°([ty, T1], L*>(RY)) given by

t
h() =% (&, )ho+ | % (£,9) Ly us)lds,
To
with equality in L>R%) for all t € [ty, T\], where % stands for the evolution system given by
Proposition 19.

6.2. Hilbert uniqueness method

This section is devoted to the proof of following characterization of null-controllability. This result
extends the one established in [4, Proposition 2.8] to the case of moving control support:

Proposition 21. Let Ty < 0 < Ty, Ay, By € CO([Ty, T11, Mz (R)), Po(t) be the non-autonomous
Ornstein-Uhlenbeck operator defined in (133) and Py(t)* its L*>(R?)-adjoint given in (134). Let
T € (0, Th) and (w(t)) te(0,] be a moving control supporton [0, T] in R%. The null-controllability on
[0, T'] from the moving control support (w(t)) tejo, 1) Of the system
0:f(t,x) = Po(0) f(£,%) = Ly (X)u(t, x), (t,x)€(0,T1) xRY,
fli=o = foe *®RY),
is equivalent to the existence of an observability constant C > 0 such that, for all gy € L*(R?), the
mild solution to the Cauchy problem

atg(t)x) _PO(T_ t)*g(t)x) = Oy (tyx) € (Ov T - TO) X Rd!
gli=o = go € L*RY),

(149)

(150)

satisfies

T
flg(T,x)Izdstff Ig(t,x)lzdxdt.
R4 0 Jo(T-1

Instrumental in the proof of Proposition 21 is the following result:

Lemma 22. If % stands for the evolution system given by Proposition 19, then the [?-adjoint
« (t, t))™ of the evolution mapping % (t, ty) is equal to the evolution mapping % (t — ty,0) associ-
ated to the family of operators s € [0, t — ty] — Po(t—s)*.

Proof. let Ty < fp<t<T) and g € L2(R%), Setting g(t — ty) = ?7(1.‘— 19,0) 8o, we deduce from
Proposition 19 with the suitable substitutions that

=1 =1
gt 10,8) = 8ot~ 10,0)Tg)e 2l " THBU=Nds =g [y W lAot-9 T Rlu=t0.9 s - (157
where Z stands for the resolvent associated to the system X(s) = —By(t—5)X(s), that s,

{%—?(s, s0) = —Bo(t — $)Z(s, o),
Z (50, %0) = Ia.
According to (136), we notice that

R(S,80) = Ro(t—s,t—5p). (152)
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It follows from (151) and (152) that
1t Lt T Te2
(£ — 10, &) = o (Ro(t, 1) 7€) e™ 2 Jio TEO(DAS p=2 Jig 1A0(9) " Rollo, 9 ¢ds (153)

We deduce from Plancherel theorem, (135), the substitution rule with ) = Ry(t, o) 7 ¢, the Liouville
formula (143) and (153) that for all ko, go € L*(R%),

(% (2, t0) Ko, 80) 12 gty = f ki, 3@

2m)d
. k(mffm(d?
- [ % (mm f ko (T~ o, D = (ko, (¢~ 19, 0)80) 12 ey
since
Ro(t,9)  Ro(to, ) = Ro(to, )", |det(Ro(to, 1))| = exp (—ftTr(Bo(s))ds).
This ends the proof of Lemma 22. ! O

Proof. We can now resume the proof of Proposition 21. We consider the following linear
mappings
Cy: >(R%) — L2([RY),
fo— % (T,0)fy
and
Cs: L2((0, T) xRY) — [2([R%),
u— fOT%(T, [y us)lds

For any fy € L>(R%), the function C»(fy) = k(T) is the weak solution at time T to the Cauchy
problem (132) associated to the initial datum ko = fy, with £y = 0. On the other hand, for any
ue I2((0, T) x R%), the function Cs(u) = h(T) is the mild solution to the Cauchy problem (148) at
time T associated to the initial datum hg = 0, with #, = 0.

The null-controllability of the non-autonomous Ornstein—-Uhlenbeck equation (149) on [0, T]
from the moving control support (w(#))e[o,1] i equivalent to the set inclusion

C2(L*RY) © G3(L*((0, T) x RY)),
since the mild solution at time T is given by f(T) = C»(fp) + C3(u). According to [9, Lemma 2.48],

this set inclusion is also equivalent to the existence of a positive constant M > 0 such that for all
go€ L*®Y),
I Cz*gO ”LZ(IR{d) = M| C;golle((oyT)de), (154)
where C; and C; denote the adjoint operators. We deduce from Lemma 22 that
C5 80 =% (T,0)" gy =% (T,0)80 = g(T), (155)
where g is the weak solution of (150). On the other hand, it follows from Lemma 22 that for all
ue L2((0,T) x RY),

(u C3 gO)LZ((O T)XRd) (C3u gO)LZ(Rd)

T
:ﬁ (%(T;S)[ﬂw(s)U(S)];gO)Lz(Rd)dS:j(; (u(s)»]lw(s)%(T;S)*gO)Lz([Rd)dS

T _ T
=£) (u(s)y]lw(s)%(T_S»O)gO)Lz(Rd)dSZfo (u(s)y]lw(s)g(T_3))L2(Rd)d5y (156)
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where g is the weak solution of (150). It follows from (155) and (156) that the estimate (154)

reads as -
f lg(T,x)2dx < sz f lg(t, x)>dxdt.
Rd 0 Jo(T-1

This ends the proof of Proposition 21. O

6.3. Miscellaneous facts about thick subsets in R?

In the works [34, 35], Panejah addressed the problem of characterizing the subsets S R4 for
which the semi-norm ||-[|;2(5 defines a norm on specific vector subspaces of L2(R%). For the
vector subspace given by L?(R%)-functions whose Fourier transforms are supported in a fixed
compact set of R?, the thickness property of the subset S turns out to be a necessary and sufficient
condition for the semi-norm ||-||;2(5 to be a norm on this vector subspace, see Definition 3.
This result was established by Panejah in the one-dimensional setting. In the multidimensional
case, Panejah only proved that the thickness property is a necessary condition for the semi-norm
-l f2(s) to be a norm. The full equivalence in the multidimensional setting was then established
independently by Logvinenko and Sereda [26], and by Katsnelson [20].

Theorem 23 (Logvinenko-Sereda [26], Katsnelson [20]). Let S be a measurable subset of| RY. The
two following assertions are equivalent:

(i) Sisa thick subsetin R4
(ii) For all bounded subsets = = R, there exists a positive constant C(Z, S) > 0 such that

¥ fe 2R, suppf X, Ifl 2@ < CE S flzg.

We refer the reader to the monographs [13, 31] for detailed introductions on this topic. Let us
only notice for now that the estimate in assertion (ii) is actually a spectral estimate in the common
terminology used in control theory. In order to use this kind of the spectral estimates in control
theory, it is then essential to understand how the positive constants C(Z, S) > 0 do depend on the
bounded subsets X. This problem was addressed by Kovrijkine who established in [21, Theorem 3]
the following quantitative version of the estimate (ii):

Theorem 24 (Kovrijkine [21]). There exists a universal constant € > 1 such that for all d = 1,

0<6<1l,a=(ay...,aq) € 0,+00)%, B=(Bi,..., Ba) € (0,+00), for all (5, a)-thick set S inR% and

for all f € L*(R?) whose Fourier transform is supported in a parallelepiped with sides parallel to
the coordinate axes with length respectively B1,..., B4 then

4\ €ap+d)

||f||L2([Rd) = (T) “f”LZ(S)r (157)

wherea - = Z;.izl ajf; denotes the Euclidean dot product.

6.4. Hermite functions

This section is devoted to set some notations and recall basic facts about Hermite functions. The

standard Hermite functions (¢b,,) ,>0 are defined for x € R,
-n" %2 dn 1 d n x2 a”

) = ——2 e (e‘x2)=—(x——) (6‘7)= b,

Vernlym o dx” 21l dx vn!

where a; is the creation operator

(158)

et fe ).
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The family (¢,),=0 is an orthonormal basis of L?(R) composed by the eigenfunctions of the
harmonic oscillator

O =D+ x*=) 2n+ P, 1=) Py,

n=0 n=0

where P, stands for the orthogonal projection

Puf =, dn) 2@ ®n-

It satisfies the identities

Vnz0, arPp,=vn+ld,, a-¢,= \/ﬁ%,l (=0if n=0), (159)
where
as = 1 (x+ d) (160)
T2 dx

Instrumental in the core of this work are the following estimates on the Hermite functions
given in the next lemma. They are an adaptation in a simpler setting of the analysis led in the
work [22, Lemma 3.2]. The same estimates were also established in [24, Lemma A.1] while using
a different normalization for the harmonic oscillator and the Hermite functions. For the sake of
completeness, we adapt the proof given in [24] with the normalization used in the present work:

Lemma 25. We have

kel [ (k+1+n)!

Vn,k,lZO, |x axganLz(R) <2 2 y (161)

n!

1
VrzE,V£>0,Vn,k,120,

r+l,r Kkt

||x’“0§</>n||L2(msﬁ((l—én,o)exp(srnz%)+6n,o)(. ) (k) (1)7, (162)

inf(e”, 1)
where 6,0 stands for the Kronecker symbol, i.e.,6,0=1ifn=0,6,0=0ifn#0.

Proof. The estimate (161) is trivial if k = I = 0, since the family (¢,) ;>0 is an orthonormal basis
of L?(R). We notice from (159) and (160) that

1 /n+1 n
X(,bn = 7(a+ + af)(ybn = _(,anr] + \/jd)nflv (163)

n+1
ax¢n— —ay), = \/ (Pn 1=\ ——Pn+1. (164)
\/_
This implies that
2n+1 2n+1
"-’C(»bn”LZ(R): 5 ||6x(,bn”L2(|R{): 5

since (¢p) =0 is an orthonormal basis of L2(R). Tt follows that the estimate (161) holds as well
when (k,1) = (1,0) or (k,1) = (0,1). We complete the proof of the estimate (161) by induction.
We assume that the estimate holds for any k,! = 0, k+ [ < m, with m = 1. Let k,! = 0 such that
k+ 1 = m. It follows from (163) and (164) that

/n+1 /n

k+lal(pn 2 k6i¢)n+1+ Zx al(Pn 1_lxkal l(pn,
|n /n+1

k6l+l¢ kal(,bn - 5 kax(;bn+1
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We deduce from the induction hypothesis that

n+1 n _
11 0% bl 2y </ 5 Ik 0L drell 2 +1/ Enxkai%_l 2@ + Hx50L bl 2y

n+l )
Vik+l+n+D)(k+1+n)

k-1 [(k+1+n+1)!
<2 2
n!

k+21+1 (k+l+n+1)!
n!

k Al+1 [T kAl [+l g
I x 6; (Pn”LZ([R) = E”x ax¢n—1||L2([Rg)+ T”x ax¢n+1”L2([R)

2% (k+l+n+l)!( N n
- n! Vik+l+n+D)(k+1+n)

k+i+1 ;(k+l+n+1)!
<2 2 —' .
n.

This ends the proof of the estimate (161). We now prove the estimates (162). When n = 0, we
deduce from (161) that

V120, [Ix*lol e =27 Vik+ Dl <2 VRV,

<2 ,

since

k+1) (k+D! HEk+1)
(k )_ k! Sj;] j =2 (169
It follows that
1 r+l 1 K+l
Vr=o,Ve>0,Yki=0, ||xka;¢0||Lz(R)s\/§(m) (k)" (1Y,
since ol
1 k+1 k+1 r r 2r+ler ’ r r
Vrzo,Ve>0, 2 VIV < 28 L ey () < V2 e D (k)T ()"

The estimates (162) therefore hold when n = 0. When k = [ =0 and n = 1, the estimates (162) also
hold since (¢ ;2w = 1. From now, we may therefore assume that k+ [ = 1 and n = 1. We notice
thatforalln =1,

+00

n!=l"(n+1):f

nyn +00
e ltdr = (—) f ne ~Mngngs
0 0

e
> (g)n£2 ne~G-Dngg— (g)n(l—efn) > % (g)n’

Vn=1, n% S\/E\/ﬁle%.

so that

It follows that .
VrzE,Vnzl, nz S\/E\/n!e”sx/i[n!e”)r. (166)

We distinguish two cases. When 1 < k + [ < n, we deduce from (161) that forall r = 1/2 and € > 0,

K+l k+1+n)! K+l K+l K+l K+l
||xkafc¢n||Lz(R)sﬁﬂ#sﬁ(mnm% <27 @t
n.

1 r
2 \k+l [ (enzr)kt 2 \k+l N .
s(?) ((k+ DY) (W 5(;) exp(ernz)((k+1))". (167)
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When k+ 1> n =1, we deduce from (161) and (166) that forall r =1/2,

el [ (k+1+n)! k+l K+l
1xF0Lpnll 2y 52%\/¥ <27 (k+l+n)z
n.

<25 2k +2D)'T <vV2@eN T ((k+ D). (168)
It follows from (167) and (168) thatforallr=1/2,e>0,n=1,k+1>=1,
r
inf(e”, 1)
By using anew (165), we finally obtain thatforall 7 =1/2,e>0,n=1,k+1=1,

k+1
||xk6iq,'>n||Lz(R) < \/E( ) exp(ern%)((k+ nnr.

kAl r+1er k+1 1
o r r
x50k pnll 2 @) < \/E(m) exp(ernz ) (k)" (I)".
The estimates (162) therefore hold when k+ 1 = 1 and n = 1. The proof of Lemma 25 is
complete. O

The d-dimensional Hermite functions (®g) 4end;
d
Do (x) = [ Pa, (x)), x=(x1,..., %) €RY, @ = (a1,...,aq) EN?,
j=1

is an orthonormal basis of L?(R%) composed by the eigenfunctions of the d-dimensional har-
monic oscillator

FHa=-De+|xP= Y Qlal+d)Py, 1= ) P,

aeNd aeNd

with |a| =a; +---+ a4, when a = (ay,...,a4) € Nd, where P, stands for the orthogonal projection
[I:Daf = (f, (Da)LZ(Rd)(Da-

It satisfies the identities

a.,j®g=/a;j+ 1®a+ej, a-,j®q =\ /ajCI)a_e]. (=0if aj=0), (169)

with (ey,...., e4) the canonical basis of R4, where
L ( ;4 ) (170)
a,i=—|x;F—|.
SV AT

By tensorization, the estimates proved in Lemma 25 can be readily extended to the multidimen-
sional setting as follows:

Lemma 26. We have

la+8 [ (a+ B+7)!
Va,ﬁ,yel\ld, ||x“0§(1>y||Lz(Rd)52 2 %, (17D

witha!:]'[;.izlaj!, whena:(al,...,ad)el\ld and|a|l=a1+---+ay,

1
VrzE,V£>0,Va,,6,y€Nd,

da e
2

aAb
[l x axd)ylle(Rd) =2 inf(e”™, 1)

r+1 r ylal+lBl
) (ah’(Bh", 172)

(1-650) exp(srdlylflr) +68y,0) (

where &, = H?:I 0y;,0 stands for the Kronecker symbol, i.e., 6y =1 ify = (0,...,0), 0or &y, =0 if
Y #(0,...,0).
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6.5. Gelfand-Shilov regularity

We refer the reader to the works [11,12,32,43] and the references herein for extensive expositions
of the Gelfand-Shilov regularity theory. The Gelfand-Shilov spaces S, (R%), with i, v >0, u+v = 1,
are defined as the spaces of smooth functions f € C*®(R?) satisfying the estimates

34,C>0, 109f(x)|<CcAY@nre 2" xer?, aeN?,
or, equivalently
3A,C>0, sup|xPo%f(x)|<CA Pl anrpnY, a,peN.

xeRd

These Gelfand-Shilov spaces S5 (R%) may also be characterized as the spaces of Schwartz func-
tions f € .7 (R?) satisfying the estimates

3C>0,3e>0, |f)l=<Ce ™ xeR?,  |F©=Ce " feRrd,

In particular, we notice that Hermite functions belong to the symmetric Gelfand-Shilov space

SH%(IR{”’). More generally, the symmetric Gelfand-Shilov spaces Sﬁ([Rd), with g = 1/2, can be

nicely characterized through the decomposition into the Hermite basis (®4) ,cne, S€E €.8. [43,
Proposition 1.2],

1
feShRY < fel*RY, 31> 0, |[((f, Pa) 12 exp(lol@l®) ypya | 2nay < +00
1
2u
= fel2®),31>0, 97" fll12ga) < +00,

where #; = —A, + | x|? stands for the harmonic oscillator.

References

[1] P. Alphonse, “Quadratic differential equations: partial Gelfand-Shilov smoothing effect and null-controllability”, J.
Inst. Math. Jussieu (2020), p. 1-53, https://www.doi.org/10.1017/S1474748019000628.

[2] J. Apraiz, L. Escauriaza Zubiria, G. Wang, C. Zhang, “Observability inequalities and measurable sets”, J. Eur. Math.
Soc. 16 (2014), no. 11, p. 2433-2475.

[3] K.Beauchard, P. Jaming, K. Pravda-Starov, “Spectral inequality for finite combinations of Hermite functions and null-
controllability of hypoelliptic quadratic equations”, https://arxiv.org/abs/1804.04895, 2018.

[4] K. Beauchard, K. Pravda-Starov, “Null-controllability of non-autonomous Ornstein—-Uhlenbeck equations”, J. Math.
Anal. Appl. 456 (2017), no. 1, p. 496-524.

[5] , “Null-controllability of hypoelliptic quadratic differential equations”, J. Ec. Polytech., Math. 5 (2018), p. 1-43.

[6] H. Cartan, Calcul différentiel, Hermann, 1967.

[7] A. Chang, “An algebraic characterization of controllability”, IEEE Trans. Autom. Control (1965), p. 112-113.

[8] E W. Chaves-Silva, L. Rosier, E. Zuazua, “Null-controllability of a system of viscoelasticity with moving control”, J.
Math. Pures Appl. 101 (2014), no. 2, p. 198-222.

[9] J.-M. Coron, Control and nonlinearity, Mathematical Surveys and Monographs, vol. 136, American Mathematical
Society, 2007.

[10] M. Egidi, I. Veseli¢, “Sharp geometric condition for null-controllability of the heat equation on R and consistent
estimates on the control cost”, Arch. Math. 111 (2018), no. 1, p. 85-99.

[11] 1. M. Gel'fand, G. E. Shilov, Generalized Functions. Vol. 2: Spaces of fundamental and generalized functions, Academic
Press Inc., 1968.

[12] T. Gramchey, S. Pilipovi¢, L. Rodino, “Classes of degenerate elliptic operators in Gelfand-Shilov spaces”, in New
developments in pseudo-differential operators, Operator Theory: Advances and Applications, vol. 189, Birkhduser,
2009, p. 15-31.

[13] V. Havin, B. Joricke, The uncertainty principle in harmonic analysis, Ergebnisse der Mathematik und ihrer Grenzge-
biete, vol. 28, Springer, 1994.

[14] M. Hitrik, K. Pravda-Starov, “Spectra and semigroup smoothing for non-elliptic quadratic operators”, Math. Ann. 344
(2009), no. 4, p. 801-846.

, “Semiclassical hypoelliptic estimates for non-selfadjoint operators with double characteristics”, Commun.

Partial Differ. Equations 35 (2010), no. 6, p. 988-1028.

[15]

C. R. Mathématique, 2020, 358, n° 6, 651-700


https://www.doi.org/10.1017/S1474748019000628
https://arxiv.org/abs/1804.04895

[16]

[17]

(18]

[19]

[20]
[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

(35]

[36]

[37]

[38]
[39]

[40]

[41]

[42]

[43]

[44]

[45]

Karine Beauchard, Michela Egidi and Karel Pravda-Starov 699

, “Eigenvalues and subelliptic estimates for non-selfadjoint semiclassical operators with double characteris-
tics”, Ann. Inst. Fourier 63 (2013), no. 3, p. 985-1032.

M. Hitrik, K. Pravda-Starov, J. Viola, “Short-time asymptotics of the regularizing effect for semigroups generated by
quadratic operators”, Bull. Sci. Math. 141 (2017), no. 7, p. 615-675.

, “From semigroups to subelliptic estimates for quadratic operators”, Trans. Am. Math. Soc. 370 (2018), no. 10,
p. 7391-7415.

L. Hormander, “Symplectic classification of quadratic forms and general Mehler formulas”, Math. Z. 219 (1995),
no. 3, p. 413-449.

V. E. Kacnel’son, “Equivalent norms in spaces of entire functions”, Mat. Sb., N. Ser. 92 (1973), no. 134, p. 34-54.

O. Kovrijkine, “Some results related to the Logvinenko-Sereda Theorem”, Proc. Am. Math. Soc. 129 (2001), no. 10,
p. 3037-3047.

M. Langenbruch, “Hermite functions and weighted spaces of generalized functions”, Manuscr. Math. 119 (2006),
no. 3, p. 269-285.

J. Le Rousseau, G. Lebeau, P. Terpolilli, E. Trélat, “Geometric control condition for the wave equation with a time-
dependent observation domain”, Anal. PDE 10 (2017), no. 4, p. 983-1015.

N. Lerner, Y. Morimoto, K. Pravda-Starov, C.-J. Xu, “Gelfand-Shilov and Gevrey smoothing effect for the spatially
inhomogeneous non-cutoff Kac equation”, J. Funct. Anal. 269 (2015), no. 2, p. 459-535.

J.-L. Lions, Optimal control of systems governed by partial differential equations, Grundlehren der Mathematischen
Wissenschaften, vol. 170, Springer, 1971.

V. N. Logvinenko, Y. E Sereda, “Equivalent norms in spaces of entire functions of exponential type”, Teor. Funkts.
Funkts. Anal. Prilozh. (1974), p. 102-111.

J. Martin, K. Pravda-Starov, “Spectral inequality for finite combinations of Hermite functions and null-controllability
from thick control subsets with respect to unbounded densities”, work in preparation, 2019.

P. Martin, L. Rosier, P. Rouchon, “Null-controllability of the structurally damped wave equation with moving control”,
SIAM J. Control Optimization 51 (2013), no. 1, p. 660-684.

L. Miller, “A direct Lebeau-Robbiano strategy for the observability of heat-like semigroups”, Discrete Contin. Dyn.
Syst. 14 (2010), no. 4, p. 1465-1485.

, “Spectral inequalities for the control of linear PDEs”, in PDE’, dispersion, scattering theory and control
theory, Séminaires et Congres, vol. 30, Société Mathématique de France, 2017, p. 81-98.

C. Muscalu, W. Schlag, Classical and Multilinear Harmonic Analysis, Cambridge Studies in Advanced Mathematics,
vol. 137, Cambridge University Press, 2013.

E Nicola, L. Rodino, Global pseudo-differential calculus on Euclidean spaces, Pseudo-Differential Operators. Theory
and Applications, vol. 4, Birkhduser, 2010.

M. Ottobre, G. A. Pavliotis, K. Pravda-Starov, “Exponential return to equilibrium for hypoelliptic quadratic systems”,
J. Funct. Anal. 262 (2012), no. 9, p. 4000-4039.

B. P Paneah, “On certain theorems of Paley-Wiener type”, Dokl. Akad. Nauk SSSR 138 (1961), p. 47-50, translated in
Sov. Math., Dokl. 2 (1961), p. 533-536.

, “On certain problems of harmonic analysis”, Dokl. Akad. Nauk SSSR 142 (1962), p. 1026-1029, translated in
Sov. Math., Dokl. 2 (1961), p. 239-2442.

A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied Mathematical
Sciences, vol. 44, Springer, 1983.

K. D. Phung, G. Wang, “An observability estimate for parabolic equations from a measurable set in time and its
applications”, J. Eur. Math. Soc. 15 (2013), no. 2, p. 681-703.

K. Pravda-Starov, “Subelliptic estimates for quadratic differential operators”, Am. J. Math. 133 (2011), no. 1, p. 39-89.
K. Pravda-Starov, L. Rodino, P Wahlberg, “Propagation of Gabor singularities for Schrédinger equations with qua-
dratic Hamiltonians”, Math. Nachr. 291 (2018), no. 1, p. 128-159.

L. M. Silverman, H. E. Meadows, “Controllability and time-variable unilateral networks”, IEEE Trans. Circuit Theory
12 (1965), p. 308-314.

J. Sjostrand, “Parametrices for pseudodifferential operators with multiple characteristics”, Ark. Mat. 12 (1974), p. 85-
130.

, “Resolvent estimates for non-selfadjoint operators via semigroups”, in Around the research of Viadimir
Maz’ya. 1II. Analysis and applications, International Mathematical Series (New York), vol. 13, Springer, 2010, p. 359-
384.

J. Toft, A. Khrennikov, B. Nilsson, S. Nordebo, “Decompositions of Gelfand-Shilov kernels into kernels of similar
class”, J. Math. Anal. Appl. 396 (2012), no. 1, p. 315-322.

J. Viola, “Resolvent estimates for non-selfadjoint operators with double characteristics”, J. Lond. Math. Soc. 85 (2012),
no. 1, p. 41-78.

, “Non-elliptic quadratic forms and semiclassical estimates for non-selfadjoint operators”, Int. Math. Res. Not.
2013 (2013), no. 20, p. 4615-4671.

C. R. Mathématique, 2020, 358, n° 6, 651-700



700 Karine Beauchard, Michela Egidi and Karel Pravda-Starov

[46]

, “Spectral projections and resolvent bounds for partially elliptic quadratic differential operators”, J. Pseudo-
Differ. Oper. Appl. 4 (2013), no. 2, p. 145-221.

[47] G.Wang, “L®°-null controllability for the heat equation and its consequences for the time optimal control problem”,
SIAM J. Control Optimization 47 (2008), no. 4, p. 1701-1720.

[48] G.Wang, M. Wang, C. Zhang, Y. Zhang, “Observable set, observability, interpolation inequality and spectral inequal-
ity for the heat equation in R"”, J. Math. Pures Appl. 126 (2019), p. 144-194.

[49] Y. Zhang, “Unique continuation estimates for the Kolmogorov equation in the whole space”, C. R. Math. Acad. Sci.
Paris 354 (2016), no. 4, p. 389-393.

C. R. Mathématique, 2020, 358, n° 6, 651-700



	1. Introduction
	1.1. Null-controllability of non-autonomous Ornstein–Uhlenbeck equations
	1.1.1. Non-autonomous Ornstein–Uhlenbeck operators and generalized Kalman rank condition
	1.1.2. Geometric conditions for null-controllability

	1.2. Evolution equations associated to accretive non-selfadjoint quadratic operators with zero singular spaces
	1.2.1. Miscellaneous facts about quadratic operators
	1.2.2. Sufficient geometric condition for null-controllability

	1.3. Structure of this article

	2. Some study cases of Ornstein–Uhlenbeck equations
	2.1. Heat equation
	2.2. Abstract autonomous hypoelliptic Ornstein–Uhlenbeck equations
	2.3. Translation example with the Kolmogorov equation
	2.4. Rotation example with the Kolmogorov equation with a non-degenerate quadratic external potential
	2.5. Dilation example

	3. An adapted Lebeau–Robbiano method with moving control subsets
	4. Proofs of the main results for Ornstein–Uhlenbeck equations
	4.1. Sufficient condition for null-controllability
	4.2. Necessary condition for null-controllability

	5. Proof of the null-controllability for quadratic equations with zero singular spaces
	6. Appendix
	6.1. Well-posedness of the homogeneous and inhomogeneous Cauchy problems
	6.2. Hilbert uniqueness method
	6.3. Miscellaneous facts about thick subsets in rd
	6.4. Hermite functions
	6.5. Gelfand–Shilov regularity

	References



