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Robustifying multiple-set linear canonical
analysis with S-estimator

Robustification de l'analyse canonique linéaire
généralisée avec un S-estimateur

Ulrich Djemby Bivigou® and Guy Martial Nkiet™ ¢

% Université des Sciences et Techniques de Masuku, Franceville, Gabon.

E-mails: dastakreas@yahoo.fr, guymartial.nkiet@univ-masuku.org.

Abstract. In this paper, we consider a robust version of multiple-set linear canonical analysis obtained
by using a S-estimator of covariance operator. The related influence functions are derived. Asymptotic
properties of this robust method are obtained and a robust test for mutual non-correlation is introduced.

Résumé. Dans cet article, nous considérons une version robuste de '’analyse canonique linéaire généralisée
obtenue en utilisant un S-estimateur de '’opérateur de covariance. Les fonctions d’'influence correspondantes
sont déterminées. Les propriétés asymptotiques de cette méthode robuste sont obtenues, et un test robuste
de non-corrélation mutuelle est introduit.
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Version francaise abrégée

Lanalyse canonique linéaire généralisée (ACLG) de variables aléatoires Xj,..., Xk, avec K =2, a
valeurs dans des espaces Euclidiens &7, ..., Zkx permet d’analyser les liaisons entre ces variables;
elle consiste en la recherche d'une solution au probléeme de maximisation (1) obtenue par a
partir de I'analyse spectrale d’'un opérateur s'écrivant sous la forme T = @ Y2%®~1/2 ol1 ® et
¥ sont des opérateurs définis a partir de I'opérateur de covariance V de la variable aléatoire
X =(Xy,...,Xx) avaleurs dans & := &) x X» x ... Zk. Cet opérateur est généralement estimé en
remplacant V par 'opérateur de covariance empirique qui est, malheureusement, un estimateur
non robuste. Dans cet article, nous introduisons une estimation robuste de 'ACLG, obtenue
en remplacant V par un S-estimateur V,,, ce qui conduit 4 son estimation a partir de I'analyse
spectrale de I'opérateur T, = ®,,'/2¥,®, /2 obtenu a partir de V,, de la méme facon que T I'est
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a partir de V. On obtient alors les fonctions d’influence des fonctionnelles correspondant a T}, et
aux coefficients et directions canoniques dans les théorémes suivants o1 A, A; et H sont définis
en (2), (4) et (3) respectivement.

Théoréme 1. On suppose vérifiées les hypotheses (<#1) a (<7y). Alors :
IF(x; T, Px) = yiw(” V2% ,) [V 12k, Ak, V.
1

Théoréme 2. On suppose vérifiées les hypotheses (<) a (<4). Alors pour tout j €{1,...,q}, ona:
) ~ - 1 : g
O W GripuBx) = 0 (V2] ) V2l £ T B e = Vi B
I#k
(i) Sipy>--->pgq,alors
j q - _ -1 :
IF(x e, Px) = VUV ) [V 200 V- H(E Vo x) 6.
On vérifie facilement que ces fonctions d’influence sont bornées, ce qui établit le caractere

robuste de I'estimateur proposé. La normalité asymptotique de T}, est ensuite obtenue :

Théoréeme 3. On suppose que les hypothéses (7)) a (<) sont vérifiées et que E(| X ||4%) < +o0.
Alors, /1 (T, — T) converge en loi, lorsque n — +oo, vers une variable aléatoire U; ayant une loi
normale dans £ (%) centrée et d'opérateur de covariance égale a celle de la variable aléatoire Z;
donné en (5).

Ce résultat permet d’'introduire un test robuste de non-correlation mutuelle, dont '’hypothese
nulle 7 est la nullité des opérateurs de covariance croisés. On prend comme statistique de test
la variable aléatoire S,, = ZIk(:z lef;} tr(T e (Tp) e (Ty)*), ol Ty est 'opérateur A — ‘L'kAT;.

Théoréme 4. On suppose que les hypothéses (7)) a (<) sont vérifiées et que E(| X ”?%) < +o0.
Alors, sous 3, (ko) ™' nS,, converge en loi, lorsque n — +oco, vers )(fi, oud= Zlk(:l Zfz_ll Pk p1 avec
pi = dim(Zy).

1. Introduction

Let (Q, </, P) be a probability space, and K an integer such that K = 2. Considering random
variables Xj, ..., Xk, with values in Euclidean vector spaces %7,..., Zx respectively, we assume
that for any k € {1,..., K}, one has E(X}) = 0 and [E(IIXkII?C) < 400, where |- || denotes the norm
induced by the inner product (-,-); of Zy. The multiple-set linear canonical analysis (MSLCA)
of X := (Xj,...,Xk) is a statistical method that allows us to analyse the relationships among
these variables. It has been known for many years (e.g., [6]) and has been extensively studied
(e.g., [5, 8,11, 12, 14]). Formally, MSLCA is the search of a sequence (cr(j))lsjsq of vectors of
X =X x X x...Zxk, where g = dim(%), satisfying:

) = argmaxE ((a, X)% 1
a argae% (@, X)), e))
where 6 = {a € %/Zlk(:lvar((ak,Xk)k) =1} and, for j = 2:

K
% = {ae%”ll y cov((agc”,xk>k,<ak,xk>k) —0,Vre {1,...,]‘—1}}.
k=1

A solution of the above maximization problem is obtained from the spectral analysis of a given
operator T. For (k,¢) € a,..., K2, considering the covariance operators Vi, = E(Xy ® Xi) =
V/, and Vi := Vi, where ® denotes the tensor product such that x® y is the linear map :
h — (x,h)y, denoting by 7, the canonical projection 7 : a = (ay,...,akx) € X — ar € XLy
and assuming that each Vj is invertible, we have T = ®~29®~1/2) where ® = 2115:1 T;;Vk‘[k
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and ¥ = Y5 _, Z?ZI,Z#CTZVMT(. If {Y,..., B9} is an orthonormal basis of Z such that BV is
an eigenvector of T associated with the j-th largest eigenvalue p;, then we obtain a solution
of (1) by taking a'’) = ®~1/28U)_ Classical estimation of MSLCA is based on empirical covariance
operators that are known to be very sensitive to outliers. This makes this method a non robust
one and highlights the interest of providing a robust estimation of MSLCA as it was done for other
multivariate statistical methods including principal component analysis, discriminant analysis,
and canonical correlation analysis (cf. [1-3, 13]). A natural way for doing that is to replace the
covariance operator of X by a robust estimator. Among such robust estimators, the S-estimator
has been extensively studied (cf. [4,9, 10]) and is known to have good robustness and efficiency
properties. In this paper, we propose a robust version of MSLCA based on S-estimator of the
covariance operator. This estimation procedure is introduced in Section 2. The related influence
functions are derived in Section 3, and Section 4 is devoted to asymptotic properties and to robust
test for mutual non-correlation.

2. Estimation of MSLCA based on S-estimator

We assume that the following condition holds:

(/1) X has an elliptical contoured distribution with density fx (x) = (det(V))"V2h((x, V"' x) o),
where h: [0, +oo[— [0, +ool is a function having a strictly negative derivative h'.

Let {X, ..., X"} be an i.i.d. sample of X, we consider a fixed real by and a function ¢ : R — R.
We denote by &2 () the set of positive definite symmetric operators from & to itself. The S-
estimators fi,, and V,, of the mean and the covariance operator of X respectively are given by
the pair (fi,, ‘7,,) that minimizes the determinant det(G) over all (1, G) € X x 2 (%) that satisfy
Lyr E(|GV2(XD - )| ,) < bo. Itis well known that these estimators are robust and have high
breakdown points (see, e.g., [4]). From this, we can introduce an estimator of MSLCA which is ex-
pected to be also robust. Indeed, putting D, = 2115:1 TZV]C.”T]C and ¥, = ZIk(:l zgf:l#krﬁk[.m,
where Vi, = 74V, 7} and Vi, = 74V, 7}, we estimate T by T,, = ©,'/*%,,®,!/2. Considering the
eigenvalues 01, = P20 =+ = Pgq.p Of T, and {EE}) . .Bﬁ{’)} an orthonormal basis of & such that
Eff) is an eigenvector of T, associated with p j.n» We estimate p; by g, BY by B(n]) and a by
@) =,"2p,.

3. Influence functions

In order to study the effect of a small amount of contamination at a given point on MSLCA it is
important to use influence function, as it is usually done in robustness litterature (see [7]). More
specifically, we have to derive expressions of the influence functions related to the functionals
that give T, p; and alV (for 1 < j < q) at the distribution Px of X. Recall that the influence
function of a functional S at P is defined as

IF (x;S,P) = 11?61 S(A-e)P+eby) - S(IP),
ol

£

where 6 is the Dirac measure putting all its mass on x. In order to derive the influence functions
related to the above estimator of MSLCA, we have to specify the functional that corresponds to it.
We impose the following properties on the loss function ¢:

(e%) ¢ is symmetric, has a continuous derivative ¥ and is such that £(0) = 0;
(o%) there exists ¢y > 0 such that ¢ is strictly increasing on [0, ¢y] and constant on [cp, +oo[;
(«7) the function ¢ — /(1) t~1is continuous and bounded.
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For example, the function &(#) = %(1 -(1- —) M+ < ]IR\[ ¢,c1 (1), where ¢ > 0, satisfies

the above conditions. Its derivative is the Tukey’s biweight functlon p()=(1- —) T(-¢,c(2). The
functional V; related to the aforementioned S-estimator of V is defined in [9] (see also [10]); it
is such that V(P) is the solution to the problem of minimizing the determinant det(G) over all
pe X and G € (%) that satisfy

f&ﬁ(ll G2 (x— ] 5) dP(x) < bo.

It is known that at elliptical distribution Vs(Px) = V (see [10, p. 222]). Therefore, the functional
T defined as T;(P) = f (Vs(P) ™2 g (Vs(®) f (Vs(P) "'/, where f(A) = ¥§_ 7;7¢AT;7¢ and
A =Y Xy, TiTkAT, Ty, is such that Ts(Px) = T. Putting Ts = T5(Px),

1 1
Ax, V) = ZZ_—Tk(xk®xk)vk€74_ET[VFk(xkg’xk)Tk"‘Tk(x[®xk)T[ 2
=1/¢=1
07k

2792

Y1 = Ty Jo (' (D2 + (g + Dy () r) ri  h(r?)dr and y, = 1?(’5/2) Cy(r)rih(r?)dr, T
being the usual gamma function, we have:

Theorem 1. We assume (24,) to (7). Then

IF(x; Ts,Px) = %W(” V2x] ) VY2, Ak, V).

From the properties of v, it is easily seen that IF(x; T;,Px) equals 0 if IV 12x|9 > c.
Otherwise, we have || x]la < co | VY?|l00, where |- [|lo, denotes the usual operators norm defined
by [l Allo = sup .o (I Axll / | x])). Then, it is easy to check the inequality

sup [[TF(x; Ts, Px) lloo < sup(w( )) (K=1(IVlloo+ D V2|2,
XeX teR} | 1|

that shows that the influence function is bounded and, therefore, that the estimation procedure is

robust. Now, we give the influence functions related to the canonical coefficients and the canon-

ical directions obtained from the robust MSLCA introduced above. For j € {1,..., g}, denoting by

Ry.; (resp. Bs.;; resp. Ag.;) the functional such that Ry ;(P) is the j-th largest eigenvalue of T(IP)

(resp. the associated eigenvector; resp. Ag.;(P) = f(\/s(|]3>))‘”2 Bs.; (), we put ps.; = Ry ;j(Px),
Y —B;(Px) and @’ = A j(Py). Putting

w (V2 ) [V 2]

2
H (e, Vi) = 7/—2(5(||V_1/2x||%)—b0)ﬂ+11

;_1)
lv-12x)5 g

3)
and

o

M=

© ‘
IYEASEDY ( (M),xk>k(X[,,BU) <[5('"),Xk>k(Xk, Vkeﬁ(/)hc
k=1

~
ll
=
ss
\,_.

-5 (xk, VieBy™) e4xk ,B(f))k)ﬁml) 4)
2 (Z [Tk (k@ 1) T+ (B, xkﬁcﬂ] —21[) B,

where I denotes the identity operator of &', we have:
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Theorem 2. We assume (<) to (<Z4). Then, forany j€{1,...,q}, we have:
. _ _ -1 j j
0 1054220 =y (V-2 ) V2l B T B et Ve B
17k

(i) Ifp1>--+>pq, then
-1

PGy, Py) = %w IV 2x ] ) IV 2x] g A V)= H Gy, Vi x) B2
4. Asymptotic distributions

Zﬂqlz +00
T(q72) Jo

We first establish asymptotic normality for T,. Putting 83 =

ﬁw(r)rqu2 W (r3)dr, we
have:

Theorem 3. We assume (24) to (<74) and that [E(IIXII‘;{) < +oo. Then, \/ﬁ(Tn — T) converges in
distribution, as n — +oo, to a random variable U having a normal distribution in £ (%), with
mean 0 and covariance operator equal to that of the random operator

Zo==2qp5"y (|V V32X ) V7YX, AKX, V). (5)

This result allows us to consider a robust test for mutual non-correlation, that is the test for the
hypothesis % : V (k,0) € {1,...,K}?, k # ¢, Vi, = 0 against the alternative 7 : 3 (k,£) € {1,...,K}?,
k # ¢, Vi # 0. We take as test statistic the random variable S, = ¥X_ ¥4~ tr(rie (To) e (Tn)™),
where 7 is the operator A— 7 A7,. Then, putting

_ 2

TG

(waxia)ixi, ), ®)

we have:

Theorem 4. We assume (27,) to (<) and that [E(IIXII‘;K) < 4o00. Then, under %), the sequence
(x0)~'nS, converges in distribution, as n — +oo, to xfi, where d = lelezgtll prp1 with py =
dim(%k).

In practice, k¢ is replaced by a consistent estimator; for example by

= _Zﬁ_l L i i
%= e o L)L,
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