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Abstract. In this paper we consider the motion of a rigid body in a viscous incompressible fluid when some
Navier slip conditions are prescribed on the body’s boundary. The whole “viscous incompressible fluid + rigid
body” system is assumed to occupy the full plane R2. We prove the existence of global-in-time weak solutions
with constant non-zero circulation at infinity.

Résumé. Dans cet article, nous considérons le mouvement d'un corps rigide dans un fluide visqueux incom-
pressible avec des conditions de glissement avec friction de Navier a I'interface. Le systeme “fluide+corps ri-
gide” est supposé occuper le plan tout entier. Nous prouvons I'existence de solutions globales en temps avec
une circulation constante non nulle a l'infini.
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Introduction

The problem of well-posedness of Navier-Stokes equations with infinite energy in dimension
two has been studied a lot in the past years. We recall the work [8], where the authors prove
existence for initial data which have measure vorticity and the corresponding uniqueness result
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304 Marco Bravin

is available in [5]. Other interesting works are [17] and [18], where the authors prove existence of
weak solutions in loc-uniform Lebesque spaces. The first result deals with solutions defined in
R3, the second one defined in the half space R3. For exterior domains, where no slip boundary
condition is prescribed on the boundary, it was proved in [15] an existence result for initial data
in the weak-L? space with some restriction on the concentration of the initial energy. These
solutions will remain uniformly bounded in weak-L? norm for almost every time and bounded
in the K4 norm which is the Kato norm for p = 4.

In this paper we study weak solutions for viscous incompressible fluid + rigid body system
where Navier-type boundary condition are prescribed on the boundary of the solid and the
energy is allowed to be infinity for lack of integrability at infinity, more precisely the solutions
behaves like x*/27|x|? at infinity.

In the case of finite energy, a wide literature is present for example [2], [6], [20], in particular
in [20] existence of weak solutions is proved. The goals of this work are to extend the definition
of weak solutions presented in [20] in our setting and prove existence. The main contributions
are the extension of the definition of weak solutions and the density argument presented in
Lemma 10, this last result is also essential to make the proof of Theorem 1 of [20] correct.

1. The 2D “viscous incompressible fluid + rigid body” system with Navier conditions

We study the Cauchy problem for a system describing the motion of a rigid body immersed in
a viscous incompressible fluid when some Navier slip conditions are prescribed on the body’s
boundary. In [20], the existence of global in time weak solutions with finite energy to the Cauchy
problem were established in the case where the whole system occupies the full space R®. More-
over, several properties of these solutions were exhibited. We consider here the 2D case, for which
our analysis can be carried out for initial data corresponding to unbounded fluid kinetic energy.

Let us therefore consider .4 a closed, bounded, connected and simply connected subset of
the plane with smooth boundary. We assume that the body initially occupies the domain . and
we denote %, = R? \ % the domain occupied by the fluid.

The equations, in the unknown (u, [, r, p), that model the dynamics of the system in the body
frame read then

Z—?+[(u—l—rxL)-V]u+ruL+Vp:vAu X € F, €))
divu=0 x €Sy, 2
un=(I+rxt)-n xe€dHh, 3)
Dwn) -t1=—au—I-rxt)-1  xedHh, 4)
ml'(t) = —f onds—mrlt, (5)
0S

gr' = —f x*-onds, (6)

0S
u(0, x) = ug(x) X € %, (7
1(0) = Iy, r(0) =1y, 8)

where ug-n = (I + roxt) - n for any x € 0.%. Here u = (u1, up) and p denote the velocity and
pressure fields, v > 0 is the viscosity, n and 7 are the unit outwards normal and counterclockwise
tangent vectors to the boundary of the fluid domain, @ > 0 is a material constant (the friction
coefficient). m and _# denote respectively the mass and the moment of inertia of the body while
the fluid is supposed to be homogeneous of density 1, to simplify the notations. The Cauchy stress
tensor is defined by o = —pId, +2vD(u), where D(u) = (3 (0 u; +0;uj))1<;,j<2 is the deformation
tensor.
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When x = (x], x2) the notation x* stands for x* = (—x,, x;), I(?) is the velocity of the center of
mass of the body and r(¢) denotes the angular velocity of the rigid body. Finally to shorter the

notation we will write ug = I + rx=.

Remark 1. In general the friction coefficient @ can depend on the position on the boundary of
the solid. In the case of the fluid alone some results are already available, see for instance [1]. At
this moment it is not clear if the analysis from [1] can be adapted in the fluid-structure interaction
problem (1)-(8).

2. Leray-type solutions with infinite energy

We are interested in solutions with initial datum (uy, ly, ro) with fluid velocity of the form
U = i + PHy, € L*(Fp) ®RH,
where u is divergence free in a distributional sense and Hgy, is the unique solution vanishing at
infinity of
divHg, =0 for x € %y,
curlHy =0 for x € &,
Hg-n=0 forxeds,

Hg,-tds=1.
oA

See, for instance, [14]. This solution is smooth and decays like 1/|x| at infinity. For any xp in the
interior of .4, we also have
(x — x0)*

HyO’VHyO €L°°(90) and Hyo —m,

VHg,, Hy —(x—x0)"-VHy, € L*(F),  (9)

but Hg, is not a L? function. In the case of regular solutions to the Euler equations this vector
field is useful to take into account the velocity associated with the circulation around the body,
which is a conserved quantity according to Kelvin's theorem.

First of all we note that the quadruple (u,l,1,p) = (Hg,,0,0,—|H, yo|2/2) satisfies the equa-
tions (1)-(3) unless the boundary condition (4). This leads us to expect that a solution (u, [, 1, p)
of (1)-(8) with initial data (o + BH, ly, ro) is of the form

(w, 1,1, p) = (& 1,1, p+ B*|He 1 12) + (BHg,0,0,— 2| Hy 12/2),  with @ € L (F)

and g is independent of time.

We now introduce a definition of Leray-type solutions for these initial data. First of all in the
literature, for example in [20], there is already a definition of weak solutions of Leray-type with
finite energy, i.e. with = 0, so we want to be coherent with this definition. In the next subsection
we recall the definition of weak solution with finite energy coming from [20] and then we notice
that we can extend this definition in a straight-forward way to our setting.

2.1. A weak formulation with finite energy

Let Q an open subset of R?, we use the classical notation L2 (Q) to indicate the closure in L?(Q)-

norm of Cgo(, (€), which is the space of infinitely differentiable function divergence free and with

compact support. Moreover we denote by ./ the following space
7 ={¢pe [*®R*)|divg = 0in R* and D(¢) = 0 in H}.

Forall ¢ € 7, there exist /5 € R? and r € R such that for any x € %, ¢p(x) = £+ rpx*. Conversely
if (u,1,r) € L2(Fp) xR2 xRisa triple such that the extension u, of u by ¢ + x1rin % is divergence
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free in a distributional sense in R?, then u, € #. Note that the extension of the initial data
up by setting ug = ¢ + rox* for x € % is an element of 7. Finally, when ¢ € #, we denote
by =1lp+ r¢xl. Now we endow the space ./ with the following inner product

(‘P"/’)Jf:fg ¢-ydx+mly-ly+ Frory,
0

which is equivalent to the restriction of the L?(R?) inner product to the subspace /. Let us also
denote

V= {tpeif'[g IV (y)1*dy < +00} withnorm [¢lly =Pl + VPl 12(%,ay)
0

— 2 2 . _
V—{qbeif‘ f%IWP(y)I (1+1yl )dy<+oo} withnorm Iplly = Il + 19Ol , oy

7 ={pe¥ |plz, e Lip@o)}  withnorm gl = Il + 19l 50

Let us emphasize that Vevc 7 . We define formally for appropriate u and v,
a(u,v) = —af (u—uy) (v-—vy) —f D(u): D(v)
0H Fo
b(u, v, w) :f ([(u— Up) - Vwl-v—ryvt- w)) —mrufﬁ-fw,
Fo

we recall that ugy = ¢, — r,x*. The next straight-forward proposition clarify in which spaces a
and b are defined.

Proposition 2. The following holds true:

() b is a trilinear continuous map from ¥ x ¥ x ¥V toR, i.e. there exists a constant C > 0 such
that for any (u,v,w) €Y x ¥V xV,

|b(u, v, w)| < Cllully lvly lwly.

Moreover if ve ¥ it holds b(u, v,v) = 0 and ifv,w € ¥, it holds b(u, v, w) = —b(u, w, v).
(i) b can be extended to a continuous map from F€ x F€ xV toR, i.e. there exists a constant
C > 0 such that for any (u, v, w) € SO x XV,

[b(u, v, w)| < Cllullzllvlzelwly.
(iii) a(-,-) is a continuous map from7¥ x ¥V toR, i.e. foranyu,v in¥,
la(u, )| < Clluly lvily.

Proof. We present here only the proof of point i..

|b(u, v, w)| = U ([(u— ugy)-Vwi- v—ruvL-W))—mrulﬁ'fw,
Fo

gU ([(u.V)w].u—ruul.w))—mruﬁ-éw, 10)
Fo

+ . 11)

f (uy -VIw]-v
Fo
We separately estimates (10) and (11). By Holder and interpolation estimates, it holds

(10) < Cllully Ivly lwly < Clluly 1vly lwly,
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and by the fact that uy = £, + r,x*, we have
(11) =‘f [((€y+ryx D) - VIwl-v
Fo

<Cleyl ||Vw||L2(90) Il V”[}(gc‘o) + Clrylll |x|vw||L2(g€0) I V“LZ(gO)
<Clluly 1vly lwly +Cluly vy lwly. O
We are now able to state the definition of weak solution defined in [20].
Definition 3. Let vy € #, we say that v € C(0, T;.#) N L*(0, T;¥) is a solution of (1)-(8) with

finite energy if and only if for all ¢ € C*°([0, T1; A€) such that ¢|g, € C*(0, T; cg°(§o)) and for a.e.
t€[0,T] it holds

t
(Vy(P)JL”(t)—(VO,(PH:O)Jf’:j(; [(v,6t<p);f+2va(v,(p)—b(v,w, v)|.

2.2. A weak formulation with infinite energy

To extend the definition of weak solution in the case of unbounded energy we start with noticing
that we can continuously extend the map a and b in our new setting. First of all for X one of the
spaces S, ¥, V or 77, the space X @ RH is endowed with the norm | ull xery = 127+ BH| xerH =
llZZll x + |Bl, moreover we use the convention that uy = ti», [, = I and r,, = ry, i.e. we extend the
function H by 0 inside the solid .#.

Proposition 4. The map a and b can be linearly extended as follow:
(i) the map b can be continuously extended to a trilinear map on (¥ @ RH) x ¥ x (V @ RH) by

b(u, 7, w) :[ﬂ} ([(u— Us) -Vwl-0—r, o w)) —mryly -l
0

The continuity assumption is equivalent to the following inequality : there exists a constant
C>O0suchthatforany(u=u+p H v,w=w+pz3H) eV eRH) x¥ x (VeRH),
[b(u, v, w)| < CUlully + 161D 171y Uwlly +1Bs)).

(i) Themapb(H,-,-), b(-,-, H) are continuous bilinear map from¥ x¥ toR and b(H, v, H) =
0foranyveV.

(iii) Forue 7V eRH andv € ¥, we have b(u, v, V) = 0. Moreover if v, w € ¥, it holds b(u, V, W) =
-b(u, w, ).

(iv) The trilinear map b can be extended in a unique way on (€ & RH) x /€ x (V @ RH) in

a continuous way, i.e. there exists a constant C > 0 such that for any (u,v,w) = (i +
,BlH» ijr l’T/+ ﬁ3H);

|b(u, v, w)| < C(llullz + 161D I1VlLz (1wl + 1 B3 ).

(v) a(-,-) can be extended to a continuous bilinear map from (¥ @ RH) x ¥ to R, where for any

(u, )

a(u,m=—af (u—uy)~(17—ﬁy)—f D(u) : D(v).
0% Fo
Proof. Point (i) is direct consequence of point (ii) so we begin by (ii). For (&, D) € ¥ x ¥,
b(ii,7,H)= | [@-VH)-7— | [0sz-VH]-U—-rz| (x*-VH-HY)-7
Fo F Fo

is well defined thanks to (9), moreover there exists C > 0 such that |b(iZ, v, H)| < C|| @l | 7]y . For
(U, W) €V x¥, b(H, U, D) = [ [H-V]iw-7. Thanks to (9), itis clear that |b(H, 7, )| < Cl[7lly [ @]y .
Moreover

|HI? _ Iy

b(H,'ﬁ,H):f H.VH.ﬁzf Mlgn=2 |H|2n+2f |HP(x" - n)
F 0F 2 2 Joz 2 Jog
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where we use the fact that curl H = 0 and an integration by parts. By Blasius’ lemma applied to
f =8 = H (see Lemma 12 in the Appendix), it holds

f IHIans:i(f Hz) =0 and IHIZ(xl-n)ds:Re(f zﬁz):Re(—L)ZO,
0F 0F 0F 0F 27

where we use the residue theorem due to the fact that H is holomorphic and the behaviour at
infinity from Lemma 11 to compute the residue. This concludes the proof of point (i) and (ii).

For (iii), we use an integration by parts to see that for any v € ¥ we have b(H,7,7) = 0,
which implies, together with point (i) of Proposition 2, that it holds b(u, 7,v) = 0 for any u =
i+ BH € V @ RH. Integrating by part we have also that for any u € ¥ ® RH, for any v,w € 7,
b(u, v, w) = —b(u, w, ).

Point (iv) is trivial after notice that VH € L* and recall (ii) of Proposition 2.

Finally to prove (v) we use the same procedure of point (iii) of Proposition 2. g

We now introduce the definition of weak solution, with possibly unbounded energy, of the
system (1)-(8).

Definition 5 (Weak solution with § circulation at infinity). Lef uy = tip + fH € A @ RH and
T > 0. We say that u = i+ BH where

e Cy([0, T A#) N L2 0, T;1)
is a weak solution for 2D Navier-Stokes with p circulation at infinity if for any test function
¢ € CH([0, T}; ) such that gl € C'((0, T); CX(Fo)), it holds
t
(U, ¢) (1) — (Uo, Pli=0) 72 =f0 [(ﬁ,aﬂp)yfﬁva(u.(ﬂ) —b(u,p,u)|.

Observe that we took into account here that H and B are time independent and the fact
that for any function ¢ € J# such that ¢|g, € C§°(§o), it holds b(u, u,¢) = —b(u,p,u). For
our convenience we give an equivalent but more explicit definition of weak formulation of the
system (1)-(8).

Definition 6 (Weak solution with S circulation at infinity). Let iip € # and T > 0 given. We say
that

i€ Cy ([0, T1; Z) N L*((0, T); %)
is a weak solution for 2D Navier-Stokes with [ circulation at infinity if for every test function
¢ € CH([0, T}; ) with gl€ C'((0, T); CX(Fo)), it holds
t
(@), ()7 — (o, p(0)).7e = fo [(ﬁ,arqﬂ)yf +2va(l, ) +2pva(H, )

To conclude this section, we observe that any smooth solution of (1)-(8) with infinite energy is
also a weak solution.

Proposition 7. Letu = i+ SH a smooth solution of (1)-(8) with initial data uy = g+ SH, then i
is a weak solution for 2D Navier-Stokes with [ circulation at infinity.

Proof. Multiply the equation (1) by the test function ¢, integrate in all %, integrate by parts and
use the boundary condition. d
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3. Result

The following result establishes the existence of global weak solutions of the system (1)-(8).

Theorem 8. Let iy € A and let T > 0. Then there exists a weak solution U € A of 2D Navier-
Stokes with 8 circulation at infinity in Cy, ([0, T; #£) N L (0, T; ¥) such that it satisfies the following
energy inequality: for almost every t € [0, T] we have

1 t
—|lzi(t, )% +2vf |D(ﬁ)|2+2avff lii— e |* < CA+T0l2%,),
2 H 0,50 F 0 Jo 7

where C depends on T, %, p and v. Moreover (l,1) € H(0, T;R? x R).

The motivation that drives us to study this special infinite-energy solutions is to study the
“inviscid+shrinking-body” limit. First of all in the case of a fixed obstacle with no-slip boundary
condition, existence and uniqueness of solutions with initial datum a perturbation of SH is a
consequence of [15], where they proved global-in-time well-posedness for initial datum in weak-
L? space with some restrictions on the concentration of the initial energy. In particular they do
not decompose the vector fields in a part with finite energy and the other with infinite energy
as in this work. Later in [13] the authors showed that for initial data a perturbation of SH, the
solutions remain of the form  H plus a perturbation where f is time independent. Moreover they
proved that if the initial datum has small enough circulation around the obstacle, then as the size
of the obstacle converges to zero, the solutions tend to the one of the Navier-Stokes equations
in the full plane with a perturbation of the point vortex as initial datum. For the inviscid limit
we recall the result from [20], where the authors proved that as v goes to zero, the solutions u,
of the viscous “fluid+rigid body” problem converge to the solution of the corresponding inviscid
“fluid+rigid body” coupled equations. In [20], the “rigid+body” system occupies all the space R3,
in the case of R? the situation is a bit more tricky and the argument of [20] holds at least in the case
the solid is a disk. Moreover by the work [10], we know that as the size of the object goes to zero
(and the mass remains constant) the system converges to a variant of the vortex-wave system
where the vortex, placed in the point occupied by the shrunk body is accelerated by a Kutta—
Joukowski-type lift force. In the massless case, i.e. the density of the object is constant respect to
the scale of the object, similar results are available when the fluid satisfies incompressible Navier—
Stokes equation and no-slip boundary conditions are prescribe on the boundary of the solid, for
example in [16] it is proven that for a fixed viscosity the “fluid+disk” system converges to the
Navier—Stokes system in all R? when the object shrinks to a point. The goal of further studies is to
understand the limiting equations when both the viscosity and the size of the object go to zero
at the same time (in both mass and massless cases) and to find in the limit a similar system of
the one in [10]. We expect that the appearance of a Kutta-Joukowski-type lift force in the limiting
system is strictly related to the presence of the circulation due to §H, i.e. in the absence of this
term we do not expect to see any force on the point mass in the limit. Indeed in the case where
the vorticity is integrable, f H denotes the circulation at infinity.

Before moving to the proof of the theorem we present two density results. For the first one
we do not claim originality but we were not able to find a reference in the literature. The second
result is one of the main contribution of the paper. Lemma 10 is also essential in [20], where
we propose to change the set 5 = {¢ € Cg"’U(RZ)ID((p) = 0in %} with the set defined in (13) in
the proof of Theorem 1. The set J is not dense in ¥ neither in 7. On the other hand we will
introduce below, cf. (13), a set & which is dense and has all the property to make the proof of
Theorem 1 of [20] working. To see that 9 is not dense in 7, it is enough to consider .4 = B;(0)
and the function

in B;(0),

J= { Vi(x®y)  elsewhere,
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where y is a smooth cut off such that y = 1 in B,(0) and y = 0 outside B4(0). It is clear that
f €V c¥.Suppose by contradiction that there exist approximations f; € J suchthat f;, — fin7,
then Iz, — Iy =0and rz — ry =0. By continuity, f; = I, + rx* in B1(0) which implies f;|55, ) =
lfg +r, xt - lf + rfo- =0 in L2(0By (0)). Moreover fgle\BI(O) - f|[Rz2\Bl(0) in H!(R?\ B;(0)), then
by trace theorem f|s5,0) — flaB, ), but flas, ) = 2x* # 0 which is a contradiction.

We start by presenting the first density result.

Lemma9. LetQ an open, bounded subset of R? with smooth boundary such that 0Q = UT'; where
I'; fori =0,...,n areopen connected components of the boundary withT;nI'j = @ fori # j, then the
set C®(Q) N L2 (Q) of smooth divergence-free functions with 0 normal component on the boundary
0Q is dense in H (Q) N L2 (Q).

Proof. Let ve H'(Q)NL2(Q), then by [9, Corollary 3.3] there exists a stream function v such that
V4 = v and w € H?(Q). Using the condition v- 7 = 0 on Q, v satisfies w.l.o.g.
—-Ay =—curlv inQ,
=0 onTy,
Y =c onl’,
for some constant c;. Consider 1, a symmetric convolution kernel of mass 1 with support in B, (0)
and consider y. the characteristic function such that y.(x) = 1 if dist(x,0Q) > € and 0 else. We
define
—Ay, = —(ysecurlv) 1, inQ,
Ye=0 on Iy,
We=¢j onl;.

The functions v, = V1, are the desired approximations of v. First of all we prove that
ve € CX(Q) N L2(Q). This is clear by elliptic regularity and v - n= Vi, -n=Vy-7=00n0Q (.
is constant in any I';). To prove the convergence we use the elliptic regularity from [3, Theorem 4,
Chapter 6] (in particular the remark that follow Theorem 4), we have

lve —vlgq < 1We -l <CI ()(35 curl v) *1e —curl vl pzq) — 0.
O

Lemma 10. The set o
@/:{UE%|UI%EC§°(§0)}, (13)
isdenseinV,V and J€.

Proof. The proofin the case of # is easy. We turn to the case of 7 and 7. The difference between
the two spaces is the integrability at +oco but this will not change much the proof so we will do it
only for 7.

Let v € ¥ and let I and r such that vs = [+ x'r. For p > 0 such that p > diam(%), we
define y, to be a smooth cut off function such that 0 < y, < 1, yp = 1 in By(0), xp, = 0
outside By, (0) and |Vy,| < C/p. Fix R > 0 such that R/4 > diam(#), we decompose v = u + vy,
where u = V= (yg/a(=I* - x + r/2|x[?)). The function u € C°.(R?) and vz, € H'(®?) n L2 (F)
and v1]y = 0. By Theorem 3.3 of [9] there exists ¢ € H?(Bzr(0) \ #) such that v; = Vig.
We decompose v; = w + z where w = VL()(R(p). The function z is such that z|g,) = 0 and
zlg2\ By (0) € Hy (R*\ Br(0)) N L (R*\ Bg(0)) = E, where

— .l
E = {C3%(R? \ B(0))} ,

see for example [4, Section I11.4.2]. This provides the existence of a sequence z; € cg?c(uaz \ Br(0))
such that Z; — zlgz\ g, (o) in H'(R*\ Bg(0)). Let z to be the extension by 0 of Z, inside Bg(0), then
ze — z in 7. We now study w. The function w € HY(B4r(0)\ FH) n L(ZT(B4R (0)\ F). By Lemma 9
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there exist e € C®(B4r(0)\H) N L3 ((B4r(0)\ ) such that e — wly = in H' (B4r(0)\H).
Let ¥, € H?(B4r(0) \ F) such that i, = V*y,. The function v, is unique up to a constant, so
we choose the unique v, such that |, Bur\Bpp0) Ve = 0- Define w, = V*(y2pw,) and denote by

w= w|B4R(0)\%. We have

lw- wellHl(Bmo)\%) Slw—well ;p BarO\F) T Cll e ll 111 By (0)\Bog0)) T | (VLX2R)1IJ5||H1 (Bap(O\F)
S0(&) + CllWe ll 1 By 00\ B2 0)) + ClWell 12 (B4 00\ Bar o)
<0(&) + ClWell g (Byz0)\Bor (0)) = 06D,
in fact we can use the Poincaré inequality on the y, and || i, || i (Bar(0)\Bag(0) = o(e) because w =0

in B4r(0) \ B2g(0) (C is a constant that change from line to line). Let w, be the extension by 0 of
w,. The functions

Ve=Uu+we+z.—v inY,

Moreover v, u, w, and z, are element of % (where we extend w, by 0 in the interior of #4). O
Finally we move to the proof of Theorem 8.

Proof. The proof of this theorem follows the proof of Theorem 1 in [20]. The main difficulty is to
deal with the fact that the function H is not an L? (%) function. In this work we emphasize only
the changes in the proofin [20], for this reason we divide the proof in several steps as in the paper
mentioned above.

The idea of the proof is to use an energy estimate to prove that the Galerkin approximation
converges. To get the energy estimate at a formal level is enough to test the equation with #, but
this does not work because b is not bounded in ¥ x ¥ x ¥ but only in ¥ x ¥ x ¥. The idea is to
use a truncation of the solid velocity far from the solid. This procedure was introduced by [19] in
a slightly different setting.

For simplicity in the proof we consider the case = 1. Dealing with § # 1 is not an issue.

Truncation. As said in the beginning we refer to [20] for more details. Let Ry such that A c
B(0,Ry/2). For R> Ry, let yr: R? — R? the map such that

_{;(R(x):xL for x in B(0, R),
AR = xt forxinR*\ B(O,R).
Note that for w € 7 we have that
Xr-Vw— xt-Vw in LZ(RZ) as R — +oo.
We can use the functions y g to truncate the solid velocity in the following way: we define
uy gr(t,x)=10t) +r()xrx),

and the forms
br(u, v, w) =mrul,f-lﬁ+j0rurvrw+f [((u—ugr) - VYW]-v—ryvt-wdx.
Fo

The advantage of bp is that it is a continuous form from ¥ x ¥ x ¥ to R. Moreover there ex-
ists a constant C independent from R such that for any (v, v,w) € ¥ x¥ x ¥, |br(u,v,w)| <
Clullyllviiy lwlly and for any (w,v) € ¥ x ¥, |br(u, u, v)| < C(I|u||i4(%) + IIMIIQ)IIUIIV- The can-
cellation property still hold, in fact for any (u, v) € ¥ x ¥, bgr(u, v, v) = 0. Finally we note that for

any (u,v,w) € ¥ x¥ x¥ bgr(u,v,w) — b(u, v, w) when R goes to +oo.

Existence for the truncated system. In this step we present the existence of a solution for the
truncated system. We claim that for any #y € # and T > 0, there exists iz € C([0, T];#) N
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L*([0, T); %) such that for all ¢ € C*°([0, T]; #) and |5 C' ([0, T; C®(Zy)), and for all £ € [0, T1,
it holds

t
(L”ZR(t),(p(t))Jg—(ﬁR,o,tp(O))JfZ/O [(ilR,@[(p)Jf+2va(ﬁR,<p)+2va(H,<p)

~ br(ii, @, W) ~ b(H, ¢, Tig) ~ b(iig, @, ) |dr.

Moreover ip satisfies for almost every ¢ € [0, T] the energy inequality

1 T t T
—|lTR(1)I1% +f f |iig — iR, |2dsdt+ff |D(@ )|2dxdt<cf la@rll2, +1)dt.
ZRJfoa%RRy’ ogzoR O(Rjﬁ)
The idea of the proofis based on the Galerkin method. We consider the set
¥ ={ves#|viz e @),

which is dense in 7. Therefore there exists a base {w;};en of the Hilbert space 7 such that w; € %
for all i. We consider the approximate solution

N
un(t,x) = Ung(t,x) =) gin(Hwi(x),
i=1
where we forgot R for simplicity. The function i satisfies
0clin, wj) 70 =2valun, wj) +2va(H, w;) + br(ly, iy, wj) — b(H, w;, in) — b(tiy, wj, H),
Unle=o = tno, (14)

where iy is the orthogonal projection in # of iy onto the space spanned by w;,..., wy. The
existence of such g; y is due to the Cauchy-Lipschitz theorem applied to the system of ODE:

Gy = MY [2vINGN +2v Iy 1~ BN, i, (GN) — BN,y (GN) + BN (N, 9GN], 4N (0) =D,
where

M = Wi, wi) zehigi i<y, 9= gn---gnNlT, oy =la(w;, wiligi,j<N

N N
[%Nym(u)]j = Z uib(H, wj, W), [%N,H3(u)]j = u;b(w;, Wj,H),

k=1 i=1
N
(BN v)j= ) uivgbr(wi, wj,wy), [dnu];=alH, w)).
i,k=1

Note that .4y is invertible because {w;};cn are linear independent in /.

The Cauchy-Lipschitz theorem ensures a local in time existence for the functions g; n. To
prove that the existence is in all the interval [0, T'] we need an estimate that leads us to conclude
that the function g; y are defined in all [0, T]. To do that we multiply (14) by g; v and we sum over
J to obtain

1d

= —lanlze +2vf ID(@in) Pdx + 2vaf liin — iin, 1 ds = 2va(H, i) — b(@n, iy, H). (15)
2dt Fo 0

We now estimate the right hand side of the last equality. Note that for any ¢ there exists C, such

that

la(H,un)| < Ce+e

f D) Pdx+ f |aN—aN,y|2ds) and that  |b(@y, iy, )| < Cllinl%,
32'0 05‘0

where C and C, do not depend on N and R. If we integrate (15) in (0, t), we use the two inequality
above and we bring on the left the terms multiplied by € we get

t t t
||aN||§f+ff |D(ﬂN)|2dx+ff |ﬁN—aN,y|2ds<f(c+||aN||§f)dt+||aNon§f.
0 Jz 0 Jos 0
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Using the Gronwall lemma we obtain the estimate
linl%, < re' (cé £ ﬁmu?;f) +Ct+llanolZ,
which leads us to conclude that the function g;  can be extended in all [0, T'].
Moreover, by the fact that || Zing [l < [l &l and by the Korn inequality, we conclude that
iy € L*((0, T); A)
iy € L2((0, T);7)

are uniformly bounded in both the spaces. This leads us to conclude that there exists & €
L®((0, T);#) N L2((0, T); ¥) such that @iy converges to i weakly in L?((0, T); %) and *-weakly in
L*®((0, T); #) as N goes to +oo.

We pass to the limit in (14). The only not triviality is to prove the convergence of the non-
linear term, i.e. br(iiy, N, w;) converges to br(i, i, w;). The idea is to notice that #y is relatively

compactin L*((0, T); L5 _(R?)), in fact this follows from the proof of Theorem 1 in [20], where the

only difference is the estimate
Ifnlly < CA+lunly +1 ﬁNll%/),
with fy defined by N
(fn, w) =2va(un, w) +2va(H, w) + br(un, N, w) — b(H, w, tiy) — b(iiy, w, H).

At this point we are able to pass to the limit in

r
(ﬁN(t),q)(t))Jf—(ﬁNo,qo(O))Jf=f0 [(ﬁN,6f<p)Jf+2va(ﬁN,<p)+2va(H,<p)

— br(iin, @, iin) — b(H, @, iin) — b(iin, @, H)]dt.

which means that & = iy satisfies

t
(Ur(2), (1) 72 — (thro, P(0)) 72 = fo [(iZR,Ot(p);e +2va(tg, ) +2va(H,p)
_bR(iZRr(P) aR)_b(Hr(P) ﬁR)—b(ﬁR,(P,H)]dt (]-6)

Limit of the solutions of the truncated problems. We note that the energy estimate do not de-
pend on R, so there exists sequence Uy R, convergingto u € L®((0, T); #2) N L2((0, T); V) *-weakly
in L*((0, T); /) and weakly in L2((0, T);¥) as k goes to +oco.

These weak convergences do not lead us to pass directly to the limit because of the non-
linearity of bg, in other words we have to find an argument to prove that

t t
f bR, (g, Lk R » ) —»/ b(@, &, p)dx, as k goesto +oo.
0 0

As presented in the paper [20], it is enough to prove compactness of iy g, in a space of the
type L?((0, T); L?. (R?)). We have already presented this compactness property for iy r, but the

loc
estimates are R depending so we cannot directly conclude.

The idea is to apply the Aubin-Lions lemma to get the compactness result. First of all we note
that #iy g, are uniformly bounded in L40, T;L* (Z0)), in fact

t
~ 4 _ ~ 4
” uk,Rk ”L4(0,T;L4(§0)) - L ” uk,Rk ”L4(ﬂ0)dt

t
~ 2 ~ 2
<C [ W s gy IV T 2

S Clltg,ry Nl oo 0,7512(F20) IV Tk R N 120, 7512 (7))
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where we use a Ladyzhenskaya’s inequality, see Lemma 13 in the Appendix. This leads us to prove
that 0, tiy, g, is uniformly bounded in L2((0, T);7"), in fact the only non-linear term that can be an
issue is
| tn, 9181 e ax,
Fo

where g € L2(0, T; %), but it can be bound by

T
~ ~ ~ 2
7, [(tk,R, - V)&l uk,deth’ < Cﬁ) T R, ||L4(90) Vg2, dt

< Cltak, 30,7114 (g0 18 11200, 739

We apply Aubin-Lions lemma to pass to the limit in the non-linear term. To do that we decom-
pose the velocity field iy g, = Ty + VJ-()((lk - xt +1/2|x1?11)), with x a smooth cut-off which is
identical 1 in an open neighbourhood of . and it is identically zero outside a big enough ball
centred in zero. It holds that 7 € L*°(0, T; L(Z, (F) N L0, T; H; (&)). First of all note that [ and
ry are uniformly bounded in H'. The proof of this result is postponed to the next step “Improved
regularity for (I, r)”. We deduce that [; and rj converge strongly in L?(0, T) to [ and r, in particular
V4 (x e - x- +1/2|x[?1)) converges to VX (y(I- x* +1/2|x|?r)) in L2(0, T; H*(%)) for any k € N. It
remains to prove some strong convergence of iy in L?oc. The idea is to restrict the functions iy in
a ball of radius b big enough, to prove that the Leray projection of #ix on L2 (Bj(0) \ ) is strongly
converge in L?upto subsequence and to show that the remainder passes to the limit in the equa-
tion. Let Lb ={vel? “(Bp(0)\ &) such thatdivy =0 and v-n = 0 on 0.%} and define the projector
Py:L, — L2 +(Bp(0)\.#) where v — v—Vq with g solution of ~Aqg = 0 in Bj(0) \&,Vg-n=v-non
0B,(0) and Vg-n =0 on 0. It holds that Py, @i € L*(0, T; L% (B, (0)\.#)) N L?(0, T; H} (B, (0)\ ),
in fact P is an orthogonal projection in L2 (B} (0) \ ) and

1Pyl g < Nkl g + 1V Gl g < C (gl g + Nk 1l gare) < Cllgell g -
Consider the triple HL(B,(0)\ #)) — LZ(By(0)\ #)) — (H} B0\ #))) which satisfies the
hypothesis of Aubin-Lions lemma. We already showed that P,y € L*(0, T; L2 > (Bp(0)\ #)) N
L2(0, T; HL(Bp(0) \ #)), it remains to prove that 0P, € L?(0, T; (H} 0Bp0)\ #))). For ¢ €
C°((0, T) x Bp(0) \.#) such that dive = 01in By(0) \ &, it holds

—~ ~ ~ - 1
f [Pbuk-at(p:f uk-at[lmb(p:[ uk-at(p:[ uk,Rk-Ot(p—f vt (x(lk-xl+—|x|2rk))-6t(p.
F F F F F 2

After an integration by parts in time we deduce that

T T T 1
f fﬂ%ﬁk'at(p <f f ﬁk,Rk‘at(P"’f fVL(x(lL-xi+—|x|2r,’c))'<p’
0 JF

SC10: 8k rell 20,739 + 1 Lo T 11 0,7:03) 10 20, 751 1 (Bp(0)\F))”

which shows that 8,P, % € L*(0, T; (H, 1 0(Bb(O) \.#)))"). The Aubin-Lions lemma ensures the
strong convergence of P, iy in L2(Bb(0) \ y) and by uniqueness of the limit, it converges to Py .
The difficult term to pass to the limit is

fg(ﬁk,Rk —UkR,s) V- lgp,.

Let b > 0 such that the support of ¢ and y are contained in Bj;2(0). To short the notation,
define @5 = VX(x(y - x* +1/2|xr)) and Vqi,p = G — Pp(@x). Then we have the identity
Uy R, = Uk,s +Pp(lr) +Vqy,p in By(0). Recall that iy s and [F"b(uk) converge strongly in L?((0, T) x
By (0)). Moreover ”thb”LZ(Bh(O)\y) < Cpllug, Ry ||L2(0Bh(0)) < Cb, which implies that Vg ; weakly
converges in L2((0, T) x B, (0) \.%) to Vq,, where Vq;, = @i — P}, @i by uniqueness.

Using the above decomposition of iy g, , the only term for which the convergence is not justify
is the one involving two times V gy 3, in fact for the others we can use the strong convergence of
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one of the sequences. In the case the test functions ¢ have 0 normal component on the boundary
the term involving two times V gy, is zero, as shown in [7] Section 4. In our setting, it reads

f Vqr,p- V) -Vaip
7

= —f A%,W‘Vﬂik,b—f (VQk,b'V)VQk,b'(lH'f Vqip-nVqgp-@
FNB,(0) FnBp(0) 0. UOB,(0)

\vi 2
:_f v| dibl 0
FNB,0) 2
f IV g bl
= — —(p n
oF 2

Vi pl? Vaipl?
:_ltp'f IVqr,p n+r(,,f IVqi,pl o
0F 2 oF 2

where we use that ¢ = 0 on dB,(0), Vg, - n = 0 on 0F and dive = 0. Note that [}, Iqu,bl2 is
bounded by [ B, () | Uk Ry 2, in particular we deduce that up to subsequence the terms

f IV, IVaipl* |
————n and ——Xx-n
0F 2 0F 2

weakly converge in L2(0, T). We can now pass to the limit in (16) and if we sum and subtract the
term 1/2 5 IVqp|?¢ - n, we are left with the desired result plus the error term

T \vi 2 T \vi 2
f f IVapl o n— lim f / IVl on. an
0 Jog 2 k—+oodo Jog 2

Note that in the equality obtained after passing to the limit, the only term which still depends on
b is only the above one. We deduce that (17) is constant in b. Recall that gy ; and g, are solution
of a Laplace problem and Lemma 14 applies. It holds

T c rT C
|qu,b|2<—f f T, 1 < g o0 7oz 16 2 L 220,720 )
](; \[09 \b o Jo,o k \b k 0,T;L=(F)) k (0, T;H*(F))

with C and C independent of b and k. For b big enough the absolute value of the expression (17)
is smaller the 2¢, which implies that (17) is zero.

Improved regularity for (/,r). From the energy inequality we deduce that (i, ) € L®(0, T;R? x
R). What we will show is that actually (I, r¢) satisfy a uniform estimates in a more regular space.
In particular we will prove that (Ii, r¢) are uniformly bounded in H L0, T; R? x R), that leads us
to conclude that up to subsequence (I, ;) converges strongly in L? to (I,r), moreover (I,r)
is H(0, T). In two dimensions the Kirchhoff potentials are the solutions ® = (®;);=123 of the
following problems:

—A®; =0 forxe %,

®; — 0 for|x| — oo,

oD;
on

=K; forxedF,

where
(K1, Kz, K3) = (n1, np, x* - n).

These functions are smooth and decay at infinity as follows:

1 1
V@i:@’(—) and Vztbi:@(—) as x — oo.
|x|2 |x[?
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For i = 1,2,3 we define the three functions v; as
. e; ifi=1,2,
v;i=V®;in%, and v;= . in %.

Note that v; € 7.
If we test the weak formulation (16) with v; and we do some integrations by parts in a similar
way to [20] Section 3.4, we can rephrase the body’s equations as follow.
I ] '
k

A\ | = @vallir, vi) +2valH, vi) + bRy (Ui, Ry Uk Ry Vi)

+b(H, Uy, g, Vi) — bR, Vi, H))ieq,...3)

where
m Idz 0

= [T O] v 0]

Since the matrix .# is symmetric and positive definite, the norm | x|l as = v {4 x, 4 x) is equiva-
lent to the Euclidean norm on R3, (.,.) is the Euclidean scalar product. In particular the square of
L? norm of (I}, ) is equivalent to

T ! i T ~
f <J% [ ’f] \ M [ ’f] > < CZ[ (la(@ig g, vi)l +1a(H, vy
0 Tk Tk i Jo
+ 1bry (Fk,ry» Bk, i V) + 1DUH, Bk g, v+ 1B, v, HDI)E - (18)
by Young inequality and Proposition 4 we estimates the right hand side as follow:

T T T T
~ 2 ~ 2 2 2 ~ 2 2 2
f|a(uk,Rk,vi)| <f ||uk,Rk||7||vl~||y<C||vi||7f NGk, 12, f|a(H,vm <Clul T,
0 0 - - —J0 - 0 -

T T
~ 2 ~ 4
fo |br, (Uk R, Uk,R» Vi) §C(I|Vi||Lip(9)+||Vi||7/)f0 Uk, r, N s

T T
~ 2 2 2 ~ 2
| 10,700 < CUEI . 100t [ W,

T T
~ 2 2 2 ~ 2
fo (T, g, vin D < Cllvgl lvi12, fo ik 1%

From the energy inequality we deduce that the right hand side of (18) is uniformly bounded,
which implies that the (I, ;) are uniformly bounded in H Lo, 7). O

Appendix

In this appendix we recall four results for lack of completeness. The first one describes some reg-
ularity properties of H. The second one is the Blasius’ Lemma. The third one is the Ladyzhen-
skaya’s inequality in exterior domain. The last one is a scaling estimate.

Lemma 11. Let identify R> with C. Then H, the complex conjugate of H is an holomorphic
function in & . Moreover

— 1
H(z) = — +O(—2) as |z| — +oo.
2inz z

Proof. The function H is smooth and satisfies divH = 0 and curl H = 0, which implies that H
satisfies the Cauchy-Riemann equations. This shows that H is holomorphic. To prove that

— 1
H(z)=—+ O(—z) as |z| — +oo,
2inz z
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we recall that ITIRZ\Bl o = l/(ZZJTZ) and that ITI(Z) = bITIRZ\Bl (0)(T(Z)) with T the biholomorphic
map from Lemma 2.1 of [12]. In particular T(z) = bz + h(t) with h a bounded holomorphic
function. This last information concludes the proof. g

Lemma 12 (Blasius’ Lemma). Let T a smooth Jordan curves and let f := (f1, f>) and g := (g1, 82)
two smooth tangent vector fields. Then it holds

j;(f'g)nds:i(frfe‘?)*r

(f-g9xt-nyds=Re| | zfg|.
r r

Proof. See for instance [10]. O

Lemma 13 (Ladyzhenskaya’s inequality). Let.% c R? an exterior domain with smooth boundary.
Then the following inequality holds true

fu4<cf uzf IVul?,
7 7 Jz
for any function u: ¥ — R in H'(%).

Proof. The proof is a corollary of the well-known Ladyzhenskaya’s inequality in R?. The idea of
the proof is to extend u in H!(R?) in a proper way. Fix R such that R? \ % c Bg,»(0). Then there
exists a continuous operator
E:I*(BR(0) N F) — L*(Bg(0))
such that E( NlIBro)g = f, such that the operator restricted to the H ! functions is continuous as
Ely1 gpiong) - H (BR(0)\ F) — H' (BR(0)).

We choose E to be defined as in the proof of Theorem 1 of Section 5.4 of [3] (see (3)). Consider
now the extension operator defined as follow

f ifxe %,
E(ﬂBR(Om?_fBR(O)ngf)JffBR(O)ngf if xe R\ 7.

fu4<f E(u)4<f |E(u)|2f |VE(u)|2<Cf uzdxf Vul,
F R2 R2 R2 F F

where the last inequality follows from the estimates

f|E(u)|2=f u2+f B2
R2 F R2\F

C u—f u
BR(O)FT?

E(f)(x)={

It holds

2 2

< lull +

L2(BR(0)nF)

| u
Br(O)NF

where we use the continuity of E and C is a constant that may change line by line. In a similar

way
f|VE(u)|2=f |Vu|2+f IVE(u)/*
R2 F R2\F

< 2 o) 2
X ”Vu”LZ(g) +[|;32\gz |VE(u)|

u —f u
BrO)NF

2
I
12(Br(0)NF)

2
< Cllul, 5,

2
<IVullf gz +C

H'(BR(O)nF)

< CIVul?, 4,

where we use the continuity of E and the Poincaré inequality in the last step. d
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We conclude with the scaling estimate.

Lemma 14. For big enough R > 0, it holds that solutions wg of
—-Awgr=0 in Br(0)\ &,
Vwr-n=gr onodBg(0),
Vwg-n=0 onos,
with [ ggr =0, satisfy the estimate

2 C 2
IVwrl* < = |gR| (19)
0 R JoBg©)

with C independent on R.

Proof. Consider the functions v(x) = wg(Rx) and g(x) = Rgr(xR), which satisfy
-Av=0 in B1(0)\A/r,
Vv-n=g onodB(0),
Vv-n=0 ond#r,
where A, = {x such that Rx € #}. The inequality (19) is equivalent to

2 C =12
Vvl < = gl
OAIR R JaB, 0

To show the above estimate, we decompose v = v + 0/ + U and for any component we prove the
inequality. The function v satisfies

—-Av=0 in B;(0),
Viv-n=g onoB(0).
This implies that ¥ is smooth in B;/,(0) and the W* norm on B, (0) is bounded by a constant
multiply by the L! norm of g. We deduce that

., C _
f var<S [ g
0 /r R JaB, )

-Alv-v)=0 in B1(0)\ Ayr,
Viv—-v)-n=0 on 0B;(0),
Vwv-v)-n=-Vv-n onodHA/g.

The functions v — v satisfy

Note that V7 is smooth in 0.%, and we can bound any H* norm by 1/V/R|| §||Lz

Consider the space HI/R ={uel? (0A,R) such that ”u”LZ(ayl/R) +R712 ||u||H1/2(a5ﬁl/R) < oo}.
Note that the functions V- n € Hy,g. By reflection method (see the Remark 15 after the proof),
there exist a; € H'2 and oy € Hl/R such that [[a1 |l g2 + IIaZIIH”R < C|Vo- nIIH”R for which
v— U = U+ U solutions of

—AD=0  inB;(0), ~AD=0  inR?\By/r(0),
Vi-n=a; ondB;(0), Vi-n=a, ondB;r(0),

the estimates of V7 on 8.4, is exactly the same of v. Regarding o we perform scaling estimates.
Fix R = 1 and denote by 7; (Rx) = U(x) and @, (Rx) = 1/Raz(x), the following estimates holds

172 25 1172
IVOLlr205) < CUIVOLZ g2y o) IVE D12 g2y o) < Call@2ll )

by scaling it holds

Co Cs
1/2 2~n1/2
\/—”VV”LZ(&%/R) \/—”VV”Lz R2\ A r) v V||L2 ®R2\FA/R) < \/_”aZHHllR ||g||L2(aBb(0));

which concludes the proof. d
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Remark 15. We refer to Section 3.1.2 of [11] for an introduction to the reflection method. Let us
note that for big enough R > 0 the linear map 9~ s HY2(8B,(0)) x Hy /g — HY2(0B1(0)) x Hy/r
which sends (a1, a») to the couple (Vf a»—Vglail-n]-n,0) hasnorm |T ”H“Z(éBl(O))le/R <1/2,
where H'/2(0B; (0)) and H) g are the subspaces of respectively H'/?(3B (0)) and H;,z with zero
average and for € Hy g, the function f Bl satisfies Af Bl =0inR*\.%,p and Vf[,B n=pfon
04 /r- The above observation is the key Lemma 3.6 of [11]. To show that the reflection method
applies, we verify that | T || V208, 0) % 15 < 1/2, which follows from the estimate

- C C C
IV flaz=Vglail-nl-nll gz gp, o) < \/_||062 Vglail-nlzes,,) < \/—||“2||L2(65f’1/3)+ laillas, ©)»

and for R big enough.
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