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Abstract. In (8], Bor has obtained a main theorem dealing with Riesz summability factors of infinite series and
Fourier series. In this paper, we generalized that theorem to |A, 0, summability method for taking power
increasing sequence. Also some new and known results are obtained dealing with some basic summability
methods.

2020 Mathematics Subject Classification. 26D15, 42A24, 40F05, 40G99.

Manuscript received 10th October 2020, revised 26th November 2020, accepted 1st March 2021.

1. Introduction

Let }_ a, be a given infinite series with partial sums (s,). By 4% and ¢ we denote the nth Cesaro
means of order a, with a > —1, of the sequence (s,) and (na,), respectively, that is (see [9])

1 & _ 1 & _
ug:FZAZ_isV and t%zFZAZ_ivam 1)
where
a+)(a+2)...(a+n
Agz( X ). )=O(n“), A%, =0 for n>0. 2
n!
The series Y a;, is said to be summable |C, a|, k = 1, if (see [11, 13])
S k-1 koo L ook
Yon T Hug —uf 415 =) —1tf1" < oo. 3)
n=1 n=117

If we take a = 1, then |C, a|; summability reduces to |C, 1| summability.
Let (p,,) be a sequence of positive real numbers such that

n
P,=) py—oo as n—oo, (P_j=p_;=0, iz=1). (4)
v=0

The sequence-to-sequence transformation

1 n
= — Z pVSU, Pn # 0. (5)

Wn
Pn v=0

defines the sequence (w,) of the Riesz mean or simply the (N, p,,) mean of the sequence (s,)
generated by the sequence of coefficients (p,) (see [12]).

ISSN (electronic) : 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/


https://doi.org/10.5802/crmath.195
mailto:sebnemyildiz@ahievran.edu.tr
https://comptes-rendus.academie-sciences.fr/mathematique/

556 Sebnem Yildiz

_ Let (68,) be any sequence of positive constants. The series } a, is said to be summable
IN, pn;Onlk, k=1, if (see [18])

00

k-1 k

Qn |wy — wWp-11" <oo. (6)
n=1

In the special case if we take 0, = P,/p,, then IN, Pn;0nl, summability reduces to IN, Pnli
summability (see [2]). When 8, = n and p, = 1 for all values of n, then we get |C, 1| summability.
Furthermore, if we take 6, = n, then [N, p,;0,|  summability reduces to |R, p,|; summability
(see [3]).

For any sequence (1,) we write that

NAp =My =AApsr and Ad, =M, —Ape1.

A sequence (A,) is said to be of bounded variation, denoted by (1,,) € 7/, if
o0
Y 1AMl < oo.
n=1

Let A = (a,,) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries.
Then A defines the sequence-to-sequence transformation, mapping the sequence s = (s;) to
As = (A,(s)), where

n
Ap(8) = )_ anysy, n=0,1,... (7
v=0

Let (8,,) be any sequence of positive real numbers. The series }_ a,, is said to be summable | 4,0, |,
k=1, if (see [16,17])

051 A A, (9)1F <00, ®)
n=1
where
AAu(S) = Ap(s) — Ap_1(5). 9)

If we take ay,, = f,—:, then |A,0,|r summability reduces to IN, Pn;0nlr summability. If we take
0, = %, then | A, 8, summability reduces to | A, p,|x summability (see [19]). And also if we take
0, = % and ay,, = g—;, then | A, 8,1 summability reduces to IN, Pnlx summability. Furthermore,
if we take 6, = n, a,, = % and p, = 1 for all values of n, then | A, 8, |, summability reduces to

|C, 1| summability (see [11]). Finally, if we take 0,, = n and a,, = z—;, then | A, 0, summability
reduces to |R, p,|r summability (see [3]).

Definition 1 (cf. [1]). A positive sequence (by) is said to be an almost increasing sequence if
there exists a positive increasing sequence (c,) and two positive constants M and N such that
Mcy, < b, < Ncy,.

Definition 2 (cf. [20]). A positive sequence X = (X,) is said to be quasi-f-power increasing
sequence if there exists a constant K = K(X, f) = 1 such that K f{,X;, = fnXm foralln=zm =1,
where f = {f, (0, P} = (n° (logn)#,=0,0 <o < 1}.

If we take B = 0, then we have a quasi-o-power increasing sequence (see [15]). Every almost
increasing sequence is a quasi-o-power increasing sequence for any non-negative o, but the
converse is not true for o > 0.
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2. The Known Results

Recently, many papers have been done for absolute matrix summability factors of infinite series
and Fourier series (see [5-7,14,22,23]). From these, in [14], Lee explained history of summability
of infinite series and Hiiseyin Bor briefly. Now we also used Bor’s new theorem dealing with the
Fourier series and we will extend following theorem.

Theorem 3 (cf. [8]). Let (8, p,/Py) beanon-increasing sequence. Let (py,) be a sequence of positive
numbers such that

P,=0(np,) as n—oo. (10)
Let (X;,) be a positive increasing sequence. If the conditions
An=0(1) as n-— oo, (11)
m
Y nXulA%A,1=00) as m— oo, (12)
n=1
m k k
_ [ 25l
ok 1(@) =0X,y) as m—oo, (13)
n;l "oAPy) Xk "

are satisfied, then the series ) a, A, is summable IN, Pn,Onli, k= 1.

If we take 0,, = P,/ p,,, then we get a theorem dealing with | N, p,,|, summability (see [6]).

3. The Main Result

Given a normal matrix A = (a,,), we associate two lower semimatrices A = (a,,) and A = (d,,)
as follows:

n
dnv=_ Gni, nU=0,1,... 14)
i=v

and
doo = Qoo = Ago, Gpy = Qny— Ap-1,p, n=12,... (15)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-
series transformations, respectively. Then, we have

n n
An() =) AnuSv =) Anvay (16)
v=0 v=0
and
_ n
AAu($)=)_ Anyay. 17)
v=0

By using above notations, we generalize Theorem 3 for | A4,0,|; summability method by taking
(X5) as a quasi- f- power increasing sequence.

Theorem 4. Letk =1 and A = (a,,) be a positive normal matrix such that

ano =1, n=0,1,..., (18)
an-1,0 = Any, for n=v+1, (19)
1=0(nay,), (20

n-1
P avy|ﬁn,v+l| = O(ann). (21)
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Let (0,a,,) be a non-increasing sequence and (X,,) be a quasi- f -power increasing sequence for
some o (0 < o < 1). If the conditions (11)—(12) of Theorem 3 and (0,) holds for the following
condition,

t
Ze" Lak ;{le O(X;) as m— oo, 22)
n=1

are satisfied, then the series ) ay A, is summable |A,0, |, k= 1.
We need the following lemmas for the proof of Theorem 4.

Lemma 5 (cf. [21]). By using conditions (14), (15), (18) and (19), we have

n-1
Z |Ay(@no)| < ann, (23)
v=1
m+1
Z Ay (@no)| < ayy, (24)
n=v+l1
m+1
Y l@npal=0Q). (25)

n=v+1

Lemma 6 (cf. [4]). Under the conditions of Theorem 3 we have the following

nX,lAl,l=0Q1) as n— oo, (26)
(o]

Y XnlAdp| < oo, @7
n=1

XulAnl=0Q) as n—oo. (28)

Proof of Theorem 4. Let (I;) denotes the A-transform of the series Y *° 721 AnAn. Then, by (16) and
(17), we have

n
Al =) @nyayhy.
v=1

Applying Abel’s transformation to this sum, we have that

n-1

~ LN Anply
AIn:ZanvaAv ZA( )er

v=1 v=1

n-1 =

anyl N n+1

= A( 2 ”)(y+1)t,,+annﬂtn—tn

v=1 v n

n—l n— -1

v+1 n+1

= Ay(@nv) Ay IUT + Z Qp,y+101, th + Z anp, v+1/1v+1 + ppnty

v=1

I 1 +In,2+ln,3 +In,4-

To complete the proof of Theorem 4, by Minkowski’s inequality, it is sufficient to show that

(e ¢}
Y 05N, ¥ <00, for r=1,2,3,4. (29)

n=1
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First, by applying Holder’s inequality with indices k and k', where k > 1 and % + % =1, we have
that

k
v+1
1Ay (@n)lIAy IItyI}

m+1 m+1
2 05 nlf s ) 9,’2‘1{2

n=2 n=2 v=1

n-1 k-1
=0(1) Z ek I{Z [Ay(@no)lIAy] |tv|k} x { Z |Av(ﬁnv)|}

n=2 v=1

n=2 1

m+1
=0Q) Y. Onann)* I{Z 1Ay (@nn)IAy] |rv|k}

=O(1)Z A A e 1 Z Onann) HA Y @np)l

v=1 n=v+1
m -1 1 k m+1 N
=O(1)Z(9yauv) =1 | Z Ay (@ny)l
v=1 Xy n=v+1
L k-1_ 1 k
=0 ) Ovavy)" ' — 1 Aulltul" avy
v= 1 X]/
=0() Z AlAy |Ze’C Lak, rl* +O(1)|/1m|20k Lak /"
| "Xk o Y xk-1
m-— 1
=0(1) Y 1AL Xy + O Al X
v=1

=0(1) as m— oo,

by virtue of the hypotheses of Theorem 4, Lemma 5, and Lemma 6. Now using Holder’s inequality,
we have that

el k-1 k-1 ¢
§ Hn_ |In,2| § 6 § | » ||anu+1||AA [ty
n=2

n=2 v=
m+1 K n-1 k
=0() Y. 0K Y |a@npe1llAA I8y
n=2 v=1
m+1 e . . n—-1 k-1
=0(1) Z 0, ! Z a,, |ﬁn,y+1||AAv| [£y]™ % Z ayyl@n,p+1l
v=1
m+1 1 k
=0() Z Onann) Z Ay | a |an,v+l||tv|
n=2 v=1
kgl-k el k-1
=0() Z |tv| |A/1 | Z (enann) N |Zl\n,v+1|
n=v+1
k-l E gk el
=0() Z Ovayy)" " Ity"ay,, 1AL, | Z |Gn,p+1
v—l n=v+1

=0(1) Z @vav)tFal F1an, 1k

v=1

m
=0 Y. 05 ak 1k wiar, n T wiar, )

v=1

m
=om Y ekat, *(wIAAl)
v=1
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m—1

=0(1) Y AwlAd, |)Zek ! — £ OMmIALL Y. 65 1a - 1|zr,,|
v=1 r v=1 X
m-1

=0() ) IAWIAADIXy +OQ) mIAA p| Xp,
v=1

m—1 m—1
=0(1) Y vXplA% 2,1+ 0() Y. XylAA, |+ O mIAA | X,
v=1 v=1

=0(1) as m— oo,

by virtue of the hypotheses of Theorem 4, Lemma 5, and Lemma 6. Again, as in I, ;, we have that

m+1 -1 k m+1 b1 n-1 ty k
Z 0,1_ [In3]™ = Z Hn_ Z nv+l/1u+l_
n=2 n=2 = v
k
m+1 -1 n-1 |2,
= Z Bn Z | U+1||AV+1|_
n=2 =
m+1 1 n-1 k=1
=0() Z 0, Z ay, |an v+1|Mv+1| |tv Z ayylGn,p+1l
el k-1 1 k k
=0) Z Onann) Z ﬂ k|an,u+l|Mv+l| [ty
n=2
=0() Z avv|/1u+1|k|tu|k Z (Hnann)k_1|an,u+l|
v=1 n=v+1
m 1 k k m+1
=0() Z(eyauv) Tayyl Ayl Z |Gy, 41l
v=1 n=v+1

=o<1)29" Lag, | Ayl
v=

m
=0 Y. 05 ak 161 1Ay ea 1M Ayl
v=1

k
I

m

-om 3 0}'df,
v=1

=0(1) as m— oo,

by virtue of the hypotheses of Theorem 4, Lemma 5, and Lemma 6. Finally, as in I, 1, we have that

m m u
Y. 05 nal® =0() Y 057 a1 Anl 11,15 = 0) Y 057 @k, A Al 1] F

n=1 n=1 n=1
m
=0 Y 0k'ak, It F=01) as m— oo,
n=1
by virtue of hypotheses of Theorem 4, Lemma 5, and Lemma 6. This completes the proof of
Theorem 4. O

4. An application of absolute matrix summability to Fourier series

Let f be a periodic function with period 27 and integrable (L) over (—, ). The trigonometric
Fourier series of f is defined as

fx) ~ %ao + Z (apcosnx+ bysinnx) = Z Cy(x). (30)

n=1
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Set

1
¢(t)=§{f(x+ D+ flx-0}, (€20)

t
<pa(t)=%f0 (t—w* Tpwdu, (a>0). (32)

It is well known that if ¢, (¢) € B7(0, ), then £,(x) = O(1), where t,(x) is the (C,1) mean of the
sequence (nC,(x)) (see [10]). _
The following theorem is known dealing with | N, p,,, 0,1 summability factors of Fourier series.

Theorem 7 (cf. [8]). Let(g”p ”) be a non-increasing sequence. If ¢ (t) € BV (0, &) and the sequences
(pn), (Ap), and (Xy) sansfj/ the conditions of Theorem 3,then the series Y C,,(X)A,, is summable
|N)pn10 |k1 kZ 1

Now, we generalize Theorem 7 for | A, 0, | summability method in the following form.

Theorem 8. Let (6,,a,,) be a non-increasing sequence, and A be a positive normal matrix as in
Theorem 4, and (X,,) be a quasi- f -power increasing sequence for some o (0 < o < 1). If (1) €
BV (0, 1), and the sequences (pr), (1), and (X,) satisfy the conditions of Theorem 4, then the series
Y Cn(x)A, is summable | A, 0k, k= 1.

v

It should be noted that if we take (X,) as a positive increasing sequence and a,, = f,—n in
Theorem 8, then we have Theorem 7.

Applications.

(1) Ifwewrite ¥.I'_ py/ Py, then (X,,) is a positive increasing sequence tending to infinity as
n — oo. In this case, if we take (X},) is a positive increasing sequence and a,, = g—; in
Theorem 4, then we have Theorem 3.

(2) If we take 8,, = n, a,, = 1’[;—: and p, = 1 for all values of n in Theorem 4, then we have a
new result concerning |C, 1| summability method.

3) Ifwetakef, =nanda,, = g—; in Theorem 4, then we get a new result dealing with |R, p, |«
summability method.

(4) If we take p = 0 and ay,, = f,—: in Theorem 4, then we have new theorem dealing with
quasi-o-power increasing sequence.

(5) If we take B = 0 and ay,, = f,—: in Theorem 8, then we have new theorem dealing with
quasi-o-power increasing sequence and Fourier series.
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