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Abstract. In this paper, we use particular polynomials to establish some results on the real rootedness of
polynomials. The considered polynomials are Bell polynomials and Hermite polynomials. To cite this article:
M. Mihoubi and S. Taharbouchet, C. R. Acad. Sci. Paris, Ser. I 340 (2021).

Résumé. Dans ce papier, nous utilisons des polynémes particuliers pour établir quelques résultats sur les
polyndmes a racines réelles. Les polynémes considérés sont des polynomes de Bell et des polynomes de
Hermite. Pour citer cet article : M. Mihoubi and S. Taharbouchet, C. R. Acad. Sci. Paris, Ser. I 340 (2021).
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1. Introduction

The real rootedness of polynomials has attracted researchers great interest. One of the reasons is
that any polynomial of real zeros implies the log-concavity and the unimodality of its coefficients,
which appear in various fields of mathematics, see [4,13].

Let RZ be the set of all polynomials having only real zeros and NRZ be the set of all polynomials
having only non-positive real zeros. In a previous paper, we showed that for any polynomial f,
if f(Byx) € RZ, then (By),f(Bx) € RZ, where By is the generalized Bell umbra [2]. Motivated by
this work, we use in this paper the umbrae of special polynomials to give new results on the real
rootedness of polynomials. The tools used here are classical umbral calculus, theorem 1 of Wang
and Yeh [14] and Rolle’s theorem.
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To begin, let (22,(x)) be a sequence of polynomials with deg??, = n and %)(x) = 1 and
let P} be the umbra defined by P} := &2,(x). The conditions deg??, = n and % (x) = 1 show
that the system of polynomials

{t@o(x)»gl(x))gzz(x)y“-}

is a free system and ensure that any polynomial with degree n can be expressed in terms of
1,P, ..., Pl. We consider here some sequences of polynomials (£2,(x)) satisfying %(x) = 1,
deg2?,, = n and a relation of the form

d
Pp1 (X) = (1 x+ up) Py (x) + (11X + Uz)a@n (x), (1

for some known real numbers u;, uy, v; and v,.
For more information about classical umbral calculus, see [2,7,11,12].
We use below the notations

xX)o:=1, X)pi=x(x-1)---(x—n+1),n=1,

(XNo:=1, X0 p:=x(x+1)--(x+n-1),n=1.

The paper is organized as follows: in the following Section 2 we give the main results and in the
last Section 3 we present some of their applications.

2. Real-rooted polynomials via special polynomials

Let 2B, (x) and %, (x) be, respectively, the n? Bell and Hermite polynomials defined by

tn
Y B (x) — = exp (x(exp(r)-1)),
n=0 :
Y. Fn (x) % =exp (2xt—1?),
nz=0 :

and let By and Hy be the umbrae defined respectively by
B =%,(x) and HJ=7,(x).
These polynomials satisfy the following differential recurrence relations
d
Bri1 (%) = XBp (xX) = X— B (X),
dx
d
Fn1 (X) = 2XF6 (%) = ——— F0p (%),
dx
which can be written as
d d
B!*! - xB! = x—B!, H!*'-2xH! = —d—HQ.
X

dx

Hence, for any polynomial f, these relations are equivalent to

d
By [ (Bx) —xf (Bx) = xﬁf Bx), 2

d
Hy f (Hy) —2xf (Hy) = ~dx fHy). 3)
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2.1. Real-rooted polynomials via Wang-Yeh's theorem

The results of this subsection are based on [14, Theorem 1] of Wang and Yeh and the principal
result is given by the following theorem.

Theorem 1. Let f be a polynomial and m be a positive integer. Then, if f (Bx) € RZ, there holds

m
fBy) [[ Bx+arx+by) €RZ, ayeR, byel0,00[, k=1,...,m,
k=1

and if f (Hx) € RZ, there holds

m
fHY [[ Hx+arx+bp) €RZ, ape[-2,00[, by R, k=1,...,m.
k=1

Proof. Let g be a polynomial. Relation (2) implies

d
(Bx+g(x)—x) f(By) = g (x) f (By) + xaf (Bx). 4)

The choice g(x) = (a; + 1)x + b; in the last relation gives

d
fiBx)=Bx+aix+by) fBx) =((a1+1)x+Dby) f (Bx) + xaf(Bx)'
For (ay, b1) € R x [0,00[ apply [14, Theorem 1] of Wang and Yeh to deduce that fj (Bx) € RZ. So, by

repeating the same process, we conclude that
J2Bx) = Bx + axx + b2) fi (By)
=Bx+axx+Dby)(Bx+a1x+b;) f (By) eRZ,
and so on. The second result can be proved similarly on using the relation (3). 0
Proposition 2. Let f be a polynomial such that f (By) € RZ. Then, for any polynomial g(x) € NRZ,
there holds
gBx+ax) f (Bx) ERZ, aeR,
and, when g(x) € RZ and f (Hx) € RZ, there holds
gMHx+ax) f(Hx) eRZ, a=-2.

m

Proof. Let g(x) = [] (x+ bg). Then, for the choices a; = --- = a;;, = ain Theorem 1, we obtain the
k=1

desired results. O

Proposition 3. Let g be a polynomial. Then, if g(x) € NRZ, then there holds

g (By) eRZ,
and if g(x) € RZ, then there holds
gHy) e RZ.
Proof. For a; = --- = a;;, = 0 and f(x) = x+ by, by > 0, in Theorem 1 and by setting g (x)
m
= [I (x + bg), we obtain g(Bx) € RZ when g(x) € NRZ, and g(Hy) € RZ when g(x) € RZ. U
k=0

Remark 4. Since for any non-negative integer k we have [1]
Bk = x*, Bk =Li (v) and Bx— 1) = (1) De(1-x),

Proposition 3 shows that if one of the polynomials

Y eim k) (k, Y. g (mk)(x)k, Y gs(mk)(x—1)
k=0 k=0 k=0
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has only non-positive real zeros, then its correspondent polynomial given between the polyno-
mials

m m m
Yambxt, Y gmbLix, Y (-DFgim kD -x),
k=0 k=0 k=0
has also only real zeros, where

n
Ly(x) = Z ( ) , n=1, Lyx) =1,
;

n
1 k!
Dy (x) = ( ) j1(x—1)"7

are, respectively, the Lah and derangement polynomials.

m

Remark 5. Proposition 3 shows that if the polynomial g(x) = Y. g(m, k)x* has only non-positive
k=0

real zeros, then the polynomial

m
gBy) =) gm,k) By (x)
k=0
has only real zeros, and if the polynomial g(x) has only real zeros, then the polynomial

gMHy) =) g(m, k) H (x)
k=0

has only real zeros.
Remark 6. From the above remarks, it follows that the linear transformations
(X)) — x*,
(0 —Le(x),
(=D — (-D*Dr (1 -,
x* — By (x)
map NRZ onto RZ and xk— S (x) maps RZ onto RZ.
For the choice g(x) = x9(f(x))"*"! in Proposition 3 we obtain:
Corollary 7. Let f be a polynomial. If f (x) € NRZ, then there hold
B/ (f(BY)"€RZ, n=12,...,4=0,1,...,
and, if f (x) € RZ, then there holds
HY (f(HY)"€RZ, n=1,2,...,4=0,1,....
Proposition 8. Let f be a polynomial such that f (Bx) € RZ. Then, for any non-negative integers
I, ..., Tp, there holds
(Bx+aix),, -+ (Bx+ a,,x)rp fBYERZ, ay,...,ap R
Furthermore, ifr1 + -+ + 1, 2 1, and if g (x) € NRZ, there holds
(Bx)yp *°* (BX),p gBx+ax)eRZ, acR.

Proof. For the first part of the proposition choice in Proposition 2 g(x) to be (x),, and replace a
by a,; to obtain

f1Bx):=(Bx+aix), f(Bx) ERZ, a; eR.
Now, choice in Proposition 2 the polynomial g(x) to be (x),, and replace a by az and f by fi to
obtain

foBy) :=Bx+azx),, fi Px) ERZ, az €R,
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and so on. For the second part of the proposition, by choosing a; = --- = ap =0and f(x) = x+1i
for such integer i € {ry, ..., rp}, the first part of this proposition proves that
(Bx)p, -+ (Bx)r, ERZ,

with r; + -+ + 7, = 1and n = 1. So, the choice f(x) = (x),, -+ (x) r in the first part of Proposition 2
completes the proof. O

One can prove similarly the following Proposition 9.

Proposition 9. Let f be a polynomial such that f (Hx) € RZ. Then, for any non-negative integers
I, ..., I'p, there hold

Hx+ arx), -+ (Hx+apx)rpf(Hx) €ERZ, a1 =-2,...,ap=-2,
(Hy+ a1X)y, -+ (Hx+ apx), f(Hx) eERZ, ay=-2,...,a,=-2.
Furthermore, ifry+---+rp,21,n21, and g(x) € RZ, there hold
Hx)y, ---(Hx);, § Hx + ax) eRZ, a = -2,
(Hy)y, -+ (Hx);, § Hx + ax) eRZ, a = -2.

2.2. Real-rooted polynomials via Rolle’s theorem

The results of this subsection are based on Rolle’s theorem and the principal result is given by the
following Theorem 10.

Theorem 10. Let ay,..., am, by, ..., by be real numbers and let f be a polynomial. Then, if
f(Bx) € RZ, there hold

m
f B [] (Bx+axx®+bxx) eRZ, a;<0,..., an <0.
k=1
Proof. Let n be the degree of the polynomial f.
The choice g(x) = (a1 x + by + 1) x in (4) gives

(Bx+ a1 x* + b1 x) f (By)
_ (_ x_z_ b +1 )i( ( x_2+ b +1 ) B )
= Xexp|—a1~ (hh+1)x G e (1 +D x| fBy|.

Case a; < 0. The application of Rolle’s theorem on the function
2
T (x) =exp (alx? +(b1+1) x) [ (Byx)

shows that the polynomial fj (Bx) = (Bx+ ax*+b1x) fBy), which is of degree n+2, vanishes n—1
times between the zeros of f(Byx). But since hm T (x) = 0 it results that f; (Bx) vanishes also on
]—o0, x1[and on ]x;,00[, where x; and x,, are, respectlvely, the minimum and the maximum zeros
of f(By). Hence, the polynomial f; (Bx) vanishes n + 1 times, the missing zero must be necessarily
real.

Case a; =0: When b; +1 = 0 the Theorem 10 is evident, otherwise, the application of Rolle’s
theorem on the function

T (x) =exp((b1 + 1) x) f (By)
shows that the polynomial fi (Bx) = (Bx + b1 x) f (Bx) vanishes n —1 times between the zeros of
f(By). But since hm T(x)=0or llm T (x) = 0 it results that fj (Bx) vanishes also on ] —oo, x1 [ or
1x5,,00[. Hence, the polynomlal bil (Bx) Wthh is of degree n + 1 vanishes n times, the missing zero
must be necessarily real.
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To obtain the first part of the Theorem 10, one can replace f(Bx) by fj (Bx) and proceed as
above, and so on. 0

Proposition 11. Let a be a real number and let f,g be polynomials with deg g = m. Then, if
f(Bx) ERZ and g(x) e RZ, we get

B
xmg(—x+ax)f(BX)€[RZ, a<o0.
X

Proof. The proposition 11 follows form Theorem 10 by taking a; = --- = a,, = a < 0 and by setting
m
g )= II (x+bg). O
k=1
Remark 12. Let g,r; < --- < r, be non-negative integers not all null.
For f(x) = (%), -+~ (x)r, x7 we get

fB) =By, - By, BY =x"? B, (x;11, -+, 1p) €RZ

m
and for g(x) = Y. g(m, k)x* € RZ and a = 0 in Proposition 11 we get
k=0

B m
x"irg (f) fBY=) gm k) x"*Brq(x;m, -, 1p) €RZ,
k=0

where By (x;r1,--+, 1) is the nth(rl, -++, p) — Bell polynomial introduced by Mihoubi and
Maamra [8, 10], see also [1].
In other words, for 0 < k < m, the linear transformation

xkﬁxmik%k_'_q(x;rl,...,rp), q+r1+---+rp21,

map the set RZ on to RZ.

3. Some applications

In this section, we present some applications of the above results.

Corollary 13. Let G be a simple graph with n vertices and let

n
P(Gx)= ) ap(G) ()
k=x(G)

be its chromatic polynomial such that P(G, x) € RZ. Then, the polynomial
n
PG,-Bo= Y (-DFap 6Ly
k=x(G)

has only real zeros, where x (G) is the chromatic number of G.

Proof. The chromatic polynomial P(G, x) can also be written as

n—1
P(Gx)=xY. (D"t (G) (x-DF,
k=1

where £(G), ..., t;,-1(G) are non-negative integers, see [6]. This shows that the zeros of the
polynomial P(G, x) are not in ] — oo, 1[—{0}. Then, the zeros of the polynomial P(G,—-x) are non-
positive real numbers. Since [1]

B f B =xfFBy+k) and Byr=Le), k=0,1,2,...,
then, by Proposition 3, it follows that P(G, —Bx) € RZ, with

C. R. Mathématique, 2021, 359, n° 1, 57-64
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n n
PG,-Bo= Y -Dfar@®Bor= Y Dfar@Li).
k=x(G) k=x(G)
Example 14. For g =0, f(x) = x in Corollary 7, we get
(fBy)" =B, (x)eRZ, (fHy)"=H#,(0)eRZ, n=12,....

Also, since 28,,(x) has non-negative coefficients, it follows that its zeros are non-positive and by
Proposition 3, we get

n
ByP =Y { Z}@k (x) €RZ,

k=0
[n/2] on= an,
Hn (Py) = Z( ¥ P P,_o1 (%) €RZ,

where [x] is the largest integer < x, {Z} is the (n, k)t Stirling number of the second kind, and,
= %, (x) is any one of the polynomials 98,,(x) and /4, (x).

Example 15. For f(x) = x+ y we get f(Bx) = f(Hx) = x + y € RZ and via Corollary 7, we obtain

n

By (f By)" Z() K Brrq(x) ERZ, y 20,

=

H (fHy)" = Z(k)y" K 7sq(x) ERZ, y€R.
k=0

Example 16. From Proposition 8 it follows, for any real number a and any polynomial f such
that f(By) € RZ, that (Bx + ax)" 2 f(Bx) € RZ, n = 2. Then, for a = -1, f(By) = (Bx — x)? = x we get
the known result [3]
2 ln o [n 2
Yy (x):=Bx—x)"= Z (k) —x)""* B (x) = Z { k} x* eRrz,

k=0 k=0

where {2}2T is the number of ways to partition the set {1, ..., n} into k blocs without singletons.
More generally, for f(By) = (Bx + ax)? = x((a+1)2x+1) we get

n
Vnya(X):= Bx+ax)"= Y Byr(a+1,1,1,...)x* eRZ.

k=0
We note here that Z Va, a(x) = exp(x(e’ — 1 + at)), where B, (a1, ay,...) are the partial Bell
polynomials, see [5, 9]
Example 17. For rp, = max{ry,...,rp}, a1 = --- = ap = 0 and f(x) = x™ in the first identity of

Proposition 8, it follows that the polynomial

A T N+TL+ o +T
l]—n;rl,...,rp (x):= Z (—l)k P Ly (x)
=0 k+ry
Flyenr T

C. R. Mathématique, 2021, 359, n° 1, 57-64
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has only real roots. Indeed, from [1] we can write

where {}}

<Bx> n'" (Bx> p B;r(l
— (_1)n+1’1+~~-+rp (_Bx)rl (_BX)rp (_Bx)n

n+ri+ee+rp-1 n+r+--- +rP

— (_1)n+r1+.‘.+rp k+ . (_Bx)k
k=0 p Ty I'p
n+r1+---+rp_1
n+r+ +r
=ty =k y (Bx)k
<o k+rp,
- -0 Tp
n+ryte+rp-1
n+r + +r
= (=) Z (—l)k p Li (%)
=0 k+rp
- Ty I'p

AT+ T
=(-1 ! P u—n; Tl Tp (x),

— is the (rl, e rp)—Stirling numbers of the second kind introduced by Mihoubi
e Tp

and Maamra [8, 10].
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