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On some inequalities for the optional projection and the predictable
projection of a discrete parameter process

MasaTo KikucHI

Abstract

Let (€,X,P) be a nonatomic probability space. If ¥ = (Fy)nez, is a filtration of Q and if
f = (fu)nez, is a stochastic process on € such that f;, is integrable for all n € Z,, the optional
projection O f = (O £,),1e5, of f = (fu)nez, is defined by O £, = E[ £,|F» ]. Given a
Banach function space X over Q and r € [1, o), let X [¢,-] denote the Banach space consisting of all

. o g . P |

processes f = (fu)nez, such that (X771 fn Ir)l/r € X, and let || f ”X[fr] = ”(Zn:()lfn Ir) /r”X
f = (fi)ez, € X[£-]. One of the main results gives a necessary and sufficient condition on X for the
inequality ||© () £ lxie, < CIf llxy, ) tobe valid forall f = (f)nez, € X[£r].

for

Sur quelques inégalités pour la projection optionnelle et la projection
prévisible d’un processus de paramétre discret

Résumé

Soit (2, X, P) un espace de probabilité non atomique. Si F = (F,) est une filtration de Q et si
f = (fi)nez estun processus stochastique sur Q tel que f;, est intégrable pour tout n € Z,, la projection
optionnelle ONf = (0(5c)f,1)nez+ de f = (fu)nez, est définie par O . = E[fu | Fn ]. Btant
donné un espace de fonction de Banach X sur Q et » € [1, o), on laisse X [£,-] désigner 1’espace
de Banach constitué de tous les processus f = (fi)nez, tels que (X))ol l") /v ¢ X, et on laisse

o 1
1f gy = (oAl
condition nécessaire et suffisante sur X pour que I'inégalité || O £ ||
pour tout f = (f)nez, € X[6].

”X pour f = (fn)ez, € X[€-]. L'un des principaux résultats donne une

x1,] < CIS N, | soit valable

1. Introduction

It is well known that each of the optional projection and the predictable projection
of a stochastic process plays an essential role in the theory of continuous parameter
martingales. On the other hand, it is rare to use the terms “optional projection” and
“predictable projection” in the theory of discrete parameter martingales. In fact, the
definitions of these projections of a discrete parameter process are so simple and natural
that they are often used without being given specific names. However, these projections
are certainly important. Burkholder, Davis, and Gundy [5] used an inequality involving the

This work was supported by JSPS KAKENHI Grant number JP17K05291.

Keywords: Optional projection, Predictable projection, Banach function space.
2020 Mathematics Subject Classification: 60G07, 46E30.

149



M. Kikuchi

predictable projection of a discrete parameter process in order to prove the boundedness
of some operators on spaces of martingales, and Stein [28] established an inequality
involving the optional projection of a discrete parameter process in connection with the
general Littlewood—Paley theory. Moreover, Delbaen and Schachermayer [8] established
an inequality for the predictable projection of a discrete parameter adapted process with
an application in the field of mathematical finance in mind (cf. [7]).

In this paper, we study some inequalities for the optional projection and the predictable
projection of a discrete parameter process.

Let (2, Z,P) be a nonatomic probability space. By a filtration of Q, we mean a
sequence ¥ = (¥ )nez, of sub-c-algebras of X such that 7, C %4 foralln € Z,. We
denote by F the collection of all filtrations of €, and adopt the convention that ¥_; = %
for every ¥ = (Fn)nez, € F.

By a process, we mean a sequence of random variables on Q indexed by the set Z,
of nonnegative integers, and we adopt the convention that f_; = 0 for every process
f= (f n)neZ+~

Let ¥ = (Fn)nez, € F. A process f = (fu)nez, is said to be ¥ -adapted it f, is
F,.-measurable for all n € Z,, and is said to be ¥ -predictable if f,, is F,—1-measurable
foralln € Z,.

We denote by P the collection of all processes f = (fu)nez, such that f,, € L1 (Q)
for all n € Z,. Given ¥ = (F,) € F, we denote by P(¥) the collection of all #-adapted
processes in P.

Let f = (f,) € Pand F = (%) € F. The optional projection ©7) f = (99 £,) and
the predictable projection ¥ f = (P9 £,) of f = (f,) are defined by

OD f, =E[fulFul,  neZ,
and
PO f =B ful Fact], ey,

respectively (cf. [9, p. 115]).
Leta € [1,00] and r € [1, oo]. For each process f = (f;,), we let

”f”LulfrJ = {”(Zn=0|fn| ) ||Lu

||Sup0Sn<oo|fn| ”Ln lf r =09,
with the convention that ||x|| L, =% for a random variable x which is not in L,. We let
L4[¢r] denote the set of all processes f = (f) for which || f], (6] < It is then easily
seen that L[] is a Banach space. In [28, Chapter IV, Section 3], Stein showed that if
a € (1, 00), the inequality

lr if rel[l,o),

197 il < kallf sy
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On some inequalities for the optional projection and the predictable projection

holds for all ¥ = (¥,) € F and all f = (f,) € P, where k, is a positive constant
depending only on a. His method also applies to show that if a € (1, 00) and r € [1, 0],
the inequality

1D fllg, 0y < KarllFll, e (1.1)
holds for all ¥ = (¥,) € Fand all f = (f,) € P, where K, , is a positive constant
depending only on a and r. Furthermore, it is easy to see that (1.1) is also valid when
a =r = lora =r = oco. An explicit value for the constant K, - was given by Dilworth [11].
He showed that (1.1) holds with

P (@) ifl<r<a<c,
&)Y il <a<r <o,
where a’ and r’ denote the conjugate exponents of a and r, respectively. It is easily
checked that if a € (1, o), then

max K, , =K, 1 =a.
I<r<a

Furthermore, if 1 < a <r < oo, then K, = K4 ,, and hence

max K,,= max Ky ,=ad’.
a<r<co 1<r<a’ ’

Therefore (1.1) holds with K, , replaced by K, := a V a’ = max{a, a’}.
As for the predictable projections, Lépingle [24] showed that the inequality

1P Fll ey < 210F 1, o)

holds for all ¥ = (F,,) € Fand all f = (f,,) € P(¥), and then Delbaen and Schacher-
mayer [8] showed thatif 1 < a < r < oo, the inequality

PP £l g < 200, 16, (1.2)

holds for all ¥ = (¥,) € Fand all f = (f,) € P(¥). They also showed that in the case
where @ = 1 and r = oo, the constant 2 in (1.2) is sharp. Moreover, Os¢kowski [26]
showed that the inequality

PO fllg ey < 277 1A L o,
holds for all ¥ = (¥;,) € Fand all f = (f,) € P(¥), and that the constant 20"~1/" jg
sharp.
Johnson et al. [13] considered an analogous inequality in a more general setting. Let
X be a Banach function space over € (see Definition 2.1), and let 1 < r < oo. For each
process f = (f,), we let

“f”x[{r] = {

(Sl al) "Nl if 7 € [1,00), (1.3)

|| Sup0§n<oo|fn| ”X if r = o0,
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M. Kikuchi

with the convention that ||x||, = oo if x is a random variable which is not in X; and we
define X[¢,] to be the set of all processes f = (f;) for which ”f”X[t’,] < oo, It is easily
seen that X [£,] is a Banach space.

In the case where X is a rearrangement-invariant Banach function space over [0, 1]
(see Definition 2.3), Johnson et al. [13] showed that if 0 < @y < By < 1, the inequality

19 Fllx i) < ClF ey
holds forall ¥ = (F,) € Fand all f = (f,;) € P, where C is a positive constant depending
only on X and where @ and By denote the Boyd indices of X (see Subsection 2.5).

In this paper, we give not only a sufficient condition but also a necessary condition for

the inequalities

19 Fllg e,y < ClFllx e (1.4)
and

177 Fllgie,y < Cllx g (1.5)
to be valid.

In Section 3, we consider inequality (1.4) for f = (f,,) € P. In Theorem 3.1, we give
a necessary and sufficient condition for (1.4) to be valid for all ¥ = (F,) € F and all
f = (fu) € Pwhenr = 1; in Theorem 3.2, we give a necessary and sufficient condition
for (1.4) to be valid for all ¥ = (¥,) € Fand all f = (f,) € P when r = co; and in
Theorem 3.3, we give a necessary and sufficient condition for (1.4) to be valid for all
F =(Fn) €eFal f=(f,) eP,andall r € (1, ).

In Section 4, we consider inequality (1.5) for f = (f,) € P(F). In Theorem 4.1, we
give a necessary and sufficient condition for (1.5) to be valid for all ¥ = (F,;) € F and all
f = (fn) € P(F) when r = 1. The condition given there is also necessary and sufficient
for (1.5) to be valid for all ¥ = (%) € F, all f = (f,) € P(¥),and all r € (1, co].

In Section 5, we consider analogous inequalities in a quasi-Banach function space w-X
associated with X. Given a Banach function space X, let w-X denote the set of all random
variables x for which [|x||,_y :=sup .o AL (x>23llx < o0, and let w-X[£,] denote the

set of all processes f = (f;,) for which || f]| < o0, where

w-X [fr]

1£1] = “(Z;ozo|f"|r)l/r“w-x if 1 <r<oo,
vl “ Sup0§n<oo|fn| ”W—X lf r = 00,

Then w-X is a quasi-Banach function space and w-X[¢,] is a quasi-Banach space of
processes. We consider the inequalities

1°P Fllyxieg < CIAlyxpe (1.7)

(1.6)

and
1P fllyxiey < A lyx g, (1.8)
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On some inequalities for the optional projection and the predictable projection

In Theorem 5.1, we give a necessary and sufficient condition on X for (1.7) to be valid
for all ¥ = (F,,) € Fand all f = (f,,) € P when r = 1. The condition given there is also
necessary and sufficient for (1.8) to be valid for all ¥ = (¥,) € Fand all f = (f,,) € P(%)
when r = 1. Moreover the condition is necessary and sufficient for (1.7) (resp. (1.8)) to be
valid for all ¥ = (F,,) € F, all f = (f,) € P (resp. f = (f) € P(¥)),and all r € (1, co].

From Theorems 3.3 and 4.1, it follows that if (1.4) holds for all ¥ = (F,) € F,
all f = (fy) € P, and all r € (1,00), then (1.5) holds for all ¥ = (¥,) € F, all
f = (fn) € P(F), and all r € (1,0]. However the converse is false. In contrast, it
follows from Theorem 5.1 that (1.7) holds for all ¥ = (F,) € F, all f = (f,) € P, and all
r € (1, co] if and only if (1.8) holds for all ¥ = (F,) € F, all f = (f,) € P(¥), and all
r e (1,00].

2. Preliminaries

In this slightly long section, we fix some notation and give some definitions. We also
recall some results used in this paper.

2.1. General notation

Throughout the paper, we assume that the probability space (R, Z, P) is nonatomic, i.e.,
that there is no P-atom in X. This assumption is essential and will be used explicitly or
implicitly. Recall that F denotes the collection of all filtrations of € and that P denotes the
collection of all processes f = (fn)nez, such that each f,, is integrable. Recall also that if
F = () € F, then P(F) denotes the collection of all #-adapted processes in P.

In addition to Q, we consider the interval I := (0, 1] as a probability space equipped
with Lebesgue measure u. From this point of view, a measurable function on [ is also
called a random variable. If 0 < a < b < 1 and if 57 is a u-integrable function on the
interval (a, b), we write fab n(s) ds instead of f(a’b) n(s) u(ds).

If A is a subset of Q (resp. I), we denote by 1 4 the indicator function of A defined on
Q (resp. I).

We let Lo (L) (resp. Lo(I)) denote the linear space consisting of (equivalence classes
of ) random variables on Q (resp. ) which are finite a.s. We assume that Ly(Q) and Lo (1)
are equipped with the topology of convergence in probability (i.e., in measure). For each
p € {0} U [1, o], we often write L, instead of L, (£2) or L, ().

Let x € Lo(L2) and let A be a real number. We write {x > A} as an abbreviation for the
set of all w € Q such that x(w) > A; moreover we use analogous abbreviations, such as,
{41 £ x < A1}, {x < oo}, and so on. We also use such abbreviations for n € Ly(1).
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Let x € Ly(Q). The nonincreasing rearrangement of x is the function x* on I = (0, 1]

defined by

x*(t) =inf{d > 0: P{|x| > A} <}, tel
The nonincreasing rearrangement x* is a right-continuous nonincreasing function on /
whose distribution (with respect to Lebesgue measure) is the same as that of |x|; and such
a function is unique. The nonincreasing rearrangement n* of € Lo(7) is defined in the
same way; i.e.,

n*(t) =inf{1 > 0: p{ln| > A} <t}, tel

2.2. Banach function spaces and quasi-Banach function spaces

Let V be a linear space. Recall that a nonnegative real-valued function || - || on V is called
a quasi-norm if it satisfies the following conditions:

(QN1) ||x]| = 0if and only if x = 0.
(QN2) ||ax]|| = |al||x]|| for all x € V and all scalars a.
(QN3) There is a constant K > 1 such that ||x + y|| < K(||x]| +||y||) forallx,y € V.

Suppose that V is a quasi-normed space, i.e., that V is equipped with a quasi-norm
|- ||. Foreachx € V and each & > 0,let B(x:&) = {y € V: ||x — y|| < &}. Then one can
define a topology 7~ on V so that N'(x) := {B(x:¢&): & > 0} is the neighborhood basis
for x € V. Choose p,, € (0, 1] so that 2(1/P)=1 = K where K is the constant in (QN3).
Then there exists a quasi-norm || - ||” on V and a constant C which depends only on the
value of K such that:

e |lx|I” < |lx]| £ C||x]|’ forallx € V.
o [x+y||"Po < ||x]|"Po+||y]|"Po forallx, y € V.

Hence one can define a metric d on V by d(x,y) = ||x — y||’Po, and the topology 7~ can
be metrized by d (see [10, p. 20] or [22, p. 47]). Of course, a Cauchy sequence in V is
defined in the same way that a Cauchy sequence in a normed space is defined. If every
Cauchy sequence in V converges in V, then V is called a quasi-Banach space. Thus V is a
quasi-Banach space if and only if the metric space (V, d) is complete.

Now let X and Y be linear topological spaces. We write Y < X to mean that Y is
continuously embedded in X, i.e., that Y € X and the inclusion map is continuous. When
each of X and Y is a Banach space or a quasi-Banach space, Y < X ifand only if Y € X
and there is a positive constant ¢ such that ||x||,, < c||x], forallx € Y.
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On some inequalities for the optional projection and the predictable projection

Definition 2.1. A Banach function space over L (resp. I) is a Banach space X of
(equivalence classes of) random variables on Q (resp. I) which satisfies the following
conditions:

(Bl) Lo — X & L.
(B2) If [y| < |x|a.s.and x € X, theny € X and [|y|l,, < [lx]ly-

(B3) If (x;)nez, is a nonnegative process in X such that x,, T X a.s. as n T oo and if
sup, ez, IXnlly < oo, then xe € X and ||xo|ly = sup, ez, [1xnlly-

A quasi-Banach function space over C (resp. I) is a quasi-Banach space of (equivalence
classes of) random variables on Q (resp. I) which satisfies (B2), (B3), and the condition
that

We adopt the convention that if X is a Banach function space or a quasi-Banach
function space and if x is a random variable which is not in X, then [|x|[,, = co.

Note that the definition above of a Banach function space is the same as that in [2,
Chapter 1] (since (L, X, P) is a finite measure space).

Of course, Lebesgue spaces, Orlicz spaces, and Lorentz spaces are Banach function
spaces. Moreover variable exponent Lebesgue spaces are also Banach function spaces
(cf. [1]).

Let X be a Banach function space or a quasi-Banach function space, and let 1 < r < co.
Recall that the space X|[¢,] is defined to be the set of all processes f = (f;;) such that
||f||X[m < oo, where ||f||X[m is given by (1.3).

The following facts are immediate consequence of Definition 2.1:

e If f = (f,) is a nonnegative process such that f,, € X for all n € Z,, then

X now

lim f,

n—oo

o If f = (fi)re[o0,0) is a process with values in [0, o] such that f,- T fya.s.asr Ts
(resp. r | ), then

lfllx Tfsllx asrTs (resp.rls)
o If r € [1,00) and f = (f,) € X[£,], then 3.7, | ful” < o0 aus.

o If f = (fn) € X[l~], thensup,, 7 |ful < oo as.
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Let X be a Banach function space over , and let Bx denote the closed unit ball of X.
For each y € L, we let

I¥llx: = sup E[lxyl].

xeBx
It is then easy to see that

Iyl = sup  E[lxyl].

X€BxNLs

Definition 2.2. Let X be a Banach function space over Q or I. The associate space X' of
X consists of those y € Lo for which ||y|l,, < co.

The associate space X’ of a Banach function space X is a Banach function space
(see [2, Chapter 1, Section 2]). From the definition of || - ||, it is easy to see that if x € X
and y € X/, thenxy € L; and

E[leyl] < llxllx 1ylly -

For every p € [1, o], the associate space (L,)" of L, coincides with L, where p’
stands for the conjugate exponent of p. It follows that L)) := ((L,)’) coincides with L ,.
More generally, if X is a Banach function space, then X"’ := (X”")’ coincides with X and
lxl» = llx|ly for all x € X’ (see [2, p. 10]). From the fact that (L)’ = L1, one sees
that the associate space of a Banach function space X does not coincide with the Banach
space dual X* in general.

Definition 2.3. A Banach function space X is said to be rearrangement-invariant or r.i.
if whenever two random variables x and y have the same distribution and x € X, then
y € X and [lxlly = ylly-

By an r.i. space, we mean a rearrangement-invariant Banach function space.

For example, Lebesgue spaces, Orlicz spaces, and Lorentz spaces are r.i., while variable
exponent Lebesgue spaces are not r.i. in general (see [1, Theorem 1]).

Note that x € L, (Q) if and only if x* € L, (/), and that ”x”L,,(Q) = ||x*||Lp(I) for all
x € L,(L), where x* denotes the nonincreasing rearrangement of x. More generally, if X
is an r.i. space over L, then there exists a unique r.i. space X over I which satisfies the
following conditions:

e x € X if and only if x* € X.

o |lxlly = ||)c*||)2 forall x € X.

For the proof of this fact, see [2, pp. 62-64]. We call X the Luxemburg representation of
X. Thus the Luxemburg representation of L, (L) is L, ().
In order to prove our main results, we will use the following lemma.
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On some inequalities for the optional projection and the predictable projection

Proposition 2.4 (cf. [17, Proposition 1]). Let X be a Banach function space over Q. The
following are equivalent:

(1) There exists a positive constant C such that for every sub-o-algebra A of ¥ and
everyx € X,

[ELx| AL, < Clixllx-

(ii) There exists a norm || - |3, on X which is equivalent to the original norm || - ||,
and such that X is r.i. with respect to || - ||

We say that X can be renormed so as to be r.i. if (ii) of the proposition above is
satisfied. For a proof the proposition, see [14, Lemma 2] and [17, Proposition 1].
In Section 5, we will deal with the space w-X defined as follows.

Definition 2.5. Let X be a Banach function space over Q. For each x € Ly(Q), we let
1x0lyy.x = sup AL x>l -
>0

The space w-X consists of those random variables x for which [|x||,,_, < co.
It is easy to see that X ¢ w-X and
lIxllyx < llxllx forallx € X,
and that
ILally.x = lILally forall AeX.

If 1 < p <ooand X = L, then w-X coincides with the Lorentz space L, o (cf. [12,
p. 156]). Thus, in some cases, w-X can be renormed so as to be a Banach function space.
However, in general, w-X is not a Banach space but a quasi-Banach space. In fact, the
function || - ||, on w-X does not satisfy the triangle inequality, but satisfies the inequality

llx + yllyx < 2Clxllyx + 1¥lly-x)-

It is straightforward to check that w-X is a quasi-Banach function space in the sense of
Definition 2.1.

Recall that the space w-X[¢,] is defined to be the set of all processes f = (f;;) such
that ”f”w-x[a] < oo, where ||f||W_X[€r] is given by (1.6)

157



M. Kikuchi

2.3. Generalized fundamental functions

In our investigation, the generalized fundamental functions of a Banach function space,
defined as follows, play an important role. For each 7 € [0, 1], let

(1) = {A € Z: P(A) = 1}.

Note that X(¢) is not empty, because the probability space (€2, Z, P) is nonatomic. We
define the functions [ [0,1] — [0,00) and @ : [0, 1] — [0, c0) by setting

¢ (0 =Mif{|Lallx: A=}, re[01],
and
By () =sup{llLally: A€X(n)}, te[0,1].
Note that since X < L, there is a positive constant ¢ such that ¢ < cp X(t) for all
tel=(0,1].
For a Banach function space X, we define

oy (t
k= sup X 2.1)
0<t<1 ¥ 5 (1)
Then clearly 1 < ky < oo. It is clear that if X is an r.i. space, then ky = 1 < co. However
X is not necessarily an r.i. space even if ky < oo. In fact, one can construct a Banach

function space X such that ky < oo but is not r.i. (see [18, Lemma 3 and Example 2]).

2.4. Marcinkiewicz function spaces

Recall that a function ¢: [0, 1] — [0, o0) is said to be guasi-concave if it satisfies the
following conditions:

e ¢(t) =0ifand onlyif t = 0.
e ¢(t) is nondecreasing on [0, 1].
e ¢(t)/t is nonincreasing on (0, 1].

For example, a nondecreasing concave function ¢: [0, 1] — [0, o0) which vanishes
only at ¢ = 0 is quasi-concave. Moreover if X is a Banach function space over Q, then
@y is quasi-concave (see [18, Lemma 1]). Note that every quasi-concave function ¢ is
continuous on (0, 1] = I (see [23, p. 49]).

Let ¢: [0, 1] — [0, o0) be a quasi-concave function. For each n € Ly(1), we let

o) !

g piry =sup =2 [ () ds and  17llyyepup) = suple( 7 ()]
el I Jo tel
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The space M (¢: 1) (resp. M*(¢: 1)) is defined to be the set of all € Ly([) such that
||77||M((p:1) < oo (resp. ||n||M*((p:1) < o). One can show that M (¢:I) is an r.i. space
over I (see [2, p. 69]). On the other hand, M*(¢: I) is a quasi-Banach function space over
1. In fact, the function || - ||, . (o:1) ON M*(¢: 1) does not satisfy the triangle inequality,
but it satisfies the inequality

ll77 +§||M*((p:l) < 2(”7]”/\4*(‘/,;1) + “f”M*(w;]))
(cf. [20, Eq. (2.8)]). In addition, for each x € Ly(Q), we let

”x”M((p;Q) = ||X*||M(¢;1) and ||x||M*(¢;Q) = ||X*”M*(¢;1)-
The space M (¢: Q) (resp. M*(¢:Q)) is defined to be the set of all x € Ly(L2) such that
||x||M(w:Q) < oo (resp. ||x||M*(¢:Q) < 00). Of course, M (¢: Q) is an r.i. space over
and M*(¢: Q) is a quasi-Banach function space over Q. The spaces M (¢: 1), M*(¢: 1),
M (p:Q), and M*(p: Q) are called the Marcinkiewicz function spaces.
If X is a Banach function space over €2, then since ¢ is a quasi-concave function, we
can associate the spaces M (¢ : 1), M*(¢y : 1), M(¢gy : Q), and M* (¢ : Q) with X.

2.5. Indices of function spaces

In the proof of our results, we need to discuss the boundedness of some operators on
a (quasi-)Banach function space over /. Suppose that Y is a Banach or quasi-Banach
function space over /. We denote by B(Y) the set of all linear operators 7" which satisfy
the following conditions:

e The domain of T contains Y and the range of T is contained in Lo (7).

e The restriction of T to Y is a bounded operator from Y to itself.

Given T € B(Y), we write ||T|| , ) for the (quasi-)norm of the restriction of T to Y, i.e.,
Ty, = suplliTly : x € By ).

We now recall the definition of Boyd indices of an r.i. space. For each s € (0, o), let
Dy denote the dilation operator on Ly(I) defined for n € Ly(I) by

n(st) ifstel,
D 1) = tel.
( s’])() {0 ifst el
If X is an r.i. space over Q, then D € B()?) for all s € (0, o0), where X is the Luxemburg
representation of X. Define a function hy : (0,00) — (0, 00) by hx(s) = ”DI/S”B(X)'
The Boyd indices ay and By of X are defined by
log h log h
@y = sup loghx(9) 14 By = inf log hx (s). 2.2)

0<s<1 logs l<s<eo  logs
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One can show that hx is submultiplicative, i.e.,
hx (st) < hx(s)hx(t) whenever 0 <s, t < oo.

One can also show that iy (s) < max{s, 1} for all s € (0, c0) (see [2, pp. 148, 165]).
Hence we have that

log h log h
ay = lim QB g, Joghx(s)
s—0+ logs s—oo  logs

and 0 < ay < By < 1 (see [23, p. 53]). The Boyd indices are ones which extends the
role of the index p of L. In fact, o L, = B L, = 1/p for all p € [1, oo]. In particular, we
have ap, +ﬁ(L,,)' =(1/p)+ (1/p’) = 1. More generally, we have

ay +Bxy =ay +By =1 (2.3)

for any r.i. space X (see [2, pp. 149, 165, 166]).
The following lemma is one of the key tools for the proof of our main results.

Proposition 2.6 ([16, Corollary 3.4]). Let X be anr.i. space over Q, let F = (Fp)nez, € F,
let p = (p,)nez, € P(F), and let 7 be a nonnegative random variable on Q. Suppose that
0<p, <p,,, as. foralneZ,, andlet p,, =lim, . p, a.s.
@ If ay >0, z€ L1(Q), po € L1(L), and
Elpe =Pyt |Fn] <E[z]Fu]  as.
foralln € Z,, then

losllx < Cxllizllx.

where Cx is a positive constant which depends only on X.
(b) Leta € (1,00). If 0 < ay, By < 1/a, z € Ly(Q), po, € La(2), and
E[(Pm —Pn_l)a|ﬁ] <E[z|F.] a.s.
foralln € Z,, then

P llx < Cx.allzllx,

where Cx , is a positive constant which depends only on X and a.

In addition to Boyd indices, we need the indices of a quasi-concave function. Given a
quasi-concave function ¢: [0, 1] — [0, c0), we define a functionm,, : (0, 00) — (0, o0) by

t t
my(s)=  sup oD _ o P9
o<t<(i/s)nl @) o<i<sat 9(t/5)
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where we write a A b for min{a, b}. The indices p 0 and g o are defined by

logm(s)

logm, (s
and g¢g_ = inf g—w().
O<s<l1 IOgS ¢

24
l<s<eo  logs 24

D,=
It is easily seen that m, is submultiplicative. Moreover, since ¢(t)/t is nonincreasing,
one sees that m, (s) < max{s, 1}. It follows from [23, p. 53] that
logm(s) logm(s)
=1 _ = lim ————, 2.5
Py sg& log s 1= I% log s 2.5)
andOSp‘p <q, =< 1.

Let X be a Banach function space over Q. Then, as mentioned above, ¢y, is quasi-
concave, and hence we can define indices Py, and qg, - For simplicity, we write py
instead of Py, and g instead of dg, -

Note that the indices p and g, are defined for all Banach function spaces X, while
the Boyd indices ay and By are defined only for r.i. spaces X.

2.6. Linear operator on function spaces

In the proof our results, we will discuss the boundedness of linear operators which are
defined as follows. For each a € [1, o), let Dom(%,) be the set of all € Lo(I) such that
In(s)|s(/4)=1 is integrable over the interval (0,7) for all # € I. For each n € Dom(®,),
the function P,n in Lo([/) is defined by

a

1 ! d
(Par])(t)z—/ n(s)se ) rel
[1/ 0 S

For simplicity, we write ¥ instead of Pj.
Now let Dom(Q) be the set of all € L () which is integrable over (¢, 1] forall 7 € 1.
For each n € Dom(Q), the function Q7 in Lo([) is defined by

1
(Qn)(t)zf @ds, rel.

Let X be an r.i. space over Q. From the proof of Boyd’s theorem ([3, Theorem 1]), we see
that #, € B(X) if and only if 8y < 1/a, and that Q € B(X) if and only if @y > 0 (see
also [2, p. 150]). In addition to these facts, we will use the following result.

Lemma 2.7 ([16, Lemma 3.2]). Let a € [1, ). If n € Dom(P,) is nonnegative and
nonincreasing, then n € Dom(P) and ((Pn“)(t))l/a <a '(Pun)(t) forallt € I.
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3. Inequalities for optional projections in a Banach function space

Recall that if a Banach function space X can be renormed so as to be r.i., then the Boyd
indices ay and By of X are defined by (2.2). Of course, the values of ay and Sy do not
depend on the choice of the norm for which X is r.i.

In this section, we prove the following three theorems.

Theorem 3.1. Let X be a Banach function space over Q. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all
F = (Tn)nEZ+ € Fand all f = (fn)n€Z+ eP,

||O(7:)f||x[[1] < CX”f”X[(’l]' (3-1)
(ii) X can be renormed so as to be r.i. and ay > 0.
Theorem 3.2. Let X be a Banach function space over Q. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all
F = (Fulnez, €Fandall f = (fy)nez, €P,

19D Flly ey < Cx I lx ey
(i1) X can be renormed so as to be r.i. and By, < 1.
Theorem 3.3. Let X be a Banach function space over Q. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all
F = (ﬂ)ne% eF all f= (fn)neZ+ €P, andallr € (1, ),

“O(ﬁf“)([[rj < CX”f”x[[ry (3~2)
(ii) X can be renormed so as to be r.i. and 0 < ay,, By < 1.

In order to prove theorems above, we need some lemmas. The following lemma

is a variant of Stein’s inequality (see (1.1)). Notice that if n = 0, then by convention

,D,(lr_)1 = p(_rl) =0 (r € [1, ]) in the following lemma.

Lemma 34. Let ¥ = (F,) € Fand let f = (f,) € P. For each r € [1, ), define a
random variable ") and a process p'") = (Pr(zr)) by letting
1/r

0 1/r n
20 = (Zw) and  py) = (ZIE[fkm]I’) , (3.3)
n=0 k=0
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respectively; and define a random variable 7' and a process p(®) = (p;m)) by letting

Z(oo) = sup |fk| and p( )— sup |E[fk|7—-k]|’

0<k<oo 0<k<n

(r ) 4

respectively. Let ps, ) = =lim,—e Pn or eachr € [1, co].

@ If f=(f) € L[], thenzV € L(Q), p) € L1(Q), and
E[pY - oV |Fa] <E[zV|F]  aus.

foralln € Z,.

®) If a € (1,0), r € [1,00], and f = (fu) € Lalt], then z'") € L, (Q),
pg) € L,(Q), and

E[(o = p,2) |72 < KZE[()] 7]

foralln € Z,, where K, =a V a’.

Proof. (a). Let f = (f,) € L1[£1] and F = (F,,) € F. It is then clear that z(") € L (Q)

and pg) € L1(Q). Moreover for alln € Z,,

da

¢]=kZE | 7] <E[zV|F] as.

E[p - ", |72 ] = Y E[[EL il 7]

s TV

E[E[1ful|7]

~
Il

n

(b). Leta € (1,0),r € [1,00], F = (F,) € F,and f = (f,) € Lq[{]. It is then clear
that z(") € L,(€). Moreover, since (1.1) holds with K.r replaced by K, = a VvV a’, it
follows that p{”) € L,(Q). Letn € Z, and A € Fp. If r € [1, ), then by (1.1),

s alr
(Z|E[fknA|ﬁ]|’)
k=n
Z|fk]1A|r)
k=n

B[ (o) - p, ) “1a] <E

alr

< KYE[(z")"14].

Since A € ¥, is arbitrary, we have

E[ ()~ pi7))*|7:] < K2E[ )| 7]
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If r = oo, then by (1.1),

Bl - ) 1a] <E| sop [BLATAIT) |

n<k<oo

SKZE[( sup |fk|) La| < KSE[(27)“14].

n<k<oo

Since A € ¥, is arbitrary, we have E[ (pg) - pflr_)l)a |(Fn] < Kij[ (z<r))a |7'7;] a.s., as
desired. |

Before stating the next lemma, note that there exists a random variable y: Q — [0, 1)
such that

y*(t)=1-r¢ forallr eI=(0,1].

This is an immediate consequence of our assumption that the probability space (2, Z, P)
in nonatomic (see [6, (5.6), p. 44]).
The following lemma is crucial for the proofs of our results.

Lemma 3.5. Let y: Q — [0, 1) be as above, and let n € Li(I) be Borel measurable.
Define x € L1(Q) by

x(w) =1 -y()|, weQ,
and define a family of sets {A(t): 0 <t < 1} by

A(t)={y>1-1t}.
Then:
(1) A(s) c A(t) whenever 0 < s <t < 1.
(i) x*(t) =n*(t) forallt € 1.

(iii) P(A(t)) =tforallt € I

@iv) E[x]lA(,)] = fot|77(s)| ds forallt € I.
Proof. See, for example, [21, Section 5]. m]
We can now prove Theorem 3.1.

Proof of Theorem 3.1. (ii) = (i). Let ¥ = () € Fand f = (f,) € P. Suppose that
(i) holds. Then we may assume that X is an r.i. space with respect to the norm || - || .
Furthermore we may assume that f = (f,,) € X[{1], since otherwise (3.1) is obvious.
From (B1) of Definition 2.1, it follows that f = (f;,) € L;[£;]. Define a random variable
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z(D and a process p'V = (p (l)) by (3.3) with » = 1. Then by (a) of Lemma 3.4,
W e (), oM € L1(Q), and
E[pY) - oV |70 ] <E[zV|F]  as.

for all n € Z,. Since ay, > 0, we can apply (a) of Proposition 2.6 to deduce that

1
19D Flix ey = oS My < Cxllz My = Cxlflix e,

as desired.

(1) = (ii). Suppose that (i) holds. Let A be a sub-c-algebra of X and let x € X. Define
F = (Fn) €Fand f = (f,) € Pby

F A ifn=0, d f x ifn=0,
= ant =
"l ifn>1, "o ifn>1,

respectively. Then by (3.1), we have HE [x|A] “x < Cxllx|l. From Proposition 2.4 it
follows that X can be renormed so as to be r.i. Hence, for the rest of the proof, we assume
that X is an r.i. space with respect to the norm || - || .

To show that @, > 0, it suffices to show that Q € B()?) (cf. [2, p. 150]). Letny € X
be arbitrary. Define x and {A(¢): 0 < ¢t < 1} as in Lemma 3.5. Then x € X (because
x*=n*e )?). For each n € Z, let t, = 27", and define a sequence of sets {A, },cz,
by A, = A(ty). It then follows from (i) and (iii) of Lemma 3.5 that A,,; C A, and
P(A,) =t, forall n € Z,. Define ¥ = (¥,) € Fand f = (f,,) € P by letting

Fn=0c({A\A,: A€X}) and f,=xl4,\4,,.

respectively. Then

E[fulFul =

14
P(A ) n+l ]

Lo, /" Ly, [ In(s)
= [Cinlas =22 [T
tn th+l 2 In+l tn+1

1 In 1
% /l‘n+1 |niS)| ds = E [(Q|n|)(tn+]) - (le)(tn)]]lAn a.s.,

where the second equality follows from (iv) of Lemma 3.5. Since P(A,) = ¢, — 0 as
n — oo, we have

(@Il (1) = @I ()] La, = D (@I (1)L, 1, as.

n=0 n=1
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It follows that
D@D Ta, 4, 2D E[filFal as.
n=1 n=0

Therefore, for each t € I,

00

(@) (1) < 3 (@) 1) g1, () = (D (@D E A, 14,) (0)
n=1

n=1

sz(ZE[fnm]) (1),
n=0
and so
lamlly <2 (ZE[fnm]) =2 D ELAIF]| =21°Dfllyy,. G4
n=0 X n=0 X
On the other hand, since
an = Zx]lAn\AnH =X a.s.,
n=0 n=0
and since x* = n* on I, we have that
11l = Ixllx = Il - (3.5)
From (3.1), (3.4), and (3.5), we conclude that ”Q|T]|“X < 2CX||77||X. Since |Qn| < Q|7
on I, we have [|Qn|l, < 2Cx||7lly, as desired. O

We now turn to the proof of Theorem 3.2. We begin with the following lemma.

Lemma 3.6. Let X be a Banach function space over Q. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all

F =(F) €Fandall f = (f,) €P,

”O(ﬂf”)([gm] < CX”f”x[gm]- (3.6)

(ii) There exists a positive constant Cx: which depends only on X’ such that for all

F =(Fn) €Fandall f = (fy) €P,

12D Flixop) < Cxolf gz, - 3.7)

Moreover if (1) (and hence (ii)) holds, then the constants Cx and Cx: can be chosen to be
the same.
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Proof. (i) = (ii). Let ¥ = (F,) € F, let f = (f,) € P, and suppose that (i) holds. We
may assume that f = (f,) € X’[£]], since otherwise (3.7) is obvious. Letx € Bx NL(€2),
and define g = (g,,) € P by letting g, = |x| for all n € Z,. Since ||g||X[{, = lxlly < L,it
follows that

< S E[s.E1AI7] |

n=0
~SE[El g,,mnf,,]-
n=0

sup E[g, |Fn]

neZy

= |°®

E| x| Y [ELful 7]
n=0

ZE[gnm Ifnll

elere. ]IIfIIX/ -
< CX”g”x ”f”xf[[l] = CX”f”Xf (1]

Since x € By N Lo (Q) is arbitrary, we conclude that ||O((’r)f||x,[€]] < Cxllf iy, as
desired.

(i) = (). Let F = (F,) € F, let f = (f,,) € P, and suppose that (ii) holds. We may
assume that f = (f,,) € X[€w], since otherwise (3.6) is obvious. Let x € By N L (L)
and let N > 1 be a fixed integer. We define a random time 7': Q — Z, by

T:min{n €Zi:n<N, |E[fn|7-}]| = 1£I}<a<XN|E[ka7—7‘]|}'

Define g = (g,,) € P by letting
_ |x| ]l{T:n} if0<n<N,
"o ifn > N.
Since 3.0 8, = 2N g, = |x[, we have
”gnxv[ﬁ] = ”x”X’ <1.
Therefore

N 00
E| I+l 1<s;35N|E[fk|ﬁ]|] = D E[EUmIT 8| < D E| 1/l ELg, I 7]

n=0 n=0

Z [84]]

n=0

sup |fn|

0<n<oo

X’
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= ||O(T)g||x/[gl] ||f||X[gm]

< CX'”g”Xr[g]] ”f”x[gm] < CX’”f”X[gw]-
Since x € By’ N Lo (€2) is arbitrary, it follows that

sup |E[ fi | T

1<k<N

< CX’”f”x[gmy
X

Since N > 1 is an arbitrary integer and since X satisfies (B3) of Definition 2.1, we
conclude that IIO(ﬂfHX[[NJ < CxrlIfllx (e as desired.

The last statement is an immediate consequence of the argument above. Thus the proof
is complete. O

Lemma 3.7. Let X be a Banach function space over L. Suppose that the associate space
X’ can be renormed so as to be r.i. Then X can be renormed so as to be r.i.

Proof. Let || - ||, be a norm on X’ which is equivalent to the original norm || - ||, such
that X" is r.i. with respect to [| - ||%,. For x € X, define

1
x|y = sup{'/0 xX(s)y"(s)ds:y e X', Iyl < 1}.

Then || - || is a norm on X such that X is r.i. with respect to it, and (X, || - [I) is the
associate space of (X', || - |I%,) (see [2, p. 60]). Since (X, || - || ) is the associate space of
(X', Il - Il ;,) and since the norms || - ||}, and || - ||, are equivalent, we see that the norms
II-1I% and || - ||, are equivalent. O

We are now ready to prove Theorem 3.2.
Proof of Theorem 3.2. (i) = (ii). Suppose that (i) holds. Then by Lemma 3.6, we have

||0(T)f||X’[£’1] < Cxlfllxere

for all ¥ = (F,) € Fand all f = (f,) € P. Hence by Theorem 3.1, X’ can be renormed
so as to be r.i. and @y, > 0. According to Lemma 3.7, X can be renormed so as to be r.i.,
and we have By < 1 by (2.3). Thus (ii) holds.

(i) = (i). Suppose that (ii) holds. Then X"’ (= X) can be renormed so as to be r.i., and
hence by Lemma 3.7, X’ can be renormed so as to be r.i. Moreover we have ay, > 0
by (2.3). It follows from Theorem 3.1 that the inequality

19D Flixope < Cxllf e,

holds for all ¥ = (F,) € Fand all f = (f,,) € P. We conclude from Lemma 3.6 that (i)
holds, as desired. m|

In order to prove Theorem 3.3, we need one more lemma.
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Lemma 3.8. Let X be a Banach function space over Q, let r € (1, 00), and let v’ be the
conjugate exponent of r. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all

F =(Fn) €Fandall f = (fn) €P,

1°P Flix ey < Cxflix e (3.8)

(ii) There exists a positive constant Cx: which depends only on X’ such that for all

F =(F,) € Fand all f = (f,) €P,

19D Fllyrpey < Cxllfllyope - (3.9)

Moreover if (i) (and hence (ii)) holds, then the constants Cx and Cx: can be chosen to be
the same.

Proof. Tt suffices to show that (i) implies (ii). In fact, because r”’ = r and X" = X, if we
can show that (i) implies (ii), then it follows that (ii) implies (i).

Let F = (Fn) € ¥, let f = (f,) € P, and suppose that (i) holds. We may assume that
f=(fn) € X'[€], since otherwise (3.9) is obvious. It suffice to show that

N ) 1/r’
(ZIE[fnm]Ir)
n=0

for all integers N > 1, because (B3) of Definition 2.1 holds with X replaced by X’. We
first show that (3.10) holds under the additional assumption that

< Cxllfllxope, g (3.10)
X/

N
YIEAIF >0 as. (3.11)
n=0

Note that since each f;, is integrable, the sum on the left-hand side of (3.11) is finite a.s.
Define g = (g,) € Pby

N -1/r
g,,=IE[fn|ﬁ]|"‘(Z|E[fnm]|’) . nez.
n=0

Then
N N N ) 1/r
Zg[lzl as. and Zg,,\E[fnlﬂH: Z\E[fnw:n]r) as
=0 n=0 n=0
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Letx € Bx N Lo (). Then

N AV N N
E |x|(Z|E[fn|m|’) l=ZE[|x|gn|E Sl Fall| < D B[ Bl Ivlg,| 7] 15l
n=0 n=0 n=0

<E

N N 1/r
(ZE|x|gn|ﬂ) ( |fn|r’) l
n=0 n=0

N

(ZE Il | 7]

n=0

1/r

N 1/r
(Z nt’)
n=0

X’

Define h = (h,) € P by

|xlg, if n<N,
hp =
0 otherwise.
Applying (3.8) with f replaced by h, we have that

N 1/r
(ZE g, | 7] )
n=0

= ”O(ﬂh”x’[[r] < CX”h“x[gr]

X
N 1/r
(Zuvgz)
n=0

N ) 1/r N 1/r
E |x|(Z|E[fn|m|’) (Zmr’)
n=0 n=0

Since x € Bx N L (Q) is arbitrary, we see that (3.10) holds.
We now remove the additional assumption that (3.11) holds. Let f = (f,,) € X’[£]
be arbitrary and let € > 0. Define f = (f,) € P by letting

f= |f0|+s ifn=0,
" A ifn>1,

=Cx = Cx|lx|ly < Cx.

X
Thus

< CX < CX||f||X/[[r,]~

X’

and let N > 1 be an integer. It is then clear that

N 1/r N 1/r
(ZlE[fnm]l’) (Z|E[fn|ﬁ]|’) (3.12)
n=0 X’ n=0 X’
and
I 1/r
”f”xf[[r,] < (Zlfnlr,) te < ”f”xf[[r,] +5“]l||xu (3.13)
n=0 X’
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where 1 is the constant function on € with value 1. Since ZnNzo‘E [ﬁl | F ] |r/ > 0a.s., we

have
N B ) 1/r
Z\E[fnm]r)
n=0

Combining (3.12)—(3.14) yields

N ) 1/r
(ZlE[fan’)
n=0 X’

Since € > 0 is arbitrary, we conclude that (3.10) holds without the assumption that (3.11)
holds. This completes the proof. O

< Cxllfllxope (3.14)
XI

< Cxllf Il e, +£Cx 1Ll

We now turn to the proof of Theorem 3.3. To begin with, we note that if a € (1, c0)
and if X is an r.i. space with 8, < 1/a, then X — L,(€2). The proof of this fact can be
found in [25, p. 132]; we give here another proof of this fact. Let z € X and suppose that
Bx < 1/a. Since P, € B()?), it then follows from Lemma 2.7 that

[Pz g < TPzl < Cllllg = Cliely

(R

where C = a™!||P, ”B(X)' On the other hand, since

11¢ o) = 127115 o) = (P2 (1) < (P ()

for all t € I, we have that

*ayl *ayl
”Z“L @ = “”Z”L (sz)]l“Ll(I) “(?Z “ /a“Ll(]) = ||1||X,||(7’ “ /a”x’
where 1 is the constant function on / with value 1. It follows that || z|| . @ < C||]l||X,||Z||X,

and thus X — L,(Q).

Proof of Theorem 3.3. (ii)) = (i). Letr € (1,00), F = (¥,) € F,and f = (f,) € P.
Suppose that (ii) holds. Then we may assume that X is an r.i. space with respect to the
norm || - || .. We may also assume that f = (f,) € X[{,], since otherwise (3.2) is obvious.
Define a random variable z\") and a process p") = (p,(f)) by (3.3). Choose a > 1 so that
Bx < 1/a. Then X[¢,] — L,[¢], and therefore f = (f,) € L,[¢-]. Hence by (b) of
Lemma 3.4, 2" € L,(Q), p) € L,(Q), and

E[(pg) (r) |?_] <E[ az(r) |?71] a.s.,

for all n € Z,, where K, = a V a’. Note that the constant K, depends only on 3. We
can apply (b) of Proposition 2.6 to deduce that

19 flix e, = 108 M1k < Cx.aKallz™ lly = Cx.aKallfllx (e,
Thus (3.2) holds with the constant Cx := Cx K, which depends only on X.
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(i) = (ii). Suppose that (i) holds. We claim that (3.1) holds for all ¥ = (F,,) € F and all
f = (fn) € P. We may assume that f = (f;,) € X[£], since otherwise (3.1) is obvious.
Since

0 1/r 0 0 1/r 0
(Z|0<ﬂfn|’) T DLl and (Zw) TR asrld,
n=0 n=0

n=0 n=0
and since the constant Cx in (3.2) does not depend on r, we have that

197 gy = Hm 7 Fll g,y < Cxctimil i,y = Cxll g

as claimed. From Theorem 3.1 it follows that X can be renormed so as to be r.i. and
ay > 0.
It remains to show that 8, < 1. According to Lemma 3.8, the inequality

“O(ﬂf”X’[fr’] < Cxllifllxre, g

holds for all ¥ = (F,,) € F, all f = (f,) € P,and all r € (1, o), where Cx is a positive
constant depending only on X. Hence by what we have proved above, ay, > 0. This
together with (2.3) implies that 8, < 1, as desired. O

4. Inequalities for predictable projections in a Banach function space

In this section, we consider predictable projections of adapted processes. Recall that by
convention F_; = ¥ for every ¥ = (¥,,) € F.
Notice that (4.1) and (4.2) below are inequalities for adapted processes.

Theorem 4.1. Let X be a Banach function space over Q. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all
F = (Funez, € F all f = (fu)nez, € P(F), and all r € (1, ],

1" Fllx ey < Cxlflye, - “.1)

(i) There exists a positive constant Cx which depends only on X such that for all

F = (Fa)nez, € Fand all f = (fu)nez, € P(F),
1P Fllx e < Cx Il 4.2)

(iii) X can be renormed so as to be r.i. and ay, > 0.

Remark 4.2. From the proof of Theorem 4.1, one sees that the interval (1, co] can be
replaced by (1,1 + €) in (i) of Theorem 4.1, where € > 0.
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In order to prove the theorem above, we use the following lemma, which is a variant of
the inequality established by Delbaen and Schachermayer (see (1.2)). Notice that if n = 0,
then by convention p(r) = pi’l) = 0 in the following lemma.

Lemma 4.3. Let ¥ = (F,) € Fand f = (f,) € P. For eachr € [1, ), define a random
variable z") and a process p'") = (P;(tr)) by letting

S n+l Ur
S0 = (Z|fn|’) and  pl” = (ZIE[fklﬁ-l]r) ,
n=0 k=0

respectively; and define a random variable 7' and a process p'® = (p,(loo)) by letting

() —

1/r

sup il and pi” = sup [E[f|Fa]|] (neZy),

0<k<oo 0<k<n+l

respectively. Let p( M= = lim; 0 p,(,r) a.s. foreachr € [1, c].

IfF=(F) €F f=(f) e Li[t]NP(F), and r € [1,00], then z\") € L{(Q),
o\ e Li(Q), and

E[p&) = p 7] <E[2:7|72]

foralln € Zs,.

Proof. LetF = (F,) €F, f = (fu) € L1[& ]NP(F), and r € [1, oo]. It is then clear that
z(" € L(Q). Hence p(’) € Li(Q) by (1.2). Letn € Z, and A € F,,. We let m,, = n + 1
forn>1,andm, =0forn=0.Ifr € [1, o), then by (1.2),

1/r
( Z [E[f,LalFr-1]] ) l

E[(0%) — p))14] <E

k=m,

0 1/r
E ( D Ika’) 1

k=m,,

<E[2:714].

Since A € ¥, is arbitrary, we have

E[pl) - p\”|70] <E[27|F0] a
If r = co. then by (1.2),

E[(ps” = p,5)1a] < B

sup \E[fk]lA|7Ck—1]|]

my <k<oco

< ZE[ sup |f 11

my, <k <oco

<E[2:14].
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Since A € 7, is arbitrary, we have
E[p&Y —Pf; |7 ] <E[2:| 7] as.
Thus the lemma is proved. O

Proof of Theorem 4.1. (iii) = (i). Letr € (1,0], F = (F,) € F,and f = (f,) € P(F).
Suppose that (iii) holds. Then we may assume that X is an r.i. space with respect to the
norm || - || .. We may also assume that f = (f,,) € X[{,], since otherwise (4.1) is obvious.

Define a random variable z") and a process p'") = (pf,”) as in Lemma 4.3. Since
X[¢,] < Li[&], it follows that f = (f,,) € L1[£,]. Hence by Lemma 4.3, z") € L(Q),
pl) € L(Q), and

E[o) - o7, |7] <E[2:7)|7] s
for all n € Z. Since ay > 0, we can apply (a) of Proposition 2.6 to deduce that

1P Fllg ey = 10801k < 2Cx 1127 1y = 2Cx £l g, -

where Cx is a positive constant which depends only on X. Thus (i) holds.

(1) = (ii). Let F = (F,) € Fand f = (f,) € P(F), and suppose that (i) holds. We may
assume that f = (f,,) € X[{1], since otherwise (4.2) is obvious. Since

o o0 0 1r o0
(ZW%V T NPl and (Zmr) Tl asrll
n=0 n=0 n=0 n=0

and since the constant Cx in (4.1) does not depend on r, we have that

177 ey =m0 ™7 fllcg, < Cxlimf N,y = Cx Sl

1/r

even when f = (f,) is not in X[£;]. Thus (ii) holds.

(ii) = (iii). Suppose that (ii) holds. Let A be a sub-o-algebra of X and let x € X. Define
F = (Fn) € Fand f = (f,) € P(F) by letting

F A ifn=0, d f x ifn=1, @3)
= an = .
e ifnx1, "o ifn#l,

respectively. Then by (4.2), we have HE [x]|A] HX < Cx|lx|l . From Proposition 2.4 it
follows that X can be renormed so as to be r.i. Hence, for the rest of the proof, we assume
that X is an r.i. space with respect to the norm || - || .
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To show that @y, > 0, it suffices to show that Q € B()? ). Letn € X, and define x and
{A(#): 0 <t < 1} asiin Lemma 3.5. For each n € Z,, let t,, = 27" and define a sequence
of sets {A,}nez, by A, = A(t,). Define ¥ = (75,) € Fand f = (f,,) € P(F) by letting

X]lAn\ArHl ifn>1,

Fo=0({A\ Aui: A€E)) and f, =
o ({A\ Apnt b and f {EhmAMAJ o

respectively. Then, as in the proof of Theorem 3.1, we have that forn > 1,

1
1@InD () = (@D (1) [T, < ELful Facr] - as. (44)
Furthermore, when n = 0, we have that ,_; = ¥_; = F( and
1 1 )
Sl@inb ) = @i (e, =5 [ as

1

t()
S/.MQN®=EUIMMJ
tl

= fo=ElfulFn-1].

Thus (4.4) holds for all n € Z,. Therefore, as in the proof of Theorem 3.1, we have that

(@) (1) < (QIn]) (1) < Z(ZE[fnlﬁ-d) (1)
n=0
for all r € I. Hence

IQnll, <2 =211"D fllg 1)

e

n=0

Since ”f”xm] =lxlly = “77”)2’ we conclude from (4.2) that IIQnII)2 < 2CX”77”X' This
implies @y > 0, as desired. ]

5. Inequalities for optional and predictable projections in w-X

Recall that the indices p 0 and g o of a quasi-concave function ¢: [0, 1] — [0, o) are
defined by (2.4), and that the indices p, and g, of a Banach function space X (over
Q) are given by p, = Py, and gy = dg, - Recall also that the index ky of a Banach
function space X is defined by (2.1).

In this section, we prove the following theorem.
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Theorem 5.1. Let X be a Banach function space over Q. The following are equivalent:

(1) There exists a positive constant Cx which depends only on X such that for all
F = (Funez, €F all f = (fu)nez, €P, and allr € (1, 0],

”O(ﬂfuw.x[gr] < CX”f”W.X[(’r]' (5-1)
(ii) There exists a positive constant Cx which depends only on X such that for all
F = (Fu)nez, € Fand all f = (fu)nez, € P,
19D Fllyxie < Cx I lyx o) (5.2)
(iii) There exists a positive constant Cx which depends only on X such that for all
F = (Falnez, €F all f = (fa)nez, € P(F), and all r € (1, 0],
”P(ﬂfuw.x[,gr] < CX”f”W.x[gr]- (5-3)
(iv) There exists a positive constant Cx which depends only on X such that for all
F = (7:r1)neZ+ € Fand all f = (fn)neZ+ € P(?);
I Fllyx ey < Cx M lgox - (54)
(V) 0<py, gy <land ky < oo.
Remark 5.2. From the proof of Theorem 5.1, one sees that the interval (1, co] can be
replaced by (1,1 + ¢) in (i) and (iii) of Theorem 5.1, where & > 0.

In order to prove the theorem above, we need some preliminary results. The following
proposition is an analogue of [4, Lemma 7.1], which asserts that a distribution function
inequality implies a quasi-norm inequality in Marcinkiewicz function space.

Proposition 5.3. Let x,y € Ly(Q) be nonnegative, let b € (1,0) be a fixed number,
and let ¢: [0,1] — [0, 00) be a quasi-concave function. Suppose there exists a function
a: (0,1) = (0, ) such that the inequality

P{y > bA, x <61} < a(6)P{y > A} (5.5)

holds for all 6 € (0,1) and all A € (0, ). pr‘/J > 0and if a(6) — 0as § — O+, then
there is a positive constant C, depending only on ¢, b, and «, such that

197+ p:0) < Cl¥llpre (- - (5.6)
For the proof of the proposition above, we adopt the additional convention that if

y € Lp(Q) and if 1 < ¢ < oo, then y*(¢) = 0.
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Lemma 5.4. Let x,y € Lo(Q) and b € (1, c0) be as in Proposition 5.3, and suppose that
a function a: (0,1) — (0, 00) satisfies (5.5) for all 6 € (0, 1) and all A € (0, c0). Then

t b t
*t <b*_ )
= y(mu®)+6x(2)
forall6 € (0,1)andall t € I.

Note that if 2a(§) < t < 1, then by convention, (5.7) can be written as

yi(1) < gx*(%)
Before proving Lemma 5.4, we note that if x € Ly(Q) is nonnegative, then
P{x>x"(t)} <t forallrel
This is an immediate consequence of the definition of x*.
Proof of Lemma 5.4. Fix § € (0, 1). Then by (5.5) we have that
P{y > bA} =P{y > bA, x <51} +P{y > ba, x > 61}
<a(6)P{y > A} +P{x > 61}

for all A € (0, o0). Suppose first thatz € I and 0 < 1 < 2a(8). If we set
t 1 t
A=y |+ =x(5).
y(hﬂ®) 6x(2)

P{y > bA} < a(6)P {y > y*(#((s))} +P{x > x*(%)} <t.

then by (5.9),

This implies (5.7). Suppose now that 2a/(§) < ¢ < 1. It then follows from (5.9) that

Ply > bA} < a(6) + P{x > 61} < % +P{x > 61},

ﬂ_*t Lofe) 1 .t
‘y(mu®)+5x(5)‘5x(§)

P{y > ba} < %+P{x>x*(%)} <t.

If we set

then by (5.10),

This implies (5.7). Thus Lemma 5.4 is proved.

(5.7)

(5.8)

(5.9)

(5.10)
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Proof of Proposition 5.3. Suppose that Py > Oand a(6) > 0asd — 0+. Leta = p¢/2.
Then by (2.5) there exists s, € (0, 1), depending only on ¢, such thatif 0 < s < s, then
a < logm(s)/logs, or equivalently,

p(su)
sup
O<u<l ‘P(u)

=my(s) < s°.

Thus ¢(su) < s%¢(u) for all u € I whenever 0 < s < s,,. Since @(6) — 0 as § — 0+,
there exists 6; > 0, depending only on @ and s, such that 2a(6) < s, whenever
0 <6 < 6. Itfollows thatif 0 < § < 6y and 0 < ¢ < 2a/(6), then

p(1) < 2”0/(6)%( (5.11)

t
2a(8) )
Furthermore, since ¢(t)/t is nonincreasing, we have

t
p(1) < 290(5) (5.12)

forall t € I. Hence if 0 < § < §; and O < ¢ < 2a(6), then by (5.7), (5.11), and (5.12),

t

e(1)y" (1) < bgo(t)y*(#w)) N SL,(,)x*(z)

t t 2b [t t
< 29 (6)%p| —— |y | =—=| + =o| = |x*( =
< 2@ “’(Za(&)y (Zaw))* ; ¢(2)x (2)

u a 2b
< 2%a(9) ”y”M*(‘p;Q) + ?”x”M*((p;Q)'

On the other hand, if 2a(§) < ¢ < 1, then by (5.8) and (5.12),

. 2b [t (¢t 2b
(,D(t)y (t) < ?‘P 5 X E < ?”x”M*((pQ)
Consequently,

a a 2b
I¥llar- - < 2B W lag- (g *+ 5 Wllar- g2

provided 0 < § < 6. Since a(§) — 0 as § — O+, there exists 6y € (0, 5], depending
only on ¢, b, and «, such that 2¢ba(dp)¢ < 1/2. Thus if ||y||M*(¢:Q) < 00, then

1 a a 2b

§||y||M*(¢;Q) < (1 = 2%ba(60) )||Y||M*(<p;g) < g”x”M*((p;Q)‘

Thus (5.6) holds with C = 4b /6.
To complete the proof, we must show that if the left-hand side of (5.6) is infinite, then
so is the right-hand side. Note that (5.5) holds with y replaced by y A n, where n is a
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positive integer. Since ||y A n||M*(¢ < o0, we have

1Q)
Ily /\n”M*((p;g) < C||x||M*(¢;Q)~

Letting n — oo, we see that the right-hand side of (5.6) is infinite when the left-hand side
is infinite. Thus the proof of Proposition 5.3 is complete. O

The following proposition is an analogue of Proposition 2.6.

Proposition 5.5. Let ¢: [0, 1] — [0, o) be a quasi-concave function, let F = (F,) € F,

let p = (p,) € P(F), and let 7 be a nonnegative random variable on Q. Suppose that

0<p, <p,, as forallne€Z,, andlet p,, = lim,  p, a.s.
Ifl1<a<e,0<p,,q,< 1/a, pe, € La(Q), 7 € La(R), and

E[ (P = Put)|Fn] <E[z*1F0]  a.s. (5.13)
forall n € Z,, then there exists a positive constant Cq , which depends on a and ¢ such
that

||,0°o||M*(¢:g) < Ca,go”Z”M*((p;g)- (5.14)

To prove the proposition above, we need the following lemma.

Lemma 5.6. Let ¢: [0,1] — [0, o) be a quasi-concave function, and suppose that
q,<1 Then M*(¢:Q) = M (¢: Q) and

||x||M*(<p;Q) < ||x||M(¢;Q) < K«p”x”M*((p;g) (5.15)
forallx € M*(¢:Q) = M(¢:Q), where K, is a positive constant which depends only on

. Moreover we may replace M*(¢: Q) and M (¢ : Q) above with M*(¢: 1) and M (¢: 1),
respectively.

Proof. Tt is clear that M (¢: Q) c M*(¢: Q) and the first inequality of (5.15) holds for
allx e M(¢: Q).

Suppose that q,<1. Then P € B(M*(¢: 1)) by [19, Proposition 3.2]. It follows that
if x € M*(¢:Q), then

ellys (e = 1P o ey < Kl lage oy = Kty (ge-

where K, = ||P||B(M*(‘p:,)). Thus M*(¢: Q) — M(¢:Q).
The argument above remains valid when Q is replaced by /. Thus the proof of lemma
is complete. O

Proof of Proposition 5.5. Suppose that 1 < a < o0, 0 < Py dy < 1/a, po € Ly(Q),
7 € Ly(Q), and (5.13) holds for all n € Z,. We may assume that z € M*(¢: Q), since
otherwise (5.14) is obvious. It then follows from Lemma 5.6 that 7 € M (¢: Q).
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Letd € (0,1), let A € (0, 00), and let ¢ = (+9,,) be the uniformly integrable martingale
defined by ¥, = E[z¢|F,] for n € Z,. Define ¥ -stopping times o~ and 7 by letting
o=min{n € Z,: p, >} and 7 =min{n € Z,: I, > 1%},

with the convention that min @ = oo. It is then clear that {p, > 24} C {0 < oo} and
Poo = Py > Aon{p, > 24}, Let M = sup, 7 |¥,|. Then we have

(M < 62} = {7 = 0},
and hence
{Poo > 24, (M) <62} € {po =Py > A o <7 =00}
On the other hand, by (5.13) we have
E[ (P — Py_1)*|Fo] <P <694% as.on{o <1}
Therefore

P{p., > 21, (M9 <52} < P{p,, — P, > A, 0 <T=00}
1 a
< /l_aE[(poo P ) Lioery]

< %aE E[(bw = P ) |For [ Lo er ]
<§P{o < 1}
<6 P{p, > 1}
Hence, by Proposition 5.3, there exists a positive constant C; , which depends on ¢ and
a such that

I
oo llng () < Car N U se o

= Cc,l’,w”(Mﬁ)l/a”M(ap:Q) = Ct/l,,<ﬁ||((Mﬁ)*)l/a

||M(<p:1) :
Note that by Doob’s inequality, we have uP{M®© > u} < E[z1(p1 95,y ] forallu > 0
(see, for example, [27, p. 150]). Hence by [15, Lemma 5],

(M) (1) < (Pz“7) (1) = (P )(0)
for all ¢ € I. It follows from Lemma 2.7 that
(M9)" ()" < (P ) ()" < a™! (Paz")(0)

for all ¢ € 1. According to [19, Proposition 3.1], ,BM(¢:I) =g, < 1/a, and therefore

P, € B(M(¢p:1)) (see [2, p. 150]). Consequently

©

-1 * %
||Poo||M*(¢;g) <a C;I,<p||PaZ ||M(¢:[) < C;,<p||z ||M(¢;1) = C;,¢||Z||M(¢;g)a
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where C;, , = a‘lCC’,’,wllPallB(M((p:I)). Clearly C; , depends only on ¢ and a. Since

||z||M(‘p:Q) < K‘F||Z|IM*(¢:Q) by Lemma 5.6, we have
1owllnz- o < Coallzlage (prcay
where Cy o = C(, K. This completes the proof. m]
In addition to the lemmas above, we need the following lemma; see [18] for the proof.

Lemma 5.7 ([18, Lemma 3]). Let X be a Banach function space over Q. The following
are equivalent:

(i) w-X = M*(py:Q) and there exists a positive constant ¢ such that for all
x € w-X,

Iellyx < 8llyye g vy S cllllyx- (5.16)
(i) ky < oo.

Moreover if ky < oo, then (5.16) holds with ¢ = k.

Combining Proposition 5.5 and Lemma 5.7, we have the following proposition, which
is one of the key result for the proof of Theorem 5.1.

Proposition 5.8. Let X be a Banach function space over Q, let ¥ = (F,) € F, let
p = (p,) € P(F), and let 7 be a nonnegative random variable on Q. Suppose that
0<p, <p,,, as. foralneZ,, andlet p,, =lim,  p, a.s.

If 1 <a<oo,0<py, gy <1/a, ky < oo, and (5.13) holds for all n € Z,, then
there exists a positive constants C, x which depends only on a and X such that

Peolly-x < Caxllzlly.x-
We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. (i) = (ii). Let ¥ = (F,) € F, let f = (f,) € P, and suppose that
(i) holds. Since

(9] l/r (e8] (o)
(Z|O<ﬂfn|’) 1 NP L] and (Zw)
n=0 n=0

n=0

1/r

Tl asrll,
n=0

and since the constant Cx in (5.1) does not depend on r. we have that
o — i 11O : _
19D Fllyx 11 = lim | 7 fllxiey < CxmIFly xig = CxllFllxpa

even when f = (f;) is not in w-X[¢;]. Thus (5.2) holds.
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(iii)) = @(v). Let ¥ = (F) € F, let f = (f,) € P(¥), and suppose that (iii) holds.
Replacing 2P f = (99 f,) with PP £ = (P(F) £,) in the argument above, one can
show that (5.4) holds.

(i) = (ii). Letr € (1,00],let ¥ = (F,) € F, let f = (f,) € P(F), and suppose that (i)
holds. Define ¥ = (F,,) € F by

~ Fo ifn=0,
Fo=q0 M7
Fnoq ifn > 1.

Then PP £ = 0P £ Applying (5.1) with ©7) f replaced by 27 £, we have that

1P Fllgx ey = 197 Fllyxio) < Cx I lyx i1
Thus (5.3) holds.

(i) = (iv). Let ¥ = (F,) € F, let f = (f,) € P(F), and suppose that (ii) holds.
Replacing r with 1 in the argument above, one can show that (5.4) holds.

(iv) = (v). Letx € X, let A be a sub-c-algebra of X, and suppose that (iv) holds. Define
F =(Fn) € Fand f = (f,,) € P(F) by (4.3). Then by (5.4),

[E[x1A]|,x < Cxllxllyx < Cxlixlx-

From [18, Lemma 3] we see that ky < oo, and from [20, Theorem 4.1] we see that
ax = 4qg, < 1.

It only remains to show that p, > 0. As shown above, g, < 1 and kx < co. Hence by
Lemmas 5.6 and 5.7, we have that w-X = M* (¢ : Q) = M (¢, : Q) and

lx < Wl o < Wil iz, ) < Kk lxlly x

for all x € w-X, where K is the constant which depends only on X. For simplicity, write
Y = M (¢, : Q). Then (5.4) can be rewritten as

17D Flly 1y < CUFly (g,
where C = CxKxky and where Cx is the constant in (5.4). Since Y is an r.i. Banach
function space, we can apply Theorem 4.1 to deduce that « M@ = @y > 0. Since
Px =5, 0 by [19, Proposition 3.1], we conclude that p, > 0, as desired.

V)=0(@G). Let F = (Fn) € F. f = (fn) € P(F), and let r € (1, c0]. Suppose that
(v) holds. Then by [19, Proposition 3.1], 0 < @pg (g, ) 'BMWXIQ) < 1. Hence by
Theorems 3.2 and 3.3, we have

(0]
197 fllvr gy o161 < CxIfllas 10,1
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On the other hand, by Lemmas 5.6 and 5.7, we have w-X = M (¢, : Q). It follows that (5.1)
holds, as desired. m|
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