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Discrete cubical and path homologies of

graphs

Hélene Barcelo, Curtis Greene, Abdul Salam Jarrah
& Volkmar Welker

Abstract In this paper we study and compare two homology theories for (simple and undi-
rected) graphs. The first, which was developed by Barcelo, Capraro, and White, is based on
graph maps from hypercubes to the graph. The second theory was developed by Grigor’yan,
Lin, Muranov, and Yau, and is based on paths in the graph. Results in both settings imply
that the respective homology groups are isomorphic in homological dimension one. We show
that, for several infinite classes of graphs, the two theories lead to isomorphic homology groups
in all dimensions. However, we provide an example for which the homology groups of the two
theories are not isomorphic at least in dimensions two and three. We establish a natural map
from the cubical to the path homology groups which is an isomorphism in dimension one and
surjective in dimension two. Again our example shows that in general the map is not surjec-
tive in dimension three and not injective in dimension two. In the process we develop tools to
compute the homology groups for both theories in all dimensions.

1. Introduction

For a simple finite undirected graph G, we study a discrete cubical singular homology
theory HEUP¢(G). This theory is a special case of the discrete cubical homology theory
DH. (X) that was defined by Barcelo, Capraro and White [2] for any metric space
X and any real number r > 0. Their work builds on a discrete homotopy theory for
undirected graphs introduced earlier by Barcelo, Kramer, Laubenbacher, and Weaver
in [3]. Later work by Babson, Barcelo, de Longueville, and Laubenbacher [1] connects
this theory to classical homotopy theory of cubical sets and asks for a corresponding
homology theory. The homology theory developed in [2] is an answer to that question.
A more general but closely related homotopy theory for directed graphs was developed
by Grigor’yan, Lin, Muranov, and Yau in [7], which also introduces a corresponding
homology theory based on directed paths. The homotopy theories in [1] and [7] are
identical when G is undirected and from [2] and [7] it follows that the homology
theories yield isomorphic homology groups in dimension 1. In this paper we explore
both the similarities and dilerknces between the two homology theories, showing
that they agree in all dimensions for many infinite classes of undirected graphs but
disagree in general. Both theories di [erd markedly from classical singular/simplicial
homology of graphs seen as 1-dimensional complexes or their clique complexes. For
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example, whenG is a 4-cycle, both the cubical and path homologies are trivial in all
dimensions greater than zero.

In Section 2, following [2] and [7], we give precise de nitions of both cubical and
path homology for undirected graphs, and discuss the di erences between these theo-
ries and classical simplicial homology of a graph (as &-dimensional simplicial complex
as well as of the clique complex of the graph). In Section 3 we give proofs that both cu-
bical and path homology are preserved under homotopy equivalence, along lines that
essentially appear in [2] and [7]. These results are used in Section 4 to compute ho-
mology for a large number of examples, showing in the process that cubical and path
homology agree in all of these cases. Section 5 constructs a natural homomorphism
from HCWe (G) to HPA (G). We show that the homomorphism is an isomorphism
in dimension 0 and 1 and surjective in dimension 2, hence fueling speculation that
this might explain the isomorphisms observed in Section 4. However, Section 6 gives
a counterexample: a graphG for which HC¢ (G) 6 HPa" (G), and for this example
the map de ned in Section 5 is neither injective nor surjective. Section 7 suggests
several natural questions for further study.

2. Background: discrete homology of graphs

Throughout the paper let R denote a commutative ring with unit which shall be the

de nitions and terminology we refer the reader to [4].

2.1. Discrete cubical homology.

Definition 2.1 For n > 1, the discrete n-cube Q, is the graph whose vertex set

two vertices a and b if and only if their Hamming distance is exactly one, that is,
there existsi 2 [n] such thata; 6 b anda; = Iy for all j 6 i. For n =0, we de ne
Qo to be the 1-vertex graph with no edges.

Definition 2.2 Let G and H be simple graphs, i.e. undirected graphs without loops
or multiple edges. A graph homomorphism : G! H is a map fromV(G) to V(H)
such that, if fa;bg 2 E(G) then either (&)= (b)orf (a); (g2 E(H).

Definition 2.3 Let G be a simple graph, a graph homomorphism : Q, ! G is
called a singular n-cube onG.

For eachn > 0, let L$"® (G) be the free R-module generated by all singularn-
cubes onG. For n > 1 and eachi 2 [n], we de ne two face mapsf;” and f, from
LSUPe (G) to LSUE (G) such that, for 2 L SUPe(G) and (ag;:::;a, 1) 2 Qn 1

fr (asiinan 1)= (aiina pLasiiian 1);
fi (a;iian 1):= (an;::ia 1;0&;: a0 1)t
For n > 1, a singular n-cube is called degenerateif f* = f; , for somei 2 [n].

Otherwise, is called non-degenerate By de nition every O-cube is non-degenerate.
For eachn > 0, let D$YP®(G) be the R-submodule of L$U® (G) that is gener-
ated by all degenerate singularn-cubes, and let CS'°¢ (G) be the free R-module
LSube (G)=DSUPe (G), whose elements are callech-chains. Clearly, the cosets of non-
degeneraten-cubes freely generateCS'Pe (G).
Furthermore, for eachn > 1, de ne the boundary operator

@ube : Lgube (G) 1L Suble (G)
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such that, for each singularn-cube

ube :)@ g +
@ () (o fif

i=1

and extend linearly to all chains in L $Y*® (G). When there is no danger of confusion,
we will abbreviate @'*® as @. If one setsL Y (G) = D®YP¢(G) = (0) then one can
de ne @'“° as the trivial map from L§'¢(G) to LCY¢(G).

It is easy to check that, for n > 0, @[DS"*®(G)] D $Y9¢(G) and @@+1 =0
(see [2]). Hence, using the same notation, we may de ne a boundary operata@ :
CSube(G) 1 € $UBe(G), and C°UPe(G) = (CUPe; @) is a chain complex of freeR-
modules.

Definition ~ 2.4. For n > 0, denote byHS$'¢ (G) the n' homology group of the chain
complex C°4¢ (G). In other words, HS$Y*® (G) := Ker @=Im @+1 .

We represent singularn-cubes : Q, ! G by sequences of lengtl2", where the
i term is the value of on the i™ vertex, and the vertices of Q" are indexed in
colexicographic order. For example, ifG is de ned as in Figure 2, then the sequence
(1;2;2;1;2; 3; 3; 2) represents the singular3-cube with labels as illustrated in Figure 1.

Figure 1. Singular 3-cube represented by(1;2; 2; 1; 2; 3; 3; 2).

We represent each coset irCcU¢ (G) by the unique coset representative in which
all terms are non-degenerate.

Example 2.5 Let G be a4-cycle, with vertices labeled cyclically, as illustrated in
Figure 2.

Figure 2. Graph G = 4-cycle.
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Then

G = (1):(2);(3);(4)
CP'P® = (112):(211):(2:3); (3:2); (3:4); (4:3); (4:11); (L:4)
CSWe = (1;1;1;2);(1;1;1;4); < 60more>:::; (4;4;4;1);(4,4,4,3) :

The matrix of @ with respect to the above bases is the standard vertex-directed edge
incidence matrix of the corresponding directed graph in which each edge is replaced
by directed edges in both directions. An easy computation shows that@ has rank
jVi 1=4 1=3andnulity 8 3=5. Cycles inCf!*®(G) correspond to circulations
in G, that is, weighted sums of edges in which the net ow out of each vertex equals
zero. A basis ofC{UPe (G) may be obtained from any directed cycle basis of3, e.g.,
for the graph G de ned in Figure 2 we may take (1;2)+(2;1);(2;3) +(3;2);(3;4) +
(4;3);(4;1) +(1;4), and (1;2) + (2;3) +(3;4) + (4;1). Each of thesel-cycles is the
boundary of a 2-chain:

(1,2)+(2;1) = @((2;1,22)

(2:3)+(3:2) = @((3;2:3;3))

(3;4)+(4;3)= @((4:3:4,4))

41D+(1;4)= @(1;411))
(1;2)+(2:3)+(3;4)+(4:1) = @((1;24,3) +(3;4,3,3) +(1;4 1, 1)):

Hence H§"® (G) = R and H{Y*¢(G) = (0) . By somewhat tedious computations
one can also show thatH$"e(G) = (0) . Here we haverank(C5'*¢ (G)) = 64 and
rank(C§¢ (G)) = 2432, and for higher dimensions the problem of computing
H SuPe (G) becomes increasingly more di cult. Fortunately, we are able to prove more
general results (in Section 4) implying that HS$Y*® (G) = (0) for all n > 0, for the
graph G de ned above in Figure 2.

2.2. Discrete path homology. In a series of papers [6, 7, 8] a (co)homology and a
homotopy theory for directed graphs are developed. In these theories, an undirected
graph is interpreted as the directed graph, with each undirected edge replaced by two
oppositely directed edges between its endpoints. It is shown in [7, Theorem 4.22] that
the rst homology group of a directed graph is the abelianization of its fundamental
group, where both homology and homotopy groups are taken in the sense of [6, 7].

We now recall the homology theory from [6], con ning ourselves to the setting of
simple (undirected) graphs.

Let V be a nite set. For n > 0 we denote by LFa" (V) the R-module freely

let DFa (V) denote the submodule generated by thelegeneraten-tuples (Vo;:::;Vp)

i=0
If we setLPa (V) = DPa" (V) = (0) we can also de ne@" as the trivial map from
L5 (V) to LPaM (V). Again, we will write @®" = @ when there is no ambiguity.
For n > 0, it is easy to verify that @@-+1 =0 and @[DFa" (V)] D Pa (V). Hence
if we de ne a sequence of quotients

LPath(V)
ath — n . —
Q: V)= —~—5;n= 101:::;
V) DPath (V)
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then CPath (v) = (CPh (v); @2 ) forms a chain complex, again using the same no-
tation for @.
Now let G = (V;E) be a simple graph. Dene L} (G) L P (V) to be the

alli<n.Thus, LPa" (G) C Pah (V) when G is the complete graph on vertex setv.
For all n > 0, de ne €3" (G) C Fa" (V) to be the submodule of " (V) generated
by cosets of the form

(Vo;:::;vp) + DR (Vv);
where (Vo;:::;Vq) 2 L Fa" (G), and set€3™" (G) = (0) . The sequencd €2" (G)gn> 1
is not always a chain complex, since boundaries of pathgrg;:::;v,) 2 L F3" (G) may
contain terms that are not paths in G. However, if we de ne, forn > 0O,

G (G) = fv2 € (G)j@v 2 € (G)g
and C°3" (G) = (0), then @@+1 = O immediately implies that @[ (G)]
G (G), and C°ah (G) = (C™ ; @) is a chain complex.

Definition  2.6. For n > 0, denote byH " (G) the n™" homology group of the chain
complexC”a (G). In other words, HFa" (G) := Ker @=Im @. .

We again identify cosets inG;2™" (G) with their unique representatives whose terms
are all non-degenerate. Using this notation, ifG is the 4-cycle graph in Figure 2, then

Q" = (1:(2:3): @
G = (1:2):(201);(2:3); (3:2); (3:4); (4:3): (4:11): (1:4)
G = (1,2,1);(2;1;2);(2:3;2); (3:2:3); (3; 4:3); (4:3,4); (4; 1, 4); (1, 4, 1);
123 (L43):(234) (214):E41) G21)AL2) *32):
Represented in this notation, the chain groupsGa" (G) and C7a" (G) are identical
to C§UPe (G) and CfUPe (G). The boundary map @ again has rank5 and its kernel is
spanned by(1;2)+(2;1);(2;3)+(3;2);(3;4)+(4;3);(4;1)+(1;4),and (1;2)+(2;3)+
(3;4) + (4;1). As before, each of thesd-cycles is the boundary of a2-chain:
1:2)+(2;1) = @(1;21))
(2;3)+(3:2) = @((2;3;2))
(3;4)+(4:3)= @((3;4,3))
(4:1)+(1:4)= @(1;41))
L2)+(2;3)+(B;4)+(4;1)= @((1;23) (1;43)+(3:43)+(1;41)):
It follows that H{2" (G) = R and Ha" (G) = (0) . Again it is possible to prove

directly that H52" (G) = (0) , but more general results in Section 4 will show that,
for this example, HR3" (G) = (0) for all n> 0.

2.3. Classical homology of a graph and its clique complex. We mention
two other homology theories of graphs that have a substantial presence in the litera-
ture.

Given any undirected graph G, we may regard G as a 1-dimensional simplicial
complex and compute its singular (or equivalently, simplicial) homology HS" (G).
It is elementary and classical (e.g., [11, Chapter 8]) that if G is connected, then
H3"(G) = R, HY"(G) = RIE(®)] V(®)i*l gnd HS"(G) = (0) for n> 1.

Given G, we may also construct the cligue complexKs of G (also called the
ag complex of G; see [14]), whose faces are the subsets ¥{G) forming cliques,
and compute the simplicial (or equivalently, singular) homology H “"%“¢ (G) of K . If

Algebraic Combinatorics , Vol. 2 #3 (2019) 421



H. Barcelo, C. Greene, A. S. Jarrah & V. Welker

N = ! (G) is the size of the largest clique inG, then HS"%® (G) = (0) for n > N,
but HSe (G) can be nonzero for anyn 6 N. If G is a 4-cycle as in Figure 2, then
H SN (G) and HS'"Ue (G) are isomorphic for all n, but this is not true in general (for
example, whenG is a 3-cycle). We note that a theory analogous toH ©“*¢ (G) can be
de ned by considering chain groups spanned in dimensiom by graph maps from the
complete graph onn + 1 vertices to G and di erential given by the alternating sum
over the restrictions to complete subgraphs om 1 vertices. This theory can be seen
to be equivalent to H"" (G) (see [12, p. 76)).

2.4. Relationships.  This paper will explore connections between the two homology
theoriesH P (G) and HPa" (G) de ned above. For many classes of graph& we have,
HCube (G) = HPah (G), and we will give several more examples of this phenomenon
(see especially Section 4). In Section 5 we de ne a homomorphism fro@!?¢ (G) to
CcPath (G) that may explain some of these connections. HoweveH ©U*¢ and HPa" are
not isomorphic in general, and we give an example illustrating this in Section 6.

Connections with HS" and H®"%“® seem to be less close; for example, whea is
a 4-cycle, the discrete cubical and path homologies are trivial in dimensiori, but the
singular and clique homologies are nontrivial. A combination of results in [1] and [2]
proves that for any graph G, H{"e(G) = H3™ (K ), where K is the CW-complex
obtained from G by lling in all of its triangles and quadrilaterals with  2-cells. A
similar construction in higher dimensions is conjectured in [1] to give the correct higher
homotopy groups. For homology groups, it is known thatH $U*¢ (G) = HS"I (K ) for
all n, where K is the geometric realization of the cubical setfC$“*¢ (G)g, see [5,
Theorem 3.9.12].

3. Homotopy equivalence preserves homology

This section describes the connection between the graph homotopy theory introduced
in [1] and [7] and the cubical and path homologies introduced in [2] and [7]. First we
recall several basic de nitions.

Definition 3.1 (See[9]) If G and H are graphs, the Cartesian (or box) product
G H is the graph whose vertex set is the Cartesian product s8t(G) V(H), and
whose edges are pairb(g;; h1); (92; h2)g such that eitherg; = g, andfhy;h,g 2 E(H)
or hy = hy and fg;; 0,9 2 E(G).

Definition 3.2 Suppose thatG and H are graphs, andf and g are graph homomor-
phisms from G to H. Then f and g are homotopic if there exists a graph homomor-
phism from G I, toH suchthat ( ;0)=f and ( ;m)= g, wherel, denotes
the m-path with vertex setf0;1;:::;mg and edge seff i;i +1gj16 i<m g.

Definition  3.3. Two simple undirected graphsG and H are homotopy equivalent
if there exist graph homomorphisms : G! H and :H ! G such that is
homotopic to idg and is homotopic toidy . Here idg and idy denote the identity
maps onG and H, respectively.

The connection between the discrete homotopy theory in [1] and [7] and the ho-
mology theories introduced in [2] and [7] is expressed by the following theorem, which
also provides a key computational tool.

Theorem 3.4.Let G and H be simple, undirected graphs. IfG and H are homotopi-
cally equivalent, then, for alln > O,

(i) HSWe(G) = HSYPe (H), and

(i) HF*™ (G) = HR*™ (H).
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For both parts of Theorem 3.4 it su ces to prove thatif and are homotopically
equivalent maps fromG to H, then and induce identical maps on homology. For
cubical homology, this result is contained in Theorem 3.8(1) of [2], where it is proved
for any discrete metric space. For path homology, Theorem 3.4 (ii) is stated and proved
explicitly in [7] (Proposition 6.8). For completeness, we will sketch both proofs, which
are structurally similar and employ a chain homotopy construction that is standard
in contexts similar to this (see e.g. [11, Chapter 7]).

Proof of Theorem 3.4(i). Suppose that and are homomorphisms fromG to H,

and is a homotopy from to with ( x;0) = (x) and ( x;m) = (x) for all

x 2 V(G), as in De nition 3.2. If 2 CSUP¢(G), let ( ;j ) denote the map de ned by

( ;i)a=( (g;j)foral g2 Qy, anddene ~,; T : CUPe(G) I C SWe(H) by
~()=(;0; W()=( ;m)

It is straightforward to show that ~ and ~ are chain maps, i.e.,~n 1@ = @ ~n and

similarly for ~. We will construct a sequence of map$, : C{U¢ (G) ! C $¥Pe(H) such
that

1) T n = @+ hn+ hy 1@;

for all n. In other words, the sequencd h,,g de nes a chain homotopy betweenf ~,g
and f 7, g. It follows that if z 2 C$P¢(G) is a cycle, then

(@) (@)= @ ha(2):

In particular, 5 (z2) ~n(2) 2 Im @+1 and hence~,(z) and T (z) lie in the same
homology class for allz, implying that and induce the same maps on homology.
Given a singular n-cube 2 CS$Y*¢(G), the map h,( ) 2 CE¥P¢(H) is constructed

as follows. Forj =1;:::;m, let hy )( ) 2 CS4e (H) be the unique labeled(n+1) -cube
such that

frhD )@= (@)
fohPC)D=( (@i 1)
for all g2 Q. Finally, de ne
ha( )= hP )+ +hiM( )
It is immediate from the de nition of h&j) that
frhMm()a)= ( (9)
f, AP ()@= ( (@);
for all g2 Qn. A few moments of re ection show that for i =2;:::;n, we have
) ()= hl ()
forj 2 [m]land 2f ;+g. Computing the right hand side of (1), we get
(i) (i) X i +
hy’(@( )= hy’y ( 1)I(fi fi )
1

X . )
3) = (AP ) A )
i=1
and
) K1 . ) .
4) @1 (hP(N=" (D f (WD) D) :

i=1
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in (4), but have opposite signs. Hence they cancel, leaving only the rst term in (4),
and we obtain

@ h®( )+ hl @)= 7P ) (W)
) =( ) () L
Summing (5) overj gives

xn . .
@+1hn( )+ hy 1@( ) = () (350 1
j=1

(sm) (0
) ~()

(6)

as desired, and (1) is proved.

Proof of Theorem 3.4 (ii). The proof in [7] has essentially the same structure as the
proof of part (i) given above. We will sketch the argument, using similar notation but
focusing on the important di erences. Again assume that; : G ! H are graph
homomorphisms, with a homotopy such that ( x;0) = (x) and ( x;m) = (X)
for all x 2 V(G). It is shown in [7, Theorem 2.10] that and induce chain maps
~, and 7, from G2 (G) to G2 (H). As before, the key step in the present proof is
to construct a chain homotopy between the sequences~,g and f 7, 0.

For = (Vo;Va;::1;Vp) 2 CPa (G) andj 2 [m], dene hY'( ) 2 CPah (H) as
follows:

k=0
and de ne
ha( )= hP )+ +h{M():

At this point it is essential to check that hﬁ”( ) 2 CPalh (H) for all j, since not every
linear combination of elements of Y3 (H) is an element of G2 (H). An argument
proving this fact can be found in [7, Proposition 2.12], and is omitted here.

The proof is completed by showing that identity (5) holds for the maps h, just
de ned, exactly as it did in part (i). This argument is technical but straightforward,
and is omitted here. With (5) in hand, (6) follows, and we are done.

4. Computations of homology groups

With Theorem 3.4, we have tools that will allow us to compute HC"e(G) and
HPath (G) for large classes of graphs. We give many examples in this section. Most in-
volve deformation retraction, a special kind of homotopy equivalence that is frequently
easy to recognize.

Definition 4.1 Let G be a graph, and letH be an induced subgraph ofs. That is,
V(H) V(G)andE(H) consists of all edges irE (G) for which both endpoints belong
to V(H):
(i) A retraction of G onto H is a graph homomorphismr : G! H such that
r(y)=yforall y2V(H).
(i) A deformation retraction of G onto H is a retraction r : G! H such thatir
is homotopic toidg, wherei denotes the inclusion map fromH to G.
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(i) A one-step deformation retraction from G to H is a deformation retraction
r for which m = 1 in the homotopy betweenr and idg: Equivalently, r is a
retraction such that fx;r (x)g is an edge orx = r(x) for all x 2 V(G).

If r is a deformation retraction from G to H, then, sinceri = idy, the following
lemma is an immediate consequence of Theorem 3.4.

Lemma 4.2 If r is a deformation retraction from G onto a subgraphH, and i denotes
the inclusion map fromH to G, thenr andi de ne a homotopy equivalence between
G and H. Consequently, HSUP® (G) = HSUP (H) and HPaM (G) = HFa" (H), for all
n> 0.

This result immediately gives several in nite classes of graphs for which the cubical
and path (reduced) homology is trivial in all dimensions.

Corollary 4.3.If G is a tree, or a complete graph, or a hypercube, thehl $U¢ (G) =
HPah (G) = (0) for all n> 0.

Proof. If G is a tree andx 2 V(G) is a leaf connected to a unique vertex, then the
mapr :V(G)! V(G)nfxgde ned by

Vv V6 X
y v=X

() r(v) =

is a one-step deformation retraction fromG onto the subgraphGnx. If G is a complete
graph, x 2 V(G) and y 6 x is any other vertex, then (7) again de nes a one-step
deformation retraction from G to Gnx. If G is a hypercube of dimensiom, then the
map r de ned by collapsing any facet onto its opposite facet is a one-step deformation
retraction onto a hypercube of dimensionn 1. In all three cases, the process can be
repeated, eventually showing that the homology (both cubical and path) is the same
as that of a graph with a single vertex.

For path homology, results implying Lemma 4.2 and the rst two parts of Corol-
lary 4.3 appear in [7] (Proposition 6.8 and Example 6.10). The arguments used to
prove Corollary 4.3 can be extended to a larger class of examples:

Theorem 4.4.Let G be a graph, andK; and K, are induced nonempty subgraphs
of G such thatV(G) = V(K1) [ V(K2) and V(K1) \ V(K2) = ?. Suppose there
exist verticesa 2 V(K1) and b2 V(K,) such thatfa;bg 2 E(G), every vertex in
K is connected tob, and every vertex inK is connected toa. Then H2" (G) =
HSuPe (G) = (0) for n> 0.

Proof. Let H be the subgraph of G with vertices a and b and the single edgef a; bg.
Dener:V(G)! V(H) by
8
2a ifx2K, f g
r(x) = >b if x2 Ky f ag;
"x ifx2H.

An easy argument shows thatr is a one-step deformation retraction ofG onto H, and
since H has trivial reduced homology in both the cubical and path case, the result
follows from Lemma 4.2.

Corollary 4.5. For all s;t> 0, let Ks; denote a complete bipartite graph withs + t
vertices. Then HPaM (K¢) = HSWe (Kg¢) = (0) for n> 0.
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Corollary 4.6. Let K1 and K, be graphs with disjoint vertex sets. Consider the join
graph G = K; Ky; whereV(G) = V(K1) [ V(K2) and E(G) consists of E(K ;)

and E (K ;) together with all edged p; gg connecting a vertexp 2 V(K1) with a vertex

g2 V(K3). Then HRa (K, K,) = HS"e(K; Kj) = (0) for n> 0.

The last corollary includes two elementary but important examples, theconeG f pg
of G over p, and the suspensionG f p;og of G over a pair of non-adjacent vertices
p and g. Corollary 4.6 shows that the reduced cubical and path homologies in both
cases are trivial.

Definition  4.7. The disjoint sum K; K, of graphsK; and K is the graph with
vertex setV(K1 K3)= V(K1)[ V(K2) and edge seE(K1 K3)= E(K1)[ E(K2).

Theorem 4.8 For any graphs K; and K,, HS"e(K; Kj,) = HSe(K,)
HSUPe (Kp) and HRA™M (K1 Kp) = HPAM (K,) H Fah (Ky) for all n > 0.

Proof. The proof is elementary in both cases.

Definition  4.9. A graph G is chordal if every cycle of length greater than three
contains a chord. Equivalently (see, e.9.[13]), G is chordal if and only if there exists

adjacent tov; with k <j form a clique (possibly empty).

Theorem 4.10 If G is a chordal graph, thenHFa" (G) = HSY*¢ (G) = (0) for n> O.

HSwPe (GU)) = (0). If vj.1 has no neighbors inGY), it follows from Theorem 4.8 that
HFRah (GU*D ) = HSuPe (GU*D ) = (0). Otherwise, suppose thatvj.; has neighbors
in GU) and let v with k <j +1 be one of them. It is easy to check that the map
from GU*D to GU) de ned by sendingvj.1 to vk and xing the remaining elements
of GU) is a 1-step deformation retraction. Hence GU*Y has trivial homology, by
Theorem 3.4.

The next theorem shows how the homology theories! ©“°¢ and HPa" behave with
respect to three well-known types of graph products. One of these, théox product
G H has already been de ned in De nition 3.1. The next de nition introduces two
more. For a more complete treatment of these constructions, see [9].

Definition  4.11 Suppose thatG and K are graphs. De ne the strong product G

K and the lexicographic product G[K] as graphs whose vertex set is the Cartesian
product setV(G) V(K), and whose edges are pairb(g;; k1); (g2; k2)g de ned by the
following rules:

() (gu:ki) (ko) i (= @) (ki k2))_((r  9)" (ki = k2)) _((%n
)" (k1 k2))
(i) (91:K1) tex (G2;k2) i (G2 @2)) _((01 = @) " (k1 k2)).

Theorem 4.12 Suppose thatG and K are graphs. Suppose thaH is an induced
subgraph ofK, such that there exists a deformation retractionr : V(K) ! V(H) of
K onto H. Then for all n > 0,

(i) HSe(G K)= HS"We(G H)andHPM (G K)=HPM (G H),
(i) HE™ (G K) = HE"™®(G H)andHP (G K)=HF (G H),
(i) HF"®(G[K]) = HF"¢(G[H]) and HR®™" (G[K]) = HF*" (G[H]).
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Proof. It su ces to prove that the map

(g;K) 7! (g;r(k))

de nes a deformation retraction from G Hto G K,fromG Hto G K, and
from G[K] to G[H]. The arguments in each case are straightforward.

5. A map between the chain complexes CCube(G) and CPath (G)

In this section we establish a map between the chain complexe€®“® (G) and
CcPah (G). Consider a singularn-cube : Q, ! G, with n > 1. In order to de ne
a map from C$¥¢ (G) to G (G), we rst associate to any permutation 2 S, a
path p from (0;:::;0) 2 V(Qn) to (1;:::;1) 2 V(Qy). The path p is de ned as
the path of length n which in its i™ step ips the (i)™ coordinate from 0 to 1. We
write p (i) for the i" vertex in the path p , 06 i 6 n. Ifthereisan06 i6 n 1
suchthat (p (i))= (p (i +1)), dene p =0 2L P (G) and otherwise de ne

p 2Lk (G) to be the path whosei vertex is (p (i)).

To each singularn-cube 2 L §uPe ()%5) with n > 1, we assign the element

(8 ()= sign() p

2S;,
of LFa" (G). It is easy to see that if is degenerate, then () =0, since every term
in (8) corresponds to a sequence with a repeated label. Hence (8) de nes a map from
CSUbe (G) to LFaM (G). By convention, if 2 C§“¢(G) is a singular O-cube, i.e. a
constant map c2 G,wedene ()2LF5"(G) to be the constant path (c) of
length zero.

Lemma 5.1 Let 2 CCU%¢(G). Then
() @ () 2 LPaM(G); and hence (8) denes a map from CSUP¢(G) to
G (G).
(i) @ ()= (@ ():
Proof. If n =0 or n =1, both parts of the lemma are trivial, and so in what follows
we assumen > 2. For part (i) we have

X . ]
©) @ p)= (D (PO @) (pM):
i=0
Note thatif ~ p contains repeated elements, so that p =0 in L?3" (G), then (9)
remains formally valid. Let 16 6 n 1.If Cis constructed from by interchanging
(Yand (C+1) thenp (i)= p o(i) for i 6 *. In particular, the * summands of (9)

forp andpo coincide.)l(n addition, we havesign( ) =  sign( 9. This shows that
(10) @ ()= sign( )@ ( p)
2Sy
X
= sign( ) ( (p ();:::; (p (MN+
2S,

( D" (P @O);::; (p(n 1)) :

Since both( (p (1));:::; (p (n))) and ( (p (0));:::; (p (n 1)) are paths, it fol-
lows that @2" ( ) 2L P (G), and we have proved (i).
For part (ii), suppose that 2 S,. De ne

2 S, 1 to be the permutation where (j) = (j) if (j) < (n) and
(G) 1if (G)> (n).
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