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Jacobi—Trudi formulas for flagged refined
dual stable Grothendieck polynomials

Jang Soo Kim

ABSTRACT Recently Galashin, Grinberg, and Liu introduced the refined dual stable
Grothendieck polynomials, which are symmetric functions in z = (z1,z2,...) with addi-
tional parameters t = (t1,t2,...). The refined dual stable Grothendieck polynomials are
defined as a generating function for reverse plane partitions of a given shape. They interpolate
between Schur functions and dual stable Grothendieck polynomials introduced by Lam and
Pylyavskyy in 2007. Flagged refined dual stable Grothendieck polynomials are a more refined
version of refined dual stable Grothendieck polynomials, where lower and upper bounds are
given for the entries of each row or column. In this paper Jacobi-Trudi-type formulas for flagged
refined dual stable Grothendieck polynomials are proved using plethystic substitution. This
resolves a conjecture of Grinberg and generalizes a result by Iwao and Amanov—Yeliussizov.

1. INTRODUCTION

The (skew) Schur functions sy,,(z) are a central object in algebraic combinatorics.
They are symmetric functions in the variables = (x1,23,...) and can be defined
combinatorially as a generating function for semistandard Young tableaux of shape
A/p. The Jacobi-Trudi formula and its dual formula express sy, () as a determinant
in terms of the complete homogeneous symmetric functions hy(z) and the elementary
symmetric functions e (x), respectively:

(1) Sk/u(x) = det (h&'—ltj—i-i-j (x)>1<i,j<2(/\) )
(2) S/ () = det (6/\71—uj—i+j($))1@7]'@()\) )

where £()) is the number of parts in A and X is the transpose of A.

The row-flagged and column-flagged Schur functions S;O/VL(O"B )
are defined as a generating function for semistandard Young tableaux of shape \/u
in which entries in each row or column have lower and upper bounds specified by «
and f. Flagged Schur functions were introduced by Lascoux and Schiitzenberger [10]
in their study of Schubert polynomials. See [2, 12, 14] and references therein for more
details on flagged Schur functions. Jacobi—Trudi formulas for flagged Schur functions

were discovered by Gessel [4] and Wachs [14].

col(a,
(z) and SA/,S B)(x)
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THEOREM 1.1 ([14, Theorems 3.5 and 3.5%]). Let « = (a1,...,0p) and 8 =
(B1s.-.,Bn) be sequences of nonnegative integers and let A and p be partitions with
at most n parts.

If oy < a1 and B; < PBip1 whenever p; < Aiy1, then

B
(3) 51;\0/";(0‘ )(;Ij) = det (h)\if‘ujfiJr]’(xoéjJrl, . 7xﬁi))1<i,j<n s
where (Ta;41,---,2p,) is the empty list if 3; < ;.

If o — ps < i1 — pipr +1 and By — Ay < Big1r — Aip1 + 1 whenever p; < Ajqq,

then
col(a,3) o o
(4) S)\'/M/ (‘T) = det (e)\i*lij*’b‘f’ﬂ (majJrlv cee 7$6i))1<17j<n .

Lam and Pylyavskyy [9] introduced dual stable Grothendieck polynomials gy, (z),
which originate from the K-theory of Grassmannians. They showed that g ,,(z) is a
generating function for reverse plane partitions of shape A/u. The refined dual stable
Grothendieck polynomials gy,,(z;t) are power series in variables x = (z1,22,...)
and t = (t1,ts,...) introduced by Galashin, Grinberg, and Liu [3]. Similar to dual
stable Grothendieck polynomials, gy /,(z;t) are defined as a generating function for
reverse plane partitions of shape A/u with more refined weight system. The refined
dual stable Grothendieck polynomials interpolate between Schur functions and dual
stable Grothendieck polynomials. If ¢; = 0 for all 4, then gy, (z;t) becomes the Schur
function sy,,(z), and if t; = 1 for all 4, then gy,,(2;t) becomes the dual stable
Grothendieck polynomial gy, ().

The following theorem was conjectured by Grinberg [5] and proved independently
by Amanov and Yeliussizov [1], and the author [8].

THEOREM 1.2 ([1, 8]). For partitions X\ and u, we have
'gv)\/ﬂ(x; t) = det (ekfi_#;_i_;'_j(l'l, T2y ’t“/j‘"l’ t#;_i_g, N ,t)\(i_l)> L<i <OV 5

where, if p +1 > X; — 1, the (i,7) entry is defined to be GA;—,L;—H]‘(SChIQ, S

Since there are two Jacobi-Trudi formulas for sy,,(z) in (1) and (2), a natural
question is whether there is a Jacobi-Trudi formula for gy,,(x;t) in terms of hy’s.
For the case of dual stable Grothendieck polynomials, equivalently the case that all
t; = 1, Amanov and Yeliussizov [1, Theorem 14|, and Iwao [7, Proposition 5.2] found
the following formula.

THEOREM 1.3 ([1, 7]). For partitions X and u, we have
g)\/#(l') = g)\/#(x, (1, 17 e )) = det (d)i_jhAi*/ij*’H’j(x))1<1‘,j<e()\) ,
where ¢Fh, =31 (kﬂ_l)hn,i.

1
In this paper we give a Jacobi-Trudi formula for gy,,(z;t) in terms of hy’s us-
ing plethystic substitution. We also give an equivalent version of Theorem 1.2 using
plethystic substitution. More generally, we prove Jacobi-Trudi formulas for flagged
refined dual stable Grothendieck polynomials Z]ﬁ?l/(:ﬁ’ﬁ)(m; t) and f]io/‘z(a’ﬁ ) (z;t), which
are generating functions for reverse plane partitions in which each column and row
has lower and upper bounds given by a and 3. See Section 2 for the precise definitions.
Our main results are the two Jacobi-Trudi-type formulas in the following theorem.

THEOREM 1.4. Let a = (a1, ..., ) and 8= (B1,...,Bn) be sequences of nonnegative
integers and let A and p be partitions with at most n parts.
If oy < a1 + 1 and B; < Bir1 + 1 whenever p; < A\jy1, then

~col(a,
(5) g,\//(,y 7 (z;t) = det (eki—uj—i-‘rj [X(aj,ﬂi] + 11— TM])1<

. 5
\l7j<n
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where X(; j) = Tig1 + Tig2 + -+ x5 for i < j and X5 = 0 for i > j, and
Ti,=t14+to+---+t; fori =1 and Ty = 0.
If a; < a1 and B; < Pig1 whenever p; < Aijy1, then

(6) ﬁf\o/v,vt(a’ﬁ) (25t) = det (hx,—p, —it5[X(a,,8] + Tic1 — Tj-1])

1<6,5<n
Note that the assumption on « and § in our formula (5) is different from that in
the formula (4). In fact (5) is not true under the assumptions for (4), see Remark 3.5.
The basic idea of proof of (5) and (6) is to show that both sides of the equation sat-
isfy the same recurrence relation. We also show that (5) is equivalent to the following

formula, which was conjectured by Grinberg (private communication).

THEOREM 1.5. Let a = (a1, ..., ) and 8= (61,...,Bn) be sequences of nonnegative
integers and let A and p be partitions with at most n parts. If a; < a;4+1 + 1 and
Bi < Pit1 + 1 whenever p; < A\jy1, then
1(cx,

(7) @i?/(uoi B)(x; t) = det (GA,;—M—HJ' (xaj—&-l, e X b1y - ’tAi_l))lgi,jgn .

Note that Theorem 1.2 follows from Theorem 1.5. As a corollary of Theorem 1.4
we obtain two Jacobi-Trudi formulas for the refined dual stable Grothendieck poly-
nomials.

COROLLARY 1.6. Let \ and p be partitions with at most n parts. Then
(8) Ix e (w5t) = det (e/\ruriﬂ' (X +Th-1— Tuj])1<z',j<n )
&) Iajul@;t) = det (hx,—py—ivi (X + Timt = Tial)y ;s
where X =x1+x9+ - and T; =t1 +to+---+t; fori > 1 and Ty = 0.

It can also be shown that the formula (8) is equivalent to Theorem 1.2. Note that
Corollary 1.6 reproves the symmetry of gy, (x;t) in the x variables.

We note that Motegi and Scrimshaw [13] also proved (9) using difference operators.

The remainder of this paper is organized as follows. In Section 2 we give basic
definitions. In Section 3 we restate our main results and give some remarks. In the
last two sections we prove the main results.

2. PRELIMINARIES
In this section we give necessary definitions to prove the main results.

2.1. Basic DEFINITIONS. Denote by N the set of nonnegative integers. For n € N,
we denote [n] = {1,2,...,n}. If « € N, the ith entry of « is denoted by «;, i.e. a =
(a1,...,ap). For a, 8 € N, we write o < § (resp. a < ) if a; < ; (vesp. o < ;)
forall 1 <7< n.

An element « € N™ is called a partition if a; > --- > «a,. Denote by Par,, the set
of partitions in N,

Let A\ € Par,,. The Young diagram of X is the set {(i,j) € ZxZ:1<i<nand 1<
J < A} We will identify A with its Young diagram. Therefore a partition is considered
as a sequence of nonnegative integers and also as a set of pairs of positive integers.
Each element (i,7) € X is called a cell. The Young diagram A will be visualized
as an array of squares where we place a square in row ¢ and column j for each
(i,4) € X using the matrix coordinates. The transpose X' of A is the partition given
by N ={(4,4) : (i,7) € A}. Note that if A = (A\y,...,\,) € Par,, then \' € Pary,. See
Figure 1.

Note that for two partitions A and p, we have p C A (as Young diagrams) if and
only if © < A (as elements in N™). We will mostly use the notation p C A since this
emphasizes that ;4 and A are Young diagrams.
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FIGURE 1. The Young diagram of A = (4,3,1) on the left and its
transpose X = (3,2,2,1) on the right.

For two partitions A and p with pu C A, the skew shape \/u is the set-theoretic
difference A — i of their Young diagrams. In other words, if A\, 4 € Par,, satisfy u C A,
then \/p is the set of pairs (i,j) € Z x Zsuch that 1 <i<nand g; +1<j <\ A
reverse plane partition (RPP) of shape A/ is a filling of A/p with positive integers
such that the entries are weakly increasing in each row and column. If R is an RPP
of shape A/pu, the (i,7) entry of R is denoted by R(i,j). The transpose of R is the
RPP R’ of shape X /u' given by R'(i,j) = R(j,4) for all (¢,5) € X'/u'. See Figure 2.

3 | 1
11 11
1]1]2 10213
213 2212
2213 2133
3

FIGURE 2. An RPP R of shape (6,5,5,3,3)/(3,1) on the left and its
transpose R’ on the right.

For A, € N", the set of RPPs of shape A/pu is denoted by RPP),. If u ¢ Pary,
A & Pary,, or u € A, then RPP)/, is defined to be the empty set. For R € RPP},,

define
_ Hx?i(R)t?i(R)’
i>1

where a;(R) is the number of columns of R containing an ¢ and b;(R) is the number
of cells (4, j) such that (¢,7),(i +1,5) € A/p and R(4,j) = R(i + 1, 7). For example,
if R is the RPP shown in Figure 2 on the left, then wt(R) = x1x2x3t1t3t3t2 and
wt(R') = x3zdaittatsty.

Let x = {1, 22,...} and t = {t1,t2,...} be sets of variables. For r € N and s € Z,
define

X(r,s] =Try1 T Try2+ -+ s,

where empty sums are zero, i.e. X(T 5 = 0 if r > s. In other words, X(, 4 is the sum
of the variables z; for the integers ¢ in the interval (r,s] = {fu € R:r < u < s}. We
define T{; 5 in the same way using the variables ¢;. For integers i, we also define

Xi=z1+a2+ -+, Ti=ti+ta+- 41t

where empty sums are zero, i.e. X; = T; = 0 if ¢ < 0. Note that if 0 < r < s, then
X = X5 — X,

Let z = {# :i € I} be a set of variables, where I C N. The elementary symmetric
function e, (z) and the complete homogeneous symmetric function h,(z), for n > 1,

Algebraic Combinatorics, Vol. 5 #1 (2022) 124



Jacobi-Trudi formulas for flagged dual Grothendieck polynomials

are defined by

en(z) = Z Ziy %y

1< iy in I
hn(z) = E Ziy %,
1< i in T

We define eg(z) = ho(z) = 1 and ex(z) = hi(z) = 0 for k < 0. Note that ex(z) =0
whenever z = {z; : i € I} satisfies |I| < k.

2.2. FLAGGED REFINED DUAL STABLE GROTHENDIECK POLYNOMIAL. For A,y € N™,
the refined dual stable Grothendieck polynomial gy, (x;t) is defined by

r/ulxst) = Z wt(R).

RERPP, /,

The polynomials gy,,(z;t) were introduced by Galashin, Grinberg, and Liu [3]. They
showed that gy, (z;t) is symmetric in the variables x but not in the variables .

For o, B, A\, p € N™, define RPPf\O/VL(a’ﬁ) to be the set of RPPs R of shape A/u such
that a; + 1 < R(4,5) < G; for all (4,5) € A\/p. Similarly, for a, 8 € N™ and partitions
A, i with X g/ € N, define RPPi‘}lia”B) to be the set of RPPs R of shape A/ such
that a; +1 < R(i,7) < B, for all (z,7) € A/ p.

The row-flagged refined dual stable Grothendieck polynomial g/\o/w(a #) (z;t) and
the column-flagged refined dual stable Grothendieck polynomial @f\‘;l(a’ﬂ) (z;t) are de-

fined by

CACUETEN S
RERPP(™ )
I(a,
g@)\c;,ioz B) (z;t) = Z wt(R).
RERPPS ()
For simplicity we will sometimes omit (z;t) and write g m/W(aﬂ) and g “‘301(0‘ .

2.3. PLETHYSTIC SUBSTITUTION. Let A = Ag denote the ring of symmetric functions
with rational coefficients. The power sum symmetric functions py(x) = 2§ + 2k + ...
generate A as a Q-algebra. Let Q[[a1, ag, .. .]] denote the ring of formal power series
in variables aj, as, ... with rational coefficients. Once A € Q[[a1,as,...]] is fixed, the
plethystic substitution f[A] for f € A is defined by the following rules:

e for k > 1, pi[A] is obtained from A by replacing each a; by a¥,

e the map f — f[A4] is a ring homomorphism from A to Q[[ay,as,...]]

If A=aj+---+ap, then py[A] = a¥ +--- +af = pi(ai,...,a,), which implies
flA] = f(a1,...,a,) for all f € A. We refer the reader to [11] for more details on
plethystic substitution. We need the following well known properties of the plethystic
substitution.

PROPOSITION 2.1. Let A, B € Q[aq, as,...] and f € A. Then
fl[A+B] = Z fylAlf (B
fI=A] = (S(f))[AL

where the Sweedler notation is used and S is the antipode of the Hopf algebra of sym-
metric functions. See [6] for more details on the Sweedler notation and the antipode.
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In this paper we only need to compute f[A] and f[A — B] when f = e, or f =
hi, and both A and B are sums of variables taken from & = (z1,22,...) and t =
(t1,t2,...). If A and B are any formal power series with integer coeflicients, since
Shi, = (=1)ke; and Sey, = (—1)*hy, we have

(10) hi[—A] = (—1)Fex[A],
(11) ex[—A] = (=1)"he[A],
k
(12) hi[A= Bl =Y hyi[A](—1)’e;(B],
k
(13) ex[A—B] = eri[A](~1)'hi[B].
=0

3. MAIN RESULTS

In this section we restate our main results, Theorem 1.4 in the introduction, as two
separate theorems, Theorems 3.2 and 3.4, and prove their corollaries. The main results
will be proved in the next two sections.

The following theorem is Theorem 1.5 in the introduction, which is equivalent to
one of the main results.

THEOREM 3.1. Let o, 8 € N" and p, A € Par,. If a; < a1+ 1 and 5; < PBig1 + 1
whenever p; < \it+1, then
1(cx,
'gj‘,)/(; /3)(x; t) = det (eAi_#_j_i+j(.’£a_j+1, ce ;xﬁi,t#j+1> .. ’tAi_l))lgi,jgn .
The following theorem is the first main result in this paper. Using simple determi-
nant evaluation techniques we show that Theorem 3.1 is equivalent to this theorem,
see Proposition 4.19.

THEOREM 3.2. Let o, € N™ and p, A € Par,. If a; < a1+ 1 and B; < Big1 + 1
whenever p; < Ai41, then

~col(a,3)

In e (z;t) = det (ekifuj*iJrJ’[X(ajﬂi] + -1 - Tﬂj])1<i7j<n :

REMARK 3.3. Note that the (7, j) entry of the matrix in Theorem 3.1 can be written as

xi—py—iti (Tay 415 - T, byt -5 Ex 1) = €x—p;—itj [X((’jaﬁi] + T(/Lj,qu—l}]'

If we replace T(,,; x,—1) by Tx,—1 — T},;, we obtain Theorem 3.2. However, unlike the

t variables, replacing X4, 5] by Xp, — Xa,; does not give a correct formula. For

example, if n = 1, u = &, A = (1), = (2) and 8 = (1), then §§\?1/(;,’B)(x;t) = 0 by

definition, but
det (6>\i—uj—i+j [X57: - X(Xj + TM—l - Tulegingn = 61[*I2] =—h (IQ) 7é 0.

The following theorem is the second main result, which is a dual version of Theo-
rem 3.2.

THEOREM 3.4. Let a, B € N and p, A € Pary,. If a; < ;41 and B; < Biy1 whenever
pi < Aiy1, then
g;‘}";(aﬁ) (;L';t) = det (h)\i,#].,iij [X(Oéj7ﬁi,] + 7151 — Tj,ﬂ)
Theorems 3.2 and 3.4 combined yield Theorem 1.4. Note that, for the variables
in the plethystic substitution in Theorem 3.4, there are four ways of choosing the z
and ¢ variables from {X (4, g}, Xp, — Xa; } and {T(;_1 -1}, Ti—1 — Tj—1}, respectively.

1<ij<n
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In contrast to Theorem 3.2, the choice in Theorem 3.4 is the only one that gives a
correct formula.

REMARK 3.5. Recall that in the formula (4) the assumption is o; —pt; < @11 —fi41+1
and 8; — A; < Bi41 — Aix1+ 1 whenever p; < A;j41. On the other hand the assumption
in Theorem 3.2 is a; < a1 + 1 and B; < Bi41 + 1 whenever p; < Ajy1. We cannot
replace the assumption in Theorem 3.2 by that in (4). For example, if A = (3,3),

p=(2), a=(2,0), and 8 = (2,2), then E;?l/(if’ﬁ)(x;t) =0 but

0 Z‘ll‘gtltg
det (ex;—p;—i+5[X(ay8] + Trim1 — T#J‘])l@‘,j@t = det (1 63($1,$2,t1,t2)> 70

REMARK 3.6. In Theorem 3.4 the assumption «o; < ;41 and f; < [;41 whenever
i < A1 is necessary. For example, if A = (2,2), u= (1), « = (1,0), and g = (1,1),

then ﬁ;o/vl(o"ﬁ) =0 but

det (h X Toy—T et (0T FIMY g
€ ( Ni—py—it il (a5 T Li—1 — jfl])1<i7j<n_ i1 z? # 0.
Moreover, the assumption A, u € Par, is also necessary. If A = (1,1), u = (0,1),

a = (0,0), and 8 = (1,1), then ﬁ;\(}z(a’ﬁ) =0 but

r1 X1 —1
det (h)\i_llj_i"l'j [X(Oéj,ﬂi] + T4 — Tj_l])lgi,jgn = det < 11 1 ) 1) # 0.

The following corollary is the formula (9) in the introduction.
COROLLARY 3.7. For any A\, p € Par,, we have
Oayu(w;t) = det (hx,—p—ig[X + Tict = Tjal) o -
Proof. Let (a™) denote the sequence (a,a,...,a) consisting of n a’s. By definition of
@’;O/‘Z(a’ﬁ) (z;t) and Theorem 3.4,

gx\/p(x,t) = bgrgog)\/ﬂ((xh s ,JTb,0,0, s )7t)

i =row((07),(07)) .

= lim gy (23t)

= blggo det (hAruriﬂ‘ [(X(o.4) + Tie1 — Tj*l])lgi,jgn

= det (hx, -y —i45[X + Tic1 = Tjo1l) o e, .

Similarly, Theorem 1.2 follows from Theorem 3.1, and (8) follows from (5).

Theorem 1.3 is the special case t; = 1 of Corollary 3.7. Amanov and Yeliussizov [1]
showed Theorem 1.3 using Theorem 1.2 and an involution 7 : A — A satisfying
T(ga/u(x;t)) = gy (2;t) when all ¢; are equal to 1. Unfortunately there is no such
map for the general t. To see this suppose that there were an algebra homomorphism
Y A — A satisfying 1(gx/,(2;t)) = gy (2;t). Then it must satisfy

Y(hi(x)) = (g (2:1)) = gary(@3t) = ex[X + Th—1].
Since hx(x) = gy (T;t) = Gars1),01) (w5 1), we must also have

Y(hi()) = Y(Ger1y)(731)) = Gartry ) (T3 t) = ex[X + T — T1].
Since e[ X + Ty—1] # ex[X + T — T1], the map 1 cannot exist.
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4. A PROOF OF THE JACOBI-TRUDI FORMULA FOR ff;}(/ff’ﬁ)

In this section we prove the Jacobi—Trudi formula for @f\?}gjﬁ ) in Theorem 3.2. The
basic idea of the proof is to show that both sides of the equation satisfy the same
recurrence relation. We first introduce several definitions.

A diagram is just a (finite) set of pairs (4,j) of positive integers. As in the case
of Young diagrams we visualize a diagram p as an array of squares where a square
is placed in row i and column j for each (i,j) € p. For a diagram p, define p; to be
the number of j’s such that (i,j) € p. The kth row (resp. column) of p is the set of
cells (¢,7) € p with i = k (resp. j = k). For two diagrams ¢ and p with p C o, denote
by o — p their set-theoretic difference, which is also a diagram. If a diagram p is a
Young diagram with at most n rows, it is identified with the partition (p1,...,pn) as
before. If R is an RPP of shape \/u and p C A\/u is a diagram, the restriction of R to
p is denoted by R|,. We extend the definition of an RPP of shape A\/u to an RPP of
shape p for any diagram p as follows. A reverse plane partition (RPP) of shape p is a
filling R of p with positive integers such that R(¢,j) < R(¢/, j') for all (4, ), (¢, 5) € p
with ¢ <4 and j < 5. The notation used for RPPs of shape A\/u will be extended to
RPPs of shape p in the obvious way. For example, RPP,, is the set of RPPs of shape p
and RPP;OW(O"ﬁ ) is the set of elements R € RPP, with the additional condition that
a; +1 < R(4,5) < B; for all (4,7) € p.

Let pu, A € Par, with 4 C A. We define a total order < on the cells in A\/p as
follows: (4,7) < (¢,4') if and only if j > 5" or j = j' and ¢ < 4’. Note that by
definition (i,5) < (#',4') implies (i,5) # (i',4'). Denote by (A/u)™) the set of the
first m cells in A\/p in the total order <. Note that (A\/u)(™) is not necessarily a skew
shape, see Figure 3.

DEFINITION 4.1. Let o, 3 € N™ and p, A € Par, with u C X. Let p = (\/p)™) for
some 0 < m < |A/p| and let Ry € RPP;OW(Q”B). Then we define
RPPYM 7 (Ry) = {R € RPPY) ™ - R|, = Ro},
Clp)={1<i<n:p; >0},

B(Ro, ) = (B1,---, ),
where Ei is defined by

B' _ Ro(i,Ai*[h“Fl), z'fiEC’(p),
B ifi ¢ C(p).

Note that if i € C(p), then (i, \; — p; + 1) is the leftmost cell in the ith row of p.

One may consider an element in RPPT/Z(O"M(RO) as an RPP in RPP;O/V;(O"M that
can be obtained from Ry by filling the remaining cells in (A/u) — p. The motivation
for introducing RPP;\O/VL(&’M(RO) is to construct an RPP of shape A/u by filling the
cells in A/p one at a time with respect to the order of the cells given by <. This will
allow us to find a recurrence relation for a generating function for restricted RPPs.

Note that each element El in B(Rp, ) acts as an upper bound for the remaining
entries in row ¢ for an RPP in RPPKO/V;(Q’B )(RO). For example, if R is the RPP shown
in Figure 3, and o = (0,0,1,1,2) and 8 = (5,5,6,7,7), then C(p) = {1,2,3,4} and
B(Ry, 8) = (3,1,3,4,7). Note also that if the ith row of (A\/u) — p is empty, then the
lower and upper bounds for the entries in row ¢ are irrelevant.
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W

FIGURE 3. The left diagram shows A/p and p = (A\/p)(™), where
A=(8,7,7,5,3), p = (4,2), m = 15, and the cells in p are the gray
cells. The right diagram shows an RPP of shape p.

For R € RPP)/,, we define

wt(R) = H x?"’(R)t?"’(R),

i>1

where a;(R) is the number of columns containing an ¢ and b;(R) is the number of cells
(i,7) such that (i,7), (i +1,7) € A/p and R(4,j) = R(i+ 1,7). We also define
WH(R) = xa.j(R)tg,j(R)
J i

Jjz1

where @;(R) is the number of rows containing a j and b;(R) is the number of cells
(i,) such that (i, ), (i,j + 1) € A and R(i, j) — R(i,j + 1),
Note that an RPP R and its transpose R’ satisfy wt(R) = wt(R’).

DEFINITION 4.2. For any a, 8 € N, u, A € Par,, with u C X\, and a fixred RPP Ry of
shape p = (\/u)™), define

R (R) = > wt(R),
ReRPP;O/“ﬁ“‘/*)(RO)

fOé,ﬂ P

R (Ro) = > wt(R).

RERPPY () (Ro)
Note that, by definition,

G i t) =R (@),

A A
~col(a,3 =B
Gt (@i t) = Ry (2),

where @ is the unique filling of the empty diagram and we define Rif(@) =
ﬁif(@) =01if p Z A. In order to avoid using transposes in the proof, instead of the
latter equation above we will consider

~col(a, Ho.B
GO (wst) = Ry (2).

Definitions 4.1 and 4.2 will also be used in the next section. We need one more
definition for this section.
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DEFINITION 4.3. For o, 3, u, A € N* C C [n], and 1 < i,j < n, define
6;:5(i,j) = exni—i—pu;+i1X(a;,8] T Tai—1 — Ty ]
E(;:fj(%]) = CXxj—i—pj+j [X(Otj,ﬂi—l] + TM - TM]’
B - tid O
s 8(Cyi,g) = 4 Al HIEC,
eA,M(ZaJ)v ZfZ € C?
EL(C) = det(eX) (Chi,5))1<ijns
B = det(e5 (i, 7)) 1<ij<n-
IfucCh p=0\/w™, and Ry € RPP;OW(O"ﬁ), we define
a, — a,B(Ro,
(14) E (Ro) = WE(Ro) BX 7 (C(p)).
Note that
a,B o, _ oo
E/\w - Ez\u (9) = SML (2),
where the second @ stands for the unique filling of the empty diagram (\/p)(©).
Using the notation above Theorem 3.2 can be stated as

B _ B
E‘;,[}. - 'R’)\,,u (@)
Our strategy is to show that both sides of the above equation satisfy the same recur-
rence relation.

We will frequently use the following lemmas, which can easily be proved using
elementary linear algebra.

LEMMA 4.4. Let A = (a;;)1<i,j<n be a matriz. If there is an integer 1 < k < n such
that a; ; = 0 for allk < i< mand 1l < j <k, then det(A) = 0. Similarly, if there
is an integer 1 < k < n such that a;; = 0 for all1 < i < k and k < j < n, then
det(A4) = 0.

LEMMA 4.5. Let A = (ai,j)léi,jén be a matriz. If there is an integer 0 < k < n such
that a;; =0 for allk+1<i<nand 1< j <k, then

det(A) = det(a; j)1<i,j<k det(ai ;) kt1<i,j<n-

Similarly, if there is an integer 0 < k < n such that a;; = 0 for all 1 < i < k and
k+1<75<n, then

det(A) = det(a;,j)1<i,j<k det(@i ;) kt1<i,j<n-

LEMMA 4.6. Let A = (@i ;j)1<i,j<n be @ matriz. Assume that there is an integer 1 <
k< nsuch that a;j = x(1 = j = k) forallk < i< nandl < j < k. Then,
det(A) = det(a;;)i<ij<k—1det(ai ;) k+1<ij<n- Furthermore, each nonzero term in

the expansion of det(A) must contain the (k,k) entry (which is 1).

4.1. TECHNICAL LEMMAS. In this subsection we give a list of lemmas that will be
used to prove Theorem 3.2.

From now on, once n is given, let €, = (0,...,0,1,0,...,0) be the sequence of n—1
zeros and one 1, where the unique 1 is at position k. For a statement p, we define
x(p) = 1 if p is true and x(p) = 0 otherwise.

Let QPar,, denote the set of & € N™ such that a; < a;41 + 1 for all ¢ € [n — 1].
Note that if & € QPar, and 1 <4 < j < n, then oy < o5 + 5 — 4.

We note a simple but crucial fact: If £ € Z, and if A is a sum of fewer than k
variables, then

(15) er[A] = 0.
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(This is because egx[A] = ey, (a1, as,...,a,) whenever A =aj +as+---+a,, is a sum
of variables.)
Now we give a list of lemmas.

LEMMA 4.7. Let Z be a formal power series with integer coefficients and let z be any
(single) variable. Then, for any integer k,

ex[Z] = ex|Z — 2] + zep_1[Z — 2].

Proof. Since ex(xz) = 0 for k < 0 and eg(z) = 1, the equation is clear when k < 0.
Now we assume k > 1. By (13), for any m > 0, we have

=2 = emilZ)(=1)'hi(2) = Y em il Z)(—
1=0 1=0

Thus
exlZ — z] + zep—1[Z Zek i Zek i—1[Z )H_l_@k[z]a
as desired. 0
LEMMA 4.8.Ifi > j >0 and k > i — j, then
ek[TZ — TJ] =
Proof. By definition we have ey [T; — T;] = eg[tjy1 + - +t;] = ex(tj+1,. .., t;), which
is equal to 0 because k > i — j. d
LEMMA 4.9. Let o, € N*, u € Par,, and C C [n]. Then
a, —
Ep(C)=1.

Proof. If © > j, we have u; — 4% — pu; + j < 0, where the equality holds if and
only if ¢ = j. This shows that for all 1 < j < i < n, we have eHH(C’ i,j) =
x(i = j) since ey, —i—p,+45Y — Z] = x(i = j) for any sums Y and Z of variables.
Therefore the matrix (eﬁ:ﬁ(C;i,j))Ki,jgn is upper uni-triangular and Eﬁ‘f(C’)
det(eﬁ:ﬁ(C, iyj))lgi,jgn =1.

LEMMA 4.10. Let a, f € N™ and A\, u € Par,, with u € \. Then for any subset C C [n],

ESR(C) =0.

Proof. Since u € A, there is an integer 1 < k < n such that pp > Ar. Then for all
E<i<nand 1l <j <k wehave \j; —¢—pj +j < A —k—pp+k <0, and
therefore eA’ﬂ (C3i,4) = 0 since e () = 0 for m < 0. By Lemma 4.4 this shows that
Ei‘fj(C') = det(e}’ M(C 7)) 1<i,i<n = 0. O

LEMMA 4.11. Let o, B € QPar,, and A, i € Par,,. Suppose that oy, > Bi and pr < Mg
for some 1 < k <n. Then

O

B
B8 =0,

Proof. By Lemma 4.4 it is enough to show that ei‘f(@j) = 0 assuming 1 < i < k
and k < j < n. Since o, 8 € QPar,, we have o; +j —k > ar = B = i — k + 4.
Thus B; — a; < j —i and X(,; g,) is a sum of at most j — ¢ variables. Furthermore,
Ty;—1— Ty, is a sum of A\; =1 — pu; variables (since A\; > A\, > pg > ;). Using these
two facts, we obtain

8/\’5(@ -7) EXi—i—pj+j [X(ajy,Bi] + T>\'i_1 - Tuj] =0,

because X(q, 3,] + Th,—1 — T}, is a sum of at most \; —i — p1; + j — 1 variables (and
because of (15)). This completes the proof. O
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LEMMA 4.12. Let a € QPar,,, § € N, u € Par,, and A € N™. Suppose that k € [n] is
an integer satisfying the following conditions:

(1) pe < Ak,
(2) ar < Bk, and
(3) if1<j<kandp; <A, then o < fg.

Then for any C C [n], we have
B (C) = BSOS kD) +y B, L (CU{RY),

A—€p, 1t
where

s, kO,
i, ifkec.

Proof. We consider the two cases k ¢ C and k € C.
CASE 1. k & C. We claim that, for all 1 < j < n,
(16) e k) = e (k) + 25,807, (k).

By definition we can rewrite (16) as

(17) Cxp—k—pj+j [X(ajﬁk] + T, — TM]
= exp—k—p;+3[X(a; 8—1) + Tr—1 = Ty
+ xﬂke)\k—k—ﬂj+j—1[X(ajvﬂk_l] + a1 — Ty |-
If aj < B, (17) follows from Lemma 4.7 with Z = X(q4, 3,) +Tx,—1— T, and z = z, .
Suppose now that a; > Bg. Then X (4, 5,) = 0 and X (4, g, 1) = 0. Therefore in
order to prove the claim (17), it suffices to show
(18) eAk—k—#j-‘rj—l[T)\k—l - Tﬂj] =0,

because then both sides of (17) are equal to ex, —x—p,+;[Tx,—1 — Ty, ]. We will prove
(18) by considering the two cases j < k and k < j.

First we assume j < k. Since o; > ) and o, < B, we have j # k, thus j < k. Thus,
by condition (3), if 1; < Mg, then a; < B, which contradicts the assumption a; > S.
Thus we must have A;, < p;. Since j < k and A\, < py, we have A\ —k—p;+5—1 < —1,
which shows (18).

Now we assume k < j. Then Ay > pp > py. Since Ay —k—p; +5—1> A —p;—1
and A\ — 1 > pj, we obtain (18) by Lemma 4.8. This establishes the claim (16).

Using (16) and the linearity of the determinant in its kth row, we obtain the identity
in the lemma in this case.

CASE 2. k € C. We claim that, for all 1 < j < n,
(19) ek, g) = e (k) + e, (ks )
By Lemma 4.7 with Z = X4, g, —1] + T, — T),; and z = t,,, we have
exp—k—p;+i[X(ay e -1] + Tnp — Ty,
= eAk*k*#jﬂ'[X(aj,Bk—l] +To—1— Tﬂj]
+ taexni—k—p;+i—1[X(a;,80-1 D=1 — Ty ],

which is exactly (19). Using (19) and the linearity of the determinant in its kth row,
we obtain the identity in the lemma in this case, which completes the proof. (]

LEMMA 4.13. Suppose that o, B, u, A € N*, C C [n], and v € [n] satisfy r ¢ C,
r—1€C, A\ =XA_1+1, and B, = B,_1 — 1. Then E7(C) = 0.
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Proof. We compare rows r and r — 1 of the matrix in the definition of

E(C) = det (e50(C3i, ) :
>\7N( ) € GA,M( 77’7]) 1<i,j<n
Since r ¢ C, the (r,j) entry of the matrix is

63:5(0;7@]’) = eif(?“,j) = O —r—pti [X(ajﬁr] +Tx, -1 =Ty, )

Since r — 1 € C, the (r — 1,7) entry of the matrix is
e;\lf(c;?‘ - Lj)= Eif(?‘ -Lj)= eAr—l*(Tfl)*#jJrj[X(ij»ﬁr—lfl] + T, — Tﬂj]'
Since A\, = A\—1 + 1 and 8, = B,—1 — 1, the right hand sides of the above two

equations are equal. Therefore rows r — 1 and r of the matrix are identical, which
implies Ei’f (C)=0. O

4.2. PROOF OF THEOREM 3.2. We first show that ﬁi’f(Ro) and Ef‘)’f (Rp) satisfy the
same recurrence relation under certain conditions.

PROPOSITION 4.14. Let o, 8 € QPar,, and A\, u € Par, with a < § and p < \. Fix
(r,e) € AM/p and Ry € RPP;OW(O"ﬁ), where p is the set of cells (i,j) € A/ p with

(i,7) < (r,c). Let B: (51, . ,En) = B(Ro, ). Then

B
—a,8 —a,f
(20) R/\,p, (RO) = Z RA,H (RO U {k})a
k=a
By
(21) EX(Ro) =Y EX7 (Ro U {k}),
k=a

where Ry U {k} is the RPP obtained from Ro by adding the cell (r,c) with entry k,
and

grfh Zf (7“—170) €p and E’r‘fl >ar+17
a =
a, + 1, otherwise.

Proof. For the sake of readability we will prove a number of small statements in this
proof in Lemma 4.15 later.

Observe that in order to construct an RPP R in RPPRO/V;((X’B) such that R|, = Ro
we must fill the (r,c¢) cell of R with one of the integers a,a + 1, ... ,ET. Therefore the
first identity (20) is immediate from the definition of ﬁi‘i (Ro).

It remains to prove the second identity (21). From the inequality (27) below, we
have a,. < B,..

Let C=C(p)={1<i<n:p; >0} and

(22) s = {BT_BT—1+17 if (T_lac) Epand 57‘—1 Zar + 1,

Br — ., otherwise.

Since s = BT —a+1 > 0 by (28), we can consider s as the number of integers k
satisfying a < k < BT. We will consider the two cases s =0 and s > 1.
We first consider the case s = 0. In this case, Er = a — 1, so that the right hand
side of (21) is zero. Recall from (14) that the left hand side of (21) is
£ (Ro) = WH(Ro)ES 517 (C(p)) = WE(Ro)ESS, , (C),
since 3 = B(Ry, ) and C = C(p). Hence, to prove (21), it suffices to show that

(23) EYP(C)=0.
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From (29) below, we get r ¢ C(p) = C, whence C = C ~ {r}. Therefore (23) follows
from Lemma 4.16. This shows (21) for the case s = 0.
It remains to prove (21) for the case s > 1. Let

T3, ifr&C,
y: Br
t)\rfpw ifrec.

Since (r,c) € (A/p) — p, we have p. < (A — p),. We also know that o, < .. By (32)
below, if j < r and p; < (A—p),, then a;; < B, — (s —1) < B, (since s > 1). Therefore
by Lemma 4.12 we have

(24) EYP (C)=yEYS . (CU{r}) + ESP (O~ {r}).

For 1 <i<s—1, by (31) below,wehaveozT<Br—(s—l)SBT—z;:(E—ier)r

(whence 3 —ie, € N"), and furtheremore, by (32) below, we have a; < fr—(s—1) <
(B —i€y), for each j < r satisfying p1; < (A— p),. Therefore we can apply Lemma 4.12

repeatedly to E/O\"_ﬁ;fT (C~{r}), fori=1,2,...,5—1, to get

B2 (O {r)) = B3P 2 (O ) oy BT (CU{r)),

EQE2(C N ArY) = BRO30(C N Ary) + oy BYS 0 (Cud{r)),

oz,~7 s—1)e, oz,~—s€7~ oz,’vf s—1)e,
B STV (ON ) = BRSO ) 4w BT (Cu ).

Since s > 1, combining (24) and the above equations yields

(25) EYP (C)=yELS . (CU{r})+ ESO - (C~ {r})

s—1 ~
+ Z xﬁ,.fiEié’—ﬂpi—ZZ,u(C u{r}).
i=1
The second summand of the right hand side of (25) vanishes:

(26) B (ON {r}) =0,

A=p,p
because of Lemma 4.16 below.
In view of C'= C(p) and § = B(Ry, ), we can rewrite (14) as

EVP(Ro) = Wh(Ro)ESS(C).

Thus, multiplying both sides of (25) by wt(Rp) and using (26) we obtain

s—1

E88 (Ro) = ywi(RO)ESS . (CU{r}) + Y a5 WH(R)ELS S (CU{r}).

A—p—€r,p A—p—€r,p
i=1

One can easily check that ywt(Ry) = wt(Ro U {3,}) and Ty _WE(Ro) = wt(Ro U

{B, —i}) for 1 <i < s— 1. Hence we can rewrite the above equation as
s—1 - s—1
Ex(Ro) = ) Wi(Ro U{B, —i}) B (CU{r}) =) &0 (RoU {5, — i),
i=0 i=0

where the last equality follows from 3 —ie, = B(RoU {,5’; —i}, ). Since s = Br—a+1,
this is equivalent to (21) and the proof is completed. O
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The following lemma proves several statements used in the proof of Proposi-
tion 4.14.

LEMMA 4.15. Following the notation in Proposition 4.14 and letting

8_{ET_§T_1+L if(r_lac)epand/gr—l>ar+la

Br — ., otherwise,
we have
(27) a’l‘ < BT7
(28) 5> 0,
(29) if s=0, then r ¢ C(p),
(30) if Br_1 < Br, then s > 1,
(31) o < Br—(s—1), and
(32) if j <71 and p; < (X\—p)r, then o <Br—(s—1).

Proof. The first statement (27) is easiest to prove: If r ¢ C(p), then 3, = B, > a, +1
(since o < fB); if r € C(p), then B, = Ro(r,A\r — pr + 1) > a, + 1 (since Ry €
RPP;OW(“’ﬁ)). In either case we have 3, > a, + 1, and thus (27) holds.

We will prove the next two statements (28) and (29) by considering the two cases
in the definition of s.

Casg 1.(r — 1,¢) € p and B},l > ar + 1. Then s = Br — ET,l + 1. Note that
Br—1 < Br + 1 since f € QPar,. Observe that r — 1 € C(p) and (r — 1,¢) is the
leftmost cell in the (r — 1)st row of p. Thus 8,_1 = Ro(r — 1,¢). If r ¢ C(p), we have

(33) Bra=Ror—1,¢) < Bry1 < Br+1=5,+1

by the definition of ,5,., and thus s = 5,. - 57-—1 +1>0.Ifr € C(p), then (r,c+1) is
the leftmost cell of the rth row of p and therefore

(34) By_1 = Ro(r — 1,¢) < Ro(r,c+ 1) = B,

and thus s = BT fET_l +1>1 > 0. Thus we always have s > 0. This means that (28)
holds. L

If r € C(p), then s = 8. — Br—1 + 1 > 1 by (34), and thus s # 0. Taking the
contrapositive yields (29). So we have proved both (28) and (29) in this case.

CASE 2.(r —1,¢) ¢ por Br_1 < a, + 1. Then, s = f, — a,. From (27), we have
Br > o, + 1. Therefore s = Br —a; 21 (so s =0 cannot happen in this case), which
completes the proof of the two statements (28) and (29).

The fourth statement (30) is proved just as we proved (28), except that 8,_1 <
B, +1= B, +1is replaced by B,_1 < 8, = B, in (33).

Now we prove the fifth statement (31). By definition of s we have

~ o . _ ~ >
Br(sl)_{ﬁrl, lf('f" 1,c)€pand ﬂ’r‘*l/ar‘i‘L

(35) .
a, + 1, otherwise,

which implies 3, — (s — 1) > a, + 1. This shows the fifth statement (31).
For the last statement (32) suppose that j < r and p; < (A — p),.. We have
pi < (A —p)r = c by the definition of p, thus (j,c) ¢ p. In view of j < r, this leads
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to (j,¢) € A/ and consequently (j,c) € p. Hence, (r —1,¢) € p (since j <r—1<r),
and thus (as in Case 1 above) 8,_1 = Ro(r — 1,¢). Now

j < aj+ 1< Ro(j,e) < Ro(r —1,0) = B1 < B — (s — 1),
where the last inequality follows from (35) because (r —1,c¢) € p. This shows (32). O
Now we prove the identity (26) used in the proof of Proposition 4.14.
LEMMA 4.16. Following the notation in Proposition 4.14 we have
(36) EYS, (O A{rp) =0,
where C' = C(p) and
o {Er—ﬁr_l +1, if(r—1,¢)€pand fr_1 > oy +1,

Br — ., otherwise.

Proof. Clearly, \—p € N™. Also, (31) shows that Br—s > > 0, whence f—se, € N™.
We consider the two cases in the definition of s separately.

Case 1. (r — 1,¢) € p and Er_l > «p + 1. Then s = Er — Er_l + 1. In order to
prove (36) it suffices to check that a,g — ser A — p, i, C N {r}, and r satisfy the
conditions for «, 8, A, u, C, and r in Lemma 4.13. Since (r — 1,¢) € p and p is the set
of all cells (i,7) < (r,¢) we have (A —p), = (A —p)r—1+ 1. The fact (r—1,¢) € p also
implies 7 — 1 € C ~ {r}, and clearly r ¢ C ~ {r}. Since s = 3, — B,_1 + 1, we have
(B —s€)y = (B — ser)r—1 — 1. Therefore the conditions in Lemma 4.13 hold, and (36)
is proved in this case.

CASE 2. (r—1,¢) ¢ p or &,1 < o+ 1. Then s = Er — a,.. Let d be the integer such
that (d,¢) € A/p and (d—1,¢) ¢ \/u. In other words, (d, ¢) is the topmost cell in the
cth column of A\/p, see Figure 4. Then 1 < d < r. Let k = 3 — se, and 0 = A — p, so
that

BRI (O Ar)) = B (O~ Ar}) = det(egfi(C N {r}id )i <icn-

FIGURE 4. An example of A\/u and p, where the cells in p are the
gray cells. The (r,c) cell is marked with a star and the row indices d
and 7, and the column index ¢ are shown.

We claim that
(37) Egp(C~Ar}) = det(eq i (C~{r};i, 4))i<ij<d—1 det(eg i (O~ Ar}s 4, 5))a<ij<n-
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To show (37), by Lemma 4.5 it suffices to show that foralld <i <nand1 < j<d-1,
we have

(38) eon(C~Ar};i,j) = 0.

By the definitions of p and d (see Figure 4), if d < ¢ <nand 1 < j <d—1, we have
gi=A=p)i <c<py

(since (j,¢) € p) and therefore

(39) o —1—pj+j <o;p—p; <O0.

Then (38) follows from (39) and the claim (37) is proved.
By (37), to show (36) it suffices to show that

(40) det(eg i (C ~Ar};i,4))asij<n = 0.

By Lemma 4.4, to show (40) it is enough to show (38) foralld < i < rand r < j < n.
By Definition 4.3 we have

eo'ifif/_tj+j[X(aj,m—l] + Tﬂ'i - Tﬂj]ﬂ ifieC~ {T}u
eaififuj+j[X(aj,ni] + Taifl - Tﬂj]’ if g C~ {T}

Suppose i = r and r < j7 < n. Then the above equation becomes
(41) egﬁ(c ~Arhr i) = Cor—r—p;+j [X(O‘jvﬂr] +15,-1— Tuj]~

Since

o (O~ Arkii,j) = {

or = (A=p)r > pr 2 p1,
the sum X4, x,] + To,—1 — T}, is a sum of max{0, K, — o} + o, — 1 — p; variables.
Since

kr=(B—s&)y=Fr—s=0a, <aj+j—r
(a consequence of a € QPar,, and r < j) and therefore x, —a; < j—r and consequently
max{0, K, — o;} < max{0,j —r} = j —r (since r < j), we have
max{0,k, —oj}t+o, —1—p; <j—r+o,—1—p; <or—71—p;+J.
Thus, (15) shows that the right hand side of (41) is zero, and (38) holds for i = r and
r<j<n.

It remains to prove (38) for d < i < r — 1 and r < j < n. Recall the assumption
that (r—1,¢) ¢ por fr—1 < a, + 1. If (r—1,¢) ¢ p, then r = d and there is no integer
¢ with d < ¢ < r— 1. Therefore we may assume (r —1,¢) € p and 8,-1 < a, + 1. Since
d <i<r—1, wehave (i,c) € p, which is the leftmost cell in the ith row of p. Thus
Bi; = Ro(i,c¢) and considering the case i = r — 1 we also have 8,_1 = Ro(r — 1,¢).
Then we obtain

Ki = (E—ser)i:@ = Ro(i,¢) < Ro(r — 1,¢) :B}_l <or+1<oj+j—r+1
(a consequence of o € QPar,, and r < j), which shows

Ki—l—aj<j—r<j—ut.
Combined with 0 < j — ¢ (which is because i < r — 1 < r < j), this yields
(42) max{0,k; — 1 —a;} <j—i.
Since (i,¢) € p, we have i € C(p) = C. Thus i € C' ~\ {r}, and consequently

(43) 6?7’5(0 ~ {T}; 17.7) = Coi—i—pj+j [X(ajmi—l] + Toi - Tuj]-
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On the other hand, since d <i<r—1and j > r, we have
oo=A—p)i=c—1 (since (i,c¢) € p and (i,c—1) ¢ p)
. (since (r,c) € A\/p)
-
Therefore X4, x,—1] + T, — 1), is a sum of max{0, k; — 1 — a;} + 0; — p1; variables.
By (42), we have
max{0,k;, — 1l —a;}+o; —p; <j—i+o;—pj =0, —i—pj +7,

which implies (via (15)) that the right hand side of (43) is zero. Thus we obtain (38)
and the proof is completed. O

VoWV

The parallel recurrence relations for ﬁii (Ro) and 5;‘5 (Ro) in Proposition 4.14
can be used to conclude that they are equal.

PrOPOSITION 4.17. Let o, 8 € QPar,,, A\,u € Par, with o < B and p < A\. Let
p =\ w)™ for some 0 <m < |\ | and let Ry € RPP;OW(O"@. Then

o, o8
5>\,5(R0) = R,\,H (RO)'
Proof. We use induction on N = |A/u| — |p|. For the base case, suppose N = 0 so
that p = A/u. Then clearly ﬁi:i(Ro) = wt(Rp) and, by Lemma 4.9,

EVT(Ro) = Wh(Ro) B PR (C(p)) = Wh(Ro).

For the inductive step let 0 < N < |\/u| and assume the assertion for N — 1. Since
p # A p, we can find (r,¢) € A/p such that p = {(i,5) € A/p: (i,5) < (r,¢)}. By
Proposition 4.14 and the induction hypothesis, we obtain

Br B
o a —=a,B —=a,B
EVI(Ro) =D EVI(RoU{k}) =D Ry, (RoU {k}) = Ry, (Ro),
k=a k=a

where a and B are given as in Proposition 4.14. Hence the assertion still holds for N
and the proof follows by induction. O

Now we are ready to prove Theorem 3.2, which can be restated as follows.

THEOREM 4.18. Let o, f € N™ and p, A € Par,,. If oy < ajy1 + 1 and 5; < Biv1 + 1
whenever p; < Aiy1, then

(44) By =R (@).
Proof. We will successively reduce the cases so that we eventually have the assump-
tions «, 8 € QPar,, a < 8 and p < A in Proposition 4.17. For a diagram o, we
denote by (o) the diagram obtained by translating ¢ down by one row, so that
§¥(o) = {(i + k,7) : (i,j) € o} for all k > 0. Note that there is a canonical bijec-
tion between the RPPs R of shape o and the RPPs R’ of shape 6*(o), and that this
bijection satisfies wt(R') = wt(R).

If u Z A, both sides of the equation (44) are zero by Lemma 4.10 and the definition
of ﬁi‘f(@) Hence we may assume pu C A. Thus, either A\ = i for some 1 < k < n,
or i < A

Suppose that Ay = ug for some 1 < k < n. Then, for k <i<nand 1< j <k,
since \; =% —p; +j < Ay —k — pp + k = 0 and the equality holds if and only if
i =7 =k, we have

6335(7;7]’) = e)\i*i*/ij“’j[X(O‘j»ﬁi] + TAifl - Tuj] = X(i =j= k)
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By Lemma 4.6 this shows that

B pa® gm _o@ 3>
By = E;<1)7,t<1> f\y@),mz)’
where YV = (y1,...,7_1) and ¥® = (yp41,...,7,) for each v € {a, B, A, u}. Since
the skew shape \/p is the disjoint union of AV /) and 6*(A\(?) /() the definition
of ﬁifj(C) immediately gives
0. 0. 0. ol ph  sal® g2
Ry (2) = Rim,ym(@)R?Ie(,\u»,sk(#(z))(@) =Ram ) (B)Ra@ e (D).
Hence, by induction, it suffices to consider the case u < A.
Suppose that there is an integer k € [n — 1] such that g > Ap41. Then we have
—a,B —a,B —a,B —a® g1 —a(® 32
R)\’# (@) = R)\(n’”u) (@)Rtgk()\(2})’5k(ﬂ(2))(g) = R)\(l)’u(l) (Q)R)\@),M(z) (@)
since the skew shape A/u is the disjoint union of A /u™) and 6*(A\?) /() where
’7(1) = (’71, O 7’7k) and 7(2) = (’Yk+17 v a’}/n) for each v e {aaﬁv)‘nu’}' Forall k+1 <

1 <nand1<j<k, we have eif(i,j) = 0 because

Ni—i—pj+7 < Apy1 — (B+1) —pup+k<O0.
By Lemma 4.5, this shows that

W g
af _ ot B
Ey, =FE

@ 5@
N By ’

OMICE
Thus, by induction, we may assume that py < gy for all k& € [n — 1]. In this case
by assumption we have «, € QPar,,.

Suppose now that ayp > P for some 1 < k& < n. Then by Lemma 4.11 we have
Efff = 0. Again, by definition, ﬁif (@)=0.

The remaining case is that 4 < A and « < 5. This is done in Proposition 4.17 with
Ry = @ and the proof is completed. O

Finally we show that Theorems 3.1 and 3.2 are equivalent.

PRrROPOSITION 4.19. Let o, 5 € N™ and p, A € Par,,. Then

det (ez\i—uj—i+j(xaj+17 s LBy, tuj-i-l) N tk'i_l))lgi,jgn

= det (ex,—p;—it+4[X(ay.5] + Tri-1 — Tuj])1<i,j<n :

Proof. If p & A, both sides of the equation are zero by the same argument as in
the proof of Lemma 4.10. Hence we may assume that 4 C A. Let A and B be the
matrices in the left hand side and in the right hand side respectively. We investigate the
contribution of the (i, j)-entries A; ; and B; ; in the determinants when A; ; # B; ;.

Suppose Ai,j 7& Bi,j- Since i < Ai implies A’i,j = Bi,j; we must have \; < -
Note that A\; < p; < Aj. If Ay < Ay, then ¢ > j and A\; — p; — i+ j < 0, which implies
Aij = B;; = 0, a contradiction. Thus we must have A\; = X;. Since A\; < p; < A,
we also have p; = A;. We now use an argument in the proof of Theorem 4.18. For
j<r<nand1<s<j,since A\, —pus —74+5 < Aj —p; —j+ 7 =0 and the equality
holds if and only if r = s = j, we have

A s =B, =x(r=s=17j).

Therefore, by the second claim of Lemma 4.6, each nonzero term in the expansion of
det(A) and det(B) must contain the (4, j) entry, which is 1 for both matrices. Thus if
A ;j # B; j, these entries A; ; and B; ; do not contribute to the determinants, which
implies det(A) = det(B). O

Theorem 3.1 now follows from Theorem 3.2 and Proposition 4.19.
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5. A PROOF OF THE JACOBI-TRUDI FORMULA FOR g;‘}z(a’ﬂ )
In this section we prove the Jacobi—Trudi formula for §§\c7;(°"5) in Theorem 3.4. The

proof is similar to (but not exactly the same as) that in the previous section.
We use the notation in Definitions 4.1 and 4.2 from the previous section. The
notation below will also be used throughout this section.

DEFINITION 5.1. For o, 3, u, A € N* C C [n], and 1 < i,j < n, define
WS (0,5) = ha,—impy+i[X(ay.5 + Tim1 — Tj1],
R d) = xlay < BIRIGL9),
i = {5400 Tiec
a6 d), ifieC,
Hy 1 (C) = det (hS1(Ch0,5))

SKVAS
a,B _ pro.B
HA,u - HA,M (@),
78 ,
Hy, = H3l ().
Ifuch p=0\/w™, and Ry € RPP;OW(O"B), we define
a 70, B(Ro,B)
(45) H (o) = wi(Ro)Hy "
Note that in the definition of "HK‘S (Rp), we used H instead of H. Using the notation
above, Theorem 3.4 can be rewritten as
3 = R (9):
We will show that both sides of the above equation satisfy the same recurrence rela-
tion.

5.1. TECHNICAL LEMMAS. In this subsection we give a list of lemmas that will be
used to prove Theorem 3.4.

Let RPar,, denote the set of & € N™ such that o; < a4 for all ¢ € [n — 1]. Note
that if & € RPar, and 1 <7 < j < n, then a; < ;. Clearly, RPar,, C QPar,,, where
QPar,, is defined as in Section 4.

LEMMA 5.2. Let Z be any formal power series with integer coefficients and let z be a
(single) variable. Then, for any integer k,

hk[Z] = hk[Z — Z] + th_l[Z].
Proof. Since hy(xz) = 0 for k < 0 and ho(z) = 1, the equation holds for & < 0. For
k> 1, by (12), we have

k
hilZ — 21 = (—1)'ei(2)hn—i[Z] = hi[Z] — 2hi_1[ 2],
=0
which is equivalent to the equation in the lemma. O

LEMMA 5.3. Let i, j, k be positive integers such that j >t and k > j —i. Then
hi[Ti—1 —Tj—1] = 0.
Proof. By the property (10) of the plethystic substitution, we have
h[Tio1 — Tj_1] = hy[—t; —tivs — - —tj_1] = (=D Fex(ti, tizr, ..., tj_1) =0,
as desired. O
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LEMMA 5.4. Let o, 8 € N, p € Pary,, and C C [n]. If a« < 3, then
H*P(C) =1.

i

Proof. This can be proved by the same argument as in the proof of Lemma 4.9. Note
that we need the condition o < f to ensure that the (i,7) entry

Blor i 7)) — ) ) B 4
h/O,L(’/,L(C7 2 Z) - X(al < Bl)h’/oj,u (Zv ’L)
is 1 forie C. d
LEMMA 5.5. Let ., 8 € N* and A\, u € Par,,. If u € A, then for any C C [n],
HYP(C) = 0.
Proof. This can be proved by the same argument as in the proof of Lemma 4.10. O

LEMMA 5.6. Let o, 8 € RPar,, and u, A € Par,,. Suppose that ap > Br and pr < Ak
for some 1 < k < n. Then for any C C [n],

H‘;f (C) = 0.

Proof. Since hi’f(C; i,7) is a multiple of hif(i,j), by Lemma, 4.4, it suffices to show

hi’ﬁ(i,j) = 0 assuming 1 < i < k and k < j < n. From o, 3 € RPar,, we obtain
aj = o = P 2 Pi, 80 X(qa, 5, = 0. Because of this, and of
Ni— U=+ J 2 e — g —i+7>]—1,
by Lemma 5.3,
WS (0,5) = hay—iepy+i[X(ay.5 + Timt = Tj—1] = ha,—impy+i[Tic1 — Tj1] =0,

as desired. O

LEMMA 5.7. Let o € RPar,,, § € N", u € Par,, and A € N”. Suppose that there is an
integer 1 < k < n such that ay, < By, and pr, < X\,. Then for any subset C' C [n] with
k € C, we have
H3(C) = HY(C S (k).
Proof. Tt is sufficient to show that for all 1 < j < n,
(46) WS (Cik. §) = B3 (C S R}k, ).
For a contradiction suppose that (46) does not hold for some 1 < j < n. Since
W3 (k. 3) = Xl < B)hS (k. ),
B (O~ (kY k. §) = W5 (k. ),

we must have x(co; < i) = 0, or equivalently, 8 < «;. Then by assumption we have
ax < Br < o, which implies k < j (since a € RPary,). Thus

Me—k—pj+j>2 M —k—pp+j>35—k
By Lemma 5.3,

Sk, §) = Pix— ks 451X (.80 + Th1 = Tjm1] = hag—k—puy 4 [Tho1 — Tj—1] = 0.
But this implies that both sides of (46) are zero, a contradiction. Therefore (46) is
true for all 1 < j < n, which completes the proof. O
LEMMA 5.8. Let o € RPar,,, 5 € N*, and u, A € Par,, with a < 8 and p < \. Then,
for any C'C [n],

H3(C) = HL
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Proof. We claim that, if £ € C, then
HYP(C) = HYP(C N A{k)).

By assumption we have ay, < S and pur < Ag. Thus the claim follows from Lemma 5.7.
Applying the claim iteratively yields the desired result. O

LEMMA 5.9. Let o € RPar,, f € N*, u € Par,, and A\ € N". Suppose that k is an
integer satisfying ay, < Br and pr < A\i. Then

——=a,f—ep ——=a, .

Fi”@’ _ H?\‘)u €k +x,@kH§*€k,M’ ) if ap +1 < B,
) — €L 74, .

P\ ETT () N AR + 2p, HY L if ok + 1= B

Proof. We first claim that, for all 1 < j < n,

. —€ . —a,f .
(47) WSk, §) = B~ (ky §) + 2, Ry, (K, ).
The claim is restated as
hoag—k—pi+ilX (a8 + Tho1 = Tja] = P+ Xy 8-1) + Thm1 = Tji]
+ 2, X (0 < Br)ha,—k—p;+i—1[X (0,80 + Tho—1 — Tj-1]-

If a; > B, both sides of the above equation are equal to hx, —g—p;+5(Tk—1 — Tj—1]. If
a;j < B, the equation follows from Lemma 5.2 with Z = X(,, 5,] + Tk—1 — Tj—1 and
z = xg,. This establishes (47).

By Lemma 5.7 and (47),

(48)  Hyy = Hy (o) = S ([n] ~ {k}) = H ™ (] ~ {BY) + 05,50,

where the last equality follows from the linearity of the determinant in its kth row.
This shows the lemma for the case ap + 1 = k. If ap + 1 < Bi, Lemma 5.7 gives

a,B—eg a,B—eg FFoB—€
HY o ()~ {kY) = H3 = (o)) = HY, ™
which together with (48) finishes the proof. O

LEMMA 5.10. Let o, B, u, A € N™, and 2 < k < n with B = Bk—1 and A\p = A\p_1 + 1.
Then

7,8 w7o,8
H)\,l»b = tk*lH}\*Gk,/f
Proof. We claim that, for all 1 < j < n,
o, B . o, . o, .
(49) h)\,;L (k7.7) = h)\,,u(k - ]-3.7) + tk—lh)\—ek,p(kvj)'
To prove the claim, since x(a; < Bi) = x(a; < Br—1), it suffices to show that
Pk =31 X 0.8 + To1 = Tjma] = by~ (k1) =451 X 0y 1] + T2 = Tjia]
+te—1hae—k—p;+i—1[X(a; 8] + Th—1 — Tj-1],
which is, by assumption, the same as
hoe—k—p;+i[X(ay.800 + Tho1 = Tjo1] = hxg—k—pu; 451X (0,80 + Th2 — Tj-1]
+te—1hae—k—p;+i—1X(a; 8] + Tho1 — Tj-1]-

This follows from Lemma 5.2 with Z = X(aj,ﬂk] +Tp—1 —Tj—1 and z = tg_1.
Using (49) and subtracting the (k — 1)st row from the kth row of the matrix for

the determinant ﬁif we obtain the lemma. O
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5.2. PROOF OF THEOREM 3.4. We first show that R;"f(Ro) and Hf’g(Ro) satisfy
the same recurrence relation under certain conditions.

ProrosiTION 5.11. Let o, 8 € RPar,, A\,u € Par, with o« < § and p < \. Fix
(r,c) € AM/p and Ry € RPP;OW(a’ﬁ), where p is the set of cells (i,j) € A/ p with

(i,7) < (r,c). Let E: (B, .- ,En) = B(Ro, ). Then

Br

(50) RYO(Ro) =Y RYI(Ry U {k}),
k=a
B

(51) HYO(Ro) =Y HSP (Ro U {K}),
k=a

where Ry U {k} is the RPP obtained from Ro by adding the cell (r,c) with entry k,
and

grflv Zf (7’—170) €p and Erfl >ar+]—7
a =
a, + 1, otherwise.

Proof. The first identity (50) is immediate from the definition of R?\f(RO) For the
second identity (51),let C = C(p) ={1 <i<n:p; >0} and
s — {Er—§r1+1, if (r—1,¢) € p and Er,l >a, +1,

Er — ay, otherwise.
Note that 8 € RPar, C QPar, and §,_1 < f,; thus, (30) yields s > 1. Further-
more, (31) yields 8, —s > a, > 0, thus 8 — se, € N™. Finally, A— p € N®. We consider
the two cases in the definition of s.

CaseE 1. (r —1,¢) € p and Br_l > o + 1. Then s = Er — Br_l + 1. Therefore, for
0<t<s—2, we have

(B_ier)rzgr_i>gr_(3_1) :Birfl >ar+1-
Note that since (r,c) € (A/u)—p, we have (A—p), > p,. Thus we can apply Lemma 5.9

a,B—i€,

repeatedly to FA_ML yfor0<i<s—2:

—a,B —a,f—c, —a.B
HyZpp=Hy_py + xETH/\—p—smw
—a,f—er a,f-26, —a,f—er

Hy"\py =Hx"p, +IET71H>\—/)—6T,W

—a,g7(872)e7v . —a,gf(sfl)e,, —a,Ef(572)e,.
Hy"\ =H\ "y, + T3 _(s—2)HA—p—er.pn
Combining the above equations gives
~ ~ s—2 ~
—=a, iayﬂ_(s_l)er —a,B—ie,
(52) B =HY +y @z JHLCC L
i=0

Note that if s = 1, then (52) is trivial. Since (r — 1,¢) € p, by the construction of p
we have (A — p), = (A — p)r—1 + 1. Since

(E_ (S - 1)67’)7" = g’r - (5 - 1) = Brfl = (g_ (S - 1)67‘)r717
Lemma 5.10 gives

a,gf(sfl)e,.

—a,gf(sfl)er
A—p,p =t Hy—,

—E€r [

(53) H
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By (52) and (53) we obtain
~ ~ s—2

—a,f —a,B—(s—1)e, —a,gfier
(54) Hy" =t~ +ngr—iH>\—p—er,u'

—eryp
i=0
Since 8 = B(Ry, 8), we can rewrite (45) as

HS (Ro) = wi(Ro HY 1
Since
tr—1 wt(Ro) = wt(Ro U{B,—1}) = wt(Ro U{B, — (s — 1)}),
mET—z'Wt(RO) = wt(Ro U {B, — i}) for 0 <i<s—2,
multiplying both sides of (54) by wt(Ry) gives

|
-

s—1 ~ s
a ~ AN, B—E, o ~ .
HYO(Ro) =Y wt(Ro U {B, —iHY ' =Y HYP (R U{B, —i}),

1=0 3

Il
=

where the last equality follows from E —ie, = B(RoU{ ET —i},8). The above equation
is the same as (51).

CaASE 2. (r—1,¢) € p or Er—l < o, + 1. Then s = Br — ;. As in Case 1 we have
(A=p)r > pr, and, for 0 <7 < s — 1,

(E_ier)r:Er_iEEr_(S_:l):a'f"i_la
where the equality holds if and only if ¢ = s — 1. Thus we can apply Lemma 5.9
repeatedly to Fi;ﬁ;fr, for0<i<s—1:

B e, o
HyZpp=HyZpy + mng/\_P_Ervl'“

Fo.B—er _ Zz7a,f—2er o B—er

HyZpy =Hxpp +J’1ET—1H/\—/J—6TW

—Q,E7(572)6T B —a,Ef(sfl)er —a,g—(s—z)gr
H/\—p,u - H/\—p,u + xﬁr—(s—z)HA—p—emu ’
—a,B—(s—1)er F—se, B (s—1)er
Hk—p,u = H;—ﬁmfe ([n] A {r}) + xﬁr—(sfl)HA—p—er,u :

Lemma 5.12 below shows Hg"_ﬁ;:e"([n] ~ {r}) = 0. Thus, combining the above equa-
tions, we obtain

~ s—1 ~
—a, 3 —a,B—ie,
HyZpy = Z xET—iH/\—p—mu'
i=0
Observe that, for 0 < ¢ < s — 1, we have Ty _Wt(Ro) = wt(Ro U (B —i})
(because we have (r —1,¢) & por By < ar+1 = B, — (s —1) < B, — i) and

5— ie, = B(RoU {,@ — i}, 8). Thus, similarly to the argument in Case 1, multiplying
both sides of the above equation by wt(Rg) gives

s—1
H(Ro) = DM (Ro U {By — i}),
i=0

which is the same as (51). This completes the proof. O

We now prove a statement used in the proof of Proposition 5.11.
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LEMMA 5.12. Following the notation in Proposition 5.11, suppose (r — 1,¢) ¢ p or
Br_1 < a4+ 1, and let s = B — a,.. Then we have

(55) HP e (fn]  {r}) = 0.

Proof. We proceed similarly as in the proof of Lemma 4.16. Let d be the integer such
that (d,c) € A/ and (d —1,¢) ¢ A/, see Figure 4. Then 1 < d < 7. Let kK = 5 — se,
and 0 = \ — p, so that

H s (]~ A{r}) = Her (0] s {r}) = det(hgi([n] ~ {r}sd )i <osn-
By the same argument as in the proof of (37) we have
HZi([n] ~ A{r}) = det(hg i ([n] ~ {r}; 6, ))1<ij<a— det(hg i ([n] ~ {r}54, 5))aci j<n-
Therefore, it suffices to show that
det(hg i ([n] ~ {r};d,7))a<ij<n = 0.

By Lemma 4.4, in order to show the above equation it is enough to show that, for all
d<i<randr<j<n,
(56) hgu(ln] ~A{r};i,j) = 0.
By Definition 5.1 we have
hoi—ipi X, v+ Tic1 — T 1], if i =r,
(] {riing) = { "ot K T =T e
’ x(aj < Ki)ho,—imp+i[ Xy m) + Tic1 — Tjal], ifi#r.

Suppose i = r and r < j < n. Then the above equation becomes
hg‘ﬁ([n] N {T}§ r,j) = hm—T—uj-i-j [X(aj,nr] +Tr—1 — Tj—l]-
Since Kk, = (B — 8€.)p = B} — s = a, < «j, this equation can be further simplified to
(57) hgi(n] ~Arysr ) = ho, —r—p; 51T -1 = Tj-1].
Since (r,c) € p, we have
or=A=p)r > pr > Hgs
which implies
Op =T —lj+j>j5—T.
Thus, Lemma 5.3 gives
(58) R, —r—p;+; [Tr—1 = Tja] = 0.
By (57) and (58) we obtain (56) for i = r and r < j < n.
It remains to prove (56) for d < i < r — 1 and r < j < n. In this case,
h i ([n] ~Ar}si,g) = x(oy < Ki)ho,—impy 451X (0, m) + Tica — Tja]-
Thus it suffices to show that x; < ;. Since d < r—1 < r, we have (r—1,c) € p. Then
by assumption in this lemma, £,._1 < a, + 1. Since d < i < r — 1, we have (i,c¢) € p;
in view of (i,c— 1) ¢ p, this leads to 8; = Ro(i,¢), and similarly 8,_1 = Ro(r — 1, ¢).
Therefore
ki = (B —s€.)i = Bi = Ro(i,¢) < Ro(r —1,¢) = Br1 < ap + 1< a; +1

(since o € RPary,), which shows k; < o, as desired. U

The fact that R(l\ljg(RO) and Hi\”f(Ro) satisfy the same recurrence relation can be

used to show that they are equal.
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ProPOSITION 5.13. Let «, 3 € RPar,, \,p € Par,, with o« <  and p < X. Let
p =N )™ for some 0 <m < |\ | and let Ry € RPP;OW(O"B). Then

H,\’B(Ro) R(,\X,’,[j(Ro)-

Proof. This can be proved by the same argument as in the proof of Proposition 4.17
where we use Lemma 5.4 and Proposition 5.11 in place of Lemma 4.9 and Proposi-
tion 4.14, respectively. U

Now we are ready to prove Theorem 3.4, which can be restated as follows.

THEOREM b.14. Let o, f € N™ and p, A € Pary,. If o; < a1 and B; < PBi11 whenever
i < A1+1; then
HYE =R (2).

Proof. As we did in the proof of Theorem 4.18 we will successively reduce the cases
so that we eventually have the assumptions «, § € RPar,,, « < f and p < X in Propo-
sition 5.13. For a diagram o, we denote by (o) the diagram obtained by translating
o down by one row, so that 6*(o) = {(i + k,j) : (i,5) € o} for all k > 0. Let ¢ be
the shifting operator on Q[[z1,xa,...,t1,%ts,...]] replacing each variable t; by t;41.
Then ¢* is an algebra homomorphism and it sends T;_; — Ti—1 t0 Tigp—1 — Tjn—1
for all positive integers i, j, k. Note that there is a canonical bijection between the
RPPs R of shape o and the RPPs R’ of shape 6*(c), and that this bijection satisfies
wt(R') = ¢*(wt(R)).

If 4 € A, both sides are zero by Lemma 5.5 and the definition of ’Ri‘ﬁ(@) Hence
we may assume y C \. Thus, either A\ = g for some 1 < k< n, or p < .

Suppose that A\ = Mk for some 1 < k < n. Then for k <i<nand 1< j <k, we
have \; —¢ — pj + 7 < A — k — i + k& = 0, where the equality holds if and only if
it =7 = k. Thus

h?{:ﬁ(’;j) = h)\ri—i—ﬂj"l‘j[X(aj’Bi] +Ti1 — Tj—l] =x(i=j=k).
By Lemma 4.6, this implies

M M @) 5@
a,f B Lk B
HY, = Hyg, T @ ( <2),u<2>) J

where ’y(l) = (717 s 77]671) and 7(2) = (’Yk+17 s 77774) for each 7€ {067 57 )‘u :u’} The
definition of Ri’g () immediately gives
Q, , a, oM g k a(2)’ (2)
REI@) =Ry L PIRG yon gion (@) = Ry sy (2)6° (RS ) (99)
because \/p is the disjoint union of AV /() and 6*(A\(?) /(). Hence, by induction,
it suffices to consider the case pu < A.
Suppose that there is an integer k € [n — 1] such that g > Ap41. Then we have

o, a,B o,B a(l), (1) k 04(2), (2)

R,\,u (@) = RA(l)“u(l)(@)ng()\(z)) 5k(#(2))( ) Rk(l),fj(l) (®)¢ (R)\@),i(z) (®)> 9
where v = (y1,...,7%) and v = (3x41,...,7,) for each v € {a, 8, \, u}, because
A is the disjoint union of AV /(M) and 6%*(A®) /u?). For all k4+1 < i < n and
1< j <k, we have hi’ﬁ(i,j) = 0 because

ANi—t—pi+7< A1 —(k+1) — e+ £ <O.

By Lemma 4.5, this implies

JRCOIPIEY @ g
a,f B k B
Hy = ,\(1) ey ¢ ( ,\<z>,“<2>) :
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Thus, by induction, we may assume pg < Ap41 for all k& € [n — 1]. In this case by
assumption we have «, 8 € RPar,.
Suppose that ap > i for some 1 < k < n. Then by Lemma 5.6 with C' = @ we
have Hff = 0. Again, by definition, Ri‘f(@) =0.
The remaining case is that a,f € RPar,, p < A, and @ < . In this case, by
Lemma 5.8 and Proposition 5.13,
H = Hy () = B = 1 (2) = R2),

N Ap

which completes the proof. O
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