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Grothendieck polynomials

and the boson-fermion correspondence

Shinsuke Iwao

ABSTRACT In this paper we study algebraic and combinatorial properties of symmetric
Grothendieck polynomials and their dual polynomials by means of the boson-fermion corre-
spondence. We show that these symmetric functions can be expressed as a vacuum expectation
value of some operator that is written in terms of free-fermions. By using the free-fermionic
expressions, we obtain alternative proofs of determinantal formulas and Pieri type formulas.

1. INTRODUCTION

Grothendieck polynomials [13, 14] are K-theoretic versions of Schubert polynomials
that represent a Schubert variety in the K-theory of the flag variety. If it represents
a Schubert class indexed by a Grassmannian permutation [2] (see also [5, § 10.6]),
a Grothendieck polynomial is a symmetric polynomial in finitely many variables.
Such symmetric Grothendieck polynomials are seen as K-theoretic analogs of Schur
polynomials [16].

Let A = (A1 = --- = A¢ > 0) be a partition of a natural number, and 5 be a
parameter. A (8-) Grothendieck polynomial™ Gy (z1,...,x,) (£ < n) is a symmetric
polynomial in 21, ..., z, that is expressed as follows [7, 11, 22]:

det (mf‘ﬁn*g(l + 5xi)j_1>

1<i,j<n

(1) G,\($1,...,[En) =

H1<i<j<n(xi — )

There also exists the Jacobi-Trudi type identity [11, 15]:

oo .
1—1
(2)  Galar,...,zp) =det | > ( . )Wmiiﬂ-m(m, ) 7
m=0 1<i,j<n
where h;(x1,...,2,) is the i-th complete symmetric polynomial.

Recently, many authors have been studying connections between these “K-
theoretic polynomials” and the theory of classical/quantum integrable systems.
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(D The polynomial Gy (z1,...,2Zy) is usually called the B-Grothendieck polynomial, which is a
deformation of the ordinary Grothendieck polynomial introduced by Fomin—Kirillov [4]. The 8-
Grothendieck polynomial reduces to the Schur polynomial sy(z1,...,2Z,) when 8 = 0, and to the
ordinary Grothendieck polynomial when 8 = —1. We will drop the term “3-” throughout the paper
to simplify the notation.
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In [18, 19], Motegi—Sakai showed that Grothendieck polynomials (and their gener-
alizations) are derived from calculations of a wave function of quantum integrable
systems such as TASEP and melting crystals. Nagai and the author of this paper [§]
have reported that some class of dual stable Grothendieck polynomials are natu-
rally obtained from tau functions of the relativistic Toda equation with unipotent
eigenvalues.

The purpose of this paper is to present a new characterization of G (z1,...,z,) by
means of the boson-fermion correspondence (see, for example, [9, 10]), which is a pow-
erful algebraic tool in various fields such as symmetric polynomial theory, mathemati-
cal physics, integrable systems, etc. We show that the stable symmetric Grothendieck
polynomial Gy(z1,xo,...), that is, an infinite series of symmetric functions with
Ga(z1,...,20,0,0,...) = Ga(x1,...,2,), can be expressed as a vacuum expecta-
tion value of some operator given in terms of free-fermions (Theorem 3.7). By using
this expression, we derive a similar characterization of the dual stable Grothendieck
polynomial (Section 4).

As an application of our presentation, we give new proofs of the following results,
which have been given by previous researches:

(1) “Another” determinantal formula for Grothendieck polynomials (Proposi-
tion 3.9). This is a special case of the results by Hudson-Tkeda—Matsumura—
Naruse [6].

(2) A determinantal formula for dual stable Grothendieck polynomials (Proposi-
tion 4.4), which was originally given by [12, 21].

(3) Ga(z) expansion of symmetric polynomials of the form s)(x)G,(x) (Propo-
sition 5.7).

(4) Pieri type formulas for dual stable Grothendieck polynomials (Section 6).
Ttems (3—4) are special cases of the results given by Yeliussizov [22].

1.1. ORGANIZATION OF THE PAPER. In Section 2, we first give a brief review of the
theory of free fermions (§ 2.1-§ 2.3). Then we introduce two new operators €® and e’
and some simple lemmas in § 2.4. In Section 3, we present a free-fermionic presenta-
tion of stable Grothendieck polynomials. For this, it is useful to consider a symmetric
function G%(x) (§ 3.1), which is “sufficiently near” to the Grothendieck polynomial

Ga(z1,...,2,) (see Proposition 3.1). We discuss the “stable limit” of the sequence
Gi(z),G3(x),. ... Since the sequence itself is not stable, the limit “ lim G%(z)” fails
r—00

to be contained in A, the ring of symmetric functions. However, the limit will be
defined properly in some completed space A D A (see § 3.2). We show that the limit
lim G%(z) is expressed as a vacuum expectation value of a certain operator writ-
r—00

ten in free-fermions, and is equal to the stable Grothendieck polynomial. “Another”
determinantal formula for the stable Grothendieck polynomials is shown in § 3.5. In
Section 4, we obtain a similar free-fermionic presentation of dual stable Grothendieck
polynomials. Their determinantal formula is also given (§ 4.3).

In Sections 5 and 6, we discuss Pieri type formulas for K-theoretic polyno-
mials. By using our free-fermionic presentations, we define an action of non-
commutative Schur polynomials [3] on the dense linear subspace of A spanned by
{Gx(z)| A : partition}. We also define their action on the subspace spanned by the
family {gx(z) | A : partition}, where gx(z) is the dual stable Grothendieck polynomial.
As a result, we derive the G\(z) expansion of symmetric polynomials of the form
sx(x)G,(z) (Proposition 5.7) and Pieri type formulas for dual stable Grothendieck
polynomials (Section 6).
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2. FREE FERMIONS

2.1. PRELIMINARIES. Let k be a field of characteristic 0. (We will put £ = C(5) in
the sequel.) We consider a k-algebra A generated by free fermions i,, ¥} (n € Z)
with the following anti-commutative relations:

3) [Yms Yl = [V Ynle =0, [Wms ¥3]4 = o,

where [A, B]y = AB + BA.
Let |0), (0] be vacuum vectors that satisfy

Ym|0) =92 |0) =0, (O¢, = (Of¢;, =0, m <0, n>0.
The Fock space (over k) is the k-space F that is generated by vectors of the form

(4)

wn1¢n2 T "/}nﬂbmlw;ng T /w';kns
We also consider the k-space F* that is generated by vectors
(5)

O, = Vmy Oy by - bp, s (1820, np > >np 20> mg > - >myq).

The vectors of the form (4) are linearly independent over k. This fact can be checked
by identifying F with an infinite wedge presentation of a Clifford algebra [10, § 4 and
§ 5.2]. See Remark 2.1 below. Similarly, the vectors of the form (5) are proved to be
linearly independent.

Using the anti-commutative relations (3) repeatedly, we find |v) € F = ¢, |v) € F
and ¢} |v) € F. Hence F is a left A-module. We can also check that F* is a right
A-module.

REMARK 2.1.Let V = @,., k - v; be a k-space with a fixed basis {v;|i € Z} and
AV be the infinite wedge space. For m € Z, consider the subspace F(m) < AV
generated by all vectors of the form

0), (ms=20,n>-->n.20>mg>--->my).

(6) Vig NVjyg Nvv- (i1>i2>~-~,ik:—k+mf0rk>>1).
Set F':= D,,cz F(™) We can define the actions of ¥, on F [10, § 5.2] by

1/)]'(111‘1 /\'Uig /\"'):’Uj/\vi1 /\’L)i2 AR )
w;(vil A Vi, AR ) = f(Uil)'Uig A Vig A Viy N — f(’l)iQ)”Uil A Vig A Vi, AR

+ f(vis)vh NV NV Nove = ’
where f : V — k is the k-linear map that sends v; — 1 and v — 0 (¢ # j). We
can check that they satisfy the relation (3). By sending the vacuum vector |0) to the
element v_1 Av_o Av_gA--- € F, we obtain a left A-module homomorphism F — F,
which is in fact an isomorphism. Rigorous statements and proofs of these facts can be

found in the textbooks [10, § 5] and [17, § 4]. The review article [1, § 2] by Alexandrov
and Zabrobin is helpful to understand the free-fermion formalism.

(7)

For an integer m, we define the shifted vacuum vectors |m) € F and (m| € F* by
m) = {¢m_1wm_2 e 1[0), m >0,
Yo PT94[0),  m <0,
and
<m:{mwwuw%$ m >0,
Olp-19—2...%Ym, m<O.
We define an anti-algebra involution on 4 by

A= A Y, oY),

Algebraic Combinatorics, Vol. 3 #5 (2020) 1025
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that is, a k-linear isomorphism with (ab)* = b*a* and (a*)* = a. Further, we have an
isomorphism of k-spaces
w:F—=F", X|0)— (0| X"
The vacuum expectation value is the unique k-bilinear map
FrawF =k, (w @)= (w)

that is determined by (0]0) = 1, ((wlgu)lo) = (w|(ule)), and ((wlg:)lv) =
(w](¥k|v)). For any expression X, we write (w|X|v) := ((w]|X)|v) = (w|(|X]|v)). The
expectation value (0]X|0) is often abbreviated as (X).

REMARK 2.2. The existence of the vacuum expectation value can be checked by using
the infinite wedge presentation as follows. Let (+,) be the non-degenerate symmetric
Ek-bilinear form on F where the set of vectors (6) are orthonormal. From (7), we have

(s|v), Jw)) = (Jv),¥}|w)), which means t; and 1} are adjoint to each other. The
vacuum expectation value is defined by (w|v) := (w(|w)), |v)).

2.2. WICK’S THEOREM. In many cases, vacuum expectation values can be calculated
by using the following Wick’s theorem.

THEOREM 2.3 (Wick’s theorem (see [1, § 2], [17, Exercise 4.2])). Let {my,...,m;}

and {ni,...,n.} be sets of integers. Then we have
(Umy = om, g, ey, ) = det (W, ))1<i o
For sets of integers m = {mq,...,m.}, n = {ny,...,ns} with my > --- > m,,
ny > -+ > ng, we write

1, r=sand m; =n, for all 7,
5m,n = .
0, otherwise.

COROLLARY 2.4. Let m = {mq,...,m,},n = {ny,...,ns} be sets of integers with
my>--->m.>—r andng > --->ng > —s. Then,

(=rltom, - Yy ny -+ Un,

2.3. THE BOSON-FERMION CORRESPONDENCE. Let : e : be the normal ordering
(see [1, § 2], [17, § 5.2]) of free-fermions defined as follows: all annihilation opera-
tors (¢ (m < 0) and ¢ (n > 0)) are moved to the right, and an appropriate sign
factor (1) is multiplied. For example, we have : Y19} := 197 and : Y71 = —ip197.

For m € Z, we define an operator a,, as am = Y .y ° Uk¥iyy, - on F. The
operator a,, satisfies the following commutative relations

—8) =Omn-

(8) [am; an] = m(Sern,Oa [am7 "/}n] = ¢n7m7 [ama 1/}:1] = —¢Z+m7

where [A, B] = AB — BA. For proofs of these facts, see [17, § 5.3]. We also note that,
if |v) +> (w| under the involution w, we have a,|v) <> (w|a_,.
Let x1,x9,... be formal independent variables. We set

H(z) = Z pnT(iU)am pn(z) = ¥ + 25 + -+, (the n-th power sum),
n>0

which satisfies the commutative relation
9) @y, = (Z hi<x)wni> ),
i=0

where h;(x) (i € Zxo) is the i-th complete symmetric function.

Algebraic Combinatorics, Vol. 3 #5 (2020) 1026
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THEOREM 2.5 ([17, Lemma 9.5] (also see [10, Theorem 6.1])). Let A = (Ay = -+ >
Ae > 0) be a partition of length €. We set Apy1 = Mpg2 ==X\ =0 forr > L. Then
we have

sa(@) = (01 pn, 19ha, g - tha,—r| = 7) = detlhn—ivj(@)1<ij<rs
where sy(x) is the Schur function.

2.4. OPERATORS €® AND €. Let v(2) and 1*(z) be the generating functions of v,
and %} with a formal variable z:

=D Pz, WT(2) =) U

neEZ nezZ

Note that [an,¥(z)] = 2™ (2) and [an, P*(2)] = —z~ ™" ().
We now introduce two important operators

2 3 2 3

@:ﬂa,l—%a,g—i—?a,g—--- and Qzﬁal—%a2+?a3—~--.

Since ,
d
eXY67X =Y + adX Y + M

Y4,
(adx 'Y = [X,Y]), we have the following equations
(10) OP(2)e™® = (14 82"(2),  ePv(z)e™’ = (14 B2)9(2).

We give a list of lemmas that are useful in the following sections.
LEMMA 2.6. €©,e™® = 1, + Bbny1, ePne™ =, + Bip,_1.
LEMMA 2.7. e1@e® =T (14 Ba;) ' - Ol (@),
LEMMA 2.8. efl@(2) = (3070 hi(2)2") ¢(2)ef (@),

Lemmas 2.6-2.8 can be shown from (9-10) by straightforward calculations.
LEMMA 2.9. Form € Z and s > 1, we have

Um—1%Ym 26 - € = Py 1o o™

Proof. We prove the lemma by induction on s > 1. If s = 1, the equation is trivial.
For s > 1, we have by induction hypothesis

Ym—1€ ¢m 2 P se wm s—1€”
= Pm-16° (Vm—2m—3 - .. hm—s—1€°°)
= V-1 (Y2 + Bm—1) Yms + Bbm—z) ... (Ym—s—1 + Bhns)e* TV
Since 2, =2,_5=--- =12 _, =0, the last expression can be rewritten as
Um—1Um—2Pm—3 . - . Ym—s—1eTDE. O
LEMMA 2.10. For m € Z and s > 1, we have
Uim-1€%%m 2% - €€ = (=B) e P16 - 1%y oe®.
Proof. We prove the lemma by induction on s. When s = 1, it follows that
Pm-1€Vm_1€° = € (1 = Bhm + Bbmi1 — - Jm_1€°
€ (=Btm + B2 mi1 — - Ym—1e®
(=B)Yme ¢m—1€®

Algebraic Combinatorics, Vol. 3 #5 (2020) 1027
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from 12, | = 0. For general s, we have

Vm-1€2 16Uy, _e®
= (=B)tm-— 16 “mos-1€ ¢m s—1€ 7/)m s€
= (—B)"tbme® - hm—s—2%m_s_1%9p e
by induction hypothesis. O

COROLLARY 2.11. Set X(n) =
Assumen; —1>2ng—22>--- >

X(n) = (=g X (@),

where Ty = max[nj, njt1, ..., 0., [n| =327 ny, and || = 37_ 7;.

’(/} n1—1€ ¢n2 269 wn 77‘6 fOT‘ n = (n17~~~anr)'
n. — 1. Then the following equation holds:

Similarly, we have:
LEMMA 2.12. For m € Z, it follows that
¢m€_91/)m = (_5)wm6_9wm—l-

Proof. Since Qlfzn =0, we have wmeiedjm = Vm(¥m — BYm-1 + 52wm+2 - )679 =
Um(=Bm-1+ Bmiz — - )e? = (=B)vme P 1. O
)

COROLLARY 2.13. Set x(n) 1= ¥, 1€ %%, 270 ab, e forn = (ny,...,n,).
Assumeny —12ng —2 > --- =2 n, —r. Then the following equation holds:

z(n) = (=) 2 (n),

where n; = min[ny, ..., n;|.

3. STABLE GROTHENDIECK POLYNOMIAL G ()

3.1. DEFINITION OF G%(z). Let A = (A > --- > A¢ > 0) be a partition. For r > ¢,
we put App1 = App2 = -+ = A, = 0. Let G} (z) denote the symmetric function that is
defined by

Gi(x) = (01" @y, 1%y, 2 thy, pe® e =),
This expression is rewritten as
G (2) = (01" Dy, _1e9n, 26 - hr,—0e® g1 €O =)
by using Lemma 2.9.
PROPOSITION 3.1. If {(A\) < n < 7, we have
Ga(z1,...,2n) = G5(21,...,2,,0,0,...).
Proof. Let us consider the generating function
(11) W21,y z0) o= (0[P (21)e%(22)€® -+ p(2,)e® - €70 = 1)

of G5 (2). Set A; = =199 (2,)e= (71O = (14 B2, 1) " 14h(2;). From Wick’s theorem
(Theorem 2.3), it follows that

U(z1,...,2) = (0T A Ay . A — 1) = det((0]e™ ™ Aje @y 10))1<5 <

By substituting e/ A;e=H@) = (14 B2 1)1 (3207 hyn()2)1b(2;), which follows
from Lemma 2.8, we have

U(z1,...,2) =det (1+ Bz ) (oo hm(:c)z?l)<0|¢(zz')¢ij|0>)1<m<r
= det (( + B2 ) T (= hom <$)Z1m)zi_j)1<i

Algebraic Combinatorics, Vol. 3 #5 (2020) 1028
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Comparing the coefficients of zf‘l_lzé\z_z -+~ 2277 on the both sides, we obtain

G5 () = det (i (Z m1> Bmh)\i—i+j+m(:17)>

m=0 1<i j<r
From (2), we have the desired result. O
3.2. THE COMPLETED RING A. Put k = C(B). Let A be the k-algebra of symmetric
functions [16, § 1.2] in z1, 22, . . . . In this section we give a brief review on the completed
ring A D A.

Let M, (n > 1) be the k-subspace of A that is expressed as

N
M, = {ZcAis)\i(x) i N 20, Ap,..., Ay are partitions, ¢y, € k, £()\;) = n, } ,
i=1

where £()) is the length of a partition A. Since M,, D M, 1, an inverse system
A/My — N/My + A/M3 - --

of k-spaces exists. Let A 1= hil(A/Mn) be the inverse limit. Note that there exists a

natural inclusion A — A.

It is convenient to introduce a k-linear topology on A where the family {M,, } =12, ..

forms an open neighborhood base at 0. In terms of this topology, the inclusion A — A
can be viewed as a completion of the topological space A. Note that

fl@) e Myt <= f(z1,...,2,,0,0,...) =0.

Moreover, A is indeed a topological k-algebra, over which the multiplication is also
continuous.

LEMMA 3.2. If ny,...,n. > —r, then (0@, .. .4, | —71) € M,.
Proof. Tt follows from Theorem 2.5. g

Tt is known that there exists a unique element G (z) € K, which is called the stable
Grothendieck polynomial [4], that satisfies the equation
Ga(x1,. .. xpn) = Ga(x1,...,20,0,0,...)
for any n. From Proposition 3.1, we have
(12) Ga(z) — G5(x) € My for any £(A\) <n <y

which implies the fact that ‘Gi(z) and G%(x) are sufficiently near. From (12), by
putting n = r, we have Gx(z) — G (z) € M,41. As a subset of the topological space

A, the sequence G1(z), G2(x),--- € A converges to G (z). We simply write this fact
as

(13) Gi(z) = lim G5 (x).

3.3. REMARKS ON ELEMENTS OF A. We will often interested in symmetric functions
of the form

(14) 01 @ apy, by, €59 — 1)

where r,;s > 0 and mq,...,m, > —r. In general, such symmetric function cannot be
contained in A. If fact, if r = 0 and s = 1, we have

o0 oo

(0l e®j0) = TT(1 + Bz) - (0lePe@]0) = T](1 + Bzs) € A~ A
=1 i=1

Algebraic Combinatorics, Vol. 3 #5 (2020) 1029
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We can check that, if we substitute z,,41 = €42 = --- = 0, this function reduces to
a symmetric polynomial in n variables. The following lemma states that the same is
true for any symmetric function of the form (14).

LEMMA 3.3. Let H(x1,...,2n) = H(x)|¢, 1 =2pp0=.—=0- Then
(15) F@n, o zn) = (0l g, g, €€ = 1)
s a symmetric polynomial in x1,...,T,.

Proof. Let X_, := (*)Bv—r + (5)B*0—rs1 + -+ () B¢—r_14s. Since e€9_,_; =
(Y_r_1 + X_,)e*®, we have

(16)
(Ol mntndyy oy, %9 = 1)
= (0l Ty, o, | 1)
+ (Ol @)y X |~ — 1)
+ <0|6H(x17m’$n)'(/}m1 cee '(/}mr(wfrfl + X*T)Xf’r*ll -r- 2>

+ (0feH @y (Yoot + X)) (mpmn + X)X pa| — 7 — 3)
+ ‘e
Because
Ol A, (gt + X ) - (Wt + X)) X =7 =t = 1)
is 0 if r+¢ > n (see Lemma 3.2), the right hand side on (16) is in fact a polynomial. O
From Lemma 3.3, f(z1,...,2,) in (15) determines a unique element of A/M,, ;1.

Because f(x1,...,2,) = f(x1,...,2,,0) for any n, there uniquely exists an element

f(@) = f(z1,22,...) € A which satisfies f(z1,...,2,) = f(z1,...,2,0,0,...). In
other words, we have

F(@) = (0@, oy €5 — 7).
The expression (16) implies that:
PROPOSITION 3.4. (0|e® @), .. ahy,, (€3© —1)| — 1) € My,
The following lemma will be useful in the next section.
LEMMA 3.5. Let mq,...,my be a sequence of integers. Then
01" iy o 1926 - 9p_ye®] — 1)
= (0™, A g1 eI 1)
= (0™ iy - A g1 =)
= (01", o Apm, | — ).
Proof. The first equality follows from Lemma 2.9. Let
Yopi= (77)B0—r + (59 %—ria + o+ (207 Ymemr

Because ¥_y_19_p_o9---t_p_+Y_._y = 0 for any ¢t > 0, the equation (16) is now
simplified as

<O‘6H(z1,...,xn)wml o wmﬂ/]—ﬁ—lw—é—Q . ,(/}_Te(r—ﬂ)(al _ ’I“>

— <0|€H(I1""’w")¢m1 . -wmgw—e—1¢—Z—2 .. .1/)_T| _ 7’),
which implies the second equality. The third equality is obvious. O

Algebraic Combinatorics, Vol. 3 #5 (2020) 1030
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REMARK 3.6.If s < 0, the expression (0|, ... 1h,, €5 ©| —r) does not deter-

mine an element of A. In fact, if r = 0 and s’ = —1, the expression is rewritten as
(0[eT@®e=®10) = T[72, (1 + Bx;)~t, which is not contained in A.

3.4. FREE-FERMIONIC EXPRESSION OF G(z). Let us consider the symmetric func-
tion

G(w) = (0", 1%, 26 - -1hy, 0e®| — ).
Note that the symmetric functions G%(z) and G A( ) are quite similar but different.
Assume r > £. From Lemma 3.5, their difference is expressed as

G(@) = Gi(x) = (0], 1€ by, 1e®P gy e (e = 1)| = 7).
From this equation and Proposition 3.4, we have
(17) Gi(z) — G5(z) € My4q,

which implies that the sequence {G%(x)},—1,2... converges to G,(z) in A. Tt follows
from (13) that

Ga(x) = lim Gi(z) = Ga(2).
In other words, we have:
THEOREM 3.7.
Ga(z) = (0] @py, _1e%¢x, 26 -1y, _4e®] ).

5. “ANOTHER” DETERMINANT FORMULA FOR Gj(x). We often write G,(z) =
G(n)(x), where (n) is a partition of length 1.

ProroOSITION 3.8. We have

1+ Ba;
ZGn(x)Z 1—&-52‘1 ]-_-[ l—mf

nez
where Gy, (x) = (0]ef@)eh,, 1% — 1) and (1 + Bz1) "L =300 (—=B)"z ™.
Proof.
Y Gulw)z" = (0™ (2)2e%) — 1) = (1 + B2~ 7H(0]e @Oy (2)2| — 1)

nez

= (U A7) I (L4 B (0]eH @ ()] - 1)
= (1+ ﬁz-lrl [, (14 B2) - (S hila)2")

1+ Bx;
O
1+[32 111—[1_I7

Let G(2) := >,cz Gn(x)2™. From the proof of Proposition 3.8, we derive the
commutative relation

(18) e e=Oy(2)eCeH) = [T (1 4 Bai) ™" - G(2)1(2).
We consider the formal function
(19) V(21,0 2) = (0]eT @ p(21)e® - - h(2,.)e®] — 1),

which is a generating function of G (x).

PROPOSITION 3.9 ([6], see also [20]). We have

G (z) = det (i (’ 1) ﬂmG)\iiJerrm(x))

m=0 1<, j<r
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Proof. Let By := e~ ("=t 1Oy (2;)e(r=+1)O - Applying Wick’s theorem (Theorem 2.3)
to the generating function (19) gives
U(z1,...,2) = (0[eH®e®B By ... B,| — 1)

=12, (1 + )" (0le" @ BBy ... B,| = 1)

=12, (1 + Bai)" - det (0] Bie™ # 9 |0))1<i <
Since

eH@ Bie=H@) = (1 4 o7y~ (=D eH@) =04 (1) P~ H @)
= (T12, (04 Bx) 1) - (1 + B2 )~ 9G(2:)9(=2:)

(see (18)), we have

U(z1,...,2-) = det ((1 + 52{1)7(’”7“@(2’1)<O|1/)(Zz‘)¢ij|0>)
= det ((1 + ﬁzgl)%““g(zi)zﬂ)

1<, j<r

1<ij<r

Comparing the coefficients of 27~ --- 2} ~" on the both sides, we obtain the desired

equation. ]

4. DUAL STABLE GROTHENDIECK POLYNOMIAL gy ()

4.1. DEFINITION. For a partition A = (A 2 Ay > -+ 2 A\ > 0) and A\pyy = -+ =
A = 0, we set

ga(@) == 0[Py, e, ae™0 -y el = ).
Note the the definition of gy(z) does not depend on the choice of r > ¢ because of
the equation | —7r) =¢_, 1| -7 —1) =v¢_,_ e —r —1).

4.2. PROOF OF THE DUALITY. The Hall inner product (-,-) : A x A — k is the non-
degenerate k-bilinear form that satisfies (sx(x), s, (x)) = 0x,,. The bilinear form can

be uniquely extended to the bilinear form A x A — k continuously.

Let X = t)p, - ¥y, and Y = ¢y, - Uy, . If two symmetric functions f(z) and
g() are expressed as f(x) = (0@ X| —r) and g(x) = (0] @Y | — 5), their Hall
inner product can be calculated by using the formula

(f(z),9(x)) = (—r|X"Y]| = s),
which is obtained from Corollary 2.4.

PROPOSITION 4.1. We have

(GA(@), gu()) = O -
This means that g\(x) is nothing but the dual stable Grothendieck polynomial.
To prove Proposition 4.1, it suffices to show
(20) (=rle®WR, - € W3, aUR, 1ty 1€ Wy 2Ty, o€ T0| = ) = Oy
For this, we need the following two lemmas.
LEMMA 4.2. If N > ny,...,ng, then ¥itn, e ,,e70 -4, e7? —s) = 0.

P?"OOf. As e—aneH = wn - 5"#7171 + 52"#7172 — the vector ¢n16_9 T 1/Jn56_9| - 8>
must be a linear combination of vectors of the form

1[)n/11/)n/b|—5>, N>Tl/1,...,n;.
Since [, ¥n]+ = 0 for m # n, we obtain the desired result. O
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0 /% 0,/,* _
LEMMA 4.3. If M > my > -+ >m, = —s, then (—s|ey, ...e%Py, by = 0.

Proof. We prove by induction on r > 0. If r = 0 and M > —s, the equation (—s|ip =
0 is obvious. Next assume r > 1. Since €4}, tar = —(¥ar + Bar—1)e?ys, , we have

(—slePyr, - epr, ePun bnr = —(—sle?pr, Pyl (Yar + Bbni—1)el Y,

Because M — 1 > my, this equals to 0 by induction hypothesis. ]

Proof of Proposition 4.1. Let

0 0 0 -0 -0 -0
Ci= (=r|e?s, —p - €3, €N, 1P 167 Wy —2€" Yy g€ | = 5).

If Ay > pq, then C' = 0 from Lemma 4.2. If A\; < pq, then C' = 0 from Lemma 4.3.
Assume \; = p;. Since P, 1V -1 =1 =, 190}, _y, C is rewritten as

C= <_7a|691/};,v7r e 69,(/}?\2721#“2_26—9 t djus—se_Q' - S>

by using Lemma 4.2 again. Repeating this procedure, we conclude that C' =6y ,. O

4.3. DETERMINANT FORMULA FOR g, (z).

PROPOSITION 4.4 ([12, 21]). We have

gx(z) = det (i (1; i)ﬂmhxi—iﬂ—m(l‘))

m=0 1<i,5<r

Proof. Let
B(z1,. .., 2) = 0[P p(z)e P (20)e - (z.)e 0| — ).

We put D; := e~ 0=D0)(2)e =10 = (1 4 B2;)~(=Dah(2;). Since €| —7) = | —7), we
have
D(z1,...,2) = (0D DDy...D,| —7)
= det((0]e” @ Dye™ T p* 10))1<i j<r

= det (14 82) V(S (@) O 10))

— det (<1 + B2) (5 A () 27) 2

)1<m<r

Comparing the coefficients of zi\l_l -+- 227" on the both sides gives the desired ex-
pression. O

5. APPLICATION 1: G (x)-EXPANSION OF SYMMETRIC FUNCTIONS

In the following two sections, we present a new method of deriving Pieri type formu-
las for K-theoretic polynomials. We will define an action of non-commutative Schur
polynomials [3] on Grothendieck polynomials and dual stable Grothendieck polyno-
mials by using their free-fermionic presentations. This enables us to express symmet-
ric functions of the form sy(z)G,(x) (resp. sx(x)gu(x)) as a linear combination of
Grothendieck polynomials (resp. dual stable Grothendieck polynomials).
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5.1. B-TWISTED SCHUR OPERATORS. Let

x::@@[ﬂ]%

be the Q[f]-module freely generated by all partitions A. We define a linear operator
u; : X — X, (1 > 0), which we will call a S-twisted Schur operator. For any sequence
n = (ny,...,ng), we let @ = (W1,...,7y) denote the smallest partition that satisfies
n; < 7; for all i. We have m; = max[n;,njy1,...,ne.

i

\
We write ; = (0,...,1,...,0).
DEFINITION 5.1. Let u; : X — X be the linear operator that acts on a partition \ as
Ui - A= (—6)‘)‘+ei‘_|)‘+ei‘ A+ e;.

EXAMPLE 5.2.

uy - = ‘7 Uz - =5 , U3 - =

EXAMPLE 5.3. Since (A +€;) +e; = A+ e; + e, for i < j, the action of operators of
the form w;, - --w;,. (i3 > -+ > i,) is expressed as

(21) Wiy Uj, - A= (_6)‘)\+9i1+'-~+61r|—|A+€i1+-..+€ir| “Ate,+te.

LEMMA 5.4. The B-twisted Schur operators satisfy the following commutative rela-
tions.
UURU; = UpUiuy, <] <Kk,

22
(22) UjU UL = Ujugp;, ©<j <Kk

Proof. They are directly checked by seeing their actions on the basis. O
Equation (22) in Lemma 5.4 are often called the Knuth relation. It was proved

by Fomin and Greene [3] that the theory of non-commutative Schur functions is
applicable to any set of operators that satisfies the Knuth relation.

5.2. NON-COMMUTATIVE SCHUR FUNCTIONS. Let T be a semi-standard tableau, or a
tableau [5]. The column word wr of T is the sequence of numbers obtained by reading
the entries of T from bottom to top in each column, starting in the left column and

1]3]4]4]
moving to the right. For example, wp = 3215344 for T =| 2|5 . We define the
3
monomial u” as
UT = uwT(l)uwT(Q) s uwT(N).

DEFINITION 5.5 (Non-commutative Schur function). For a partition X\, we define
salug, ... u,) by

Sa(Uny ..y uy) = Z ul.

T is of shape A,
each entry of T is <n.

9

) ——
If A= (1') = (1,...,1), the operator e;(u1, ..., up) := 8(1i)(u1, . . ., up) is called the
i-th non-commutative elementary symmetric polynomial. It X = (), hi(uq, ..., uy) 1=
5@y (U1, ..., uy,) is called the i-th non-commutative complete symmetric polynomial.

The following proposition is given by Fomin—Greene [3].
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PROPOSITION 5.6 (Fundamental properties of non-commutative Schur functions). Let

Ui, ..., U, be a set of non-commutative operators with the Knuth relation (22). Let
A, (u) denote the ring of non-commutative Schur functions in uy, ..., u,. Then Ay, (u)
is commutative; that is, we have

(23) sx(ur, .oy un)Su(ur, .o un) = s (Ut .o un)sa(ur, ..., uy)

for any A\, p. Moreover, the (commutative) ring A,(u) is generated by all non-
commutative elementary polynomials e;(u1,...,uy) for i = 0,1,...,n. As a poly-
nomial of e;(uy,...,u,)’s, the non-commutative Schur polynomial sy(u1,...,un) s

expressed as

8,\(’661, P ,un) = det(e,\i_Hj (ul, e ,Un))1<i,j<7-, é(/\) S n < r,
which is exactly same as the Jacobi—Trudi formula for ordinal Schur polynomials.
5.3. u,-ACTION ON GROTHENDIECK POLYNOMIALS. Let 7 : X — A is the Q[al-
linear map that sends a partition A to Gx(z). The following proposition provides an

algorithm to express a product s(x)G () as a linear combination of Grothendieck
polynomials.

PROPOSITION 5.7. For £(X),£(p) < r, the equation
sx(2)G(z) = m(sa(ut, ..., up) - @) mod My
holds. In other words, we have
sx(@1,. ., x0)G (T, mn) = T(sa(ur, o uy) - )]z =20 0= =0
for £(N\), f(p) < n <.
Proof. From Proposition 5.6, it suffices to prove
ei(x)Gyu(x) = m(e;(ur, ... up) - ) mod My

for i = 0,1,...,r. Write f(z) = (0]eT®)),,, 1% ---4h, _.e®| —r) for a sequence
of integers ni,...,n,. Since e?@a_;e ") = q_; + p;(z), [a—i, Ym] = Ymys, and
[a_;,e®] = 0, we have

pi(a) f(x) = (0" @a_ipp, 16 - thp,—re®| = 1)
= Z<O|6H($)Z/}nlfle® . wn]73+ze® e wn7l7’ree| — fr>
j=1

+ (0], _1€® - ahy, _peCay| — 7).

This equation implies

r

(24) pl(iﬂ)f( ) = Z<0|6H(x)1/1m 16 wnJ —j+i€ "'wnr*re@| - 7'> mod M,

j=1

because <0\6H(“’ U, —1€2 -+ ahp _.ePa_;| —r) is contained in M,,; by Lemma 3.2.
Let E;(p1,...,pi) be the polynomlal in p1,...,p; that satisfies

ei(x) = Ei(p1(z), ..., pi(w)).
From (24), we show that the product e;(x)f(z) satisfies
ei(@) f(x) = (0" E(ay,...,a_;)n, 1€° - P e —71)
= Z <o\eH(m)wm_1e ...%ml_ml“ee P —mis1€®

1<my < <m; <
b, €@ =7y mod M.
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For any sequence n = (nq,...,n,), write
Y(n) = (0] @ pn, 1% -, e = 7).

(Note that m(A) = Y(A) if X is a partition.) Substituting f(z) = G, (z) to the above
equation gives
ei(z)Gy(z) = > Y(i+em, +-+ep,) mod M.

1<my < <m;<r

From Corollary 2.11 and (21), this implies

ei(r)Gp(r) = 3 (mplrFemEEeniten b ey (e T e,

1<myp<---<m;<r

Z T (U -+ - Upny * 1)

1<my<--<m; <r

= 7T(67;(U1, s 7u?”) : lu’) mod M’r‘+1~

From Proposition 5.7, we find a systematic way to express symmetric polynomials
of the form sx(z1,...,2,)G,(21,...,2,) as a linear combination of Gy (z1,...,2,)’s.
See the examples below.

EXAMPLE 5.8. Since
ho(u, uz) = sy (u1, u2) = urun + urug + uaus,
we have
ho(x1,22) - Go(z1,22) = Gm(ﬂﬁlyxz) - BGBj(xth) + 52GEH(5E1»$2),
ha(x1,22) - G (@1, 32) = G (21, 22) + GBj(xl,xz) - 5GB}($173€2),

ho(x1, ) - GDj(arl, T9) = GD:\:D(xl,xz) + GH:D(ml,xg) + GH}(xl, x3), etc.

EXAMPLE 5.9. Let A = ‘ All Young tableaux of the shape A with entries at most

3 are given as follows:

1] [a]2] [1]3] [1]a] [1]2] [1]3] [2]2] [2]3]
2 2 2 3 3 3 3 3]

We therefore have

SBj(M, U2, u3)

= UgUTUT + U2UTU + U2U1U3 + usui1 Uy + Usu1 U2 + uzuius + uzuU2U2 + uzuaU3.

By using this, we obtain (s) = sx (21,22, 23), Gx = Ga(x1, 22, 23))

SB:‘ = GHj — BGH} — QﬂG@jﬂ- 2526'@;‘ - 253(;@,
SBIGD:GB:D+GH}+G@1_26G@3_ﬁG ‘ +2ﬂ2G@, etc.
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6. APPLICATION 2: PIERI TYPE FORMULA FOR g
Let d; : X — X be the Q[]-linear operator defined by
4= AU {a box in i-th row}, if possible,
CT Tl (=B) A, otherwise.

By seeing their actions on the basis, we can check that the operators dy, do, . .. satisfy
the Knuth relation:

LEMMA 6.1. We have the following commutative relations.
9 dldkdj = dkdidj, 1<) < k,
( 5) djdidk = djdkdi, 1< jJ < k.

EXAMPLE 6.2.

o -7 dﬁzﬁ, T P Y IO

For any Young tableau T', we write

d" = dyr(1)dur2) A (V-

We also define the non-commutative Schur functions sy(di,...,d,) in the similar
manner to sy(ug,...,u,) (Definition 5.5).
Let p: X — A be the Q[f]-linear map defined by

pi A ga(z).

The following proposition is an analogy of Proposition 5.7.

PROPOSITION 6.3. For £()\) < s, £(p) < 7, we have
ST =8)gu(@) = ploa(da - drgs) - ),

r+s—1
(r4s—1) —_—
where s (z;—=B) = sx(—05,...,—B,x1,x2,...).
Proof. From Proposition 5.6, it suffices to prove
r+s—1

(26) e (@~ B)gu(@) = ple(dy, . drvs) - )
for 0 <i < s. Let g(x) = (0]eT®ep,, e ipy e 0 qe™0 i | —7—5)
for any sequence of integers ny,...,n,. Since [a_;,e~ ] = —(—B)'e™?, we have

pi(x)g(x)

= <0|6H(I)a—iwn1—1676 e wnr—r676 e ¢—r—s| - r— 5>

r+s

=3 {<O|6H(w)1/}n1716_0 P RTTRT NN g 8>}
=1

— (r 4 s = 1)(=B)'g(@) + (0", 17" -, _re™ -y gay| =1 —s).

Note that the last term of this expression must vanish if i < s. Moreover, because

r+s—1 r+s—1
(r+s=1)/ . o/ ) _ i i i i
D; (1’776) *pi(fﬂv"'afﬁax) - (75) +eeet (7ﬂ) +$1 +‘T2+ )
the equation can be simplified as
r+s
P (i B)g(a) = S 01 P, 1070 b i ] 7 s).
j=1
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From this, we find that the product eETH_l)(x; —B)g(zx) satisfies the following equa-
tion:
e ;- B)g(a)

= Z <0|€H(z)wn1—le_0 e wnml—ml-i-le_e o wnmi—mﬁ-le_g o w—7'—s|_7"_3>~

1<my < <m;<r+s

Substituting g(z) = g, (z) to this equation gives (26). O

EXAMPLE 6.4. Let s = 1 and r = 0. In this case sE?L)) (x;—=B) = hp(z). Since h,(dy)-@ =
dy - @ = (n), we have h,(z) = 9(n) ().

EXAMPLE 6.5.Let s = n and r = 0. In this case sgln (z; —B) = " (g:; —B) =
Sio(=B) (”J 1)en j(z). Since ey (dy,...,dp) - @ = dp---dady - @ = (1), we have

Z?:o(*ﬂ)j (nj 1)‘%—]( ) = 9(1")(I)~

6.1. PIERI TYPE FORMULA FOR e;(x)gx(z). Proposition 6.3 is unfortunately a bit
complicated as it contains a function of the form sg\r+s_1) (z; —f). However, when the
partition A is relatively simple (for example, if A = (1?) or A = (i)), we can handle
the situation. In the following, we consider the expansions of symmetric functions of
the form e;(z)gx(x) and h;(x)gx(z).

To calculate the product e;(x)gx(x), it is convenient to introduce the formal power
series B(t) = >0 ei(x)t" = [[;2,(1 4 ;t). From the expression e(”)( -B) =

P

—_——~—
ei(=B,...,—B,x1,xa,...), we find
S e (as -yt = (1 - BOPE().
i=0

Therefore, from Proposition 6.3, we have

1 + dr+st 1 + th 1 + dlt 1
27) E(t =p((1-pt)- e : A d 7t
@) B =p (-0 (S0t IED IR )
for £(\) < r. Taking the limit as r, s — oo gives the formal expression

14+dot 1+dit N
1-8t 1-pt '

For example, since

L+dst 1+dot 1+dst Fj t2
(1—/315).(. T 1&) o=+ | TRl
1+dst 1+dot 1+dst
1—gt'1—ﬁt'1—5t)[]

- [j1jﬁt+[]u—%ﬂ2 gil—ﬁt

t | 7 | 3

N Djl—ﬁﬁ_ A—po2 " a—pr )

(1_&).(...
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we have

E(t) =go + gt + By + gH)t2 + (8% + 2ﬂgH + g@)t?’ T

E(t)g =9+ (Bg+ gH +or )t

+ (B9 + 259H+ Bor1+ g@JrgHj)tz e

6.2. PIERI TYPE FORMULA FOR h;(z)gx(x). Let H(t) := 3272 hi(x)t' =T[5, 1=
P
. . . (p) 4 Y
be the generating function of h;(z). Since h;" (z;—8) = hi(=8,...,—fF,21,22,...),
we have

ST AP (@ Bt = (1 + Bt) PH(2).
i=0
Therefore, from Proposition 6.3, we have
1 148t 1+t
(20) o) = (51 g A
where %M = 1+d;t + d?t*> + ---. We note that the expression (29) does not cause

ffcit - A= Xfor i > £(\) + 1. For example, we have

a confusion because

1
¢ L1
1+t

g =L \+<5\ | ]+ ‘)t+<ﬁ 4 )tZ, etc.

Therefore we obtain

g B I I O I B

H(t):gef-|-th—|—ngL‘2—l—gl:D:|t3_|_...7
H(t)gDZQD+(59D+gm+gH)t+(Bng+ngj+gBj)t2+...’

Ht)gr =91+ B9+ gHj Tt

+(59m+5gHj+g\ [T H—gu \ \+9E)t2+'“-
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