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Set-partition tableaux and representations

of diagram algebras

Tom Halverson & Theodore N. Jacobson

ABSTRACT The partition algebra is an associative algebra with a basis of set-partition dia-
grams and multiplication given by diagram concatenation. It contains as subalgebras a large
class of diagram algebras including the Brauer, planar partition, rook monoid, rook-Brauer,
Temperley—Lieb, Motzkin, planar rook monoid, and symmetric group algebras. We construct
the irreducible modules of these algebras in three isomorphic ways: as the span of diagrams in
a quotient of the left regular representation; as the span of symmetric diagrams on which the
algebra acts by conjugation twisted with an irreducible symmetric group representation; and on
a basis indexed by set-partition tableaux such that diagrams in the algebra act combinatorially
on tableaux. The second representation is analogous to the Gelfand model and the third is a
generalization of Young’s natural representation of the symmetric group on standard tableaux.
The methods of this paper work uniformly for the partition algebra and its diagram subal-
gebras. As an application, we express the characters of each of these algebras as nonnegative
integer combinations of symmetric group characters whose coefficients count fixed points under
conjugation.

1. INTRODUCTION

The partition algebra Py(n) for k € Z3( is a unital, associative algebra over C (or
any field of characteristic 0) and is semisimple for all n € C\ {0, 1,...,2k —2}. It has
a basis of set-partition diagrams and multiplication given by diagram concatenation.
This algebra arose in the work of P.P. Martin [25, 27] and V. Jones [22] in the study of
the Potts model, a k-site, n-state lattice model in statistical mechanics. For k,n € Z>,
the partition algebra Py (n) and the symmetric group S,, are in Schur—-Weyl duality
on the k-fold tensor product V¥ of the n-dimensional permutation module V,, of the
symmetric group S,,, and when n > 2k, Pg(n) is isomorphic to the centralizer algebra
of S,, on V&% This allows information to flow back and forth between Py (n) and S,,.

The partition algebra Py (n) contains as subalgebras a large class of diagram alge-
bras including the Brauer, planar partition, rook monoid, rook-Brauer, Temperley—
Lieb, Motzkin, planar rook monoid, and symmetric group algebras. Each of these
subalgebras arises as the span of restricted types of set-partition diagrams (see Sec-
tion 2.3). If Ay is the partition algebra or one of its diagram subalgebras, then the
irreducible Aj-modules can be indexed by a subset A2+ C {\ - n} of the integer
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partitions of n. In this paper we give three explicit constructions of the irreducible
modules Ag for A € A%*. The first is as the span of diagrams inside a quotient of
the left regular representation of Ag. The second is a combinatorial realization of the
first. It is given by conjugation on a basis of symmetric m-diagrams (Definition 3.4)
that is twisted by a symmetric group representation. This method is analogous to
the Gelfand models for diagram algebras found in [18] and [24]. A nice feature of the
construction here is that we isolate each irreducible module, rather than constructing
a (multiplicity-free) sum of irreducible modules.

The third method of constructing Ag is on a basis of set-partition tableaux. In [3, 2]
and [34], it is shown that the dimension of the irreducible partition algebra module A,i‘
equals the number of standard set-partition tableaux of shape A. Thus, there should
be a representation of these modules on a basis indexed by set partition tableaux,
and such a construction is the main result of this paper. In Section 4, we give a
combinatorial action of the diagrams in Ay(n) on these set partition tableaux and
prove that it is isomorphic to the irreducible module A,i‘. This representation is a
generalization of Young’s natural representation of the symmetric group on a basis
of standard Young tableaux. In fact, if A has k boxes below the first row, when
restricted to the symmetric group algebra CSy C Py(n) we exactly recover Young’s
representation.

A surprising feature of the methods in this paper is that, by restriction, they work
uniformly for the partition algebra and all of the diagram subalgebras listed above.
Thus we obtain a complete set of analogs of Young’s natural representation for these
algebras. In the case of the non-planar algebras — partition, Brauer, rook monoid,
rook-Brauer — we obtain new constructions of the irreducible modules on symmetric
diagrams and on set-partition tableaux. In the case of the planar algebras — pla-
nar partition, Temperley—Lieb, Motzkin, and planar rook monoid — our methods
specialize to known constructions.

In Section 5, we use our explicit construction of the irreducible modules on sym-
metric diagrams to write the irreducible characters of each Ay into a nonnegative
integer sum of characters of the symmetric groups S,,, for 0 < m < k. We prove
that if A = [A, Aa,..., A¢] b n with A* = [Ag, As,..., \¢] b m, then the value of the
irreducible Ay character on a diagram -y, of cycle type k - k (see (39)) is given by

(1) Xae () = D FRE NG, (),
pukEm

where F{'™ € Z>o and x§ (7,) is the symmetric group character indexed by A* on
the conjugacy class of cycle type p = m. By counting fixed points under conjuga-
tion, we obtain a closed formula for the coefficients Fg’:. For example, we prove in
Proposition 5.16 that for the partition algebra Px(n),

R

vik it

where v|k means that v is a divisor of k (see Definition 5.13) and m;(r) denotes
the number of parts of v equal to ¢. In this formula {‘Z} is the Stirling number of
the second kind and ({) is the binomial coefficient. The coefficient in (2) specializes
to the diagram subalgebras giving new character formulas for the partition, Brauer,
and rook-Brauer algebras and known formulas for the rook monoid, Temperley—Lieb,
Motzkin, and planar rook monoid algebras.

For further background on partition algebras see [2, 6, 17, 22, 26, 27, 28, 29, 31, 32].
Representing the irreducible modules on a basis of set-partition tableaux is new for all
of these algebras. The construction on symmetric diagrams for the partition algebra
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is closely related to the work in [31] and [6] and for the Brauer algebra to the work
in [19]. The construction of the irreducible modules of the planar algebras on symmet-
ric diagrams is identical to the construction in the Gelfand models of [18] and [24] and
is isomorphic to known representations of the Temperley—Lieb [41], Motzkin [1], and
planar partition [10] algebras. The representations constructed in this paper are differ-
ent from the seminormal representations constructed for the partition [8], Brauer [33],
rook-Brauer [14], rook monoid [13], and Temperley—Lieb [15] algebras.

2. PARTITION ALGEBRAS

2.1. SET-PARTITION DIAGRAMS. We let Ilsx denote the set of set partitions of
{1,...,k,1",...,K'} and refer to the subsets of a set partition as blocks. For example,

(3) (1,212,383 |4,1,3|5,7|6,4,7,8|8,6]| 5}

is a set partition in Il with 7 blocks. The number of set partitions in Iy, with ¢
blocks is given by the Stirling number of the second kind {th}, and thus Il has
order equal to the Bell number B(2k) = 3=, {*}.

A diagram d of a set partition 7 € Il consists of two rows of k vertices labeled
1,...,k" on the bottom row and 1,...,k on the top row. Edges are drawn such
that the connected components of d equal 7. For example, the set partition in (3) is
represented by

1 2 3 45 6 7 8

[ ]
m )
17 2 3 4 5 ¢ 7 &
The way the edges are drawn is immaterial; what matters is that the connected
components of the diagram correspond to the blocks of the set partition. Thus, d

represents the equivalence class of all diagrams with connected components equal to
the blocks of . We define

(4) Pr. = {d | d is the diagram of a set partition in Iloz}.

Concatenation d; o do of two diagrams di, ds is accomplished by placing d; above
ds, identifying the vertices in the bottom row of d; with those in the top row of ds,
concatenating the edges, and deleting all connected components that lie entirely in
the middle row of the joined diagrams. For example,

()
A g
d = 8
'R
[ L’ = = dl o dg.
[ ]
== m .%\i\}
[ ]
It is easy to confirm that concatenation depends only on the underlying set partitions
and is independent of the diagrams chosen to represent them. Concatenation makes

P an associative monoid with identity element 1, = I I I I I corresponding to

the set partition {1,1" | --- | k, k'}.
Let Py(n) = C. For k € Z>1 and n € C, the partition algebra Py (n) is the associa-
tive algebra over C with basis Py,

(6) Py (n) := CPy, = C-span{d | d € Py},
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such that multiplication in Pg(n) is defined on basis diagrams d;,ds € Py, as
(7) dydy = n*4%2) d; o dy,

where ¢(dy,dy) is the number of connected components that were deleted from the
middle row in the concatenation d; ods. For example, the product of the two diagrams
in (5) is dydy = n?d; o dy. Since the basis of Py(n) corresponds to set partitions in
IIo;, we have dim Py (n) = |Px| = B(2k).

The partition algebra is semisimple for all n € C such that n ¢ {0,1,...,2k — 2}
(see [32], [17, Thm. 3.27]), and the partition algebras Py(n) are isomorphic to one
another for all choices of the parameter n such that Pg(n) is semisimple. For this
reason, we will assume that n € Z such that n > 2k so that we can take advantage of
the Schur-Weyl duality between Py (n) and S,, (see Section 2.5).

2.2. GENERATORS AND RELATIONS. For k € Z>1, the partition algebra Py (n) has a
presentation by the generators

iitl il
1<i<k—1 1<i<k 1<i<k
and the relations found in [17, Thm. 1.11]. It is useful in generating diagram subal-
gebras to define the elements e; = b;p;p;11b;, I; = 5;p;, and v; = p;5; , so that

i il iitl i i+l
| IR -LINE LT
¢; = 7[i: , 6 =
1<i<k-1 1<i<k-1 1<i<k—-1
2.3. SUBALGEBRAS. For k,n € Z>; with n > 2k the following are semisimple subal-
gebras of the partition algebra Py (n):
all blocks of d have exactly one vertex in {1,...k} }

and exactly one vertex in {1’,...k"}

all blocks of d have at most one vertex in {1,...k}
and at most one vertex in {1,...k'} ’

Bk (n) = C-span{ d € Py, | all blocks of d have size 2},
RBy(n) = C-span{ d € Py, | all blocks of d have size 1 or 2}.

(CSk = C—span de Py

R, = C-span { de Py

Here, CSy, is the group algebra of the symmetric group, By (n) is the Brauer algebra [5],
Ry, is the rook monoid algebra [39], and RBy(n) is the rook-Brauer algebra [14], [30].
A set partition is planarif it can be represented as a diagram without edge crossings
inside of the rectangle formed by its vertices. The planar partition algebra [22] is
defined as
PP, (n) = C-span{d € Py | d is planar },

and following are the planar subalgebras of Py(n), which are also semisimple:

Cl, =CSpn PPk(n), TLk(n) = Bk(n) N PPk(n),

PR, =R;N PPk(n), Mk(n) = RB;C(TL) N PPk(n).
Here, TLk(n) is the Temperley—Lieb algebra [40], PR} is the planar rook monoid
algebra [10], and My (n) is the Motzkin algebra [1]. There is an algebra isomorphism
PP (n) = TLak(n) (see [22] or [17]) and we forgo discussion of the planar parti-
tion algebra in favor of the Temperley—Lieb algebra. The parameter n does not arise
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when multiplying symmetric group diagrams (as there are never middle blocks to be
removed). The following displays examples from each of these subalgebras

XX o \://:mw()
DA\
NGNS

Each diagram algebra A} is generated as a unital subalgebra Ay C Pg(n) of the
partition algebra using a subset of the generators s;, b;, ¢;,[;,t; for 1 <i <k —1 and
p; for 1 < i < k as shown in the following table.

Algebra Generators Algebra Generators Algebra Generators
Pr(n) s;,b;,p; Bi(n) si,e¢; TLy(n) e;
CSk s RBy(n) si, ¢, p; My (n) e, i,
Ri  s;,p; PP;(n) pi,b; PR, L.t

Typically the rook monoid and planar rook monoid algebras do not have the parameter
n [39],[13], and are recovered by replacing the generator p; with Lp;.

2.4. BASIC CONSTRUCTION. Let Ay C Pi(n) be the partition algebra or one of the
subalgebras described in Section 2.3 and let Aj C Py be its diagram basis. There is
a natural embedding of A,_; as a subalgebra of A, by placing an identity edge to
the right of any diagram in A, _; thus forming a tower of algebras: Ag C A; C As C

C A1 CA;.

A block in a diagram d € Ay is a propagating block if it contains vertices from
both the top and bottom row, and the rank (also called the propagating number) of
d, denoted rank(d), is the number of propagating blocks of d. For dy,dy € Aj, we have
rank(d; o da) < min(rank(dy),rank(dz)), and thus the multiplication of diagrams can
never increase the rank. It follows that

(10) Jn := C-span{d € Ay, | rank(d) < m}, 0<m<k,
is a two-sided ideal in A, and we have the filtration
(11) JoCJ1 CJC--- C Iy C I = Ay

In the case of the Brauer algebra By (n) and the Temperley—Lieb algebra TLy(n) we
have Jx_1 = Ji, Jx_3 = Jr_2, and so on, since the rank of diagrams in these algebras
have the same parity as k.

For each m > 1 we have

(12) Am = Jmfl 3] Cma

where C,, is the span of the diagrams of rank exactly equal to m. The isomorphism
in (12) is the Jones basic construction for A,,. In our examples,

C,, 2 CS,, when Ay is non-planar: Pg(n), Bx(n), RBg(n), Ry,

(13) C,, = C1,, when Ay is planar: TLg(n), Mg (n), PRy.
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We let I's, denote the set of possible diagram ranks in Ay, so that

(14)

Ty — {{m |0 <m <k}, if Ay equals P(n), RBg(n), Ri, Mg (n), PRy,
" {k—=20|0< €< |k/2]}, if Ay equals Bi(n), TLi(n).

It follows from the basic construction that the irreducible modules of J,,,_1 are labelled
by the same set as the irreducible modules for A,, ; (see [18, Sec. 4.2]), so if AA*
indexes the irreducible modules for Ay, then (12) gives

|_| {p+ m}, if Ay is non-planar,
Ap _ Cm _
(15) A = || A% = {meTa,
mela, La,, if Ay, is planar,

where the second equality comes from (13) and the fact that the irreducible modules
for the group algebra CS,, of the symmetric group are indexed by the set {u - m}
of integer partitions of m.

2.5. SCHUR-WEYL DUALITY. For k,n € Z>; the partition algebra Py(n) and the
symmetric group S,, are in Schur-Weyl duality on the k-fold tensor product V& of
the n-dimensional permutation module V,, of the symmetric group S,, (see [22] or [17]).
In particular, there is a surjective algebra homomorphism Py (n) — End(V®*) such
that the actions of Py(n) and S,, on V®* commute. When n > 2k the representation
of Py(n) on V®* is faithful and Py(n) = Ends, (V®%), the centralizer algebra of S,
on V&k,

For n > 2k, the decomposition of V&* as a bimodule for (Py(n),CS,,) is given by

(16) Vite @ Ples,
AEAk’,n

where Ay, indexes the irreducible S,, modules that appear as constituents of V;‘?k.
Since irreducible S,, modules are indexed by partitions of n we have A, C {\F n},
and it is easy to show by induction on k (see, for example [17, 2]), that

(17) Apn = {AFn|0< N <K},
where if A = [A1, A2,..., A¢] is an integer partition of n then A\* = [Ag,..., \/] is the

partition A with its first part removed as illustrated here

(18) A=A

We now have two ways to index the irreducible Py (n)-modules: from the basic
construction AP = {1t m |0 < |pu| <k} and from Schur-Weyl duality Ay, =
{AFn|0< || <k}. When n > 2k, they are in bijection by identifying A € Ay,
with A\* € AP=(") The set-partition tableaux that we use in Section 4 require partitions
of n, so we use Ay, for the remainder of this paper. To this end, for each Ay we add
a first row of size n —m to the partitions in AA* to get the partitions in A2* so that

(19) A2 ={NbFn| X e AM ).

These sets are given below for each of the diagram algebras. To unify our notation we
view C1,, as the trivial subalgebra of CS,, and label its irreducible representation
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with the partition [m], the index of the trivial module sl

Ay AAk A,,‘AL"C
Py (n), R,

F 0<m<k A M=m,0<m<k
ey Abmlo<m<R b ] =m0<m <k}
Bun) (b k—200<0< (B2} (A n| 3] =k —20,0< < [K/2])
My (n), PR {m |0 < m < k} {ln—=m,m] | 0<m<k}

TLi(n)  {k—20]0<C< |k/2]}  {n—mym]|m=k—200<<|k/2]}

3. IRREDUCIBLE MODULES

In this section, for each A € A%* with |\*| = m, we identify a copy of the irreducible
A module indexed by A in the quotient Ay/J,,—1 of the left regular representation
of Ay by the ideal J,,_1 defined in (10). We then give a combinatorial realization
of this module, Aﬁ =W ® Sﬁ; , where W) is the span of symmetric m-diagrams
in Ay that Ay acts on by conjugation and S;): is an irreducible symmetric group
module. When a diagram d € Aj, conjugates a symmetric m-diagram w it permutes
the m fixed points of of w by a permutation o4, € S, which in turn acts on Sﬁ:.
We view this as conjugation that is “twisted” by the module qu‘; . This construction
is similar to the Gelfand model for diagram algebras in [18] and [24].

3.1. SYMMETRIC GROUP MODULES. For each partition u - m, there is an irreducible
module S# for the symmetric group S,,. The dimension of S# equals the number f#
of standard Young tableaux of shape p, where a Young tableau of shape p is a filling
of the boxes of the diagram of y with the numbers 1,2,...,m and a Young tableau is
standard if the rows increase from left to right and the columns increase from top to
bottom. We let SYT (1) denote the set of standard Young tableaux of shape p. For
example, there are five standard Young tableaux of shape p = [3,2]:

571415

1/3|5 1134 1125 1|24 1123
SyT<[3,2}>={t1=24 [P FETE S 1P IET R F EIEU ‘}.

The column-reading tableau t. (resp., row-reading tableau t,.) is the standard tableau
obtained by entering the numbers 1,2, ...,m consecutively down the columns (across
the rows) of p. In the example above t; = t. and t5 = ¢,.

For b m, define the Young symmetrizer (see, for example [21, 1.5.4]),

(20) Pu = Z Z sign(y)yp € CSyp,

veC(tc) peR(tc)

where C(t.) and R(t.) are the row and column group of t., respectively, and sign(~y)
is the sign of the permutation . That is C(t.) C S,, is the subgroup of permutations
that preserve the rows of t. and R(t.) is the subgroup that preserves the columns.
Then (CS,,)p,, is a copy of the irreducible module S#, in the left regular representation
CS,,.

For any Young tableau ¢ of shape p let oy € S, be the the permutation defined
by o4(t.) = t. Then a basis of S¥, is given by {n; := oyp, | t € SYT (1)} (see, for
example, [11] for a proof of this classical result). If ¢ € SYT (1) and © € S,;,, then

(21) NG = TOPy = On(t)Pu = Na(t)-

If 7(t) is a standard tableau, then n,(; is another basis element of Sk ; otherwise, n
can be expanded as an integer linear combination of basis elements (i.e. indexed by
standard tableaux) using a straightening algorithm such as tableaux intersection [11]
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or Garnir relations (see, for example, [21], [36], [35]). The basis {n, = oyp, | t €
SYT (i)} is Young’s natural basis of SK,.

3.2. IRREDUCIBLE A MODULES IN THE REGULAR REPRESENTATION. For 0 < m <
k, recall the definition of the ideal J,, from (10) and define the quotient map

\I/k',m : Ak — Ak/Jm

(22) a — a+Jd,’

which is a surjective algebra homomorphism. For 0 < m < k, define
(23)
. {nklmpmH R, if Ay equals Py (n), RBy(n), Ry, My, (n), or PRy,
"o ﬁemﬂemw ~wep—q1, if Ay equals Bg(n) or TLi(n) and m = k — 2¢.

so that, for example,

eq = i I I I I S Pg(n) RBg(n),Rg,Mg(n), or PRg,

'

n

1 I I I A I P g
ey =— S A € Bg(n) or TLg(n).

n2
For A € A%* with |\*| = m, define

(24) e\ = Pa-€m = €mPax-

If n € C is chosen such that Ay is semisimple, then the following theorem tells us that
ey is the minimal idempotent corresponding to the irreducible Ag-module indexed by
A. The proof in [17] is for A = Pi(n), but it extends without alteration to the other
diagram subalgebras using (12) and (13).

THEOREM 3.1. [17, Prop. 2.43] If n € C such that Ay, is semisimple and A € A2+
with |\*| = m, then

Up m(Aren) = (Ager)/Im-1
is the irreducible Ai(n) module indexed by .

We now construct an explicit diagram basis of (Agey)/Jm—1.

DEFINITION 3.2. An m-factor is a diagram d € Ay such that the following hold: (1)
rank(d) = m; (2) the first m vertices in the bottom row of d propagate; (3a) the last k—
m vertices in the bottom row of d are isolated if Ay equals Pr(n), RBi(n), Rg, Mg (n),
PRy; and (8b) the last k —m vertices in the bottom row of d are are paired with their
neighbor if Ay equals Bi(n) or TLg(n) and n —m is even. Furthermore, we say that
an m-factor is noncrossing if the propagating edges of d do not cross when d is drawn
in such a way that the propagating edges connect to the rightmost vertex of the block
in the top row.

An m-factor d has a unique decomposition d = wo such that w is a noncrossing
m-factor and o € S,,,, as illustrated in the following example, which holds in Pyg(n),

ot
S AN T
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and in the following example, which holds in B1g(n),

<26>.\"JU W
e AT

We let N denote the set of all noncrossing m-factors in Ay. The following propo-
51t10n is proved for the partition algebra in [6, Prop. 2.1] and for the Brauer algebra

n [7, Prop. 2.1]. Here we prove it simultaneously for all of the diagram algebras of
this paper.

d=

PROPOSITION 3.3. If n € C such that Ay is semisimple, then X € A2 with |\*| =m
then the set {wopx- +Im-1 | w € NIt € SYT(X*)} is a C-basis for the Ay-module
(Akek)/']m—l-

Proof. Let d € A and consider the element dey + J,,_1 = de,pr+ + Jp_1 of the
quotient space (Apey)/J,,_1. Either rank(de,,) < m or de,, = n'd’, where d’ is an
m-factor and ¢ € Zx. In the latter case, de,, = n‘w’c’ for W' € NJTk and o/ € S,,,. It
follows that de,,pa= is 0 mod J,,_1 or dep,pr- = nfw o’pa«, and o'py- is expressible
as a linear combination of oypy- by the fact that {opy~ | t € SYT(A*)} is a basis of

the S,,-module S}, . O

3.3. SYMMETRIC DIAGRAMS. In this section we reinterpret the basis of the previous
section as a basis on symmetric diagrams which is simpler and is better suited for the
combinatorial computations in the remainder of this paper.

For d € Ay, let dT' € Ay be the diagram obtained by reflecting d over the horizontal
axis. We say that a diagram is symmetric if d = d*. For example, the following are
symmetric diagrams in P,

B

For a symmetric diagram d = d”, let w(d) and 7’(d) denote the propagating blocks in
the top and bottom rows of d, respectlvely. In the examples above, w(d1) ={2|71]9]
10} and w(de) = w(ds) = {1,241 3,5,6 | 8,9,10}, and observe that in a symmetric
diagram 7’(d) is always equal to m(d) with the vertices primed.

DEFINITION 3.4. A diagram d € Ay, is a symmetric m-diagram if (1) d is symmetric;
(2) rank(d) = m; and (3) each of the m propagating blocks in w(d) is connected to its
mirror image in 7' (d).

In the examples above, ds is a symmetric 4-diagram, but d; and ds are not since
they each have a propagating block not connected to its mirror image. For any of the
diagram algebras Ay, let
(27) W = {d € Ay | d is a symmetric m-diagram} .

There is a simple bijection between the noncrossing m-factors of the previous section
and the symmetric m-diagrams of this section. This is seen by the fact that both types
of diagrams are completely determined by the set partition on their top row and by
knowing which blocks propagate. We simply pair the diagrams with the same top row
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and propagating edges. For example, the noncrossing m-factor of (25) is paired with
a symmetric m-diagram as follows,

o lerrerrns A eed | A

noncrossing 4-factor symmetric 4-diagram

A simple counting argument can be used to determine the number of symmetric m-
diagrams [Wy"|, which equals the number of noncrossing m-factors N7 |, for each
diagram algebra Ay:

Ap gl =INZ A =N
Zt{];}(r;) TLk(n) (é)‘(%’ﬁfl)
Bi(n) ()(k —m—1)! Mi(n) 32, (e (") = (F211)
RB:(n) 3, (F)(F5) 2t — 1)1 Ry, PRy, ()

The corresponding integer triangles can be found in [38] A049020, A008313, A096713,
A064189, A111062, and A007318, respectively. In the case of the planar algebras, the
symmetric m-diagrams are exactly equal to the rank-m symmetric diagrams used in
the Gelfand models in [18] and [24], and in the case of the non-planar algebras, the
symmetric m-diagrams are a subset of the rank-m symmetric diagrams. Below are
examples from these algebras.

s === L= g 1| P )

S o, |25 .

T 17

For d,w € A, we say that d o w o d” is the conjugate of w by d. For example,
below is the conjugation d o w o d” of diagrams d € P;3 and w € ng,
(29)

R
) Sl e =t
R

We order the m propagating blocks of a symmetric m-diagram according to their
maximum entry. So, for example, we order the blocks in 7w(w) = {1,2 | 4| 8,9,10 |
12| 7,13} as follows: {1,2} < {4} < {8,9,10} < {12} < {7,13}. We refer to this as
maz-entry order. Furthermore, by convention, we always draw the propagating edges
i a symmetric m-diagram as identity edges connecting the maximum entries in the
blocks. Upon conjugating a symmetric m-diagram w by d € Py, if rank(dowod®) = m,
then the propagating blocks of w have been permuted, and we let 04, € S,, be the

o0

[ ]
*-—e
[ ] [ ]

5
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permutation of the fixed blocks, so that (in max-entry order),

the ith propagating block in w gets sent to

(30) the 044, (i)th propagating block in d o w o d?T.

We refer to 04, as the twist of the conjugation of w by d. For example in (29) 04,
is the three-cycle (4, 3,2).

REMARK 3.5. The following properties can be verified through simple diagram calculus
for d € Py.
(a) If w is a symmetric m-diagram, then d o w o d? is a symmetric m’-diagram
with m’ = rank(d o w o dT') < rank(w) = m.
(b) If d =d” then dodod” =d.

3.4. IRREDUCIBLE MODULES Aj}. For any of the diagram algebras Ay, let
(31) Wi = CW;" = C-span {d € Ay, | d is a symmetric m-diagram} .
For A\ € A% with |A\*| = m, let A} be the vector space

(32) AR = Wi ® S\ = C-span {fwan |weW, teSYT(\)},

where n, is a natural basis element of S} (see Section 3.1). If w € Wy and t €
SYT (A*), we define the action of d € Ay on the basis element w ® n; to be

nf(d’w)(d owod")®ogw -0 if rank(dowod”) =m,
0 if rank(dodeT) <m,

(33) d-(w®nt)={

where ¢(d,w) is the number of connected components removed from the middle row
during the diagram concatenation dow and o4, € S, is the twist of the conjugation
of w by d defined in (30); that is, 04, is the permutation on the propagating blocks
of w induced by d.

The bijection (28) between symmetric m-diagrams and noncrossing m-factors gives
rise to the following isomorphism.

PROPOSITION 3.6. If n € C such that Ay is semisimple and X € A2, then Az and
(Ager)/Jm—1 are isomorphic as Ag-modules.

Proof. Let w € Nj{; be a noncrossing m-factor that is in bijection with the symmet-
ric m-diagram w € W via (28). For any t € SYT(\*) identify the basis element
woipx + Jm—1 of (Agey)/J—1 with the basis element w @ n; of A}, and extend this
identification linearly to a vector space isomorphism. That it is also a module homo-
morphism comes from the fact that the action in (33) is simply a combinatorial real-
ization of diagram multiplication in the quotient space (Agey)/Jm—1. To see this, con-
sider the action of d € Ay, on each basis vector. If rank(dw) = m, then dw = n(*“)w'c
for w’ € N{ such that w’ is in bijection with dowod™ € W, - Moreover, the permuta-
tion o € S,,, which uncrosses dw is, by definition of 04,,,, the same as the permutation
0dw € Sy of the fixed blocks of w. Thus, dwoypy + -1 = n! a9y aopy + It if
and only if d - (w @ n;) = n“@)(dowod”) @ 4. - N

Finally, if rank(dw) < m, then dwoipx + J;,—1 is zero in the quotient space and
d-w® ny = 0 by definition in (33). Thus, the actions of diagrams on basis elements
are identical and the bijection extends to an Ag-module isomorphism. O

The next theorem is then a consequence of Proposition 3.6 and Theorem 3.1.

THEOREM 3.7. If n € C such that Ay is semisimple, then {A} | A\ € A®*} is a
complete set of pairwise nonisomorphic irreducible Ay modules.
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EXAMPLE 3.8. Let k£ = 13 and A\ = [n—5, 3, 2]. There are five standard Young tableaux
of shape \* = [3,2] as shown in (3.1). Let d and w be the diagrams given in (29) and
consider the action of d on the basis element w®n,, of P). There is one block removed
during the diagram concatenation d o w, and the five fixed blocks of w are twisted by
the permutation o4, = (4, 3, 2) in cycle notation. Hence d-(w®ny,) = n(w' ®@0cq,w-n, ),

where w' = dowod”. Then oq., - ny, = Nog.(ta), Where
1]4]3] 113[4] [1]3]5]
caw(ta) = Q51 = 25| — [2]4] -

The second equality above comes from the Garnir relations (see [36]), and it follows
that

d-(w@ng) =nw @n,, ) =nw @ny, —nw @ny,.

REMARK 3.9. A counting argument confirms that the sum of the squares of the dimen-
sions of the simple modules equals the dimension of Ay (Wedderburn’s theorem). For

A € AA*% the dimension of Ag is given by dim A} = ’V\&{f'
algebras, the sum of squares of these dimensions is given by

Z (‘V\&lli‘*' f)\*)QZ Z Z|mnzl2(f;t)2: Z |V\{4"Z|2m!:dimAk,

)\EAS" mela, pkm mela,

’ fA". For the non-planar

where we have used the corresponding symmetric group identity m! = > Mkm( 2.
The first equality uses the bijection between (19) and (15). The last equality is justified
as follows: |Wi"| counts the number of possible top (resp., bottom) rows of diagrams
in Ay with m blocks distinguished as propagating blocks, so that |V\{4’Z|2 counts the
number of top and bottom rows with m blocks chosen from each to be propagating
blocks. The distinguished blocks can be matched up in m! ways, and summing over
the possible ranks gives the number of basis diagrams for Ajg. The planar case is
similar, except we have only the trivial partition [m] for each m € Ta,, and there is
no m! because propagating edges cannot cross.

REMARK 3.10. When |A\*| = k, the only diagrams that do not act as zero on A} are
the permutation diagrams in S; C Pj. Then the action (33) is exactly the action
of S; on the irreducible module Sﬁ*, and there is an isomorphism Aﬁ = Sﬁ* as Sy
modules.

4. SET-PARTITION TABLEAUX

In this section we describe the irreducible modules of the algebras A on a basis in-
dexed by set-partition tableaux. These tableaux first appear for the partition algebra
implicitly in [4, Sec. 5.3] and explicitly in [2, Def. 3.14]. They also appear (inde-
pendently) as multiset tableaux in [34]. In Section 4.3 we restrict the definition of
set-partition tableaux to work for each of the diagram subalgebras Aj. Throughout
the following we let P,i‘ denote the module Ag when Ay is the partition algebra.

DEFINITION 4.1. Let A = [A, Aa,..., \¢| be an integer partition of n into £ parts,
with X* = [Ag,..., \], and let m be a set partition of {1,...,k} into t blocks with
M| < t < n. A set-partition tableau T of shape A and content 7 is a filling of the boxes
of the skew shape \/[n — t] with the blocks of w so that each box of A/[n —t] contains
a unique block of w. The blocks below the first row of T are called propagating blocks,
while the blocks in the first row are called non-propagating. A set-partition tableau is
standard if all of the entries of T increase across the rows from left to right and down
the columns using maz-entry order on the blocks of .
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EXAMPLE 4.2. Below is a set-partition tableau T of shape A = [8,4,3,1] I 16 and
content

m={3|5|6]8]29]12]4,7,10,14 | 13,15] 1,16 | 11,17}
which has ¢ = 10 blocks. The blocks are increasing across the rows and down the

columns, so T is standard. We have emphasized max-entry order by underlining the
maximal elements in each block of 7.

(2

6 8 (11,17

4,7,10,14 13,15

o e

2,9

REMARK 4.3.Let A F n and 7 be a set partition of {1,...,k}, and let T be a set-
partition tableau of shape A and content w. When n > 2k (which we assume for
the semisimplicity of Pg(n)) there is no column of T with both propagating and
non-propagating blocks. To simplify our figures we omit unnecessary boxes from the
first row, and let a single box with “---” denote the correct number of boxes. For
instance, consider the same tableau as in the example above, but where A € A7, is
the partition [n — 8,4, 3,1] for some n > 34,

n—10 boxes

|Q|1,E|
6 8 11,17 .

4,7,10,14 113,15

For k € Z>o and A € Ay, ,,, define SPT (A, k) to be the set of set-partition tableaux
of shape A whose content is a set partition of {1,...,k}, and define SPT (A, k) to be
the subset of these tableaux whose first row is increasing from left to right. Finally,
define SSPT (A, k) to be the subset of standard set-partition tableaux. For a fixed
A and k, SSPT(\, k) C SPT (M k) € SPT (A k), and the sizes of these sets (when
n > 2k) are given by

(3%2)  |SPTOMK) =Y {’z } (ﬂ:)t!,

t

vy ST = (] )t = g,

t

(34c)  ISSPT\K) =) {IZ} (;) Pl = dim PR =Y {’Z} (;) o

t t

which are justified as follows: first partition the set {1,...,k} into at ¢ > m blocks,
and choose m of these blocks to propagate. For (34a), we can arrange the blocks of
the tableau in t! ways, for (34b) the first row is fixed and we are free to arrange the
propagating blocks in m! ways, and for (34c) the number of standard arrangements
of the blocks is equal to f*/["~t The second equality in (34c) also holds when n <
2k [3, 2, 4].

Recall that W' is the set of symmetric m-diagrams in Py, and let Y7 (1) be the set
of Young tableaux of shape . For each A € Ay, ,,, there is an easy-to-verify bijection,

(35) SPT(A k) ¢——— Wh | x YT(\),
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which is given by associating T € SPT (A, k) with the pair (w,t) € W&*‘ X YT (A")
where w is the symmetric | \*|-diagram whose propagating and non-propagating blocks
are those of T and where ¢ is the standard tableau with entries {1,...,|A\*|} such that
1 is placed in the same position the ith propagating block of w occupies in T. See
Example 4.4.

EXAMPLE 4.4.If w ® v, is the basis element from (29), then the bijection in (35)
pairs the set-partition tableau,

n—7 blocks

=

12
8,9.10[7.13 }A

with the following pair, consisting of a symmetric m-diagram and a Young tableau,

gl
' I AN

4.1. ACTION OF DIAGRAMS ON SET-PARTITION TABLEAUX. Now we define an action
of diagrams in Py on set-partition tableaux that generalizes the permutation action
of the symmetric group on Young tableaux. For d € Py, let top(d) be the partition of
{1,...,k} induced on the top row of d.

DEFINITION 4.5. For a diagram d € Py and a set partition © of {1,...,k}, let dom
denote the diagram concatenation of d with w, where w is viewed as a one-line set-
partition diagram. Given a set-partition tableau T of shape A = n and content 7, define
the action of d on T, denoted d(T), to be the set-partition tableau of shape \ where:
(a) the propagating blocks in d(T) are obtained by replacing each propagating block
of T with the block it is connected to in top(do ),
(b) the non-propagating blocks in d(T) are
(i) the non-propagating blocks of top(d o ),
(ii) blocks of top(d o m) which are connected only to non-propagating blocks
of T,
(c) the non-propagating blocks increase from left to right in the first row of d(T),
(d) if the results of the above steps do not produce a set-partition tableau, then
d(T) =0.
The action of a diagram d on a tableau T is easily obtained by placing d above T,
drawing edges from the blocks of T to the corresponding blocks on the bottom row of
d, and performing diagram multiplication. For instance, see Examples 4.6 and 4.15.

ExXAMPLE 4.6. Let T be the set-partition tableau from Example 4.4. Acting with the
diagram d from (29), we find

1 2 3 4 5 6 7 8 9 10 11 12 13
()

A

d=
N\ 5,6,7| 13
B

\

T=['L2 [V
8,9, 107, 134
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The following diagram acts as zero on T, since the result is not a set-partition tableau.

1 2 3 45 6 7 8 9 10 11 12 13
° A4

= 17274 37@ :0
1,2,4)7,11

A

N\
7 [B35. 6]

8,9, 10]7, 13

REMARK 4.7. A diagram d acts as zero on a set-partition tableau T if

(a) two propagating blocks of T become connected when constructing d(T), or
(b) a propagating block of T does not propagate to the top of d when constructing
d(T).

4.2. NATURAL BASIS. For A € Ay, let {N7 | T € SSPT (A k)} be a set of vectors
indexed by the standard set-partition tableaux of shape A. Define

(36) P{ = C-span {Nt | T € SSPT(\,k)},
and for d € P, and T € SSPT (A, k) define

(37) PN {ne(d’T)Nd(T) if d(T) is a set-partition tableau,
‘Nt =

0 if d(T) is not a set-partition tableau,

where d(T) is defined in Definition 4.5 and ¢(d, T) is the number of connected com-
ponents removed in the construction of d(T). If d(T) is not standard, then Ngcry can
be expressed as an integer linear combination of basis elements using Garnir relations
(see Section 3.1).

EXAMPLE 4.8. Let d and T be defined as in the first example from Example 4.6. In
the construction of d(T) there is one connected component removed, so that

...Iéllaﬂl

d- Nt =nNgc), where d(T) = [L2,3]8,12]9
5,6,7[ 13

The result is nonstandard, with a descent in the first row. The Garnir relation for
straightening Ng(T) is:

~--|4]10, 11] - [4]o. 1] Ao,
1,2,3[5.11]9 — [Lz39R1] _ [[23
5.6,7| 12 5.6, 7|12 5.6,7

—
—_

and hence
d- NT = 7”LNT1 — nNT2,

where Ty and T, are the two standard set-partition tableaux appearing above. This
can be compared to Example 3.8, which gives the analogous action on the diagram
basis.

THEOREM 4.9. The action defined in (37) makes Py into a Py(n)-module, and
Pr2P).
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Proof. We show that the action defined on set-partition tableaux is simply the result
of applying the bijection (35) to the action defined in (33) when the basis for S} is
Young’s natural basis vy = n;. Let T be a standard set-partition tableau of shape A and
content 7, and let w ® n, be the basis element associated to T via the bijection (35).
Assuming rank(d o w o d”) = m, we have d - (w ® n;) = n*»dowod’ ® Nouw(t)s
where the ith propagating block of w gets sent to the 4., (¢)th propagating block of
dowodT. To obtain 04, (t), we replace i with oq,(i). If T is the set-partition tableau
associated to dodeT®n0d1w(t) by (35), then the propagating blocks of T’ are obtained
by replacing the ith propagating block of T with the o4, (¢)th propagating block of
dowodT for each 4, and the non-propagating blocks of T’ are the non-propagating
blocks of d o w o d” ® Noy w(t), Which are either the non-propagating blocks of d or
the blocks of d connected only to non-propagating blocks of w. Hence T’ = d(T).
One can easily confirm that the connected components removed in the construction
of d(T) are connected only to non-propagating blocks of T, otherwise the action gives
zero. Hence ¢(d, T) = ¢(d,w). Finally, by Remark 4.7 the criteria for d(T) = 0 are
equivalent to the criteria for rank(d o w o d?) < m. O

REMARK 4.10. The construction defined in (36) and (37) is a partition algebra ana-
logue of Young’s natural basis for the irreducible modules of the symmetric group,
and we refer to {Nt | T € SSPT (A, k)} as the natural basis for P{. Analogous mod-
ules can be constructed when the basis for Sf‘; is seminormal v; or orthogonal uy.
However, the action on these modules, though isomorphic to the one defined above,
lacks the “naturalness” evident in (37).

The generators s;,p;, b;, have particularly nice actions on set-partition tableaux,
which we describe in the following theorem. The actions of the generators ¢;, [;, and
t; of the subalgebras are omitted for brevity but can easily be obtained from s;, b,
and p;.

THEOREM 4.11. Let A € Ay, and T € SSPT (A k), so that Nt is an element of the
natural basis for Py. Then the action of s;, p;, and b; on Nt are given by:
(a) s;-Nt = Ng, (1), where 5;(T) is the set-partition tableau in SPT (A, k) obtained
from T by swapping i and i + 1, and standardizing the first row.
nNT if {i} is a non-propagating singleton block in T,
(b) p; Nyt =<0 if {i} is a propagating singleton block in T,
Ny, (T) otherwise,
where p;(T) is the set-partition tableau in SPT (A k) obtained from T by re-

moving i from its block, placing the singleton block {i} into the first row, and
standardizing the first row.

Nt if i and i 4+ 1 are in the same block in T,
(c) b; Nt =<0 if i and i+ 1 are in different propagating blocks in T,
Np,(T) otherwise,
where b;(T) is the set-partition tableau in SPT (A, k) obtained from T by join-
ing the block containing i with the block containing i + 1, and standardizing

the first row. The resulting block becomes propagating if one of the original
blocks was propagating, and otherwise stays non-propagating.

If55(T), pi(T), bi(T) is a nonstandard set-partition tableau then Ng, (1), Ny, (1), Ne, (1)
can be expressed as an integer linear combination of basis elements using Garnir
relations (see Section 3.1).
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Proof. The action is easily obtained from (37) through diagram calculus as in Exam-

ple 4.6.

O

ExXAMPLE 4.12. We give examples of the explicit action of p; and b; described above.

(a)

Action of p;. Consider the following standard set-partition tableau T of shape
[n—4,3,1],

~1]5.6] - |1]5]6]
2,3,8]9 = |4]238 :

[Nl

[o]=
|\\1 [

] CE

2,3,8

l©
Il
[N=)

Ps

B
[~

Since 1 is a non-propagating singleton, p; - Nt = nNt. Since 4 is a propagating
singleton, p, acts as zero on T. When p5 acts on T, it separates 5 and 6. When
ps acts on T, it moves 8 to its own block on the first row, and the result is
nonstandard. We then have

P5 Nt =Ny and  ps-Nr =Ny ).

Action of b;. Consider the following set-partition tableau T of shape [n —
4,3,1],

'~|6,§|1,2,9| ~~|6,§|

I~
—
[an)
Il
—
I
\]
—
(e}

boy

- [6.8]1,2,9] [ 126,89 |
bs | [ 3 [7]10 - [3]7]xw

Since 1 and 2, and 4 and 5, are in the same block, both b; and by fix T. Since
3 and 4 are in different propagating blocks, bs acts as zero on T. When bg
acts on T, the contents of the block containing 2 are appended to the block
containing 3, and the result is nonstandard. Finally, bg acts by joining the
blocks containing 8 and 9. Thus

bg : NT = sz(T) and bs : NT = Nbg(T)-

4.3. SUBALGEBRAS. When Ay is a subalgebra of the partition algebra, applying
the bijection (35) to basis elements of A7 yields restricted types of standard set-
partition tableaux of shape A € A2%. In particular, for all of the proper subalgebras
the propagating blocks are singletons. For the Brauer and Temperley—Lieb algebras
the non-propagating blocks are pairs, for the rook-Brauer and Motzkin algebras the
non-propagating blocks are pairs or singletons, and for the rook monoid and planar
rook monoid algebras the non-propagating blocks are singletons. Below are example
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set-partition tableaux for these subalgebras.

- [1.3]5.6[4.5] [2.3]1.4]s,9]
Wémi i 7]10 W’#»Cm: 5167110
( - [2[raf5]6]8 10] ‘ [3.4[5]8]9]7.10]
W’/%Bw: f 9 W/‘\S/llo: 112]6
ey e ENEBENHD
Wit == Werio © [a]7]s

When restricted to the subalgebra Ay, Definition 4.5 defines an action of Ay on set-
partition tableaux T € SSPT (A, W)}). This leads to the following theorem, whose
proof is identical to that of Theorem 4.9.

THEOREM 4.13. When restricted to any of the subalgebras Ay, the action (37) defines
an analogue of Young’s natural representation for Ay.

REMARK 4.14. When |A\*| = k, the standard set-partition tableaux of shape A* have k
propagating singletons and no non-propagating blocks, and thus are standard Young
tableaux. Furthermore, the only diagrams which are nonzero on Ag are permutation
diagrams. Upon restriction to the subalgebra CSy, the module Ag corresponds exactly
to Young’s natural representation.

EXAMPLE 4.15. We give examples in the Brauer, Temperley—Lieb, and Rook monoid
algebras.

(a) Brauer algebra. In the example below d - Nt = nNgr), where Ngt) can be
re-expressed in the basis of standard tableaux using Garnir relations as in
Section 3.1 (in this particular case, the Garnir relation is simple: Ng¢ty = N7/,
where T’ has 7 and 8 switched).

1 2 3 4 5 6 7 8 9 10

Y

-|1,4]5,6]9, 10|

|oo
I~y
Il
QU
—
_|
N—

|\w N

N
[23]536[438))
2 | 71 s

—  —

—
Il

(b) Temperley-Lieb algebra. In the example below d - Nt = Ng().

/)/ |2\3|1\4|819|

[N
v
e
—_
=]

5‘67
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(¢) Rook monoid algebra. In the example below d - Nt = n3Nd(T).

9 10

((k { ROEHEE
= [2]4]s = d(T).
7|4x| éxl le Qzl 9110
T= l 2 8l
6 10

The action of the generator ¢; on set-partition tableaux takes a nice form that can
be verified using Theorem 4.11 and the relation e; = b;p;p;+1b;,

(38)
nNT if {i,i+ 1} is a non-propagating block in T,
0 if ¢ and ¢ + 1 are in propagating blocks in T, or if {i} and
¢; Nt = {i + 1} are singleton blocks in T with one propagating,

nN,(ry if {7} and {7 + 1} are non-propagating singleton blocks in T,

N Ty  otherwise,

where ¢;(T) is the set-partition tableau in SPT (), k) obtained from T by removing i
and i+ 1 from their blocks, making {i,i+ 1} into a non-propagating block, joining the
remaining elements from the blocks which contained i and i + 1, and standardizing
the first row. The resulting block becomes propagating if one of the original blocks
was propagating, and otherwise stays non-propagating.

EXAMPLE 4.16. Below are examples of the action of ¢; on set-partition tableaux

of Brauer and rook-Brauer type. Consider the following set-partition tableau T in
SSPT(A\Wjs,,), where A = [n — 4,3, 1],

7110 —

[~
=
(=)

e7

[ro] e
|\© Do

Since 9 and 10 are distinct propagating singletons, eg acts as zero on T. Since {5, 6}
is a non-propagating block, e5 - Nt = nNt. When ¢7 acts on T, {7,8} becomes a non-
propagating block and 4 becomes a propagating singleton, so that e7 - Nt = N, (T).

Consider the following set-partition tableau in SSPT (X, W3g, ), where A = [n —
3,2,1],

[2]1.4]5]6]8,10] - [2]1,4]5,6]8, 10]

[Ne}
|
o

€5

[~
[~

Since 2 is a non-propagating singleton and 3 is a propagating singleton, ey acts as zero
on T. The same is true for eg. When ¢5 acts on T, {5,6} becomes a non-propagating
block, and e5 - Nt = nN; ().

5. CHARACTERS

As an application of the explicit construction of the simple module A3, we provide
a closed form for the irreducible characters of the partition algebra and its diagram
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subalgebras. If d € Ay, then taking the trace in the diagram basis, with the action
defined in (33), gives the following result.

THEOREM 5.1. Let d € Ay be a basis diagram for Ay and let X € A2 with |\*| =m
The value of the irreducible character X{A on the diagram d € Ay, is given by

(38a) Xag(d) = > NG (0w,
wE]—"A’Z (d)

where n“4") is the number of connected components removed in the concatenation of
d and w, 044, is the twist of dowod’, and Fi(d) is the set of diagrams in W{"
fixed under conjugation by d,

(38b) Fi(d) :=={weW" | dowod" =w}.

Let 7, be the r-cycle (r,r —1,...,1) in S, C P,(n), and for a partition k =
[K1, K2, .., Ke] define
(39) Vi = VY1 @ Vrg @+ @ Viey

where here the tensor product denotes the juxtaposition of diagrams. It follows from
the basic construction (see Section 2.4 and [16, Lem. 2.8]) that the irreducible char-
acters of Ay are completely determined by their values on diagrams v.e., where

(8]
(40a) e= lel = lr\ and |k| + 2s = k for Bi(n) and TL(n),
n n
1 1°*

(40b) e=—p; = — and |k| + s =k for Px(n) and its other subalgebras.
n n e

Thus, the diagrams v, ®e®® are conjugacy class analogs for Aj. For example, if k = 18
and k = [6,5,2,1] F 14, then

n@p?“:n{xmmx}::::
e~ 1 AR X

are conjugacy class representatives in Pyg(n) and Big(n), respectively. If the algebra
A is planar, then the only partition & used is k = [1,..., 1] so that ~, is the identity
diagram. Furthermore from [16, Eq. 2.17, Eq. 2.22] and [12, Cor. 4.2.3], the irreducible
characters satisfy

and

0 it ] < [A*],
41) XA, (7r ®e®%) = . .
( A VA w3 el

It follows from 41 that characters of Ay are determined by the characters of Ay_1 and
the values Xf&k (7vx) for k k. When k F k, Theorem 5.1 simplifies to the following.

COROLLARY 5.2. For A\ € A2k such that |\*| = m and k - k, we have

(42a) XA,C Vi) Z FAk Xs (V)5
pEm
where Fiy™ := |F 1 (k)] is the cardinality of the following set,
(42b)
Fi ={we Wik | Yeow oyl =w, 0, w € Sm has cycle type 1} S FL (ve)-
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Proof. Clearly n‘O=%) = 1 for all 7, and w, and on these special elements the
sum (38a) becomes

Xa () = D L) =Y D X8, () = D FAS NS, (),

we]—;{; (Vi) uEmo weF *‘k (k) pukm
where in the third equality we use the fact that characters are a class function. [

5.1. FIXED POINTS F (k). We now characterize the fixed diagrams F4 (#) defined
n (42b). Many of the statements in this section are straightforward generalizations
of the m = 0 case to m > 0, and the proofs of Lemma 5.3, Proposition 5.6, and
Lemma 5.11 are nearly identical to the proofs of Lemma 2, Proposition 4, and Lemma
6 in [9].

A symmetric m-diagram w in Wi is determined uniquely by the set partition
top(w) making up its top row, and the m blocks of top(w) distinguished as propa-
gating. The bottom row bot(w) is the mirror image of top(w), so we use top(w) to
denote the set partition of both the top and bottom rows of w.

LEMMA 5.3. The k-cycle vy, fizes w € Wi if and only if the following conditions hold:

(a) all of the blocks of w propagate if m > 0,

(b) none of the blocks of w propagate if m =0, and

(¢) i~j ifand onlyif (i+7)~(j+r), forall r€Z, wherei+r and j+r

are computed mod k.

Proof. The action of v, on w is to shift each vertex one step to the left, mod k. Thus,
if i ~ j then (i —1) "5" (j — 1), viewing the subtraction mod k. Now, if w € F* (),
then w = 77 - w for any r € Z. Thus i ~ j implies (i —7) ~ (j — 7). If w € F:rk (),
then the blocks of w either all propagate or all do not propagate, for if this were
not the case, v, would send a propagating block to a non-propagating block and visa
versa. g

DEFINITION 5.4 ([9, Def. 3]). For each divisor d of k, define the set partition yq . of
{1,...,k} by the rule

a ' p if and only if a =0 mod d.

The set partition yq. has d connected components each of size k/d. We refer to the
connected components of yq.;, as d-components.

EXAMPLE 5.5. When k = 6 there are four set partitions y4,6, one for each divisor of 6.

U6 = QARARRR S 126 =R QARS #
B RARLI S wase e e

PROPOSITION 5.6. A diagram w € W) is fived by i, if and only if top(w) = yar for
d |k, so that

{w e W ’ top(w) = Yq,x, where d|k } if m=0,
Fi(ve) = S {w e Wi | top(w) = Ym i } if m >0 and m | k,
1) ifm >0 and m1k.
Proof. 1f d|k and top(w) = yq then w satisfies the conditions of Lemma 5.3 and
w is fixed by 7. If m = 0, none of the blocks propagate and we can construct w

from y4 for any d|k. If m > 0, then by Lemma 5.3 w must have m blocks, all of
which propagate, and so top(w) = Yy, k. Conversely, let w € Fi"(7,), and let d be the
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minimum horizontal distance between two vertices that are connected by an edge in
w. That is,

J k, if w has no horizontal connections,
B min{(i —j) modk|i~ji 75]'}, otherwise.

Choose i and j so that i ~ j with (i — j) mod k = d. Then by Lemma 5.3, we have
(i+7) ~ (j+7r) for 0 < r < k. Now, d must divide k, otherwise all of the vertices of w
are connected implying d = 1, which divides k. If there were a connection in top(w)
not in yq , then top(w) would connect two vertices which are closer together than d,
contradicting the minimality of d. Thus top(w) = yq - O

LEMMA 5.7. If m > 0 divides k and w € W) such thal top(w) = Ym,k, then the
permutation induced when v, conjugates w 5 O, w = Ym, Where vy, s the m-cycle
(m,m—1,...,1) € S,,.

Proof. If m > 0 and w € Wy", then all m connected components in w are fixed blocks.
Using max-entry order, label these fixed blocks in increasing order mod m, so that
w; < wj if ¢ < j. The action of v, on w is to shift the fixed blocks one step to the left,
which shifts wy to wy,, Wy, to w.,—1, and so on, down to ws being sent to w;. O

EXAMPLE 5.8. Let £ = 10 and m = 5. In the example below, we conjugate a 5-diagram
w, whose propagating blocks are ys 10, by the cycle v19. The induced permutation on
the fixed blocks of w is 04,50 = (5,4, 3,2,1) = 75.

710 =
& .)' D [ ] %’ )'
w = = :
m .\D D [ W’ \' j
o =
DEFINITION 5.9 (]9, Def. 5]). For a partition k = [K1,. ..,k of k and a set partition

m of {1,...,k}, we say that the k-blocks of w are the { sub-set partitions given by
grouping the elements of {1,...,k} into the subsets

{1,....;smah {1+ 1, .., k1 + K2}y {rk1+ -+ R+ 1,... Kk}

where within a k-block we inherit any connection from m, but ignore any connections
between different r-blocks. A k-block is said to be of type d if it has d connected
components.

EXAMPLE 5.10. Here is a set partition of {1,...,13}.

1 2 3 4 5 6 7 8 9 10 11 12 13
[
)

If k = [5,5,3] F 13, the x-blocks of the set partition are of type 3, 2, and 2, respectively,

1 2 3 4 5 6 7 8 9 10 11 12 13
LA ® P A2
——

K1 K2 K3
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LEMMA 5.11. Let k = [K1,...,k¢] F k and p = [p1, ..., pus] Fm < k. Then w €
is in FA (k) if and only if the following conditions hold:

(a) for each i, the r;-block of top(w) is of the form yq, x, for some divisor d; of
KRi,

(b) if a k;-block of type d; and a kj-block of type d; have connections between
them in w, then
(i) di =dj,
(ii) each d;-component of the k;-block is connected to a unique d;-component

of the k;-block,

(iii) there are no further connections between these two blocks,

(c) for each i, there are m;(u) sets of connected k-blocks of type i that propagate,
where m;(p) s the multiplicity of © in p.

Proof. (a) When 7, acts on w, the cycle 7., acts on the x;-block, so by Proposition 5.6
the x;-block must be of the form yg, ., for some divisor d; of ;.

(b) If a d;-component in the x;-block is connected to two d;-components d; and d?
in the k;-block, then by transitivity djl- ~ d?. Thus, each d;-component is connected
to a unique dj-component. When v, acts on w it permutes the d;-components in
the x;-block and the dj-components in the x;-block. If d; > d; then 7, sends a d;-
component that is not connected to the x;-block to a d;-component that is connected
to the k;-block, which cannot happen. The same is true when d; < d;, and thus
d; = dj. There can be no further connections between blocks because that would
force two components in one to be connected to a single component in the other.

(¢) Now suppose that a set of k-blocks of type i are connected to each other and
all propagate. Then there are i propagating edges from the rightmost x-block in the
set, and by Lemma 5.7, when -, acts on w the ¢ edges are permuted according to the
i-cycle ;. Hence, if for each i there are m;(u) sets of connected x-blocks of type ¢ that
propagate then there are Z —, m;() = m propagating blocks, which are permuted
by o4, w = Vi, ® Vi, @+ - ®;,, where i; € p. Clearly o, . has cycle type 1, and any
other choices for the number and type of propagating blocks gives a different cycle
type, so that w € F{ (k) for v # p. O

EXAMPLE 5.12. Let £ = [6,5,3,3,2,2] + 21 and p = [3,3,2] b 8. The following
diagram is fixed under conjugation by ., and the permutation of the fixed blocks is
Onn = (3,2,1)(6,5,4)(7,8) € Ss.

== 0L AN XK XX X

" reremmet | ]
o= T T K X

Pre——a|jjp=y
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The following diagrams are also in }'73“2 L(K),
* 3 .)j ® 6 6 06 o O < p .N l [
w2 = y
‘20\» R IR ) b e VY
‘ 3 ! 5 ! [ l p l o o U
SO ce

with permutations o,,_ ., = (3,2, 1)(6 5,4)(7,8) and o5, w, = (1,2)(5,4,3)(8,7,6),
respectively, which both have cycle type [3 3 ,2). Tt is easy to verify that these three
diagrams satisfy the properties of Lemma 5.11.

w3 = ’

5.2. THE PARTITION ALGEBRA. We now count the number of symmetric m-diagrams
in Wp, that satisfy the conditions of Lemma 5.11.

DEFINITION 5.13. Let k = [K1, ..., k¢ be an integer partition of k into £ parts. We say
that a divisor of k is a composition v = [v1,...,ve] such that v;|k; for alli=1,...,¢,
and we let v|k indicate that v is a divisor of k.

ExAMPLE 5.14. The following dlagrams deplct the elght divisors of k = [6 5,1] F 12.

EXAMPLE 5.15. Each diagram in 7 () determines a divisor of x: by Lemma 5.11 (a)
the blocks of w are of the form yg, ., where d;|s;, and the collection v = [dy,. .., dy]
is a divisor of k. For the three diagrams shown in Example 5.12, the corresponding
divisors of k are

M1 )

|
=
[ V)

|
=
w

|

PROPOSITION 5.16. Let k F k and pu = m. The number of diagrams in .7-'752 (k) is given

b
R

vik @

where the outer sum is over divisors of k and m;(v) is the number of parts of size i
muv.

Proof. Given a divisor v|x consider the symmetric diagram w whose k; block is of the
form y,, ., We count the number of ways of making w into a symmetric m-diagram
in Fy (k). By Lemma 5.11 (c), for some i and w € F () there must be m;(u) sets
of connected k-blocks of type ¢ that propagate. The number of available x-blocks of
type i in w is given by m;(v). If m;(v) < m;(u), there are not enough x-blocks of
type 4 to propagate and the sum gives zero. Suppose m;(v) > m;(u). To construct
w we choose a set partition of these m;(r) k-blocks of type i into ¢ blocks, where
m; () <t < m(v). There are {m"g”)} ways to do this. Then we choose m;(u) of these
blocks to propagate in (mit(u)) ways. The remaining blocks do not propagate.
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We now count the number of ways of connecting the individual k-blocks. There
are ¢ ways of connecting two x-blocks of type i. For instance, there are three ways of
connecting two k-blocks of type 3:

A set partition of m;(v) k-blocks of type i into ¢ blocks can be depicted as a one-
line set-partition diagram where each edge is labelled by the ¢ ways to connect two
k-blocks. For instance, if ¢ = 3 and m;(v) = 5, then the following represents a set
partition of 5 k-blocks of type 3 into two blocks:

e o o o o o o o o o o o o o o

3 ~—

Thus, the number of ways of connecting m;(v) x-blocks of type 7 into ¢ blocks is given
by zml(”) ¢. The inner sum is over m;(p) < t < m;(v), but {mit(”)} (mit(u)) is identically
zero outside this interval, so we can sum over all ¢t. The connections between (and
propagation of) blocks of each type are independent, so taking the product over all i
and summing over the divisors v of k completes the proof. O

EXAMPLE 5.17. Let x = [2,1] and p = [1]. The two divisors of  are & itself and the
trivial divisor v = [1, 1]. The number of symmetric 1-diagrams in Fj, (k) is

@ {1} G) 1H> (; {1} (8)21_t>+§; {j} G)IM — (D)(0+1)+(142) = 4.
ose- (LR HLRD

The first diagram corresponds to the divisor x while the others correspond to the
divisor v. This coefficient appears in the factorization of the character table for Ps(n)
in Example 5.23 (a).

Combining Proposition 5.16 with (41) gives our main result.

THEOREM 5.18. If X is a partition of n such that |\*| = m, and k is an integer
partition such that |k| < k, then

e 00 = S ST ™ () 2400

pukEm vk i
where the first sum is over partitions p of m, the second sum is over divisors v of K,
and m;(v) is the number of parts of v equal to i.
REMARKS 5.19.
(a) A recursive Murnaghan—Nakayama rule for computing X%k(n) (7. @ e®%) is
given in [12]. The closed formula in Theorem 5.18 in terms of the symmetric
group character Xé\: is new.

(b) When |A\*| = k, the only divisor of x that contributes to the sum is x itself,
and the only partition u - k that contributes to the sum is y = k. Hence

X () (7)) = H {REZ;} (2;3) X3, (%) = X8, (7n)-
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(¢) When [A*| = 0, we have 4 = @ and Xgo (vz) = 1, so the character formula
specializes to

Xﬁj(n)(%@e%znz{ml } i)—t

vik 1 t=20

This is a new formula for this character value, which is studied in [9, Thm. 9]
and used there to prove a “second orthogonality relation” for the characters
of Pi(n) and compute the joint mixed moments of the number of fixed points
of ¢t for o € S,,.

5.3. SUBALGEBRAS. We now count the number of symmetric m-diagrams in Wy that
satisfy the conditions of Lemma 5.11, where Ay is one of the subalgebras of Py (n). We
first consider the non-planar algebras, giving new character formulas for the Brauer
and rook-Brauer algebras, and the known character formula obtained in [39, Prop. 3.5]
for the rook monoid algebra.

THEOREM 5.20. If A}, is one of the non-planar subalgebras of P(n) and X\ € A2«
with |\*| = m, then

XA, (Vs ©€®* ZFsz (V)
pEm
where Kk is a partition such that |k| + 2s = k for the Brauer algebra and ||+ s = k
for the others. The coefficients FK’: for the Brauer, rook-Brauer, and rook monoid
algebras, respectively, are given by,

o ri = T () (5 e (22
(
2

(b) FrB,m) = H @EB) zt: (di(;@ M) (2t — )l <M>di(”’“)_”7
(
(

o110

where d;(k, ) = m;(k) —m;(u) and for (a) we adopt the convention 0° =1 as in [23].

Proof. We count the number of symmetric m-diagrams in F f{tk(li) for each algebra.
For each of the proper subalgebras of Py (n), the propagating blocks of a symmetric m-
diagram are identity edges, so the propagating x-blocks are of the form y,, .. Consider
first the Brauer algebra. There are m;(x) blocks which can become propagating blocks
of type i. If m;(k) < m;(u), there are not enough blocks of type ¢ to propagate and
the coefficient is zero. If m;(k) > m;(u), then we choose m;(p) of these to propagate.
There are d;(k, #) = m;(k) — m; (1) blocks of type ¢ remaining. The non-propagating
blocks in Brauer diagrams have size two, and if ¢ is even, we can choose 2t of the
remaining blocks to pair up in (2t — 1)!! ways, where a given pair can be connected in
i* ways. The remaining d;(x, 1) — 2t blocks are not paired up, and are made into blocks
of type i/2 by pairing up vertices within each block. If ¢ is odd and d;(k, ) is even we
pair all d;(k, i) blocks together, which can happen in (d;(k, ) — 1)!1 39:(%1)/2 ways,
If both ¢ and d;(k, u) are odd, there are zero ways of pairing the non-propagating
vertices. Taking the product over all values of i gives the result.

For the rook-Brauer algebra it is possible to have non-propagating blocks of size
one. If 7 is even, each of the d;(k, ) — 2¢ blocks designated as non-propagating can
either consist of singletons or pairs, so there are 29:(:#) =2 configurations for the non-
propagating blocks. If 7 is odd, all of the non-propagating blocks must be singletons,
so there is only one choice.
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Finally, for the rook monoid algebra, all of the non-propagating blocks are single-
tons, so for each ¢ we simply choose m;(u) blocks of type i to propagate. O

The characters of the planar subalgebras are determined by their values on the
identity diagram 1,., for r < k (see (41)). It follows that the set of fixed points equals
the set of symmetric m-diagrams. This gives the known character formulas obtained
in [16, Sec. 2] for the Temperley—Lieb algebra, in [1, Sec. 4.3] for the Motzkin algebra,
and in [10, Sec. 5] for the planar rook monoid algebra.

THEOREM 5.21. If Ay, is one of the planar subalgebras of Pi(n) and A\ € A2+ with
[A*| = m, then

Xa, (1 ®e¥%) = FV",
where r + 2s = k for the Temperley—Lieb algebra and r + s = k for the others. The
coefficients Fx"" for the Temperley—Lieb, Motzkin, and planar rook monoid algebras,
respectively, are given by,

(@) Frp, ) = (rrm) - (_2r 1)
(0) Pty = (m + Qt) ((m . Qt) - (T’Z i ft) ) 7
(c) i, = (m>

Proof. The proof is by counting symmetric m-diagrams in the planar algebras, which
is done in [18, Sec. 5.5-5.7]. O

5.4. CHARACTER TABLES. When viewed as a matrix, the character table of Ay, de-
noted Ea,, can be expressed as the product of a direct sum of character tables =g,
for 0 < m < k and the matrix Fa, , whose pu, k entry is Ff{’:. It is clear from the defini-
tions above that, in all cases, Fa, is unitriangular (with respect to lexicographic order
on partitions) with entries in Z>o and has determinant equal to one. As a result, the
absolute value of the determinant of the character table =4, is equal to the absolute
value of the product of determinants of symmetric group character tables =g, . In [20]
and [37] it is shown that the absolute value of the determinant of Zg_ is equal to the
product of all parts of all partitions of m: [det Zs,, | = [[ 4, [ [; imi(#)| This leads to
the following result.

m

PROPOSITION 5.22. Let Ay be any of the diagram algebras above, and let Ea, denote
the character table of Ay viewed as a matriz with integer entries. Then

H H i™ ) if Ay is non-planar,
i

1 if Ay is planar,

|detEAk| e

where the product is over partitions A € AX».

We conclude the section by providing examples of character tables for the non-
planar algebras.

ExXAMPLE 5.23. In the following examples, the rows of 24, are indexed by the irre-
ducible Aj-modules, which are labelled by partitions A € A% and the columns are
indexed by conjugacy class analogs, which are labelled by partitions of 0, ..., k. Both
are arranged in lexicographic order. For example, the rows of Zp,(,,) are indexed by
{[n],[n—1,1],[n—2,2][n—2,1,1],[n—3,3],[n—3,2,1],[n—3,1,1,1]} and the columns
are indexed by {@, [1], [2],[1,1],[3], [2, 1], [1, 1, 1]}.
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(a) The partition algebra, Ps(n). Note that the entry F%i’([flsl] =4 is compuled in
Ezample 5.17:
11222 35 1 112223 5
1131 410 r - - - -1131410
110 2 6 11 - - - --1001 0
..o-110 0 6|=|- =11 . . . ...101 6
-1 11 1 11 --100
=10 2 10201 - 10
1 -11 1 =11/ \------ 1
Epy(n) Es,PEs; DEs, BEs, Fpg(n)
(b) The rook-Brauer algebra, RB3(n):
11221 24 r- - 1122124
-1 020 26 O -102026
-~ 110 13 r1r - - - --10010
.o —-11 0 —1 =|..-11 . .. ...1003
-1 11 . 1 11 ----100
.-10 2 e o102 10
1 —-11 R T I 2 1
ERBj5(n) Eso®=s; ®Es,DEs, FrRB3(n)
(¢) The rook monoid algebra, Ry:
117111 11 T 1111111
1020 13 S -102013
110 13 11 - - - --10010
=110 13| = -11 --1003
1 11 1 11 ---100
-1 0 2 -102f!----- 10
1 -11 1 =11/ \------ 1
ERrg(n) Es,®Es, PEs, DEs, Fry
(d) The Brauer algebra, B4(n):
1111 0 3 13 r - - - . 11110313
-1 10 0 2 26 | 1000210
-—110 0 -2 0 6 -1t - - - --100016
11 1 11 1 1 1 11 -+--10000
=10 -1 1 3| -—10 -1 1 3 -+ +--1000
0 -1 2 02 . o -12 o02((}----": 100
0 0 -1-13 - -0 0 =1 -13)f----- 10
o111 11 o111 -1\ 1
EBy(n) Es(OEs, DEs, FBai(n)
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