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THE VALUE-DISTRIBUTION OF LACUNARY
SERIES AND A CONJECTURE OF PALEY

by Takafumi MURAI

1. Introduction.
The purpose of this paper is to establish the following

THEOREM 1. — For any real number q > 1, there exist two
positive numbers € and p, depending only on q, with the following
property: For every convergent (Hadamard) lacunary power series

f2) =X c2%, neln, >q (1)
k=1
in the open unit disk D = {z ; |z| < 1} satisfying

leel <e 2 gl (k=>1) @)

j=k+1
and every complex number o satisfying

lal<p X lcgl, 3
k=1

f(z) takes a infinitely often in D, where Y. |c,| need not be
convergent. k=1

As immediate consequence, we have the following two corollaries.

COROLLARY 2. — An unbounded lacunary power series in D (*)
takes every complex value infinitely often.

=
(*) A lacunary series 2‘ ckz"" , Mgey/ng =q>1 in D is unbounded
i k=1 |
if and only if 2 [cpl =+ 0.
k=1
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COROLLARY 3. — Let f(z) beasin Theorem 1. If Y, lc,| < + oo,
k=1
then f(e*), 0 <t < 2w, is a Peano curve, that is, {f(e"); 0< t <2m}

contains an open set.

The problem whether Corollary 2 is valid or not was raised by
R.E.A.C. Paley in [10]. G. Weiss and M. Weiss showed that a lacunary

power series f(z) = D, ckz"", Ngor/ne = q@ > 1 takes every
k=1

complex value inﬁnitely_ often in D, if f(z) is unbounded and
q =q, (= about 100) ([13]). W.H.J. Fuchs showed that the asser-
tion holds if lim sup [ ¢, | > 0 ([4], [5]). I.L. Chang showed that the
Kk—> oo
assertion holds, with D replaced by a sector {z€D; a<argz < f},
if Z lc,2*" = + oo for some n >0 ([3]). (See Remark 21 in this
k=1

paper.) Other approaches to this problem are given in [1] and [2].
The first part of this paper gives a detailed proof of the result
announced in [9].

A function f(z) is said to possess the Peano curve property,
if it has the property stated in Corollary 3. The Peano curve property
was first discussed by R. Salem and A. Zygmund in [11]. Corollary
3 is not new. (See [7].) Our theorem is a solution to the above pro-
blem and useful to discuss the Peano curve property of lacunary
power series.

2. Preliminaries.

We denote by D(w,r) the open disk with center w and
radius r.

LemMMAa 4 ([4]). — Let % be a positive integer and g(§) an
analytic function in D(w,r) such that [g®(w)l >y, and
189 <y, ¢ €ED(w, r). Then

g(D(w, 1) D D(g(w), n(®) r*y¥*y; "),
where n(R) is a constant depending only on %.

LeMMa 5 ([12)). — If a lacunary power series

hiz) =Y a2, my, Im, =>q > 1
k=1



THE VALUE-DISTRIBUTION OF LACUNARY. SERIES 137

satisfies the conditions klim a, =0 and Y la| =+, then,
for every complex number o, there exists a point t  in [0, 2m)

k
. it . i

such that hfml h(re @) = ,Pm > aie"'i'a= Q.
r —> 0O _

Let £ be a straight line not passing through the origin. We
say that a point ¢ is situated to the right of £ if it is contained
in the closed half-plane limited by £ which does not contain the
origin. We denote by £(¢, r) the straight line of distance (from
the origin) r, which is perpendicular to the ray {¢{x ; x = 0}.

LEMMA 6 (Lemma 4 in [12]). — There exist two constants
0<A=A, <1 and B = B, = 1 depending only on q > 1 with
the following property: For every lacunary polynomial

n .

Q=73 ake"""', My, lmy 2 q,
k=1
n
every straight line £ of distance (from the origin) A ). |a,| and
. k=1

every interval 1 in [0,2m) of length B/m,, there exists a point
¢ in 1 such that Q(§) is situated to the right of £.

LEMMA 7. — Let d,d',r, A be as in (Fig). If 0< A<
and d = {(A? + )/A}r, then d'<d — (A/2)r.

(Fig.)

L e e -

Ar
d

Proof. — This lemma is analogous to Lemma 6 in [12]. Since
d? < (d—Ar)* + r*, we have
d* —d? > 2Ard — (A + 1)r* = Ar{2d — (A2 + 1)/A-r} = 0,
and hence
d—d = Ar{2d — (A? + 1)/A-r}/2d = Ar{1 — (A? + 1)/A .(r[2d)}

and the lemma follows. = (A/2)r,
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n
LeMMma 8. — Let P(¥) = Y. agexp(m,$) be an analytic func-
k=1

tion satisfying my,,/m, = q > 1. Then, for every complex
number w, there exists a non-negative integer 2 = 2(w ;P) with

2<onlogn (0 =g, =10(1 + 2/logq)) such that
PO (w)| = 1/2-m} la,| exp(m Rew) (1 <k <n). 4)

Proof. — In the case where n =1, (4) evidently holds with
2 = 0. Suppose n = 2 and set

n
P, = 2, m? a, exp(m; w)
k=1

% = my la; | exp(mRew) (1 <k <n) (5
% psy =0

Vo = | X, %k ®=0.

Let A\ be the first integer such that ¢* =>5n (k> 1). Then
2an<onlogn. Hence it is sufficient to show that, for some
pO<p<n), (8),: Py, = 1/2.9,,, .

Put j, = 1. Then the following two cases are possible:
(*), %, > 5nay . (g <ksn+1)

(%) X, j, S Snog,  forsome jo, <k<n+1.

If (+),, then (8§), evidently holds. If (x);, then a set
{k >i0;ax'k>a,\',o} is not empty, according to q* = 5n. Let
j, be the first integer in this set. Then the following two cases
are possible:

(%)) %y, >5n0y, , (G;<k<n+1
(*)} Uy, j, S SN0y, forsome j, <k<n+1.
If (%), , then (§), holds, since

A
I P, >o‘m\.i1 - Z Ak — 2 A\, My
k>j) k<j

A= A
= 4/5- Gy j, ~ %y > my = 4/5-012,\,,.1 — %, > (mk/m,.l)
k<jy k<j;

>4/5-0 ; — (q* - 1)_10‘2"'/'1 > 1/2-05,; = 1/2:9,, .
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If (#)}, then a set {k>j, ;05 , >0, ;} is not empty. Let
j, be the first integer in this set. Then the following two cases are
possible :

(%), LAWR >5n04,, (G, <k<n+1)

(%) Ugp,j, S SN0y, forsome j, <k<n+1.

If (+),, then (§), holds. If («);, then we define j, and consider
corresponding two cases (x);, (*); by the same manner as above.
If ();, then (§); holds. We repeat this discussion.

Since j, <j, <:-- < n, there exists 0<»<n such that
(*), does not occur. This signifies that (§), holds for some
O<supu<n.

LEMMA 9. — Let (m})._, be a sequence of positive integers
satisfying my,,/m, 2 q >1 and (by),., asequence of non-negative
numbers satisfying

b, <1/2 2 by (k=21), hmb =0, (6)

j=k+1

where i b, need not be convergent. For every positive integer
k=1
I', we put
uy=mgb,, U, =max{y;j<k}, =0 N
v =m b, Vi=3 v =2 m,‘rb, k=1).
>k i>k
We denote by & = {k,}>_  (k,,, >k,) the totality of all integers
k for which u, > U, and v, 2V, .

If T" satisfies

1-q7T —(q" — D' >3/4, 3)
then
b, 2123 b, (w31, ©)
u=v u k=k

Proof. — We first show lim sup u, = + oo If D b, =+,
k=1

then(z m; )supuk b, =+ o, and hence limsup u, = + .
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s

If b, <+ oo, then, forevery k =1

a
1]

1

by < 12 ¥ b; < 1/2 2 b, = 1/2 2 m-"m[ b,

J=k+1 j=k
<1/2 Z m; supu =1/2 2 (my/m))* m7T sup u,
s part i>k

<{2(01 - g OHY ' m " sup u; ,

and hence u, < {2(1 — ¢ D)} sup 1 < 2/3- sup u which gives
limsup u;, = + o,

k—>oco

Let {K,J,., (K,,; > K,) be the totality of all integers k for
which u, > U,. Then & C {K,},_,. For every k satisfying
K, <k<K,,,, wehave u, < ug_, and hence
r'(K,-k)

b, < (mKn/mk)r by, <4 by, -
Therefore
K1 u1 K, - k)
2 b= 2 2 b+ by, < 2 bx, ) q "
n=v K <k<K +1 n=v K <k<K (10)

+ by <(1-q)! 3 b K,
=V

Let &' denote the totality of all integers k for which v, <V, .
If & is empty, then {K,},_, = & and (9) follows from (10).

Suppose R’ = ®. We have, forevery kER’,
<Y (m/m)Th; < Y q"*Dp,,

v<u).

3

>k i>k
- and hence K
M
S b<¥ T qwny,
<k<K, , kER' k=K, j>k
KV k “kE K . .
[‘ +1-—
Y g, Mut1-0y (1)
=K k>

13

= (q" - ! Z b, +o(l) (»<u).
szv

Remove &' from {K,},_,. Then the resulting set equals &. By
(10) and (11), we have
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n
S b, 2¥b- T b,
v<n<u,Kn¢R' n=p Kp<k<K“,kER
Ky
2{1-q¢ (@ -D'} Y b +o()
k=Kp
Ky
=12 Y b, +o(l) (v<up).
k=K"

Letting u tend to infinity, we have (9).

3. The case where . |c,| = + .

a—
k=1

Let f(z) = 2 ckz"" s Mgoy/N =@ >1 be a lacunary power
k=1 oo
series in D satisfying ) l¢,| = + oo. By the Fuchs result in [4],
k=1 .
we may assume the condition lim ¢, = 0. We consider an analytic
function ke
F(§) = f(ef) = X ¢ exp(n, $) (%) (12)
k=1
in a domain U = {{; Re¢ < 0} and shall show that it takes every
complex value infinitely often in U* = UN {¢; 0 < Im¢ < 27}.
We use two fixed integers <, N, depending only on ¢, which
are defined as follows.

DEFINITION 10. — Let vy =7, be an integer satisfying (8)
(T'=19) and N =N_ an integer satisfying :
g N (g -1 < 1/8e (13)
H(x,N;v,0) =exp{(2y +1+ 40N?) logx — x} < 1/8e (14)
forall x = qN, where 0 = o, is the constant in Lemma 8.

Now we define u,,U,,v,,V,,R=1{k),_, by m,=n,,
b, =lc,l, I' =7 in Lemma 9. Then we have the following

(*) The author expresses the thanks to Prof. W.H.J. Fuchs, who suggested
to use this transform.
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LeMMA 11. — For every complex number w with Rew = — 1/n,,
there exists an integer L =L(w;F) with v +1 < L <7y + 1 + 40N?
such that

IFO(w)| = 1/2e- {n; ;| — 1/4-nk~"U, — 1/4-nk*7V,}  (15)
IFO@I < Clnglegl + np=7U, + nb*7 v, )
G ED(w, (1 —qg Hin)), (16)
where C=1/(q—-1)+ w! q¥ (w =2y + 1 + 40N?).

Proof. — To define L(w;F), we consider an analytic function
P.(}) = E;’ ni"“c, exp(n;§), where EIO denotes the summation
over all j satisfying ¢™N <n,/n, <qN . Then the number of terms
of P,({) is at most 2N. By Lemma 8, there exists a non-negative
integer ¢ = Qw;P,) with 2 < 0(2N)log(2N) < 46N? such that
PP (w)l > 1/2- nd {n)*! |c, |} exp(n, Rew) = 1/2e-n7**2| ¢, |. (17)
Thenweput L =7 + 1 + &(w;P,). Evidently

v+ 1<L<vy+1+40N2.

(15): Put ¢.(8) = E,'c, exp(n,{) and ®,(8) = E}'ci exp(nif),
where E,' denotes the summation over all j satisfying n; /n, < qN
(; if such j's do not exist, ¢, () =0,) and 2;' the summation over
all j setisfying n;/n, > g™ . Then

FO$) = o0 (5) + PO + o1 (¢).

We have
|60 < Zjnf Il S Zpnf~ YU, = Zj(m/m)* ™" nk~"U, (18)

< 2;(n,/nk) n};"’Uk <qg Mg - 1)“n}““"Uk < 1/8e- n‘,;*"Uk ,
according to (13). We have
|94 (w)| < 2} n | ¢l exp(n; Rew)
}; E/” {(nk/n,')‘7 |Cj'} {(ni/nk)L+7 exp(— n,'/nk)} (19)
ne {Z'(ny/n)) |¢;1} sup (H(my/ny , N v, 0) 5 my/my = qN}
1/8¢-n*'V,
according to (14). Thus we have, from (17), (18) and (19),
IF® ()] = PO(w)| — 16 (w)] — [$D(w)]

= 1/2e-{nglc,l — 1/4-nL=7U, — 1/4.nk"7V, ],

=n
<
<



THE VALUE-DISTRIBUTION OF LACUNARY SERIES 143

(16): Put ¥, (%) = 2, ciexp(n;§) and W, () = c; exp(n;§),
j j>k

<k
where ¥, ()=0 if k=1. Then F(t) = y,§) + ¢, exp(n.¢) + T, (8).
Let { € D(w, (1 —q~")/n,). We have evidently

Her exp(m, I < nlle,| < Cnlicyl.

By the same manner as in (18), we have l\bi“’({)l < Z (ni/nk) ni‘"’Uk.
i<k

The right-hand side is dominated by (¢ — 1)"'nf~7"U, < Cnk="U,.

We have

|\II§‘L)(§')| < gk n;‘ l¢;l exp(—n;/qny)
]

=nk X {(m/n)" 11} {(n;/m)"*" exp(—n,;/qn,)}
>k
S@L+N! ¢~k X (n/n) Il S CnkTV, .
i>k
These estimates give (16).

LEMMA 12. — For every complex number w with Rew = — llnkp ,

we have F(D(w, (1 — q“‘)/nkv)) O D(F(w), nlcy ), where n=mn,
is a constant depending only on q.

Proof — Let L = L(w;F) be the integer in Lemma 11. Since
u, > U, and v, >V, , we have [F(w)|>1/4e-ng lc,|
and [FO@)| < 3Cnk I, | (§€D(w,(1 —q~Y)/n)). Hence
Lemma 4 shows that F(D(w, (1 —q“)/nkp)) contains the open
disk with center F(w) and radius

(L) {(1 — g~ Yin, Y- {1/4e-ng, |C,,u|}l'4rl {3Cny, lckvl}—L

=7(L) {(1 - ¢7")/12eCY (4e)~" |y, | (= 0'(L) I ¢ |, say).
Putting n = min{n'(V); v + 1 U<~y + 1 + 40N?}, we have the
required inclusion.

Now we show that, for a given complex number a , F({)
takes a infinitely often in U*. For the sake of simplicity, we
assume a = 0; in fact, the following discussion will be indepen-
dent of the given .number a. Let us remember the notation

® = {k,};.,. By Lemma 9, we have 3 ¢, |=+c. Put
v=1
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r, =-—l/n,‘v, O,={¢;Reg <r}, O =0,N{¢;0<Im¢<2m}
(v=1). For a given v' 21, we assume that F({) does not take
0 in U*-0}. (Since F() =F(¢ + 2m) (Y€U), this equals
F(¢)#0 in U- 0O, .) If this assumption leads to a contradiction,
it yields that F({) takes 0 in U* - O, .

To show a contradiction, we put
8 = min {|F({)|; Re¢ = r,.} = min {|f(2)|; |z]| = eV} , R, = 6,,— o, ,

8, =min {IFQ)|; $E€ER}=min{lf(2);e” <|z|<e*} (v>V).
Then 8,8, are positive, according to our hypothesis. By Lemma
5, lim 8, = 0, and hence there exists »'' > »' such that

Y —>oo
§, <8 (v=2v"). Choose a sequence (w,),_,» (w,ER,)) such
that &, = |[F(w,)|. Let »>»". By the minimum modulus
principle, Rew, =r,. By Lemma 12,
F(D(w, , (1 - q“)/nkv)) O D(F(w,), nlcy ).

Note that r, + (1 — q“‘)/n,,y =—1/qn, <r,,, . Since F(}) does
not take O in R,,, , we have
80+1 <min {lF(g.)I ; S‘GD((&,”,(I _~q—l)/nky)}<8v— 'nlckyl,

thatis, 8, — 8,,, = nl¢|. Therefore

8yn= 2 (80—6V+1)>n 2 |ckv'=+w’

v=p'' v=p'"'

which is a contradiction. Hence F({) takes 0 in U* — O} . Since
v’ 2 1 is arbitrary, the proof is completed.

4. The cas where ), |c,| <+ oo.
k=1

We need the following

LEMMA 13. — There exist three constants € =€, (0 <e€<1/2),

p = p,» W=W, depending only on q > 1 with the following pro-

perty: For every lacunary power series S(t) = Z a, eim"', my,,/m.=q
satisfying - k=1

lal <K€ Y gl <+oo (k>1) (20)

j=k+1
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and every complex number a satisfying

lal<p Y lagl, 2n
k=1

there exist a sufficiently large integer E and a corresponding point
0g in [0, 27w) such that

E
la — Sg(@)l < Wlagl, where Sg(t) =Y a.™  (22)
k=1
la,| <Wlag| (k=>E) (23)
E-1
Ge_; = 2, lagl ¢*~E-D < Wag|. 249
k=1

We postpone the proof of this lemma to the next section. In
this section, we show that Theorem 1 follows from this lemma.

Let f(z)= 3 ¢z, ng.,/n, =q>1 be a lacunary power
k=1

series in D. For a while, we assume the condition (20), replacing
a, by c,, where € is not a required constant in (2) and e will
be determined later.

As in the preceding sggtion, we deal with F(¢) = f(ef) and

use two fixed integers 7, N, depending only on ¢, which are
defined as follows.

DEFINITION 14. — Let ¥ =7, be an integer satisfying (8)
(I'=7) and W(q" —1)"' < 1. Let N = N_ bean integer satisfying
(13) and (14), with ~ replaced by ¥ .

Now we define u,,U,,v,, Vs, & =1{k,}_, by m=n,,
by =lcl, T'= Y in Lemma 9. Then Lemma 11 holds, with v, N
replaced by ¥, N. Hence Lemma 4 gives

¢

LEMMA 15. — For every complex number «w with Rew =—1 /"k,,:
we have F(D(w, (1 — q“)/nky)) O D(F(w), ?)'Ickpl) , where 7 = ?iq
is a constant depending only on q.

Let a be a complex number satisfying |a| < p Z lc,l. We
k=1
define r,,0,,0) (v =>1) as above. For a given »' > 1, we assume

that F({) does not take a in U*— O} (, that is, F({) # a in
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U — 0,,). Under this assumption, we shall show an inequality, which
will contradict (2) for a sufficiently small €.

To show such an inequality, we shall apply Lemma 13 to
S(#) = f(e'"). Put 6 = min {[F(¢) —a|; Re¢ =r,}, R, =0,-0,,
8, =min{|F({) — a|; $ER,} (v>'). Then &, 8, are positive.
Note that
,!im max |[F(— 1/n, + it) — S, (2)]

k o0
= Jim ) ¥ (y/n) Il + T 1gly = 0.
j=1 j=k+1

By Lemma 13, "lgll 6, =0. For every integer E in Lemma 13,

we have EE€ R, since

~ E-1 _
Ug =max{n) lc,|; 1<k<E-1}< ) n}lcl
k=1
- E-1 - ~ E-1 —_
=nl ¥ (m/me) el <nk ¥ lclq"*®)
k=1 k=1

<q "nyGg_, <SWg 7 n)|cgl = Wq7 U S ug

and
Ve= 2 nY el < Wicgl > n”
k=E+1 k=E+1
= Wug > (ng/m) < W(q" — 1) log <wg.
k=E+1

Hence there exists »'" such that E=k,, is an integer in Lemma
13 and 6,< & (v 2 v'"). By the same discussion as in the preceding
section, we have 6, = n Z | Ck,,l . By Lemma 9, we have

”=vl'

ol =12 X lgl=1/2 X lel.
k=E

v=p"' k=E+1
Let 6 denote the corresponding point with E = k., in Lemma 13.
Then we have, with W' =2W + 1 + W/(g — 1),

8vu < IG — F(— l/nE + ieE)I
E o0
<|a—Sg@p) + Y led(1—e ™"Ey+ ¥ ¢ e ""E
k=1 k=E+1

SWiegl + i (ng/ng) le,l + Wlegl Y, e "k/"E
k=1

k=E+1
SWicgl + {Gg_; + gl + W/ig =1 lcgl

S{2W+ 1+ W/(g—D}lcgl =W lcgl.
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Hence we have -
Wicgl=72 X el (25)
k=E+1
Now we put € =min{e, n/3W'} and, in addition to the
above assumption, we suppose that f(z) satisfies (2). Then (25)
shows a contradiction, and hence F({) takes a in U* — O}. Since
v' 21 is arbitrary, F({) takes a infinitely often in U*. Since

a is arbitrary as long as [a| < p 2 [c,l, the proof is completed.
k=1

5. Proof of Lemma 13.

It remains only to prove Lemma 13. For the proof of this
lemma, we use fixed constants A,B,K,Z,€, depending only
on q, which are defined as follows.

DEFINITION 16. — Let A=A, and B= B, be the constants
in Lemma 6. Let K=K, ,, Z=12, be two positive integers and
€ =€, a positive number such that

2€KZ(A? + 1)/A < min {A/8, A?/16B} (26)

. = 3A/16 + (A/8 + 2eKZ) + Bg~X*!'(q — 1)"'(A?%/16B + 1) (27)
—{A/2-(1-¢€K —.2/Z) — (eK + 2/Z)} {1 — (A/8 + 2eKZ)} <0

A/2 — 2/Z — Bg %' (¢ - 1)7'(1 + 2/2) > 0. (28)

Such a 3-tuple (K,Z,€) exists, since we can choose K,Z
such that (27) and (28) are valid, with € replaced by 0, and after
the choice of K,Z, we can choose € in such a way that the
required inequalities are valid.

imgt

Now let S()= D ae *,mu,,/m,=q>1 be a lacu-

k=1
nary power series satisfying (20), where € is the constant given
above. For the sake of simplicity, we write, for a power series
R(D =Y Rme™, [RI=Y IR(n)I. We shall divide S(f)
n=0 . . n=0
into polynomials A,(#), A,(8),---;A,(8), A,(8),---, where the
number of terms of each A, (f) is K and that of each A, (¢) is
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less than or equal to K(2Z —2). Let Kg(t) = by akeim"'
K(2-1)<k <K%
@e=10. Choose a sequence (%,,)" | of positive integers such that

I&,, I = min {I&, |l ; Z(m — 1) < & < Zm}. We put
A (D) = ng(t), A= 2 B () (m>1, 8 =0),

2,,_ 1 <2<,

where A (£) =0, if 2 = 1. Note that
13,0 < VZ- (1AL + 148,,0)  (m=>1). (29)

We put
gvm = (the largest exponent occurring in 4,,(?))

— & imgt —
ZT,,,(z) El ae T,() =0 30)
n K=V p,
gm = 2 laglq , 8 =0 (m=>1)),
k=1

where v, =g, =0, T,(1)=0, if A (¢t)=0. Now we break up
the proof of Lemma 13 into several steps.

LEmMMA 17. — Forany m=1,

1Al + 14,1l < 2€KZ IS — T, (31)
rg”ZJ<(a<+2ﬂHB—TMI (32)
ré;”mm>%l—?K—ﬂDHS—1m (33)
3 5 <a@-D" (g, HIS-T,. G4

Proof. — (31): By (20), we have, for every k=v,,
la,| <€|lIS—T,Ill. Since the number of terms of A, + A,,, is
less than 2KZ, we have (31).

(32): By (29), we have

Y oAl <1z 2 A+ 14,,,1) <2/Z-1IS =TIl

r=m+1 r=m+1
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Since the number of terms of Km is K, we have
1A, Il < EKNIS—T,l,
according to (20). From these inequalities (32) follows.

(33): Since IS—-T,ll= Y A0+ 3 14,1, (33) follows
from (32). r=m+1 r=m

(34): Suppose v,, # 0. Then we have

oo oo 3 n
Xe=Y Z la1q "< X Y lalq
r=m r=m k=1 n=v,, k=1
l’m oo oo
=3 1al £ ¢t 8 ogal 8o
k=1 k=vy,+1 n=k
m oo
I T
lk=l k=p,+1

=q(q-1)""'{g, +IS-T,I}.

Suppose v,, =0. Then m =1 and », =0. Since g, =0, T(H) =0,
we have
g =Y 8<q@-D"{g +IS-T,I}
r=1 =2
' <q(@— D' {g + IS -T,I}.

LeMMA 18. — Suppose that there exist a non-negative integer
J and a corresponding point s, in [0, 27) such that

la —T,(s)I <A/8-IS—- T,
and g; < A?’/16B-|IS — T,||. Then there exist a pair (j',J'),
I <j'"<1J of integers and corresponding points Sjryeeey Sy in

[0,2m) verifying the following conditions: with X\, = |a —T,,(s,,)!
(J'<sm<]J), '

N, = (A + D/A- 1A, (G'<m<I) (35)

A S Aoy — A2 1A 11+ 18,41l + Bg™®g,, (j' <m <J')(36)
(A + DJA - Ay, Il > Ny = Ny — A/2- (1Al

+114,._, Il + Bg~% g, (37)

gy < (A2 + D/A- 114, Il (38)
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Proof. — (Definition of j'): Let j' be the first integer satisfying
T, — T, = A/8-IS=T;ll (m=>1J). We show the following ine-
qualities

X, = AlT,, — T;Il — Bg; = (A? + D/A-lIA,,,, Il (m=>j")(39)
1nd
Y = {3A/16- [IS— Tyl + IT;, — T, 1}
—{A/2-(1 —€eK—-2/Z)—(eK + 2/Z)} IS— Tl (40)
+Bq* (g - D7 {g + IS-T,l} <0.
Let m=>j'. Since [T, — T, =T, — T, > A/8-(IS - T,
and Bg; < A?%/16-1IS — T;ll, we have, from (26) and (31),
X, = A?/16-IS— Tl = A?/16 - IS — T, Il > A%/32€eKZ-|A,,,, |l

> (A% + .
and hence (39). (A D/A- 14,4,

Since
Ny — Tyll = NTp_y — Tyl + 1A, I + 1A
< A/8-1IS—Tyll + 2¢KZIIS— T, _, Il < (A/8 + 2¢KZ) IS — Ty I,

IS —Tupll = IS—Tyll = IT; — Tyll = {1 — (A/8 + 2eKZ)} IS — Tyl
and
g +IS—Tull <g +IIS—T,ll < (A?/16B + 1) IS — T,|l,
we have ?/IIS - Tl
< 3A/16 + (A/8 + 2€KZ) + Bg~¥*1(q — 1)"1(A2/16B + 1)
— {A/2-(1 — €K — 2/Z) — (eK + 2/Z)} {1 — (A/8 + 2eKZ)}
=Y, <0.
(Definition of s,.,): Applying Lemma 6 to Q(¢) = T,.(t) — Ty(?),
=L+ T)(s), AliQIl) and I = (s;— B/u, s; + B/u) (u: the
smallest exponent in Q(¢)), we choose Sjr in I so that

Since H{a=Ty(s))} = {Tp(s;) — Ty(s;0H = ANT, = Thll.

)\ir = Iﬂ - T,I(SII)I
= [{a — TJ(SJ)} - {T,"(S,") - TJ(SI-:)} - {Tj(s,") - T](S])}l

d
= A"T,' - T] = Isf' —vjsjl :l? TJ()“
= A"T,' - T] II— B/“ Z m, Iakl = A"Ti' - Tj II— ng
k=1
= XII = (A2 + ])/A' ”A,"+1">
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(35) holds for m = j'. Let us remark
>\i' = [{a — T](SJ)} - {Ti'(si') - Tj(sj’)} - {T](si') - Tj(sj)}l

Sla=Ty(s)l + Ty = Tyl + |55 — 551

= 1,0
— Ty(-
dt 41
< A/8-IS-Tll + IT;, — Tyll + Bg;
< 3A/16-1IS—-Tyll + I'T; — Tyl

(Definition of J"): Applying first Lemma 6 to Q(¢f) = Ay, (D),
£=L(a—Tu(s),AlQID) and I=(s; — B/u, sp + B/u) (u: the
smallest exponent in Q(#)) and using next Lemma 7, we choose
6’ in 1 so that [{a — T (550} — A,..H(O')I SN —A/2- [PAVERe 8
Then |a — T,.,H(B')I

= [{a - Ti'(sj') - Ai'+1(0')} - Z,"(0’) - {Tj'(ol) - Ti'(si')}l
— d
< )\," - A/2' ”A,"-u” + ”A,-'" + I0’ - Sl-'ln c_i? Ti:(')n

SN = Af2- 18, 1l + 114D+ Bg X g (=T, say).

We distinguish the following two cases:
(8) max|a—T,,, 0)< T,

(v) max|a - Tp,, (0)] > T.

If (a), we choose Sp41 > With the aid of Lemma 6, so that
la — T, (spr) | 2 AllTo,, [l Then we have, from (39),

[0 =Ty (50 )1 = ANTy 112 ATy, — Tyl
> Xy = (A2 + D/A N4, 11,

and hence (35) and (36) hold for m =j' + 1. If (b), we choose s,,;,l’,
by the continuity of |a — T,.,“(-)l , so that |a— T;'+1(Sj'+1)| =T.
Then (36) holds for m ="+ 1.

If Ny, < (A + /A 114;,, I, then we put V=j"+1.
If )\,.,ﬂ = (A2 + /A IIA,:+2 I, we find Sjr42 in the same manner
as we found s;.,, . We continue this process until we reach an integer

J' satisfying (37). Such an integer exists; otherwise, we have, from
Lemma 17, (36), (40) and (41),
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0 <lim inf A, < liminf(\,_, — A/2- A1l + 1A, _,Il + Bg~Kg,_))

r—>oo r—

<limjinf (\,_, — A/2-(IlA,_,ll + 114, 1)
+ (1A, 5l + 1A,_, 1D + Bg~K(g,_, + g,_)}

< <N -A2 Y AL+ Y IR +BgKY g,

r=j'+1 r=j' r=j’

< {3A/16- IS = T, || + IIT; — Ty} — A/2- (1 — €K — 1/Z) IS - T;II}

+ (eK + 2/Z) IS~ T; |l + Bg=%*' (¢ — D™ {g; + IS — T}
=Y<0,

which is a contradiction.

(Proof of (38)): Since A;._, = (A2 + /A . JlA,ll (0<AK]1),
we have A, _, — A/2-l|Apll = ||Ag]l. Hence we have, from (37),

VJ!
k—- ’ e
g =3 lagla V<AL + 1Ay Il + ¢ ¥gy_,
k=1
< Ny — A2 180D} + 1Ay, 1l + Bg=X gy = A,
< (A? + /A llAy, 1.

LEMMA 19. — Let |a| < A/8:|Sll. Then there exist a suffi-
ciently large integer J'' and a corresponding point sy in [0, 2m)
such that | a — Ty.(sy)| < (A% + 1)/A- | Ay, |l and

g5 < (A2 + /A - 1Ay, 1.

Proof — Since |a] < A/8.-!S|l and g, = 0, the integer
J = 0 satisfies the conditions in Lemma 18 (, where s; = 0).
Hence there exist J' and a corresponding point s;, such that
Ay < (A2 + D/A- Ay, Il and gy < (A% + D/A- 1A}, Il By (26)
and (31), we have

A/8-1IS—Tyll

(A? + /A N1Ap,, | < 2eKZ(A? + D/A-IS-Tyll < :
A2/16B”S—Ty”s

and hence A, <A/8-(S—T,ll and g; <A?/16B-|IS—T,ll.
This implies that (J', s;.) also satisfies the conditions in Lemma 18.
Repeating this discussion, we obtain a required (J"', Syi1) .
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LEMMA 20. — There exists a constant W = W(q ,A,B,K,Z)
with the following property: For every complex number a
(la| < A/8-!ISIl) and the associated integer J'' with a in Lemma 19,
there exists a point ty in [0,2m) such that |a — Tp(tp)l < W | Ag|
and gp < WIIAF I, where F is the first integer satisfying
14,1l = max 14,11 (m>1").

_ Proof — Set W' = (A?+1)JA+ (1+2/Z)q(q—1)"" and
W = max {W', (A2 + 1)JA+ 1+ 3/Z + Bg~%*1(q — )" (W' + 1/2)}.

We shall show that W is a required constant. If F=1J", we
put tp = s;», where sy, is a point corresponding to J''. Then
the required inequalities evidently hold. Suppose F #J'. We have,
forevery J'" < m <F,

”r;z kv m m-1
En= 2 laglg ™<gu+ ¥ NAlg™™+ Y l4Alg™
k=1 r=J"+1 r=3"
m-—1

<gp +q(q—D7UIAN+ 1Z X (140 + 114, g™ (42)

r=J"

<gp + (1+2/Z)q(q — D7 1Al < (A% + D/A- 1A,
+(1+2/2)q(q = D)7 1Al < W [|Agll .
In particular, g < W' [[Agll < W ALI.
For the choice of f;, we define inductively points {tm}f;,zj,,+l

in [0,27) such that, with N, = |a —T,(z,)| 3"+1<m<F),

S X < {(A? + DA + 1} 1A, 0l + 1A, or

B _ _ (43)
(X <%y — A2- 18,1 + I, Il + Ba~g,,

Set tji,, = sy . Then we have
Ny = la = Tyog (531 < Ta = Tyo(sy) |+ 1AL+ 14y,
< {(A? + D/A + 1} 1Ay, 1l + 1A
m—; have been defined. If
Ny < (A% + D/A-NIA,
m—1 - Then
Ny SNy 1A, 1+ 14,1 S (A2 + DJA+ 1AL+ 1A, Il

Suppose that £y, ,---, ¢

weput ¢, =1t
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If A,_, > (A% +1)/A-[|A,ll, then, using Lemma 6 and 7, we
choose a point ¢, in (t,_, — B/i,t,_, + B/g) (§: the smallest
exponent in A,,) so that

I{a— o1t} = B (B SN,y — A2 1Al
Then A, <\,_, — A/2- 1Al + IIA,,_,Il + Bg~¥g, _,. Thus
{t, }E m="'+1 aredefmed.

Next we show that tg is a required point. Let j " tie the
last integer satisfying X, < {(A? + 1)/A + 1} 1A, Il + 114, _,1I
J"+1<m<F). If j"=F, then

< {(A? + /A + 1} | Agll + IIZF_;" < {(A?+ 1)/A + 1} | Ag I
+ 1/Z - (1Ap_, Il + 1Agl) < {(A? + 1)/A + 1+ 2/Z} Al S WAL

Hence the required mequahty holds. Suppose j" # F. Put
d= 3 A, 7= UA,l and T= 2 g, . Then

m=j'"+1 m=j"’ m=j"’

_ F-1
d<1Z Y A+ 14, <2/Z.d+ VZ 114,01
m=j" <2/Z-d +1/Z -\ Agll
and
g<q(g-D17! (g + ITg_y —Tjnll} < q(q - D W NAgll +d +d}
<q(@-D'(+2/Z)d+q(qg— 1)V (W + 1/Z) NAgI.
By these inequalities and (28), we have
Np < Ap_y — A2 118N + 1Ap_,ll + BgX
<0< l.,—A/Z-d+d+Bq‘Kg
<Nw—A2:d + 2[Z-d + 1/Z- | ARl
+ B ¥* (g — D {(1 + 2/Z)d + (W' +1/Z) 1A}
N+ {1/Z + Bg~ K (q — )N (W' + 1/Z)} | Ag |l
{(A?+ 1)/A+ 1} A+ IIA iyl
+{1/Z + Bg~¥*1(q — D' (W' + 1/Z)} | Agll
< {(A?+ D/A+ 1A+ VZ (1A I+ 1400
+ {1/Z + Bg=¥*' (g — D' (W' + 1/D)} | Al
{(A2 + 1/A +1+3/Z + Bg~ ¥ (g — )"V (W + 1/2)} 1 Agll
IIA I

<
<

<
< W
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This completes the proof of this lemma.

Now we give three constants €, p, W in Lemma 13. Let
€ be the constant given in Definition 16. Put p = A/8 and
W = max {2KZ(W + 1), ¢*®ZW2KZ}.

Let |a|<p 2 la,| = A/8-1ISI| and (F, t¢) be as in Lemma

k=1
20. We choose an integer E such that ag is one of coefficients
having the largest modulus in Ap. Then ||Agll <2KZ |ag|. Put

0g = ty . Then (E, 0g) is arequired pair, since

la —Sg(8g) < la — Te(tp)l + ITp — Sgll < (W + 1) 1A
< 2KZ(W + 1) lag| < W ag|

< A |l = 1A < 2KZ <W
:gglakl sup 1A = N1Ag |agl | agl
E-1 .
Gg_; = Z Iaquk_(s_l) <‘IyF Eﬂg

< g2 W || Agll
k=1
q

F
< q*™?W2KZ |ag| < W |agl.
This completes the proof of Lemma 13.

Remark 21. — We also know that an unbounded lacunary
power series f(z) takes every complex value infinitely often in
every sector {z€D;a<argz <p}. In fact, let us note that a
set {t€[0,2m); 31_12 |f(re’*)| = + o} is dense in [0, 2m), if

’31_{11 ¢ = 0 ([12]). Hence we may assume
li,“} | fre'®)| = rll_{l} [f(re®)| = + oo,

The proof is now along the same line as the proof of Theorem 1.
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