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EXPOSE ON A CONJECTURE OF TOUGERON
by Joseph BECKER

In [8, Theoreme A] Tougeron has proven that an algebraic
map of algebraic varieties induces an open map (in Krull
topology) of the local analytic rings and that the image of the
induced map of the completions 1s a closed subspace. Also
[7, Theoreme B’] he asks if the image of the local analytic
ring 1s closed and points out that this would follow from
conjecture 1.9. In this note I prove this conjecture and give
a different proof of Theoreme A, showing that it’s really
a result of algebraic geometry. Unfortunately I cannot see
how to prove theorem B in a more general algebraic setting.

All the results here will be stated and proven for analytic
varieties over the complex numbers; however, we could just
as well work over a nondiscrete valued field of characteristic
zero.

0. Restatement of theorem
and comparison to other known results.

In [3] Artin has proven that if fi(z, y) € C{(z, y>)> 1s a
finite system of convergent power series equations, ¢ a posi-
tive integer, z = (%, ..., %), ¥ = (Y1, ..., Yn), with a
formal solution %(z) € G[[z]], then there is a convergent
solution y(z) € C{(z)> with y = y mod m°. Also he posed
the following question: if some of the 7’s are independent
of some of the a's, can the new solution y(z) be picked
to be independent of the same z’s. In [6] Gabrielov has given
a counterexample to this conjecture. I now give a slightly
different version of Gabrielov’s example. Recall Gabrielov
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gave convergent power series ?1(21, %), @@y, X,), @3(xy, T),
h(z,, x,) without constant term and formal power series

f(y1s Yo ys) with f(91(®), 92(2), ¢s3(x)) = h(z) and such that
there is no convergent power series g(yl, Yo, Ys3) With g(e,(z),
92(z), 93(z)) = h(z). By Taylor expansion (i.e.

fly) — fle(2) = Z(y — o(2))* ;-! F(e(x)).),

we have that following holds both formally and convergently :
Ife (Cllyll, GKy>d)  so f(e(x) = h(2)

< 3f e (C[ly]], CLy>>),
A17 A2’ A3 € (C[[x7 y]]’ C<<x’ y>>)

Ha) = f) + 3 Ade, y)ly — o)

This gives a polynomial system of equations with indeter-
minants z and y and unknowns f, A;, A;, A; which has a
formal solution but no convergent solution. Note that one
of the unknowns, f(y), i1s required to be independent of two
of the indeterminants, z; and =z,.

Theorem B of this paper says that this situation can not
occur if ¢(z) is a polynomial. Hence if h(z) is a convergent
power series, p,(z), p(z), ps(xz) are polynomials then the
system of equations

3f e (C[[y]], C<LLy»), Ai, Ay, A € (Cf[z, y]], C<Ka, y)))

SO
Wa) = f) + 3 Ade, 9l — pio)

has a convergent solution if and only if it has a formal solution.

1. Open mappings of Krull topologies.

Let R, S and T be commutative local rings with unit
element and with maximal ideals my and ms, respectively.
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Let ¢: R — S bealocal ring homomorphism, i.e. ¢(mg) < ms.
Then ¢ 1is continuous in the m-adic topologies on R and S.
Such a map is open if and only if for every integer j > 0,
there exists integer k; > 0 such that ¢(mf) > méi N ¢(R).
We say that R is a subspace of S if for every j > 0, there
exists k; > 0 such that mk = ¢~1(mé/). The following are
obvious :

1.1. — If R 1is a subspace of S, then ¢ is injective and
open.

1.2. — If ¢ 1s open and injective, then R 1is a subspace

of S.

1.3. — If ¢ 1is open and p =kero, then R/p is a
subspace of S.

1.4. — If a local hom ¢: R — T is surjective, then ¢ is
open.

1.5. — If $:R—>T,n:T > S arelocal, ¢ 1sopenand T
is a subspace of S, then = o { 1is open.

1.6. — If ¢ 1s onto and =7 1is open, then 7o ¢ 1is open.

1.7. — If R isasubspaceof T and T is a subspace of S,
then R is a subspace of S.

18. —If ¢: R—>T, n: T—>S are local, and R 1s a
subspace of S, then R 1is a subspace of T.

19.— If ¢: R—>T, n: T—>S are local, n 1injective,
and 7 o ¢ 1s open, then ¢ is open.

1.10. — If R is Noetherian, then R is a subspace of R,
the completion in the m adic topology.

111. — If ¢: R—S 1is open, then (ker ¢)" = ker §.

1.12. — If R is a subspace of S, then the induced map
¢: R > § is an injection.

113. — ¢(R) 0 if and only if ¢(ms) =ms. We
denote this condition by saying that S dominates R.

By a theorem of Chevalley [9, p. 270, Vol. I1].

114. — 1f R and S are complete Noetherian local rings
and S dominates R, then R 1is a subspace of S. More
generally if R is a complete Noetherian local ring and (a,)
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a descending sequence of ideals of R such that m a, = (0),

n=0
then there 1s an integer valued function s(n) which tends to
infinity with n such that a, = mi®.
It follows immediately from 1.4, 1.14, and 1.5 that:

1.15. — If R and S are complete Noetherian local rings,
then ¢ 1s open.
By considering the commutative diagram :

R—>R/ker ¢ —§

R/ker $ — S
and applying 1.12, 1.15, 1.10, 1.7, 1.8, 1.4 and 1.5 in that

order :

1.16. — If (ker ¢)" = ker §, then ¢ 1is open.

If R is aring, wesay that S 1s aspotover R if S is the
localization at a prime ideal of a finitely generated algebra
over R. By the Zariski subspace theorem [1, 10.3 + 10.13]:

1.17. — If R is a spot over a field k, S is a spot over
R,S dominates R and R isa domain, then R is a subspace

of S.
We complete our list with a few observations, in which all
the rings are Noetherian.

118. — If T is a fimte R module, I i1s a nonzero ideal
in T, and T is a domain, then ¢~*(I) =1 n R is a nonzero
ideal in R.

Proof. — T 1s integral over R. Let 0 # bel satisfy
polynomial rb" 4+ r, ;6" + .- 4+ rb+r, over R of
minimal degree. Since T is adomain r, # 0. But r,e R n L.

119. — Let ¢: R—>T, n: T > S be local homs of rings

with T a domain, R a subspace of S and T a finite R
module, then T is a subspace of S.

Proof. — By 1.12 and 1.14, T 1is subspace of S if and
only if T injects into S. Suppose p = ker# % 0. Now T
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is a finite R module and T is a domain so by 1.18,
0#pn R = ker # o §, which contradicts the fact that R
injects into S.

1.20. — If R, S, T are excellent Henselian rings (such as
analytic rings), ¢: R—>T, n: T—>S are local, S 1s a
domain, n o ¢ 1is open, and T 1is a finite R module, then 7y
is open.

Proof. — Passing to the completion, we have a commu-
tative diagram :

A

R — T— T/(ker 7)* 2§
\ T/ker 7 /

o 1s clearly surjective. Now T/ker v injects into the domain
S so T/kern 1s an excellent Henselian domain. Hence
(T/ker n)" 1s a domain. By 1.11 and 1.16 ¢ 1is open if and
only if o 1s an isomorphism. Suppose 0 # ker ' = ker .
By 1.18 applied to R — T/(ker n)", R nker# # 0. Let
ge R, U(g) e ker#, but {(g) ¢ (ker n)". Since n¢ is open,
g € (ker q¢)". Tt follows immediately that {(g) e (ker 7)",
a contradiction. K

120 — 1 0=[ )g, ¢ ideals in S, S, = S/g, and each

9;: R = S, 1s open where ¢, = m,¢, then ¢ 1s open.

k
Proof. — We have 0= m G, ker ¢ = N ker ¢,
i=1

ker ¢ = N ker ¢;, and each (ker ¢,)" = ker $,. Hence
(ker ¢)" = (N ker ¢,)" = N (ker ¢;)" = N ker §; = ker §.

Let X denote the germ at a point of an algebraic subvariety
of C* and &(X) the ring of germs of algebraic on X, 1.e.
the localization of the affine ring at the given point; 0(X)
the ring of germs of holomorphic functions on X; &(X) the
completion of «(X) in the m(X) adic topology, where
m(X) denotes the maximal ideal of & (X); M (X) the maximal
ideal of 0(X); m(X) the maximal ideal of 6(X). It is well

3
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known that & (X) and 0(X) have the same completions.
If Y is asecond germ of an algebraic variety and f: X - Y
1s an algebraic morphism, let f,: A(Y)—>A(X), f.:
o(Y) - 0(X), f,: 6(Y) > 6(X), be the homomorphisms of C
algebras induced by f. We will also denote O(X) by #(X).

Tueorem A. — f,: 0(Y) - 0(X) is open, if #(X) is
reduced.

Proof. — All the rings in sight are analytically unramified
so by 1.21 1t 1s clearly sufficient to consider just the case where
0(X) is a domain. Now f, might not be injective but we can
factor it through an injection:

2(Y) = 2 (Y,) > 2(X).
If we knew » was open, then by 1.6, n{¢ 1s open. Hence we
also assume that f, 1s injective.

Now the injection &(Y) > & (X) usually does not give
rise to an injection O(Y) - 0(X), but we can factor the
map: O0(Y)— 0(Y,)— 0(X). Now the affine ring corres-
ponding to (YY) can be written as a finite extension of a
regular affine ring. Upon localization we have an injection
o, — #(Y) which might not be a finite extension. However
the associated maps 0, - 0(Y), #,—> #(Y) are both
injections and finite integral extensions. We have a commu-
tative diagram :

o (X) = <ot (Y) < <o,
@(VX)f i AA/@(Y% —~ 0,

Ny
S L
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Note that 0(Y,) injects into the domain 0(X). It follows
that its completion #(Y,) is a domain.

Now #(Y) 1s a spot over &, and «(X) is a spot over
#(Y) so (X) is a spot over &, and &, is analytically
irreducible so by ZST, &, is a subspace of «#(X). By 1.12
and 1.14, #, 1s a subspace of #(X). By 1.10 and 1.7, 0,
is a subspace of #(X). By 1.8 applied to 0, - 0(X) - #(X),
0, 1s a subspace of 0(X). By 1.19 applied to

0, — 0(Y, - 0(X),

0(Y,) 1s a subspace of 0(X). By 1.4 and 1.5 applied to
0(Y) - 0(Y,) - 0(X), f, is open. QED.

Remark 1. — By considering the map C — C2?, given by
t—> (2 —1, # —t) and which has image Y2 = X3 4 X,
one sees that it is not true that f,: A(Y) - A(X) 1s open.

Remark 2. — Let N, be the local ring of nash functions
in n variables over the complex numbers, i.e., the algebraic
closure of Gz, ..., z] 1n GC[[z, ..., z]]- Then
o, < N, <0, and N, 1is an excellent Henselian ring.
Similarly if X is an algebraic variety over G, we can define
N(X) as the algebraic closure of «(X) 1n #(X). (One
usually speaks of the Henselization of a ring of finite type over
a field.) Theorem A extends to nash functions as follows:
If ¢: N(Y) > N(X) is a local ring homomorphism and both
rings are reduced, then ¢ 1s open and the induced map
0(Y) - 0(X) 1s also open. The proof given here 1s applicable
without change as in ZST we have N(X) 1is of finite trans-
cendence degree over N(Y).

In fact passing from A(X) to N(X) seems the nicest way
to prove theorem A because the analytic variety Y, arising
in the proof is not necessarily algebraic but is a nash variety.
Details will be left to the reader.

2. Closed maps of Krull topologies.

Let ¢: R — S be alocal homomorphism of local Noetherian
commutative rings with umt, ¢(R) 1s also such a ring and
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endowed with two possible topologies, the natural ¢(mk),
and the induced ms N ¢(R). These topologies are equivalent
if and only if ¢ is open. We will consider the completions

$(R) and o(R)* in the natural and induced topologies
respectively. There is a natural induced diagram

/(ﬁ(ﬁ)\

A

o is onto because $(R) and ¢(R)" are both complete local
rings with the same elements as generators for the maximal
ideal (as in [7, 30.6]). Hence $(R) n'S = ¢(R) if and only if
e(R)* nS=¢(R)., We say that ¢ 1s closed if
$(R) N S = o(R). We say that ¢ is strongly injective if
$1(S) = R, 1i.e. the induced homomorphism of abelian
groups R/R — §/S is injective. The following are obvious :

2.1. — If ¢ 1s strongly injective, then ¢ is closed.

2.2. — If ¢ isclosed and ¢ isinjective, then ¢ isstrongly
injective.

2.3. — If ¢ is injective and strongly injective, then ¢ 1is
injective, and hence R is a subspace of S.

2.4. — Mappings of complete rings are always strongly
injective.

2.5. — If ¢ 1is surjective, then ¢ 1s closed.

26. —If $:R—>T,n: T —> S arelocal homs and strongly
injective, then =% o ¢ 1s strongly injective.

27. —If ¢: R—>T is closed and n: T — S 1s strongly
injective, then 7n¢ 1s closed.

28. — If ¢: R —> T issurjectiveand %: T — S 1s closed,
then ¢ is closed.

29. — If ¢ is closed and open, then R/kere -~ S 1s
strongly injective.



EXPOSE ON A CONJECTURE OF TOUGERON 17

2.10. — If R/ker ¢ — S is closed then ¢ 1s closed.
211 — f ¢: R->T, n: T—>5, and %(y) 1is strongly

injective then ¢ 1is strongly injective.

k
9.12. — If ¢, areidealsin R,[ )g=0, =: R > R, = R/q,

i=1
the natural projections, fe R and m(f) € R; for each i, then
feR.

Proof. — The map R—>R; @ R, @ --- @ Rk =M is an
injection of finite R modules. Hence R N M = R by the
Artin Reese lemma.

It follows immediately from (2.12) that:

2.13. — Let {p;}%_, be the minimal primes of zero in §,
Si=S/p, ¢= ¢p), Ri=R/g;, and ¢;: R, > S; the
natural induced maps. If each ¢; 1s strongly injective, then o
1s strongly injective.

TaeoreM B. — Let X and Y be reduced algebraic varieties

and f: X - Y an algebraic map, then the induced map
f: oY)~ 0(X) isclosed.

Outline of Proof. — By applying 2.13, it follows easily that it
suffices to show the maps 0(Y) — 0(X,) are closed where X,
are the irreducible components of X. By 2.10 applied to f
it suffices to consider the case where f isinjective and show f
is strongly injective. Hence we also assume 0(Y) is a domain.

Now as in [8, theoreme B’, lemme 2.2, lemme 2.3] it suffices
to prove conjecture 1.9.

DeriniTION. — Let O(V), #(V) be the local analytic ring
of a complex analytic variety (a reduced complete local Noetherian
ring whose residue field is the complex numbers), respectively.

By a curve 7 on V we mean a nonzero local algebra
homomorphism 0(V) — 0,(C), (F(V)—> C[[t]]), respecti-
vely. In each case the curve is given by power series
(n1(t)y .oy Ma(t)). If % 1sacurve on V and v an integer,
v > 0 then C,(n, V) is the set of curves %’ on V such that
for each i, ord(wi(t) — n,(¢)) > v. By the ideal of % in
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Z (V) we mean the set of fe #(V) such that f(n(¢)) =0.
Also I(Cy(m, V)) = m I(n") 1s anidealin & (V).

N’ € Cy(M,V)

DeriniTioN. — Let 'V be a complex analytic variety, (i)
be the normalization of a curve C on V, n: F(V) > #(C)
be the natural restriction, and ge F(V), we say g is analytic
on C if =(g)e0(C). We say g s weakly holomorphic on
C if g(n(t)) e 0,. Note that g is analytic on C if and only

if it is weakly holomorphic on C, because 0(C) n &(C) = 0(C).

Conjecture 1.9. — Let ¢(t) be an analytic curve on an
irreducible complex analytic V with local parametrization
n: V- G, and A(Y) # 0, where A 1s the discriminant of
P(z, z,4;) the minimal polynomial of z., in 0(V) over 0,
and z., 1s a primitive element for the induced field extension.
If ¢ € §X) is analytic on each ¢’ € C,(¢, V), then ¢ e 0(X).

Outline of proof of conjecture. — By Hironaka’s proof of the
resolution of singularities, there is a finite sequence of qua-
dratic transforms of V, each of which is a blowing up of a
nonsingular variety or an analytic isomorphism, which resolves
the singularity of V, and so that the resolution g: M - V
is an isomorphism outside the singular locus of V. Since
A(%) # 0, the curve { 1is not contained in SgV; since g is
onto, ¢ has a unique lifting to curve p(f) on M such that
gle(t)) = ¢(t). (We don’t need fractional power series here.)
Clearly g(Cy(p, M)) = Cy(%, V), and ¢(g) 1s analytic on
o’ € Cy(p, M) 1f and only if ¢ 1is analytic on g(p’) € C,(¢, V).
By the regular case [8, Lemme 1.4], ¢(g) 1is analytic. It
suffices to show that each of the quadratic transforms used to
form M induce a strongly injective map of local rings. The
local ring of the blowup at a point of the fiber over SgV
might not be analytically irreducible even though the original
variety was analytically irreducible. The curve p(t) intersects
the fiber in a unique point p and the curve must be in one
of the irreducible components of the germ of the blowup at p.
In section 3 we will prove that the induced map of R into
the local ring of each component is strongly injective. (Actually
we will only consider the blowing up of the maximal ideal as
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the proof for other nonsingular varieties is similar and will be
omitted.)

Remark 3. — In the above it 1s not necessary to invoke the
resolution of singularities, actually we only need local unifor-
mization, a far weaker result.

From [5] we have the following :

Derinttion. — Let f: (X, o) = (Y, y,) be a germ of an
analytic map, X will be irreducible at x,, and ¢ =f,:
0(Y, yo) > 0(X, z,) the induced map of local rings.

Let r, = geometric rank of the map f

= sup over points z € X — SgX near z, of the
jacobian rank of the map f

= rank of the matriz <§—£’> over the quotient field
J
of the local ring 0(X, x,).
r, = dim 0(Y, y,)"/ker
rg = dim 0(Y, y,)/ker ¢.
Since completion preserves krull dim and 0(Y, y,)"/(ker ¢)"
surjects onto 0O(Y, y,)"/ker , it is clear that r, < r;. If X
is nonsingular at z,, it follows easily by differentiating all the
formal relations of the map f, that r < r,. (But this will
not be used here.) By [5, theorem 5.5] if r, =r,, then ¢
1s closed.

Since a quadratic transform is birational it is clear that for
the maps employed in the proof of the proposition, we have
r, = rg. In section 3, we show that r, = ry for these maps,
i.e., the map is open. Furthermore these maps are clearly
injective so by 1.2, 1.12 and 2.2, strongly injective.

Before starting on section 3, we have a few interesting
comments.

Remark 4. — It is an elementary calculation using the
formula for the radius of convergence, to show the map
CYy, ..., YOO > CKZy, ..., L,>> defined by Y, - Z,,
Y; - 7,Z; for i > 2, 1is strongly injective. Recall a power
series f(z) = Za,X* is convergent iff there exist real numbers
r and b such that for all «, |a,r'* < b. Now let
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f(Y) = Za,Y* be a formal power series and the induced power
series f(Z) =f(Y;, Y1 Y5, ..., YY) = Za,Y[*(Y)*, where
Y =(Yy ..., Y,) and o« = (ap, ..., «,). Note that |«
and «' uniquely determine o« so there can be no cancellation
of terms in the new power series. Hence there exist r < 1
and b such that for every a,|a,| r'*I+1*1 < b. Since |a'| < |«
and r <1, we have rl*l+l*l < s2lal Hence for every a,
la ] (r?)1*! < b. So f(Y) is convergent.

However it is necessary to extend this calculation to power
series rings modulo an ideal. This 1s nontrivial.

Remark 5. — It 1s interesting to note that the hypothesis in
conjecture 1.9 that A(¥) # 0 is unnecessary; in fact it is

vacuous because if A({) = 0, there exist a curve ¢ e C,(¢, V)
with A(f) # 0. Clearly C,(Z, V) = C,(%, V) so we reduced to
the previous hypothesis. To prove the existence of £, we need
some preparation.

Lemma 2.14. — If 0(V) us regular and v is a curve on V,
and v > 0, then I(C,(yn, V)) =0.

Proof. — Let n(t) = (m(t), ..., m,(t)) and ¢ € #,, ¢ # 0.
We will find an 7' € Cy(n, CG*) with ¢(n') # 0. If ¢(n) #0
we just pick any 7’ such that ord (v — %) > max(v, ord ¢(y).

If ¢(n) =0, let the multi-indices « = («,, ..., «,) have the
lexographic ordering and « be the smallest index such that

Q% Q%e O %n
0z, bzz. o 0z,
some o with (D%*¢)n # 0 because there exist an « with
D% a unit). Now by Taylor expansion

o(n + ¢) = ¢(n) + Eaj £(D*¢)n.

(D*¢)n # 0, where D* denotes . (There exist

Let ' = n + ¢, where ¢ # 0, and
ord { > max {v, ord (D*¢)7}. QED.
To construct the desired ¢ of the remark, let g:

M — V be a resolution of V, C = the image of { in V and
N = g1(C).
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It is easy to show there exists a curve C, in N such that
the restriction of g: C, - C is onto. Let p(t) be the norma-
lization of C,. The mapping g|C, induces an analytic map
g: C — C on the normalizations. By appropriate choice of p,
we may take g(t) = t" forsome n > 0. Then g(p(t)) = E(¢").
By lemma 2.14 there exist 3(t) € C,(p(t), M) such that

Ao g(E) # 0. Then Z(t) = g(3(t)) € C,(¢(t"), V). This proves
Remark 5.

Remark 6. — In [8, lemme 1.6], it was shown thatif V isan
analytic variety of pure dim r in C" =: G" - G" a projec-
tion which induces a finite extension 0,— 0(V), z.,, 1s a
primitive element of the induced field extension,

Pit) =t + aytrt + ... + a,
is the minimal polynomial for z.., in 0(V) over 0, A the
discriminant of P(¢), 1.e. the resultant of P(z.,) and % (Z041)

and ¥ 1s a nontrivial analytic curve on V, 7 = =({), with

A(7m) # 0, then for every integer v > 1, there is an integer
w > 1 such that Cu(v, C) < =(C}(, V)). That is every
curve 7’ near w in C" can be lifted to a curve ¢’ near ¢
in V by using fractional power series. We now show that
one can lift %’ to a curve ¢’ which is a power series with
integer exponents.

Prorosrtion 2.15. — With the above notation, let {(t) be an
analytic curve on V, n = =(%), and A(n) # 0, then for every
integer v > 1, there exists an integer p > 1 such that

Cu(n, €7) = =(C,(E, V).

We first recall the famous lemma of Tougeron [3, Lemma

2.8]: Let f;, ..., f, be convergent power series in =z, y,
. ofi\. .
let J be the square matrix. J = 5% , j=1, ..., ¢ and

8 = det J. Suppose y'(z) = (W), .. :y“( )) are convergent
power series in x without constant term such that for
i=1, ..., r we have f(z, y°(z)) = 0 mod 8%(z, y°(x))m*

and 3(z, y%x)) # 0. Then there exist convergent series
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¥(2) = (@), ..., yo(x)) with

; y() = y’(z) mod 3*(z, y*(x))m®

fi(z, y(x)) =0 for =1, ..., ¢

Since A 1s the resultant of P and P’, there exist
A, Be,0[z,,] such that A= AP 4+ BP’. So A(}) #0
and P({) =0 1implies P'(%) # 0. It i1s well known that for
r+ 2 < v < n, there exist integer N > 0 and Q, €,0[z.,4]
such that zP’' — Q,e I(V) and feI(V) if and only if
(P")*f lies in the 1deal in 0, generated by

(P, 2,42P" — Qupsy .o, 2P — Q,).

Hence any curve ¢ satisfying P and each zP' — Q, and
with P’(¢) £ 0 mustlieon V.
Let p > v+ 2(n—r)ord P'(¥Y) where P’({) is a power

series in one variable. Let

C<t) = (Cla LIS Cn) = (n; Cr+13 LIS cn)’

w(t) € Cu(n, ©), and T(t) = (1, Lur, - -, G- Let fiy ooy fisy
denote P(a(1), zsa)s P'(A(t)y Zrsa)ra — QuA(t)y 5a) Tespecs
tively and consider fi, ..., f,_, as power series equations
with unknowns z,.,(t), ..., z,(t). Now 7€ Cyu(m, C") implies

ord P'(¢) = ord P'({) and each
ord f,(¥) > v + 2(n — r) ord P’ (7).
Since these are power series in one variable,

fl(Z) = 0 mod P'(E)Z(n—r)mv.

. . . 0 R .
Clearly the jacobian determinant of Of +: 45 fur) = (P
b(zr+17 o zn) .
Hence there exist convergent power series {.4(t), ..., {,()

so that each ¢, = ¢, mod P'(¢)m* and each f;({) =0, where

€=, Gy, .., C). It follows that P’(t) #0.¢ is the
required curve. Q.E.D.
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3. The Krull topology of quadratic transforms.

Let V be a germ of an irreducible complex analytic variety
in G" of dim r, p = the origin be a point of V, and n = the
embedding dimension of V at 0. We consider the quadratic
transformation B of V with center 0, thatis the blowing up
of the maximal ideal; B is the closure in V x P*1 of the
set B" in V X P! where

B = {(y1, -+ Yo, 21y -+, 2,) €(V— {p}) X P1:
YiZ; = Y3 forall 1 < l,] < n}-

It 1s well known that the natural projection has the following
properties :

a) F = =n(p) < P 1s the tangent cone to V at p
andso dimF =r — 1.

b) =: B—F -V — {p} 1s a biholomorphism, hence

B—F and B=B — F are of pure dimr, because the
connected manifold =~'(Reg V) 1s dense in B.

¢) The germs of B at points of F are not necessarily
irreducible, as can easily be seen from the example
y? = z* + z*; letting y = zv, = zu, one gets ¢? = z2(1 4 u?)
which can be factored into power series at each point (z, ¢, u)
except u =+ 1, — 1, 4+ i, — i. Also the fiber is not neces-
sarily an irreducible variety; consider the example

2 — xy? — y?z = 0.

Letting y = uz, z = vz, one gets 22 — u?(1 + ¢) = 0. The
fiber is k[u, ¢]/(u?(1 + ¢)) which has two components.

d) Let zeF and B,=B; uB, U ... UB, be a decom-
position into germs of irreducible components. Clearly for
each i, the induced homomorphism 0,V) - 0,B,) 1is an
injection since w|B; — F 1s an open map and V irreducible.
It 1s clear that m,(V) = m,(B,) N 0,(V). The Krull topology
of 0,B,;) defined by powers of the maximal 1deal induces a
topology T, on 0,V) which is clearly stronger than the
natural topology T, on 0,V).
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Lemma 3.1. — Ty = T,, that is there is an increasing function
h: N — N such that m,(B)"@ n 0,(V) = m, (V).

Proof. — Let S=0,B), S;,=0,B;), and the =z in
BesVxP-! be (0,0, ...,0:0, %, ..., 2,). Let

d)p(v) = G<<y1, ey yn>>’

where y;, = residue of Y, modulo the prime ideal of P.
We wish to describe the ring S in terms of 2,, ..., A, and P.
. Yi Yi - )\IYI. .

If we write Z,= — N =——=""1 for > 2 and

Y, Y, ~
Z, =Y,, then S=CZ, ..., Z,>)/P where P 1is the
ideal obtained from P as follows: For any power series
g(Yy, ..., Y,) P, write

Yl = Zn Y2 = lez + 7\2Z1, ceey Yn = ZIZn + 7\nZ1;

then g(Yy, Yo, ..., Y,) =12Zig(Z, Zy, ..., Z,) where Z,
does not divide g. Theideal P isthe ideal generated by all
these power series g(Zy, ..., Z,). Clearly Z, ¢ P.

First by making a change of coordinates we can assume
that Ay, 25, A, = 0, since

C‘<<Y1’ RS Yn>> = C<<Yl’ Y2 - 7\2Y1, Tty Yn - 7\"Y1>>

and in the new coordinates Y;, Y, — %Y, ..., Y, —1,Y,,
the respective A, =0 for ¢ > 2.

Now we have that Y, =7Z,Z, y, =%z for i > 2, and
m,(S) = (21, %2 ..., %,)0,(B) contains m,(V).

Let 8 = C{{yy, -, Y>>[2 -y Zlpiz.. .z Since R
is a domain and §' is contained in the quotient field of R,
we have S isadomainand R injects into §'. Clearly there
is a map t: S — S which is, a priori, not necessarily an
injection; we will prove it is an injection.

Let Al == C<<Yly ceey Yn>>[Z2, ey Zn]ma
A2=C<<Y1) ---)an Z2’ "'7Zn>>7 )
S — A,/P,, S — A,/P, and R = G((Y,, ..., Y.>)/P. Then
A Ay A=A, =C[[Yy, ..., Yo Za, ..., Z.]], the topo-

logy on A; induced from A, 1s the same as the natural
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topology on A, § = A,/P,, and § =A,/P. Clearly ::
§ 8§ is surjective. Note that P =« P, « P, and P° =P,
where upper e denotes extension of an ideal to A,. Note that
P, = P,, that is the required power of Y, can be factored
outin A;: If f(Y,, ..., Y,)eCYy, ..., YD), ordf=r,
f= Za, Y% then

Yy, .., YY) =Yy, Yo =212y, ..., Y, =12, 2y, ...,Z,)
=Z[ 3 aly...Le+Z 3 78 ... 78YY ... Yxn]
la|=r la|>r
where « =8 + vy and [B]| =r + 1.
Since f(Y;, ..., Y,) is a convergent power series it is
easy to check the required convergence of the above series
in the brackets by using the classical formula for the radius

of convergence of a power series, which is that the radius of
=1
convergence of XZa,z* 1s lim inf |a,|'*!.
la|> o0

We will now show P = P;* where the subscripts on the
hats indicate which topology is being used for the completion.

We have P <« P,— P < P,, but P, =P, so

P<P,—PcP:cP, but Pe =P,
so

P: =P, — Pl =PA, =PA; =PA,A, )
- PﬁAg == PCA2 _ P:’-

Hence S = A,/P}* = A,P;* = 8. We have a commutative
diagram

!’

u»

p— g
o’ Ta, with «’ and «
S

CQ—)

injections so it follows that i is injective. Note that since &'
and S have the same completion, they must have the same
Krull dimension.

S’ is a subspace of §’, and ZST tells us that R is a
subspace of S’ so by 1.7, R is a subspace of 5. Also R

injects into 8’ and §' injectsin S so R injectsin S. So
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R = 8§ =& so by the above line and 1.8, R is a subspace
of S.

Now let ¢ be the prime in S of the minimal component
of the variety in question and S; = S/q. We must show R
1s a subspace of S,. Let

8" = Rlzln = Cllyss - 9allloes - s Bl

We first show that & = R[z], = R[z], = §": Since
RcRc quotient field of R, and z e quotient field of R;
we have R[z] = R[z]. Since a maximal ideal of R[z] con-
tracts to a maximal ideal of R[z], we have R[z], = R[z].
This yields a map R[z]; — R[z];. On the other hand R
is a subspace of R[z], so R <= R[z];. Since ze R[z];,
R[z] = R[z];. Next the maximal ideal of R[z], contracts
to a maximal ideal of R[z] so R[z], = R[z];. This yields
a map R[z], — R[z];. This gives maps in both directions.
It 1s clear that it is all functorial and either double composition
1s the identity.
We now have the following pretty picture :

R—R[E, =% =& 8
v v u n
R—R[z],=8 —8—8§ =583
N /
NS
Slq

Now ¢ 1is a minimal prime of S so § is a minimal prime of

A

§”. Hence § n'S" is a minimal prime of S.
(ht(g N S") =ht(§ N S")" < ht(g) as (§ N S") <= §.)

Since S" is a domain, § N S” = (0). Hence S” injects into
S]g. Hence R injects into $”/g. By the Chevalley subspace
theorem R is a subspace of 8"/§. By 1.10 and 1.7, R isa

subspace of $7/§. By the lower most line of the diagram R
injectsin S/q¢ and R is a subspace of S/q by 1.8. Q.E.D.
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