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ON THE FRACTIONAL PARTS
OF x/n AND RELATED SEQUENCES. II

by B. SAFFARI and R.-C. VAUGHAN

1. Introduction and statement of theorems.

1.1. In this paper we assume the notation of [9]. Throu-
ghout, the implicit constants in the O, < and > notations
are absolute unless otherwise indicated. In addition, we use
the symbol <. By U=V one means that U < V and
V < U. The letter p always designates a prime number.

1.2. The standard case. In this section we study the case
h(n) = 1/n. We are primarily interested in the behaviour of

(1.1) Osy(®) =y 3 ca(/n)

where 2 and y tend to infinity together. We observe that
this is essentially the same as taking the simple Riesz means
(R, »,) with A,=1 for n<y and A, =0 for n > y.
In fact, we are considering the positive Toeplitz trans-
formation

S =(a(y):ye[l, 0),n=12,...)

with a,(y) =y for n<y and ay) =0 for n>y.
We recall the definition of F(«, &, o) (cf. [9], (2.4), (2.5)).

0(x <0)
1 (ax = 1)

g ‘
(1.2) F(a, &, o) = + £ (k5 — (k + a)=°)
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where
_(1if(E—a,E] NN 2g
(1.3) 8(%, 8) = 70 otherwise,
and write
(1.4) Flo, &) = F(a, & 1).

The connection between ©,, and the Dirichlet divisor
problem can be seen, for example, via

(15)  Afz) = 2° (0, n(x) — a) da + O(1)
or

(1.6)  A(e) == [} (0,.(x) — Flx, 1)) da -+ O(1)
where

(1.7) Alz) = ) d(n) —zlogzx — 2y — 1)z
and as usual d 1s the divisor function and vy 1is Euler’s
constant.

Tueorem 1. — Suppose that 1 < y < . Then

(1.8) 0, ,(x) = F(a, z/y) + O(a;%y"l log x)

By adapting the Van der Corput method of trigonometric
sums it would be possible to improve the error term here,
much as in the Dirichlet divisor problem. However, we have
carried out no detailed calculations in this direction, partly
because we do not believe that the small improvements that
could be obtained are anywhere near the truth. In fact,
Theorem 2 below suggests that ©, («x) >« even when
y =a° where ¢ 1s any fixed number with 0 < ¢ < 1.
There are three immediate consequences of Theorem 1.

Cororrary 1.1. — As z — oo,

=3 %+ 0ls ¥Ioga).
(1.9) 0, () ;;::1 Kk + ) + O(m log x)
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CoroLrLary 1.2. — Let t be a fixed number with 0 < t < 1.
Then

(110) 0, («)=TF <oc, %) +0(s % 1og a).

CororLrary 1.3. — Suppose that ylzr -0 as z— .

Then
1
(1.11) 0, ,(x) = o« O(yx‘l + z3ylog ar)

If y 1s quite close to z, the error term in (1.11) is not very
good, and at first sight one might hope to do better. However,
on inspecting F(a, £) one finds that the error can indeed
be this large, and is essentially due to the irregular behaviour
of F(x, £) as a function of £ at the points 2,3, ... (see
Lemma 4 of [9]).

The next theorem suggests that Theorem 1 i1s some way
from being best possible.

Taeorem 2. — Suppose that y = y(x) s increasing,
=o(z) and y—> © as x— . Suppose further that
0 <a <1 and im O, ,(«) exists. Then

>0

lim 0, (a) = a.

The next three theorems put some limitations on how good
the error term can really be in (1.8) an don how small y can
be for there to be an asymptotic distribution.

Tueorem 3. — Suppose that y(u) is increasing and
y(u) - ©

as u—> oo. Let & = 3(a) be sufficiently small, and suppose
that z and X satisfy the inequalities

(1.12) 0<X<a,
(1.13) (y(@ + X) — y(2)) (log (y(=z + X)))* < 3y()

and

1
(1.14) 2 < y(z) < '

—2—X.
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Then, for z > zy(a),

1 41 < o o) — al? < X~
(115) (sinma)t 7 < f 1Oue) = aft du < s

As an immediate consequence we have

Cororrary 3.1. — Suppose that

0<a<1 and 0<B<—1—-

2

Then there are numbers 8,(a) and z,(B) such that, whenever
z > xl(B),

(1.16)  [HONET 0, w(a) — aft du <, 218 (log 2).
Moreover

(1.17) lim sup zf2|0, s(x) — «| > 0.

Tueorem 4. — Suppose that the continuous function G(u)
satisfies the differential difference equation

(1.18) uG(u) = — Gu —1) (u > 1),
Glu) =10 < uc<).
Then, for each u > 0,

(1.19) lmsup 0, ,(«) > G(u) (0 < « < 1,y = (logx)?).

Theorem 5 is an immediate corollary of Theorems 2 and 4.

Tueorem 5. — Suppose that 0 < « < G(u). Then
0,,,(«) (y = (log 2)")

does not have a limit as x — o.

The function G, often called Dickman’s function, has been
studied by a number of people (see references in Norton [7]),
who have shown that it is monotone decreasing and satisfies

(1.20) ' 0 < G(u) < T(u+ 1)
and

(1.21) [y Glu) du = ev.
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It 1s easily seen that
(1.22) Glu)=1—logu (1 <u<x<?2)
and

(1.23) G(u)=1—1ogu+f“10g(o—1)f‘%" (2 < <3).
2

1.3. The « logarithmic case ». As one might expect, when one
considers limit distributions of {z/n} in the sense of the loga-
rithmic density, things can be pushed a good deal further.
Write

(126)  0,(0) = Qogy)? 3 o calaln)

There i1s a close connection between 6,, and the error

term
E(@) = 3 ofn) — J;
() = n%m o(n B
where o 1s the sum of the divisors function. It is easily seen
that
1 1 1

E(w) = aflogz) [ (0,.(x) — o) da 4 - 2% f (90, s(0) — ) dt

0
’ Y 0(z) + O(a#z-Y)
where z < z and

Pay(2) = 2y 3 ney(a/n).

ngy

1
When z2? < z < z this reduces to
E(z) =2 (log 2) |,' (6,,.(x) — «) dx + O(a).

There is also a simple relation connecting ¢,, with E,
namely

E(z) = -;— 2 fol (s o) — Flat, 1, 2)) da + O(a).

We do not study ¢,, in detail, since its general behaviour
can be easily deduced from that of ©,,.

The next theorem shows that, not only does one obtain the
uniform distribution for 6,, when y = 2f, but even when
Yy = .
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TaeoreEm 6. — Suppose that y < x. Then

2

(125)  6,,(a) =« + O ((log &) (log y)*).

‘We would conjecture that 6, ,(«) >« providing that
log log z = o (log y).

'_:‘T‘H;EOREM 7. — Suppose that y = y(x) 1is increasing to
infinity and y < x. Suppose that 0 < « < 1. Then, whenever
0,,,(x) tendstoalimitas x — o, the limit must be a.

In the opposite direction we can do somewhat better than
the analogue of Theorem 4. (Note that by (1.20) and (1.21),

foru > 1’

Glu) < Tl 4+ w? < 1/u
whereas ﬁ)u G(y)de > 1 and j;u G(y)dv — €7 as u — o).

Tueorem 8. — For each u > 0,

I >0

(126) limsup 6, ,(«) > - f " Glo) do
0

0 <o <1,y=(loga)*
where G 1s given by (1.18).

As an immediate consequence of Theorems 7 and 8 we
have

Tueorem 9. — Suppose that u > 0 and

0<ac< —quG(v)dv.
u J,
Then
8.,(a) (y = (log 2)")
does not have a limit as x — oo.

It is very likely that both Theorems 5 and 9 hold with the
upper bounds 1 for « for every fixed wu.

1.4. The prime numbers. The following theorem shows that
the prime numbers, suitably normalized, behave in much the
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same way as the natural numbers. Let

(1.27) os(#) =y % (log P)ca(2/p).
A-PE
Tueorem 10. — Suppose that ¢ > 0 and z" < y < z.
Then
, / 1
. . log z 3>>
%%)%A@—W%dw+0Gw( ) oy i)

where C(e) is a positive number depending at most on .

We remark that on the density hypothesis concerning the

distribution of the zeros of the Riemann zeta function the E

11

where ¢

1 6 . ¢
could be replaced by —. The —— arises as
1s such that 2 11 c+2

(1.29) N(s, T) < Tea-o+

and where N(o, T) 1s the number of zeros ¢ =8 + 1y of
the Riemann zeta function with 8 > ¢ and |y| < T. The ¢
in Theorem 10 could be made an explicit function of z, but
there 1s little point 1n doing so.

As far as the un-normalized case is concerned, providing
that the conditions of Theorem 10 are satisfied, partial sum-
mation gives

(130) 3 elalp) = o P, aly) + [ HE )

p\ (log ¢)?

0 (y oxp = 1) (o f))-

The asymptotic distribution is the same, but there is a second
order term which has no very simple closed form, although
the main terms can be combined to give

f” ax du
ay (— (1 — o) {u}f log (¢/(u — (1 — a){u}))

It is trivial that 9, ,(x) does not have an asymptotic distri-
bution when y = (logz)® with 0 < u < 1. (Indeed, this
is so for all choices of A,. We hope to discuss this further in a
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later paper). However, we have not been able to extend this
to the region u > 1.

It 1s a simple application of Theorem 5 of [9], that if
0<6<1, y=2a" and 9, ,(a)

has a limit as z tends to infinity, then the limit must be «.
Moreover, this can be sharpened along the lines of Theorem 2.

1.5. A «law of the iterated logarithm ». In all the applications
of Theorems 3 and 4 of [9] hitherto, the expressions

S (3 o)

and
2

S L any)(t — e(am)

m

2

have behaved very much like Y, a2(y). We now show that

this is not always so, even under fairly reasonable conditions.
In particular, the following theorem justifies our remark
below Theorem 4 of [9] to the effect that taking Y, ai(y) in

that theorem can lose a factor as large as log log y.

Tueorem 11. — There is an infinite subset 2 of N* with
the following property. Let

o = (a(y):ye[l, ©),n=12 .)

be the Toeplitz transformation where the a,(y) are the simple
Riesz means (R, %,) obtained by taking X\, to be the charac-
teristic function of 2. Then there are arbitrarily large y such
that whenever z, > 0 and = > 0,

2 M

max (0, z — y?) < l()"gj—’()g&sgpfxﬁz (D, ,(0) —a)da < x4 y?

1.6. In conclusion we mention an example with h(n) = 1/n
in which the asymptotic distribution function differs from
F(a, £). Suppose that ke N* andlet A, =1 if n 1sa kth
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power and A, = 0 otherwise. Then trivially by the method
of the hyperbola,

®,.,(x) = Fla, aly), 1) + 0 (2771 +),

and deeper methods doubtless enable one to improve a little
further the range of valdity for y.

2. Proof of theorem 1.

2.1. The following lemma is implied by Satz 566 of Lan-
dau [4].

Lemma 1. — Let

1
b(Z) — {Z} - ~2— (Z ¢ Z)
0

(z € Z).

Suppose that u < w, f(v) s positive and twice differentiable
for u < ¢ < w and f'(v) is non-zero and always has the same
sign. Suppose also that for u < ¢ < w we have

0 <r<flo) <p
and that o 1is any real number with o > 1, p > A3 and
o > I (I + PR (u <o < w)
Let N be the number of pairs of integers m, n for which
us<m<w and 0 < n < f(m)
where any pair m, n for which either m =u, m=w, n =10

or n = f(m) is counted with weight L Then

2
N = [ fu) du — b(w)f(w) + bw)f(w) + 0(¢%u).

2.2. To prove Theorem 1, consider six sets S, S,, S;, Ss, Sg
and S, of pairs of integers m, n defined as follows;

x
S;: — < m < 2B
Y m -+ a m
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x z
S,: 22 < m < 228, <n< =
m -+ « m
z z x
S;: — <m< B — <n<g—
y m—+ « m
z x z
S3: = <m< @B = —a<n< = 2 <n<a
T2 4 o m m
z x r x
S0 G- <m< 2P ——a<n<— - <n<al
12 + a m m y
z z
S;: m<g<aB, ——a<n<g = ®P<n<az
m m

Let |S| denote the number of elements of the set S. By (1.1),

w0 e =G D0 )

4
+ M
where
(IS <y <z
(2.2) M= 30 i
[Se| if 22 < y < x
(2.3) M, =[S ifa'® < y < 22
0 ify < af
[Ss] f 2 < y <
(2.4) M; = {|S;] if 2?2 < y < 2°B
0 ify < a2t
and
(IS ifa® <y < &
(2'5) M4 - 3 O if y < ml/3'
Suppose first of all that 2?® < y < z. By (2.2) and (2.5),
(26) M= Y 'Zﬁ + O(2'®) and |M,| < 2'A.
Z cmLaris
Y

If 22 < m < 2?®, then there are < 1 integers n with

x

m—+ o

< n < ’

3s
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and the number of pairs m, n with either n(m + «) =z
or mn=zc 1s < z°. Hence, by (2.3),

2.7) M, =M, + O(zf) with M= Y’ Y1
zieLmLa3 _x <n

<=z
m+a m

where the dashes are used to indicate that if the pair m, n
is on the « boundary » of the region under consideration, then
s . . 1 . .

it 1s counted with weight —-. The same argument is applied

2

to M;. Note that there 1s at most one integer n in

=]

and likewise in [z/(2'® + «), 2*?]. Hence, by (2.4),
(2.8) My =M;+ O(zf) where M;= Y’ ¥,

rir<mLard

x
—aLng
" <

38

Now write
(2.9) M, = N,(0) — Nz(a) and M; = N;(0) — N;(«)
where, for B with 0 < B <
(2.10) Ny (B) = 2' X1

—xt3 < mL—a1i2

and

(2.11) N@B) = 3 e

—z2s<mL—xt/e xr

x m T 0$"$;ﬁ
It is now a straightforward application of Lemma 1 to inter-
vals of the kind — 2"z < m < — 2"z to obtain

. %3 T 1 x 2 T
N (8) —j;ue w+ B du + b(xz) a? g b(az‘*) P 1 B
+ O(2'2 log z)

and

Ny(8) = f’m (ﬁ —~ B) du+ (27) (% — 8) — b(s* —p)

+ O(2'? log z).
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Therefore, by (2.7), (2.8), (2.9), (2.10) and (2.11),

M,= Y

iz 'n(m + «)

+ O(2'2 log x)
and
1
M; = a(a?® — z'2) —I— O( % log a:)
= )Y ———— + O(z'"®log x).

s Lmgain m(m—l— o)
Hence, by (2.6),
4
M=y —2*% 1+ O@@"l
B 3 g+ oo

and Theorem 1 in the case 2*® < y < 2 now follows from
(2.1).

The cases 2 < y < 2*® and a'® < y < 2 are treated
similarly.

3. Proofs of theorems 2, 3 and 7.

3.1. First of all we state a lemma which 1s a consequence

of Theorems 3 and 4 of [9].

Lemma 2. — Suppose that z and X are non-negative real
numbers, y > 1 and 0 < « < 1. Then
(sin ma)4(X — y?) y<f cau/n—a’2du<(X—l—y)
nsYy

3.2. We require a result in which in the integrand y can be
made a function of u. In order to obtain this we first of all
require some information concerning short intervals.

Lemma 3. — Suppose that z, z and X are non-negative
real numbers, y > 1, Y =max (3,y) and 0 < « < 1. Then

24X 2
u
x z<nLz+Y n

du < (X + Y2)y (log 2Y ).
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Proof. — By Theorem 3 of [9], the left hand side is
2
<o+ 3 5

n m m
z<nmLz+Y

<+ 3( 3 o)lgy

n z<nmLz+Y

<@E+Y) ¥ 3 ilog 2Y
z2<9<L2+Y m|qg m

< (z + Y?)y (log 2YP,

as required.
Lemma 4. — On the hypothesis of Lemma 3,

z+X u
f sup 3 <ca <—> — oc>
z VY [z<ngz+v n

swhere the supremum is taken over all non-negative real numbers
with ¢ < y.

2 ,
du < (X 4+ Y2)y (log 2Y)4,

Proof. — This uses a technique which goes back to
Menchov [5] and Rademacher [8]. It may certainly be suppo-
sed that the supremum is taken only over those numbers of
the form

k
p=1y N 27"

r—=0

where ¢,.=0 or 1 and k = [logy/log2]. For such a ¢
let

r—1
my = my() = 3, &2, my=0.
P » Ve
Then m, < 29[y < 2" <y, m 277 = m2" + 2"
and Ymy 12751 = ¢,

Now for given u choose some ¢ = ¢(u) for which the supre-

mum occurs. Then _
<ca < . > a>
n

sup
vy

u k
z2<nLz+v n r=0

where the inner summation 1s over those integers n such
that

z4+ym27 < n < z+ (m+ g )y2-.
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u
z<n§z+v <Ca <7> - a> du
z+X k u
< (log 2Y) f 3 |= (ca <7> — oc>
where the inner sum is over those n such that
z+ym27 < n < z+4+ylm, + 1)2-
The right hand side of (3.1) is
(= (5) =)
n

where the inner summation is over those n such that
z+ym27 < n < z+4+ylm+1)27,
and, by Lemma 3, (3.2) 1s

< (log 2Y) 3 2(X + Y?)y2- (log 2Y) < (X + Y2)y (log 2Y)",

r=o

Hence,

z+X
(3.1) f sup

vy

2

2

du

k 2'—1 paotX

(3.2) < (log2Y) 3 ¥

r=0 m=0 x

2
du

as required.

3.3. First of all we prove Theorem 2. Observe that

Lim inf 2(22) — ¥(2) o 4

x>0 y(.’l}') ’

for otherwise y(z) > x. Therefore the set

ip s 1.Y20) —y(@)
(3.3) S=t{a>1: 12 Y8 <2

is unbounded. By Lemma 4,

(34) inf co/n) — of

<L |0 <y(m) y(u)

<) |3,(«(5) )

< z__i-y_zgi) y(22) (log 2y(22))".
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If S contains an unbounded subset S* such that
(3.5) y(28) < £ (log )~ whenever & e S*,
then by (3.3), (3.4) and (3.5)
liminf| 3 %@n) —«
R )

This gives the desired conclusion if such an S* exists. Other-
wise there is a constant z, > 1 such that

= 0.

(3.6) y(2z) > x (logz)~®* whenever z €S, z > x,.

Then, by (3.6) and Corollary 1.3,

I]m ®2x,y(21‘) = «.
x>0

z€S

This completes the proof of Theorem 2.

3.4. Toprove Theorem 3 we use both Lemma 2 and Lemma 4.

By Lemma 2,
. x+4X u 2
(sin 72)*Xy(2) < f 3 <c¢ <--> — m> du < Xy(a),
e In<x@) n

and by Lemma 4,

x4+ X u 2
f 3 <c¢ <—-> — oc) du < Xy(z).

x Y (@) <n<L¥(u) n

Thus, if y 1s suﬁiciently small in terms of z, then
(sin ma )t —— < f [ (w)]

y(u)
This gives (1.15) provided that z > zy(a).

u y(u)

* y(@)

3.5. The proof of Theorem 7 follows the same pattern as
that of Theorem 2. We observe that Theorem 3 of [9] gives

Sz (e Gr) =)

du <€ x.
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Thus

co(ufn) — af

nlrwy N 1og y(u)

<iogvar ). 13w (=(5)-2)

< (log y(a))? (1 + log ‘2‘”))

(3.7 inf

rLuL2r

du

y(z)

If there exists an unbounded set of real numbers 2z > 1
on which y(22z)/y(z) 1is bounded, then Theorem 7 follows
at once from (3.7). Otherwise

(3.8) y(x) > z,

and Theorem 7 follows from (3.8) and Theorem 6, which we
shall prove in Section b.

4. Proofs of theorems 4 and 8.

Let ;
(4.1) z, = exp <2 A(r))
where A is Von Mangoldt’s function, and
(4.2) Y, = (log z,)"
Then
4.3 o(@afm) = 0)
(&9 .2, ) 2 i) o+ <10g n>

g m<n“ /m + 0 <10g n>

where ¥’ means that the sum is restricted to those m which
have no prime divisor exceeding n. (Very probably the part
of the sum thrown away contributes an amount infinitely
often as large as (¢ — ¢)(1 — G(u)), and if this is so, then
Theorem 5 also holds when G(u) < « < 1). By (4.1), the
number of these m not exceeding n* and not dividing =z,

1s a most
1

Z nup—k < nu——?.

Dk
k>2, p>nllk
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Thus we have

(4.4) z%mmw>21+o<”>.

n<y, m<na log n

de Bruijn [1] has shown that if ¢(X, Y) is the number of
natural numbers not exceeding X which have no prime
factor exceeding Y, then

(4.5) (Y% Y) = G(uw)Y* 4+ O(Y*(u + 1 max |R(z)|)
2<2<Y
uniformly for Y > 2, u >0, where R(z)=rn(z) —liz
is the error term in the prime number theorem. This with
(4.4) and (4.2) gives Theorem 4.
The proof of Theorem 8 proceeds in the same manner. Thus

S = oylanfm) > Zlica(xn/m)_}_O( 1 >

m<y, m<nu lOg n
and
SLey 0y <ntmlogn,
m<nu M bk m<nmpk T
myfz, k>2, p>nllk
Hence
46) 3 Lofm/m) > B~ 401
m<y, ™M e m<ns M log n
By partial integration,
G7) 3 -~ — n¥(ne, n) + (log n) f "m0 (02, ) de.
m<Zn% 0

Combining (4.5), (4.6) and (4.7) now establishes Theorem 8.

5. Proof of theorem 6.

Suppose that ’
(5.1) 0<B8<1
Let

(5.2) Mg = [% — rs]
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and
1
(5.3) S@) = X %
Then M3<m<w—§ nLz/(m+ ﬁ)

(54) 0.,,(s) logy = S(0) — S(x) + (My — M) 3 -
Let "
(5.5) N = [at4],
Then, by (5.3)

se) = 5 (log g+ v+ 0 ()

Mp<m$N 1 .
R (Et Bb)

SN+B8

providing that N > Mg This also holds when N < Mp,
providing that the convention

S =— 3
Mg<m<N N<m< Mg
1s adopted. Hence
S(0) — S(«)
= 1 1 i) — (M, — Ma 1 01
Mo<%<‘: 0g< + ( 0 ) OgMo_}i + ()
\ zr o« 1
35— 3 (5 n) DI
"$’E sN N+¢z<n<i
— <£> i B <£ _ o‘>
nsi n n n
N
where B(u) = {u} — —%— Therefore, by (5.4),
@@mmmm=mme%ﬂ%ﬂ
N
+ « log m -+ O(i)
z
+alog g — T(0) + T(a)
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where
. 1 z
(5.7) TE) = 3 B (7 _ p>.
By (5.2)
x < 1—|—(a—1)%<%(Mo+a) <2
and
y N T
5 < Vo(N + &) < [ﬁ] < 2y.
y

Hence, by (5.6),
(5.8) 0,,(«) logy =« logy + 0(1) + T(x) — T(0).

The proof is completed by observing that a trivial modifi-
cation of the proof of Satz 3.2.2 of Walfisz [11, p. 98] gives

T(8) < (log @)?".

6. Proof of theorem 10.

6.1. We require a lemma which has some independant
interest. Let

(6.1) $(X) = 3 logp.

p<x
Lemma 5. — Let N(o, T) denote the number of zeros
p=8+ iy

of the Riemann zeta function with B > o, |y| < T. Suppose
that there are positive constants B, C (with C > 2) such that

(6.2) N(s, T) < T%-9 (log T)® (T > 2).

Then, whenever x > 4 and z2¢ < 6 < 1, we have

(6.3) f% 19(u 4 ub) — $(u) — ubl* du

logz \1#
02,3 ,
<o exp< & <10g log x> )

where C, s a suitable positive number depending at most on «.
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If the Riemann hypothesis is assumed instead, then whenever
>4

2z
(6.4) f 19(u + uB) — 9(u) — ubl* du < 022 <log %)2
uniformly in 0 with 0 < 6 < 1.

This is essentially due to Selberg [10]. It differs firstly
in that in (6.4) the bound is uniform for 6 close to 1 whereas

Selberg apparently requires 0 < 2%, and secondly it is
slightly weaker when 6 < 2 % with 0 < C; <1 since
Selberg obtains

6—1/Ce
(6.5) fo 19(u 4 u8) — 9(u) — ubl?u~? du

<0 (log —g—)z-

Moreno [6] has observed (6.3) with C = 5/2 and 9 replaced
by ¥ (where

(6.6) ¥(z) = ¥ A(n)

nLx

and A(n) 1s von Mangoldt’s function), and given only a
weaker result for 9. In fact, there are at least two obvious
ways of deducing a corresponding result for 9.

Proof of Lemma 5. — Clearly
(6.7) f“’"‘ W(u + 0u) — ¥(u) — Ou)? du
< JEO2 (P + bu) — W(u) — Oup du) de.
Let Y, denote summation over all.the‘complex zero of (¢
groupgd in complex conjugate pairs, that is, lim Y, . Then,

T>o |YIKT

by the explicit formula (Ingham [3], Theorem 29), whenever
y 22

‘ 1
S Am=y— 38— — g lel =y

where the dash means that if yeZ, then A(y) is to be

replaced by —21— A(y). The sum over the zeros i1s boundedly
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convergent (cf. Ingham [3], p. 80). Thus

(6.8) [ (¥(u + 0u) — ¥(u) — Ou) du
< o D “"‘L u92 du

xv[2 4

7 (st )

and
2zv .
69 (|3 Qt—eplp—i wl du
/2 _
Ly g kOt (Aot
Py Pe _ f1 _ P2
’2l+91+92 —_— 2—1:94"“9: (x‘))l+91+§!.
14 o1+ eo

Trivially

2xv 1 02 — 1 2
(6.10) f ) <1Og <1 _ u(2 (1++ 2))2 - 1>> du < 0.
By Theorem 25a of Ingham [3],

(6.41) N(O, T + 1) = N(0, T) < log T (T > 1).

Thus, the double sum on the right of (6.9) converges absolu-
tely, and uniformly in ¢ on [1, 2]. Thus, by (6.6), (6.8),
(6, 9) and (6.10)

(6.12) [ (¥(u + 0u) — ¥(u) — 0w du < 027° + T,

where

(L4 0)¢ — 1 (14 O)F — 1 Qirers — 21—

3, =
' g} Pzg P1 P2 14+ o1 + e2
22+5|+Pe — 1 1+ectE
- —————— TS,
2 + o1+ p2

By the trivial ‘inequality |z 2| < |%|? + |23

3, < Y 3 o+Pmin (0%, y72)(1 + |y — va)?
P1 Pe .

Thus, by (6.11),
(6.13) T, < Y 226 min (62, y2) log v.

Y>0,B>12
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If the Riemann hypothesis is assumed, then at once from

(6.11) and (6.13),
T2 Y Blogy 4 a Y 13%1 < 0x2<log%>2.

0<Y<6™ Y>6—1

This with (6.12) establishes (6.4) with & replaced by VY.
To deduce the corresponding inequality involving &, observe
thatfor y > 1,y ¢ Z,

1
_ A2 — .
¥ly) =3y =y +1=252 l‘lff < 23 T2 —1

log p y
+ 2 —Ws(pzs - )> . ds.

Let

A(p, 0) = (P(e(1 + ) — ¥(e") — (e’(1 + 6)) — 8(e")
— (1 4 Oz | gvi2)e—v

and

R

F(t) = — Y420 1 +y —L+itlogp
P2

p* T (g — 1)
Then, by Plancherel’s theorem,

S 1w o ae < [

<f_ (log (1 4 |¢]))? min (62, (1 4 |¢])-2) dt

<0 <log l)

This combined with the observation

Ly 2
14 6)2 — 1] dt

2r
f (ullz(l _I,__ 6)1/2 _— ullz) du < 022

enables one to deduce (6.4) from the corresponding result
with replaced ¥. Another line of approach is to use the
relation

Ya)= 3 w(k)¥ (@)

k
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where p 1s the Mobius function, but in the proof of (6.3)
this gives rise to complications of detail.
To prove (6.3) note that by (6.11),

3 m1+2(ﬂl()‘Y¥ < 1.

p
Y >z

Thus, by (6.13),

614 T, <1+a <02 <log %) s, + 23>

where

T, = Y a2
P
s

and

(6.15) T, = Y a2y?logy.

P
e

Hence

(6.16) =, = 2N <% e—1> +2 [ 2% (log 2)N(u, 6-1) du.

1/2

By (2), page 226, of Walfisz [11], we have

(6.17) N(o, 2*) =0 whenever ¢ > 1 — C; (log z)23

(log log )13,
This with (6.2) and (6.11) gives

5 . 2 -3 _ 2

s < 20 log—e— + 2[ 2% (log x)61 logF du
1
2

1—C; (log z)—2/3 (log log x)~1'3 B
+ 2 ' o x*(log )0 <log £> du.
1-1 0
C
It is assumed that 2206¢ > 2% > 1. Thus

2_2 2
(6.18) Z, <z <6 1log—e—

C, <C log%— —2 logx> .
+ 2* (log ) exp (log z)%2 (log log a)'7®
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The sum Z; is estimated in the same way. By (6.16), (6.11),
(6.17) and (6.2),

S < 3 (ﬁp__x)<lo.rgzy_~4losgx>_|_(]og:v) +0x<log 2>2

x

4
<Y<zt
>1/2

< 6m<log > +f < 222 log 2)N(u, )%%‘ﬁ)du
1
N 92\ _ » C2<C 10g3—2logx>
< 07 <log F) +22 (log z)B+2 exp '

(log z)*3(log log z )13

This, with (6.12), (6.14) and (6.18), gives (6.3) with & replaced
by ¥. The deduction for & 1sthe same as in the proof of (6.4).

6.2. It is possible to deduce Theorem 10 directly from
Lemma 5, or even from the corresponding result with #
replaced by ¥. However, the argument i1s then somewhat
more complicated than with the method we are going to use.
Moreover, the following two lemmas also have some interest
of their own.

Lemma 6. — Let h be any real number with 0 < h < .

If (6.2) holds, then

(6.19) f“(a(u B — 9(u) — B du

log z \!3
2 —

< hPz exp ( Cy <loglog:v> >
e—=+1

whenever ¢ < h<z and x>3. On the Riemnan
hypothests,

(6.20) f *(9(u + h) — 9(u) — K du < ki <10g %)2
uniformly in h.

Proof. — It suffices to prove the lemma with h < z/6.
Suppose that 2h < ¢ < 3h and =2 < u < 2z, so that

h<¢—h<2h and z< u-+h < 3z
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Then, since
(8(u+ ) — 5(u) — AP < (5(u + v) — 3(u)
+ (3(u + ) — 5

u
on making the substitution w = bu(h <
observing that

A\

b3 1
u u

h < <
2o <2t
3z z

/
)

one has

hf“ (3(u + h) — 5(u) — kP du

< fi <ﬁ3h (3(u + w) — 9(u) — w)2dw> du

< :cf:x <f,,m (9 (4 ub) — S () — O dO) du.

/3x

The integrand in the last double integral is continuous on
[z, 3z] X [h/3z, 3h/x] except on a subset having zero content.
Thus the order of integration can be inverted. Hence

(6.21) f% ($(w -+ B) — S(w) — h)? du

< %fh:' <f3 (9 (e + 8u) — $(u) — Ou)? du) do.

Using this, (6.20) follows from (6.4). If « < 3%¢, then (6.19)
1s trivial. Thus it can be assumed that

N
Combining (6.3) and (6.21) then gives (6.19).
Lemma 7. — Suppose that (6.2) holds. Then
2z
(6.22) max |[¥(u + ¢) — ¥(u) — ¢|* du

x 0<v<h
2 _— —_— 9 @
< Ko exP( G <10g 10gfv> >
e—2 g

whenever x ¢ < h < x and x> 3. Moreover, on the
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Riemann hypothests,

2z
(6.23) max |$(u 4 ¢) — $(u) — ¢|* du < hz (log z)*
z O0Lv<h
whenever 0 < h < z.
This follows from Lemma 6 by a similar argument to that
used to deduce Lemma 4 from Lemma 3.

6.3. We now proceed with the proof of Theorem 10. By
¥, it 1s meant that possible terms with m < [z/y] are
omitted, [z/y] 1is only counted when z < y([zly]+ «),
and if [z[y] 1s counted, then =z/[z/y] is replaced by y in
all the appropriate places. Observe now that, by (1.27),

(6.24) y¥y(0)= X' % logp+ 3 )y

log p

1/2  x xT 1/2 m

m® m+¢<pé; pse r—ap<mp<Lx
> Y logp.

12 =z 1/2
mLx L <
< o <pP<

Clearly the contribution from the second double sum is O(z'/2),
and from the third 1s O (log ). Thus, by (6.24)

0 2 (2) -+ ) oo

Suppose that
(6.26) 0<3d<1

and

then

o +(2) -+ (55) s
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Let X be of the form
(6.28) X =1+ 93
where k 1s a non-negative integer, and suppose that

(6.29) X2 < z.

Then
T\ _ 4 x B oax
(7)) s

(6.30) 3 }3
< 8—5[” sup [9(u + ¢) — S(w) — o|du

X<m<X+3X
J(X4-0X+1) v <z X2

-+ D <:—;+1> log z.

X<m<X+pX

Before proceeding further with the proof consider the conse-
quence of assuming the Riemann hypothesis. By Lemma 7

and (6.30),

5 —a;_ 9 x . oaxr
m m 4 « m(m -+ «)
X2 /3 / 3
(R g, 3, (e

X<m<X+3X

/

X<m£LX+3X

Thus, summing over those X, given by (6.28), for which
(6.29), holds, one finds that

'(%) =)

< 2123-32(log z)® 4 3y log z 4 a'2log z,

/

m<at?

which with (6.25) and the choice & = y2°z15(log x)*?,
which 1s consistent with (6.26), gives

¥oy(2) = Fla, 2fy) + O(y*r2'*(log 2)*?)

whenever y > 2'2(log z)2.
To return to the proof, suppose that (6.2) holds. Then,
providing that
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one has, by (6.30), the Schwarz inequality and Lemma 7,
x x ax
*(3)* (i) e

X8z 22 = _ logz \U3\\12
<% <X' X+ X exp( G (loglogw) >>

-+ 3 <r—n—2— -+ 1> log =.

X<m<LX+gX

’

X<m<£X+9X

Thus summing over all the numbers X of the form (6.28)
for which (6.29) holds gives

(3) =0 ()~ e

< 3 <%+ 1) log 2

Z/

m<at/?

2

L Ct2 /2

<m<g <t

logz \1#
—3/2 — 1/2
+ y8-32 exp < Ce <10g Tog x> ) + (3y + 2'2) log .

3
This with the choice 5= exp(— — Cy( 8% ") and
2 log log =
Huxley’s theorem [2] that (6.2) holds with C = 12/5 esta-
blishes Theorem 10.

7. Proof of theorem 11.

Define N, inductively by

(7.1) N, =3 and Ny = 1Ip

where the product is over all those primes p such that
(7.2) p < e

Let
(7.3) 2;={n:n|N;,logN; < n < N;}

and

(7.4) 9 — Lj:J 2,



ON THE FRACTIONAL PARTS 29
Further, let ;j be large and write
(7.5) y =N,

Let A, be the characteristic function of 2 and

(7.6) 3 /2 2y <Y

(n>y)

By (7.1), (7.2), (7.3) and (7.4), all the elements of 2 are odd.
Let « = 1/2. Hence, by Theorems 3 and 4 of [9],

(7.7) max (0, — g2) 3, <§ —:—Q—am(y)>2

n=1 m=1

< f“”“'“’ Q,,(x) —a)Pda < (x4 y?) Z <§ %a,,m(y)y.

n=1 m=1

By (7.1), (7.2), (7.3), (7.4) and (7.5), it 1s easily seen that y

is squarefree and the elements of
2 n (log N;, Nj]

are precisely the divisors of y in the range (log N;, N].
Since 2, is the characteristic function of 2,

(7.8) Y A, =24 0 (logy)

m<Yy

where P 1s the number of prime divisors of y. Also,

o =2 (Z =) + 0 (tog )

nly \mnly

— 7] (1 +—% + %) +0 ((logy)?).

plY

Hence, by (7.1), (7.2), (7.6) and (7.8),

( (2 + 7+ 5 p)

2
n<y
Theorem 11 now follows in a straightforward manner from
(7.1), (7.2), (7.5), (7.7) and (7.9).

778

(7.9)

1
, m

s
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