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CONICAL MEASURES AND VECTOR MEASURES

by Igor KLUVANEK

One of the most important objects related to a family {f, : ¢t €1}
of (real-valued) random variables is the joint distribution of this
family. It is a mesure on the cylindrical o-algebra in the space R
Indeed, all properties of this family (as a family of random variables)
are reflected by its distribution. It can happen that neither the
family of random variables itself nor the probability measure on the
underlying space are available but we are given the indefinite integrals
of all random variables f,, t € I (assuming them integrable). In that
case the joint distribution cannot be determined. However, the
conical measure on R! determined by the joint distribution still
can be reconstructed. It is clear that there remain many properties
of the family of random variables which can be inferred from
this conical measure.

Noticing the obvious fact that the family of indefinite integrals
of the functions f,, t €I, can be interpreted as a measure with
values in the space R!, we propose to investigate the indicated
situation in a more general setting. To every abstract measure
with values in a locally convex topological vector space E, there
corresponds a conical measure on E and also on the weak completion
E'* of E. There are many properties of the vector measure which
can be determined from the corresponding conical measure. Also
conversely, the vector measure can be made a tool for studying the
conical measure.

In the first Section, it is proved that every conical measure
on a ‘weak complete space E is represented (not uniquely) as integration
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with respect to a non-negative measure A on the cylindrical o-algebra
in E. And A can even be extended on a larger o-algebra so as to
become a direct sum of finite measures.

This result and the connection between measures with values
in E and conical measures on E is used in Sections 2 and 3 to obtain
information on the general structure of abstract E-valued measures.
In the final Section are stated some results concerning conical
measures. In particular, some conditions are given guaranteeing
that a conical measure on E be expressible as integration with
respect to a finite (o-additive) measure on the cylindrical o-algebra
in E.

1. Representation of conical measures.

Let E be a real locally convex topological vector space with
topological dual E' and algebraic dual E*.

The vector lattice of functions on E generated by E’ is denoted
by & (E). Every element f of 4 (E) can be written as
fxX)=sup {fifx): 1 <is<D-—sup {f;(x¥):1+1<i<k}x€E,
where f; € E', for 1 <i<k, 1 <I<k

A non-negative linear form on 4 (E) is termed a conical measure
on E (see Choquet [3] or [4]).

The interest in this Section is focused on weak complete
spaces. If E is a weak complete topological vector space then there

exists an index set I such that, up to a topological vector space
isomorphism,

E=R!;
the structure of the topological vector space on R! being that of

the product of one-dimensional ones.

Without a loss of generality it will- be assumed that I is well-
ordered and, indeed, that I is an interval of ordinal numbers with O
as the least element.

For every k €1, let p, be the projection of E = R! onto
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its k-th co-ordinate ; that is, p, (x) = x,, for every element x = (x )¢,
of E.

It is known that {p,: (€ I} forms a Hamel basis for E'. Also
h (E) is the vector lattice generated by {p, : t € I}.

For every k € I, define
T,={x€E:px)=0fort<kand|p, (x)]| =1}

Furthermore, let

Given a function f on E, by f| T is denoted its restriction to T
and by f| T its restriction ta T,; A (E) | T, = {f|I T, : f€ER(E)}, k€] ;
RE)IT={fIT:fE€h(E)

Let S, be the o-algebra of subsets of T, generated by & (E) | T,,
i.e. the associated o-algebra such that all functions in A (E) [T,
are S,-mesurable, k € I. Let S be the direct sum of o-algebras
S, kK € I. That is, S consists of all sets X C T such that X N T, € S,
for every k € L.

If A, is a measure on S,, for each k €I, a measure A on S
is termed the direct sum of the measures A, k € I, if

AX) = L A (XNTY, XES.
kel

We say also, in this case, that the measure space (T,S,\) is the
direct sum of the measure spaces (T, ,S,,A,), k € L

THEOREM 1.— Let u be a conical measure on the weak complete
space E = RL Then, for every k €1, there exists a unique finite
measure \, on §k such that, if (T, S,N\) is the direct sum of the
measure spaces (T, ,S,,\,), kK € 1, then

u(f)=fT(fIT)d?\ (1)

for every f € h (E). The vector lattice h (E) | T is dense in L' (\).

The main part of this Section is devoted to the proof of
Theorem 1.
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According to Choquet [3, Théoréme 17] or [4, Theorem 38.3],
u is a Daniell integral on 4 (E). Let L be a linear lattice of functions
on E containing A (E) and such that

i) there is a Daniell integral on L which is an extension of u
and which will be denoted by u, again ;

ii) the Dominated convergence theorem (Lebesgue theorem)
holds for this extension of u on L ;

iii) for every f € L and € > 0, there exists g € h (E) such that
u(lf-gh<e;

iv) all function in L are real-valued (the values * ooare excluded)
and belong to the least class of functions containing 4 (E) which
is closed with respect to the point-wise convergence of sequences.

The general theory of Daniell integrals guarantees that such L
and the corresponding extension of u exist.

We put, as customary, Lt = {fE L : f = 0}.

The property (iv) implies that every function f in L is positive-
homogeneous (x> 0 and x € E imply that f(ax) = af (x)). The
positive homogeneity in turn implies that ¥ can be considered a
Daniell integral on the vector lattice L| T = {f| T : f € L}. Specifically,

iff,€L,n=12...,andif f,(¢) { O for every t € T, then f, (x) 4 0
for every x € E and u (f,,) > 0, n = o=,

Let u, and v, be functionals defined on L inductively for every
t € 1 as follows.

Let k € I. Assume that u, is already defined for each « <k.
Denote

vK(f):u(f)—‘Zuc(f)’ (2)

<k
for every f € L, and put

u,(H =sup {v,fralp,): a>0} 3)
for every f € L*;furthermore u, (f) = u, (f*) — u, (f")for every fEL.

LEMMA 2. — The functionals u, v, are well-defined Daniell
integrals on and L and 0 <u, <v, <u, for every t € L
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Proof. — Let k € 1. Assume that u, v, are Daniell integrals
and 0 <u, <v, <u, for every ¢ < k.

Given f€EL*, we have

0<v,(D=u( - 2 u ()

<v
for every v < k, Hence

0<\'_\‘ ul(f)=sup{z u () :v <k} <u(.

<K <v

ie. 0<v, () <u(M. In particular, v, is well-defined by (2). It is
then clear also that v, is a linear form on L. The inequality

0<v,(N<u(.

for f € LY, implies that v, is a Daniell integral.

Now, u, is well-defined by (3) and O <u, (f) <v, (f) for
every f € L*. The definition then extends on the whole of L. We
show that u, is a linear form.

Letf,g€L*. Since f+ Aralp < (fralp )+ @gra|p, 1)
for every a > 0, the definition (3) gives that u, (f + g) < u, () +u,(g).
On the other hand, for every € > 0 there is « > 0 and 8 > 0 such
that

u ) —e <ve(fraalp ) ,u @ —e <v (@@rBlp,D.
Consequently,
u, N +u @ -2 <o (faalp, D+o,@gaBlpl)
Sy ((f+ron@t+Plp D<u, F+g).
So,u, (f+g) = u () + u,g).

For every f€ L* and ¢ > 0,

u, (cH=sup {vy(cfralp):a>0}=
=csup {v(fa(a/c)lp,D):a>0}=cu, ().

The linearity of u, follows.

The inequality 0 < u, (f) <wv,(f), for each f€ L*, implies that
u, is a Daniell integral.
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LiMMA 3. — Let f € LY Then

Z u N =sup{u(fayp):p€Ll,pt)=0forte U T} (4

(<K k<t

and
}.‘uc(f)=sup{u(fmp):¢€L,ap(t)=0fort€ U T} (5
< K K<t

for every k € I

Proof. — If k = 0, the statement (4) is true by' the definition
of uy, and (5) is true vacuously.

Let k €1, k > 0. Assume that (4) holds if k is replaced by
anyp €1, » <k. Then (5) follows. An inductive proof will be
proving (4).

Let p, be functions vanishing on every T, with k <t such that

0, S, n=12,...,and u (frn p,) > .Z: u, (f). Let
[AN4

g =1lim fag, = sup fay,.

Then :
u@=u(fng)= R u, (). (6)

< kK

Moreover, if § € L* is a function vanishing on every T, with k <y,
then

u((f—gn0)=0. (N
Indeed, if (7) were not true then
u(fa@+0)=u(fag) +ulf—gab)>ulg)
would follow, contradicting (6) and (5).
Also, if f' < f,f' € L7, then z u,(f')=u(f'ng). This because,

<k
for any ¢ € L™ vanishing on every T, with k <, we have
u(f re)<u(f'ng) +u((f' —F'agalw—png) <u(f'ag) +
tu((f-nw—vag) =u(f'a g,

choosing 0 = ¢ — pagin (7).
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We have, in fact, proved that v, (f)=u(f)—u(f'ang) for
every f'€L*, ' <f

Let h = lim,,.. fan|p,|. Hence u, (f) = v, (h) = v, (fan h).Now

Zu (=2 u ) +u (D =ufrg) +uv,(Fah) =u(fag) +

(<K <k

+ u(fnh) —u(fahng) =u(fa (gvh)).

Suppose that ¢ € L* and that ¢ vanishes on every T, such
that « < Then

u(fap) <u(fa@vhnp) +u((f—gvh)ay). (&)

The function 6 = (f—gvh) aAp vanishes on every T, with k <
and 0 = (f — g)a 6, hence, by (7), u((f—gvh)an ) =0. So (8)
gives that u (fa @) < u (fa (gvh)), proving (4).

LrmMma 4. — For every f € L vanishing on every T, such that
Kk <, the relation

- u O =ul@ 9)
<k

holds. The equality
Tu=ul (10)

(1=

holds for every f € L.

Proof. — The first statement (9) follows immediately form (4).
This implies (10) for every f € h (E) since each f € h (E) vanishes
on every T, k <, for some k € .

Let now f€ L. For every € > 0 there exists g € & (E) such
that u (| ~~g|) < €. Consequently,

() — LuDI<lu@®-u@l+lu@ - 2 u@l+

el el

Hllu@— 2uDI<ulf-gh+lu@ -2 u@l+

el el 1S3

+ 2 u(f-gh<2u(f-gh< 2 e

1S3
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LiMMA 5. — Letk € 1. Letf, €L, n=1.2,...,andletf, (t)10,
for every t € T, .Then u, (f,) = O.

Proof. — If g € L and g (¢) = O for every t € T,, then
gWnalp, (1=0

for every t € U T,. Hence, by Lemma 3,v, (gAr a|p, |) = O for each

K<t
a>0.8So,u, (g =0.
Now put g, =f,and g, =g,_,n f,, n=23,..., Then

g, (D) 1 g (D),
for every t € T, where g is a function in L such that g (t) = 0
for all t € T,. Hence u, (f,)) = u,(g,) > u, (g = 0.
Proof of theorem 1. — By Lemma 5, the functional
fIT2u N, fEL

is a Daniell integral on the vector lattice {f|T, : f€ L}, for every
k € L. Since this vector lattice, or even 4 (E) | T,, contains non-zero
constants, there exists a unique measure A, on S, such that

uK(f)=_/T-x(f|TK)d)\K

for every f € L. The measure A, is finite, A, (T,) < oo, and & (E) | T,
is dense in L' ().

If N is the direct sum of measures A,, k € I, then (1) holds
for every f€ L and h (E) | T becomes dense in L' (\).

The cylindrical o-algebra C = C(E) in the space E is by definition
the smallest o-algebra of subsets of E such that every continuous
linear form on E is (-measurable ; it is the smallest o-algebra such
that every function in 4 (E) is C-measurable.

COROLLARY 6. — If E is a weak complete space then, for every
conical measure u on E, there exists a o-additive measure \ on the
cylindrical o-algebra C such that

wp=J, Far (n
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for every f € h(E). Moreover there exists a o-algebra D of subsets
of E such that C C D and for every conical measure u on F there is
a o-additive measure N\ on D which is a direct sum of finite measures
such that (10) holds.

Proof. — Define D to be the family of all sets X C E such that
XNT,€S,, for each k €. Given a conical measure u, define
the measure X on D by A(X) = Z AXNT,), X€D. Then,

KkEI
clearly, (11) holds and A is a direct sum of finite measures.

It is clear that C C D and that if \ is restricted to C then (11)
remains valid.

2. Families of scalar measures.

In this Section a theorem is proved establishing an isometry
and vector lattice isomorphism of any vector lattice of finitely
additive real measures onto a dense linear sub-lattice of a space
L' (\) with a suitable measure A which is direct sum of finite measures.
This result can be, of course, obtained using Xakutani’s concrete
representation theorem of abstract L-spaces. The aim is, however,
to base the proof onTheorem 1 so as to show its implications and
to achieve a unity of method. This could be of interest by offering
a new and, possibly, more direct approach to Kakutani’s theorem.
The proved theorem will be used as a lemma in the subsequent
Section concerning the structure of vector measures.

Let T be an abstract space and let R be an algebra of subsets
of T. By ba(R) is denoted the set of all bounded finitely additive
real-valued functions (measures) on R. The set ba (R) carries several
structures. It is a vector lattice with respect to the set-wise linear
operations and order. If u, v € ba (R), then u v v is the least element
in ba (R) majoring both u and v and uA v is the greatest element
majored by pw and v ; |u| =puv(—p) for every u € ba(R). The
norm u= ||ull =u|(T), u € ba(R), makes of ba(R) a Banach
space.

The set of all o-additive elements of ba (R) is denoted by
ca (R). It is a closed normed subspace of ba (R), hence also a Banach
space ; also it is a vector sub-lattice of ba (R).
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Let H C ba (R). Two sets X,, X, € R are declared H-equivalent
if tul(X; AX,) =0, for every u € H. The H-equivalence class of a
set X is denoted [X], whenever the distinction is material ; otherwise
we do not distinguish between a set in R and its H-equivalence
class. The set of all H-equivalence classes is denoted by R (H). It is
a Boolean algebra with respect to the induced operations ; i.e.
R (H) equals to R modulo the ideal of sets H-equivalent to ¢.

Every measure u € H defines the Nikodym pseudo-metric d,
on R and on R (H) ; namely a’“(X,Y) =|lu]l(XAY) forX, YE R.
By 1 (H) is denoted the topology and also the uniform structure on
R and on R (H) determined by the system {d u € H} ofpseudo—
metrics.

In the situation when R is a o-algebra and A is a o-additive
measure on R having possibly infinite values, R (\) and 7 (M) are
interpreted as R (L'(A)) and 7 (L' (N\)), respectively, where L' (N\)
in its turn is interpreted as the family of indefinite integrals of
A-integrable functions, i.e. as ‘a subset of ca(R) C ba(R). In the
case when M is localizable in the sense of Segal [10], and this is
the case of our main interest, we can say that 7 (A) stands for the
topology 7 (H) where H is the set of all finite measures absolutely
continuous with respect to A. In this situation, a net X, of sets
in R tends to X € R in the topology 7 (M) if and only if A (X; A X)—> 0.

Let HC ba(R) be a vector sub-lattice. Let E = H* be the
algebraic dual of the vector space H. ’

For every u€H and x € E, denote u* (x) =x (n). If we
give E its o (E, H)-topology, then E' will be identified with H by
the star-mapping. This is to say, u* belongs to E for every u € o
and, conversely, every element of E is equal to u* for some u € H.
It follows that every function f € A (fS) can be expressed as

fO)=sup {x(u): 1 <is<h—sup{x@u): I+1<i<k}=
=sup {K} (x): 1 <i<I}-sup M x):I+1<i< k},xEE (12)
forsome y,, €H, 1 <i<k, 1 <I<k

LEMMA 7. — There exists a unique vector lattice homomorphism

D:h (E) -~ H such that ® (u*) = u, for u € H. For every f€ h (E),
written in the form (12), the value ® (f) is given by
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1 k
® ()= ~V1 b= Vo ou, (13)
i=

i=1l+1

where the lattice operations are those of H or ba (R).

Proof. — If such a homomorphism exists then, clearly, (13)
holds. Hence it suffices to show that (13) defines unambiguously a
homomorphism ® : 2 (E) > H.

Suppose that f € h (E) is given by (12) and that
g (x) =sup {x():1 i<I}y-sup {x():I'+1<i<Kk’,
x €E withy,€EH, 1 <i<k 1 <! <Kk
If f=g, ie. f(x) =g (x), for every x € l:Z, then, in particular,
sup {u; X) : 1 <i<D—sup {4, X): I+ 1 <i<k}=
=sup (r, X): 1 <i<}—sup ;X): ' +1< i <k'},

for every X € R. It then follows that
k

1 I3 K
Vy— V w=Vy— V v
i=1 i=I+1 i=1

Consequently, ® (f) = ® (g).

Hence the mapping ® : & (E) - H is defined unambigously by
(13). The formula (13) now implies easily that & is a vector lattice
homomorphism.

Let T be the subset of E and S the o-algebra of subsets of T
as in Theorem 1 ; this theorem is applicable since E is a we:ak

complete space. It means that every conical measure u on Eis
represented as

u(f)=ff () dN(0), fE h(E), (14)

where A is a measure on S, a direct sum of finite measures. We say
that A represents u.

THEOREM 8 — Let u (f) = ® (f) (T), for every f € h (E). Then u
is a conical measure on E ; let \ be the measure on S representing u.
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The mapping f | T->® N, fe h(I:I), is a vector lattice isomorphism
and an isometry of the dense subset h (E) | T of L' (\) onto H.

There exists an injective mapping v : R (H) - S (N\) which is a
Boolean algebra isomorphism of R (H) onto v (R (H)) and also a
homeomorphism of R (H) in its 7 (H)-topology onto ¥ (R (H))in the
relative T (\)-topology and v (R (H)) is 7 (\)-dense in S (N).

Proof. — Clearly, u is a conical measure.
Given X € R, let

vy (N = @ (N (X), f € h (E).

Then vy is a conical measure on E and vy <u = v;. Let A4 be the
measure on S which represents vy. Then Ay <X = Aq. Since A is a
direct sum of finite measures, the Radon-Nikodym _theorem is
applicable [10, Theorem 5.1]. Hence there exists an S-measurable
function g4 on T such that 0 < gy < 1,

M0 = [ gxd

for every X e 5:, and
o (N = [, (D) gx®dN ).

for every f € h (E). The relations vy_yx + vx = u and vy Avp_y =0
imply that g;_x (f) +gx gt) =1 and min {g;_x(#), gx ()} =0,
A-almost everywhere on T. It follows that gy is A-equivalent to
the characteristic function of a set in S ; denote it and also its
A-equivalence class by <y (X). It is clear that v (X) depends on the
H-equivalence class [X],; only and not on its individual representative
X. Hence v is well-defined on R (H).

Accepting these conventions it is clear that v : R (H) —MSA’()\)
is injective and that it is a Boolean algebra isomorphism of R (H)
onto v (R (H)).

These definitions also give that

wX) = & W) (X) = v @)= [, #* () gx () dA(0) =

= [ w* wax

v (X)
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for every u € H and X € R. More generally,

® () (X0 = [ /(0 dN ),

for every f€E h (E) and X € R. Since ® is a vector lattice isomorphism,
the variation | ® (f) | of ® () is equal to ® (| f|), where | f]| is the
absolute value of f. It then follows that

e Il=12@AOIM=20fD (T = f Lf@1dN@) =

v (T)

= firiTiax=us 1T,

That is, the norm of ®(f) as an element of ba(R) is equal to the
L'-norm of f| T. This establishes the isometry of A (E) | T and H.

Moreover, since
lull=lpl(M=sup (X +IlpMI|: X, YER,XNY =4},
we have also
ol =sup (I | gdni+1 [ odA:X,YER,XNY =9}, (15)
7(X)A . v (Y)
for every ¢ € h(E) | T. Now, (15) holds also for every ¢ € L' (A),
since W (E)| T is dense in L' (\). It follows that, if ¢ € L' (A\) and

if the integral of ¢ vanishes on every set v (X), with X € R, then ¢
is A-equivalent to 0. This implies that v (R) is 7 (A\)-dense in S ()\)

We say that the algebra R separates the points of the space T
if, for every ¢, t, in T, t; # t,, there exists X € R such that ¢, € X
and ¢, € X.

There is no loss of generality in assuming that R indeed
separates points of T. If R does not separate points of T we introduce
the equivalence relation in T by declaring ¢, = ¢, if and only if

. € X, implies t2€ X, for every X € R. Then, if we replace T by

so obtained set T of equlvalence classes and R by its image R under
the natural mapping of T into T we obtain a 51tuat10n where the
algebra separates the points of the space T and ba (R) coincides
with ba (R) both as a vector lattice and as a Banach space.

We say that the vector lattice H C ba (R) separates the algebra
R, if the equivalence classes [X]y, X € R, are reduced to individual
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sets ; i.e. there is not another element in R but X which is equivalent
to X, for every X € R. In this case R (H) = R as sets and also as
Boolean algebras.

In particular, H separates R if H contains all Dirac measures
carried by points of T.

COROLLARY 9. — If the algebra R separates the points of the
space T and if the vector lattice H separates R, then there exists an
injection & : T—>T such that & (X) =~y (X)N 8§(T), for every
X ER.

Proof. — Since N is a direct sum of finite measures, S (M) is a

complete Boolean algebra. For every ¢t € T, let
X;h= U vX)
teXER

The element [5(t]>\ is not equal to [¢],. To prove that it suffice to
notice that, since A is a direct sum of finite measures, the dual of
the Banach space L!'(A\) is L™ (A) ; further each < (X) represents
an element of the unit ball in L™ (A), so it suffices to use the

weak-star compactness of the unit ball and notice that the finite
intersections are all of norm 1.

Since H separates R and R separates T, the elements [5(,1]}\
and [thlh are disjoint in S(A) if ¢, # ¢,. Now we use again the
fact that A is a direct sum of finite measure to deduce the existence
of lifting in L™ (A) or in S O‘) and, hence, the possibility to choose
the representations X, of [X,], in such a way that they are disjoint
as sets (have no points in common) if they correspond to different
elements of T.

Let & (¢) be an arbitrary element of X,, for each t € T. Then
the mapping 6 : T = T has the claimed properties.

CorOLLARY 10. —If R (H) is T (H)}-complete thenh'y : R (H) -S )
is a Boolean algebra isomorphism of R (H) onto S (N) and, hence,
R (H) is a complete Boolean algebra.



CONICAL MEASURES AND VECTOR MEASURES 97

3. Representation of vector measures.

Let E be a locally convex topological vector space.

Let T be an abstract space and let R be an algebra of subsets
of T.

An additive and bounded mapping m : R > E is termed a
pre-measure. The boundedness means that the range

m(@R) = {m(X) : XER}

is a bounded subset of E.

If R is o-algebra and m is o-additive then it is termed a vector
measure (shortly a measure). In this case the boundedness is a
consequence of other assumptions.

Given a pre-measure m : R > E, declare two elements X, and
X, of R to be m-equivalent if m (X) = 0 for every X C X, A X,, XE R.
The m-equivalence class of an element X € R is denoted by [X],,
whenever the distinction between a set and its equivalence class is
essential. The family of all m-equivalence classes is denoted by
R (m). Again, R (m) is considered a Boolean algebra equal to R
modulo the ideal of sets m-equivalent to ¢.

Let U be a convex symmetric neighborhood of 0 in E and
let U° be its polar. Define the pseudo-metric dy; on R and on R (m)
by putting

dyX,Y)=sup {|x'em|(XAY):x"€U°.

for every X, Y in R.

The system of pseudo-metrics dy, for all symmetric convex
neighbourhoods U, defines a topology and a uniform structure
on R and on R (m) ; this topology and the uniformity will be denoted
by 1 (m). On R (m), 7 (m) is separated (Hausdorff).

If R(m) is a complete space in the uniform structure 7 (m),
the pre-measure m is termed closed [5].

Let S be o-algebra of subsets of T and let A be a non-negative
g-additive mesure on S (admitting also value ). A functionf: T = E
is said to be integrable if, for every x' € E', the real-valued function
x' o f is integrable and if, for every X € S, there exists an element
xx € E such that






