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THE GROWTH OF ENTIRE SOLUTIONS
OF DIFFERENTIAL EQUATIONS
OF FINITE AND INFINITE ORDER

by Lawrence GRUMAN

Let f(z) be an entire function (of one or several variables) of
finite order p. A proximate order p(r) is a function which satisfies
the conditions

lim p(®) =p and lim rp'(nHInr=20. )
¥ —> oo ¥ —> o0

The function L(r) = rP(")-# satisfies

L(kr)
1m =
r—oe [, (r)

1  uniformly for 0<a<k<b <. 2)

We assume in addition that rl_i+m L(r) exists (perhaps infinite). For

every entire function of order p, there exists a proximate order p(r)
with respect to which f(z) has normal type [S].

For a given proximate order p(r), we define the functions

. 1 !
Wy = Tm | o eI
r 2 >z F—>oo rr(r)

(resp. h¥(z) = z@z [|ul|j—§w %—)—l] ,u EC) .
If f(z) is of normal type with respect to the proximate order p(r),
it follows from (2) that these functions are pluri-subharmonic and
real positive homogeneous (resp. complex homogeneous) of order p
[4]. The function A} (z) (resp. h} (z)) is called the radial (resp. circular)
indicator of growth function of f(z).

A convex homogeneous function g(z) is one which satisfies
g(z, +z,)<g(z,) +g(z,) and g(¢z) = 1g(z), t = 0. To every convex
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homogeneous function g(z), we associate the compact convex set
K, = {w:Re<w,z><g(z) VzEC"}, and to every compact con-
vex set K, we associate the convex homogeneous function
gx(z) = sup Re<w,z>,
weK
which is called the support function of K. If p = 1, we define A (2),
the convex indicator of growth function of f(z), to be the least

convex homogeneous majorant of A*(z). It is evidently the support
function of the closed convex hull of the set

{w:Re<w,z><h*@z)VzEC"}.

If the dimension n = 1, these two functions are the same [5].

In § 1, we investigate for the case n = 1 the relationship between
the growth of the function f(z) and that of solutions u(z) of the dif-

0
ferential equation P(D) u = f (where D = a— and P(D) is a differential
z

polynomial).

Let p(z) be a complex norm (i.e. p(Az) = || p(2), \EC), B
the space of functions which satisfy a majoration

[ f(2)| < C4 exp{(Ap(2))}

and E§ = AQR BZ . In [8], A. Martineau introduced the notion of a

constant coefficient differential operator as a convolution operator on
the dual space (ER)’ of continuous linear functionals defined on Ef .
We will take as our definition of such an operator the transpose,
which is a linear operator on the space Ef into itself. This category
includes the usual constant coefficient differential operator as a special
case. For p = 1, Martineau showed that for every such operator i on
Ef and every f€EL, there exists a solution g € Ef of the equation
@ =r.

In § 2, we extend this notion and this result to the case of p(z)
a pseudo-norm and p(¥) a proximate order (p # 1), including the im-
portant case of p < 1. In § 3, we extend this notion and result to the
case p = 1 and p(z) an arbitrary convex homogeneous function. In
§ 4, we extend this notion and result to those functions which sa-
tisfy a majoration of the type exp {k(Inr)*} for p > 1.
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Remark. — The case of proximate orders for p = 1 is rendered
much more difficult by the special role played by the exponentials.
We do not treat this case.

1. Ordinary differential equations.

Let f(z) be an entire function of a single variable and h;"(z) its
indicator function with respect to a proximate order p(r). We will
henceforth in this section use the notation kf(G) = hf (e'%), which is
the standard notation for n = 1. If u(z) is a solution of the constant
coefficient differential equation P(D) u = f, then it is an easy conse-
quence of Cauchy’s theorem that kf(G) < k,(0). We are interested in
seeing if we can choose a solution such that equality holds (at least
locally). We will need

LeMMA 1. — The number of disjoint open intervals on which
k(6) can be negative is at most sup [2ap] (where [ ]| means ‘‘greatest
a<1

integer in”’).

Proof. — For6,<6, <60 and 8, — 6, <m/p, we have [5, p. 70]

kf(Gl)sin p6, — 03+ kf(02) sinp(@; — 0,) +
+ kf(03) sinp(0, —0,)<0.

Thus, any two disjoint intervals on which kf(O) is negative are sepa-
rated by an interval of length at least w/p on which kf(0) is non-
negative. Q.E.D.

THEOREM 1. — Let f(z) be an entire function with indicator
kf (0) with respect to the proximate order p(r). Then there exists a
solution u(z) of the differential equation P(D) u = f such that

i) k,(0) = kf(0) for p < 1.

ii) kf(0) <k, 0) < k;(()) = max (kf(B), 0) for p > 1 and for
any specific interval (0, ,6,) on which kf (0) is negative, there exists
a unique solution u with this property such that k,(0) = kf 0) for
0, <6<69,.
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Proof. — It is enough to consider solutions of the equation
(D — a) u = f and then iterate the result. All such solutions are given
by

uiz) =e* j; f( e %de + Ce® . 3)

If for some open interval of 6, the function f(z) e~ % has negative
indicator (with respect to any proximate order), then

C=[ fupepar, g =e

defines a constant for all 8 in this interval. If there is no such region,
we choose C = 0. By Lemma 1, for p < 1, there is at most one such
interval, but for p > 1 there may be more than one such interval and
we may only be able to choose C to satisfy this relation in one of
the intervals. (This explains the difference between i) and ii) above).

From (1), we have that
(rPY = p() rPO 7+ PO p' () Inr > p() PO (4

Let us consider the case p < 1. For a given § = €%, let b = kf(())
and s = Re a¢. Then given € > 0, we have | f(¢§)| <K exp(b + €) tP(D),

b
i) If s <0 and b <0 and if€<—5,then
lurp) <K e [T ere? Dot g 4o
0

r d
<K' o7 Loy N oore)eP () gt sr
<K)e fqo[(b+e)dt(z ) 5]e Sdr + |Cle”,
. . d ) .
where g, is chosen so large that J(b + <) ar (P — 51 is bounded
below and K depends on g, .
lu(r)| <K [e® &7 e K, 14+ (Clev
< K| erorrtt)

ii) If s > 0 and b <0, then by the choice of C, we have
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lu(rg)| < K e f e® 1P st gy

r

<K [ e 0O g < g iyt [T e gy
r

r

t(b+2€)rP(r)
< K el6+28)rf

since by (4), r*(") is increasing for sufficiently large r.
iii) If s > 0 and b > 0, then

lu(rg)| < Ke fm b1 (D gt 4

r
°° d
< Kg es’ f [(b +£) d—t (tP(')) . S] e(b+e),P(t)_s,dt
r
<K e PO
iv) If s <0 and b > 0, then
i’ p(t) .
lub) | <Kew [ e@ro@ sigr e
0
< K;re(b*E)rp(') )

The case p = 1 is treated similarly (for p = 1, we must make use
of the assumption that li)m rP(r -e exists). For p > 1, if for some 6,
r oo

kf(B) #* k,(0), then u(z) = w(z) + Ce**, where kf(ﬁ) =k,(0) <0,
so k,(0) = 0. Q.E.D.

Remark. — It follows from Theorem 6 below that if P(D) has a
non-zero constant term, then for p < 1, the solution u(z) in i) is
unique.

The following example shows that it is not always possible to
find a solution u of P(D)u = f with the same indicator as f. Let

f(2) = e? and let u be a solution of Du = f. The function f(z) has
two intervals on which its indicator is negative. If we integrate f(z)
along the positive imaginary axis, we obtain a constant different from
that which we obtain by integrating along the negative imaginary axis.

There is even a more intimate connection between the growth
of the function f(z) and the solution u(z) of P(D)u = f. If f(2)
grows regularly in a given direction, then so will u(z). We introduce
our criterion for regularity of growth.
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Let E be a measurable set of positive real numbers and let
E' =EN[0,r]. A set is said to have upper relative measure U if
— meas (E") ) o
lim ————=U. If U=0, E is an E"-set.

¥ —>oo

DEFINITION [5]. — Let f(z) be an entire function with indicator
kf(O) with respect to a given proximate order p(r) ; f(2) is said to
be of completely regular growth along the ray re'® if

In | f(re®®
lim ——lf( ) =k (0) ,

r —> oo rp(r)

where r takes on all values except perhaps for some E°-set.

Remark. — The property of being of completely regular growth
is not invariant with respect to a change in proximate orders.

THEOREM 2. — [If u(z) is a solution of P(D)u = f for an entire
function f(z) and if p(r) is a proximate order with respect to which
both kf(O) and k,(8) are bounded, then if f(z) is of completely
regular growth along the ray re®, so is u(z).

Proof. — We consider a solution of (D — a) u = f. By Theorem 1,
for given 6, there is an interval (6, ,6,) containing 6 such that
u=w+ Ce? and w has the same indicator as f in the interval

. . Inlu(e®®)|
0, ,0,). Thus, if k,(0) # k,(6), we have that rl_l_r)no° i exists
with no exceptional set. Hence, in the following, we assume that
k,(6) = kf (0). We assume without loss of generality that 6 = 0.

Let € and n be given positive numbers. Then there exists a set

E, of upper relative measure less than n/4 such that if r ¢ E,, the

In | u(rei®)|
rP(r)

Thus, there is a 8 > 0 such that for [¢]| < §,

family of functions k,, ,(¢) = is equicontinuous [5, p. 96].

| Ky (@) — Ky (0) <—Z— and |k, (#) — k,(0)] <% for r ¢E, .

Since f is of completely regular growth along the positive real
axis, given vy > 0 (depending eventually on 1 and €), for r not in
some E%set E,,
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v In|f(n| Y Y
+ k,(0) < o) <kf(0)+z—ku(0)+z.

4 ()

In |u(rei®)|

n
r
We choose 7 so large that meas (E’) < -4 r and o9

< ku () +—}
[5, p. 71]. By Cauchy’s formula,

car L uE +n en
firye® = 2mi jllslﬂ £? ¢ a .

So by (5) for r¢ E, and r sufficiently large, there exists w with
|w—r| =1 such that, noting ¢, = argw,

lal + Inuw) >} & © = 2 e >4k 9,) = 2| w200

1+ 9\
Let R, = -l—) . Then, as in the proof of Theorem 31
-1

[5, p. 73], we can choose <y so small (depending on € and n but inde-
pendent of w since k,(6) is bounded) such that

Inlure,)l

€
reP(r) > k“(¢w) 2

4

2
except perhaps on a set of measure at most % R,, for

(1-2pR,<r<( +2nR,
(for m = m so large that the above inequalities hold). Let

E3=[0,Rm0]U( U Em).

m>=mg
Then
2 (R,, — R,)
R, + i": nme m
0 i<, 4 _ (1 +1n)
meas (E}) < (I —m)
r R, —-mn)

<0(1)+127- (1—%)<-}

m
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for m sufficiently large. Let En =E,UE,UE,. Then

— meas(E’

lim ___as_(__'l_) <n,

r —> oo r
and gathering together our inequalities, we have Iku,,(O) -k, 0 <e
for r € E. To see that this implies the theorem, we refer the reader to
Theorem 1, part 3 [5, p. 141]. Q.E.D.

Remark. — The fact that a function is of completely regular
growth in an interval has important consequences for the distribution
of its zeros. This is fully discussed in [5].

2. Differential operators with constant coefficients.

Let p,(z) be a decreasing sequence of real valued functions and
k, the space of entire functions such that |f(z) exp{— p,(2)} | goes
to zero at infinity. This is a banach space with norm

1 £, =sup | f(2)exp{—p, @)} .

We then set
E=NB,, (6)

which is a Fréchet space when we equip it with the projective limit
topology. If B) is the dual space of B, , E' that of E, then E' = U B, .

Let p(z) be a complex pseudo-norm and p(r) a proximate order.

The space E*() will designate the space we get in (6) by setting
P p(r)
p(2)= 3 p()+— 1|z H% (where r = ||z ||, and we use the Euclidean
n

norm). The space E® will be the space we get in (6) by setting
p,2) =1z [I”" (the space of entire functions of zero order).

For a given proximate order p(r), we have by (4) that r*(") is
increasing for sufficiently large r. For a given integer g, we define
¢(q) = r, to be the largest solution of ¢ = r#(*). Then the type with
respect to p(r) of an entire function of one variable with coefficients
Cq (in its Taylor series expansion at the origin) is given by the formula
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(@pe)' = Tim ((q)lc, ") 1[5, p.42]. (7)

If fe Ez('), we expand f at the origin in homogeneous poly-

p.4a/p
¢(@) ) . If we set
ep

nomials f(z) = Z P,(2). Let A, =
q

£ =3 AP,@),
q

then f,(2) is a holomorphic function in the openset D ={z : p(z) < 1},
and when we equip the space ¥€(D) of holomorphic functions defined
on D with the topology of uniform convergencé on compact subsets,
the mapping f = f, becomes an isomorphism of Ef,(’) onto ¥ (D)
(cf. [8], Prop. 4, p. 116 and [4]).

For u E(Ez(’)), we define the linear functional u, on (D) by

(f,, ) =(f, ). This is an isomorphism of (Eg(’))' onto ¥e'(D),

the space of continuous linear functionals on ¥¢(D). We say that a

linear functional u, is carried by the compact convex set K if for

every open neighborhood 2 of K, there exists a constant C such

that |u,(f,)| < Cgq sup |f,|. Every u, €3¢’ (D) is carried by one of
Q

the sets K :‘z:p(z)+-1—||z||<l}.
no| n J

We define the Fourier-Borel transform of the functional u, to
be the entire function Ht (u) = u,(exp <z,u>). Then we have [3],
[7].

PrROPOSITION 1. — The functional u, is carried by the compact
convex set K if and only if

W, (u) < Cgexp(Hg@) + 8 llull) forall §>0,

where Hy (u) is the support function of K.
Let p;.(u) = sup Re<z,u>. Then p;,(u) is a family of in-
zeK,
creasing complex norms, and since each u, €ye' (D) is carried by some

K, , we have

1, (u) < C, exp HKn (u) for n sufficiently large.

Let o be a multi-index of positive numbers, |a| = Z o; and
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a a . . .
2% =21 ..z ™. Since the polynomials converge to exp<z,u>in

ge(D), we have

RS u® S u
pexp<z,u>=p, X ¥ 22— =% ¥ uE—
q |al-gq a: q lal-q

=3 P:'(u)
q

(4]
!

and from (7) and Proposition 1, we have

q—>e

im )4 IP"’(u)I”"l < p, W)
| e )

for n sufficiently large. From the relation u, % = w(z®), we see

la|
that p € (E5)' (resp. (E®)) if and only if
—_— q 1 8 o 1q ,
qlg)nmgz | Y pe §<p,,(u) (8)
q |aj=q :

for n sufficiently large (resp. for p sufficiently small).

Foru € (E;(’))' (resp. (E®)"), we define its Fourier-Borel transform
to be the formal power series

a
@) =pexp<z,u>=3% ¥ nz% y_' =Y, Pa(w).
q laj=gq a: q

If p > 1, we assume that the proximate order p(r) satisfies :
i) p(r)> 1 for all r

d
i) — (P > 0 for all r.
dr

By (1), these properties hold eventually, so this is an inessential assump-
tion. Then the equation r = t?=! has a unique solution for all r.

We define

p*(r) = ————, where ¢ is this unique solution.
p() -1

It is an easy calculation to show that p* () satisfies the conditions
(1) and so is a proximate order. For p > 1, we designate
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pH(r) — p*(r)
FR,” = VER

b

£l
(p—1D°*
p

where A =

THEOREM 3. — The mapping u — W (u) is a one-to-one linear
mapping of (Ez(’))' (resp. (E®)) onto

i) FL(7 for p> 1
ii) the set QZf" of formal power series at the origin which satisfy
(8) for some n for p < 1
iii) the set Q, of formal power series at the origin which satisfy
(8) for some p > 0 for (E°).

Proof. — We have that (8) holds for some n,. Since

ave . 0@ g 1 _Arg’@

q (ep)'° e Az/q - (ep*)1IP*

(where r, = ¢(q)). Let r, = LA

q
(r;)P‘(’[;) _ (rz(rq)—l) p‘(rg(’q)" l)
p(rg)
p(rg)—1,p(rg)-1 (rg)
:(rqrq ) q =r:'q =q
so if ¢'(g) is the unique solution of (r'q)p " = g, we have that
] !
g NI % so the mapping is into. Since the calculations
are all reversible, the mapping is also onto. This proves case i). Cases
ii) and iii) follow directly from (8). Q.E.D.

Let uE(E;(’))'. Then for any other element v, we define the
convolution of » with u, u * v =7 by (f(2),u * v) = (u, f(z + w),»).
This is defined at least on the polynomials, which are dense in E;(').
For p > 1, it is also defined on the exponentials [8]. We then have
the relationship (for p # 1) 7(u) = 1 () - ¥(u), which, for the case
p < 1, follows from
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LumMa 2. — For W), D) € Q4" (resp. Qp), we have
Tw =wwvwe Q”(’) (resp. Q) for p <1 (ie. these spaces are
algebras).

Proof. — We choose n, so large so that for n = n,, (8) holds
for both u and v. Consider such an n and let € > 0 be given. Then
there exist constants Ct and Ci such that

(q)p q/p e\9
|PL@) | < CE[p, () + €llull]? -
=) )
and
, P p\a/p e\
| P )| < Clph () + € lull]? (%) ()
Then
[P =1 Y PL@Prul
m+n=-q
P(g)°\ re\?
SCECEP' @ +eulll? (— )(—
et (%))
S em)" o) | m + n)"*"
mim g L®OR + )" m™n”
Let r, = ®(q). Then @fq) = r:(rq)", and hence, since by (1), rP()-1

is decreasing for r sufficiently large

[ P(ry, 4 n)_I]m+n
Al m-+tn

p(rm) l] [r:(r,,)—l]n

h < K g for some constant K .
m+n-q [

Thus IP;(u)I satisfies (8). For Q,, we choose p, so small that (8)
holds for both u and » for p < p, . The result then follows from the
above calculations. Q.E.D.

Thus, by Theorem 3, for p < 1, the mapping v = u * visa map
of (Ez(’))' (resp. (E®)) into (E;('))' (resp. (Ey)"). If p> 1, this is
only the case if & () is of minimal type with respect to the proximate
order p*(r). Assuming u to satisfy these conditions, we define ;‘2 to
be the transpose of pu, (M(f),v) = (f, u * v). We are interested in
proving that the mapping u(E"(’)) (resp E®) is onto (i.e. that there
always exists a solution g such that f1(g) = f). We will make use of
[cf. 9, p. 85].
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PROPOSITION 2. — Let E, F be two Fréchet spaces, o a continuous
linear map of E into F. The two following are equivalent

i) o is onto

ii) ' : F' = E' (the transpose map) is one-to-one and its image
taqe IS weakly closed in E'.

We shall prove the closure of u * v in the equivalent spaces as
determined by Theorem 3, but first we must equip these spaces with
topologies. For p > 1, we equip the space Fﬁ;(,’ ) with the topology
of pointwise convergence. For p < 1, we equip QZ(,') (resp. Q,) with
the topology of convergence of Taylor’s series coefficients. Each of
these topologies is at least as weak as the weak topology.

We define a differential operator with constant coefficients (with
respect to a given proximate order p(r)) to be

i) § for uE(E;('))' for p < 1

i) & for u € (E%

iii) }i for pE(Ez(’))' such that J(u) is of minimal type with
respect to p*(r) for p > 1.
For p > 1, the mapping V(u) = W (u) V(u) is closed in the topology
we have chosen (the proof is carried out in [8] ; the modifications ne-

cessary to treat the case of proximate orders are obvious). Thus, we
limit ourselves to the case p < 1 and E°.

Bn +m(u)
Cn(w)
mial which is the ratio of two homogeneous polynomials. Furthermore,

assume that for some complex norm p,(u) that

Lemma 3. — Let A, (u) = be a homogeneous polyno-

IB, . ()| < Clp,)]™*™ .

Then given & > 0, there is a constant K, (depending only on C, (u)
and &) such that | A, (W) | < CKz[p,)]" (1 +8)""™.

Proof. — Let @ ={u: 1 -8 <py(u) <1 + §}. Forevery point
u in £ we find a polydisc (by making a non-singular linear change of
variable if necessary) A(u ; r*) centered at u and lying in §2 such that
C,@)y,...,uy_,,§,)#F0for|§, —u,| =r¥and
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lu; —u; | <r¢,i=1,...,n—1[2].

u
Let Q' ={u : p,(u) = 1}. We now consider the polydisc A}, = A (u ,52-)

Since Q' is compact, it can be covered by a finite number of A’ i
u

K
j=1,...,N. The function is bounded, say by —2—8- , on the
u

m
compact set
i
K=U{u':u€E€A , ,|u-ul|<rt,i=1,...,n—1,|u —u
]

ul’ i i n nI
Jj
u
=prn}

Let the function A, take its maximum on ' at the point u°. Then
u® e A for some j. By Cauchy’s formula

B + (u?s"- o ]72 )dé
A 0y — ) n+m n
A, u®) = ‘2 i Ne,-ull=r] Cp@, ... ud_,, 8)&, —
=K Cpo(u) (1 +8)"*™ . Q.E.D.

THEOREM 4 (Division Theorem). — Let H(u), F(u) € Q5" for
p <1 (resp. Q,) with H(u) = F(u) G(u), where G(u) is a formal
power series at the origin. Then G(u) € QZ(') (resp. Q)

Proof. — Let € > 0 be given and let

Gw) =Y R,w) , Hw) =Y P,w), and Fw) =Y T, (),
q q q

with s the smallest integer such that T («) # 0. We choose n, so large
that (8) holds for both H(u) and F(u) for n =2 n,. Thus, there exist
constants C, and C, such that

P q/P

and
P@ N\ e
' q j— .
I T, <GP + e il (5,=) (4
We have
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Pq +s(u) = Z Rm (u) Tk +s(u)
m+k=q
or

Prs) = ¥ Ry () T\ )
m+k=q
m#¥q

T,(u)

R, () =

We now show by induction that there exist constants K, (with

Kq——l < Kq) such that

pts
, $@+sP\® [ e
IRy <K,[pj 0 +e el (1 + 88 ¢ (FE220) (-+3)

where K, = Kq_‘ for g sufficiently large.

For ¢ = 0, it follows from Lemma 3. We assume it true for
4<qo— 1.

1P as@)l+ X [Ru() Ty )
m+k=qo
m#‘Io

| Ty u) |

IRg )1 <

PR

' G ¢(qo+s)p ¢ 4 o'

<K, (1 +8) + o(1 + 8)o\——— -

o1+ 87 [P +e lutfoct + syo( = ) (%)

e, + X K Com
m+k=q0
m#QO

¢(m)m ¢(k +s)k+l (m + k +s)m+k+.t
¢(k+m+s)k+m+: m"‘(k +s)k+:

+s
qo+l‘

+ vd
< max [Ko(1 + 8 C, , Ky_, ;1 [Py w) +€ )1 +zs)"°(¢“’e—p”) ")

X

dm)" gk + 5] m +k 4+ 5)mrEe
+ ¥ 1+8) .
1 m:;=q0 Ks( 8)Y'm [¢(m Tk +s)m+k+: (k+s)k+: mm }
m#QQ

We assume that the function r'~2(") is increasing. By (1), this holds
eventually, so this is an inessential assumption
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o(m)" ok + 9] Qo + )" I
(g, + ) m™(k + s)*** r;“fgrqoﬂ " rl_:(’qo”) ks
0 qots
T PLPCk+s)

m

3
Let us assume for the moment that £ + s < Z (q, + ). Then

2
i 1— p( H.) o (kﬂ‘);(l—p)
1=P(Pqo+s) ] *7° 2
q0+v qo+s

l ~P("k+s) 1= p('k+s)
Tivs

1-p(r) p
Let y(r) =r =7 2, Then

rq0+s
Vg~ b= [ Svmar> [0 S ymars

*s 4 q+s

’ p(r40+3)

qots d 2

Z |, —r dar
Z(rq0+s) dr

for q, + s sufficiently large, by (1). Thus

("qg+s) 1/4
llL'('qon) = Y (rag) = 'qo+s4 [l - (Z) ] =T(qo + 9'* .

1
For (k + s) = 23——01 we have
21—-p
2
1—p(rq0”) (k+s) ;(l‘—P)
— %07 2
r 1-p 2 1/4 J(k+s) =(1-p)
1o+s > 1 + T(qo + S) P
’:(rk{ v). i) 1- p(’k+s) P
rk+v ° 2 rk+l P 2
2a-p)
(k+5)T(q, +s)'* P
= |1l + - @, : +---+KT7(q0+s)7+-
1-pUkes) o
1-p 2

rk+s
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L—p(rg 4 4) »
where vy > 3 (since Freag P 2 =0k + s)l/z)

2 1—p’
>T(q, +9)° .
For (k+s)<a+ 1

l-p(’qo+s) k+s

1=P(Pqy+s) | K *s

qots +s
. > |- > (a+ D¥K,(1+8)3,
rk::(’k+s) i
- l—p(rk+s)) .. ~
(where B (k?}flé o Tt for q, sufficiently large. By sym
metry, similar inequalities exist if we replace (k + s) by m. We choose
Ks (1 +6)° 1
q, so large that ————— <<——. Thus
T(q, t+9) 40

p(m)™ p(k +s)**

(m +k+s)ntkts

1+ Y K5(1+6)sm[
m+k=q
m#qo
<1+ (‘Io _ 1)
3

¢(m +k +s)m+k+s

}

+2<gq,

mm(k + s)k*s

|

for q, sufficiently large, which establishes the induction.

Furthermore,

ol

<(1+8)07°F [

[¢<q+s)
q+ts

l—p(rq +s
q+s

2@]
q

p

)] q+s

o(q)
q

|

qt+stl

]q+s rl‘P(rq+s)
q+ts
1-p(rg)
q
rq

:|q+s

for arbitrary 6 > 0 when g is sufficiently large. Thus

1/‘1)
| <P,

1
— R _(uw)
A, a

lim ‘
qa>=| e

which proves the thcorem.

Q.E.D.
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COROLLARY. — Let F(u) = Z T,(w), Hw) = 5‘ P (u) be in

Q"(’) (resp. Q,) and assume T, 9&0 Then there extsts a unique
G(u) GQ"(') (resp. Qq) such that F(u) G(u) = H(u).

Proof. — It is well known that the set of formal power series
with non-zero constant term forms a group under multiplication. By
Theorem 4, G(u)EQ:(') (resp. Q). Q.E.D.

Combining Theorem 4 with Proposition 2, we obtain the following

THEOREM 5. — Let i be a differential operator with constant
coefficients for some space E” ™ for a complex pseudo-norm p(z)
and a proximate order p(r) (p # 1) (resp. E®). Then for f€ E”("
(resp. E®), there always exists g € E" 50 (resp. E®) such that i(g) = f.
For p < 1 (resp. E®), if (1) # 0, the solution g is unique.

Proof. — As a result of Theorem 4, the mapping v = u * v is
one-to-one and closed. If & (x) has a non-zero constant term, then by
the corollary to Theorem 4, this mapping is also onto, so its transpose
4 is one-to-one. Q.E.D.

We now show that for p < 1, the uniqueness of the solution has
important consequences for the circular indicator function. Instead of
a complex pseudo-norm, we let p,(z) be any positive upper semi-
continuous complex homogeneous function (i.e. py(Az) = |\| py(2)).
We construct the space Ezg') as in (6).

LEMMA 4. — Let p,(z) be a positive upper semi-continuous
complex homogeneous function, & = {p(z) : p(z) a complex norm,
P(2) = po(2)}. Then po(z) = inf {p@)}.

Proof. — LetD ={z : p(z2) < 1}, Dg ={z : py(2) + €Izl < 1},
which are open. Consider a complex line (Az,), AEC (which we
assume to be (A(z,,0,...,0)), and let

D®=DNQz,) , D = De N(Az,) .

This determines two concentric circles in the (Az,) line. We choose a
radius "2 < o between the radii of these two concentric circles and

€ o so small that the convex set

z
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n
K,, ={z:llz,I<r, , > Izi|2<€zo}CD‘

Zg y
2

We define pZO(z) = inf ¢, which is a complex norm. Since D¢
lzel(
t 20
is a compact set, it can be covered by a finite number of the open
sets K’i ,J=1,...,N. Then p,(z) < inf pz]_(z) Spo) +ellell.
7

Q.E.D.

THEOREM 6. — Let p <1 and let f have circular indicator h} (z)

with respect to p(r). Let u € Ano (Ef\‘"'z)")' such that u(1) # 0. Then
>

there is a unique solution g of the equation [i(x) = f such that, if

kj (z) is the circular indicator of g with respect to p(r), kX (z) < h¥(z).

Proof. — Let p,(z) be a family of norms such that

hf(z)l/p = ir&f Pa(2) .

Then yE(E;"(x’()z))' for every « and by Theorem 5, there exists a
unique solution g to the equation fi(g) = f. We clearly have
kX)) < h@) . Q.E.D.

In particular, if P(D) is a differential polynomial with constant
coefficients and non-zero constant term, then for p < 1, there is a
unique solution g of the differential equation P(D) g = f where g has
the same circular indicator as f.

3. The case of p = 1 and convex functions.

Let h, be a convex function, K the associated convex compact
set. We make the space E"k of entire functions F(u) whose convex
indicator functions are less than or equal to &, into a Frechet space

1 -
as in (6) by choosing p,(2) = h,(z) + —n— Nzl ; (E"k) is its dual space.

We have the following characterization of (E, )' [8].
hy
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PRroPOSITION 3. — The space (E, ) is ]ust the set of measures m
for which there exists an € > 0 such that m- h"(z”e" I is a

bounded measure.

We recall some of the basic notions that A. Martineau [8] used
in defining the projective Laplace transformation of a function f(z)
of exponential type. Let V be an n-dimensional linear vector space,
V' its dual. Let P(V) be the projective space obtained from V by
adding the points at infinity, P(V') that obtained from V' by adding
the points at infinity. We write the coordinates of P(V) as (§,,2),
those of P(V') as (&, , £), and we let £ be the hyperplane

fo'£o+<Z,E>=0.

We introduce the differential forms w(z) =dz, A ... ndz,,

n . A
08) =Y (1Y gdi n...ndEn... ndE
=1
(d‘;’j omitted) and @(¢, z) = 0(§) A m(2), which is defined in V x P(V").
Let I" be the boundary of a strictly convex open set §2 and assume
I' regular and oriented by Stokes’ formula /i;a T = fn dn. To

n

~.

each point z €', we have the associated hyperplane E(z) through z
tangent to I'. This defines a manifold Z(I') in V x P(V')

For a compact convex set K, we de51gnate by CK the open
subset of P(V') formed of hyperplanes & such that § N X ={¢}.

ProPOSITION 4 [8]. — Suppose K convex and compact. Let y be
a function defined in éK holomorphic there, and zero at the points
at infinity (¢, = 0). Let f € ¥e(K) (functions holomorphic in a neigh-
borhood of K) and f a representative of f in an open neighborhood
Q of K. Let w be a strictly convex neighborhood of K with regular
boundary included in Q). Posing

_ ] an—l
T, =) 1@ o

I
— % 9
Qriy" Yrw) agn! (go be) s H O

we define a continuous linear functional on 3¢(K) which is independant
of the choice of the representative f and of w.
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Let F(u) be an arbitrary element of Ehk . We define the function

£,(E) = &, f: F(—¢f)e 5% ar .

This defines a function in EK which is zero at the points at'infinity
£, = 0. The function £, is called the projective Fourier-Borel transform
of F. We then have

PROPOSITION 5 [8]. — Let F(u)EE, . Then

" ()

1
P = Gmy fX(w) OXP < Z. U > e

w(z, §),(10)
where w is any strictly convex neighborhood of K with regular
boundary.

Let u€ (Ehk)'. We define the Fourier-Borel transform of u to be
f“ (2) = pu(exp <z, u >), which, by Proposition 3, defines a function
holomorphic in a neighborhood of K. For vE(Ehk)', we define the
convolution of u with v as (v * u) (F(u)) = u, (v, F(u + v)). We refer
the reader again to [8] to see that the convolution is well defined.
We then have the relationship that f,, M(z) = f,(2)- f# (z) where these
functions are defined.

On the other hand, let g(z) be a function holomorphic in a
neighborhood of K. Then g defines a continuous linear operator S,
from Ehk into E"k by

Ly (E))

Sg(F(u)) = g@)exp<z,u>

1
Qmi)" Yew) az" o -8,

where w is a suitably small strictly convex regular neighborhood of K.

LEMMA 5. — Let x[/ZO = .@exp<20,u>for z, €K. Then the linear
functional on 3(K) determined by xsz, T\o, = &(z,), the Dirac
V]

measure.

Proof. — Let f be a representative of f € #€(K) defined in some
convex neighborhood w of K. Since w is a Runge domain, f can be
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uniformly approximated by polynomials in an open neighborhood of
Z:A
el — 1
K, and since z; = lim
IAl—>o0 A

mated by exponentials. But by (10), we have that Tw, is just f(z,)
0

, AEC, f can be uniformly approxi-

for the exponentials. It now follows from the uniform convergence in
a neighborhood of K that T‘l'z () = f(zy). Q.E.D.
0

LEMMA 6. — Let vE (E"k)" If f, is its Fourier-Borel transform,
then the linear operator va : E"k - Ehk is just the transpose of the
convolution v * u (i.e. (va(F) , ) = (F,v=* ).

Proof. — By Proposition 3, we can represent u by a measure m,

such that m, eh"(“HE""II is a bounded measure for e sufficiently
small. Then
1 " s 2L()
Fa)) = <z,u> =) @
wE@) = o [ e <z,u>) Do ( to) o6, b

follows from Fubuni’s theorem for w a sufficiently small, strictly
convex neighborhood of K. Thus, u is completely determined by its
values on a set of exponentials exp <z, u > defined for z in a
neighborhood of K. We choose w so small that f, is defined and
bounded in w. Then for z, € w,

Qp(exp <zy,u>),u) =

Wi Sy < 0> 00 aas':'_-ll (wzgo(z)) &G, ) =

=f,(zo) niexp <zy, u>) = f,(25) f,(zy) ,

from which the lemma follows. Q.E.D.
For v € (Ehk)', we define the differential operator with constant
coefficients ¥ on E"k to be the transpose of the convolution operation

4= v*puon (Ehk)'.
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THEOREM 7. — Let U be a differential operator with constant
coefficients on Ehk . Then

(a) for Fe Ehk , there always exists G € E"k such that (G) = F,

(b) if f, has no zeros in K, then G is unique

(c) the polynomial exponential solutions of Y(x) = O are dense
in the space of all solutions of this equation.

Proof. — (a) The mapping 4 — f, is a one-to-one linear mapping
of (Ehk)' onto Je(K). We topologize J2(K) with the topology of
convergence of the Taylor series coefficients at each point of K. This

is at least as weak as the equivalente on J2(K) of the weak topology
on (E"k)” since, for a multi-index o,

a|a|
Hulexp<z,,u>)= —a]r‘:l(z’—o)-
z

If f,,-fny is a filter converging to g€ ¥e(K), then we must have

g= f,,-fg , since the Taylor scries of g is divisible by that of f, at
each point of K. Thus the mapping f, = f,-f, is one-to-one and
closed, so 4 = v * u is also one-to-one and closed. By Proposition 2,
its transpose is onto.

(b) If f, has no zerosin K, thenf“ = f,-f,isontosop = v * pu
is onto and hence its transpose is one-to-one.

(c) See [8] and [6]. Q.E.D.

The following example, due to C.O. Kiselman, shows that in

0 0
some sense the results of § 2 and § 3 are sharp. Let P(D) = 52— + 67
1 2

and let f(z) = cos \/z,z,, which is of exponential type. Let u be a
solution of exponential type of P(D)u = f. Then

1 d
u(O,r)-—u(—r,O)zj; Zu(—r(l—t),tr)dt=

=r f] cosr v/— (1 — t)dt=—r— fl (e"V1Uu-1) 4 p=rV1(-1)) gy >
0 2 Yo

r

r ] \/____ r \,.-
> — r 1(1-t)dt> 2V 2
2 Jo € /2\/76
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But 4}(z) the circular indicator of f(z), is zero in both the
complex line (A(0, z,)) and (A(z, , 0)), so that the circular indicator
(and hence the radial indicator) of u is strictly greater than that of f.

4. Functions of slow growth.

In this section, we extend the notion of a differential operator
with constant coefficients to entire functions which satisfy a majoration
of the form

1 f(2)] < C, exp(In[p))* (an

asymptotically for some k > 1 and some norm p(z). These functions
are known to have very even growth [1].

We define the logarithmic order p of such a function to be the
infemum of all £ for which (11) holds. We define the logarithmic type
o of f (with respect to a logarithmic order p) to be the infemum of
all b such that

[ f(2)| <C, expb(In p(2))* .

These values are clearly independent of the norm used to define them.

THEOREM 8. — Let m be a multi-index of positive numbers
m=@m,,...,m,), |m|=2XZm;. Then the logarithmic order and
logarithmic type of a function f are given by

1 1
Inln* —— o

— c -1 1
£ gy Eml gy (B2 [__] -
p—1 Imi=>= Inp P op

where f(z) = Z ¢,,2™ and In*a = sup (0, In a).
m

Remark. — We interpret this to mean p = 1 if the limit in (12)
is infinite. In this case, if we have 0 <+ oo wehave a polynomial. We
do not consider this case but rather assume thatif p = 1 that ¢ = + oo,
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Proof — Let > 0 and k > 1 be numbers such that
| f(2)| < Cexpb(nr)*

We assume without loss of generality that r =|z||,, where
llzll, = max |z;|. By applying Cauchy’s formula to the distinguished
1
boundary of the polydisc of radius r, we get
lc, | <Cexp{b(nr) —|m|Inr}.

1

k— 1
This function takes on its maximum (for K > 1) when Inr = l klb
and equals exp (—L . (l — 1) |m ILJ which establishes the
kb k >

theorem in one direction.

On the other hand, if | ¢,, | <K exp ( ) (——1) |m ¥~ %

k

(5 ) =) i i

on the distinguished boundary of the polydisc of radius r. The function
1

If@ <Y Kim|" exp

1\ /1 L
—) (—- — 1) x*¥=1 4+ x Inr takes on its maximum for
kb k

x = {(kb)*"! Inr}
and equals exp b(In k.

1
Let My, = [{(kb)*" Inr}*~'] and

1k !
M, = gg(k—l)(kb) Inr

(““greatest integer in”’). Then

[ f@) | < K'(Inr)?"* =D exp b(nr)* +

1
v 5 menl(n) (3-) m.

[m|=Mg 41
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But |
""'%'o W expg(é)k_l G- lmv?—%g <

%) 1 fr—ry | % —i
<lm'%‘w°“ eXpi E) ((E—l)lml" T4 ml(My + ¥ 1)%

and this last series is bounded independently of M since

_k 1

1 - k-1
(= 1) 1m HimiM + DT =

='ml(%—1) (Iml"{—‘—(k; D (M, + 1)"—1‘) <|m|(%— )T

for some T > 0. Q.E.D.
We let E; , be the Fréchet space that we get by taking

P, =(o + %) (Inr)?
1+1

(1+3)
in (6), E,; that which we get by taking p, = (Inr) " ,and we de-
signate their duals by (E, ,)" and (E,)".

LEMMA 7. — A linear functional p on'Eo‘p (resp. E,) is in
(Eo,p)' (resp. (E)) if and only if

P
1 p-T 1 L
lu(z™)| < Kgex [————] [1——] lm|?~"  (13)
e*P | o+e)p p
(resp. Lte
my| < K [ ]E < ] lﬂ) 14
luz™)| < K¢ exp e T+e lm| (14)

for some € > 0.

Proof. — 1t follows from the proof of Theorem 8 that the Taylor
series of an element in E; o (resp. E|) converges to the function in
this space (cf. [8]). Thus, if u is a continuous linear functional, it
follows that (13) (resp. (14)) holds.
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On the other hand, if (13) (resp. (14)) holds, it follows from the
estimates of Theorem 8 that u is a continuous linear functional on
E, , (resp. E)). Q.E.D.

For p € (E, o) (tesp. (E,)"), we define its Fourier-Borel transform
m

~ u
pw) =uexp<z,u>)=2u™ — in the sense of a formal
m!

power series at the origin. We topologize this space with the topology
of convergence of coefficients. Let Qo,p (resp. Q,) be the space of
formal power series whose coefficients satisfy (13) (resp. (14)) above.

For v,yG(E,'p)’ (resp. (E,)"), we define the convolution of
M with », v * u to be

vEu(f@w) =p@,(f(u+v).

A differential operator with constant coefficients on Eo,p (resp. E})
is defined as the transpose of this convolution operation. We then
have the following

THEOREM 9. — Let ¥ be a differential operator with constant coef-
ficients on the space E, , (resp. E,). Then for f€EE, , (resp. E))
there is always a solution g € Ea’ o (resp. E,) of the equation vg) =T
If ¥(1) = 0, then g is unique.

The proof is the same as that of Theorem 6, with some alterations
in the calculations of Theorem 5 to prove that the operation of convo-
lution is closed. The details are left to the interested reader.

I would like to express my gratitude and appreciation to C.O.
Kiselman for the many useful conversations that we had during the
course of this research, for his patience, and for his encouragement.
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