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¢-ANALOGUES OF LAPLACE AND BOREL
TRANSFORMS BY MEANS OF ¢-EXPONENTIALS

by Hidetoshi TAHARA (*)

ABSTRACT. —  The article discusses certain g-analogues of Laplace and Borel
transforms, and shows a new inversion formula between g¢-Laplace and g¢-Borel
transforms. g-Analogues of Watson type lemma and convolution operators are also
discussed. These results give a new framework of the summability of formal power
series solutions of g-difference equations.

RiSUME. —  Nous considérons certaines g-analogues des transformées de La-
place et Borel et montrons une nouvelle formule d’inversion entre les transformées
de g-Laplace et de g-Borel. Des g-analogues des lemmes de type Watson et des
opérateurs de convolution sont aussi discutés. Ces résultats donnent un nouveau
cadre pour la sommabilité des séries formelles qui sont solutions d’équations aux
g-différences.

1. Introduction

The classical Laplace transform of a function f(t¢) is given by

= /OOO f(t)e st dt.

To define a g-analogue of the Laplace transform has been a very interesting
thema, and many authors have defined its g-analogue in various forms. The
first person who introduced ¢-Laplace transform would be Hahn in 1949:
in the paper [6], Hahn gave two definitions of g-Laplace transforms:

(1.1) Ll () = T / HOEs(—ast) dat,
(1.2) ¢ Zsf(t) = 1*(]/ f(t)eq(—st)dgt

Keywords: g-analogue, g-Laplace transform, g-Borel transform, g-difference equation.
2010 Mathematics Subject Classification: 44A10, 39A13, 40G10.
(*) The author is supported by JSPS KAKENHI Grant Number 15K04966.



1866 Hidetoshi TAHARA

in the case 0 < ¢ < 1, where

> n(n— 1)/2 O

Zq H(1+qmz)7 zeC,

m=0

o0

1

(with (@5ao = 1 o (@0 = (L— L= @) (L= ) for m 3 1
and the integrals are taken as the Jackson integrals (see Jackson [7], Kac—
Cheung [8]). Abdi [1, 2] studied certain properties of these g-Laplace trans-
forms, and applied them to solve g-difference equations with constant co-
efficients.

Later, Ramis [16] had suggested in 1993 the use of the Gaussian function
to formulate a g-analogue of the Laplace transform; this allowed to find in
Zhang [19] a g-analogue of the summability of formal power series by using
the g-Laplace transform

—-1/8
/ o0 FBg- log,, (st)(log, (st)+1)/2 dt

(L3) LA = — :

21 log q

where ¢ > 1. Marotte-Zhang [12] applied it to show the multi-summability
of formal power series solutions of linear ¢-difference equations with variable
coefficients.

In 2000, Zhang [20] defined another g-analogue of the Laplace transform
by means of Jacobi theta function:

ool - /°° f@t)
1.4 L §) = == dt
where ¢ > 1, and ¥,(2) denotes the Jacobi theta function:

o0 n 0
0y()= Y = [[0-am Hasa gt
n=-—oo m=0
(for the properties of ¥,(z), see Subsection 2.2). This g-Laplace trans-
form was used in Lastra—Malek [9] in the study of singularly perturbed
g-difference-differential equations.
Further, Ramis—Zhang [17] defined in 2002 another discrete g-analogue
of the Laplace transform by

(1.5) Z 19 1)

where ¢ > 1. This definition was used in Zhang [21], Malek [11], Lastra—
Malek—Sanz [10] and Tahara—Yamazawa [18] in the study of g-summability
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¢-ANALOGUES OF LAPLACE AND BOREL TRANSFORMS 1867

of formal power series solutions of various g¢-difference (and g¢-difference-
differential) equations.

Also, in connection with the study of confluence (as ¢ — 1), Di Vizio-
Zhang [3] introduced in 2009 four q—Laplace transforms:

LMy / dyt,
L/] 1— Yy qst

L) = [ LU

equ(qst/(l —p))

ng) i) = IOZCI 00O 19;((‘112” ’
Lol =i [ L0

log g exp,(gst)

in the case ¢ > 1, where p = 1/¢, the integrals in L,gl) and Lt(f) are taken
as p-Jackson integrals, and

exp, (2 H (1+q¢ ™ g—1)2)
m=0

(for the properties of the q—exponential exp,(z), see Subsection 2.1), where

-1
0, =0 and [0, =2 : =14+q+--+¢"" (for n=1,2..),
=

0], =1 and [n]!=[1]4[2]4---[n]y (for n=1,2...).

The first one Lgl) is essentially the same as (1.5), and the third one Lé?’) is
the same as (1.4).
In this paper, we let ¢ > 1 and we will use

(16) L06) = [ 10 B, (~ast) dyt
0
as the definition of g-Laplace transform, where
e qn(n 1)/2 1
Exp,( =
a Z =0l —g ™ g = 1)2)

(for the properties of the g-exponential Exp,(z), see Subsection 2.1). Since
Exp,(—z)exp,(z) = 1 holds (see Subsection 2.1), our q Laplace trans-
form (1.6) is essentially the same as the second one L ) of Di Vizio-
Zhang [3].

The paper is organized as follows. In the next Section 2, we recall some
basic results in g-calculus, and then in Section 3 we study our g-Laplace
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1868 Hidetoshi TAHARA

transform (1.6). In Section 4 we define a g-analogue of the Borel trans-
form, and in Section 5 we show the inversion formulas between our g-
Laplace transform and g-Borel transform. Further, in Section 6 we define a
g-analogue of the convolution and study the relation of our g-convolution
and our g-Laplace transform. In Section 7 we show some results on Wat-
son type lemma for our ¢-Laplace transform. These results give a new
framework of the summability of formal power series solutions of linear
g-difference equations. In the last Section 8, we explain how to apply the
properties and theorems of this paper to g-difference equations.

In Sections 2-8, we always let ¢ > 1 and set p = 1/q. For a function f(z)
we define the ¢-difference Dy (f(2)) (or D4(f)(2)) of f(2) by

flaz) — f(2)
gz —z

Dy(f(2)) (= Dg(f)(2)) =

This operator Dy is called g-difference operator, or g-derivative operator.

2. Preliminaries

In this section, we summarize basics of g-calculus and give some pre-
liminary results which are needed in the discussion in this paper. For the
details of the topics and the proofs of some results, readers can refer to
Jackson [7], Kac—Cheung [8], Gasper-Rahman [5], Olde Daalhuis [13], and
Ramis[15].

2.1. ¢-Exponentials

As g-analogues of the exponential function e* = exp(z), the following
two functions are well-known:

o0

& S (v
Pl = ) L T L e D @D

n=0 [n]q n=0

n(n—l)/QZn e qn(n—l)/Q((q_ 1)2)"

_ 4 _
B = ) R T L G e )T

n=0

We have the following properties:

(1) exp,(z) is an entire function on C.
(2) Exp,(2) is a holomorphic function on {z € C; |2| < ¢/(¢ —1)}.
(3) exp,-1(z) = Exp,(2) and Exp,-:1(2) = exp,(2).

ANNALES DE L’INSTITUT FOURIER



¢-ANALOGUES OF LAPLACE AND BOREL TRANSFORMS 1869

(4) Dy(exp,(2)) = exp,(z), and exp,(z) is a unique holomorphic solu-
tion of Dy(f(2)) = f(2), f(0) =1 in a neighborhood of z = 0.
(5) Dy(Exp,(2)) = Exp,(¢z), and Exp,(z) is a unique holomorphic
solution of Dy(f(2)) = f(gz), f(0) =1 in a neighborhood of z = 0.
We set p = 1/¢: by (3) we have Exp,(2) = exp,(z) and exp,(z) =
Exp,(2). Since 0 < p < 1 holds, we can use infinite product expressions of
exp,(z) and Exp,(2) (see [8, §9]): we have

exp,(z) = H (1+q¢ ™ Hg—1)2),
m=0

1
[Thool—g ™ (qg—1)2)"

This shows that exp,(z) has a simple zero at z = —¢™*!/(¢ — 1) (m =
0,1,2...), and that Exp,(z) can be considered as a meromorphic function
on C having a simple pole at z = ¢! /(¢ —1) (m =0,1,2...). Moreover,
we have the identity: exp,(2) Exp,(—2) = 1.

As to the asymptotic behavior we have

Exp,(2) =

PrOPOSITION 2.1. — For any § > 0 sufficiently small, we have
1 -1
(2.1) log [Equ(z) sin(ﬂog(l(()ng)z)ﬂ

(log2)® | (1 loglg—1)
=27 - ——= ] 1
Slog g +<2 08 ¢ ) ogz+0O(1) (asz— o0)

uniformly on {z € R(C\ {0}); |argz| < 2w — ¢}, where R(C\ {0}) denotes
the universal covering space of C \ {0}.

Proof. — Since p = 1/q, we have 0 < p < 1 and Exp,(z) = exp,(z) =
ep((1 — p)z) with
> 2" 1
ep(z) = = :
»(2) ,;) (ip)n [Tyl —p™2)
Therefore, (2.1) follows from [13, formula (3.13)]:
1 1 wlogz)

= = X 2Sln
ep(2)  Ilm=o(l —p™*1/2) ( log p
2

2
Xexp[lng 1 ( T +(1ogz) )_logp

3 2

2 log p 12

cos(27k log z/(log p)) " ox (27r2k)
k x sinh(272k/(logp)) log p

k>1
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1870 Hidetoshi TAHARA

on {z € R(C\ {0}); |argz| < 27}. O
For simplicity we set:
Wo={z€C; 2] <¢'?/(¢ - 1)},
Z={z=—q""(¢g—1);m=0,1,2...},
Bme={2€C;lz+q""/(¢- 1) <eq" /(g -1},

w@pe = G Bm,e .
m=0

We note that 2 is the set of zeros of the function exp,(z) and that
Exp,(—2) has a simple pole at any point in 2. If € > 0 is sufficiently small,
the set 2 is a disjoint union of closed balls B, . (m € N (={0,1,2...})).

PROPOSITION 2.2. — In the above situation we have the following re-
sults.
(1) There is a cg > 0 such that | Exp,(—z)| < co on Wy.
(2) Exp,(—2) is rapidly decreasing (as |z| — oo in C\ Z¢). In addition,
there is a Ky > 0 such that for any sufficiently small ¢ > 0 we have

|Bxp, (2] < " exp(-p(lel) on €\ (WoU 20)

where

(log |2()? 1 log(g—1)

= ——+ =1 .

pel) = SEED (24 BB D)) g

(3) There is a ¢; > 0 such that |exp,(z)| < c1 on Wy.

(4) exp,(2) is rapidly increasing (as |z| — oo in C\ 2¢). In addition,
there is a Ky > 0 such that |exp,(2)| < K1 exp(u(|z])) on C\ Wy.

Proof. — Since Exp,(—z) and exp,(z) are holomorphic in a neighbor-
hood of Wy, the results (1) and (3) are clear. Let us show (2). For § > 0
we write Ds = {z € C; |z| < d}: it is easy to see that there is an Ay > 0
such that

|sinz[ > A6 on C\ | J(Ds + k)
kez
holds for any § > 0 sufficiently small. By using this fact, we can see that
there is an A7 > 0 such that

1 -1

‘sin(wﬂ > Aje on C\ (WyUZ)
loggq

holds for any e > 0 sufficiently small. Thus, by applying this to Proposi-

tion 2.1 we have the result (2). The result (4) follows from Proposition 2.1,
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¢-ANALOGUES OF LAPLACE AND BOREL TRANSFORMS 1871

the condition Exp,(—2)exp,(2) = 1 and the fact that |sin 2| is bounded on
the strip region {z =z + v/—1y € C; |y| < d} for any d > 0. O

COROLLARY 2.3. — For any 3 € R there is a v > 0 such that for any
sufficiently small ¢ > 0 we have
K
(2.2) |2]%| Exp, (—2)| < =2¢% on C\ (Wo U Z.).
€
Precisely, the constant e7# is given by

B(B+1)/2 1 1 loglg—1)\"
4 x e with cg = ogq (1 logla—1) .
2 log q

ey =T 5

Proof. — By a calculation we have

1 1 log(g—1)\\?
_ 1 —1 Z_ e 7
210gq<0g|Z| qu(ﬂ+2 log ¢

+logq<ﬁ+1_ 1og(q—1)>2

—u(|z]) + Blog|z| =

2 2 log q
log ¢ 1 log(g—1)\”
< A 7D
< 5 <[3 t5 log g V8
Therefore, by (2) of Proposition 2.2 we have (2.2). O

2.2. Jacobi theta function

The following function ¥,(z) is called Jacobi theta function:

n

z
Do(2) = > PO

n=-—oo

and the following properties are known (for example, see [8] and [17]):
(1) Y4(2) is a holomorphic function on C\ {0}.
(2) (Jacobi triple product formula). We have

9y(z) = [[U =g A +q ™)1 +q "2,
m=0
(3) ¥4(2) has a simple zero at z = —¢™ (m € Z).
(4) 9,(gm2) = g™mFTV/2;m9, (2) holds for any m € Z.
We set p = 1/q and (p;p)oc = limy oo (p; p)n. By considering 9,((1 —
1/q)z) and by using the infinite product expressions of ¥,(2), exp,(z) and
Exp,(z) we have

TOME 67 (2017), FASCICULE 5
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PROPOSITION 2.4. — We have the equalities:
Uq((1 —1/q)z) ( —q ) 1
2.4 exp,(z) = -2 Exp , |2 > ——,
24 o2) (P; P) oo \ (¢ —1)%2 g q—1

(D5 D)oo

q
9o((1— 1/q)2) equ<<q - 1)22>, |2 > 0.

The first equality is considered as an equality of holomorphic functions on
{z € C; |z| > 1/(¢ — 1)}, while the second equality is considered as an
equality of meromorphic functions on C\ {0}.

(2.5) Exp,(—2) =

The following result is very important:

PROPOSITION 2.5. — There are Ko > 0 and R > 0 such that

26 Ia(la— 1) < Koexp (BEEL (1 1010, )

holds on {z € C; |z| > R}.

Proof. — By (2.5) and Proposition 2.1 we have

Uy((g = 1)(=2))

(2.7) log
Sin(‘n’log(lgqg—ql)qz))
~ log (P P)oo exp( -1 )
Equ(qz)sin(Llog(lE)qg_ql)qz)) “\(g—1)%
(log(gz))? 1 log(q—1)
== (o =) 1
2ogq T2t Tlogg og(gz) + O(1)

_ (log 2)? N (1 L loslg—1)

= 1 1
2108 q 5 log q >0gz+0() (as z — 00)

uniformly on {z € R(C\ {0}); |arg z| < 27 — 4} for any § > 0. This yields
the estimate (2.6). O

2.3. Entire functions of g-exponential growth

The following result is proved in [15, Prop. 2.1]:

ANNALES DE L’INSTITUT FOURIER



¢-ANALOGUES OF LAPLACE AND BOREL TRANSFORMS 1873

PROPOSITION 2.6. — Let f(z) = > ns0anz" € C[2]. The following two
conditions are equivalent:
(1) There are A > 0 and H > 0 such that
(2.8) |an|<£7 n=0,1,2...
[n]q!
(2) f(2) is the Taylor expansion at t = 0 of an entire function f(z)
satisfying the estimate

(2.9) |f(2)] < Mexp (O;)i)';g—&—alo@z) on C\ {0}

for some M > 0 and o € R.

m=1)/2 £ ! holds, by setting t = ¢™ in (2.9) we have

<[m

Since ¢ lq

|f( )| < M m?/2+am _ M(qa+1/2)mqm(m71)/2
< M(@TVAH™m),!, m=0,1,2...

Hence, we have:

COROLLARY 2.7. — Ifa, (n=0,1,2...) satisfy the estimates (2.8) for
some A >0 and H > 0, we have

> lanl(@™™ < Ch™Mml!, m=0,1,2...
n>0
for some C' > 0 and h > 0.

2.4. p-Jackson integrals

Since p = 1/q, we have 0 < p < 1. In this case, the p-Jackson integral of
f(t) on (0, a] is defined by

/f dt—Zfap )(ap' —ap'™t) = Zfap

A p-antiderivative of f( ) is a function F'(t) which satlsﬁes Dp(F)( )= f(¢).
By [8, Thm. 19.1] we have

PROPOSITION 2.8. — Let f(t) be a function defined on (0, A]. If f(t)t*
is bounded on (0, A] for some 0 < a < 1, the p-integral

(2.10) F(t) = / £(5) dyy

converges to a function on (0, A] which is a p-antiderivative of f(t). More-
over, F'(t) is continuous at t = 0 with F(0) = 0.

TOME 67 (2017), FASCICULE 5



1874 Hidetoshi TAHARA

We denote by D, ; the p-difference operator with respect to t. By the
definition of p-integral, we have

LEMMA 2.9. — Let f(t,y) be a function on (0, A] x (0, A] which satis-
fies the following properties: f(t,y)y® and D, .(f)(t,y)y® are bounded on
(0, A] x (0, A] for some 0 < o < 1. Set

t
=/ f(ty)dpy :
0

D, (F)(t) = f(pt.t) + / Dy (F)(t ) dyy-

then we have

2.5. g-Antiderivatives in the case ¢ > 1

By Proposition 2.8 we know that a p-antiderivative of f(¢) is given
by (2.10). In this subsection, we will consider g-antiderivatives (in the case
g>1).

Suppose that Dy (F)(t) = f(t) holds; then we have
F(gt) = F(t) _ F(qt) — F(pgt)
() = Dy(Fy) = HO=FO _ Fa) -

gt —t qt — pgt
and so by setting z = gt we have D,(F)(z) = f(z/q). By Proposition 2.8
(and [8, Thms. 18.1 and 19.1]) we have:

= Dy(F)(qt)

LEMMA 2.10. — Let ¢ > 1 and set p = 1/q. Let f(t) be a function on
(0, A]. If f(t)t* is bounded on (0, A] for some 0 < « < 1, the p-integral

¢
F(t) :/ flay)dpy, 0<t<qA
0
gives a unique g-antiderivative of f(t) satisfying F(t) — 0 (as t — 0).

Proof. — By the definition of F(t) we see that F(¢) is a function on
(0, gA]. By Proposition 2.8 we have D, (F)(t) = f(q~'t), and so Dy (F)(t) =
D, (F)(gt) = f(t). This shows that F'(t) is a g-antiderivative of f(¢). Since
|f(®)] < Mt~ holds on (0, A] for some M > 0, we have

F(t)] = |- Zf “lp)p

e M@ —p)gottTe
—p)tZM(q tp')Top' = T pia
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Since 1 — a > 0 holds, we have F(t) — 0 (as t — 0).

Let us show the uniqueness. Let F}(¢) and Fy(¢) be two g-antiderivatives
of f(t) satisfying F;(t) — 0 (as t — 0) for i = 1,2. Set ¢(t) = Fi(t) —
F5(t): then we have Dy(¢)(t) = 0 and ¢(t) — 0 (as t — 0). Our purpose
is to prove the condition ¢(t) = 0 on (0, ¢A].

Suppose that ¢(t) £ 0 on (0,gA]. Then, we have ¢(tp) = ¢ for some
to € (0,qA] and some ¢ # 0. Since ¢(t) satisfies ¢(t) = ¢(qg~'t) on (0, ¢A],
we have ¢(q~"tp) = ¢(tg) = ¢ for any n € N. Since ¢ # 0 and ¢~ "t — 0
(as n —> 00), this contradicts the condition ¢(t) — 0 (as t — 0). Thus,
we have shown that ¢(¢) = 0 holds on (0, ¢A], that is, Fy(t) = Fz(t) holds
on (0, ¢A]. O

Next, let n € N* (= {1,2...}), and let us consider the Cauchy problem

{D:;(F)(t) = f(#),

(2.11) i ,
Diy(F)(+0) =0 fori=0,1,...,n—1.

We have:

PROPOSITION 2.11. — Suppose ¢ > 1, and set p = 1/q. Let f(t) be
a function on (0, A]. If f(¢)t* is bounded on (0, A] for some 0 < a < 1,
the equation (2.11) has a unique solution F(t) on (0,q™A] satisfying
Di(F)(t) — 0 (as t — 0) for i = 0,1,...,n — 1. Moreover, the unique
solution is given by

1 t
2.12 Fot)= ———— “my)(t — py)"  dyy
(212) )= gy L 1=
where (t — py)) = 1 and

t—py)p " =({t—py)t—p°y) - E—p"""y), n=2.

Proof. — The former half is verified by using Lemma 2.10 n-times. Let
us show that F,(t) defined by (2.12) gives the unique solution of (2.11).
The case n =1 is already proved in Lemma 2.10.

Let us show the case n > 2. Since D, ;((t py)” Y =[n—1],(t—py)p—2
holds, by Lemma 2.9, the equality (pt — pt);~" = 0 and the relation [n —
1], = [n — 1]4/¢" % we have

Dy(F) () = L=l

P T /fq "y)(t = py)y dpy -

Since
qt

Fla"y) (gt —py)y 2 dpy = ¢" /O Fla™ )t —py)y 2 dpy

TOME 67 (2017), FASCICULE 5



1876 Hidetoshi TAHARA

holds, by using D, (F,,)(t) = Dp(F,)(gqt) we have the result D, (F,)(t) =
F,_1(t).

By repeating the same argument we have Dy (F},)(t) = D, (F1)(t) = f(t):
in the last equality we have used Lemma 2.10.

Moreover, since |f(¢)] < Mt~ holds on (0, A] for some M > 0 and
since |(t — py)’;*1| < t*71 holds, by the same argument as in the proof of
Lemma 2.10 we have

1 ¢ 1
|Fp(t)| = (ﬂ“—l[lf—l]q!/o Fla ™ y)(t—py)y = dpy

< 1 M(l _ p)qkatk—a
R e T
for any k > 1. Therefore, we have D} (F,)(t) = F,_;(t) — 0 (as t — 0)
for any ¢ = 0,1,...,n— 1. Thus, by the uniqueness of the solution we have
the condition that F,(¢) in (2.12) gives the unique solution of (2.11). O
In the case f(t) =¢™ (m € N), the unique solution of (2.11) is given by
tm+n [ thrn
[m+nlg---[m+1], [m + njg!
Therefore, by the uniqueness of the solution we have the equality

1 t [m], 1 £+
T\ (E — n—1 d — q
¢ 1[n - 1]q!/0 @)™ =)y oy =

— 0 (ast—0)

which is equivalent to the following well-known result on p-beta function:
1 I[n — 1],
2.13 ™(1 — pz)p " dpr = B 1,n) = [elln = Ll

(see [8, §21]).

2.6. ¢-Improper integral on (0, c0)

In the case ¢ > 1, for a function f(¢) on (0, 00) we define the g-improper
integral of f(¢) from 0 to oo by

[e’e] o0 e’s}
e [ fodi= Y 1@ -a) =01 3 f@)d
0 1=—00 1=—00
If we set p = 1/¢, we have 0 < p < 1 and the above integral is written as a
p-improper integral:

OO [T dor = (1 — = i1y,
/0 f(t)dqt—/o for)dyr = (1-p) 3 FGHYp

i=—00

ANNALES DE L’INSTITUT FOURIER



¢-ANALOGUES OF LAPLACE AND BOREL TRANSFORMS 1877

As to p-improper integrals, basic properties are discussed in [8, §19]: in the
case (2.14) we have also
LEMMA 2.12.
(1) The integral (2.14) is convergent, if f(t) satisfies f(t) = O(1/t)
(ast — +0) for some 0 < o < 1, and f(t) = O(1/t%) (ast — o0)
for some B > 1.

(2) We have
/ Dy(H(®)dyt = lim_f(g") — lim_fg™™).
For simplicity we denote by [f(t)]5° the right-hand side of the above
formula.
(3) (Integration by parts). We have
| rop,@0 = [raaw)y - [ Dot dot

3. ¢g-Analogue of Laplace transform

For a function f(t) on {t = ¢"; n € Z} we define a g-analogue .Z,[f](s)
of Laplace transform of f(t) by

(3.1) 2(f)(s) = / " F(t) Expy(—gst) dyt.

Example 3.1. — Z,[t*] = [k],!/s"T! for k=0,1,2...

Proof. — Since Exp,(—gst) = (=1/s)Dy(Exp,(—st)) holds, we have
oo 1 o0
Z,[t*] :/ th Exp,(—gst) dgt = —S/ tk D,(Exp,(—st)) dgt.
0 —sJo
Therefore, the case k = 0 is verfied by (2) of Lemma 2.12. If £ > 1
by the integration by parts ((3) of Lemma 2.12) we can show .%,[tF] =
([k]q/8)<,[t*~1]. Hence, the general case is verified by induction on k. O

We let Wy, &, By, (m € Nand e > 0) and Z; (¢ > 0 sufficiently small)
be as in Subsection 2.1. About the convergence of the integral (3.1) we have

PROPOSITION 3.2. — Let f(t) be a function on {t = ¢"; n € Z} satis-
fying the estimates

(3.2) If(¢")] < Ch™[n]y! for anyn =0,1,2...
(3.3) |f(g"™)| < AB™ for anym=1,2...
for some C >0, h>0,A>0and 0< B <q.
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Then, we have:

(1) Z,[f1(s) is well-defined as a holomorphic function on {s € C; |s| >
hq/(qg— 1)} \ (Wo U Z). Moreover, %,[f](s) has at most a simple
pole at any point in 2N ({s € C; |s| > hq/(q — 1)?} \ Wp).

(2) There are H > 0 and R > 0 such that

(3.4) |fq[f](8)|<W on{se€C;|s| > R} \ Z
holds for any sufficiently small € > 0, where
1 —log B
(3.5) — BIT087 )
log q

Proof. — Let us show (1): to do so, it is sufficient to show that

=(g—1) ) f(g") Exp,(—sq" ") x ¢,

n>0
and Iy =(qg—1) Z f(g™™) Exp,(—sq ey g™
m21
are convergent uniformly on any compact subset of {s € C ; [s] >

hq/(q — 1)} \ (Wo U 2;) for any sufficiently small € > 0.
Let € > 0 be sufficiently small. Take any s € C\ (WpU Z%): then we have
sq" Tt € C\(WoUZ,) (n=0,1,2...). Therefore, by (2) of Proposition 2.2,

the assumption (3.2) and the fact [n],! < ¢"("*1V/2 /(g — 1) we have
(36) Ll <(a—1)) Ch"[n]y! x *eXp( p(lslg" ) x "
n=0
_ CKoexp(=p(ls]) [n]q! hg \"
- els] gq”("“ /2(|5|(qfl))
CKoexp(—p(]s) hq "
< .
a2 )

This shows that I; is convergent uniformly on any compact subset of {s €
Cs [s| > hq/(q —1)?}\ (Wo U Z0).

Similarly, take any s € C\ (Wy U Z,) and any m € N*: then we can see
that sqg=™t € Wy or s¢~™+! € C\ (Wo U Z) holds. If s¢~™+! € Wy we
have | Exp,(—sq~""")| < ¢o (by (1) of Proposition 2.2), and if s¢~™*! €
C\ (Wo U £¢) we have |Exp,(—sq~™"!)| < Koe™ /e (by Corollary 2.3).
Therefore, if we set C7 = max{cg, Koe™ /e}, by the assumption (3.3) we
have
B/q

LI <(q—1) Y AB™Cy x ™ = (q — 1)AC} x B/

m21
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This shows that I is convergent uniformly on C\ (W U Z£%).

Thus we have seen that %, [f](s) is well-defined as a holomorphic function
on {s € C; |s| > hg/(¢—1)*}\ (WoU Z). Since the function Exp,(—sq"*")
(resp. Exp,(—sq~""")) has a simple pole at any point in ¢~"~'2" (resp.
in ¢™~12), the latter half of (1) is clear.

Next, let us show (2). Since exp(—u(|s])) is rapidly decreasing (as |s| —
00), by (3.6) we see that there are H; > 0 and R > 0 such that

(3.7) || < on{seC;|s| > R}\ 2

€|s|

for any € > 0 sufficiently small. We may suppose that R > ¢'/2/(q — 1)
holds.

Let us give a sharp estimate of Is. We note that by (3.5) we have B =
¢'=%, and so by (3.3) we have |f(¢~™)| < A(¢}=*)™ for m =1,2...

Take any s € {s € C; |s| > R} \ Z¢ and fix it: then, we can take a
positive integer N such that

N—1/2 N+1/2

If m > N + 1, we have |s|g~"t! < |s|g™™ < ¢*/?/(q — 1) which implies
—s¢7"H € Wy If 1 <m < N, we have |s|g™™ ! > |s|g™ N+ > ¢1/2/(g—1)
which implies —sq=™*1 € C\ (Wp U Z;). Thus, by (1) of Proposition 2.2
and Corollary 2.3 we have

(3.8) | Exp, (—sq~™ 1) < co form>N+1,
Ko
€

(3.9)  (Islg™™ )" Exp,(—sq ™) < —€¥+ for 1 <m < N.

By using these facts, let us estimate Iy = I 1 + I 2 with

La=(qg—1) Y flg ™) Exp,(—s¢ ") x g™,
m>N+1

and Ipo=(g—1) Z f(g™™) Exp,(—sq Ly g™,
1<mEN
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In the case I 1, by the conditions B = ¢'~, (3.8) and |s| < ¢V T1/2/(¢—1)
we have

(3.10) il <(g—1) > Al¢"*)"coq ™
m>N+1
(q — 1)ACO —m
= T Z (Islg™™)*
m>N+1
(g —1)Aco a?Ne v
<L¢1 ) ‘ij) (¢")"
m2>2N+1 q
_ (g—1)Aco q*/? 1

sl (g=1)*(¢* = 1)
Similarly, under the setting v = 7o+1, by using the conditions (3.9) and
|s| > ¢V=1/2 /(g — 1) we have

(Ko/e)e” _
(3.11 Lol <(g—1) > A(gho)™ x U g
) kel LN (Islgmm+et

o (q — 1)14.}-{06’y Z 1
- [ Pe m+1
elsl“g> | L= Isla
— Y —
U Y
q 1<men ¢
o (g —1)2AKyeY 1 (¢—1)2AKpe? 1
E|S|o¢qo¢—&-1/2 Z

qk - €|S|aqa+l/2 (1 _ 1/q) '

k>0
Thus, by (3.7), (3.10) and (3.11) we have the estimate (3.4). O

Lastly, let us see the case where f(t) is an entire function. We have

PROPOSITION 3.3. — Let f(t) be an entire function with the estimate

2
ol < e (S 4 siogp) - on e g0)

for some M > 0 and § € R, and let f(t) = Y, qaxt* be the Taylor
expansion of f(t) att = 0. Then, F(s) = .Z,[f](s) is a bounded holomorphic
function on {s € C; |s| > R} for some R > 0, and its Taylor expansion at

F(s)= Y an

k>0

s = oo is given by

Proof. — As is seen in Subsection 2.3 we have | f(¢")| < M (¢°+1/2)"[n],!
for any n = 0,1,2... Since f(¢) is an entire function, we have |f(t)] < A4
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on {t € C;|t| < 1} for some A > 0: this means that |f(¢"™)] < 4
for any m = 1,2... Thus, by Proposition 3.2 we see that the g-Laplace
transform F'(s) = Z,[f](s) of f(t) is well-defined as a holomorphic function
on {s € C; |s| > qﬁ+3/2/(q —1)?}\ Z and it has at most simple poles on
the set Z.

Let f(t) = > k>0 ait® be the Taylor expansion of f(t) at ¢ = 0: by
Proposition 2.6 we see that there are A > 0 and H > 0 such that |ag| <
AH* /(K] ! for k =0,1,2... Therefore, the function

Fis) =Y ax s

k>0

defines a holomorphic function on {s € C; |s| > H}. By Fubini’s theorem
we have

- /OOO F(£) Exp,(—gst) dgt = /Ooo (Z akt’“) Exp, (—gst) dgt

k>0
= E ak t Exp,(—gst)dqt = E [k]q' = Fi(s).
q k kTl
k>0 k>0

We note that every series appearing in the above equalities is abso-
lutely convergent and so the discussion makes sense. This proves Propo-
sition 3.3. O

By this result, for

= Zaktk S (Cﬂt]]

k>0
we may define a g-analogue of formal Laplace transform of f (t) by

(k]!
= Z ag Sk—i—l .

k>0

4. g-Analogue of Borel transform

Let R > 0: for a holomorphic function F(s) on {s € C; |s| > R} \ &
having at most simple poles on the set Z N{s € C; |s| > R}, we define a
g-analogue A,[F|(t) of Borel transform of F(s) by

1

=

F(s)exp,(st)ds, t=4q" (n€Z),
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where the integration is taken as a contour integration along the circle
{s € C; |s| = p;} in the complex plane, and p; > 0 is taken as follows:

(4.2) pr >max{R,q¢"/?/(q—1)}, ift=¢" withn >0,
' pe >max{R,¢"/(¢g—1)}, ift=¢" withn <O0.

We note that %,[F](t) is regarded as a function on {t = ¢"; n € Z}. The
choice of p; in (4.2) comes from the fact that the integrand F(s) exp,(sq")
is holomorphic on {s € C; |s| > max{R,q¢'/?/(¢ —1)}} if n > 0, and on
{s € C;|s| > max{R,q"l /(g —1)}} if n < 0: we note that the simple pole
of F(s) is canceled by the zero of exp,(sq").

Example 4.1. — We have %,[1/s"T1(t) = t* /[k],! for k=0,1,2...

Proof. — We have
1 } - ! 1 (st
ght1 C2my/ =1 g2, SR £

Z [ ); ds

=, [m]

oy S e B
= mlat 2m /=T gz, ST (!

O

As is seen in (2) of Proposition 3.2, the g-Laplace transform F'(s) =
Z,[f1(s) of f(t) satisfies the estiamte

(4.3) P < o onds € Cilsl > R\ 2,
(for any sufficiently small € > 0) for some H > 0, a > 0 and R > 0. Under

this condition we have

PROPOSITION 4.2. — Let F(s) be a holomorphic function on {s € C;
|s| > R} \ 2 having at most simple poles on the set Z N{s € C; |s| > R}.
Suppose that there are H > 0 and o > 0 such that the estimate (4.3)
holds for any sufficiently small € > 0. Then, the g-Borel transform f(t) =
Bq[F(t) of F(s) is well-defined as a function on {t = ¢"; n € Z} and it
satisfies the following estimates:

(1) For any h > (¢ — 1) x max{R,¢'/?/(q — 1)} there isa C = C}, > 0
such that

If(¢™)] < Ch™[n],!, n=0,1,2...
(2) There is an A > 0 such that
If(a™)| < Alg"™)™, m=1,2...
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Proof. — Take any h > (¢—1) xmax{R, ¢*/?/(¢—1)} and fix it. Set py =
h/(q —1): we have py > max{R,q'/?/(q —1)}. Set My = max|s—,, |F(s)].
Then, by (4) of Proposition 2.2, for any n > 0 we have

1
207/ =1 Jis|=po

1
S 5 Mok exp(p(pog™)) x 2mpo

M s a2 (P =D
= poddoti1 X @ 772 e

(4.4) [f(a")] = [#a[Fl(¢")] =

F(s)exp,(sq")ds

with

1 2 11 -1
g dogpo) _ L loglg—1) log po.
2logq 2 log q

Since q’/2 = gn/2¢n(n=1/2 < q"/?[n],! hold, by (4.4) we have

n n q—l "
|f(@™)] < poMo K1 x q"/*[n],! x (pO(ql/Q)) a

= poMoK1e? x (po(g —1))" x [n],!.

Thus, by the condition pg(¢ — 1) = h we have the result (1).

Next, let us show (2). We take an N € N* such that ¢" /(¢—1) > R, and
fix it. For 1 < m < N we set p,, = ¢V t/2/(¢ — 1), and for m > N + 1 we
set pm = q" /2 /(g —1). We take any 0 < € < 1 — ¢~ /2 and fix it. Then,
for any m = 1,2... we have {s € C; [s| = pm} C {s € C; |s| > R} \ 2
and so by (4.3) we have

H

€ (pm)>

Moreover, if |s| = p,,, we have

— {QN"”“/Q/(q—lx if1<m<N,
5q =

[F(s)] <

for |s| = pm, m=1,2...

a?/(q-1), itm>N+1:

since exp(z) is an entire function, we have a C' > 0 such that | exp,(s¢~"™)| <
C for any |s| = py, and m = 1,2... Thus, for any m =1,2... we have

= 1P = | [ Ry (og

1 H HC
< ————C X 27py, =
27 € (pm)® p

™ ds

(pm)l_a’

€
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Since
(o= = 4 @2 @ = D), if1<m<N,
" (q"2/(g—= 1) x (¢'=)™, ifm>N+1
we have the result (2). O

Let F(s) be a holomorphic function on {s € C;|s| > R} satisfying
F(s) =0(1/|s]) (as |s| — o0): then we can expand this into Taylor series

of the form
Ck
F(s) = sy
k>0
and we have the following: for any h > R there is an M > 0 such that

lci| < MAF holds for any k =0,1,2...

PROPOSITION 4.3. — Let F(s) be a holomorphic function on {s € C;
|s| > R} satisfying F(s) = O(1/|s|) (as |s| — o0). Then, f(t) = %B,[F](t)
can be extended as an entire function satisfying the estimate

Ie) 2
(4.5) .ﬂﬂ|<ﬂ4@@(gﬁzi§

for some M > 0 and 5 € R. Moreover, its Taylor expansion at t = 0 is

given by
_E: Ck Lk
0= W

k>0

+ Bloglt]) on C\ {0}

Proof. — Take any p > 0 suﬂiciently large. Then, we have

ft) = B[FI(t) =

(st)
ds
271'\/ Isl=p 159 sk‘H Z [m],!

m>0

_chz | 2”\/7“ Sk+1 ch

k>0 m>0 q' k>0

Since |cx| < Mh* (k = 0,1,2...) holds, by Proposition 2.6 we have the
estimate (4.5). O

By this result, for

T s7IC[sY]
k>0

we may define a g-analogue of formal Borel transform of E'(s) by

R R k
A E) () =3 2

= [Klo!
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5. Inversion formulas

In Sections 3 and 4, we have given g-analogues of Laplace and Borel
transforms. In this section, we will show that one is the inverse of the
other.

5.1. In the case %, 0.7,

As to the identity %, o £, = id we have:

THEOREM 5.1 (Inversion formula: %, 0.7, =id). — Let f(t) be a func-
tion on {t = ¢"; n € Z}, and suppose that it satisfies (3.2) and (3.3) for
some C >0, h >0, A>0and 0 < B < q. Then, we have

(5.1) f@t) = (B0 L)1), t=4q" (nel)

Proof. — Set F(s) = Z,[f](s). By Propositions 3.2 and 4.2 we see that
g(t) = B,[F](t) is well-defined as a function on {t = ¢*; k € Z}, and we
have

(5:2) g(q")
[ Fls)esp,(sa)d
= —— s)exp,(sq”)ds
2V =1 Jjsj=pi !
1
= (g—1)> fg")Exp,(—sq""")q" x exp,(sq*) ds
21V =1 Jjs|=pu nze:z ! !
1
=(¢g—1 "M)g"t X —— Exp,(—sq" 1) exp, (sq*) ds
(q )T%f(q )a el S Py (—=s¢""") expy(sq”)
for any k € Z, where py, is taken sufficiently large. Here, we note:
LEMMA 5.2. — In the above situation, we have
1 5n k
—_— Exp, (—sq" 1) exp, (s¢¥)ds = —=%— |
2my/—1 s|=pr q( ) q( ) qk<q - 1)

where 0y, ;, denotes the Kronecker’s delta (that is, 6, = 1 if n = k and
Ik =0ifn#k).

If we admit this lemma, by (5.2) we have

_ %7,1@: k
9(d") = (q 17%f Py EaACHE

This proves (5.1). O
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Proof of Lemma 5.2. — We set G(s) = Exp,(—sq¢"*") exp,(sq"): then

we have -
[To_o(1+¢"™ (g —1)s)

G = e Tt e (g - D)

Therefore, we have:
(1) If n < k— 1, G(s) is a polynomial of degree k —1 —n in s.
(2) If n =k, G(s) is given by
1 1
G S) = = .
O = =9 ~ Fa-De+a a—1)
(3) If n > k+ 1, G(s) is given by

n

1
¢ =1l arga=ow

i=k

In the case (1), G(s) is an entire function and so we have
1

2myv—1 [s|=pk

In the case (2), G(s) has a simple pole at s = —¢~*/(qg—1). Since p > 0 is
taken sufficiently large, the pole s = —¢~*/(q— 1) is located in the domain
{s € C; |s| < pr}, and we have

1 1

G(s)ds= ———.
27V =1 Jisj=ps ¢"(q—1)
In the case (3), the denominator is a polynomial in s of degree greater than
or equal to 2, and it has simple poles at s = —¢~ /(¢ — 1) (k <i < n). In
this case, the property

G(s)ds = 0.

1

_— G(s)ds=0
2mV =1 Jjsj=pi )

follows from

LEMMA 5.3. — Let P(s) be a polynomial of degree greater than or equal
to 2. Take a positive constant pg > 0 so that all the roots of P(s) = 0 are
located in the domain {s € C; |s| < po}. Then, we have

1
——ds =0.
/|s|_p0 P(S)

Proof. — By the assumption, we have |P(s)| > c|s|* on {s € C; |s| > po}
for some ¢ > 0 and p = deg, P > 2. Therefore,

o= i
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for any R > pg. By letting R — oo we have the result in Lemma 5.3. O
The proof of Lemma 5.2 is completed. g

5.2. In the case £, 0 %,

As to the identity £, o %, = id, we have:

THEOREM 5.4 (Inversion formula: %, o B, = id). — Let F(s) be a
holomorphic function on {s € C; |s| > R} \ & having at most simple poles
on the set Z N{s € C; |s| > R}. Suppose that there are H > 0 and o > 0
such that the estimate

H

€|s|*

(5-3) [F(s)] <

on{seC; |s| >R} \ Z
holds for any sufficiently small e > 0. Then, we have

(5.4) F(s) = (%L, 0%,)[F|(s) on{seC;|s|>Ri}\Z
for some Ry > 0.

The proof given below is based on the following lemma which comes from
the identity: Exp,(2) exp,(—2) = 1.

LEMMA 5.5. — We have
> g2 (=pr [, ifd=0,
e, mlg! [n]g! 0, ifd#0.

Proof of Theorem 5.4. — Suppose that F(s) satisfies the assumption in
Theorem 5.4. By Propositions 4.2 and 3.2, the function

G(s) = (L 0 Bg)[F](s)

is well-defined as a holomorphic function on {s € C; |s| > Ry} \ £ for
some Ry > 0, it has at most simple poles on the set Z’N{s € C; |s| > R},
and there is an H; > 0 such that the estimate

H
G| < s on ds € lsl > R} \ 2

holds for any sufficiently small € > 0.
Our purpose is to prove that G(s) = F(s) holdson {s € C; |s| > Ro}\ &
for some Ry > 0. To do so, we set

A(s) = F(5)04((g = 1)s),  B(s) = G(s)04((q = 1)s).
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Since J4((g — 1)s) has a simple zero at s = —¢™/(¢ — 1) (m € Z), the
functions A(s) and B(s) are holomorphic functions on {s € C; |s| >
max{R, R1}}, and so we can expand them into Laurent series

(5.5) As) =Y %, B(s) = %.
nez nez
Then, to prove G(s) = F(s) it is enough to show that B,, = A,, holds for
any n € Z. We will show this from now.
We set f(t) = B,y[F](t). For any k € Z we take pj as in (4.2): then
by (2.4) we have

1
(") = s——=
21V =1 Jjz=ps
1 Uq(q" (g~ 1)2) ( -1 )
=— F(z)-4 Exp, | ————— | dz.
21V =1 J)zj=ps (2) (P;P) oo "\ g —1)%*
Since ¥, (¢* (g —1)2) = ¢**=D/2((g—1)2)*"19,((¢ — 1)z) holds, by (5.5)
and the expansion form of Exp,(—1/(¢*~!(q — 1)?z) we have

(5.6) f(d")
g" =72 (g — 1)k-1

-1
= A(2) 21 Ex () dz
(P3P)oc2mV =1 Jizj=p (2) Pa\ (g —1)22

gFr=D/2(g 1)k

F(z) equ(zqk) dz

= X C
(P; P) oo g
with
_ o -1 n qn(n—l)/Q
57 G = ,;Ak_" (q’“(q - 1)2> [nlg! 7 her
Similarly, by (2.5) we have
(5.8) G(s) = Z[fI(s) = (a— 1) >_ f(¢") Expy(—sq""")g"
kEZ
=(q-1))_ flq" —)exp S x q"
—1)s) T\ q*(g—1)%s

kEZ

(P f(d") ox 1
~ (g —1)s) ,% GFE72(g — 1)F—Tgk T Pa (qk(q — 1)23)

in the last equality we have used: 9,(g"(q — 1)s) = ¢**+1/2((q — 1)s)* x
Y4((g —1)s). By (5.6) and (5.8) we have

-2 kequ< 5q 11>s>

kEZ
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which leads us to

e Cme 1 m
(5.9) By = Z:@ = (qN_m(q — 1)2) , Nez.

Thus, the equality By = Ay is verified in the following way: by (5.7),
(5.9) and Lemma 5.5 we have

m=0
o 1 n qn(nfl)/Q
A —m-—n
- Z N (qN‘m‘l(q - 1)2> [n]4!
(N—m— n)(N m—n—1) /2A m(m—1)/2 —1)"
D I I
"m0 =0 (¢—1) [m]q! [n]y!
1 Z q(N d)(N—d— 1)/2AN d Z qm(m—l)/Q (_1)n
PAOEE R ) A O N N
1 q(N—d)(N—d—l)/QANid
= Nov-ni2 ~ 2d = An.
q (¢—1) d=0
This completes the proof of Theorem 5.4. g

We note that every series appearing in the above proof is absolutely
convergent and so the discussion makes sense: this can be verified by using
the following lemma.

LEMMA 5.6. — There are C > 0, h > 0 and A > 0 such that the
following estimates hold:

(5.10) 1A, <Ch™, n=0,1,2...
l1—a\ym

(5.11) |A,m|<M, m=1,2...
[m]g!

Proof. — Since A(s) is a holomorphic function on {s € C; |s| > R}, the
estimate (5.10) is clear. Let us show (5.11). Take any €y > 0 sufficiently
small: then, by (5.3) and Proposition 2.5 we have

H 1 2 1 1 -1
1A(s)] < x Ky exp %+ ,.,.M log ||
€ols|® 2logq 2 log q

on {s € C; |s| > R} \ Z,. By the maximum principle, we see that the
same estimate holds also on {s € C; |s| > R}.
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Let m € N be sufficiently large: then we have
1 A
(5) 4
2w/ —1 |s|=r smtl

HK 1 2 1 1 -1
< 2Cxp og ) + —m—a+f—|—M logr
€0 2logq 2 log q

for any r € (R, o0). Hence, by setting r = ¢™+t*~1/2/(q — 1) we obtain

‘Afml =

HK>K —-1)m
(5.12) 1A_| < 21483 (g )
€0 qm(m—l)/Q(qa)m
where
—loggq 1 log(¢g—1) 2
K3 = I L .
’ exp{ 2 <“ 27 logg

Since [m],! < ¢™™+1/2 /(g —1)™ holds, by combining this with (5.12) we
have

|A | < HKy K3 qm _ HKyK;5 <q1—(x)7n
T w Imlglg)m € [mlg!
This proves the result (5.11). O

6. g-Analogue of convolution

Let a(t) be a holomorphic function in a neighborhood of ¢ = 0, and let

a(t) = Z atk

k>0

be the Taylor expansion of a(t) at t = 0. For a function f(t), we define a
g-analogue of the convolution of a(t) and f(t) by

(6.1) (@ O =3 % / (t— o)t Fla ™) dy,

k>0

where p = 1/q, (t — py)) = 1 and

(t—py)y =t —py)(t—p°y)-- (t—py), k=1

Example 6.1. — We have the formula:
| |
(6.2) t" kgt = Mt’"*"“, m,n € N.
[m+n+ 1],!

ANNALES DE L’INSTITUT FOURIER



¢-ANALOGUES OF LAPLACE AND BOREL TRANSFORMS 1891

Proof. — By the definition (6.1) and the formula (2.13) for g-beta func-
tion we have

1/t o
gt = /0 (t— py) (™ )" dpy

tm+n+1 tm+n+1

1
[m]p![n]p!
= 1 —_ m n d = .
gmntmn /0 (=Pl dye = e T 4+ 1,1

Since [m],! = [m],!/q™™1/? we have the result (6.2). |

In general we have

PROPOSITION 6.2. — If a(t) and f(t) are holomorphic on {t € C;
|t| < r} for some r > 0, the g-convolution (a %4 f)(t) is well-defined as
a holomorphic function on {t € C; |t| < rq}, and its Taylor expansion is
given by

(axg )= (

n=0

141K\ or
2 “if’“[z'[Jr]k[+]1]q!> o

i+k=n
where fi, (k > 0) are the coefficients of the Taylor expansion f(t) =
Zk>o f ktk~

Proof. — The former half is clear from the definition. The latter half
follows from Example 6.1. g

By this result, we may define a formal g-convolution (a%,f)() of a(t) =

(6.3) (% f)(t) = ( >, aifkm> gt

n>0 \i+k=n

Now, let us consider the case where f(t) is a function on {t = ¢"; n € Z}.
Our purpose is to prove the following convolution theorem for our g-Laplace
transforms.

THEOREM 6.3 (Convolution theorem for .%}). — Let f(t) be a function
on {t = ¢"; n € Z} satisfying the estimates (3.2) and (3.3) for some C' > 0,
h>0,A>0and0 < B < g, and let a(t) be an entire function with the
estimate

(log t[)®

<
la(t)] < M exp ( 2logg + alog |t|) on C\ {0}

for some M > 0 and o € R. Then, we have
(6.4)  Zylaxq fl(s) = Lylal(s) x Z[f](s) on{se€C;ls|>R}\ Z

for some R > 0.
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By Propositions 3.2 and 3.3, we know that .Z[a](s) and Z;[f](s) are
well-defined as holomorphic functions on {s € C; |s| > R} \ 2. The well-
definedness of .Zj[a *, f](s) is guaranteed by the following

PROPOSITION 6.4. — Under the conditions in Theorem 6.3 we see that
(a*q f)(t) is well-defined as a function on {t = ¢"; n € Z} and satisfies

(6.5) |(a*q f)(¢")] < C1h1"[n],! for any n =0,1,2
(6.6) l(a*q f)(g"™)| < A1 (B/g)™ foranym=1,2...

for some Cy > 0, hy > 0 and A; > 0 (where B > 0 is the same one as in
Theorem 6.3).

The rest part of this section is organized as follows. In the next Sub-
section 6.1 we give a proof of Proposition 6.4, and in Subsection 6.2 we
prove Theorem 6.3. In Subsection 6.3, by applying the inversion formula to
Theorem 6.3 we show the equality: #,[A x F| = B,[A] *; B[ F).

6.1. Proof of Proposition 6.4

For k € N we set ¢ (t) = t*: then we have

(0030 DO = | S22 S0 = (0
120
( ‘t|k+12|f —k—1— zt
=0

By using this, we can easily show

LEMMA 6.5. — There are As > 0 and Cy > 0 which satisfy the follow-
ing:

(6.7)  (dn g F)(@")] < Co(14+gh)" * g™ [n—k—1],! forn>k+1
(6.8)  [(dn g £)(q")] < A2q™ (B/q)* " for 0 < n <k,
(6.9) |(¢r *q )(g™™) < Ax(B/q)™** for any m >0

Now, let us prove Proposition 6.4. Let a(t) = 3, ait® be the Taylor
expansion of a(t): by Proposition 2.6 we see that |ag| < Azhs®/[k],! (k =
0,1,2...) hold for some Az > 0 and hz > 0.

Let n > 0 and let us estimate |(a %4 f)(¢™)|: we divide it into

(axq f)(q") = Z ak(ﬁbk*qf)(qn)+Zak(¢k*qf)(qn)=I1+Iz~

0<k<n—1 k>n
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Since ¢7U~1/2 < [4],! < ¢?UFTV/2 /(¢ —1)7 holds for any j > 0, by (6.7) we
have

Ashs®
(6.10) |[L]< > Z] = x Cy(1+qh)" 7 1q"™ [ — k — 1],
0<k<n—1 q

h3k (1_|_qh)nfkf1anq(n7k71)(n7k)/2
s e O<kz<7:171 gr=/2 . (g —1)n—h=t
_ n(n—1)/2 Ky ko (L gh)nF !
= AgCog" "V g h ST,
0<k<n—1
1+ ghyn—1
< AzCoq= 1/ (qh3 + 1 ) ~
qg—1
Similarly, by (6.8) we have
Azhs® .
(6.11) || <) [2]3, x A2q"™ (B/q)"
k>n a:
< AzA s’ k(B /q)k
S A2 3ZW xq""(B/q)
k>n
h k—n
_ n n(n—1)/2 3 k—n
= Ay As(ghs)"q" "D/ Z Tt X (BlaT"

k>n q

Since ¢"("~1/2 < [n],! holds, by (6.10) and (6.11) we have the result (6.5).
By using (6.9) we can prove (6.6) in the same way. O

6.2. Proof of Theorem 6.3

As in Subsection 2.5 we set
Fr(t) = 1/tf<qky><tpy>“d y, k=12,
=10y o

Then, by Proposition 2.11 we have D,(Fy)(t) = f(t), Dy(Fr)(t) = Fr—1(t)
(for k > 2), and Fy(t) — 0 (as ¢ — 0) for k > 1. Moreover, under the
notation ¢y, () = t* we have

(6.12) ((bk *gq f)(t) = [k’}q' X Fk+1(t), k>0.

We note:
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LEMMA 6.6. — Let € > 0 be sufficiently small. Then, if s € {s € C;|s| >
(14 gh)/ (g — 1)} \ (Wo U 2), we have

(6.13) mlgnoo F.(g7™) Exp,(—=sq~™) =0, k>1,
(6.14) liirl Fy.(¢") Exp,(—sq™) =0, k>1.

Proof. — Since F(0) = 0 and Exp,(0) = 1 hold, the result (6.13) is
clear. Let us show (6.14). Take any s € C\ (Wp U £) and fix it. Since
sq¢™ € C\ Wy U Z) holds for any m € N, by (2) of Proposition 2.2 we
have

Ko exp(—p([s]))
eqmm=1/2(|s|(q — 1))m "

(615) | Bxp,(~sq™)| < *-2 exp(~u(lsq™])) =

Since Fy(t) = (1/[k — 1]!)(¢r—1 *4 f)(t) holds, by (6.7) we have

C
(616)  1Fuq™)| < gy % (- an)™ "4 D m = k!
q!
Cs i B q(mfk:)(mkarl)/Q
< m m(k—1)
S g A
Cy (1 4 gh)m—kgm(m=1/2gk(k=1)/2
TR (- |
Thus, by (6.15) and (6.16) we have
[Fi(q™) Expy(—sq™)|
o CoEoexp(—pu(ls)g"* V72 (1 +qh)" " 1
N e[k — 1! (g—1)m* (sl(g—1)™
o (1+qh)
— 0 (asm—o00), if ———= < 1.
( P a1
This proves (6.14). O

Now, let us prove Theorem 6.3 in the case a(t) = ¢x(t). Since [n — k —
1],! < [n]4! holds, Lemma 6.5 and (6.12) show that £, [F+1](s) is well-
defined as a holomorphic function on {s € C; |s| > (1 + qgh)¢?/(q — 1)?} \
Z. By (6.12), Lemma 6.6 (with k replaced by k + 1) and the condition
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Dy(Fy41) = Fi(t) we have
Zyl(Pr *4 ()

= [ DO B, (cast) dut = W[ Fea () Bp, (—ast
0 0

- k,]sq / Fie1(8)Dq(Exp,(—st)) dgt
— [kiq' <[Fk+l( ) Expgy(—s Z" B /Ooo Dy(Fit1)(t) Exp,(—gst) dqt)
(]

' o0
= ?q/ Fy(t) Exp,(—gst) dgt .
0

Repeating the same argument we have
Lyl D) = % [ 10 By (—ast) dyt = S x Z1716)
al\Pk *q sh+1 ) P\ =qs5t) Agt = " G317 q :

Since .Z,[tF](s) = [k],4!/s"*! holds, this proves (6.4) in the case a(t) = ¢ (t).
The general case is verified in the following way:

Lylaxq f1(s) = D axLylon *q £1(5) = Y an(Z[0x)(s) x Z[f)(5))
k>0 k>0
=Y a4 = 2l < L. D
k>0

6.3. On Z,[A x F]

By applying the inversion formula to Theorem 6.3 we have

THEOREM 6.7 (Convolution theorem for %,). — Let A(s) be a holo-
morphic function on {s € C; |s| > R} satisfying A(s) = O(1/|s]) (as
|s| — o0), and let F(s) is a holomorphic function on {s € C; |s| > R}\ 2
having at most simple poles on the set 2 N{s € C; |s| > R}. Suppose that
there are H > 0 and « > 0 satisfying

H
F(s)| < —=
FOI <
for any € > 0 sufficiently small. Then, we have the equality
(617) B Ax FI(t) = (B,[Al %, BF)(O). t=q" (nE L),

Proof. — We set a(t) = %,[A|(t) and f(t) = PB4[F](s): then a(t) and
f(t) satisfy the conditions in Theorem 6.3, and so we have the equality

Zylaxq fl(s) = Zylal(s) x Zo[[f](s) = A(s) x F(s).

on{seC;|s|>R}\ £
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By applying %, to the both side of the above equality we have
(By 0 Ly)laxq fI(t) = By[Ax F](t), t=q™ (meZ).

Since (Aq[A] g Bo[F])(t) = (axq [)(t) = (Bg 0 ZLg)la #q f(t) holds, we
have the result (6.17). O

7. g-Analogue of Watson’s lemma

The classical Watson’s lemma says that if a function f(t) € C°((0, 00))
satisfies f(t) = O(e®) (as t — oo) for some a € R and f(t) ~ 37, - ant™
(as t — 0) for some a,, € C (n =0,1,2...) the Laplace transform L[f](s)
of f(t) also has the asymptotic expansion L[f](s) ~ Y, 5¢ann!/s" " (as
s — 00). See, for example, Olver [14].

Some g-analogues of this lemma are obtained in Zhang [19], Ramis—
Zhang [17] and Lastra—Malek—Sanz [10]. In this section we will show the
following

PROPOSITION 7.1 (Watson’s lemma for ;). — Let f(t) be a function
on{t=q";n €7}, andlet a;, (k=0,1,2...) a sequence of complex num-
bers. Suppose the condition (3.2) for some C > 0 and h > 0: in addition, we
suppose that for any N =0,1,2... there is a constant Ay > 0 satisfying

N-1
(7.1) ’f(t) -3 aktk‘ < ANl on{t=q™;me N
k=0
Then, there are R > 0 and Cy >0 (N =0,1,2...) such that
N-1
Qg k]! CN
(r2) | Ze -3 Suq < e on (s € Cilsl > R\ 2
k=0

holds for any N =0,1,2... and € > 0.

Proof. — Since (7.1) implies that |f(¢~™)| < Ap holds for any m € N*
we see that f(t) satisfies the condition (3.3): therefore, .Z,[f](s) is well-
defined as a holomorphic function on {s € C; [s| > hq/(q—1)?}\ (WoU2Z).

Take any N € N, and set

N-1
gn(s) = f(t) = axt”
k=0
Then we have
= ak[k]q!
(7.3) SAMIOEEANOESS )
k=0
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on {s € C; |s| > hq/(q —1)?} \ (Wo U Z). By the definition of ¢-Laplace

transform we have

N-1
(7.4) Zilan](s arJik(s) + Gn(s)
k=0
with
Fi(s)=(¢—1)>_ f(g") Exp,(—s¢" )",
n=0
Jik(s) = (g—1) Y (4" Expy(=sq" )g" (0<E<N—1),
n=0
Gn(s)=(g-1) > gn(qg™) Exp,(—s¢ " )g™™

Take any € > 0 and § > 0 sufficiently small: let us estimate Fj(s), J1 ()
and Gy (s) on {s € C; 5| > (h+6)a/(a — 1} \ (Wo U 22).

The term Fj(s) is estimated in the same way as (3.6) and we have

CKo exp(—p(]s])) hq "
N T > (7
CK()(ZVN 1

< :
S s T hj(h 1 0)

in the above we have used hq/(|s|(q—1)?) < h/(h+6) and Corollary 2.3 (and
its proof). If n € N we have sq" ™ € C\ (Wy U 2%): by using Corollary 2.3
and the condition ¢**!/¢V*t1 < 1/q (for 0 < k < N — 1) we have

(¢"h)"
(76) |J17k;| < (q — 1) Z W X (‘S‘qn+1)N+1‘ Equ(—Sqn+1)|
n=0
(g—1) gttt )" y Kyerv+1
= |S|N+1qN+1 — qN+1 €
n

(q — 1) 1 « Koe'YNJrl
= |S|N+1qN+1 (1_1/q) € !

Since |gn(¢7™)| < An(g7™)N = Ax(¢~V)™ holds for m = 1,2... By the
same argument as in (3.10) and (3.11) with B = ¢~V and a = N + 1 we
have

(7.7 |GNn| <

AN co(q _ 1)q(N+1)/2 (q _ 1)2K06’YN+2
|8|N+1 (q _ 1)N+1(qN+1 _ 1) 6quL3/2(1 _ l/q)

where ¢y and K| are the same as in Proposition 2.2.
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Thus, by (7.3)—(7.7) and by setting

CKye'~ ((] -1 Koe’YNJrl
(7.8) Oy = T+ Z\ak\
boay( cola- 1)61“”1)/2 (q — 1) Koern+?
T\l =D =1) T VBRI~ 1/g)
we have the result (7.2). O

In the analytic case we have

COROLLARY 7.2 (Analytic case for .%,). — Let f(t) be a function on
{t=q";n€Z}, andlet a;, (k=0,1,2...) a sequence of complex numbers.
Suppose the condition (3.2) for some C > 0 and h > 0: in addition, we
suppose that there are A1 > 0 and hy; > 0 satisfying |ag| < Alhlk(k; =
0,1,2...) and

(7.9) S Ah MY on {t = ¢ ™; m e N*}

N-1
— Z aktk
k=0
for any N = 0,1,2... Then, we can find B > 0, H > 0 and R > 0 such
that

N-—1 ak[k] |
(7.10) ‘fq[f](S)— > it
k=0
BHY N],!
< P onlaeCilel> BN\ 2

holds for any N =0,1,2... and € > 0.

Proof. — By (2.3) and the fact ¢V(N=1/2 < [N],! we have
g(NFD(N+it1)/2 _ eC2gili+1)/2 y (¢ )N [N],!

(@D = (g-1) (-1
Moreover, we have

N-1
Z lag] < Z Aihy® < A (14 hy)N -
k=0

Thus, by applying these estimates to (7.8) we can obtain the result (7.10).
O

eIN+i — o2

i=0,1,2.

Similarly, in the case of g-Borel transform we have

PROPOSITION 7.3 (Watson’s lemma for %,). — Let F'(s) be a holomor-
phic function on {s € C; |s| > R} \ £ (with R > 0) having at most simple
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poles on the set 2 N {s € C; |s| > R}. Suppose that there are H > 0 and
a > 0 such that the estimate

(7.11) 1F(s)| <

T oels|e

on{seC;|s| > R}\ £

holds for any sufficiently small € > 0. Let ¢, (k=0,1,2...) be a sequence
of complex numbers: we suppose that for any N = 0,1,2... there is a
constant Cy > 0 satisfying

(7.12)

on{seC;|s| >R} \UZ

for any € > 0. Then we have a constant M > 0 which is independent of N
and C'y such that

MCn

N-—1 c
k <
(V]!

(7.13) ‘%[F](t) -y Wtk <
k=0 9

holds for any N =0,1,2...

[N on {t=q¢ ™ m e N*}

Proof. — We take any 0 < € < ¢~ /2 and fix it. We take also L € N so
that ¢¥'/(¢ — 1) > R, and we set

pn.m = max{qE T2 /(g = 1),¢N T2 /(g — 1)}, (N, m) € N x N*:
we have {s € C; |s| = py.m} C {s € C; |s] > R} \ UZ for any (N,m) €

N x N*.
Take any N € N and set

N—-1
Gn(s)=F(s) = > S,i’;l :
k=0
we have
N—-1
(7.14)  B[GN(t) = B4[FI(t) = > U;k =g (meN).
k=0 U7

By the definition of py ., we have

1

By GNl(@a™) = 2mv/—1 - Gn(s)expy(sq™

™ds, meN":
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therefore, if we write p = pn m, by (7.12) and (4) of Proposition 2.2 we
have

(715) | BaCNla™)| < — /| | d;fjmxlexpw(wm-m))ds
s|l=p

S or
Cn —m
= epiNKl exp(u(pg™™))

_ OnEi(g™)Y
e(pq_m)N
where K7 > 0 is the constant in Proposition 2.2. We note:

exp(u(pg™™))

1(pg™™) — Nlog(pg™™)
[log (p x (¢—1) )]2 (N +1/2)log g — log(q — 1))2 .

gN+1/2+m 2log g

- 2logq
If N+m > L, by the definition of p = px.,, we have p = ¢V +1/2+m /(g —1)
and so p x (q — 1)/¢NV+1/2+™ = 1 which yields

((N 41/2)log g —log(q — 1))*
2logq

u(pg~™) — Nlog(pg™™) = —

N(N+1
:—%logq+N10g(q—1)+Ml
with (log( ))2
1 1 log(qg —1
M, =—=1 —1 1) - 77
1 gloga+ 5loglg—1) 21081

By applying this to (7.15) we have
< OnEi(g7™) (g — 1)Ve
= eqN(N+1)/2

CNKl (qu)NeMl
h €[N],!

Thus, by (7.14) and (7.16) we have the result (7.13) for any (N,m) €
N x N* satisfying N +m > L. Since the number of (N, m) satisfying
N 4+ m < L is finite, this completes the proof of Proposition 7.3. O

If we set Oy = ARY (N = 0,1,2...) for some A > 0 and h > 0,
Proposition 7.3 gives the analytic case of Watson’s lemma for %,.

(7.16) [B4[GN] (™)

8. Application to ¢-difference equations

In this section we will explain how to apply the properties and theorems
of this paper to g-difference equations. We will explain only the strategy of
the argument: the systematic study will be done in the forthcoming paper.
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Let z € C be the complex variable, let m € N* and let us consider the
following typical model of g-difference equation:

(8.1) S 4,(@)(#*D,YU = F(x)
o<jsm

with the unkown function U = U(x), where Aj(z) (0 < j < m) and
F(x) are holomorphic functions in a neighborhood of x = 0. We suppose
that (8.1) has a formal solution U (z) = D k1 cxx® € C[z]. Then, the basic
problem in the summability theory is:

PROBLEM. — Can we give a concrete meaning to this formal solution?

This problem has been solved by Marotte—Zhang [12] by the method of
factorization. In the paper of Dreyfus [4] this equation is treated after the
reduction to a first order system. In this section we will treat (8.1) directly
in the single higher order form.

We suppose that the formal solution U(m) = Zk>1 cpx satisfies

(8.2) lex| < CRF[E],!, k=0,1,2...

for some C' > 0 and h > 0. Then, we can define the formal g-Borel transform
of the formal solution U (x) (under s = 1/x) by

o enth—1
ult) = 2010 = 3

E>1

By (8.2) we see that u(t) is a holomorphic function in a neighborhood
of t = 0 and by Proposition 6.2 we see that u(t) satisfies the following
g-convolution equation

(8.3) P(tyut Y (aj% [Fu])(t) = f(2)
osgsm
in a neighborhood of ¢t = 0, where
P(t)= Y A0,
osjsm

a;(t) = By Ay(x) — A;(O)(1) (under s = 1/z), 0<j<m,

f(t) = By|F(x)](t) (under s =1/x).
The sufficient condition for G,-summability (see Zhang [19]) is:

u(t) is extended to a function on {t = ¢"; n € Z} so that it is a
(H) solution of (8.3) on {t = ¢™; n € Z} and that it satisfies |u(¢™)| <
Cihi"[n)y! (n=10,1,2...) for some C; > 0 and h; > 0.
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We set

Z={r=—(¢q— g™ ;m=0,1,2...},

20 = J{zeCilz+(g— g™ <elaf}.
m=0

Then we have the following result.

PROPOSITION 8.1. — If the conditions (8.2) and (H) are satisfied, by
setting U(z) = Z,[u](1/x) we have a true holomorphic solution U(x) of
(8.1) satisfying the following conditions: U (z) is a holomorphic function on
{x e C;0< |a] <r}\ 20 for some r > 0, it has at most simple poles on
29N {z € C;0< |z| <r}, and there are B > 0 and H > 0 such that

BHN
€

N—-1
‘U(x)f chxk‘ < [N z¥ on{zeC;0< |z <r}\ 20
k=1

holds for any N =0,1,2... and any € > 0.
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