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CLOSED RANGE FOR 0 AND 9, ON BOUNDED
HYPERSURFACES IN STEIN MANIFOLDS

by Phillip S. HARRINGTON & Andrew S. RAICH (*)

ABSTRACT. — We define weak Z(q), a generalization of Z(q) on bounded do-
mains © in a Stein manifold M" that suffices to prove closed range of . Under
the hypothesis of weak Z(g), we also show (i) that harmonic (0, ¢)-forms are trivial
and (ii) if O satisfies weak Z(q) and weak Z(n — 1 — q), then , has closed range
on (0, q)-forms on 9. We provide examples to show that our condition contains
examples that are excluded from (g — 1)-pseudoconvexity and the authors’ previous
notion of weak Z(gq).

RESUME. Nous définissons Z(q) faible, une généralisation de Z(q) sur les
domaines bornés (2 dans une variété de Stein M™ qui suffit & prouver que I'image
de O est fermée. Sous I’hypotheése d’une Z(q) faible, nous montrons également que
(i) les (0, g)-formes harmoniques sont triviales et (ii) si O satisfait une Z(gq) faible
et une Z(n — 1 — q) faible, alors 8, a une image fermée sur les (0, q)-formes sur
99Q. Nous fournissons des exemples pour montrer que notre condition contient des
exemples qui sont exclus de la (¢ — 1)-pseudoconvexité et la notion précédente des
auteurs de Z(q) faible.

1. Introduction

The purpose of this article is to establish sufficient conditions for the
closed range of @ (and 9) on not necessarily pseudoconvex domains (and
their boundaries) in Stein manifolds. We pay particular attention to keeping
the boundary regularity at a minimum; our results hold for C3 boundaries.
In [9], we develop a notion of weak Z(q) for which we can prove closed range
of 0 for smooth bounded CR manifolds of hypersurface type in C™. In this

Keywords: Stein manifold, 9y, tangential Cauchy-Riemann operator, closed range, 0-
Neumann, weak Z(q), g-pseudoconvexity.
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1712 Phillip S. HARRINGTON & Andrew S. RAICH

paper, we generalize our notion of weak Z(¢) and relax the smoothness
assumption. The microlocal analysis technique of [9] requires significant
boundary smoothness, and to replace the microlocal analysis, we assume
that our CR manifold is the boundary of a bounded domain in a Stein
manifold and attain the closed range of 9, as a consequence of the d-theory
which we prove. Our analysis of 0, is in the spirit of [22]. Additionally,
we show that the weak Z(q)-hypothesis is sufficient to show that harmonic
forms vanish at level (0, ¢). Finally, we provide examples to show that our
new condition is more general than either (¢ — 1)-pseudoconvexity [27] or
the weak Z(q)-hypothesis of [9].
Let Q C C" be a bounded domain with a C? defining function p. The
Levi form of 992 is the form
n 2
L,(t) = azgz t;t, where Z o, =0.

jk=1

If the Levi form is positive semi-definite for all boundary points, we say €2
is pseudoconvex. Suppose that f is a (0, g)-form on Q with components in
L?.If f = 0, where 9 is the Cauchy-Riemann operator, we wish to know
whether there exists a (0, g— 1)-form u with L? components such that Ju =
f- When © is a pseudoconvex domain, this question was answered in the
affirmative for all 1 < ¢ < n by Hérmander in [13]. In fact, pseudoconvexity
is a necessary condition to solve din L? for all 1 < q < n.

If we only wish to solve O for a fixed value of ¢, pseudoconvexity is no
longer necessary. If the Levi form has at least n — ¢ positive eigenvalues
or at least ¢ + 1 negative eigenvalues, we say that 0Q satisfies Z(q). It is
known that the 0 problem can be solved in L? if 99 satisfies Z(q). In fact,
Z(q) is equivalent to the solvability of Ju = f if the components of u are
required to be elements of the L? Sobolev space W/2 (see [13], Theorem
3.2.2 in [7], or [1]).

If we allow the Levi form to degenerate as in the pseudoconvex case, solv-
ability is less well understood. The most natural condition would replace
“positive” and “negative” in the definition of Z(q) with “nonnegative” and
“nonpositive.” From a function theoretic perspective, this is indeed natural
(see for example [3] or [6]). Building on work of Andreotti and Hill [2],
Brinkschulte [4] is able to show local smooth solvability of d at appropriate
form levels for such domains. However, global closed range for 0 in L(Qo,q) Q)
and L%O’qﬂ)(Q) remains open on these domains.

In [12], Ho considers domains € where the sum of any g-eigenvalues of the
Levi-form for 02 are nonnegative (¢-convex domains), and shows that this
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CLOSED RANGE IN STEIN MANIFOLDS 1713

suffices for closed range of 9 in L%OJ_)(Q) with r > ¢. Zampieri has further
generalized this as g-pseudoconvexity (see [27]). In g-pseudoconvexity, a
subbundle of the tangent bundle of at most dimension ¢ exists locally with
the property that the sum of the ¢ + 1 smallest eigenvalues of the Levi
form is greater than or equal to the trace of the Levi form with respect
to the subbundle. As shown in Theorem 1.9.9 in [27], this implies that for
L? (0,q + 1)-forms f in the kernel of 0, there exists an L? (0, q)- form u
solving du = f. To be consistent with the notation convention in Z(q) (and
g-convexity in [12]), we will typically refer to this as (¢—1)-pseudoconvexity.

In this paper, we will generalize (¢g—1)-pseudoconvexity as follows. Taking
the trace of the Levi form with respect to a vector bundle can be thought
of in local coordinates as taking the trace of the Levi form with respect
to a projection matrix (i.e., a hermitian matrix with eigenvalues of 0 or
1). We will relax this condition by allowing eigenvalues that are between
0 and 1. This gives us needed flexibility, as demonstrated by an example
in Proposition 6.1 in which the rank of the identity minus our matrix is
forced to be locally nonconstant. By analogy with the nondegenerate case,
we will call such domains weak Z(q) domains (see Definition 2.1 for a formal
definition). The example in Proposition 6.1 thus illustrates that weak Z(q)
is a strictly weaker condition than any previously known condition.

We also allow for the boundary to be disconnected, using techniques
developed for the annulus between two pseudoconvex domains in [20]. These
techniques allow us to solve d modulo the space of harmonic (0, ¢)-forms in
some weighted L? space. By adapting recent arguments of Shaw [23], we are
able to show that the space of harmonic (0, ¢)-forms in fact vanishes, which
allows us to use Hormander’s methods to obtain results in unweighted L2
spaces. Our main L2-result is thus the following:

THEOREM 1.1. — Let M be an n-dimensional Stein manifold, and let
Q) be a bounded subset of M with C® boundary satisfying weak Z(q) for
some 1 < ¢ < n—1. Then we have

(1) The space of harmonic (0, q)-forms H?(S2) is trivial.

(2) The 0-Laplacian (% has closed range in L%o, o).

(3) The d-Neumann operator N9 exists and is continuous in L%O’q)(ﬂ).
(4) The operator (? has closed range in L?O,q)(ﬂ) and L%O)qﬂ)(ﬂ).

(5) The operator 8* has closed range in L%&q) (Q) and L?O,q—l)(Q)'

We work in Stein manifolds motivated by results in [10]. The C? bound-
ary is needed for our method of proof because of additional integration by
parts that are carried out to handle the nonpositive eigenvalues of the Levi
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1714 Phillip S. HARRINGTON & Andrew S. RAICH

form. Unfortunately, while the results of Theorem 1.1 do not depend on
the metric, our condition appears to depend on the metric (see Proposi-
tion 6.7). See [26] for discussion of analogous difficulties surrounding the
apparent metric dependence of Property (P,). This is another benefit of
working in generic Stein manifolds, since our example in Section 6 requires
a non-Euclidean metric. Our condition also implies stronger results which
do depend on the metric. Let ¢ be a global plurisubharmonic exhaustion
function for M, and let the metric for M be given by the Kéahler form
w = id0¢. For a weight function ¢ which is chosen to equal ¢ in a neigh-
borhood of each connected component of 02, we can define the weighted
L?norm || f|7 = [;,e™* |f|” dV. For sufficiently large t > 0, we will be able
to obtain Sobolev space estimates for the weighted d-Neumann operator
defined with respect to this norm.

THEOREM 1.2. — Let M be an n-dimensional Stein manifold, and let
Q) be a bounded subset of M with C® boundary satisfying weak Z(q) for
some 1 < ¢ < n — 1. Then there exists a constant t > 0 such that for all
t>t~and—%<s§1 we have

(1) The weighted 9-Neumann operator Ny exists and is continuous in
L?qu)(ﬂ). ) i

(2) The canonical solution operators to 0 given by 0; N : W) =
W.q-1)(82) and N{OF : W(So,q+1)(Q)7_> W(So,q)(Qz are continuous.

(3) The canonical solution operators to ; given by ON} : W) —
W,q41)(82) and N9 - W(so,qu(Q) — W) () are continuous.

(4) For every [ € W,0(Q) Nker 0 there exists aw € W () such
that Ou = f.

Interestingly, Theorem 1.2 is actually needed to prove Theorem 1.1 when
the boundary is disconnected; see Section 5 for details. The estimates of
Theorem 1.2 were carried out by the first author in [8] for pseudoconvex do-
mains with C? boundary; again, the additional integration by parts needed
for weak Z(g) seem to require an additional degree of smoothness. Further-
more, the elliptic regularization carried out in Section 4 seems to require a
C? boundary.

When 0f) satisfies weak Z(q) and weak Z(n — ¢ — 1), we say that 02
satisfies weak Y(q). In [9], the authors continued work of [18] and [19]
to understand solvability for the boundary operator d on CR-manifolds
of hypersurface type. The definition given for weak Y (g) in that paper is
completely superseded by the definition in the present paper. When our
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CLOSED RANGE IN STEIN MANIFOLDS 1715

bounded weak Y (¢) manifold is an actual hypersurface in a Stein manifold,
we now have the following result:

THEOREM 1.3. — Let M be an n-dimensional Stein manifold, and let
Q be a bounded subset of M with connected C® boundary satjsfyi{lg weak
Y(q) for some 1 < ¢ < n — 1. For every f € L(0 q)(('?Q) N ker g, there

ex1sts aue€ L(0 q_l)(aQ) satisfying Oyu = f. Hence, O has closed range in
) (092).

(0 q)

Additional assumptions seem necessary for ¢ = n — 1, even in the pseu-
doconvex case (see [5] for details).

The authors would like to thank the referee for several helpful comments
on Section 6, which led to substantial improvements to Proposition 6.6.

2. Basic Properties and Notation

Let M be an n-dimensional Stein manifold, n > 2, and fix a smooth,
strictly plurisubharmonic exhaustion function ¢ for M. We endow M with
the Kihler metric given by the Kihler form w = idd¢p. In local coordinates
Z1, .- 2, we will write

w=1 dz; Ndz, =1 ———dz; Ndz
Z 9jk4=; k Z Dz 8Zk J k-
J,k=1 j,k=1
As usual, g’_“j will denote the inverse matrix to g;;. By the usual convention,
we will use the metric to raise and lower indices, so that, for example,

n n
> g™ =bf and Y ejg™ =
(=1 (=1

Additionally, we use the bracket (-,-) notation for the metric pairing, i.e.,
if L, L) € T(M), then (L, L) = w(iL' A L) whereas if a = Y ", a; dz;
and o/ =377 d} k
By multilinearity, (-, -) now extends to (p, ¢)-forms.

Let Q2 C M be a bounded domain with C™ boundary. By definition, this
means that there exists a C™ function p on M such that Q = {z € M |
p(z) < 0} and dp # 0 on 9. Such a p is called a C™ defining function for

Q. For z € 092, we define the induced CR-structure on 02 at z by
T2°0Q) = {L e T}°(M) : 0p(L) =0} .

Let T10(0€) denote the space of C™~! sections of T10(92). We will
also need T%1(9Q) = T19(9Q) and the exterior algebra generated by

dzj in local coordinates, then (o, o) = 37, | ajg" a;.

TOME 65 (2015), FASCICULE 4



1716 Phillip S. HARRINGTON & Andrew S. RAICH

these: TP(99Q). Let AP4(99Q) denote the bundle of C™~! (p, q)-forms on
TP-2(95)). We use 7 to denote the orthogonal projection and restriction:

(2.1) 7 APUM) — AP(0Q).

For each element X of TP? (resp. AP?), we denote the metric dual ele-
ment of AP? (resp. TP7) by X*. This is defined to satisfy the relationships
XHY) = (Y, X) for all Y € TP (resp. Y (X*) = (Y, X) for all Y € AP:7).
For example, the dual of the Kéhler form is given in local coordinates by

n
7 O 0
P E kj
wr =1 g — A .
= 0z, 0z

For any C? defining function p, the Levi form L, is the real element of
AL1(0Q) defined by

L,(iL N L") =i00p(iL N L")
for any L, L' € T*9(0Q). As usual, if p is another C? defining function for
Q, then p = ph for some nonvanishing C' function h, and £; = hL,. We

will typically suppress the subscript p when the choice of defining function
is not relevant.

DEFINITION 2.1. — For 1 < g < n— 1, we say 02 satisfies Z(q) weakly
if there exists a real T € T11(0Q) satisfying
(1) 16 = (i0 A 0)(T) = 0 for all 6 € A0(59).
(2) pa+--+pg— L(Y) > 0 where p, ..., pin—1 are the eigenvalues of
L in increasing order.

(3) w(T) #q.

Remark 2.2. — Note that this is an intrinsic definition, so it can also be
applied to abstract CR-manifolds of hypersurface type. This replaces the
definition given in [9], and the main results of that paper still follow with
this more general definition.

The fact that 9 is the boundary of a domain induces a natural orien-
tation on 0). It is sometimes useful to reverse the orientation and think of
0N as the boundary of the complement instead. The following observation
is trivial for Z(gq), and motivates the definition of Y'(¢), so it is of interest
to confirm the corresponding fact for weak Z(q).

PROPOSITION 2.3. — For 1 < ¢ < n—2, let Q C M be a bounded
domain and let B C M be a sufficiently large bounded pseudoconvex do-
main so that Q C B. Then 0N satisfies Z(q) weakly if and only if d(B/Q)
satisfies Z(n — q — 1) weakly.

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1717

Proof. — Suppose 99 satisfies Z(q) weakly, and let T be the element of
TH1(09) given by Definition 2.1. On B, we can define T = 0, and on 95
we define Y = (7w)! — Y. If fiy,..., fin_1 are the eigenvalues of the Levi
form of 0f2 in increasing order, then gy = —fip_1,..., n—1 = —fi1 are the
eigenvalues of the Levi form of 9(B/Q) (on dQ) in increasing order, so since
L((Tw)*) = p1 + -+ + pn_1, we have

1+ g — L(0) = fiy + -+ fig — L(T).

Furthermore, w(Y) =n —1 —w(T) #n —q— 1.
Similar computations prove the converse. O

Remark 2.4. — We can replace B with any bounded domain such that
0B satisfies Z(n — ¢ — 1) weakly.

Motivated by this, we define

DEFINITION 2.5. — For 1 < ¢ < n— 2, we say 0N satisfies Y (q) weakly
if 00 satisfies Z(q) weakly and Z(n — q — 1) weakly.

We note that Definition 2.1 is essentially a local property (modulo con-
nected boundary components).

LEMMA 2.6. — For1 < g<n—1,let 0 : 9Q — {—1,1} be continuous
and suppose that for every p € 0f) there exists an open neighborhood U,
of p such that U, N 9N is connected and a real Y, € TY(U,) satisfying

(1) 16 = (i0 A 0)(Y,,) = 0 for all § € AVO(U,).

(2) pa+---+pg— L(Yp) >0 on U, where py, ..., pn—1 are the eigen-
values of the Levi form in increasing order.

(3) o(p) (W(Yp) —q) >0 on Up.

Then 0N satisfies Z(q) weakly.

Remark 2.7. — The function o represents a choice of orientation for
each connected boundary component of 2.

Proof. — Choose a finite cover {Up} . of 9Q and let x;, be a subor-
dinate partition of unity. If we let T = Z;DGP XpYp, then the necessary
properties are satisfied by linearity. Since o is constant on each connected
component of 912, w(Y,) — ¢ will have a constant sign on each connected
component of 92, so there is no possibility of cancellation in the corre-
sponding sum. (|

TOME 65 (2015), FASCICULE 4



1718 Phillip S. HARRINGTON & Andrew S. RAICH

Fix p € 09, and choose local coordinates that are orthonormal at p and
satisfy %(p) =0forall 1 <j<n—1. Atp we can write
J

n—1 n—1
. . 0 1o} ) _
T:ZE bkja—zk/\a—zj and E:ZE cj,;dzj/\dzk
J,k=1 j,k=1

where b%7 and ¢ are hermitian (n—1) x (n—1) matrices. Suppose that the

local coordinates are chosen to diagonalize bR at p, and write bri = kA
When restricted to p, the defining characteristics of weak Z(q) will take
the form

(HogAj<lforalll<j<n—1

(2) pat-Fpg— Mg+ Anmic,_5my) 2 0.

(B) M4+ o1 £ ¢
If there is an orthonormal local coordinate frame that diagonalizes bkJ such
that Ay =--- = A, =1and \41 =--- = A\,—1 = 0 for some m # ¢, then
this is the condition studied in [9] which was shown to generalize Z(q) and
(¢ — 1)-pseudoconvexity [27] (with the weight (z) = |z|* in [9]).

Alternatively, we can choose orthonormal coordinates that diagonalize

the Levi form at a point, so that ¢;; = d;,p;. The second condition then
translates into

(L= M) o g (1= b99) — (g b7 o gy b1y > 0,

Since (1 — bij) >0, bii > 0, and pj < pg < pg+1 < g forall j < g <
q+1 < k, it follows that p4(¢ —w(Y)) > 0 and pg41(¢—w(Y)) > 0. Hence,
if pg < 0, then w(Y) > g, and if pg41 > 0, then w(Y) < ¢q. Equivalently, we
have

LEMMA 2.8. — For1 < g<n—11let Q C M be a bounded domain and
suppose that 0N satisfies Z(q) weakly. Let T be as in Definition 2.1. For
any fixed boundary point, if w(Y) < ¢ then the Levi form has at least n —q
nonnegative eigenvalues, and if w(Y) > ¢, then the Levi form has at least
q + 1 nonpositive eigenvalues.

Many results will be easier to work with when the boundary is connected.
The fact that we are only working with bounded domains induces a natural
decomposition into domains with connected boundaries.

LEMMA 2.9. — For any Stein manifold M, supposed that Q C M is a
connected bounded domain with C* boundary satisfying Z(q) weakly for
some 1 < g < n—1. Then Q = Ql/U;-nZQQj where Q; has connected
boundary for each 1 < j < m, Q satisfies Z(q) weakly, and §; satisfies

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1719

Z(n—q—1) weakly for each 2 < j < m. The (1,1)-vector Y in Definition 2.1
will satisfy w(Y) < q on 90y and w(Y) > ¢ on 9Q; for 2 < j < m.

Proof. — Let v : M — C?"*! be an embedding (see Theorem 5.3.9 in
[14]). Since € is bounded, there exists a minimal radius R > 0 such that
[ is contained in a ball centered at zero with radius R. Denote the
pullback of this ball under ¢ by B. Then B is a strictly pseudoconvex
domain in M containing €2 and since R is minimal there exists at least
one point p € 9N N IB. At p, 02 must also be strictly pseudoconvex, so
w(T)(p) < ¢ by the contrapositive of Lemma 2.8. By continuity, w(Y) < ¢
on the connected boundary component containing p, so we define this to be
09Q;. Since  is connected, the remaining boundary components (finitely
many, since € is relatively compact with C® boundary) can be thought of
as boundaries of Z(n — g — 1) domains by Proposition 2.3 and Remark 2.4.
Using the argument with a ball in C2"*!, we again see that each of these
subdomains has a strictly pseudoconvex point, and hence the Levi form
is negative definite (when viewed as part of 9Q). When the Levi form is
negative-definite, we must have w(Y) > ¢ by Lemma 2.8. O

Remark 2.10. — One consequence of this proof is that there are no
bounded weak Z(0) domains, since w(Y) < 0 is impossible. On the other
hand, bounded weak Z(n — 1) domains can exist (e.g., pseudoconvex do-
mains), but they must have connected boundaries (otherwise some bound-
ary components would bound weak Z(0) domains). For analysis of the
g =n— 1 case on domains with disconnected boundaries, see [15] and [23].

To prove our basic estimates, we will need extensions of T to M.

LEMMA 2.11. — Suppose that 00 satisfies Z(q) weakly, and let T be
as in Definition 2.1. Let p be any C™ defining function for Q2. There exist
relatively compact open sets UT, U™, and U° covering Q2 such that 092N
T =0andT ' NT = (), along with real YT, Y~ € THY(M) satisfying

(1) 16° = (i0 A 0)(TE) > 0 for all 0 € AO(M).
(2) w(YT) < qgand w(T")>q on M.
(3) For any 0 € AY°(M) we have
(10 A ) (YE) = (i16 A 70)(Y)
on 0NNU*,
(4) On a neighborhood of 9Q N U*, we have (6 A dp)(Y*) = 0 for all
0 € ALO(M).

Remark 2.12. — Note that UT # () by Lemma 2.9. On the other hand,
if 09 is connected, we can set U~ = () and U° = §.

TOME 65 (2015), FASCICULE 4



1720 Phillip S. HARRINGTON & Andrew S. RAICH

Proof. — Let Kt ={z€ 0Q : w(Y) < ¢} and K~ ={z € 90 : w(Y) > q}.
By the continuity of w(T) these are disconnected from each other, so there
exist open neighborhoods Ut and U~ such that K* ¢ U* and K+ NU" =
0. Choose U° such that 90 NT =P and Q C U UU+UU".

Let U be a neighborhood of 92 on which dp # 0 for some C™ defin-
ing function p. Let ¢¥(w,t) : U x [0,|p(w)|]] — U solve the initial value

problem v(w,0) = w and Zi(w,t) = — ((sgnp) ldp|~* (dp)? ) ((w,1)).
By construction, this will satisfy
0

3P (w, 1) = = (senp)|dp|~(dp, dp) (¥ (w, 1)) = —(sgnp) (¥(w, 1)),

s0 (w, |p(w)]) € O
We denote parallel translation along ¢ (w,t) by

b ., ,
Py T;Z(zu,a) (M) — Ti(‘fu,w(M)-

Choose x € C§°(U) such that x = 1 on a neighborhood of 9§2. We define
T+ on 9NN U* by
(10 A 0)(YE) = (it6 A 76)(Y)
for any # € AYO(M). On U N U*, we parallel translate T* along ¢, as
follows. We define

T (w) = X(0) Py )0 LT (@(w, [p(w)])
and
T (w) = X(0) Py T~ (@ (w, [p(w)]) + (1 = x(w))w.

We can now define Y+ = 0 on M/(UNUY) and T~ = w! on M/(UN
U-). O

We are now ready to define our weight function. Let U+, U?, and T* be
as in Lemma 2.11. Fix x € C§°(M/U ) such that x =1 on T Set

¢ =xp—(1=X)p.

While the complex Hessian of ¢ on U° will involve derivatives of x, we still
have

_ Ut
(2.2) 100 = {” onr
—w onU~

We next define the usual weighted L2-inner products. For f,h € L%O o,
define

(f.h) = /Q et (£, h) dV.

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1721

and ||f|, = /(f. f):. Since e~*? is uniformly bounded on €2, the space of
(0, g)-forms bounded in ||-||, is equal to L(o o) (€2). The operator

8 . L(07Q) (Q, eit ) — L(O,q-‘rl)(Q’ eit(j))
is given its L?-maximal definition, and the adjoint

a L(O q+1)(Q (& t¢) — L(O q) (Q, €_t¢)
is deﬁrgeid Wi‘Ehirespect to the weighted inner product (-,-);. We also have
07 = 99; + ;0 with the induced domain. The space of harmonic forms is
given by

HI(Q) = (Oq)(Qe td))ﬂker@ﬂkeraf,
with the projection onto these denoted HY : L (0 o (e ) = HI(Q,e7t?).
When it exists, the weighted d-Neumann operator

NI L (0 o Qe ~t%) — Dom(OY)
satisfies O N =T — H{.
Let Z, denote the set of increasing multi-indices over {1,--- ,n} of length

q. For an open set U C M with local coordinates {z{], e zg}, we let V;f

9 Ux _
e We also use Vj)t =

—V + t . This satisfies the adjoint relationship

ST @IV o)=Y (9 £V )
j,k=1 j,k=1

assuming f and hj are compactly supported. If U is a finite open cover of
Q by such sets, we let { XU}U cu denote a partition of unity subordinate to
this cover and define the following gradient terms on (0, ¢)-forms f for any
T eTH (M):

(2.3) 712 =30 S (Uabivy 1.9 1)
Uel j,k=1

(2.4) IFeflf =3 S VoV 195 6
Ueld jk=1

(2.5) Ve f 17 =3 S VoY LY e
UelU j,k=1

where

(::?r'\

n'aﬁ
;*7
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on U. We also introduce vector fields which will figure prominently in our

-\ @
E= 3 Yl (52t ) 5o
J

UEU j,k, L

Ex = Z Z XVt <sz> brjuain
J

el 5,k l,r

error terms:

Note that if we change coordinates, b;";; will be multiplied by matrices
of holomorphic functions, which will be annihilated by 82%, so the vector
k

fields remain invariant under changes of coordinates. At any point p € €2,
choose orthonormal coordinates at p that diagonalize b*7, with eigenvalues
A; corresponding to the eigenvector 8— at p. If T satisfies property (1) in

Lemma 2.11, then 0 < A\; < 1. If T is Cl then at p we can write

E = ZAJf and Ex = ZAJ)\jaz
J

where A7 are continuous functions on our local coordinate patch. Hence,
. 2
at p, since A7 < A; we have

e 2
i |Vt

9 n A

vET,tvf’ = ZAJ/\jVj,tf
j=1

for some constant C' > 0. Integrating, this gives us

(26) |95t < 1.

On the other hand, since (1 — \;)? < (1 — );), we also have at p
2

Vaf—Va f| = ZA MV <Y () V]
j=1

for some constant C' > 0. Integration gives us
(27) 955 = Ve sl; < (1951 - I92515) -

We also abuse notation and define the action of (1,1)-forms on (0, q)-
forms. Let f € C(o )( ) N Dom(d;). For any point p € €, choose local
coordinates that are orthonormal at p and define

i00¢(f. f)p) = > Z 82 a* Za= e fia
J

JEIq ljk 1

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1723

where fi; = (—1)7 fx for K € 7, if {k} UJ = K as sets and o is the length
of the permutation that changes k.J into K. Due to (2.2), we have

glff onU*

. i00¢(f, .
(2.8) o(f, f) = { 2 onU-

For any point p € 912, choose local coordinates that are orthonormal at p
such that gzp (p)=0forall 1 <j<n—1. We define

= > Z 82 8* G Az freafis-

JEIq 1]k 1

We note for future reference that if uq,...,u,—1 are the eigenvalues of £
arranged in increasing order, then (adapting the proof of Lemma 4.7 in
[25]), we have

(2.9) LU F) = (- + pg) [F

3. The Basic Estimate

Let p be a C™ defining function for Q with |dp| = 1 on Q. For f €
C’(10 q)( )NDom(9;) with 1 < ¢ < n, we have the Morrey-Kohn-Hérmander
equality (see for example [5], [7}, [14], or [25]):

10511+ 1132 1 = 9117 ++ [ 0005, pyeav
(3.1) @

+ [ L(f e t*dS + O(|If117).
oQ

The error term involves the curvature of the Kéhler metric, and can be
computed explicitly using the Bochner-Kodaira technique [24]. Since this
term can be controlled by choosing ¢ large enough, we will not need the
precise value.

We wish to understand integration by parts in the gradient term. Note
that in (2.3), (2.4), and (2.5), the integrated terms are invariant under
changes of coordinate, so derivatives of the partition of unity xY that arise
from integration by parts will cancel. Hence, for clarity of notation, we can
suppress the partition of unity without losing information.

Let U, U° and Y* be as in Lemma 2.11. Note that property (3) in
this lemma guarantees that Y® has no normal component on 0 N U,
5o T*|90nu+ is made up of tangential derivatives which can be integrated
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by parts without introducing a boundary term. Hence, working in local
coordinates with f € 0(20 ) (Q) N CZ(U*) we have

n

||vTifo = Z CRAZSAZT]

j,k=1
(3.2) = 3 "LV 0IVN)
Gk =1
=Y VY~ (F VB
j,k=1

To continue, we will need the commutator

n

> WL T = Y e ka* f+0(f) = Ft(T*)f +0(f)

Gk=1 gk=1

where the error terms are independent of ¢ and (2.2) has been used. Sub-
stituting in (3.2) we have

n

Vs £} = Ft@(X5) e+ Y 69,9550
7,k=1
— (£, Vel +O(If17)
(3.3) = FWENL e+ Y. (99, (051), Vi f),
g,k =1

— (£, V)i +O(f13)
= Ftw(XE) L P+ IVre fIf = (F, Vi f)e
— (£, Ve +O(IF1D)

When we integrate the error terms by parts, it will be helpful to note that
on 0f) we have Ev+p = 0 but

0
Ep = K b/ phi =L ).
P= j;@g <8z;€ > 0z; Z az]azk —£(0)

It is also important to note that Y must be C? if integration by parts
with respect to Vg_, is going to be well-defined. Considering the error
terms in (3.3), we have

(f7vEtf)t*(f7vE iff) (( vETi)f’f)

3.4
(3.4) + / L) |f17 %S + O(If[?)
o
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and
35) (V)= g id it (Vo= Ve ) e+ O
Substituting (3.4) and (3.5) into (3.3), we have
Vs £]l; = FH@T=), ) = 2Re((Vie, o P
(3.6) +(ﬁ(vﬁ—4VEﬁJf%)+HVriﬂﬁ

— | L) etdS + O(|I£117).
o0

Since we have property (1) in Lemma 2.11, we can now write

1517 = (9717 = 9= £17) + 9= 17

and use the Schwarz inequality, the small constant/large constant inequal-
ity, (2.7) and (2.6) to control the error terms in (3.6). We conclude

B0 VI = T = [ L0018 ds +0lIf17)
Substituting (3.7) and (2.8) into (3.1), we have
[07]1; + 1197 £1I; > = t((a = w(X)f. e

(3.8) ,
/89( (f. ) = LOO) [fP)edS + O £II7)-

We are now ready to prove the basic estimate (see Proposition 3.1 in
[20] for the case where Q is the annuli between two weakly-pseudoconvex
domains).

PROPOSITION 3.1. — Let M be an n-dimensional Stein manifold, n > 2,
and let Q2 be a bounded subset of M with C® boundary satisfying weak Z(q)
for some1 < g<n—1.

(1) For any constant € > 0 there exists t. > 0 and a C: > 0 such that
for anyt > t. and f € L e ~t%) N Dom(d) NDom(d;) we have

80@ﬂﬁ+ﬂ@f@)+CAﬂﬁwa>Hﬂﬁ

where || - ||; w1 is the dual norm to || - ||z, w1.
(2) There exist constants C > 0 and t > 0 such that for all t > t and
felL? (2,e) NDom(d) NDom(9;) N (HI())+ we have
(0,9) t t

C (lloflly + 119 £17) = 151 -
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(3) If OS) is connected, then for any constant € > 0 there exists t. > 0
such that for all t > t. and f € L?, ,(Q,e~*)NDom(d) NDom(9;)
we have

(o, q)(
IE Ok 2 2
e (19£1 + 1192 7117) = 1717

Proof. — Let U*, U°, and T be as in Lemma (2.11). Let x* and x°

form a partition of unity subordinate to U* and U°. Given f € C? © q)( n

Dom(0;), we define f* = x*f and f° = x°f. Since 99 is C?, Ti are C?,
and hence (3.8) holds for f*. By (2.9) and property (2) of Definition 2.1,
the boundary term in (3.8) is positive, so we have

05+ 007 717 > £t = (X, 75+ O ).

By property (2) of Lemma 2.11, we have +(q — w(Y*)) > 0. Since  is
bounded we know that +(¢ — w(Y)) > Cy for some constant Cy > 0.
Furthermore,

= 2
los=[I; +

or 1|7 < 20as7 + 2 10: £1I7 + ol f13),

SO
2
> tCo || £ + O(IF1I?)-

r

2|07 +2|0;
Since fy is compactly supported in 2, we have Garding’s inequality
2 *
171w < GO0, + 197 2211, + 11°11)
for some constant C; > 0. Using the duality between W3 and W~1 we have
107 < 1 pms VBN + (197 2011+ 17007)
Associating +/C; with the Hfo Ht We

stant /large constant inequality, we have for any s > 0

1790 < 5Ce NP0 s+ 55 UBF; + 13221 + 17°0)

, and applying the standard small con-

Subtracting 55 H fOH , from both sides and multiplying by 2s we have

@5 = 1) L[} < SCT Ny + 1070 + 10 201
Letting s = %(1 +tCy), we have
tCo || /0|17 <3 Ly, 12 s + 2 )|0f 17 + 21105 £II + O£

Combining the estimates for f© and f*, we conclude

C
t—O I£1Z + O fIE) < <1+tco> Co 7w + 2|01 + 285 117
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We can now choose t sufficiently large so that

C
B0 512+ 00112 2 < 141

and the estimate is complete. Standard den51ty results (see for example
Lemma 4.3.2 in [5]) complete the proof of part (1). The proof of part
(2) is completed in the same manner as Lemma 3.1 in [20], after setting
E = inf5>0 tE.

When the boundary is connected, we note that U° = U~ = 0 (see
Remark 2.12), so there is no need to estimate fy. Hence the W~ terms
are not necessary, and part (3) follows. O

We immediately have the standard consequences of such L? estimates.

THEOREM 3.2. — Let M be an n-dimensional Stein manifold, n > 2,
and let € be a bounded subset of M with C® boundary satisfying weak
Z(q) for some 1 < g < n— 1. Then there exists a constant t > 0 such that
for all t >t we have
(1) HI(Q) is finite dimensional. If OS) is connected, then H{(Q2) = {0}.
(2) The weighted 0-Laplacian (¢ has closed range in Liy (@ e7'?).

(3) The weighted O-Neumann operator N{ exists and is continuous.

4) The operator d has closed range in L?, (9, e %) and L? Q, e 9.
£€1 L(0,q) (0.0+1)
(5) The operator 0; has closed range in L(0 (e ~t%) and L (€, e~ t?).

(6) The canonical solution operators to@gwen by 9 N{ : (0 q)(Q e ) —
L(o,q71)(Q>e %) and N7O; : Qe ) — L(o,q (Q,e7 1) are
continuous.

(7) The canonical solution operators to 0 given by ON} L (Q e 1) —

(0 +1)

L%O atD) (Q,e ¢) and N{O : L%o,qq)(Qve ¢ — L2 (Q e~ ') are
continuous.

8) Forevery f € L?, (Q)Nker ON(HI(Q))* there existsau € L2, . (Q
(0,9) t (0,¢g—1)
such that Ou = f.

4. Sobolev Estimates

In this section we will use elliptic regularization to obtain estimates in
the L2-Sobolev space W' when 0f is connected. The first author obtained
such estimates for C2-pseudoconvex domains in [8]. In that paper, he used
an exhaustion by smooth strictly pseudoconvex domains. Although smooth
Z(q) domains can exhaust bounded weakly Z(q) domains with connected
boundaries, constructing T on the exhaustion domains in such a way that
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the estimates are uniform may not be possible. Hence, we will use elliptic
regularization in the present paper. Our discussion follows the argument in
Section 3.3 of [25], focusing on steps where the reduced boundary regularity
requires more careful estimates.

We will need two equivalent norms on W1(2): the standard norm
[ullfyr = l[ul® + | Vul|® and the weighted norm [[ul[} . = [[u]lf + [|Vul;.
Although these are equivalent, the constant involved will depend on ¢, so
for estimates where the dependency on t is significant we will need to use
the weighted norm. Only at the end of the proof will we be able to pass to
estimates for the standard norm, which is more suitable for interpolation.
For u € W, ()N Dom(9;) and § > 0 we define

Qu5(uu) = ||0u]| + |05 ul| + 6| Vul?.

As in [25], we have a unique self-adjoint operator U 5 on L%O,q)(Q) satis-
fying (Of su,v): = Qt5(u,v) for all u € Dom(0 5) and v € W(lo,q)(Q) N
Dom(0;), where Dom([)f 5) is the subspace of W(lo’q)(Q) N Dom(d;) on
which ﬁf’ sU € L?O’q)(Q) and li]g’ s 1s the canonical identification between
W(lo,q) (Q) NDom(9;) and its conjugate dual. We also obtain a unique solu-
tion operator NZ(; mapping Lﬁqu)
Qu,s(N{ su,v).

By Proposition 3.5 in [25], N}/ maps L, () continuously to W (€).
Although this proposition is stated for smooth domains, the proof for the
s = 0 case holds on C® domains and we now outline the key step to illustrate
the role of boundary smoothness. Let p be the signed distance function
for Q, so that p is a C3 defining function [16], and let (x1,..., 22, 1)
be coordinates on 9f) with p as the transverse coordinate. Similarly, we
choose an orthonormal basis for (1, 0)-forms consisting of wy, . .., w,, where
wy, = Jp. If we express u in this basis, then the components will involve
first derivatives of p. If we let D;P denote a difference quotient with respect

(Q) onto Dom(0J] ;) satisfying (u,v); =

to zj, we can define D]hu by considering difference quotients of components
of w in our special basis. This will preserve Dom(é*)7 but uniform bounds
on D;Lu will now involve the C2? norm of p. Finally we wish to estimate
Qm;(D;Lu, v). The details for this estimate are contained in (3.38) through
(3.41) in [25], but we will simply observe that they involve uniform bounds
for [0, D"Ju, [0}, D"]u, and [V, D"]u, which will all involve the C* norm of
p. Working with the smooth cutoff functions necessary to work locally will
not involve additional derivative of p, so Straube’s argument will allow us to
bound tangential derivatives of u in the W! norm. As usual, the structure of
DZ s as a second-order elliptic operator will allow us to estimate the second
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derivatives in the normal direction (which only involve second derivatives
of p).

Our goal is to show that the W' norm of N/;f is bounded by the W*
norm of f with a constant that is independent of d, so that we may use
a limiting argument to show that this estimate also holds for N} f. Since
o0& 5‘: is an elliptic system, it will suffice to estimate tangential deriva-
tives, but first we must clarify how a differential operator acts globally on

a (0, q)-form. Let ¢ € W(207q)(§2) N Dom(d;) and let T be a differential op-

erator defined on §) that is tangential on the boundary. Since 02 is C?,
we may assume 7' has C? coefficients. For U C M with local coordinates
{#z1,...,2n} We can write
U= vrdz,
I€T,
where the components ¢y are all in W2(). The covariant derivative V)
is globally defined and in local coordinates we can write

V=Y Tordzr + O(1)),
I€z,

where the coefficients in the zero order term involve coefficients of 1" and
are hence C?. However, V1) is probably not in the domain of 9;. On the
other hand, for U sufficiently small, we can also choose a C? orthonormal

basis for the space of (1,0)-forms ws,...,w, where w, = 9p. In this basis
we write
Y=Y i
Iez,

Since the transition matrices between dz and w have C? entries, 1&1 can
be obtained by applying a linear operator with C? coefficients to ¥;. We
define

Dy = Z Tywr,

IeT,

and sum over a partition of unity to obtain D71. Note that D7 preserves
tangential and normal components of 1, so it will also preserve the domain
of 5‘: . However, returning to local coordinates,

D =" Toprdz + O(4),
Iez,

where the coefficients of the zero order terms are obtained by differen-
tiating the C? transitions matrices between dz and w, so they are only
C'. Hence, Dy — Vi is a zero-order operator with C' coeflicients. This
requires some caution. For example, if V% is a second-order differential
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operator with C'! coefficients, then [V%,, V7] is a second-order differential
operator with continuous coefficients, and hence [V%, Vr] is a form in
L%O,q)' However, [V%, Dy — V] may not be a differential operator with
continuous coefficients, so we cannot make use of [V%, Dr]i. On the other
hand, commutators between Dr and first-order differential operators will
still have continuous (hence bounded) coefficients.

For £ > 0, let t. and t be as in (3) of Proposition 3.1. Then for u €
W(lo,q)(ﬂ) N Dom(3d;), when 9 is connected we have £Q; 5(u,u) > ||u||f
Let f € W, (). We immediately obtain

(4.1) [Nt <<t

Since N/ f € W(o g)» We can set u = Dp N/, f and obtain u € W(o o) N
Dom(0;). Hence,

(4:2) |Drngsf||| < c@uaDeNgs 1 DN )

To estimate Q,s(DrN{sf, DTN/ f), we will need to work with slightly
smoother forms. To that end, we introduce the following density lemmas:

LEMMA 4.1. — Let Q C M be a bounded domain with C3 bound-
ary, and let u € VV(l0 o (&) N Dom(9;). Then there exists a sequence ug €

C(o q)( ) N Dom(d;) converging to u in the W' norm.

Proof. — Let p be a C?3 defining function for 2, and let
I, = {f €L, (Q): f=dphgge L%O,q,l)(sz)} :

Choose x € C§°(M) such that y =1 in a neighborhood of 99 and dp # 0
on the support of y. If we let v denote the orthogonal projection onto
I, where defined, then xv is a linear operator with C?(Q) coefficients.
Since u € W(lo,q)(Q), u has a boundary trace in L?. By the usual density

lemma (e.g., Lemma 4.3.2 in [5]) and the usual characterization of Dom(9;)
(e.g., Lemma 4.2.1 in [5]), we have that the boundary trace of yvu is zero
a.e. Since components of xvu are in Wi (Q), xvu is the limit in W' of a
sequence uy € Cg, 1(£2), so we can write uj — xvu in W(lo’q)(ﬂ). We
can also write u as a limit in Wy, () of forms @, € Cf5 (). If we set
ue = uj + (1 — xv)ty, then uy — v in W(lo_’q) () since

l[we = ullys < lluf = xvullys + 111 = xv)(@ = w)lly: -

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1731

Since v has C?(9) coefficients, uy is in C%,4)(Q). Furthermore, since v/(1 —

xv) = (1 — x)v, we have vuy = 0 on the boundary of Q, so u, € Dom(d}).
O

With this density lemma in place, we are ready to prove the key lemma
for our estimate (analogous to (3.50) in [25]).

LEMMA 4.2. — Let Q C M be a bounded domain with connected C?
boundary satisfying weak Z(q). There exist constants C' > 0 independent of
t and Cy > 0 depending on t such that for any f € W(lmq) (Q) and differential

operator T with C?() coefficients that is tangential on the boundary of
Q, we have
(4.3)

2
Qus(DrN{sf, DrN{sf) < C(Drf, DrN{s )+ C||Nist | +CullfI7.

Proof. — We will adopt the convention that the values of C' > 0 and C; >

0 may increase from line to line. Let u = DN/ f and let u, € 0(20 2 Q)N

Dom(9;) be the sequence converging to DrN{sf given by Lemma 4.1.
Note that the principal part of 5;‘ is the same as the principal part of 9,
so only the low order terms depend on t. Hence, [Dr, 5;‘ | has a first order
component which is independent of ¢t and a lower order component which
depends on t, so

|ior aiiiss|, < o |¥57], o+ V21,

<c|nig], .+l

where the second inequality follows from (4.1). Estimating commutators in
this fashion gives us

Qt.5(u,ug) < (DpON s f, Oue)s + (Drd; N5 f, 0fue)s
+8(DrVNY f, Vug)s

w0 Vest], .+ CelI1L) st
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Since T is tangential, we can integrate by parts and commute again to
obtain

Q5 (u, ue) < Qus(N/ 5 f, (Dr)fwe) + (ON, L5 (D7)} ,Olug):
+ (OF N{ s £, (D)5, 0F Jue)s
+ (VNI £, (D7), Vug)s

(C H 5fH + Ci |f||t> Qt,&(uz,uz).
By definition,

Qus(Nisf, (Dr)iue) = (f, (Dr)iue)e = (Drf,we):-

Since all terms with u, can now be estimated by the W' norm of u,, we
can take limits and obtain

Qus(u,u) < (Drf,u)e + (ONY £, [(Dr);, Olu)s
+ (0 N5 f. (D1, 07 Ju)e
+ (VN5 f, [(Dr)f, VIu)s

+ (C Hth,[sth,Wl + Cy ||f||t> Q1,5(u, ).

Now, we may also use the estimate
(c|¥est], .+ ||ft) Qualu)

!
<3 (efvast], . + 1)+ p@ustun

and absorb the last term in the left-hand side to obtain

Qr, s(u,u) <2(Drf,u)e + 2(5th,5fv [(DT): (9] )t
+2(0; N5 £, [(Dr)f, 0 Ju)
+20(VN{s £, [(D1)7, V]u):

v+ el

The remaining commutators will each be estimated using the same tech-
nique; we will illustrate the method with (8*Nq5f, [(Dr)F, 0F]u); since it
could potentially involve additional factors of t. Recall that V, has C?
coefficients, while Dy — V1 is a zero-order operator with C' coefficients.
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Since adjoints of zero-order operators won’t introduce additional factors of
t, we can break down the commutator as follows:

(44) [(D1);,0;] = [(Dr=V7);, 0" 1+[(Dr=V1);, (9 =0")+[(V1);, 0],

The zero-order component of [(Dr — Vr)F, 0*] is independent of ¢ but only
has continuous coefficients; we denote this A. If we let B; = [(Dr);,0;]— A
then B is a first-order operator depending on ¢ (in the zero-order compo-
nent) with C" coefficients. Thus, if we commute Dy with B, but not A we
obtain

(6*N‘16f, [(D7);, 0/ 1u): = (O*Nqéf (A+ B)Dr N/ 5 )
(a*NQ(sf, D71 BN, 5f t+CHNL?6th Wi
+Ci |17 -

Integrating Dy by parts, commuting with 9}, and using (4.4), we have
(05 N 1(DD); 07 < O (Dr N2 BiNs o+ C |NEg |
+CeIf Ht :

However, this can be bounded by

(O N £ [(Dr); 07 Ju)e < 4/ Qus(Dr)i NY s, (Do) N5 )
< (c|nzd], . +cimn,)

+C|viss],,, + eIz,

The same upper bound will be obtained if 8;‘ is replaced with d or V, so
we have

Qt,5(u,u) \/Qt s(Dr)iN{ s f(DT)i N5 ) (OHN,Z(;JCH +Ot||ft)

(4.5)
+2(Drfuy+ O[N] +Culsiz.

Note that (Dr); = —Dr + a4, where a; is a C* function depending on t.
In particular,

Qus((Dr)iN/sf +u, (D) Nisf +u)
=@ 5(ath5f, ath(sf)

< (flaal* N s+ Collfll Q@ s f aiN s ).
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After using the small constant/large constant inequality to absorb the Q¢ s
term on the right-hand side, we have

Qus((Dr); NEsf +u, (Dp); N5 f +u) < Ce|IfII7 |
and hence
Qus((Dr)i Nisf. (Dr);i Nis f) < CQus(u,u) + Co || £]7 -

Substituting this into (4.5) and again using the small constant/large con-
stant estimate to absorb the Q);s term on the left-hand side will imply
(4.3). O

Combining Lemma 4.2 and (4.2), we have

2
HDTNZ(Sth <el (‘(DTf’ DTth,(Sf)t

2
S W R FT

Another application of the small constant/large constant inequality to the
first term on the right-hand side gives us

2 2 2 2
|prnviss], << (||f|t7W1 + ||| L)+ Celsi

By Lemma 2.2 in [25], the normal derivatives of N/;f consist of linear
combinations of 5NZ st 5*N§ 5[, and tangential derivatives of N/;f. We
can convert 0* to J;f by adding a zeroth order term, so summing over all
tangential derivatives and the normal derivative gives us

2 2 2 2
west] o0 (Wit + N2, ) + ol

When ¢ is sufficiently small (and hence ¢ is sufficiently large), we can absorb
the W' norm of Ng s on the left-hand side, obtaining

2
(4.6) [Nt <ECUARwa + CollAI7

Since all constants have been chosen independently of §, the usual limiting
argument will give us W1 estimates for N/. Standard arguments now give
us

THEOREM 4.3. — Let M be an n-dimensional Stein manifold, and let
Q) be a bounded subset of M with connected C® boundary satisfying weak
Z(q) for some 1 < ¢ < n — 1. Then there exists a constant ¢ > 0 such that
for all t >t and —% < s <1 we have

(1) The weighted d-Neumann operator N{ is continuous in W(% q)(Q).
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(2) The canonical solution operators to 0 given by 0} Nj W9 () =

W 01y (Q) and N{EO; = W, 1) (Q) N Dom(8;) — W () are
continuous. - -

(3) The canonical solution operators to df given by ON/ : W(SO q)(Q) —
W41y (Q) and N{O = Wg (@) N Dom(9) — W () are
continuous. B

(4) For every [ e Wg () Nkerd there exists aw € W§, ) (§2) such
that Ou = f.

Remark 4.4. — Theorem 4.3 is identical to Theorem 1.2 except for the
additional hypothesis that dQ is connected. Also, N{9; is a problematic
solution operator to O since it places a boundary condition on the data.
However, estimates for this operator are needed to obtain estimates for the
dual operator 9N/ in the dual Sobolev space.

Proof. — We have already completed the proof of (1) when s = 0 and
s = 1, so interpolation will give us the result for 0 < s < 1. We emphasize
that the weighted Sobolev spaces used in (4.6) are equivalent to standard
Sobolev spaces which are amenable to interpolation. When —2 < s < 0 we

2
use the duality between W* and W~* and the fact that N/ is self-adjoint:

1N fllwe < G sup (N f, )il
heW =@, [1hlly s,

< G sup (s thh)t‘
heW=s(Q),[lhlly—s_y

< Cellfllvws -

For 9; N and ON/, we use Lemma 3.2 in [25]. Although this Lemma
assumes N/ f is smooth, we can use elliptic regularization and Lemma 4.1
as before to obtain sufficient regularity. Interpolation will give us estimates
for 0 <s< 1.

For N7d and N{9;, we first note that since f € W5, () implies NY f,
ON?f, and 0 N{ f are all in W' (Q), we can conclude that

5DTthf = [57 DT]thf + DTéthf € L%O7q+1) (Q)
and

O DrN{f = [0f, Dr]N/f + Dpdf N} f € LYy 4 1y().
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Thus we can substitute into (3) of Proposition 3.1 and estimate commuta-
tors to obtain

2
DTN f1;
= 2 A 2 2 2

<e (HDTathth + || Dro; foHt +C Hthf“t,Wl) + Cy | N{ £1I5 -
Estimating the normal derivatives using Lemma 2.2 in [25] we can estimate
the W1 norm of N/ f, and hence the error term on the right hand side can
be absorbed into the left for sufficiently small e > 0. Hence we have (after
possibly increasing t.)

a2 And |2 2% n7d £||2 qr)2

INE IS o < 2 (DN o + 19 NEFN7 ) + CoINEAIL

For fi € W, 4y(Q), let f = df1 to obtain

Hthéfl <E|

e < 0 NEOR |y +C |NEOA;

To estimate the projection, we use integration by parts:
10 NEO1; e < (NFOF1,0f1) s + C|[NFOf |,y |0 NEDSr
+Cy||INFO S|, |0 NEOf1
G ||N2afy

Ht,Wl
Ht,Wl

g 0s |10 NEOFL,
t,W t

Repeated use of the small constant/large constant inequality allows us to
absorb the |9} N{0 f1

2
H ;o terms on the left-hand side and obtain

TINPO[} o < CNFDF1, D) + C | NFOAL,

+ Gy |NFOS D+ Cy || O NEOSZ
A second integration by parts gives us
||5Z<th<§f1||iwl < C(O; NPOfr, f1)ews + C ||Nféf1||t7wl I f1ll; w
+ Ce|INFOf[, il s + C INFOS1
+ Gy |INFOA D + ¢y ||or NEof |

2
Ht,Wl

and more small constant/large constant inequalities yield
_ _ 5 _
1B NIOR? s < CIANE o + C | NEOA S

+ G} + C ||NFO |2 + Cr |

2
Ht,Wl
Oy NEOf|[;

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1737

All of the terms with C; in front are bounded by || f1 Hf , SO
Fe R |12 =, 2
10; NEOfr[, e < ClIFNTwr + C INFOS[; r + Cellfil] -

=002
Now we can substitute into the original estimate for Hth@fl ||t w and, by
making e sufficiently small and adjusting . we obtain l

INFO£ 7 < Nl FulE s + Ce Al -

For fo € W(2O7q+_1)(ﬂ) N Dom(d}), let f = Of f» and use similar techniques
to estimate N0} fo. Density lets us generalize to f; and fo in W1,
As before, we interpolate to obtain estimates for 0 < s < 1 and use
1

duality to obtain estimates for —5<s8<0 (since we now have estimates

for the adjoint of each operator). a

5. Proofs of Main Theorems

When s < %, we immediately obtain a solution operator for the d-Cauchy
Problem (see Section 9.1 in [5]).

COROLLARY 5.1. — Let M be an n-dimensional Stein manifold, let )
be a bounded subset of M with connected C® boundary satisfying weak
Z(n—q—1) for some 1 < ¢ < n—1, and let —% < s < %. For every

~ i 2
[ € Wi ge1)(M) Nkerd supported in € there exists a u € W (M)

A s (0,9)
supported in ) such that Ou = f, and the solution operator is continuous.

Proof. — The proof is identical to that given for Proposition 3.4 in [22].
It suffices to have estimates for ON(™"=4=1). On Z(n — ¢ — 1) domains
we have estimates for the operator AN(©7=9=1 hut these are equivalent
since the holomorphic component of (p,g)-forms has no impact on our
estimates (except in the curvature terms, but these are all dominated when
t is large). O

Furthermore, we can now use techniques of Shaw [23] to remove the
requirement that the boundary of 2 be connected.

COROLLARY 5.2. — Let M be an n-dimensional Stein manifold, and
let Q be a bounded subset of M with C® boundary satisfying weak Z(q)
for some 1 < ¢ < n— 1. For every f € L%O () Nkerd there exists a

u € Lfo g—1)(§2) such that Ou = f. In particular, H?(Q) = {0}.

Remark 5.3. — This is also known for bounded weak Z(n—1) domains,
by Remark 2.10 and Theorem 3.2.
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Proof. — Without loss of generality, assume that ) is connected. By
Lemma 2.9 we have the decomposition @ = Ql\U;n:Q Q; where O is a
weak Z(¢) domain with connected boundary and each Q; with 2 < j <m
is a weak Z(n — ¢ — 1) domain with connected boundary and Q; C Q.

The proof now follows like the proof of Theorem 3.2 in [23], but we must
make a few clarifying remarks. Shaw’s proof initially finds a solution U in
W=1(Qy), and then proposes two techniques for regularizing this to a solu-
tion in L?(€y). The first technique requires approximating €; from within
by smooth strongly pseudoconvex domains. While we can approximate from
within by smooth Z(q) domains, the role of T on these domains is unpre-
dictable, so the constants in our estimates may not be uniform. Hence, we
use the second technique, which decomposes U into a component supported
near the boundary of ; and a compactly supported component. This tech-
nique requires solving d for compactly supported forms in €, but as Shaw
points out, this can be accomplished by solving d on a ball containing ;.

This gives us vanishing of H{(§2). However, this is isomorphic to a Dol-
beault cohomology group which is independent of ¢, so the dimension of
HI(Q) must also be independent of ¢. Hence, H?(2) = {0} as well. O

Now that the vanishing of the space of harmonic (0, ¢)-forms has been es-
tablished, Theorem 1.1 will follow for the unweighted operators and spaces
(see Theorem 4.4.1 in [5]) from Theorem 3.2.

In the proof of Theorem 4.3 we required a connected boundary only
because it gave us vanishing for the space of harmonic (0, ¢)-forms. Now
that we’ve established this for disconnected boundaries, the proof of Theo-
rem 4.3 can be carried through for all bounded domains, as in the statement
of Theorem 1.2.

In [21], Shaw uses the O operator to solve 0, extrinsically on smooth
pseudoconvex domains. Since we are working on C® domains, we will more
closely follow the methods of [22], which are adapted to work on non-smooth
domains. We now prove Theorem 1.3.

Proof of Theorem 1.3. — We outline the proof, following the construc-
tion in [22]. By embedding M in C?"*! we can pullback a ball containing
the image of 90 to obtain a strictly pseudoconvex set B such that Q C B.
Let QF = B\Q and 2~ = Q. In [11] a Martinelli-Bochner-Koppelman type
kernel is constructed for Stein manifolds, and in [17] it is shown that the
transformation induced by this kernel satisfies a jump formula. As a result,
there exists an integral kernel K (¢, z) of type (0,q) in z and (n,n—¢g—1)
in ¢ satisfying a Martinelli-Bochner-Koppelman formula such that we can
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define
ft(z) zeQt
JRICEIVGE )
f(z) z€Q
(see section 2.4 in [11]). If, by an abuse of notation, we extend f*(z) and
f7(2) to 9 by considering non-tangential limits, we have the jump formula

TfH(2) = 7f7(2) = (-1)f(2)
on 0 where 7 is defined in (2.1) (see Proposition 2.3.1 in [17]). Since
Oyf = 0, we have ft = 0 and 0f = 0. Since f+ and f~ have non-
tangential boundary values in L?, they have components in W1/2.

Let E denote a linear extension operator from Q% to B that is contin-
uous in the Sobolev spaces W*(Q1) for 0 < s < 1/2. Applying this com-
ponentwise to f*, we obtain a (0,¢)-form EfT that is in W'/2(B). Since
dft =0on QF, we have dEf1 supported in Q. Furthermore, OE f* has

components in W~/2(M), so by Corollary 5.1 there exists V € W(B 1q/2( )

supported in Q™ satisfying 9V = dEf+. Thus fT = Eft -V e W(_Olq/z( )
satisfies f T =0 on B and ft = f* on Q.

We may now use the canonical solution operator to define u* = 5*Ng ft
and u™ = 0f N{qof~. By interior regularity for Nj, u" gains a derivative on
compact subsets of B, so v has components in W'/2 on a neighborhood
of Q. By Theorem 4.3, u~ also has components in W/2. Since each of
these forms satisfies an elliptic system, they have trace values in L?(99),
so abusing notation we can write u = (—1)9(u™ —u~) on 9. O

6. Examples

Our first goal in this section is to motivate Definition 2.1 by constructing
an example where this definition holds but earlier definitions fail. In [9] we
proposed a more restrictive definition for weak Z(g). In the context of
bounded domains in C™ with connected boundaries, this was equivalent to
(¢ — 1)-pseudoconvexity in the sense of [27]. The key difference is that in
(¢ — 1)-pseudoconvexity the eigenvalues of T must all be zero or one. This
can often be achieved locally by changing the metric. The critical issue
seems to be that if T is continuous then (g — 1)-pseudoconvexity forces the
rank of T and the rank of I —Y to be locally constant. We will construct an
example where this is impossible, but the added flexibility of Definition 2.1
still allows us establish closed range. We summarize the first result of this
section as follows:
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PROPOSITION 6.1. — There exists a smooth bounded domain } C C?
with 0 € 9X2 such that:

(1) There does not exist a hermitian metric in a neighborhood of the
origin for which 0f2 is 1-pseudoconvex at the origin.
(2) In the Euclidean metric, 0) is weakly Z(2).

In what follows, we assume M = C" is equipped with a strictly plurisub-
harmonic exhaustion function ¢. After adding a plurlharmonic polynomial
to ¢, we may assume ¢(0) = 0, dp(0) = 0, and az 5.-(0) = 0 for all
1 < j,k < n. Under these assumptions, ¢ is strictly convex in a neighbor-
hood of the origin, so ¢(z) — R? is a defining function for a strictly convex
domain when R is sufficiently small.

DEFINITION 6.2. — Let Q C C" be a domain with C® boundary. For
p € 09, let the Kéhler form w in a neighborhood of p be given by w = id0¢
for some smooth strictly plurisubharmonic function ¢ satisfying ¢(p) = 0,
deo(p) = 0, andazaZk():Oforalllgj,kz n.Forl1<qg<n-1, we
say the weak Z(q) property for € is radially stable at p if there exists a
neighborhood U of p and a real Y € TV1(0Q N U) satisfying

(1) 16° = (i0 A )(T) = 0 for all § € AV2(dQNU).

(2) For every neighborhood U of p relatively compact in U, there exists
&> 0 such that u§ + - + p5 — L5(T) > 0 on (U\U) N oQ for
all 0 < € < & where L5(iL A L) = (iddp + icdp A dp)(iL A L)
for L € TY9(0Q) and ps,...,u5,_, are the eigenvalues of L° in

increasing order.

(3) w(Y)#qondNU.

Remark 6.3. — The term “radially stable" reflects the observation that
in orthonormal coordinates (z) = |z — p|*> + O(|z — p|*), so di points in
the radial direction near p and L° represents a perturbation of £ in the
radial direction.

Remark 6.4. — A simple obstruction to radial stability would be the
situation where j1, = pig41 = 0, i0p A dp(Y) > 0 is necessary for condition
(2) of Definition 6.2 to hold (because of local behavior of the eigenspaces),
and O lies in the kernel of L, i.e., whenever L is in the kernel of (the
matrix) £, Op(L) = 0. In this case p§ + -+ + pg = p1 + - + pg, so
pi 4+ pg — L£5(T) <0 for all e > 0.

Remark 6.5. — If p € 092 C C™ and U is a neighborhood of p so that
U N OS) satisfies weak Z(n — 1), then weak Z(n — 1) is radially stable at p.
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As in the proof of Proposition 2.3, we know sy + -+ + p,—1 = L((Tw)F).
Thus, we have

PS A = L5(0) = L5((rw) = ) >
L((Tw) =) =1+ 4 pn_1 — L(T) > 0.

Our motivation for studying radial stability is that it allows us to con-
struct global examples from local data, as per the following proposition.

PROPOSITION 6.6. — Let €, be an unbounded C* domain in C™, k > 3,
with 0 € 0. Moreover, suppose that for some 1 < ¢ < n — 1, the weak
Z(q) property for ) is radially stable at the origin. There exists a bounded
domain Q C Q; defined by a C* defining function p such that QNU = Q;NU
on a neighborhood U of the origin and ) satisfies weak Z(q).

Proof. — Let p; be a defining function for ;. After a rotation and
rescaling, we may assume Jdp;(0) = %dzn. We write z,, = x,,+4y,. Using the
Implicit Function Theorem, we may find a C* function P(zy, ..., 2,—1,%n)
such that in some relatively compact neighborhood V' of the origin, p1(z) <
0 if and only if —y,, + P(21,...,2n-1,2,) < 0 and we have |P| < O(|z]?).

Without loss of generality, we may assume p1|yv = —yn+P (21, -, Zn_1,Tn)-
We have the projection 7 : V' — 9y defined by 7(2) = (21,. .., 2n—-1, Tn +
iP(z1,...,2n—1,Ty)). We will frequently make use of the fact that our

chosen defining function p; satisfies dpi(z) = dp1(m(2)) and ddp,(z) =
d0p1(m(2)), where this composition is interpreted componentwise (we do
not use the pullback since 7 is not holomorphic). Since 7 is not holomorphic,
we define the modified pushforward 7, : TV0(V) — TH0(9Qy) by 7.(L) =
L— 20l 0 Note that ggi =1 (5711 +z’), so |22 ‘ > 1. Thus

0p1/0zn Ozpn Ozn | &
L= 7.(L)] < V3 |9p1 (1)

On V, we have
(6.1)

i00p1 (LA L) = Lyy (o) (F(D) A7 (L)] < O P gz oy [L119p1 (L)),

Since || P ||CQ(V) will not depend on any of our parameters, we will suppress
it in future error terms.

Let pa(2) = ¢(2) — R? for some 0 < R < 1. Observe that in coordinates
(wi, ..., wy) that are orthonormal at 0, p(w) = [w|*+O0(|w[*), so py defines
a bounded strictly convex domain for R > 0 sufficiently small. We choose
R > 0 sufficiently small so that this domain is contained in V. Since dp(0) =
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0, on V we have

(6.2) 100 < O(llllc2 vy B)-

As with [|P[|c2(y,), we will not continue to track [¢||c2(yy in our error
terms. We will assume henceforth that R > 0 is chosen sufficiently small

so that ’6?7@‘ is bounded by %7 and hence

0 1
LG

(6.3) .|~ 2

Our goal is to construct a C* approximation to max {p1, p2}. Construct-
ing such an approximation is relatively easy, but showing that weak Z(q) is
satisfied for points where p1(z) & pa2(2) (i.e., those points which lie near the
smoothed corner of our new domain) will take some work. Let x € C§°(R)
be a smooth, even, nonnegative function satisfying supp x = [—1,1] and
Jg x =1.For 0 <r <1, define

)= [ ot a

— 00
We can check that v, € C*°(R) is a convex increasing function satisfying
Yr(x) = 0 when x < —r and ¢,.(z) = = for x > r (note that we use
f_ll tx(t) dt = 0 since x is even). Furthermore,

x

(6.4) ¢ww<m+ﬂ/ (M) dt = (24 P a).

We can now define

p(2) = p1(2) + ¥r(pa(2) = pr(2))-
For |ps — p1] = 7, p(2) = max {p1(2), p2(2)}, so this is a candidate for our
C* defining function. At the origin p1(0) — p2(0) = R2, so for R? > r,
p(z) = p1(2) in a neighborhood of the origin. Thus, by taking R? > r > 0
sufficiently small, p(z) defines a bounded domain 2 and QNU = NU

for a sufficiently small neighborhood U C V of the origin.
We compute

(6.5) Op = (1 —¥y(p2 — p1))0p1 + ¥y (p2 — p1)0¢
and
i00p = (1 = ¢1.(p2 — p1))iddpy + ¢} (p2 — p1)w

+ i) (p2 — p1)(Dp — Op1) A (D — D).

Since po is strictly convex, 92 is strictly convex when ps — p; > r. Thus,
there must exist some 0 < ry < r such that 0 is strictly convex when

(6.6)

ANNALES DE L’INSTITUT FOURIER



CLOSED RANGE IN STEIN MANIFOLDS 1743

p2 — p1 > 1o. For 2z € 08 satisfying pa(2) — p1(2) < 79 and L € TH0(09Q),
we can use Op(L) =0 at z, (6.2), and (6.5) to show

(6.7) (D) <O (Mm) .

By construction, 1— o (pz ) < 1= w oy < when ps —p; < g < 7. Using
this with (6.6) and (6.1), we have

L,GLAL) = (1 —9L(p2 — p1)) Loy |n(z) (75 (L) AT (L)) + ¥l (p2 — p1)|LI?

” 2 Ryp(p2 — p1) | 712
02 (on = p)IO(L) = O (L) - O (B ).
By choosing R > 0 sufficiently small, we may assume .(p2 — p1)|L|? is
strictly larger than the error term, so when py — p1 > —r we are adding
a positive definite form to the Levi-form of ;. Hence, Q satisfies Z(q)
whenever ps — p; > —r. Since we know € inherits weak Z(q) from £
when ps — p1 < —r, we conclude that we only need to show that weak
Z(q) is satisfied on a neighborhood of the set of boundary points where
p2 — p1 = —r. To that end, we define

K ={z€0Q: pa(z) — p1(z) = —r} C 002N 0.

For the delicate estimates near K, we will need an estimate for |z —7(z)].

Since g% = —1, we can use (6.5) to show

dp ’ dp

2Py = - 1+ 2.

o, + ¥ (p2 — p1) ( * o
Since p1(m(z)) = 0, we have p(7(2)) = ¥, (p2(7(2))) by deﬁnition If 2 € 09,
we also have p(z) = 0 by definition, so we can mtegrate -+ 1 in yy to
obtain

Yr(pa(m(2))) + (P21, -5 201, Tn) — Yn)
6.8 P(z1,...,2n—1,Tn)
(05) :/ <¢i(92—p1)<1+gyi))(zh...,zn1,xn+z’t) dt.

Yn
This equality motivates the following estimates. Note that each of the fol-
lowing conditions is open and trivial on K, so for every i > 1 > 0 there
exists a neighborhood W, C V of K satisfying

(1) p2(z) <0 on W,,.

(2) If z € 9Q N W, then the line segment [z, 7(z)] C W,,.
3) 4102 1)(1+%)‘<770an.

(4) [ (o2 = p1) (1+ 22)| < on W,
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Note that (2) can be accomplished if W, is the cross product of a ball

in C"~! x R with coordinates (21,...,2,_1,2,) and an interval in R with
coordinate y,. Since (4) tells us that ‘%z/);(pg —p1)| < non Wy, the
Mean Value Theorem implies

[V (p2(m(2))) — Wr(p2(2) — p1(2))| < nlm(z) — 2|
Using (6.4) and (1), we have
Ur(p2(m(2))) < (p2(m(2)) + 1)ibr(p2(7(2)))
<r(Yr(p2(2) — p1(2)) +nlm(z) — 2)
Since |w(z) — z| = |P(21,---,2n—1,Tn) — Yn|, we can substitute this into
(6.8) along with property (3) to show
[m(2) — 2| <r(Wn(p2(2) — p1(2)) + nlm(2) — 2[) + 0w (2) — 2|.

Since0<77<iand0<r<1imply0< < 2, we have on W,

1

1—(r+1)n

r

(6.9) 7(2) — 21 < Lo — ).
Using (6.3) with (3), we have ¢.(p2 — p1) < 2n < %1 on W,, so

m < 2, and we may neglect the corresponding coefficient in (6.7)

on W,,. With (6.2), (6.7), (6.9), we can use our assumption that r < R* < R
to prove for z € W, and L € T"°(0Q N W,)):

(6.10) |0¢1x(2) (7 (L)) — 8o(L)| < O(Ry(p2 = p1)|LI)

Note that (6.3) and (4) imply that ¢/ (p2 — p1) < 27 < £ on W,, so
this will not impact our error terms. Given L € TH(9QNW,;), we can use
(6.1), (6.6), (6.7), and (6.10), to show

L,(iLAL) = (1 =9L(p2— p1)) Loy ln(z) (74 (L) AT (L)) + % (p2 — p1)|L?
+ 0 (p2 — 1) [00ln () (7 (L)) = O(LIREL(p2 — p1))

If we set e(z) = (M o7r_1> (2), where 771 : 901 — 99 is well-

1=97.(p2—p1
defined on W), we can define L] = L,, +ie(2)9p A dp. If the eigenvalues
of £ in increasing order are given by uf,..., u;_4, then we have

pr e+ pg = (L= (pa—p1)) (B3 + -+ NZ)|7r(z))
+aqr(p2 = p1) — O(Re.(p2 — p1))-
Let T; satisfy the conditions of Definition 6.2. We may assume that
w(Y1) < g. Otherwise, we define p; = —p; and T, = (Tw)* — T1. As in
the proof of Proposition 2.3, we now have a domain O such that weak
Z(n — 1 — q) is radially stable at the origin and w(Y;) < n — 1 — ¢ (note

(6.11)
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that w(T1) > ¢ necessarily implies ¢ < n—1,s0 1 < n—1—gq). The
proof proceeds as follows (the change of sign in Imz,, is irrelevant, as this
can be fixed by reflection in z,), and we use Proposition 2.3 to revert to
our original domain. In such cases, our domain will have a disconnected
boundary.

Next, we use T to construct Y on 912, and use our estimates to compare
L,(T) with L5 (T). We extend T off of 9Qy by setting Y1[. = Y1z, (),
translating each coefficient with respect to our local coordinates (we cannot
use the pushforward, since this will not respect the complex structure). We
can define T to be the orthogonal projection of T; with respect to dp and
dp via the formula

" _ _ oap 0 0
T=7"; — 210 2R<d-/\8 T /\_)
1 j%_:l | p| € ( Z] p)( 1)6Zk 8Zj 8Z]€
- _ = dp Op O 0
+ 3 10017 (9p A Bp) (Y1) 2 2T A

0z; Oz 0z; 0%

jk=1
Then Y € TH1(W,,)) since (0ADp)(Y) = 0 for all @ € AL (W,,). Furthermore
for all § € ALO(W,)
(i6 A 6)(X) = i((6 — [0p| 7 (0,0p) Dp) A (0 — |0p| > (9p, 0) p))(T1),

so by assumption
- —2 2 e 2 2 2
0< (0 A0)(Y) < |0 —|9p] " (0,0p) Op| = 161" —[0p] ~[{6,0p)|” < [6]".

Note that for any ¢ € Ai’O(Wn) we have 0 A dp1 (Y1) = 0, so by (6.5) 6 A
Bp(X1) = L (p3—p1)OADP(Y1). By (6.2), we have |T — Ty| < O(RY.(p—
p1)), so for R > 0 sufficiently small we have w(T) < ¢ on 9. In addition,
adapting the proof of (6.11), we have

Lo(T) < (1 —=r(p2 = p1)) (£5,(T1)lx(z))
+Pp(p2 — p1)w(Y) + O(RYy(p2 — p1))-
Now that we have (6.11) and (6.12), we carefully choose R, 7, and 7 (in

that order) to show that radial stability of weak Z(q) on € implies weak
Z(q) on 092. On W,, we have

(6.12)

[ '+Mq_£p(T) = (1—¢;(p2—m)) ((/’Li .t M; - 52(12)(T1))|7r(z))
+¢r(p2 — p1)(q — w(T)) — O(Ryy(p2 — p1))-
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Since ¢ > w(7T), we can choose R > 0 sufficiently small so that the error
term is dominated by ¥!.(p2 — p1)(q¢ — w(T)). Hence

prt g —Lp(T) = (M =1p(p2—p1) (15 + -+ pg = L5, (T1)|rz)) -

After choosing 0 < r < R?, we can choose n > 0 sufficiently small to
guarantee that £(z) is sufficiently small so that Definition 6.2 applies. Thus,

pr e+ pg — L,(T) 20,
and hence weak Z(g) holds on W,.
By Lemma 2.6, we can patch to obtain a global Y. O
Now, we are ready to introduce our unbounded domain.

Proof of Proposition 6.1. — For convenience, we set z; = x + iy and
define P(z1,22) = 230|,22|2 — oyt Let ; C C3 be defined by pi(z) =
—Imzz + P(z1, 22). Since 0z = %dil and Oy = %dil we compute:

_ 1 )
apl = (|2’2|2 — §y4 — 211‘y3> dfl =+ 2.’1:22d22 - %dzg
and

(613) 65p1 = —393y2d21 A d51 + ngZl A d§2 + EQdZQ A dgl + 2Id22 A dgg.

We choose a basis for T19(9€;) by setting L; = {% + 21’2—28%3 for 1 <
j < 2. Under this basis we can represent the Levi form by the matrix
;5 = Lo, (il A Lj) = i00py (z% A a%j). One can easily check that the
Levi-form has one positive and one negative eigenvalue when either zo # 0
or both z # 0 and y # 0, so Z(2) is satisfied on a dense subset of the
boundary.

Both 1-pseudoconvexity and the definition of weak Z(2) given in [9]
require orthonormal coordinates. For an arbitrary hermitian metric, let u,
and uz be an orthonormal basis for T1:°(9€2;). Each of these can be written
in the form

2
_ k
Uu; = E aij
k=1

for smooth functions a?. We use C;L];‘ to denote the Levi form with respect
to these new coordinates, and note that

2
(6.14) = Z a?cmlézn.

£,m=1
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The eigenvalues of ¢* will be denoted p} < p§. Computing the trace, we
have

2 2
L — WA
Byt py = E apComay = E 9" com
k.,m=1 l,m=1

where g™ is a positive definite 2 x 2 hermitian matrix. Substituting (6.13),
we have

(6.15) 1+ pl = —32y2g" + 2Re(z09%") + 2292

For 0f) to be 1-pseudoconvex, we need either pf + p4 > 0 or pf + uly —
ci; 2 0. We will show that each of these leads to contradictions.

Flrst, assume that p%+pu% > 0. Set y = 0, so that by (6.15), 2Re(z292") +
ngiz > 0. Since the left hand side of this inequality equals zero when
x = z9 = 0, this must be a critical point and hence all first derivatives in
x or zo will also vanish when x = z5 = 0. Hence, when & = z, = 0 we have
gé1 = g22 = 0. However, this implies that g™ has rank 1, contradicting
the fact that g™* is nondegenerate. Thus u} + p4 can not be nonnegative
in a neighborhood of the origin.

Now, we assume that pf + py — > 0. Combining our assumption with
(6.15) yields

T 2 5 _
“3xy%(g" — |al|?) + 2Re(z2(g?" — ala?)) + 22(¢% — |a3])

As before, derivatives in  and z, must vanish when & = zo = 0, so at these

points we have g?! — a%(z% =0 and

—3y%(g |a1’ +2(g |a1‘
When y # 0, this means that the rank of gEj — d’fa{ is either zero or two.
However,
2
g™t —amat = Z ag'(é j15k1)
J,k=1

Hence gEj - é’fa{ must have rank one, contradicting the fact that it must

have a rank of zero or two. We conclude that uj + py — cj; can not be
nonnegative in a neighborhood of the origin.

Since the above construction was carried out for an arbitrary metric, we
conclude that there is no metric in a neighborhood of the origin in which
01 is 1-pseudoconvex.

We must now show that Definition 2.1 holds for this domain under the

Euclidean metric (i.e., ¢ = |z|2) If uy and wy are orthonormal vectors in
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the span of L; and Lo then the sum of the two smallest eigenvalues of the
Levi form are

w1+ po = L>Gug A uyg + iug A usg).
If
Y = ity Auy 4 dtig Aug — (2001 A Ly + 3y*iLa A L),
then
p+ p2 — L(Ye) =0,

so (2) of Definition 2.1 is satisfied. Since Ly and Ly are also in the span
of u; and ws, condition (1) will follow for ¢ > 0 sufficiently small. Finally,
w(Yy) = 2 — t(2|L1)?* + 392 |L2|?), so condition (3) holds for any ¢ # 0.
Hence 4 satisfies weak Z(2).

By Remark 6.5, we may now use Proposition 6.6 to turn our example
into a bounded domain. O

We will also construct an example demonstrating that our condition is
not invariant under changes of metric. Roughly speaking, this example con-
tains a direction which is poorly behaved (at some points in a neighborhood
of the origin this direction is an eigenvector of the Levi form with a negative
eigenvalue, while at other points it can be an eigenvector corresponding to
the largest positive eigenvalue). In order for weak Z(2) to be satisfied, the
metric must be chosen to minimize the size of this direction (and prevent
it from corresponding to the largest positive eigenvalue).

PROPOSITION 6.7. — There exists a bounded domain Q@ C C* with
smooth boundary such that

(1) 98 does not satisty weak Z(2) under the Euclidean metric.

(2) There exists a strictly plurisubharmonic exhaustion function ¢ for
C* such that 09) satisfies weak Z(2) with respect to the metric
w = i00¢.

Proof. — As before, we can construct an unbounded domain and use
Proposition 6.6 to make this bounded. To minimize the number of sub-
scripts, we will write p in place of the p; used in the statement of Proposi-
tion 6.6. As above, let z; = z + iy and p(z) = —Imzy + P(21, 22, z3) where

P(z1, 22, 23) = =9 |21 [* +6(2? 22" + 2 |28[*) + |22 [za)" + F(I22[" + 23] ").
We choose a basis for T*%(99) by setting L; = %4—22’2—2% for1 <j <3
Let P; = 2E.

J
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We compute
5 2 2, L 2\ ;-
Op = (—18 |21|” 21 + 62 |22]” + 6iy |23] ) dz
+ (6.%‘ 2o + |23| 2o+ = ‘22| Zg) dZzs

<6y z3 + |22| z3+ = |Z3| Z3> dzs — fd24
and

i00p = i(—36 21| + 3 |22|* + 3 |23)*)dz1 A dZ

+i(62% + |22]” + |23]))d2z2 A dZs

+i(6y® + | 22]” + |23]")d2s A dZs

+ 6Z.T(ng21 A dgg + EQdZQ A dfl)

+ Giy(—izgdzl A d53 + i53d23 A dzl)

+ 7:(2223(12:2 AN dég + 2223d23 A dgg)
If we consider the 2 x 2 block spanned by dzs and dz3, we can see that this
is positive definite unless zo = z3 = 0 and either x = 0 or y = 0. Hence, the
Levi form has at least two positive eigenvalues and satisfies Z(2) except on
this set.

To define our metric, we let oy (2) = ¢ |21]> + Z?:z |zj\2 for some fixed

> 1 and use the Kihler form w; = iddyp,. We use ||, and (-,-), to denote
norms and inner products with respect to this metric. Note that wy is the
Euclidean metric.

Observe that (Lj,Ly), = 6jx + 4PjP, when j # 1 or k # 1, and
|L1|f =t+ 4|P1|2. Therefore, by carrying out a Gram-Schmidt process
we can construct orthonormal vectors L) and LY satisfying |Ly — L[|, <
O(|2* (jz2® + [25]%)) and [Ls — L], < O(lz* (jz2® + [z0]*)). We assume
3 >t > 1, so that we have uniform bounds on constants involving ¢, and
we can safely neglect ¢ in our error terms (although any upper bound larger
than 2 will suffice). We can complete our orthonormal basis with L satis-
fying '%Ll — L < O(e* (|1 + |22l + |2s[*)). Let {61,065, 05} be the
orthonormal dual basis for {L!, L%, L{}. We define the non-isotropic error
form

= (|21 + |22|* + |28[*)i0] A 0] + (12]” + | 23]*)i(65 A 05 + 65 A 63),
and observe that off-diagonal terms can be estimated by

2Re((ax + by)z;01 A 9t < Va2 + %0
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for 5 = 2 or j = 3. Our Levi-form with respect to our orthonormal basis
has the form
(=36 |21+ 3|20+ 3|23

L= ; 08 A 6L + (622 + |22|° + |23|7)ifh A 6

~ 12
+ (62 + |z|* + |z3]%)i6h A 6% + Re ( \mfzg 0% A 62)

" Re (12\%23 0! A 9@) + 2Re(2524i64 A 6) + O(|2[° ©)

We write

n—1
Ty =i Y bL AL
Jok=1
When 2= = 0, the Levi-form is diagonalized with eigenvalues pu; =
_‘%lzl‘ +0(|2°[21]%), po = min {622, 6y}, and p = max {62%,6y>}. To
check condition (2) of Definition 2.1, we compute

—36 | 21| .
OB

pn + p2 — L£(T;) = min {622, 6y } +
— 62262 — 6263 + O(|2|° |21 7).

Since 622 > 0 and 1 > b}', (by condition (1) of Definition 2.1) nonnega-
tivity when y = 0 requires 622 < O(|2|°) and b > 1 — O(|2|®). Similar
computations when z = 0 require b33 < O(|z|°) and b* > 1 — 0(|z|°) on
this set. At the origin, Y; is now represented by a matrix whose eigenvalues
are bounded between 0 and 1 (by condition (1) of Definition 2.1 again) with
diagonal entries of 0 and 1, so the off-diagonal entries must vanish. Hence,
Y; = iL{ AL} at the origin. Since nonvanishing terms of order O(|z|) would
cause the eigenvalues of T; to grow larger than 1 or smaller than 0 in some
direction, we conclude that Y, = iL! A Lt + O(|2|?) near the origin.

We note that g + p2 — L(Y¢) = 0 (condition (2) in Definition 2.1) is
equivalent to Tr £ — £L(Y;) > p3, which is in turn equivalent to (Tr £ —
L(T))ws — L >0 on THL(9Q). We compute

Tr £ — L(Y4) = 6]z1” +2(2]” + |25]°) + O(2]").

If (Tr £ — L(Y))wr — L > 0, then every diagonal entry of this form must
be nonnegative. If we test nonnegativity of (Tr £ — L(Y;)) — L7, we see
that this is equivalent to

(—36 |z1|2 +3 |22|2 +3 |z3|2)
7 +

621" + 2(|22)* + |=]*) - O(lz[") >0
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Considering coefficients of |z3|> + |23|> when z; = 0, it is necessary that

2> %, ort > % Since the Euclidean metric corresponds to ¢ = 1, weak

Z(2) will fail for the Euclidean metric.
For the positive result, we set Y; = iL} A L}, so that conditions (1) and
(3) are immediately satisfied. To check radial stability, we compute

100 N Dpy =t 21|70 A O + | 20| 04 A OL + |25|” 004 A 04
+ 2Re(Z223i04 A 05) + O(|2|° ©)  (mod dp, dp).
If we set L5 = iddp + icdp; A Dpy, we can show
TI' ,CE — EE(Tt) = E;i + ;ng
=621 + 2+ &) (|22]" + |28*) + Ol (|z2” + |z]%)).

As before, showing 1 + po — L£5(Y;) > 0 is equivalent to showing that the
form ® = (Tr £¢ — L5(Yy))wy — L° is positive semi-definite. We compute

1 _
@:i((Gt—at2+36) 2] + (2 + &)t — )(|ZQ\2+|Z3|2))¢9§A92;
+(6y + 2> + (1 + &) |25 )i@é/\ég
+(6x +(1+e) |2l + |z )iegAég

- %Re<(6x + etzy) 2916} A éé)

2 _
- WRe((—ﬁiy + etzy)z5ift A 95)
— 201+ a)Re(5223¢93 A ég) +o(zP o).

For any 1 > n > 0, we may choose |z| sufficiently small so that O(\z|3 0) >
—n0O. To control terms off the diagonal, we can estimate

2(1+e)Re(Zaz3i04 A G5) < i(1+ €) |2o] |23] (04 A G5 + i6% A GL)

(1+¢)? ; i)

(4 o+ (L4e— )|23l2> 05 A 6%

(1+¢)? 2\ .t gt

Ll _(+e)? N

+< +e—n) |zl + T = [25]" ) 105 A O3,
6z + etz 6 t g )
2Re< x4+ e Z1 20t/\0t) | -T+€Zl| 9]{/\0§+C|22|2205/\0§7
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and

—6iy + etz _ —6iy + ez1t) _ _
2Re <y\/+il,23i9§ A 95) < %i&i NG+ C 23] 6% A B,
for some C' > 0. Suppose that 0 < n < %7 so that for € sufficiently small we
know that C(n,e) = 4(”571()1&;35(1“)2 is strictly positive. Combining
the above estimates for this value of C', we obtain

1 —
> (6t — et +36 — tn) |21+ (22 = )t = 3) (| + |23 [))i6} 165

2|m [ (18 + 62t + £21?)
tC
If t > 2, then we can fix 0 < n < 1 sufficiently small so that (6t+36—tn) >

% (note that C(0,0) = 2). For such n, we know that for all € > 0

sufficiently small we have (6t—et?+36—tn) > %ﬁf%. Thus each term

has a strictly positive coefficient for sufficiently small €, so the resulting

i0% A 0% + 6y2i A Oy + 632005 A 0L

form is positive for sufficiently small e and |z|. We conclude that weak
Z(2) is radially stable, and Proposition 6.6 can now be used to create a
bounded domain. O
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