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CONFLUENCE OF MEROMORPHIC SOLUTIONS
OF ¢-DIFFERENCE EQUATIONS

by Thomas DREYFUS (*)

ABSTRACT. —  In this paper, we consider a g-analogue of the Borel-Laplace
summation where g > 1 is a real parameter. In particular, we show that the Borel-
Laplace summation of a divergent power series solution of a linear differential
equation can be uniformly approximated on a convenient sector, by a meromorphic
solution of a corresponding family of linear g-difference equations. We perform the
computations for the basic hypergeometric series. Following Sauloy, we prove how
a basis of solutions of a linear differential equation can be uniformly approximated
on a convenient domain by a basis of solutions of a corresponding family of linear g-
difference equations. This leads us to the approximations of Stokes matrices and
monodromy matrices of the linear differential equation by matrices with entries
that are invariants by the multiplication by q.

RiSUME. —  Dans cet article, nous considérons un g-analogue du processus
de sommation de Borel-Laplace, avec ¢ > 1 paramétre réel. En particulier, nous
prouvons que la sommation de Borel-Laplace d’une série formelle solution d’une
équation différentielle linéaire peut étre approchée, dans un secteur convenable,
par une solution méromorphe d’une certaine famille d’équations aux g-différences
linéaire. Nous faisons les calculs pour les séries hypergéométriques. En s’inspirant
de Sauloy, nous prouvons comment une base de solutions d’une equation diffé-
rentielle linéaire peut étre approchée, sur un secteur convenable, par une base de
solutions d’une famille correspondante d’équations aux g¢-différences. Cela nous
mene & ’approximation des matrices de Stokes et de monodromies de 1’équation
différentielle, par des matrices dont les entrées sont invariantes par multiplication
par q.
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Introduction

When ¢ tends to 1, the g-difference operator d; := f % “tends”
to the usual derivation. Hence every differential equation may be discretized
by a g-difference equation. Given a linear differential equation A and a fam-
ily of linear g-difference equations A, that discretize 57 we wonder if there
exists a basis of solutions of A,, that converges as ¢ goes to 1 to a given
basis of solutions of A. This question has been studied in the Fuchsian case
(see [39]) and the main goal of this paper is to consider the general situ-
ation. The problem is that for non-Fuchsian linear differential equations,
the fundamental solution, i.e., the invertible solution matrix, given by the
Hukuhara-Turrittin theorem involves divergent formal power series. How-
ever, we may apply to them a Borel-Laplace summation process in order to
obtain a fundamental solution that is analytic on a convenient sector. To
extend the work of Sauloy to the non-Fuchsian case, we have to approxi-
mate the Borel-Laplace summation of a given formal power series solution
of a linear differential equation, by a g-analogue of the Borel-Laplace sum-
mation applied to a formal power series solution of a corresponding family
of linear g-difference equations. Our main result, Theorem 4.5, gives a con-
fluence™ result of this nature. Then, we use our main result to prove that
under convenient assumptions, a basis of meromorphic solutions of a linear
differential equation, not necessarily Fuchsian, can be uniformly approxi-
mated on a convenient domain by a basis of solutions of a corresponding
family of linear g¢-difference equations. This leads us to the approxima-
tions of Stokes matrices and monodromy matrices of the linear differential
equation by matrices with entries that are invariants by the multiplication
by q. We also perform the computations for the basic hypergeometric series.

Let g > 1 be a real parameter, and let us define the dilatation operator oy
aq(f(2)) = f(g2).

See Remark 4.6 for the reason why we consider ¢ real, and not ¢ complex
number such that |g| > 1, like others papers present in the literature. We

define ¢, := U;jd, which converges formally to § := z% when ¢ — 1. Let

us consider

() Throughout the paper, we will use the word “confluence” to describe the g-degeneracy
when ¢ — 1.
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V() = BERY(),

where B(z) € M,, ((C(z)), that is a m by m square matrix with coefficients
in C(z). We are going to recall the main result of [39] in the particular case
where the above matrix B(z) does not depend upon ¢ and ¢ > 1 is real.
Notice that a part of what follows now is purely local at z = 0, which means
that we could consider systems that have coefficients in the field of germs of
meromorphic functions in the neighborhood of z = 0, but for the simplicity
of exposition, we have assumed that the coeflicients are rational. In [39],
Sauloy assumes that the systems are Fuchsian at 0 and the linear differential
system has exponents at 0 which are non resonant (see [39], §1, for a precise
definition). The Frobenius algorithm provides a local fundamental solution
at z = 0, Bo(z), of the linear differential system 8Y (z) = B(z)Y (z). This so-
lution can be analytically continued into an analytic solution on C*, minus

a finite number of lines and half lines of the form Ry pa := {xa‘x €0, oo[}

and R>0 := {xﬂ‘x € [1,00[}, with o, € C*. Notice that in Sauloy’s
paper, the lines and half lines are in fact respectively g-spirals and g¢-half-
spirals since the author considers the case where ¢ is a complex number
such that |¢| > 1.

In [39], §1, the author uses a g-analogue of the Frobenius algorithm to
construct a local fundamental matrix solution at z = 0, ®y(z,q), of the
family of linear ¢g-difference systems §,Y (z, ¢) = B(2)Y (2, ¢), which is for a
fixed ¢, meromorphic on C* and has its poles contained in a finite number
of g-spirals of the form ¢%a := {¢"a,n € Z} and ¢ 3 := {¢"B,n € N*},
with «, € C*. Sauloy proves that ®y(z,q) converges uniformly to 50(2)
when ¢ — 1, in every compact subset of its domain of definition.

Let us assume that the systems are Fuchsian at co and the linear dif-
ferential system has exponents at oo which are non resonant. Let us con-
sider ®(z,q) and 500(2), the corresponding fundamental solutions at in-
finity of the linear § and d,-systems. Sauloy shows that the Birkhoff con-

—1

nection matrix P(z,q) := (q)oo(z,q)) ®y(z,q), which is invariant under
~ ~ -1

the action of o, converges to P(z) := (@oo(z)) ®p(z) when ¢ — 1.

The matrix Jg(z) is locally constant and the monodromy matrices at the
intermediates singularities (those different from 0 and o) of the linear
differential system can be expressed with the values of P(z).

TOME 65 (2015), FASCICULE 2



434 Thomas DREYFUS

The goal of this paper is to prove similar results in the non-Fuchsian case.
The question implies difficulties of very different nature than in the Fuch-
sian case, since divergent formal power series may appear as solutions. The
prototypical example is the Euler equation and one possible g-deformation:

26qy(z,q) + y(zq) = =
20y(z)  + ylz) = =
which admits respectively the formal divergent solutions:
Z(—l)”[n];z”“, and Z(—l)”n!z”“,
n=0 n=0

where [n], =TT o[llg, g :== (14 ...4+¢7') if I € N*, and [0], :== 1. In
this example, the first formal power series converges coefficientwise to the
second when ¢ — 1. However, there exist also analytic solutions of the linear
differential equation. For example, if d # m[27] the following functions are

solutions: .
ooe' —(/z
dc.
/o 14+¢

More generally, given a formal power series solution of a linear differen-

tial equation in coefficients that are germs of meromorphic functions, it
is well known (see §1) that we may apply to it several Borel and Laplace
transformations to obtain a germ of analytic solution on a sector of the
form

S(a,b) == {z € @‘ arg(z) E]a,b[} )
where C denotes the Riemann surface of the logarithm.

The situation is similar in the g¢-difference case. Consider a linear ¢-
difference system with coefficients that are germs of meromorphic functions,
and assume that the slopes belongs to Z (see [31] for the definition). Like in
the differential case, formal power series appear as solutions. The authors of
[31] show how to transform a formal fundamental solution into fundamental
solutions which entries are meromorphic on a punctured neighborhood of
0 in C*. Then, it is shown how the meromorphic fundamental solutions are
linked with the local meromorphic classification of ¢-difference equations. It
is natural to study the behavior, as g goes to 1 of their meromorphic funda-
mental solutions. Unfortunately, there are two difficulties for this approach:

e In [31] it is used the Birkhoff-Guenter normal form which has no
known analogous in the differential case. Study the behavior of the
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normal form as g goes to 1 seems to be very complicated.

e Although there are several g-analogues of the Borel and Laplace
transformations, see [13, 25, 32, 34, 42, 43, 44, 45, 46], we do not
know how to express the meromorphic fundamental solutions using
a g-analogue of the Borel-Laplace summation.

Let us state now our main result, Theorem 4.5, in a particular case.
Let z — h(z,q),h be formal power series solutions of

b (2)0Mh(2) 4+ +bo(2)h(z) = 0,
where b, ..., b, € C[z]. We assume that h converges coefficientwise to h

when ¢ — 1. We prove that for ¢ > 1 sufficiently close to 1, we may
apply to h several g-analogues of the Borel and Laplace transformation and
obtain S, (B), solution of the family of linear ¢-difference equations that is
for ¢ fixed meromorphic on C*. Moreover, Sq(fz) converges uniformly on
a convenient domain to the Borel-Laplace summation of h when q — 1.
Notice that although this theorem deal with a problem which is purely
local at z = 0, we have assumed that the equations have coefficients in
Clz], instead of the ring of germs of analytic functions, since we need this
assumption to prove the theorem. Another result of same nature can be
found in [13], Theorem 2.6. See Remark 4.7 for the comparison of the setting
of this result and our theorem.

In the appendix, we introduce another g-Laplace transformation and
prove an analogous result for the associated g¢-Borel-Laplace summation.
See Theorem A.4.

In §7, we consider the basic hypergeometric series ,.p,. Let us choose
r,s €N with r>s+1, a1,...,0r,581,...,8; € C\ (—N) with different
images in C/Z, let p := q "/ (=571 "and consider, see [17],

BBI""7BBS

0o .. . (I+s—r)n
-3 (™ p)n - (P73 p)n (1= p) P12 et n

TOME 65 (2015), FASCICULE 2



436 Thomas DREYFUS

where (a;p)n41 := (1 — ap™)(a;p)n and (a;p)o := 1, for a € C. The above
series converge coefficientwise when ¢ — 1 to

where, (@)p41 = (@ + n)(a), and (@) := 1 for a € C*. We prove that
the series ,ps and ,.Fs do not satisfy the assumptions of our main re-
sult, Theorem 4.5. However, we perform explicitly the computation of a g-
Borel-Laplace summation of .p4, using others g-analogues of the Borel
and Laplace transformations, and prove the convergence when ¢ — 1 to
the classical Borel-Laplace summation of .Fs. See Theorem 7.4. See also
[45], §2, for the case r = 2,s = 0.

In §8, we apply our main result to prove that we can uniformly approxi-
mate on a convenient domain a basis of solutions of a linear differential
equation by a basis of solutions of a corresponding family of linear g¢-
difference equations. Our theorem holds in the non-Fuchsian case but does
not recover Sauloy’s result in the Fuchsian case. In other words, the two
results are complementary.

In §8.2, we are interested in the case where the linear §, and d-equations
have formal coefficients and we want to prove the convergence, in a sense we
specify later, of a basis of formal solutions of a family of linear J,-equations,
to the Hukuhara-Turrittin solution of a linear §-equation. A problem is the
size of the field of constants. A fundamental solution of a linear differential
system is defined modulo an invertible matrix with complex entries, while
a fundamental solution of a linear g-difference system is defined modulo a
matrix with entries in Mg, the field of functions invariant under the action
of g, i.e., the field of meromorphic functions over the torus C* \ q”. This
field can be identified with the field of elliptic functions. The consequence
of this is that we have to choose very carefully our basis of solutions of the
family of linear §,-equations in order to have the convergence. For example,
if we consider

oy(z,q) = (7' +1)ylz,q)

0y(2) = (' +Dyl2),

ANNALES DE L’INSTITUT FOURIER
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the solutions of the linear §-equation are of the form 3(2) = a (e_[l + z)

with a € C. Let us introduce the Jacobi theta function
—n(ntl) P n—1 —n_,—1
):Zq 2 :H (1+q z)(l—l—q z ),
nez n=0

which is analytic on C*, vanishes on the discrete g-spiral —g”, with simple
zeros, and satisfies:

0404(2) = 20,4(2) =0, (z71).

The following function is solution of the d,-equation

oo

B 1 qrz"
v = Oq(2) nzzo [lizold" —a+1) "

but the behavior as ¢ goes to 1 is unclear. If we want to construct a solution

of the family of linear d,-equations that converges to a solution of the
linear d-equation, we need to introduce the g-exponential:

Z H1+(q—1)q ~12).

*

and

It is analytic on C, with simple zeros on the discrete g-spiral f_q

satisfies d4e4(2) = zeq(2). The function, e, (qzil)fl + z is solution of the
family of linear §,4-equations and converges uniformly on the compacts of C*
to e* ' + z when q — 1. More generally, we will multiply a fundamental
solution of the family of linear d,-equations by a convenient matrix with
entries in Mg, in order to have a confluence result. See Theorem 8.4 for a
precise statement.

In §8.3, we are interested in the case where the linear §, and é-equations
have coefficients in C(z). We combine our main result, Theorem 4.5, and
what we have just mentioned above, to prove that under reasonable as-
sumptions, we have the uniform convergence on a convenient domain of a
basis of solutions of a family of linear d,-equations to a basis of solutions of
the corresponding linear §-equation when ¢ — 1. This leads us to the con-
vergence of the ¢-Stokes matrices, that do not correspond to the ¢-Stokes
matrices present in [31], to the Stokes matrices. See Theorem 8.10.

In §8.4, following [39], we construct a locally constant matrix, and his
values allow us to obtain the monodromy matrices at the intermediate
singularities of the linear differential system. This result is an analogue of
[39], §4, in the irregular singular case. See Theorem 8.11. The results of §8.3
and §8.4 could be the first step to a numerical algorithm of approximation

TOME 65 (2015), FASCICULE 2



438 Thomas DREYFUS

of the Stokes and monodromy matrices. See [16, 15, 18, 22, 35] for results
of numerical approximation of the Stokes matrices and [28, 27] for results
of numerical approximation of the monodromy matrices.

The paper is organized as follows. In §1, we make a short overview of
the Stokes phenomenon of the linear differential equations. In particular,
we recall the definition of the Stokes matrices. In §2, we recall some results
that can be found in [31] on the local formal study of linear ¢-difference
equations. In §3, we introduce the ¢-Borel and the ¢-Laplace transforma-
tions.

The §4, is devoted to the statement of our main result, Theorem 4.5,
while §5 and §6 are devoted to the proof of Theorem 4.5. In §5, we prove
a proposition that deals with the confluence of meromorphic solutions.
In §6.1, we study the confluence of the ¢-Laplace transformation. In §6.2,
we show Theorem 4.5 in a particular case, and in §6.3, we prove Theorem 4.5
in the general case.

As told above, in §7, we study basic hypergeometric series, and in §8, we
apply our main result to obtain the uniform convergence on a convenient
domain of a basis of solutions of a family of linear d,-equations to a basis
of solutions of the corresponding linear §-equation when g — 1.

1. Local analytic study of linear differential equations

In this section, we make a short overview of the Stokes phenomenon of
linear differential equations. See [4, 30] for more details. See also [5, 20, 21,
24, 23, 33, 26, 40).

Let C[[z]] be the ring of formal power series and C((z)) := C[[2]][z7}]
be its fraction field. Let K be an intermediate differential field exten-
sion: C(z) C K C J,en- C ((zl/”)). We recall that § = zd%. Let us consider
the linear differential operator with coefficients in K

P=0b,6m+b, 6™ 4. b
The Newton polygon of P is the convex hull of

6{(i,j)€N*xQ

k=0

{ < k7] Z g (gk) }7

where vy denotes the z-adic valuation of K. Let {(d17 ny)y ..., (dr, nr)} be
a minimal subset of Z2 for the inclusion, with d; < --- < d,., such that the
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Newton polygon is the convex hull of

s

U {6 en xfi <dij>m}.
k=0

Mi4+1 Mg

We call slopes of the linear d-equation the positive rational numbers d=d

MNit+1—Ny

and multiplicity of the slope ay

the integer d; 11 — d;.

1—d;?
0 1 ... 0
Let By, by € Kand Bo= | = € M, (K)
S 1
R S

be a companion matrix. The linear differential system §Y = BY is equiv-
alent to the linear differential equation 6m§+5m_16m’1§+ R '5037 =0.
Let P := 6™ + by,_16™ 1 4+ + EO. We define the Newton polygon of §Y =
E}N/, as the Newton polygon of P. We also define the slopes and the multi-
plicities of the slopes of §Y = BY as the slopes and the multiplicities of the
slopes of P. Notice that if B € M,, (C((z))) is not a companion matrix,
we can still define the Newton polygon of §Y = Ef/, but we will not need
this in this paper.

The linear differential equations §Y = AY and §Y = Ef/, with g, Be
M,,,(K) are said to be equivalent over K if there exists H € GL,,,(K), that
is an invertible matrix with coefficients in K, such that

A=H [EL = HBH ™' +HH .

Notice that in this case:
§Y = BY <= § (ﬁf/) = AHY.
Conversely, if there exist A, B € M,,(K) and H € GL,,(K), such that
0Y =BY,6Z =AZ and Z = HY, then
A=0H [E} :
s

One can prove that if the above matrices A, BeM,, (K) are companion

matrices, then they have the same Newton polygon.

Let us consider 6Y = BY, where B € M,, ((C((z))) is a companion

matrix, having slopes k; < --- < k,_; with multiplicity my,...,m,_1, and
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let v € N* be minimal such that all the vk; belongs to N. The Hukuhara-
Turrittin theorem (see Theorem 3.1 in [30] for a statement that is trivially
equivalent to the following) says that there exist

o HeGLy(C(()),
b @1 € Mmi (C)a
o N\ ez l/vC [z_l/l’],

such that B = H [Diagi (Ez + (ﬁi X Idmiﬂ , where

5

Ly + 06X x Id,y,
Diag, (L: + 0Xi X Idyn,) = (1.
L+ 62y, x Idy,

Roughly speaking, this means that if B e M, ((C((z))) is a companion
matrix, there exists a formal fundamental solution of §Y = Ef’, of the
form o

ﬁ(z)Diag (zL"e’\i(z)XIdmi) )

Of course, written like this, this statement is not rigorous, since matri-

Zi E’S\ii (Z) X Id,ni

ces H(z) and Diag (z ) can not be multiplied.

Remark that for all n € Z, we have also
B= (z”f{r) [Diag (Ei X Id 46X x Idmi)L :

which allows us to reduce to the case where the entries of H belongs to

C[[="]]-

We recall that C is the Riemann surface of the logarithm. If a,b € R
with a < b, we define A(a,b) as the ring of functions that are analytic in
some punctured neighborhood of 0 in

S(a,b) = {z € ((NI‘ arg(z) E]a,b[} .

Let C{z} be the ring of germs of analytic functions in the neighborhood
of z = 0, and C({z}) be its fraction field, that is the field of germs of mero-

morphic functions in the neighborhood of z = 0. Let B € M,, (C({z})) be

(D1f no confusions is likely to arise we will write Diag (Zl +6Xi X Idmi) instead

of Diag; (ZZ + 6Xi X Idmi). Notice that altough the index i seems here to be useless, he

will be later helpfull when we will consider diagonal bloc matrices with diagonal bloc
having several indexes.
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a companion matrix. We are now interested in the existence of a funda-
mental solution of the system §Y = BXN/, we will see as an equation, that
has coefficients in A(a,b), for some a < b.

Once for all, we fix a determination of the complex logarithm over C we

call log. We define the family of continuous map (p,) from the Riemann

acl’
surface of the logarithm to itself, that sends z to e*!°8(2). One has py 0 p, =

poe for any b, c € C. For f:: > fa2" € Uyen- C ((zl/”)) and ¢ € Qsg, we

set pe (f) =3 f22" € Upen- C ((21%)). For f € A(a,b) and ¢ € Qy,
we define p. (f) := f(2¢). Of course, the definitions of p. coincide on C({z}).

DEFINITION 1.1. — (1) Let k € Qs¢. We define the formal Borel trans-
form of order k, By, as follows:
Bi: C[[2] — C[[{]]
Dinen@nz" = Ynen wiigy S
where I' is the Gamma function. We remark that we have for all k € Q~g:
Bk = Pk © 31 © P1/k-
(2) Let d € R and k € Q. Let f be a function such that there exists e > 0,
such that f € A(d —e,d + ). We say that f belongs to HY, if f admits an
analytic continuation defined on S(d — e,d + €) that we will still call f,

with exponential growth of order k at infinity. This means that there exist
constants J, L > 0, such that for ( € S(d —¢,d +¢):

IF(Q) < Texp (LIC[*).

(3) Let d € R and k € Qs¢. We define the Laplace transformations of
order 1 and k in the direction d as follow (see [4], Page 13 for a justification
that the maps are defined)

¢ H — A(d—5,d+35) (
R A (SERRLS
£l HE — Ad-&,d+£)

g > proLlfopi(g).

The following proposition will be needed for the proof of our main result,
Theorem 4.5.

PROPOSITION 1.2. — Let f € C[[z]], let d € R and let § € H%. Then:
o B (5f) — 5B, (f)
o 0B (zf) = (l’;’l (f), where ¢ := Cd%.
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o Ld (55) — ¢ (5).
o 2Ld (55) — rd (@) —ard (g).

Proof. — The two first points are straightforward computations. Let us
prove the third point. Making the variable change { — ¢ in the integral,
we find that for all ¢ > 1, £¢ commutes with 0q. Then, for all ¢ > 1, we

find

Cli (5q§> = 5q£(11 (§>
Since g € I?]I‘f, the dominated convergence theorem allow us to take the
limit as ¢ goes to 1

2i() = oy 4(5) = st () =543)
Let us prove the last equality. Since g € ]Iqlil, we may perform an integration

)

by part (let ¢’ be the derivation of §), and we obtain:

221 (57) = /0 " o O

= £i(¢g) - 221 (9). O

Remark 1.3. — Let k € Qxg, let JO"”’JT eC [zk] and let us con-
sider ]76 C [[zk]], that satisfies

(1.1) > di(2)6'f =0.
1=0

From Proposition 1.2, there exist ¢g,...,¢s € C [zk] with degree less or

equal that the maximum of the degrees of the d;, such that

Zs; & (2)0' By (f) —0.

=
Furthermore, if there exists d € R such that By, (}) € [, then we have:
L8 0By (}) — Ld0B, (5f) and § (zkcg o By (f)) — d0B, (5 (zkf)) .

Hence, L§ o By (f) is solution of (1.1). But in general, if f e C[[z]] is
solution of a linear d-equation with coefficients in C [z], then, for all (d, k) €

R x Qsq, we have By (f) ¢ }ﬁlﬁ, and we must apply successively several
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Borel and Laplace transformations to compute an analytic solution of the
same equation. See Proposition 1.5.

Let us consider §Y = BY, where B € M,, ((C({z})) is a companion

matrix and let H be a formal matrix obtained with the Hukuhara-Turrittin
theorem. We have seen that we may assume that H has no poles at O.
Let he C [[zl/"ﬂ be an entry of H and let us consider a linear J-equation

satisfied by h:
(1.2) by B+ byy_16™ " h 4 - + bgh = 0,

with by, # 0 and b; € C ({z/7}). Assume that (1.2) has at least one slope
different from 0. Let dy := max (2,deg (50) ,...,deg (Em)>, where deg
denotes the degree. Let k1 < - -+ < k-1 be the slopes of (1.2) different from

0, let k, be an integer strictly bigger than k,_; and dy, and set k41 1= +00.
Let (k1,..., %) be defined by:

kb= k =k
We define the rational numbers (k1,. .., ks) as follows: We take (k1,. .., k)
and for i = 1,...,7 = r, replace successively k; by «; terms «;k;, where «; is
the smallest integer such that «;k; is greater or equal than dy. Therefore, by
construction, all the #; are greater than dy > 2, k, belongs to N, and k, =
Ry = kr > kr—l-

Example 1.4. — Assume that h € C[[z]] is solution of
(24 +2%) 8%h + 26%h + 6h — h = 0.

We have dy = 4, r = 3 and (k1, k2, ks, k4) = (1,2,5,00). Then, we find that
(K1, ke, k3) = (2,10/3,5), s = 5, and (k1,...,k5) = (4,4,20/3,20/3,5).

We recall that h € C [[zl/”]]. Let us write i =: ZZOZOVHGN/D 2™

Let 8 € N* be minimal such that 8/k1,...,[S/ks belong to N* and for [ €
{0,...,8v =1}, let AD :=5"° ' hypinpe™?.

PROEOSITION 1.5. — Let us keep the same notations as above. There
exists 3> C R, finite modulo 2nZ, such that for all | € {0,...,Bv — 1},
ifd e R\ f}ﬁ, the series J?l,l = [;’;1 0---0 B; (7%”) converges and belongs
to HL .

K1
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Moreover, for j =2 (resp. j =3, ..., resp. j = s), fjJ = £%_\jl (E—I,Z)
belongs to fﬂ%. Let S (ﬁ(l)) = L4 (ﬁl) The function

54 (TL) = ﬁuz_l /v gl (%(l)> cA (d 2kv,d+ T >

=0
™ ™

is solution of the same linear §-equation than h.

Remark 1.6. — We make a priori an abuse of notations, since Sd (?L)

may depend on the choice of the linear differential equation satisfied by h.
However, we can directly deduce from Lemma 2 in [4], §6.2, that Sd (E) is

independent upon the choice of the linear differential equation satisfied by
h. Notice that we will not use this fact.

Remark 1.7. — As we can see in Theorem 7.51 in [30] the function

Sd (E) is k,-Gevrey asymptotic to hon S (d — Q—N,d + T ): for every
Ks Ks

closed subsector W of S (d — %, d+ 2;), there exist Ay € R, ¢ >0
such that for all N € N* and all z € W with |z| < ¢,

( ) Z hinz"| < (Aw)NT (1 + N) 12|V

Proof of Proposition 1.5. — Let § := p,h € C[[z]]. For all I € {0,...,
.., pv — 1}, we have

Bv—=1~/ 9inlj/Bv
1/vT (1) _ g(e 2)
2R (z,0) = payw ;) e2imli/Bv By
It follows that there exists f}g C R, finite modulo 27Z, such that for all [ €
{0,...,8v —1},if d € R\ ¥, then
. ]?1 = B;l 0---0 [;’f: (E) € HL if and only if for all integers
s K1

lG{O,...,ﬂufl},wehaveﬁyl::B’:lo oB ( >€Hd

K1
e Forj=2(resp.j=3,...,resp. j = 9), fj := ﬁ@ﬁ’l (fj,1> € H% if

and only if for all I € {0,...,Bv — 1}, fj’l = E%: (E*Ll) € ]ﬁl%
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Let d € R\f}ﬁ and let (k},...,k_;) defined as:

Kh_y=k,_1and for i <r—1, = T
, .k

Due to Theorem 7.51 in [30] and [4], §7.2, fI := [3’,{/1 00 By ( ) € Hd,,

andforj:Q(resp.j:?),...,resp.j:r—l),fj’-:z /_71(; 1)6]1-]1/
With Lemma 2 in [4], §6.2, this implies that fl ::1'3’ -0 B ( ) € Hd
and for j = 2 (resp. j = 3, ..., resp. j = s), fj =L gj\/l (fj_1,1> € ]HI~.

= o

With the equivalence we have written in the beginning of the proof, we may
apply successively the Borel and Laplace transformations of the required
order to each series h(V.

To finish, we have to prove that Sd (71) is solution of the same linear 6-

equation than h. This is a direct consequence of Theorem 2 in [4], §6.4. [

As a matter of fact, as we can see in Page 239 of [30], S¢ (E) belongs
to A (dl — Q”TT,dH_l + ﬁ), where dj,dj+1 € f}g are chosen such that

]dladl+1[myfﬁ = J.
If (1.2) has only slope 0, then heC {zl/”}. In this case we set f}g = O,
and for all d € R we set
59(R) =

We recall that we consider the equation §Y'= BY | where B€M,, ((C({z}))
is a companion matrix and H:= (TL”) e M, ((C [[zl/”]] ) is a formal ma-
trix given by the Hukuhara-Turrittin theorem. The entries of H satisfy lin-
ear J-equations with coefficients in C [21/¥] for some v. We may assume
that for a given entry, the coefficients of the J-equation are relatively prime.

Let dy be the maximum among 2 and the degrees of the coefficients of the
equations. Let Z be the union of the X}v , where X}v ~has been defined
in Proposmon 1. 5 ki; € Q be the blggest slope of the equatlon satisfied

by hm7 k' be the maximum of the k; ;; and k be an integer strictly bigger
than k' and do. Let d,d* € R\ Y, with

- = + .
d 2k<d <d<d <d+2k

and such that ([d~,d[U]d,d*]) NS5 = 2. Let §9° (H) == 54 (hyy).
We get two analytic solutions,

Sé- (f[) Diag (ezi log(z)exi“dmi) e GL,, (.A (d_ — %,d + %)) ,
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and

g ( > D1ag< L log(z)ex’“d’”i> € GL,, (A (d ~ o dt + 27;:))

Note that by definition, the analyticity holds on a subset of C. A compu-
tation shows that there exists a matrix STy € GL,,(C), we call the Stokes
matrix in the direction d, such that:

gd* (ﬁ> Diag (ezi 1og(z)e§ix1d,w) _ ga- (ﬁ) Diag (efi 1og(z)e§ix1dm) ST,

The Stokes matrices belong to the differential Galois group, see Chapter 8
of [30].

2. Local formal study of g-difference equations

In this section, we summarize results about formal classification of lin-
ear ¢-difference equations. See in particular [31] for more details. Let g > 1
be fixed. We extend the action of og to (J,cy- C ((zl/”)) by 0,217 =
elog(@/v1/v for v € N*. Let K be an intermediate field extension: C(z) C
K C U,yen- C((217)), stable by .

Let us consider the ¢-difference operator:

P= f: bio,,
1=l

where b; € K, l,m € Z and | < m. The Newton polygon of P is the convex
hull of

m

U{@iezxalizwm},

k=l
where vy denotes the z-adic valuation of K. Let {(d1,n1),...,(dr,n,)} be
a minimal subset of Z? for the inclusion, with d; < --- < d,., such that the
Newton polygon is the convex hull of

T

U {(des) e Zx Q)i > mi}.

k=1
We call slopes of the linear g-difference equation the rational numbers
H, and multiplicity of the slope % L" the integer d; i1 — d;.

Like in §1, let B € GL,,,(K) be a compamon matrix. As in the differen-
tial case, we can naturally associate to the linear o4-equation o,Y = BY
a unitary g-difference operator P = oy + bm,lag"_l + -+ by with coef-
ficients in K. We define the Newton polygon of 0,Y = BY', as the Newton
polygon of P. We also define the slopes and the multiplicities of the slopes
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of 0,Y = BY as the slopes and the multiplicities of the slopes of P. Notice
that if B € GL,, (C((z))) is not a companion matrix, we can still define
the Newton polygon of 0,Y = BY, but we will not need this in this paper.

Let A, B € GL,,(K). The two g-difference systems, 0,Y = AY and 0,Y =
BY are equivalent over K, if there exists P € GL,,(K), called gauge trans-
formation, such that

A = P[B),, = (o,P)BP™".

In particular,
0,Y = BY < 0, (PY) = APY.
Conversely, if there exist A,B,P € GL,,(K) such that 0,Y = BY,
0qZ = AZ and Z = PY, then

A=P[B], .

If the above matrices A, B € GL,,,(K) are companion matrices, then, see
[31], Theorem 2.2.1, they have the same Newton polygon.

THEOREM 2.1 ([31], §2.2). — Let B € GL,, ((C((z))) be a compan-
ion matrix and let us consider o,Y = BY. Let 1, ..., ux be the slopes of
the g-difference equation, let my ..., my be their multiplicities and assume
that the u; belong to Z. Then, we have existence of B; € GLy,,(C), H €

GL,, ((C((z))) , such that:

B=H [Diag (z_‘”BZ-) }

See [29] for a more general result that works for g-difference equation
with arbitrary slopes. Notice that for all n € Z, we have also

B = (znﬁ) [Diag (Bi X q*"z*‘“)] ,

which allow us to reduce to the case where H has entries in C[[z]].

We want to determine the eigenvalues of the B; and the z-valuation of the
entries of H. Let by, ..., bm—1 € C((2)), and let us consider the ¢-difference
equation:

(2.1) oY + bn—10]" "y + -+ 4 boy = 0.

Let {(dl,nl)7 el (dr,nr)} be a minimal subset of Z? for the inclusion,
with dy < --- < d,, such that the Newton polygon is the convex hull of
U1 {(dk,j) € Z x Z‘j > nk}. Let p1,...,u, be the slopes of the g-
difference equation, my ..., my be their multiplicities and assume that the

_ Miy1 Ny

slopes u; = d=d belongs to Z.
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For d; < j < diy1, let a; be the value at z = 0 of bj(z)z’”i’“i(j’di). We
define the characteristic polynomial associated to the slope p; as follows:

P(M)(X) — <adb+1qudi+1(di+1*1)/2Xdi+1*di N ad.q“idi(difl)/2> .
From [25], Theorem 3.2.3, we deduce directly the following;:

THEOREM 2.2. — Let B € GL,, ((C((z))) be a companion matrix, such
that 0,Y = BY is the linear o,-system equivalent to (2.1). There exist
e B; € GL,,,(C), which are of the form Diag, (T;;), where T;; are
upper triangular matrices with diagonal terms that are equal to the
roots of the characteristic polynomial associated to the slope p;,
e HeGL, ((C((z))), whose entries of the first row of H have z-
valuation equal to 0,
such that
B=H [Diag (z*‘“BZ-) }

9q

3. Definition of ¢g-Borel and g-Laplace transformations.

The goal of this section is to define g-analogues of the Borel and Laplace
transformations. We will study their behavior as ¢ goes to 1 in §4.2. Re-
mark that there are several possible definitions of g-analogues of Borel and
Laplace transformations. See [13, 25, 32, 34, 42, 43, 44, 45, 46] for ex-
ample. Following [13], we begin by defining a ¢-Borel transformation we
are going to study. In this section, ¢ > 1 is fixed. Let us recall that for

all n €N, [n], =[], ‘5:11.

DEFINITION 3.1. — Let k € Qs and let v € N* minimal such that vk €
N*. We define B, as follows:

Bor: Cl[2"]] — C[[¢*]
Dienaz — ZZGNU/aizi]nglv

Let k € Qxo, let v € N* minimal such that vk € N* and let py, p1/ be the
maps defined in §1. We remark that we have:

éq,k = pPkr© Bq,l ©P1/k-

DEFINITION 3.2. — Letd € R and let k € Q<. Let f be a function such
that there exists € > 0, such that f € A(d—e,d+¢€). We say that f belongs
to Hik, if f admits an analytic continuation defined on S(d—¢,d+¢), that
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we will still call f, such that there exist constants J,L > 0, such that
for ¢ € S(d —e,d + €) (see the introduction for the definition of e,):

IF(OI < Jeg (LICIY) -

For all d € R, we write [d] := ¢%¢!® the discrete logarithmic g-spiral
through the point ¢’ € C*. For d € R we set the Jackson integral:

[ 1©du¢ == 03 f (e e,
(d] lEZ
whenever the right hand side converges. Roughly speaking, Jackson integral
degenerates into classical integral when ¢ goes to 1, which means that for
a convenient choice of function f, we have on a convenient domain

Ooeid

a F(Q)dgC — f(Q)dc.

q—1 0

From now, let p := 1/q €]0,1[. Let M(C*,0) be the field of functions
that are meromorphic on some punctured neighborhood of 0 in C*. We
define now the g-Laplace transformation.

DEFINITION 3.3. — Let k € Qs and let pi, (M(C*,0)) := {px(f)|f €
M(C*,0)}. Let d € R. As we can see in [13], §4.2, the following maps are
well defined and we call them the q-Laplace transformation of order 1 and k
respectively:

d
/327]1: ]H[i1 — ,
f N f[d] f(C)C qu,

d *
£’ — pp(M(C*,0)
d
g — Pk oﬁg,]l o p1/k(9)-
For |z| small, the function E([;f]l( f)(%) has poles of order at most 1 that

are contained on the g-spiral (¢ — 1)[d + 7] := ¢%(1 — g)e'®. The following
proposition is the g-analogue of Proposition 1.2.

PROPOSITION 3.4. — Let f € C[[z]], let d € R, and let g € HZ,. Then
o Bua (0f) = 8,801 (f) -
o 68,1 (Zf) = (Bya (f)
o £ (69) =, (9)-
.« 2Ly (5qg> = pLih (Cg) —paLy (g>-
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Proof. — The three first points are straightforward computations. Let
us prove the last equality. Let z € C*. It is a well known fact and easy to
verify that oy (eq(z)ep(fz)> = eq(2)ep(—2). Since eq(z)ep(—2) is a formal
power series with constant term equals to 1, e,(2)e,(—2) = 1. We have the
equalities:

1 id

, 0
CHCORNEEEDY eqqzq(ﬁ;)) ql
l+16id

= (=1 Y b9 (d'e) ey <q) q

z
leZ

' ' g+
— ezd Z g (ql+1ezd) ep ( . )

€7
4 _ 41 id
_g(qlezd) e (“) ql
= (-1 Y g(de)

leZ

_gtleid _gteid z

A\e\Te el )

_glH1eid _gleid

q ) < q + 1) ql
z z

Il
Y
hS]

|

—
S~—

)

.

Y
e}

—

QN
@

o

Y

S—

)
S|

N

Il
b
)
SR
ey
—~
A
s
—~
T
N——
N
|
=
N
)
[
ey
~—~
s
=~
I
S—
N

O
Remark 3.5. — Let k € N* and let d € R. If we consider f eC [[zk]],

solution of a linear d,-equation with coefficients in C [2*] with Bch ( f) €

d .
HY, ., then we have:

dq (ﬁl[f]k °© B’qvk (f)) = L([f]k: © Z§q,k <5qf)
and 4, (zkc[q‘flk o By ( f)) = £ 0 By (5q (zk f)) .

A

Hence, L([]d]k ol’;‘%k (f) is solution of the same linear d,-equation than f But

in general, if f € C[[2]] is solution of a linear §,-equation with coefficients
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in C[z], we will have to apply successively several ¢g-Borel and ¢-Laplace
transformations in order to compute an analytic solution of the same equa-
tion than f. See Theorem 4.5. We are not going to give explicit examples
of such sitation since the proof that we need strictly more than one ¢-Borel
and g-Laplace transformation should be very technical.

In §7, we will use other g-analogue of the Borel (resp. Laplace) trans-
formation that has been originally introduced by Ramis (resp. Zhang). See
[45], §1 for the justification of the convergence of the g-Laplace transfor-
mation.

DEFINITION 3.6. — (1) We define B, as follows:

By C[) —  C[[c]]
Yz = Ve gutoad

(2) Let d € R. We define the map L,[Jd} as follows:

L HY, —  M(C*,0)
f(a"(g=1)e'
o= Y M
O\ — =
For |z| small, the function L,[Jd](f)(z) admits a spiral of poles of order at
most 1 that are contained in the g-spiral (¢ — 1)[d + =].

Remark 3.7. — Let d € R. The maps lg'q,l, /.ng]l, Eq and Lgd] are

very similar to the g-Borel and the “discrete” g-Laplace transformations
introduced in [13], §4.2. Let f € C[[z]] such that there exists d € R

with g 1= By1 (f) € HZ, (resp. h:= B, <f) € H?,). By a straightforward

computation, we find that Egd’]l(g) and Lt[ld] (h) are respectively equal to the
two “discrete” g-Borel-Laplace summation defined in [13], Definition 4.12,

(1).

We can compare the two g-Borel-Laplace summation processes for formal
power series solutions of a linear o4-equation with coefficients in C({z})
with only slope 1. From [13], Theorem 4.14, and Remark 3.7, we deduce
directly the following:

THEOREM 3.8. — Let h(z) € C[[2]] be a formal power series solution
of a linear og-equation with coefficients in C({z}) with only slope 1 and

let d € R. Then, the series éq (lAz converges and admits an analytic con-

tinuation f € HZ | if and only if B, (ﬁ) converges and admits an analytic
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continuation g € HZ ;. Moreover for such a d € R, L([]d}(f) = Eﬂ (g) on a
convenient domain.

4. Statement of the main result.

From now, we see ¢ as a parameter in ]1,00[. We recall that when we
say that ¢ is close to 1, we mean that ¢ will be in the neighborhood of 1
in ]1,00[. In §4.1, we prove two preliminaries lemmas that deal with the
confluence of formal solutions of family of linear o4-equations. In §4.2, we

state our main result. We consider (iL(Z7 q)) (resp. h(z)), formal power
g>1

series solutions of a family of linear J,-equations (resp. d-equation) with
coefficients in C[z]. We assume that /(z, ¢) converges coefficientwise to h(z)
when ¢ — 1. We state that under reasonable assumptions, for ¢ close to 1,
we may apply several g-Borel and ¢-Laplace transformations to fL(z, q), and
obtain a solution of the family of linear d,-equations, that is for ¢ fixed,
meromorphic on some punctured neighborhood of 0 in C*. Moreover, the
latter converges as ¢ goes to 1, to the solution of the linear J-equation,
computed with the classical Borel and Laplace transformations.

4.1. Preliminaries on confluence of formal solutions.

LEMMA 4.1. — Let us consider
Ay = bn(2,9)00 4+ boi(z,Q00 0 + .0+ bo(z,9)
A= bp(2)0™ 4 b ()0 4+ . 4 bo(2),

with z — b;(2,q),bi(z) € Cl[[z]], and the b; converge coeflicientwise to
the b; when q — 1. We assume that the C-vector subspace F' C C((z)), of

solutions of A (ﬁ) = 0 has dimension 1. Let k € Z be the z-valuation of the

n=k' M
0, such that lim hw(q) = hy # 0. Let h(z) := 30° hpz" € F \ {0}, which
q—

is uniquely determined by assumption. Then, for all n > k,

elements of F\{0}. Let h(z,q) := 32> _hy(q)z" be a solution of A, (ﬁ) =

lim 7 (q) = hin.

q—1
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Proof. — We will prove by an induction on n that for all n > k, B,L(q)
converges as q goes to 1 to En By assumption, iLn(q) converges to EH.

Let n > &. Induction hypothesis: assume that for all k& € {x,...,n —
1}, ;Lml hi(q) = hy. Let us prove that h,(g) converges to hy,. Looking

at the linear o -equation (resp. the linear d-equation) satisfied by h(z, q)
(resp. h(z)), we find a relation of the form:

e @hn(@) = coo1(@hn-1(a) + .. + cu(@hn(q),

Enhn = Enflhnfl + ... + E/{hna
where ¢;(q), ¢ € C. Since the b; converge coefficientwise to the b; when q—
1, we find that for all k € {k,...,n}, lin% ck(q) = Ck.
q—r

If ¢,, = 0, then we obtain a formal solution of the same linear §-equation
than h with z-valuation equal to n. This is in contradiction with the as-
sumptions of the lemma. Therefore, ¢, # 0. Using the convergence of ¢, (q)
t0 ¢n, ¢n(q) is not vanishing in the neighborhood of 1. Because of the in-
duction hypothesis and the convergence of the ¢;(¢q), we obtain

lim Ay, (q) = ha.
qg—1

By induction, we have proved that for all n > &, Bn(q) converges as q goes
to 1 to h,. O

If A and B are matrices with coefficients in C and R € Ry, we say
that |A| < |B] (resp. |4| < R) if every entry of A has modulus bounded by
the modulus of the corresponding entry of B (resp. by R).

Following §3.3.1 of [39], we prove:

LEMMA 4.2. — Let us consider z — ﬁ(z, q),%(z) € C{z}, solution of

b (2,9)01"h(2,q) + bm-1(2,0)0" " h(z,q) + ... + bo(z,q)(z,q) = 0
{Em(z)amﬁ(z) + bm_1(2)0" h(z) 4 ...+ bo(2)h(z) =0,
with z — b;(z,q), bi(z) € C[z] and assume that

e The b; converge coefficientwise to the gz when g — 1.
e The series h converges coefficientwise to h when ¢ — 1.

Then, we have B
il_}rr% hz,q) = h(z),

uniformly on a closed disk centered at 0.

Proof. — Let us consider the equations as systems:

8,Y (2,q) = B(2,q)Y (2,q) and 8Y (2) = B(2)Y (2).
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Let x € Z and let us write the vector solutions Y(z,q) =: > p . Yi(q)z",
Y(z) = Zk . Yi2¥ and the matrices B(z,q) = Y52, Bi(q)2*, B(z) =:

Zkzﬁ . For all k > k, we have the relation:

([k;] x 1d — Bol(q ) = 3 Bi(q)Yii
4.1 7k -\ ~ -
4.1) and (k x 1d - BO) V=Y BV

itk
There exist kg > k, C € R+, such that for all k& > kg, for all ¢ close to 1,
forall Y € C™,

(IKy < 14— Bo()) € CL(©)

and‘([k} x 1d — Bol(q ) ‘

1=0
resp.

(k x 1d — EO) € GL(C)

l
and ’(kxldﬁo) ' ‘ Z <0> Y| <yl

=0

Since the equations have coefficients in C|z], the first assumption im-
plies the existence of Cy > 0 such that for all £ > k, for all ¢ close
to 1, |Bx(q)| < C¥ and ’Ek(q)’ < Ck. Using additionally (4.1), we can
prove by an induction that there exists Cy > 0, such that for all k£ > «, for
all g close to 1, we have:

Yi(q)| = ([k:] x 1d — Bo(q ) 3" Bi(g)Yi-ila)| < CF

i#k
and
~ JUNN -~
’Yk - (k x1d — BO) N BV < Ch.
i£k
Using the dominated convergence theorem, and the second assumption of
the lemma, we obtain the result. O

4.2. Confluence of a “discrete” g-Borel-Laplace summation.

The goal of the subsection is to state our main result, Theorem 4.5.
See §5, 86 for the proof. We begin with a definition.

ANNALES DE L’INSTITUT FOURIER



CONFLUENCE OF MEROMORPHIC SOL OF ¢-DIFF EQUATIONS 455

DEFINITION 4.3. — Let d € R and let k € Q. Let f be a function
such that there exists ¢ > 0, such that for q close to 1, z — f(z,q) €
A(d—e,d+e¢). We say that f belongs to EZ, if for q close to 1, z — f(z,q)
admits an analytic continuation defined on S(d —e,d+¢), that we will still
call f, such that there exist constants J, L > 0, that do not depend upon g,
such that for all z € Rs:

’f (eidz,qﬂ < Jeg (sz) .

Let us consider z — h(z,q) € C[[z]], that converges coefficientwise
to h(z) € C[[z]] when ¢ — 1. We make the following assumptions:

(A1) There exist
Z = bO(Za Q)7 cee 7bm(z7q) € (C[Z]a

with z-coefficients that converge as ¢ goes to 1, such that for all ¢ close
to 1, h(z, q) is solution of:

Let Zo(z), .. ,gm(z) € CJz], be the limit of the by(z,q),...,bm(z,q) as q
tends to 1.

(A2) For q close to 1, the slopes of (4.2) are independent of ¢, and the set
of slopes of (4.2) that are positive coincides with the set of slopes of

(4.3) b (2)0™ (§(2)) + -+~ + bo(2)§ () = 0.
Notice that the series h(z) is solution of (4.3).

(A3) There exists ¢; > 0, such that for all i < m and ¢ close to 1:
bi(2,0) = bi(2)| < (a = Der ([Bit)| +1) -

Remark 4.4. — (1) Conversely, given equations like (4.2) and (4.3) that
satisfies the assumptions (A2) and (A3), we would like to know if there
exists 2 — h(z,q) € C[[z]], solution of (4.2), which converges coefficient-

wise to h(z) € C][z]], solution of (4.3). The answer is in general no, but
Lemma 4.1 gives a sufficient condition. B
(2) If for ¢ close to 1, the only slope of (4.3) is 0 then, z — h(z,q),h(z) €

C{z} and we set for all d € R, St[ld] (ﬂ) := h. Remember that we have set

in §1, Sd (?L) := h. In this particular case, applying Lemma 4.2, we obtain

that N
tim s (1) = 5 (k).
q—1

uniformly on a closed disk centered at O.
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From now, we are going to assume that (4.3) has at least one slope strictly
bigger than 0. Let dy := max (2,deg?){07 . ,deggm) Let k1 < -+ <kp—q
be the slopes of (4.3) different from 0, let k,. be an integer strictly bigger
than k._; and do, and set k.1 := +o00. Let (k1,..., k) defined as:

Lim ! kz+11
As in Proposition 1.5, we define the (k7, ..., ks) as follows: we take (k1, ...,

.,kr) and for i = 1,...,i = r, replace successively k; by «; terms a;k;,
where «; is the smallest integer such that «;k; is greater or equal than dy.
See Example 1.4. Therefore, by construction, each of the k; is a rational
number greater than dg and k; € N*.

Let 8 € N* be minimal, such that for alli € {1,...,s}, 8/k; € N*. Let us
write h(z,q) = > hn(q)z™ and, for I € {0,...,8 — 1}, let hD(z,q) ==

S o hesna(@) 2.

The main result of the paper is the following. See §1, §3 for the notations,
and §5, §6 for the proof. See also Theorem A.4 in the appendix for a similar
result with a “continuous” ¢-Laplace transformation. We recall that the
series h, h satisfies the assumptions (A1) to (A3).

THEOREM 4.5. — There exists 37 C R finite modulo 277, that contains
the set of singular directions deﬁned in Proposition 1.5, such that if d €
R\¥5andl € {0,..., -1}, then the series g1, := Bq s oo B ~ (h(l))

a:ks
—d
converges and belongs to H .
Moreover, for j =2 (resp. j =3, ..., resp. j =), gj1 := L[ (gj 1,1)

belongs to ﬁ%. Let S([Id] (ﬁ(l)) = L([J ]’: (gr,)- The function

Sl (h) = ﬁz_:lzlsgdl (;}(l)) c A(d klr"” ;)

=0

is solution of (4.2). Furthermore, we have
d] _gd (7
gy 1) - 5.

uniformly on the compacts of S (d — o d+ 5 ) \UR>1a4, where o; are

the roots of by, € C[z], and S¢ (ﬁ) is the asymptotic solution of (4.3) that

has been defined in Proposition 1.5.

Remark 4.6. — After some arrangements, we could probably state and
show a similar result for ¢ not real. As [39], we should make ¢ goes to 1
following a g-spiral of the form {qé‘, A€ R>0}, for some gy € C fixed with
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modulus strictly bigger than 1. The problem here, is that we would obtain
at the limit, a solution of the differential equation that is not classic, since
at the limit, we would obtain integrals of the form fqﬂgeid z_kf(C)ei(%)deﬁ
instead of Laplace transformations. In order to interpret the limit as the
classical Borel-Laplace summation, we have to consider g real.

Remark 4.7. — A confluence result of this nature can also be found in
[13], Theorem 2.6. We are going now to state [13], Corollary 2.9, which is
the particular case where the coefficients of the family of linear ¢-difference
equations do not depend upon ¢. Let p = 1/¢q and let ¢, := %, which
converges formally to § when p — 1. Let z — h(z,q) € C{z} that con-
verges coefficientwise to h(z) € C[[z]] when p — 1. Assume the existence

of by, ...,bm € Clz], such that for all p close to 1, we have
bm(z)ég,”ﬁ(z, q) + -+ bo(z)ﬁ(z, q9) = 0
b (2)0™h(z)  + - +bo(2)h(z) = 0.

Moreover, assume that the series B; (71) belongs to C{z} and is solution
of a linear differential equation which is Fuchsian at 0 and infinity and has
non resonant exponents at oo.

Let f}g C R be the set of singular directions that has been defined in

Proposition 1.5. The authors of [13] conclude that for all d ¢ f}ﬁ, the
series By (%) belongs to ]ﬁl‘f, and

lim h(z,q) = §° () (2),

uniformly on the compacts of ?(d - 5,d+ g), where S¢ (71) is the as-
ymptotic solution of the linear differential equation that has been defined
in Proposition 1.5. Notice that Theorem 4.5 and this theorem have not the
same setting, since we consider §,-equations and not d,-equations. In par-
ticular, in our case z — ﬁ(z, q) might be divergent and we have to replace h

by S([Zd] (ﬂ) in order to have the convergence.

5. Lemmas on meromorphic solutions.

The goal of this section is to prove lemmas on meromorphic solutions that
will be used in the proof of Theorem 4.5 in §6. See §4 for the notations.
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If D(z) € GL,,(C(z)), we define S9(D(z)) as the union of the ¢ z;, where
the z; are the poles of D(z) or D(z)~ 1.

LEMMA 5.1. — Let a < b. Let us consider o,M(z) = D(z)M(z) with
D(z) € GL,,,(C(2)) and M (z) is s solution in (A(a,b))™. Then, the entries
of M(z) are meromorphic on S(a,b), with poles contained in S(D(z)).

Proof. — Let z € C*\S%(D(z)). We use the fact that M (qz) = D(z)M(z)
to deduce that if the entries of M are analytic on a domain U, then there are
analytic on the domain qU := {qz,z € U}. We use the existence of € > 0,
such that the entries of M(z) are analytic for all |z| < € and z € S(a,b),
to obtain that the entries of M(z) are meromorphic on S(a,b), with poles
contained in S9(D(z)). O

If D(z) € My (C(2)), we define S'(D(z)) as the union of the Rsjz;,
where the z; are the poles of D(z). We define also Rs[z] as the set of
polynomials with coefficients that are strictly positive real numbers. We
recall that if A and B are matrices with coefficients in C and R € R+, we
say that |A| < |B]| (resp. |A| < R) if every entry of A has modulus bounded
by the modulus of the corresponding entry of B (resp. by R).

PROPOSITION 5.2. — Let a < b, z+— Id+ (¢ — 1)D(z,q) € GL,,,(C(2)),
D(z) € M,,(C(2)) and let C be a convex set with non empty interior con-
tained in S(a,b) \ S*(D(z)) such that 0 does not belong to its closure. Let
us consider z — M (z,q) , M (2), 1 x m matrices with entries continuous on
C and analytic in the interior of C, solutions of

6gM(z,9) = D(z,q)M(z,q)

SM(z)

We assume that:
(¢) There exists ¢; > 0, such that for all q close to 1 and for all z € C,

D(z.q) = D(2)| < (4= Ve (| D(=)| + 1) .
where 1,, denotes the square matrix of size m with 1 entries everywhere.
Notice that this condition implies that for q close to 1, the entries of D(z, q)
have no poles in C.
(#) There exists wy € C, such that for all ¢ close to 1, M (wg, q) = M(wo).
Moreover, we have L}gml M(w,q) = M (w) uniformly on a compact K con-

tained in C.
(#43) There exists R € C[z], such that for all z € C,

M ()| < IR ().
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Let k be the maximum of the degrees of the numerators and the denom-
inators of the entries of E(z), written as the quotient of two coprime
polynomials. Let S € Rs¢[z] be a polynomial of degree k, such that for
all ze€ C, S(|z|) > ‘f)(z)‘ + |1,,|. Under those assumptions, there exist

e 06(q) > 0 that converges to 1 as g — 1,

e 2(q) > 0 that converges to 0 as ¢ — 1,

e Sy € Ryg[z] which has degree k and satisfies So(|z|) > S(|z]) for

all z € C,

such that for all z € CNRx1 K := {xw € C‘z €[1,00[,w e K}, we have

M(z,9) = M(2)| < (= D3(@)eg= (S0 (12]) ) + (@) IR()] -
In particular,
lim M (z,q) = M (2),
uniformly on the compacts of C "Ry K.
Remark 5.3. — The polynomial Sy does not depend upon w and q.
Before proving the proposition, we need to prove a technical lemma.

LEMMA 5.4. — Let z — Id + (q—1)D(z,q) € GLw(C(2)),D(2) €
M,,,(C(z)) that satisfies assumption (i) of Proposition 5.2. Let C' be the cor-
responding convex set and let K be the corresponding compact set defined
in Proposition 5.2. Let (z — My, (z,q)) - (J/\Z,J(z)) K be a family
of 1 x m matrices with entries continuous 1811 C and anaI;/Utic in the interior
of C, solutions of

6qu(Z’ Q) = D(qu)Mw(Zv Q)

S M, (2) D(2)My(2).

We assume that the matrices (Mw(z, q)) , (Mw(z)> satisfy:
weK weK

(a) For all g close to 1, for all w € K, M, (w,q) = M, (w).
(b) There exists R € C[z], such that for all z € C, for all w € K:

Mo (2)] < IR (2)]-

Under those assumptions, there exists a polynomial Sy that satisfies the
same properties than the one in Proposition 5.2, such that for all w € K,
for all q close to 1, for all N € N with ¢gNw € C:

Mo (g 00) Mo )| (s, () ).

(5.1)

TOME 65 (2015), FASCICULE 2



460 Thomas DREYFUS

Proof of Lemma 5.4. — For the reader’s convenience, we will decompose
the proof in four steps.

Step 1: Find another expression of Mu(d"w) =My (¢"w.q)
Let f be a function continuous on C, that is analytic in the interior of C,
and let zg, 21 € C. The generalized mean value theorem (see §1.4 of [19])
says that there exists ¢ € C' that belongs to the convex hull of

{f’(zo +x(z1 — zo))‘x €1[0,1] },

such that:

f(z1) = flz0)

21 — 20

For allg > 1,w € K,n € N with ¢"w € C, let us define the A, 4,—1 as the

convex hull of
T € [1, q] } .

Because of the generalized mean value theorem, for all n € N, for all ¢ >
1, for all w € K, with ¢"w € C, there exists D, 4n—1 that belongs
to Aw,qn—1, such that:

D (q"‘lwx) M (q”_lwx)
q"*lwx

Mw (¢"w) — Mw (q"‘lw) =
g"tw(g—1)

- Dw,q,n—1~

The linear d,-equation satisfied by M, (z,q) gives that for all n € N, for
all ¢ > 1, for all w € K, with ¢"w € C"

M, (q"w,q) — My, (¢" 1w, q)

e =D (¢" 'w,q) My (¢" 'w,q) .

In particular, we have

Mw (qnw) - Mw (qnqu) _ Mw (qnilw) — Mw (qn71w7q)

qg—1 qg—1
(5.2) +q" ' wDy g1

—D(¢" 'w,q) My (¢" 'w,q).
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Step 2: Bound the expression of M”(qnw)_]\fw(qnw’Q).

e
Let go > 1 sufficiently close to 1. Let us prove the existence of Ry, Ry € C|z],
such that for all n € N, g €]1, go[, w € K, with ¢"w € C,

(5:3)

My (¢"w) — My, (¢"w, q)

q—1
[P (o w)q—_ﬂfw W0 0) |y o) (18 @)l + 1Ra ) )
— n_lw _ n—l,w
N M, (g )q j‘fw (4 a) x (g —1) (14 (g — Der)mS (|g"w]),

where S, ¢; > 0 are given by Proposition 5.2. Using the triangular inequality
and (5.2), it is sufficient to prove the existence of Ry, Ry € C|z], such that
for all n € N, g €]1, qo[, w € K, with ¢"w € C,

(5.4)

qn_lwﬁw,q,nfl -D (qn_lwa q) Mw (qn_lwu Q)‘

<(a= (1R (@"w)| + |Rz (g"w)] )
+ ‘Mw (qnilw) - Mw (qnilwv Q)

-1 X (g =1)(1+ (g —1er)mS (|¢"wl) .

We have for all n € N, g €]1, qo[, w € K, with ¢"w € C,

¢" WDy g1 — D (¢" w, q) My (" 1w, q)|

<

0" wDuy g1 — D (¢ w) Moy (" w)|

4 ‘5 (qnflw) Mw (qnflw) - D (qnflqu) Mw (qnfl,w)‘

Let
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Let us bound 7;. The entries of q”_lwﬁw7q7n_1 and D (q"‘lw) Mw (q"‘lw)
B(q”_lww)]’\/vl(q"_lwz)

belong to the convex hull of -

x € [1, q]} The entries

of the elements of this set of matrices are bounded by a polynomial, because
of the assumption (b) and the fact that the entries of D are bounded by
polynomials. This provides Ry € CJ[z], such that for all ¢ €]1, go[, for all n €
N, for all w € K, with ¢"w € C-

T = q"_lwﬁw,q,n,l -D (q”_lw) Mw (q”_lw)‘ <(g—1)|R1 (¢"w)].

Let us bound 75. Due to the assumptions (¢) and (b), there exists Ry € C[z]
such that for all ¢ €]1, go], for all n € N, for all w € K, with ¢"w € C:
= |(D(@"w) = D(q"w,)) Mo (¢"w)| < (4= 1) |R2 (g"w)].
Let us bound the quantity 75. By assumption (i) and the fact that for
all z € C, ﬁ(z)‘ + |1, < S(|z]), we obtain that for all ¢ €]1,q[, n €
N, w € K, with ¢"'w € C:

T3 = ‘D (q”_lw,q) (Mw (q"_lw) - M, (qn_lw,q))’
< (P 4= (P + )

X ’Mw (qnilw) - Mw (qn71w7 Q)‘

<1+ (¢—=1)cr)mS (‘q”_lw‘) ‘Mw (q"_lw) - M, (q”_lw,q)‘ .

Since the polynomial S has real positive coefficients, S (|q”_1w’) <
S (|¢"w]). In particular, for all ¢ €]1,qo[, n € N, w € K with ¢"~tw € C:

My, (" tw) — My (¢" 1w, q)

73 < (¢ — 1)1+ (g — 1)er)mS (|¢"w|) -1

This concludes the proof of (5.4) and yields (5.3), because of the trian-
gular inequality.

Step 3: Construction of Sj.
We recall that k € N is the degree of S. Before constructing Sy, we are
going to prove that for all b > 0 sufficiently big, for all z € C N R K and
for all g close to 1

e (012" ) + (g = 1) (1Rala2)] + | Ra(a2)] )

B o D+ = DeymS(eDen (b121) < g (blasl").
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Using the g¢-difference equation satisfied by the g-exponential, we find
that this inequality is equivalent to:

|R1(g2)| + [Ra(g2)|

eqr (b\zr”)
_ e (vla=I")
h eqn (b |z|”)

= 1+ (¢" = 1)blz[".

This inequality is equivalent to the following:
|Ri(q2)| + [R2(q2)|

eqn <b|z\ﬁ)

Since Ry, R are polynomials, for all b > 0 sufficiently big, for all ¢ €]1, go[
and for all z € C NR>1 K, this latter inequality is true. This proves (5.5).

We recall that by assumption, 0 does not belong to the closure of C'. Using
(5.5), we obtain the existence of a polynomial Sy € Rs[z] of degree &, such
that for all z € C, Sy(|z]) > S(]z|), and such that for all z € CNRx1 K, for
all g close to 1

eqr (S0(12D) + (a = 1) (1Rs(a2)] + | Raa2)] ) +

(= 1)1+ (g = Der)mS(alzl)eq-(So(lz])) < eq= (Solal2D))-

14+ (¢—1) + (g = 1)1+ (¢ — 1)er)mS(qlz|)

+ (14 (g — 1)e1)mS(qlz|) < blklq |2|" .

(5.6)

Step 4 : Conclusion.
We are going now to prove (5.1) with the polynomial Sy we have defined
in Step 3. We will proceed by an induction on n. The step n = 0 is true
because of the assumption (a).

Induction hypothesis: let us fix n € N, and assume that if g €]1, o[, w €
K, with ¢"t'w € C,

M, (q"w) — My (¢"w, q)
q—1
From (5.3), we obtain that
’Mw (" w) — My (¢"w, q)

< eqe (S0 (la™w) ).

qg—1

S egr (50 (|qnw|)) +(q- 1)( |Ry (¢" " w)| + | Ry (q”“w)|)

+ ege (So (Iq"wl)) x (¢ =11+ (g = Der)mS (|g"w]) -
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Using additionally (5.6), we find that
Mw q"Hw - Mw anwa q n
( )q_l ( ) <eqn<50(‘q HwD).

This concludes the proof of (5.1). O

Proof of Proposition 5.2. — Let K be the compact considered in hy-
pothesis (i), with wy € K C C, so that we have

i (3t0.0) = (770,

uniformly on K. Let N(w, q) be the matrix, such that N(w, q) has entries

that are equal to the entrywise division of M (w) by M(w,q). Due to the
uniform convergence on K (assumption (i7)), the entries of N(w,q) con-
verge uniformly on K to 1, as g goes to 1. We are going to apply Lemma 5.4,
with

(Muz0)) = (M(z0) %0 N(w,g)

d (Mu ) = (M ) )

an () weK () wekK

where x, denotes the Hadamard product, that is (a;) xp (b;) := (a;b;).
If a,b,c € C, we have:

cK wekK’

(5.7)

|a—b|<|c\71\a><c—b|+’c_1—1‘ X |b] .

We are going to apply this inequality entrywise, to the entries of M (¢"w, q),

M (¢"w) and N(w, q). Since the entries of N(w,q) tend to 1, we find that
there exists d(¢) > 0, (resp. £(¢) > 0) that converges to 1 (resp. converges
to 0) as ¢ goes to 1, such that for all w € K and n € N, with ¢"w € C:

M (q"w,q) = M ("w)| < 3(q) [M (4"w,q) x: N(w,q) = M (¢"w)|

+ (q) [M(q"w)|
Using the assumption (iii), there exists R € Cl[z], such that for all z €
CNRx 1 K, 'M(z)’ < |R(%)|. Lemma 5.4 applied to (5.7), gives the existence

of a polynomial Sy, that does not depend upon w, such that for all ¢ close
to 1, for all w € K, for all n € N, with ¢"w € C, we obtain:

M (" w,9) = M (¢"w)| < (4= D3(@)eq (So (4" w) ) +2(a) IR (g"w).

In other words, for g close to 1 and for all z € CNR K, we have

[M(z.0) = M(2)| < (g = Dolg)eq= (0 (121) ) +2(a) IR()]

The uniform convergence follows immediately. O
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6. Proof of Theorem 4.5.

The goal of this section is to prove Theorem 4.5. In §6.1, we treat the
confluence of the “discrete” g-Laplace transformation. In §6.2 we prove
Theorem 4.5 in a particular case. In §6.3, we prove Theorem 4.5 in the
general case.

6.1. Confluence of the “discrete” ¢-Laplace transformation.

LEMMA 6.1. — Let a € C and k € Q. Then, for any ¢ > 1 and z € C*,
the following inequality is true ’eq (azk)f < exp |azk‘. Moreover, we have
li kY _ k
q1_>n% €q (az ) exp (az ) ,
uniformly on the compacts of C*.

Proof. — The coefficients of the series of function defining e, (azk) de-
pend upon the parameter ¢q. By construction, we have for all n € N and all
q > 1, n < [n]q, and therefore n! < [n]},. Then, for all ¢ > 1 and z € C*, we
have the following inequalities:

oo k 00 k
’eq(azk)’gz % SZ anzf’zexp‘azk’.
n=0 q n=0

The convergence is then a direct consequence of the dominated convergence
theorem, since the series defining e, (azk) is termwise dominated by the
series defining exp |az’C | O

Let d € R, let k € Q¢ and let f be a function that belongs to H—]I,€7 see
Definition 4.3, g := p1/,(f), f € ]HI , see Definition 1.1, and g := py /i, (f)

For the reader’s convenience, we recall the expressions of the Laplace trans-
formations of order 1 and k that come from Deﬁnitions 1.1 and 3.3:

[d] s @9 (e, q)
Li(9)(zq) = (1—q)e > Eewr

b)
lez %€q < p )
id

£1G) () = /0 h E(C))dc,

Z exp (%

LN () = pro £ 0 pryil ),

s

Ly (f) = pr o Lo pyy (f)
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Since f € ﬁi, there exist € > 0, constants J, L > 0, such that for all ¢ close
to 1, ¢ = f(¢,q) is analytic on S(d —¢,d + ¢), and for all ¢ € Rsq:

(6.1) |f ("¢, q)| < Jeq (LCF).
LEMMA 6.2. — In the notation introduced above, let us assume that we
have lirri f := f, uniformly on the compacts of S(d — ¢,d + €). Then, we
q—
have

lim £} (1)) =2 (7) ).

uniformly on the compacts of {z €S (d — g d+ ﬁ)

12| < 1/L}.

Proof. — The expressions of the Laplace transformations of order k al-

low us to reduce to the case k = 1. The variable change ¢ + (e~ allows

us to reduce to the case d = 0. Let us fix a an arbitrary compact subset K
of {z €S(—&,+%) ’|z| < 1/L}7 and let us prove the uniform conver-
gence on K.

The g-Laplace transformation can be seen as a Riemann sum with as-
sociated partition (ql)l ez Moreover, on every compact of 0, oo[, the mesh
of the partition tends to 0 as ¢ goes to 1. Using the dominated conver-
gence theorem, it is sufficient to prove the existence of (h;) € (R>0)Z that
satisfies )7, ., by < oo, such that for all ¢ close to 1,1 € Z and z € K,

(a—1)d'f (¢, q)

e @iz | M

By definition of the g-Laplace transformation and (6.1), we have for all z €
K

)

L q(Lq)

e < @-n3 |14 |

leZ

Foralll € Z, z € K, g > 1, we have:
¢ eq (Lg'™tY) | ' 14 (q—1)Lg" ||q'J eq(Lq')
z eq(q't?/2) L+ (g =1)g"*/z[| z eq(d/2) |

Let R € Ryg, My < 1, go > 1, such that for all z > R, for all z € K, and
for all g €]1, qo],

(6.2)

(6.3)

' 14+ (¢—1)Lx .

a7 (¢ —1)gx/z
Let g — lo(¢) € Z be the smallest integer that satisfies

qlo(‘Z) > R.
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We will break the series into two parts, and start by treating the con-

vergence of ( Z q f l+1/) ) to / zflf(g)efgdq. Because of
z R
I=lo(g) ~

(6.2) and (6.3), for all ¢ e]l,qo[, I >1p(¢) and z € K, we have

gt eq (L) q'J e (Ld')

z eq(q'?/2)

By iteration, we find that

< My

o0

(@-1) Y

1=lo(q)

lo(Q)J eq quo(Q))
lo )H/z)

l o0
qJ eq (Lq
z eq (¢t /z) Z

=0

(1)

Using Lemma 6.1, we obtain that |e,(z)| can be bounded for (z,q) €

Kox]1,qo[, where Ky is an arbitrary compact of C. Moreover, the fact
%, implies that el ( ] can also be bounded

that e,(z) vanishes only on
for (z,q) € K1x]1,qo[, where K1 is an arbltrary compact of C\ R.g. In
particular, we find that for all Ry € Ryq

L
(6.4) sup _eq(LT) < 00
z€[1,Ro], eq(qr/z)
q€]1,q0],
zeK

Then, we obtain that for all ¢ €]1, go[ and for all I > ly(q),

(1)

o0

-3 |2
=0

lo(q)J eq (quo( ))
e lo(q +1/Z)

< . ( RaJ eqy(LRz) i(M)
X up q— 1
z€[1,q0], z eq(qRz/2) =
q€]l,q0],
zeK
C1— My
RxJ LR
where My := sup |[(¢—1) m M is a real positive constant.
R
z€[1,q0], 7 eq(qRz/z)
q€]1,q0],
zeEK
Hence, we have
oo
q f d,q) M,
q_l Z l+1/Z \1_M1<OO7
1=lo(q)
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and the dominated convergence theorem gives

¢ flda  [* 5. ¢
(6.5) ;E)nq—ll;) e /Rzlf(é‘)e Sdc,

uniformly on K.

lo(g)—1 ¢ f (ql7q)

Let us now treat (¢ — 1) Z = . Because of (6.4), we may
ze

2 T @)
define S I
My = sup |LCall?)
z€l0,R], | # €q(qx/2)
q€]1,q0l,
zeK

Therefore, for all g close to 1 and for all z € K, we have

lo(q) l i lo(q)—1
¢ f(d.q) q (¢—1)RM;3
1 LI L 1) 'Ms < qRMs.
(g )I:E—oo s e (d1/2) (@=1) Y g Ty S OEMs

Consequently, due to the dominated convergence theorem, we have

lo(g)—-1 1 R _ )
lim(g—1) > ief(g?;f)z) - [ Foetac

q—1
l=—

l=—00

uniformly on K. This limit combined with (6.5) yields the result. |

6.2. Proof of Theorem 4.5 in a particular case.

In this subsection, we are going to prove Theorem 4.5 in a particular case.
Let us start by recalling some notations. See §1 to §4 for rest of the nota-
tions. We consider (4.3), that admits h € C[[z]] as solution and by, . . ., b,
as coefficients. In other words, we have

B (2)6™ (;}(Z)) 4o+ Do(2)h(2) = 0.

Let dp := max (2,deg (EO) y ..., deg (Em)) Let k1 < --- < k,._1 be the
slopes of (4.3) different from 0, let k,. be an integer strictly bigger than k,_;
and dyp, and set k,11 := 4o00. Let (k1,...,k,) defined as:

. = ki ! kz+11

We define the (ki,...,ks) as follows: We take (k1,...,%,) and for i =
1,...,r, replace successively k; by «; terms «;k;, where «; is the smallest

integer such that a;k; is greater or equal than dy > 2. See Example 1.4.
Let 8 € N* be minimal, such that for all ¢ € {1,...,s}, 8/k; € N*.
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In this subsection 6.2, we are going to assume that z — h(z,q), h(z) €
C [[Zﬁ]] Ramification in §6.3 will allow us to reduce to the case tackled
in the present subsection. Note that in this case, we have h = h(?). For the
reader’s convenience, we will decompose the proof of Theorem 4.5 in four
steps.

Step 1: Construction of g
Let us consider a general formal power series f e C Hzﬁﬂ (resp. f €
C[[#”]]) that satisfy a linear &4-equation (resp. d-equation) of order
mgy with coefficients in C [zB] Then, for all i € {1,...,s}, Py (f)

(resp. p, Yoes (f)) satisfies a linear d4-equation (resp. d-equation) with coef-
ficients in C[z]. Therefore, Propositions 1.2 and 3.4, combined with the def-
inition of the Borel transformations (see Definitions 1.1 and 3.1) imply that
foralli e {1,...,s}, 3%;1_ (f) (resp. 3; (f)) satisfies a linear d,-equation
(resp. d-equation) of order independent of ¢ (resp. of the same order than
the d,-equation satisfied by l§q7ﬁ~i (f)) with coefficients in C [zﬁ]

In particular, for j € {1,...,s}, l?};v? 0---0 B; (E) satisfies a linear 0-

equation that we will see as a system. We define 3 as the union of ¥,
the set of its singular direction that has been defined in Proposition 1.5,
and the argument of the poles of the differential system satisfied by the
successive Borel transformations. The set 3 C R is finite modulo 27Z.

Step 2: Local convergence of the ¢g-Borel transformations.
From what is preceding, Bq s oo l§q = (ﬁ) (resp. L?':l 0---0 B,: (71))
satisfies a linear d,-equation of order m; € N, that we will see as a system
5,Y (¢.a) = B(G)Y (,q) with ¢ = Id+ (¢ = DE(C,q) € GLu, (C (7))
(resp. a linear d-equation of order m; we will sce as a system 0Y(() =
E(QY(C) with E(C) € My, (C(¢7) ).

Because of Proposition 1.5, l§n~1 0---0 3; (TL) is convergent. Let us
prove that ¢ Z%q Soeo l?q = (ﬁ) eC {Cﬂ}. Due to (A2), the slopes

of the o4-equation satisfied by h are independent of ¢, and the smallest
positive slope is k1. As we can see in [32], Theorem 4.8, (see also [6]), there
exist C1(q), Co(q) > 0, such that for all [ € N, for all ¢ > 1

’ﬁl(Q)‘ < C1(q)02(q)l ([l];) l/lc17
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where h(z,q) = 3 hi(g)z'. By construction of the &, we have Y25 &, =

1k
S kit = kyL. Since for all I,k € N*, and for all ¢ > 1, ([kl];) <1
we find that for all [ € N, for all ¢ > 1,

»

iu(@)| < Cr(@Cata) TT1/R,

=1

Hence, we obtain that ¢ +— Bq 0o Bq ot (il) eC {(ﬂ}. Once we apply
Lemma 4.2, we find

(6.6) lim[;’~o---o[;’~(iL>=l§~o--~ol§~(ﬁ),

qg—1 DR q,Ks

uniformly on a closed disk centered at 0.

Step 3: Local convergence of the ¢g-Borel-Laplace summation.
Let d € R\ 3. The variable change ¢ Ce™ allows us to reduce to the
case d = 0. By construction of X, E(C) has no poles for ¢ € S(—¢, +¢).
Because of the assumption (A3), Propositions 3.4 and 1.2, we deduce
that E((,q) has no poles for ( € S(—¢,¢) and for ¢ close to 1. Because
of Lemma 5.1, the series z — Bq,/:l o Oéq,@ (71) (2, q) admits, for g close
to 1, an analytic continuation f;((,q) defined on S(—¢,¢). We want now
to prove that f1(¢,q) converges to fl(C ) on a convenient domain.

Due to Proposition 1.5, there exists By > 0 such that the functions

IO  1(9)
exp (BlC’:l) s exp (Blc:l)

tend to 0 as ¢ € S(—¢,¢) tends to infinity.

Using
o ~ (R, Big™ -\
k) ~ [ B;¢r — q _ B,
q<6q~1( 1¢ ) > 1+(q—1)[Rv1]quC”1eq( 1€ ) ;
we obtain that M (resp. ]?1(() exp (—Blg’:l)) satisfies a lin-
‘(B0

ear dg-equation of order m; + 1 (resp. a linear d-equation of order m; +
1) with coefficients in C(z). Because of (6.6), there exists (o > 0, such
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that f1(Co,q) converges to J?l(Co) as q goes to 1. Let

fl(C7 q); FO(q) fl (C) _
€. (B1C 1) ) exp (Blcﬁl)
Y(CaQ) = ) YBl (C) = ’

AR LTV R A

€. <B1CK1> exp (Blc*‘l)
where the F;(q) € C are defined by:

Jqf1(¢, 5 f
on  BD gy o SO

e (31§ ) .o (Blg ) e

From what is preceding, there exist ¢ — Id+(¢—1)D((, q) € GLy, 41 <C(C))
and D(¢) € My, +1 ((C(C)), such that

0Y(Q) = DY)
LEMMA 6.3. — Let us consider C, a convex subset of S(—e,¢), that
contains {C € ?(—51,51)“(\ > (0/2}, for some €1 €]0,¢[, such that 0 does

not belong to its closure. Then, the systems

6‘1Y(<a Q) D(C7 q)Y(Ca Q)

oY) = DY),
satisfy the assumptions of Proposition 5.2, with K := {( € (E’K — (ol € 50}
and €y > 0 is a real positive constant sufficiently small.

Proof of the lemma. — We are going to check separately the three as-
sumptions of Proposition 5.2.
(¢) Because of the assumption (A3), Propositions 3.4 and 1.2, we obtain
the existence of ¢; > 0, such that for all ( € C,

B0 = E©)| < (4= Der ([BQ)| + 1)

With the g-difference equation satisfied by e - <B1C ’:1), this implies that
qh’,

we have the existence of ¢y > 0, such that for g close to 1, for ¢ € C,

D(¢.a) = D()| < (a=Dez (| D] + L)
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(73) Let ¢ € {0,...,m1}. Due to (6.6) and Lemma 6.1, F;(q) converges to 1
as ¢q goes to 1. Then, we have for all i € {0,...,mq}
§if1(¢, 5 f
. 1 (ST S (58
e~ (Biem) exp (B¢
q

K1

7

uniformly on a compact set with non empty interior containing (y. Let us
choose €9 > 0 small enough, such that we have the uniform convergence
on K := {( € (C‘\C — (o] € 60} and such that K is included in C. Because

031(¢0) 6 f1(¢)
eq;vl (31&1) exp (Blg“”l)
(#i7) From the choice of Bj, we have the existence of R € C[(], such that
for (e C, foralli e {0,...,m; — 1}:

5 (F(Q) exp (=B1¢™) | < IR

of (6.7), F;(q) and are equal at (p.

O

We need now the following elementary lemma.

LEMMA 6.4. — For all z € C, for all ¢ > 1, we have ey (12])* <
eq (I(1+q)z]).

Proof of the lemma. — Let us remark that the two functions are equal at
z = 0. The lemma is now a direct consequence of the g-difference equation

of e (2D)® ) 142 -1l + (¢* — 1?2 eg (|2))*
Neg 1L+ 9)z)) ) 1+ 1+ ) (g = DIzl + (62 = 1)2qlz? eq (11 + 9)2])
1+2(¢? — D2 + (¢° — 1)°[]?
1+ (1 +q)(q® — Dz + (¢* — 1)2ql]* ~
We finish now the proof of Theorem 4.5, in the particular case z — iz(zg qQ),
h(z) € C [[27]]. Let us define d (resp. €) as the maximum of the degrees of

the numerators and the denominators of the entries of D(¢) (resp. E(¢)),
written as the quotient of two coprime polynomials. Using the differential

O

since

equation satisfied by exp (fBlcm), we find that d < max (€, k1 ). Because
of Remark 1.3, and the definition of dy and k7 (see the beginning of the
subsection), € < dy < k1. Hence d < k1. Proposition 5.2 applied to the
systems

6QY(Ca q)

D(¢,9)Y (¢, q)

Y (C) D(O)Y(¢),
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implies that there exist R, Sy € C[z], d(¢),e(q) that converge respectively
to 1 and 0 as ¢ — 1, such that

AR  A©)
e~ (Bic7)  exp(Bich

K1

b (a=1)d(g)e (o (I¢]) ) +=(a) [R(C)I.

There exists a polynomial S; with degree k71, such that for || sufficiently
big and for all ¢ close to 1,

e = (Bic™) e (S0 <e = (1501

g1 K1

By construction, k1 > 2, (see the beginning of the subsection). Using
Lemma 6.4, we obtain that for || sufficiently big,

e = (1101) < e (19001)” < e+ @) 1510001 ).

k1

Since Fy(q) converges to 1 and the fact that f1(¢) exp (—31 C’:l) is bounded
by a polynomial, the triangular inequality yields
—0
f[G}H;}
Moreover, due to Proposition 5.2, we have lini h= fl, uniformly on the
q—r
compacts of CNRx1 K := {acw € C‘m € [1,00[,w € K} Hence, we find
that there exists 5 €]0,¢;[, such that lim1 f1 = f1, uniformly on the com-
q—

pacts of S(—¢2,£2). We may now apply Lemma 6.2 to obtain the existence
of Ly > 0, such that we have

lim £ (fl) (Ca)=Lx (ﬁ) (©),

q—1 g,k1

— ™ ™
uniformly on the compacts of (€ S| ——,+— ‘|C| <Lpp.
2&1 2&1
If s > 1, we apply for j = 2 (resp. j = 3, ..., resp. j = s) the same
reasoning with the analytic continuation of

J

a5 (Bi7) o= £l (fa)e 5 (Bi67)
and

F5(¢) exp (‘BjC;:") = Lo— (fj_1) exp (—ng@) ,
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where B; > 0 are chosen sufficiently large. We again use Propositions 1.2
and 3.4 to prove that they satisfy linear J, and d-equations with coeffi-
cients in C(¢), which are the same as the linear J, and d-equations satisfied

~ ~ ~ ~\ —1 n N ~ ~
by B, ~o 0B, ~ (h) e ~ (ngﬂ and B~ o- - 0B~ (h) eXp(—BjC“j).
sKj sKs q"uj Kj Ks
We have proved the existence of Ly > 0, such that we have

im 509 (1) = 3 (7).

q—1

uniformly on the compacts of {z €S (—ﬁ, —&-ﬁ) ‘|z| < Ll}.

Step 4: Global convergence of the ¢-Borel-Laplace summation.
To finish the proof in the particular case z — h(z,q),h(z) € C [[2"]], we

have to prove that

tim 5 (R) = 8° (1)

q—1
uniformly on the compacts of S (—ﬁ, +2Lm> \UR>1q;, where «; are the
roots of by, € C[z]. Let K be an arbitrary compact of S (—ﬁ, +ﬁ) \
(UR>1a;, and let us prove the uniform convergence on Ky. Without loss of
generality, we may assume that Ky is convex and has non empty intersec-

tion with the open disk of radius L; (we recall that L; was defined in the
end of Step 3) centered at 0.

From Remark 3.5 (resp. Proposition 1.5), we deduce that S{[Io] (ﬁ)

(resp. S° (E)) is solution of the same linear J,-equation than h (resp. the

same linear d-equation than E)
Let |z0] < L1 with zp € K. We are going to use Proposition 5.2 with C' =
Ky and with the systems

6,Y(z,9) = F(z,9Y (2,9
Y(2) = F(2)Y(2),
where

Y(¢q)= (5;5501 (h) Gi(q)) Y ()= (51'50 (%))

25 1d+ (¢ — 1)F(2,q) € GLy, ((C(z)) F(2) € My, ((C(z))7
and G;(q) € C are defined such that:

5150 (h) Gilq)

i€{0,...,m—1} ic{0,....m—1}

— 5150 (E)

z=z0 Z2=Zz0
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The assumption (¢) of Proposition 5.2 is satisfied because of the assumption
(A3), and the two others are trivially satisfied, since Ky is bounded.

This yields lim Sy [0} (ﬂ) =50 (71) uniformly on Ky, and completes the

proof in the partlcular case z — h(z,q),h(z) € C [[27]].

6.3. Proof of Theorem 4.5 in the general case.

In this subsection, we are going to prove Theorem 4.5 in the general case.
See §1 to §4 for the notations. We recall that for all [ € {0, ... 1} we
define h) e C[[#"]], so that h= Zﬂ ' 2h(D). Let us set Y= Uz 0 2w
(see Step 1 in §6.2). Let d € R\ X After considering 2 — ze ~id we may
assume that d = 0.

Looking at the term with z-degree congruent to j modulo g , for j =
0,...,7 = —1, we find that the equation satisfied by his equivalent to
the following family of d,-linear equations:

0 = ZkJ dO,k,l(zaQ)égﬁ(l)(zvq)

0 = Yprds-1ku(2 )00 (2, q),

where z — dj 1, € C [zﬁ] .Let 1 €{0,...,5 — 1}. Following the equalities

p-14 zmzj/g B=17 (e2inli/B
A0 (2, q) = %,4) Gy N (T 2)
Z q — Z eQZﬂlJ/ﬁB ) z h’ (Z) - ZO 62i7rlj/ﬁ/8 ’
Jj=0 =

we obtain that for all I € {0,...,8 — 1}, h®(z,q) (resp. h(D) satisfies a
linear g-difference (resp. differential) equation with coefficients in (C[zﬂ].
Moreover, for all [ € {0,...,8—1}, R, converges coefficientwise to 30
and the equations they satisfy have coefficients that check the assumptions
(A2) and (A3).

Because of the fact that 0 € R\ f}ﬁ, Proposition 1.5 implies that for
all 1 €{0,...,8— 1}, there exists S0 (71(1)), asymptotic solution of the

same linear d-equation than h(). These latter can be computed with Laplace
and Borel transformations.
Using the case z — h(z,q),h(z) € C [[27]] (see §6.2), we can compute

forgclosetol,and! € {0,...,5— 1}, 2 — S([ZO] (?ﬂ”) € M(C*,0), solution

of the same family of linear §,-equations than h(®. Because of Remark 3.5,
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we find:
0 = Zk,ldo,k,z(z,q)égs([lo] (h(l))
0 = Zk,zdﬁ—l,k,l(z,q)é"’s[o] (}}(l)).
Hence, we obtain that for g close to 1, 57 (1) 1= Y2 215" (V) sar

isfies the same linear J,-equation than h. We apply now the theorem in the
case z iL(Z, q),h(z) e C HZBH previously treated, to prove the existence
of Ly > 0, such that we have

iy 500 () = 3 (1) == 35 (1)

=0

uniformly on the compacts of {z es (— L) ‘\z| < Lg}. To con-
clude, we have to prove

i 59 (1) =5 (7).

uniformly on the compacts of S (—ﬁ, —l—ﬁ) \UR>1q;, where «; are the

roots of by, € Clz]. This is the same reasoning than for the particular case
2 h(z,q),h(z) € C [[2”]] (see Step 4 in §6.2). This completes the proof
of our main result, Theorem 4.5.

7. Basic hypergeometric series.

We refer the reader to [17] for more details about basic hypergeomet-
ric series. We recall that p = 1/¢. In this section, we will say that two
functions are equal if their analytic continuations coincide. Let r,s € N,
let ai,...,a.,b1,...,bs € C\¢", with different images in C*/¢”, and let us
consider the formal power series

A1y, Qr
rPs P,z
by, ... bs
— a17 (arap)n ( n,n(n—1)/2 Ls=r n
-1 p ) z
z; b17 ) oo (bsip)n =)

where (a;p)p+1 := (1 — ap™)(a;p),, and (a;p)o := 1, for a € C. Assume
now that » > s+ 1 and [[;_, a; # 0. In this case, the formal power series
is divergent. Let us put p := ¢~/("=5=1 and ¢ := ¢!/("=s=1.
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A1y...,0pr
LEMMA 7.1. — The series ,ps Dy 2 satisfies the lin-
b1,...,bs
ear o4-equation

<(0q U H<Ug —big) + z(_l)s_rﬂusa?s_r H(Ug - ai))

=1 i=1
Aiy...,Qp
X | rps D, 2 =0,

which admits 0 and 1 as non negative slopes.

0 s+1 s+2
ag, - 5, A
Proof. — Let us define (u,,)nen € CN such that . D2 | =
by,...,bs
> nen Un2™. Let us fix n € N. We find that
S T
unJrl(l _ Bn-{-l) H(l _ bzgn) — un(_l)l—&-s—rgn H(l _ algn)
i=1 i=1
and then
S T
Un+1(g"+1 —1) H(gn-‘rl _ bzg) _ un(_1)1+s—rg1+sgn(2+s—7') H(gn - (li)~
i=1 i=1

Multiplying the two sides of the equality by 2”1, we obtain the result. O

Let aq,...,qp,f1,...,8s € C\ (=N) with different images in C/Z. If we
put z =z (1 — Q)HS_T, we have the following convergence coefficientwise
when p goes to 1:
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where
Ay, Oy 0o
(a1)n - - (ap)n
rFs iz | = Z —_— 2"
n! - (Bs)n
ﬁlu"wﬂs n=0 (51) (5 )
and (a)g := 1; (@)p+1 := (@ + n)(a), for a € C. Applying Lemma 7.1, we
Pty por
obtain that the first series satisfies A | s D, =0
B,BI’ o ’Eﬁs
where

1 — pBi—1 r 1 — poi
=9 H(& +—£ >+z(—1)5"”q2+25‘ra§+5—rH(& +—£ )

i=1 1—g

Using the same reasoning, one can prove that the second series satisfies

. Ay, Qp
A | F; s(=1)tsTry = 0, where
517 s 7ﬂs
A=sJJ+8-1)+2(-1)""[[ (0 +a).
i=1 i=1

The above series do not satisfy the assumptions of Theorem 4.5, since the
slopes of ﬁ, do not correspond to the slopes of A, that are positive. Notice
that the assumptions of [13], Theorem 2.6, are not satisfied as well.

The goal of this section is to show that if d #Z (r—s—1)7[27], we may ap-

PP
ply successively Eq and L&d], see Definition 3.6, to ¢, B B P |,
pﬂl - ’pﬁs
and prove, by making explicitly the computations, that we obtain a function
N Ay, Qp
that converges, as g goes to 1, to Se | . Fy S(=1)tsre
517 s 7ﬂs
The case 7 = 2 and s = 0 has been treated in [45], §2.
A1y...,0p
First, we are going to consider ,.¢; ;p, 2 |, which satisfies,
b1,...,bs

see Lemma 7.1, a linear o4-equation with non negative slopes 0 and 1. As

we can see in [45], §1, if d # (r — s — 1)7[27], we can compute a solution
A1y ey Qp

of the same linear o,-equation than ,¢p; Dy 2 applying
bi,...,bs
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Aiy...,Qp
successively to it éq and Lgﬂ. Applying Bq to s iz |,
bi,.... b
we obtain for all d # (r — s — 1)7[27]
Aly.e.yp
h(¢) = rpro1 2, (~)TTC | e Hy,
bi,...,bs,0,...,0
Fora,ay,...,ar € C,let (a;p)o0 := H(l —ap"),and (ai,...,ar;P)oo :=
n=0

k
H(ai;g)oo.Forallj e{l,...,k}andas,...,ap € C,let (a1,...,a;,...,ax)
i=1

be equals to the finite sequence (aq, ..., ax) after the withdrawn of the el-
ement a;. As we can see in Page 121 of [17], the convergent series ,¢,_1
may be expressed with connection formula at infinity:

A1y...,0p
rPr—1 ;Baz
bl7' abr—l
Z (a1,...,a5,...,ap,b1/a;,...,bp_1/aj,a;5z,p/a;z;p)oo
(b1, b 1,a1/a],...,aj/aj,...,ar/aj,z,g/z;g)oc
aj,a;jp/bi,...,a;p/b._1 | pHr—l
X rPr—1 . s ZH 1661

ajp/ai,...,a;p/aj,.. .,ajg/a,

Making bs41,...,b-—1 goes to 0, we find:

h(C) = XT: (0’17 - 7@7' B ,ar’bl/ij-\"' 'abs/aj;B)oo®g<(*l)87TajC)
j=1 (bl""’bs’al/aj""’aj/aj""’ar/aﬁ]j)oo@g((—l)s—rg)

aj, ajg/bl, ey aj]g/bs (_1)1+S_Tpa;_s_lnf:1bi

X s4+1Pr—1 . 3Py CH’[‘ @
L a
ajp/a,...,a;p/aj, ... a;p/ar ¢

The next lemma gives the expression of the g-Laplace transformation of the
first term of the sum of h. The expression of the g-Laplace transformation
of h will follows directly.
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LEMMA 7.2. — Let d # (r — s — I)n[27], A == (¢ — 1)e’’ and o :=
(—1)5Tpal T 2by .. b

az...ar

Ly (®q<(_l)s_ralc> 1971 ( B e ))
a s S r 17a<
61((*1) <) aip/as,...,a1p/ay

is equal to

@g((—l)s_ral)‘) @g(alz/)\) al,alg/bl,...,alg/bs,O N
s+2¥Pr—1 Y .
S el )

Proof. — Using the expression of @1, we find that for all k € Z,

°. Then,

aip/as,...,a1p/a,

GQ(ka) = gk(kfl)/sz@g(z).
Let us write

ar,a1p/by,...,a1p/bs
o

f(Q) := sy1pr1 Py
aip/as, ... ,a1p/a,

and

ar,ai1p/bi,...,a1p/bs,0 0o
@ -1
9(2) = st2pr—1 3Dy, — =: E giz -

a1p/az, ..., a1p/ar I 1=0
Then,
@q ((—1)5_7"@1() a17alg/b17"'7a1£/bs
Lgi] — s+1Pr—1 ;]2, Z
@g((_l)sfrg) aip/ag,...,a1p/ay

_ ar1z\" —n(n— N

= - a1z —n(n—1)/2 ¢ _—In ~
@g((—l)s—r)\) @q(Aq/Z)n%lZ( ), fig™ "X

ANNALES DE L’INSTITUT FOURIER



CONFLUENCE OF MEROMORPHIC SOL OF ¢-DIFF EQUATIONS 481

We apply now Fubini’s Theorem to conclude that

@g((—l)swm)\) T N R
A EEDE (Aq/z)élz( ) e g

Do), e o

"o an—1)/2p iyl
0, ((=1)="2) @q(Aq/z>l§n€Z V) e fig™"A

@‘Z((—l)s—ralA)Z a1z/)\>) iﬁp H=1)/2g g~

We have proved:

THEOREM 7.3. — Let d # (r—s—1)m[27] and let S[gd] (rs) be the func-
A1y...,0p

t0 s 1D, 2
by,...,bs

tion obtained applying successively Bq and L[gd}
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Then
i (a1,...,@5,...,ar,b1/aj,...,bs/a;;p)oo
=1 (b1, bs,al/aj,...,m,...,ar/aj;g)oo
)
0, (-1 (1= e 8, (7= )
aj,a;p/bi,...,a;p/bs,0 (—1)s—7ar—5-2 .5
X s4+2Pr—1 o Py ZH::1 @

ajp/a,...,a;p/aj,...,a1p/a,

Let aq,...,ap,B1,...,8s € C\ —N with different images in C/Z. We
replace now a; by p®, b; by pﬁl, zbyx =z (1 — )HS*T and consider
the limit as p goes to 1. It is clear that for all j € {1,...,r}, we have the
uniform convergence on the compacts of C*

Baj7gaj_61+1’ L 7}2%'—,35-&-1’ 0

limgiop,—1 ;
p—1 —
= pa,‘—a1+1)...7Baj—aj+17__.7£aj—ar+l

(71)877‘ij (r—s—2)+p1+---+Bs

p, l’po‘1+"'+a’“
aj,aj—ﬂ1+1,...7aj—ﬂs+1 (_1)577‘
:s+1Fr—1 /\ ; 2
o —ar+1,.. .05 —a;+ 1, 0,05 —ap + 1
As we can see in [45], §2.3,
e For v € C,
v, 1 —p)—1L
lim (2", p)(1 ~ p) = I‘(Ay)_l.
p—1 (P, P)o
e We have
. Og(pTu) _
lim ——— =u7",
p—1 @g(u)

uniformly on the compacts of {z € C*|arg(—=z) # 7}.
We have proved:
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THEOREM 7.4. — Let d # (r — s — 1)mw[2n]. Then,

P, P
lim 877 { o, p, @
- Bﬂl e 7@53
s i s—r Y
v TIP3 Thiss Tai — ) ((<1)°7"2)
i#j
= Hz;} (i) T2 T'(Bi — o)
aj,oaj—ﬁ1+1,...,aj—ﬁs+1 (71)57T
><S+1FT—1 A I

Oéj —al—l—l,...,aj —/o?—i—l,...,aj—ar—l—l
uniformly on the compacts of {z € C*|arg(—z) # d}.

Remark 7.5. — The right hand side of the limit equals to the func-
" Aly...,0p
tion S¢ [ . F (=)t

517"'7Bs

8. Application: Confluence of a basis of meromorphic
solutions

We study a family of linear d4-equations that discretize a linear é-equa-
tion, and the behavior of the solutions as ¢ goes to 1. After introducing some
notations in §8.1, we prove in §8.2; that a basis of local formal solutions
of the family of linear d4-equations converges to the Hukuhara-Turrittin
solution of the differential equation in a sense that we are going to explain.
We apply this and our main result, Theorem 4.5, to prove the convergence
of the g-Stokes matrices to the Stokes matrices of the linear differential
equation in §8.3. In §8.4, we show how to find the monodromy matrices of
the differential equation, as limit of g-solutions when ¢ tends to 1. When ¢
is real, this extends the results in §4 of [39] in the irregular singular case) .

8.1. Notations

Some of the notations below were already introduced before, see the in-
troduction, but we recall them for the reader’s convenience. For a € C*

() Notice that the results of this section do not allow us to recover Sauloy’s Theorem,
but are to be considered as an analogous result in a different situation.
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and n € N* let us consider O,(z) = Zqingwl)z”, lg(2) == 6(@9(1((2))),
neL a\?

Ngo(z) = @@q‘(?iz(jl), eqn (az™) and egn (az™™). They satisfy the g-difference
equations:

o 0404(2) = 204(2).
o oyly=1+1
o oMy a(2) =algq(z).

o Jyeqn (az™) = aln]yz"eqn (az™).

n.,—n

_ —a[n|qq "z
1+ (¢ —1)a[n]egmz="

o dgeqn (az™™) eqn (@z™™).

Let A be an invertible matrix with complex coefficients and consider now
the decomposition in Jordan normal form A = P(DN)P~!, where D :=
Diag(d;) is diagonal, N is a nilpotent upper triangular matrix with DN =
ND, and P is an invertible matrix with complex coefficients. Following
[39], we construct the matrix:

Ag.a 1= P (Diag (Agq,) €5 ) P71 € GL (€ (Iyy (Aga)ec-) )

that satisfies:

oghga = ANg 4 = Ag 4 A.
Let a € C* and consider the corresponding matrix (a) € GL;(C). By
construction, we have Ay, = Ag (a)-
We now introduce the g-exponential of matrices. For A € M,, ((C(z)),

we define:
n

ea(4) =3 i! € GL,, (M(C*,O)).

neN [n]q

8.2. Confluence of a basis of local formal solutions
Formally, we have the convergence lim1 dq = 6. We want to prove the
q—r

formal convergence of a basis of solutions of a family of linear d,-equations
to the Hukuhara-Turrittin solution of the corresponding linear J-equation.
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First, we will consider the family of equations,

A, = bm(z,q)é(’ln + bm—l(%Q)égkl + o+ bolz9)

A = bp(2)0™ 4+ b1 (2)6™Y + L+ bo(2),
that satisfies the following assumptions:
(H1) For all i, for all ¢ close to 1, z — b;(z, q), bi(z) € C[[z]].

(H2) For all 4, b;(z, q) converges coefficientwise to b;(z) when g — 1.
(H3) Viewed as a linear o,-equation, A, has slopes that belongs to Z. For ¢
close to 1, the Newton polygon of A, is independent of g.

(H4) The slopes of A belongs to N.
We consider now the associated systems

5qY(Z7Q) = B(ZaQ)Y(Z7q)
(8.1)

Y(z) = B()Y(2),

with z — Id + (¢ — 1)B(z,¢) € GLy, (C((z))),é(z) €M, (C((z))). From
Theorem 2.2 and the Hukuhara-Turrittin theorem (see §1), we have the
existence of

e 2+ H(zq),H(z) € GL,, (C((z))), such that the entries of the

first row of H (2, q) have z-valuation equal to 0,

e u; € Z, and matrices B;(q) € GL, (C), which are of the form
Diag;, (El(q)) where T ;(q) are upper triangular matrices with di-
agonal terms equal to the roots of the characteristic polynomial
associated to the slope p;,

e \i(2) € z71C[z7Y, Li € My, (0),

such that

f1(z,0) [Diag(Bi(@)= )] =1d+ (¢~ 1)B(z,0)
(8:2) _ . _

H(z) [Diag (Li + o (2) X Idmi)h = B(2).

We make two more assumptions:
(H5) For ¢ close to 1, the matrix Diag(Bi(q)z’“i> commutes with the
matrix Diag (Zl +6Xi(2) X Idmi>.

(H6) If H'(z) is any formal matrix solution of the differential system of
(8.2), then the entries of the first row of H'(z) have necessarily z-valuation
equal to 0. Moreover, we assume that the term of lower degree of each entry
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of the first row of H(z,q) converges as ¢ goes to 1, to the term of lower
degree of the corresponding entry of H(z).

Remark 8.1.

(1) Assumptions (H1) to (H4) are satisfied if the b;(z,q) € C[[z]] are inde-
pendent of ¢ and if the slopes of A, viewed as a linear o4-equation, belong
to Z.

(2) As we can see in [31], Theorem 2.2.1, up to a ramification, we may
always reduce to the case where the slopes of A,, viewed as a linear og4-
equation, belong to Z. Up to a ramification, we may also reduce to the case
where (H4) is satisfied.

(3) Assumption (H5) is satisfied if and only if, for all ¢ close to 1, Diag (Bz(Q))
commutes with Diag (L ) If Assumption (H5) is satisfied, then the the
blocks of Diag (Bi(q)z*’“) and Diag (Li + 60X (2) x Idmi> have the same

size.

(4) If, for ¢ close to 1, the B;(¢) and L; are diagonal, we may perform
shearing transformations on the differential system (resp. a diagonal gauge
transformation that depends only upon ¢ on the g¢-difference system), in
order to change the entries l”- of L; by l” + k;; where k; ; € Z (resp.
multiply to the right A (z,q) by a diagonal complex matrix), and to reduce
to the case where (H6) is satisfied. Notice that in this case, (H5) was already
satisfied because of the point (3) of the remark. The B;(q) and L; are
diagonal if for ¢ close to 1, the multiplicities of the slopes of A,, viewed
as a linear o,-equation, (resp. the multiplicities of the slopes of &) are all
equal to 1. A weaker condition for B;(q) and Zl being diagonal is to assume
that A, viewed as a linear o4-equation, and A have exponents at 0 which
are not resonant.

(5) If Assumption (H6) is satisfied, then the C-vectorial subspace of
M,, ((C((z))) of solutions of the differential system of (8.2) has dimension 1.
Remark that the converse in not true.

(6) The slopes of A and Ay, viewed as a linear o4-equation, may be differ-
ent. We will make assumptions on the slopes in §8.3 and §8.4.

DEFINITION 8.2. — We say that the m x m invertible square matrix
F(z,q) belongs to OF,, if for q close to 1, the entries of z — F(z,q) are
meromorphic on C*, and F(z,q) satisfies

1

e We have the uniform convergence hm ((5 F(z, q))F(z7 q)"t =0, on

the compacts of C*.
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e We have the uniform convergence lini F(z,q) =1d, on the compacts
q—r
of C*.

Remark 8.3. — Roughly speaking, we can say that~ the two matrices
FI(Z Q)Diag(AqB (0)©9q(z )j“) and ﬁ]( )Diag (elOg(z)Lie)"'(z)XIdma:) are
fundamental solutions of the systems (8.1).

Let us write A;(z) := Zle Aijz 7 with k; € N. The next theorem says

that there exists a fundamental solution of 6,Y (2,q) = B(2,¢)Y (2, q) of
the form:

H(z,q)F\(z,q)Fs(z q)Diag; | A 1t (g-1)L Hqu ( 020 X Idmi) ,

such that:
o 2z Fi(z,9) € GLm(C{z}) and the matrix H(z,q)Fi(z,q) €
GL,, (C((z))) converge entrywise and coefficientwise to H(z) when
q— 1.

e The matrix Fi(z,q) belongs to OF, and therefore, for z € C*,
lim F5(z,q) = 1d.
qg—1

e Because of what is written in Page 1048 of [39] and Lemma 6.1, for
all z € C* \ R, we have the convergence

ki
lim Ding; | A, 4, o 7, Heq7( 3770 X T, )

= Diag (elog(z)Zi eX-(z)xIdmi) .

In other words, the above solution of 6,Y(z,q) = B(z,q)Y (2, q) formally
converges to the fundamental solution I;'(z)Diag (elog(z)LieM(Z)XIdmi) of
§Y (z) = B(2)Y(z) given by the Hukuhara-Turrittin Theorem. Of course,

written like this, this statement is not rigorous since the matrices can not
be multiplied among them, see §1.

THEOREM 8.4. — Let us consider the systems (8.1) that satisfies the

assumptions (H1) to (H6). Let Bi(q), L; and X\i(z) = 2521 Xi,jz_j that
come from (8.2).
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(1) There exist z — Fi(z,q) € GLy, (C{z}), Fy(z,q) € OF,, 2= N(z,q) €
M,, ((C(z)) such that

Fi(z,9) [Id + (¢g—1)N(z, q)] = Diag (Bi(q)z_‘”),

9q

where N (z,q) satisfies:

ks
dq | F2(z, q)Diag; Aq1d+(q VI H€QJ< ij2 7 xIdmi)

= N(Z7q)F2(Zaq)Dlagz Aq Id+(g— 1)L H qu ( ’sz—j X Idml)

(2) The matrix H(z,q)Fi(z,q) converges entrywise to H(z) when q — 1.
Moreover, there exists an integer N, such that for q close to 1, z +—
NHA(z,q)Fi(2,q) belongs to M,, ((C[[z]]) .

Notice that the point (2) implies in particular that 2N H (z) € M,,, ((C[[z]]) .

Before proving the theorem, we state and prove a lemma:

LEMMA 8.5. — Let us consider an invertible complex matrix that de-
pends upon q, A(q), and assume the existence of k € N*, such that we
have the simple convergence lin% Alg)~Hg—1)* =0€ M, (C). Let n € Z.

q—

There exist
o 2z Fi(z,q) € GL, ((C{z})
o Fy(z,q) € OF,

such that

oq (El(Z»Q)F2(27Q)) = 2"A(q)E1(2,q) Fa(2,q) = E1(2,q) Fa(z,q)A(q)2".

Example 8.6. — Let us solve 0,Y (2,q) = ﬁ}/(z, q) with solution in
the same form as in the lemma. The trick of the proof of the lemma is the
following identity that is valid for all z € C*:

I
TP T

We may take E(z ( ) that satisfies o <(q_zl)3> = (1 + 7(q_21)2)><
eq (ﬁ) and Fy (z,q) = eq (%) that satisfies the ¢-difference equa-
. (¢—1)\ _ 1 (g—1)

tion o4e, (q ~ ) = e €q (q = )
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Proof of Lemma 8.5. — For, I,d € N* with [ > 2, let us define the

function f; 4 := ega ((qfl)zlil[d]q> €qd (qd([‘flizlz);_1>, that satisfies:

24 24

oqfid = Wfl,d = fl,dma

q
also consider z — e, (%) e GL,, ((C{z}) and e, (W) c
GL,, (C{z_1}>. We can prove that they satisfy

= (10 200 ) e (e

o4t <q<ql>A@>> _ <1d+ (a- 1>’“1A1(q>> . (q(q —)*A(g)

z z z

—e, <q(q_1)kAl(q)) <Id+ (q— 1)’“+1A1(q)>1

with z — ega (m> € C{z} and epa (%) € O7. Let us

and

z z

Hence, ¢, (W) € O, and we have:

oq [ €q iA(q> e, Q(q—l):A‘l(q)
( ((q 1)k+ )ZA(E) » )) o
(i) oo )

T lg— )T \(g - 1R z

e, (( 2A(q) )eq <Q(q— 1)kA‘1(q)> ( zA(q)

q— 1)k+2 z q— 1)k+1'

Let us choose dq,ds, 1,15 € N* with [1,l5 > 2, such that dy —ds +1 =n
and Iy + (k + 1) = l. Then,

foas (o) Lo ((qz_Al(;zg+2> ‘. (q(q - 1);241((1)) ’

is solution of 0,Y (z,q) = 2"A(q)Y (2,q) = Y (z,¢9)A(q)z" and admits a
decomposition that has the required property. O

Proof of Theorem 8.4.
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(1). Let us define

and

which satisfy

Uq<VV3(Z7Q)VVE(ZaQ))

ki Jyi
=Diag; [ [[ — L5 x1dm, | Wi(z,q)Wa(z,q).
j=1 (¢ — )[slgAi,s

Because of (8.2), the matrix Diag; (Hf_l % X Idmi> commutes
q—L)0]q N5

with the matrix Diag (A and we obtain that:

q7Id+(q*1)’Lvi)

oq <Diag (Aq)ld+(q_1)zi) Wi(z, Q)W2(27Q)>

ki

— Diag, @+@4ﬁJE@ﬁh%j

x Diag (Aq’ld+(q71)zi> Wi(z, ¢)Wa(z, q).

Let

—1
ki

C(z,q) := Diag (Bi(q)z**“) Diag; (Id + (¢ — 1)ZZ)U m

o

=: Diag (C’i(q)z"i).

If we are able to construct z — FEq(z,q) € GL,, ((C{z}) and Fy(z,q) € OF,,

that commute with Diag (Bi(q)z_‘”) and are solution of

Oq (El(za Q)FQ(Za CI)) = O(Z, Q)El(za Q)FQ(Za Q) = E1(27 q)F2(Za Q)C(z7q)a
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then the following matrix would be a fundamental solution of the linear o,-
equation 0,Y (2, q) = Diag (Bi(q)z*’“)Y(z, q):

(83)  Ei(z@)Fa(za)Diag (A, 14y, 07, ) Wiz 0 Wa(zq).

Let us construct the matrices £ and F5 using Lemma 8.5 applied on each

block C;(q). Let us check that the matrices ¢ — C;(q) satisfies the assump-

I=1 (g=DlleAis
satisfy the assumptions of Lemma 8.5, it is sufficient to prove that the ma-

tions of Lemma 8.5. Since the matrices ((Id +(q— I)Ei)nki W)

trices B;(q) satisfy the assumptions of Lemma 8.5. Using Theorem 2.2,
the B;(q) are of the form Diag;, (ﬂl(q)) where T;;(q) are upper triangu-
lar matrices with diagonal terms equal to the roots of the characteristic
polynomial associated to the slope j;. We recall that the linear J,-equation
is

Ag = bin(2,0)(0g)™ + bim-1(2,0)(8)" " + - + bo(2, ),

where the b; converge coefficientwise when ¢ — 1. Since for all n € N,

n
i == 3 (7)o tal,
k=0
a straightforward computation shows that each root of the characteristic
polynomial associated to a slope different from zero (resp. to the slope zero)
is of the form «(q)(¢ — 1) (resp. a(q)), where a(q) converges to a non zero
complex number. Therefore, each diagonal term of a B;(q) is of the form
a(q)(qg — 1) or a(q), where a(q) converges to a non zero complex number.
We recall, see (8.2), that the matrix H(z,q) satisfies

o (ﬁ(z, q)) Diag(BZ-(q)z_“’) = (Id + (¢ — 1)B(z, q))f[(z,q).

Using the convergence of the constant terms of the entries in the first row
of H(z,q), see the assumption (H6), and the behavior of the diagonal terms
of the B;(¢), we find that each non diagonal term of a triangular matrix
Bi;(q) is of the form a(g)(¢—1) or a(g), where a(g) converges to a non zero
complex number. Hence, for all i, B;(q)~*(q¢ — 1)? simply converges to 0
as q goes to 1.

Applying Lemma 8.5, there exist z — Ej(z,q) € GL,, ((C{z}) and
Fy(z,q) € OF, that satisfy

04(Br(2,0)Fa(z.) ) = Diag(Ci(a)2" ) B (2, ) Faz, )

= E1(q)F2(z, ¢)Diag (Ci(q)Z’Li> :
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Because of (H5) and the construction of E(z, q) and F3(z, q) (see the proof
of Lemma 8.5), we obtain that they commute with Diag (Bi(q)z_“i).

We have proved that the matrix (8.3) is a fundamental solution of the
system

oY (2,q) = Dlag(B(q)z ”1)Y(z,q).

We have the following relation:
oq (Diag (Aq Tt (g—1)E ) Wa(z, q))

ki ¢
= Diag; (Id—l— qg—1)L )H( ~>

(¢ = DilgAi
x Diag (Aq71d+(q71)fii) Wa(z, q).

Using (H5) and the construction of F5(z, q), we find that F5(z,¢) commutes

with Diag; ((Id + (g — 1)51) Hle <1 + # . From the construc-

tion of Fy(z,q), we find also that O'q(FQ(Z, q)) Fy(z,9)7! € GL,, ((C(z))
Let

U(z,0) = Fa(z, q)Diag (A, ., 7. We(2:4)) -

From what is preceding, we obtain the existence of z—N(z, q) € M,, ((C(z)) ,
such that 6,U(z,q) = N(z,q)U(z,q).
Because of (8.2), Wi (z,q) commutes with Diag (Aq,ld+(q—1)z71)'

of (H5), and the construction of Fy(z,q), Wi(z,q) commutes also with
F5(z,q). Let Fi(z,q) := E1(%,q)Wi(z,q). Then, by construction,

Fi(2) [Id+(q—1)N(z,q)} —Dlag(B( Yo~ m),

Because

Tq

and the matrices N(z,q), Fi(z,q) and Fs(z,q) have entries in the good
fields.

(2). We recall that the matrix U(z, q) satisfies the linear d,-equation:
6QU(Z7 q) = N<Za Q)U(Za q)

Let N(z) := Diag (L + 6Xi(2) x Idmi) which satisfies

5 (D1ag (elog(z)zieﬂ)\:i(z)xldmi)) — N(z)Dlag (elog(z)ziexi(z)xldmi> ]

ANNALES DE L’INSTITUT FOURIER



CONFLUENCE OF MEROMORPHIC SOL OF ¢-DIFF EQUATIONS 493

From what is preceding, we deduce the following relations:
6H(z) = B(2)H(z) — H(2)N(2)
o0 (A2 a)Fi(z.q)) (1d+(a - DN(z.q))

:Od+@—DB@ﬂD(ﬁ@ﬂﬁﬂ%@)

This implies that

6 (A= @)Fi(2.9)) = Bz ) (2, ) Fi(2.q) 00 (H(2.0)Fi(2,9)) (=,0),
and finally
(8.4)
6 (H(2,q)Fi(2,0)) (1d+ (4= DN(z,9))
= B(2)H(z,9)Fi(2,9) — H(z,0)Fi(2,¢)N(2,9).

We are going now to prove that the entries that belong to the first row
of H (z,q)F1(z,q) converge coeflicientwise to the corresponding entries of
H(z) when q — 1.

Let h(z,q) := Yool hn(q)z™ be an entry of the first row of H(z, ¢)F1(z, q)
and let h(z) = > hpz" be the corresponding entry of H(z). We want
to use Lemma 4.1 to prove that for all n € N, iLn(q) converges as ¢ goes
to 1 to 7Ln We are going to prove now that the assumptions of Lemma 4.1

are satisfied.

e The matrices B(z, q) and N(z,q) converge entrywise and coefficien-
twise to B(z) and N(z) when ¢ — 1. Therefore, using additionally
(8.4), we find that there exists a d,-equation with coefficient in C[[#]]
that is satisfied by iL(Z, q), with z-coefficients that converge to the z-
coefficients of a d-equation with coefficient in C[[z]], that is satisfied
by h(z).

e As we can see in Remark 8.1 (5), the vector space of Lemma 4.1
has dimension 1.

e By construction, Fi(z,q) is of the form Id + 2G4 (z, ¢), where z —

G1(z,q) € My, (C{z}) Hence for ¢ close to 1, the entries of the first

row of H(z q)Fi(z,q) have z-valuation equal to the entries of the
first row of H(z, q), which are 0 (see the paragraph just below (H4)).
Due to (H6), the entries of the first row of H(z) have z-valuation
equal to 0.

e Let us prove the convergence of hg(q) to ho. Since F (z,q) is of the
form Id + 2G1(z, q), it is sufficient to prove that the constant term
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of the entries of the first row of H(z,q) converges to the constant
term of the corresponding entry of H(z). This is guaranteed by
(H6).
We can apply Lemma 4.1, which gives that the first row of ﬁ(z, Q) F1(z,q)
converges entrywise and coefficientwise to the first row of H(z) when g — 1.

Let us prove now the convergence of the other rows. Let h(z q) be an
entry of H(z, q)F1 (z,q) and let h(z) be the corresponding entry of H(z).
Let hl(z Q)s -, hm(z,q) be the entries of the first row of H(z,q)Fi(z,q)
and let Ry (z ) .. ham(2) be the corresponding entries of H(z). From (8.4),
we find that there exist r € N, z — (dz}j (2, q))Kr i’ (J”)z ) € C((»)),

<rjsm
such that:

51y dis (200 (hi(z ) = h(zq)
(8.5)
Zi,jdi;j

—
N
~—
b
VRS
>
<l
—~
W
~
N———
I
>
—~
N
~—

and such that for all ¢, j, d; j(z, ¢) converges entrywise to gz](z) when g —
1. The entrywise convergence of h(z,q) to h(z,q) when ¢ — 1 follows
immediately from the case of the first row.

Using (8.5) and the fact that for all ¢ close to 1, the z-valuation of the en-
try of the first row of I:I(z, q)F1(z, q) are 0, we obtain the existence of N €
N, such that for all g close to 1, z — lefL(z, q) € Cl[[z]]. We apply the same
reasoning on the other entries of H(z, ¢)F}(z,¢q) to conclude the existence of

N € N, such that for g close to 1, z — zNﬁ(z,q)Fl(z,q) eM,, (C[[z]]) |

8.3. Confluence of the Stokes matrices

In this subsection, we combine Theorems 4.5 and 8.4, to prove the conver-
gence of a basis of meromorphic solutions of a family of linear §4-equations
to a basis of meromorphic solutions of the corresponding linear §-equation.
We consider the family of equations

Ay = bl 4 bmoi(z,9)00 7+ o+ bo(z,9)

A = (20 4 b1 (2)0™ 4+ L+ bo(2),
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and assume that they satisfy the assumptions (H2) to (H6) of §8.2 and the
two following assumptions:

(H1’) For all i < m, z + bi(z,q),b;(z) € Clz].

(H7) Every entry h of the matrix 2V H(z, ¢)Fi(z,¢) given by Theorem 8.4
(resp. every entry h of the matrix 2V H (2)), satisfies a family of §,-equations
(resp. d-equation) that verifies the assumptions (A2) and (A3) detailed §4.2.

As in §8.2, we consider the associated systems:

6,Y(2,9) = B(z9)Y(z9)

§Y (2) = B(2)Y(2).

The next lemma gives a sufficient condition for the assumption (H7) to
be satisfied. See Remark 8.1 for the discussion about the cases where the
other assumptions are satisfied.

LEMMA 8.7. — If the b;(z, q) are independent of ¢, and if (H1’), (H2)
to (H6) hold, then (HT) is satisfied.

Proof. — The matrix 2V H(z) satisfies the equation
) (szI(z)) = B(2)zNH(z) — 2N H(2) (N(z) — N x Id) ,

where N(z) = Diag (El + 6Xi(z) X Idmi) has entries in C[z7!]. From (8.4),
we obtain

(8.6)
dq (zNﬁ(z, q)Fl(z,q)> (Id + (g —1)N(z, q))
= ¢"VB(2)2VH(z,q)Fi(z, q) — 2VNH (2, q)Fi(z, q) (qNN(z,q) — [N]q x Id),

where N (z,q) converges to N(z). Let A(z,q) be an entry of 2NH (z,q)Fi(z,q)

and let h(z) be the corresponding entry of 2V H(z). Using (8.6), we obtain

the existence of r € N*, 2z — dy(z,q), ... ,d,.(z,q),gl,...,dr € Clz], ¢ > 0,

such that for all ¢ < r, for all ¢ > 1 sufficiently close to 1, |d;(z,q) — di(z)‘ <

(g—1)c ( CZ(Z)‘ + 1), and such that

Yicr di(2,4)0; (B(z, q)) = 0

Zigr&;(z)(si (E(Z)> = 0.
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In particular, h satisfies the assumptions (A1) and (A3), with formal limit
the formal power series h(z).

Moreover, the z-valuations of the b;(z,q) are independent of ¢ and are
equal to the z-valuations of the b;(z). Therefore, the z-valuations of the
di(z,q) are independent of ¢ and are equal to the z-valuations of the cZ(z)
Since the slopes of the equation depend only on the z-valuation, we obtain
that h satisfies the assumption (A2), with formal limit the formal power
series h(z). O

We recall that if D(z) € M,, ((C(z)), we define S! (ﬁ(z)) as the union

of the R>;x;, where z; are the poles of l~)(z) Let Eﬁ be the union of
the X that have been defined in §6.2, Step 1, where l~z” are the entries

of H. Due to (H7), we may apply Theorem 4.5 to the divergent entries
of 2N H(z,q)Fi(z,q) and 2V H(z). Using additionally Remark 4.4, (2), and
the reasoning in §6.2, Step 4, we may prove a similar result for the conver-
gent entries, and we find the existence of k € N*, such that for alld € R\X 3

;i_)ml Stgd] (zNﬁF1> =S (zNj{f) ,

uniformly on the compacts of S (d — 2, d+ ) \ S! (E(z)) From Theo-

rem 4.5 and Theorem 8.4, there exists Fy(z,q) € OF,, such that
of(z,q) i= =Vl (NAF) Fa(z.q)
kq

x Diag; Aq,Id—&-(q—l)zq; H €qi ()\iyjzfj X Idmi)

€ GLy, <M((C*,0)),

is a fundamental solution of 6,Y (z,q) = B(z,¢)Y (2,q). From §1, we recall
that

Fd(-).— ~NSd( N7 : Lilog(2)+X: (2) XTdym, o ™
Oi(2):=2""8 (z H(z))Dlag(e )E A(d 2k’d+ Qk)
is a fundamental solution of 8Y (z) = B(2)Y (2).

LEMMA 8.8. — We have

; [d] _&d
g% (I)O (qu) - (I)O(z),

uniformly on the compacts of S (d — -, d + 3% \ (Sl (E(z)) U{R<o}>.
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Proof. — Due to the preceding discussion and the definition of O, we
only have to prove the convergence

ki
lim Diag; | A, 141 (1), H ( g% de’"i)

_ Diag (efl log(z)-&-xi(z)xldmi) .
The fact that

; ; ~ ) =D L;log(z)
;1_% Diag (Aq,Id+(q—1)L7¢) Diag (e ) ,

uniformly on the compacts of a convenient domain has been proved in a

more generalize case in Page 1048 of [39]. See Lemma 6.1, for the conver-

gence of the g-exponential part. O
+

Let d~ < dt with d* € R\ X~ 7+ so that we can define <I>£)d }(z,q). We

define the g-Stokes matrix ST 14")(z ¢) € GL,, (ME) (we recall that
Mg is the field of functions invariant under the action of o4, see the intro-
duction) as follows:

.
o Uz, q) = o (2, q) ST V(2 g).

Let d — §r <d~ <d <d" <d+ J such that

([a.alU]a.a')) (= = 2.

Let us recall that by construction, ¥ contains iﬁ, the set of singular
directions that has been defined in Proposition 1.5. Therefore, following §1,

—~d
we may define the Stokes matrix in the direction d, ST € GL,,(C), as

follows:
—~dt —~d~

—~d

Remark 8.9. — If d is not a singular direction (see Proposition 1.5), then
—~d ~

although ST = 1d, the entries of H(z) might be divergent. In fact, see [30]

~ —d
Page 247, the entries of H(z) are convergent if and only if ST = Id for
all d € R. On the other hand, the principle of analytic continuation implies
that if S’T[df]’[dﬂ(z,qo) = Id for some d~ < d* and for some gg > 1,

then z — 2NV H (2, q0)Fi (2, q0) € My, ((C{z})

Using Lemma 8.8, we prove:
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THEOREM 8.10. — Let d — . <d~ <d <d* <d+ 3 such that

({d‘,d{U]d,d*D N =2

Then, for q close to 1, we can define ST[d_]’[dﬂ(z, q) and we have

lim ST[dT’[dﬂ(z, q) = ﬁ’d,

q—1

uniformly on the compacts of S (d — -, d + 3) \ (S1 (E(z)) U{R<o}).

8.4. Confluence to the monodromy

In this subsection, we show how a basis of meromorphic solutions of a
family of linear d,-equations at 0 and at co can help us to find the mon-
odromy matrices of the corresponding differential equation. We consider
the family of equations

Aq = bm(ZaQ)(S;n + bm—l(zv(I)&;n_l + .+ bol(29)

A = bp(2)0m 4+ b1 (2)6™Y + L+ bo(2),

that satisfies the assumptions (H1’), (H2) to (H7) of §8.2, §8.3 and the
following assumptions:

(H8) The zeros of by, (z) have different arguments and there is no zero which
has an argument equal to 7.

(H9) The assumptions (H1’), (H2) to (H8) are satisfied with the linear d,
and d-equation at infinity, obtained by considering z +— 2z~ 1.

As in §8.2, §8.3, we consider the associated systems:

5QY(ZaQ) = B(Z7Q)Y(ZaQ)

§Y (2) = B(2)Y(2).

Let d € R\ Y. Due to Lemma 8.8, there exists k € N* such that for we
have

; [d] _Fd
gl—)lnl (I)O (Z7Q) - (I)O(Z)a

uniformly on the compacts of

Qo ;:§(d—%,d+ %) V(81 (BG)) UR<o).-
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We are now interested in the domain of definition of the fundamental
solution @Ed] (z,q) for q close to 1 fixed. We recall that if D(z) € GL,, ((C(z)),

we define 89(D(z)) as the union of the ¢ z;, where z; is a pole of D(z)

or D71(2). Following Page 1035 in [39], we obtain that Aq71(1+(q_1)Diag(zi)

has poles contained in a finite number of ¢-discrete spiral of the form
q%Bi(q), that converge to the spiral R as ¢ tends to 1. By construction,

for ¢ fixed, the domain of definition of the matrices St[]d] (zNﬁFl), Fs(z,q)
and Diag; (HJ 1 €qi (Xi’jz*j X Idmi)) , intersected with §( o5, d + )
is

_ . N

S(d—o Jrrdt %) \ (87 (14 + (- DB()).
Notice that, S9 (Id + (¢ — 1)B(z)) tends to St (E(z)) as q goes to 1. We

have proved that for ¢ fixed close to 1, the domain of definition of @gd] (z,9)
intersected with S (d o5 d+ 2k) is:

g(d 2k’ d+2k)\(sq(1d+ ¢=1B )Uq% )

Figure 8.1. Intersection ofg( — a5, d+ ) and the domain of defi-

nition of Q)[d](z q) (left) and ol (2,9) (r1ght)

We consider now the singularity at oo putting z — z~!. After taking a
larger set finite modulo 27Z, ¥~ C R, we may assume that for all d ¢ 3~
we can also compute a fundamental solution at infinity ol ](z q) in the
same way than <I’[ ](z q). Let p = ¢~ !. Similarly to QO, let us define QOO,
such that
: d &d
lim (2, ) = B, (2),

uniformly on the compacts of (Nloo, where égo (2) is the fundamental solu-
tion of the linear J-system at infinity computed with Borel and Laplace
transformations. More precisely, there exists k' € N*, such that

o ;:§< Qk,,d+ 2k:’> \ {R<O7tfl,...,t5,, t €0, 1]},
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where the 7, satisfies g = S (d— 7, d+ 7%) \{Rco, Rx171, ..., R>17, }.
If we restrict the domain of convergence, we may assume that k = &'

-1
The Birkhoff matrix (@Lﬂ (z, q)) @gd] (z, q) is invariant under the action

of o4 and tends to

tim (2(2,0)) @z 0) = (BL()) Bi(e) = P,

q—1

uniformly on the compacts of Qoo N Q.

—i
Since (@L‘ﬁ (z, q)) Cbgﬂ(z, g) is invariant under the action of o, we ob-

tain that P9 is locally constant.

Figure 8.2. Domain of definition of ZI;g(,z) (left) and &)go(z) (right).

Let £y = —1. We order the z; by increasing arguments in } d— g5, d+ 5 % [
The connected component of the domain of definition of P4 are the U],
where

Uj:=S (d T ) ﬂS(arg z;), arg(wm))

Figure 8.3. Domain of definition of P,

Let ﬁjd € GL,,(C) be the value of P4 in Uj. Let us chose #; such
that z; € §( —op dtaog ) Let us consider a little positive path v around z;
starting from a € U] 1- We may choose v such that we can decompose

into 77 and 5 such that v; comes from a to b € U in Qoo and 5 comes
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from b to a in Q. The analytic continuation along ~; transforms &)g(z)
into &2 (z)Pf_l, and the analytic continuation along vy, transforms ® (z)

~ SO |
into ®¢(z) (de) . We have proved the following theorem, which extends
when ¢ is real, the theorem of the §4 in [39] in the non-Fuchsian case:
THEOREM 8.11. — The monodromy matrix of the d-equation 8Y (z) =
-~ ~ IO
B(2)Y (z) in the basis ®¢(z) around the singularity T; is (Pf) P .

Appendix A. Confluence of a
“continuous” ¢-Borel-Laplace summation.

The goal of this appendix is to prove the equivalent of Theorem 4.5 for a
“continuous” ¢-Borel-Laplace summation. We introduce now the “continu-
ous” g-Laplace transformation. See §3 for the notations.

DEFINITION A.1. — Let k € Qs and let d € R. As we can see in
[13], §4.2, the following maps are defined and we call them the “continu-
ous” g-Laplace transformation of order 1 and k:

£ép: HE, — A(d —m,d+m)

—1 oo™ _f(O)
Foo= wmade (=%

. k—1 2rv(d—m) 2m(v41)(d—m
Eg,k ) Hgyk - UV:O‘A< (k )’ ( k)( ))
d
g > pE o 5([1,]1 o p1/k(9)-

Remark A.2. — We say that the ¢-Laplace transformation is “contin-
uous” because it is defined with a “continuous” integral, in opposition to
the g-Laplace transformation of §3, which involves a “discrete” Jackson in-
tegral. Notice that the term “continuous” g-Borel-Laplace summation is an
abuse of language since the g-Borel transformation we use in this summa-
tion process is the same as in the “discrete” g-Borel-Laplace summation.

Theorem 4.14 of [13] compares the “discrete” and the “continuous” g¢-
Borel-Laplace summation for the case of formal power series solutions of a
linear o4-equation with coefficients in C({z}) with only slope 1. The next
proposition is the analogue of Proposition 3.4 of the present paper.

PROPOSITION A.3. — Let g € H?,. Then
o L3 (049) = 04LG1 (9)-
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® zﬁil (649) = pﬁZ,l(CQ) —szd,l(g).

Proof. — To prove the first equality, it is sufficient to prove that the
“continuous” g-Laplace transformation commutes with o,. To do this, we
just have to perform the variable change ¢ — ¢( in the integral.

ac

Let us prove the last equality. We recall that o, (eq (%)) = %.

Let p =1/q. Then,

= pEZ,l(Cg) - ngg;(Q)-

O
Let k € N*. If we consider f eC [[zk]], solution of a linear §,-equation
with coefficients in C [2*], with B, (f) € H ., then we have:

dq (/‘:g,k © quk (f)) = Eg,k ° Bq,k <5qf)
and 4, (zkﬁfll’k o By (f)) =L, 0B, (5q (zkf)) .

Hence, Lg}koli:’q,k (f) is solution of the same linear d4-equation than f But

in general, if f € C[[z]] is solution of a linear §,-equation with coefficients
in C[z], we will have to apply successively several ¢g-Borel and “continu-
ous” g-Laplace transformations in order to compute an analytic solution of
the same equation than f . See Theorem A .4.

Asin §4.2,let z — h(z,q) € C[[z]] that converges coefficientwise to h(z) €
C[[z]] when ¢ — 1. We make the following assumptions:

o There exists
2 bo(2,q), ..., bm(z,q) € C[z],

with z-coefficients that converge as ¢ goes to 1, such that for all ¢
close to 1, h(z, q) is solution of:

b2 )05 (R(z,)) + -+ + bol=, @)h(z,0) = 0.
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Let bo(2),...,bm(z) € Clz] be the limit as ¢ tends to 1 of the
bo(2,q), - .., bm(z,q). Notice that the series h(z) is solution of:

b (2)8™ (E(z)) 4o+ Do(2)h(2) = 0.

e For ¢ close to 1, the slopes of the linear g-difference equation satis-
fied by h are independent of ¢, and the set of slopes of the latter that
are positive coincides with the set of slopes of the linear differential
equation satisfied by h.

e There exists ¢; > 0, such that for all i < m and ¢ close to 1:

E(z)’ + 1) .

bilz.0) —bi(2)] < (g = Des (

e The differential equation has at least one slope strictly bigger than 0.
Let dy := max (2,deg (50) ,. .., deg (gm)> Let k1 < -+ < ky_1 be the
slopes of (4.3) different from 0, let k,. be an integer strictly bigger than &,
and dyp, and set k,11 := 4o00. Let (k1,...,~,) defined as:

“1._ -1 _ -1
Ky =k =k

As in Proposition 1.5, we define the (k7, ..., ks) as follows: we take (k1, ...,

.,kr) and for i = 1,...,i = r, we replace successively k; by «; terms a;k;,
where «; is the smallest integer such that a;k; is greater or equal than dp.
See Example 1.4. Therefore, by construction, each of the k; are rational
number greater than dy. Let 8 € N* be minimal, such that for all ¢ €
{1,...,s}, B/R; € N*. Let us write h(z,q) =: > hn(q)z™ and for [ €
{0,...,8 =1}, let AV (z,q) := 322 hupnp(q)2™.

THEOREM A.4. — There exists Y- CR finite modulo 2n7Z, such that
ifd € R\ X5 then for all | € {0,..., 8 — 1}, the series g1, := B ~o0--0

q,Rk1

B’q = (ﬁ(l)) converges and belongs to ﬁ% (see Definition 4.3).
Moreover, for j =2 (resp. j =3, ..., resp. j =71), g1 := LZ Effl(gj—lvl)
belongs to ﬁ%. Let Sg (iN)) = EZ = (gr,1). The function

s

B—1
d(h) .= lgd (71 ™ 7r
st (k) =3 st (h) eA(d— k,d+k> ,
1=0 T T
is solution of (4.2). Furthermore, we have

im ¢ (1) = 5 (B).

q—1 q
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uniformly on the compacts of S (d — ﬁr, d+ ﬁ) \UR>1y, where a; are
the roots of by, € Clz] and S (ﬁ) is the asymptotic solution of the same
linear §-equation than h that has been defined in Proposition 1.5.

The proof of this theorem is basically the same as the proof of Theo-
rem 4.5. The only difference is that we can not use Lemma 6.2, so we state
and prove a similar result for the “continuous” summation.

Let d € R, let k£ € Qs and let f be a function that belongs to ﬁz. By
definition (see Definition 4.3), there exist € > 0, constants J, L > 0, such
that for all ¢ close to 1, ¢ + f((,q) is analytic on S(d —e,d + ¢), and for
all ¢ € Rog:

|£(e¢,0)| < Jeq (ECF) -

LEMMA A.5. — In the notations introduced above, let us assume that
lim1 f=1fe Hg uniformly on the compacts of S(d — &,d + ¢). Then, we
q—

im 27, (£) () = £ (F) (2

uniformly on the compacts of {z €S(d—5=,d+ 5—) ’\z| < 1/L}.

have

Proof. — For the same reasons as in the proof of Lemma 6.2, we may
assume that d =0 and k& = 1.

Let us fix a compact K of {z €eS(-&,+2%) ‘|z| < 1/L}. Using the
dominated convergence theorem, it is sufficient to prove the existence of
a positive integrable function h, such that for all ¢ close to 1, { € Ry

and z € K, | LS9 < p(0).

zeq (L)

Let J > 0 be the constant that comes from Definition 4.3 and let z € K.
By definition of the “continuous” g-Laplace transformation

J eq(LQ)
ce z </ —ol 1 g
1£3.6()) ()] L 1= eaac/2) ¢
Let us fix ¢qo > 1. Let S € R, such that forall z € K, ¢g>1and { > S, ( —
J eq(LC)
;eq(QC/z)

is decreasing. The convergence

16y _ /OS f<<(>q<) dc
Z exp

lim _—
q—1 Jq ze, (q4>

is clear. Moreover, we have for all ¢ €]1,qo[ and z € K:

| eq(LC) qSJ eq (Lg'S)
A D>

eq (@115/2) |
=0
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We have seen in the proof of Lemma 6.2, than we can bound this latter
quantity uniformly in ¢ and z € K. This yields the result. O
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