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ON A GENERAL DIFFERENCE GALOIS THEORY I

by Shuji MORIKAWA

Abstract. — We know well difference Picard-Vessiot theory, Galois theory
of linear difference equations. We propose a general Galois theory of difference
equations that generalizes Picard-Vessiot theory. For every difference field extension
of characteristic 0, we attach its Galois group, which is a group of coordinate
transformation.

Résumé. — La théorie de Picard-Vessiot aux différences, la théorie de Galois
des équations aux différences linéaires, est bien connue. Nous proposons une théo-
rie de Galois des équations aux différences générales qui généralise la théorie de
Picard-Vessiot. Pour toute extension de corps aux différences de caractéristique
0, nous attachons son groupe de Galois qui est un groupe de transformations de
coordonnées.

Introduction

This is the first part of our general Galois theory, the second part being
collaboration [8].

In the first part, we propose a general Galois theory of difference equa-
tions, which includes in particular Galois theory of q-difference equations
and as a geometric counterpart, Galois theory of discrete dynamical sys-
tems on algebraic varieties. Our theory generalizes Picard-Vessiot theory,
Galois theory of linear difference equations ([3], [9]). For a general Galois
theory of differential equations, we have the differential Galois theories of
Malgrange and Umemura ([7], [11], [10], [13], [12]). We attach to an ar-
bitrary difference field extension L/k of characteristic 0, a formal group
Inf-gal (L/k) of infinite dimension in general and of particular type called
a Lie-Ritt functor (Definition 2.19).

Keywords: General difference Galois theory, dynamical system, integrable dynamical
system, Galois groupoid.
Math. classification: 12Hxx, 37Fxx, 58Hxx, 14Hxx.



2710 Shuji MORIKAWA

In section 1, we recall the definition of the Lie-Ritt functor, which is a
group functor of coordinate transformations defined by a system of partial
differential equations.

In section 2, we canonically construct a difference-differential ring, the
Galois hull L/K for a given difference field extension L/k (Definition 2.19).
Our Galois group Inf-gal (L/k) is the infinitesimal automorphism group of
the difference-differential ring extension L/K.

In section 3, we show that for a Picard-Vessiot extension L/k, our Galois
group Inf-gal (L/k) is isomorphic to the Lie algebra Lie Gal (L/k) of the
Galois group Gal (L/k) in Picard-Vessiot theory (Theorem 3.3).

In section 4, we give a conjecture that the canonical morphism Lie
(Inf-gal (L/k))→ Lie (Inf-gal (M/k)) is surjective for a tower of difference
field extensions L/M/k (Conjecture 4.2). We believe that this conjecture
is true.

In section 5, we give a few examples. The reader finds extensive examples
in the second part [8].

We explain in the second part [8], how our Galois group Inf-gal (L/k) is
related with Malgrange’s Galois D-groupoid ([1], [2], [4], [7]). We expect
that we can apply our method to establish a general Galois theory for
differential equations in [5] and [6].

I would like to express my thanks to my advisor Prof. H. Umemura for
giving me the opportunity to carry out these studies. My thanks should
also go to Dr. F. Heiderich who carefully read the first version of the paper,
pointed out an error in the proof of Theorem 2.15 and improved English.

All the rings except for Lie algebras are assumed to be commutative, to
have a unit element and to contain the rational number field Q. We denote
by N the set of natural numbers and 0. Namely, N := {0, 1, 2, . . .}.

1. Lie-Ritt functor

Let us recall the framework in sections 1, 2 of [10]. Let A be a ring , N(A)
be the ideal that consists of all nilpotent elements of A. For indeterminates
x1, x2, . . . , xn, A[[x1, x2, . . . , xn]] is the ring of formal power series with
coefficients in A. We define Γn(A) by setting

Γn(A) = {Φ = (φ1, φ2, . . . , φn)|φi ∈ A[[x1, x2, . . . , xn]] for all 1 6 i 6 n,

Φ ≡ (x1, x2, . . . , xn) modN(A)[[x1, x2, . . . , xn]]n}.

ANNALES DE L’INSTITUT FOURIER



ON A GENERAL DIFFERENCE GALOIS THEORY I 2711

Lemma 1.1. — Let Φ = (φ1, φ2, . . . , φn), Ψ = (ψ1, ψ2, . . . , ψn) be ele-
ments of Γn(A). We define the multiplication of Φ and Ψ as the composite

Φ ◦Ψ = (ψ1(φ1, φ2, . . . , φn), . . . , ψn(φ1, φ2, . . . , φn)).

Then Γn(A) is a group.

Proof. — See Proposition 1.6 of [10]. �

LetR be a Q-algebra. The category (Alg /R) is the category ofR-algebras
and the category (Group) is the category of groups.

Definition 1.2. — The group functor

ΓnR : (Alg /R)→ (Group), A 7→ Γn(A)

is called the Lie-Ritt functor of all the infinitesimal coordinate transforma-
tions of n-variables defined over R.

R[[x]] := R[[x1, x2, . . . , xn]] is a differential ring with derivations
{∂/∂xi}16i6n.

Let {φ1, φ2, . . . , φn} be independent variables or symbols. For J = (j1, j2,

. . . , jn) ∈ Nn and 1 6 l 6 n, we introduce the symbols

∂|J|φl
∂Jx

:= ∂j1+j2+···+jnφl
∂j1x1∂j2x2 · · · ∂jnxn

.

So if we define
∂

∂xi

(
∂|J|φl
∂Jx

)
:= ∂|J+1i|φl

∂J+1ix
,

where

1i = (0, . . . ,
i

1̌, . . . , 0),
then we get a partial differential ring R[[x]][∂|J|φl/∂Jx]16l6n, J∈Nn with
derivations {∂/∂xi}16i6n. For a differential ideal I of

R[[x]][∂|J|φl/∂Jx]16l6n, J∈Nn ,

let IA be the differential ideal of

A[[x]][∂|J|φl/∂Jx]16l6n, J∈Nn

generated by I.

Definition 1.3. — A subgroup functor G of ΓnR is called a Lie -Ritt
functor if there exists a differential ideal I of R[[x]][∂|J|φl/∂Jx]16l6n, J∈Nn

such that

G(A) = {Φ ∈ ΓnR(A) | F (Φ) = 0 for all F ∈ IA}

for every R-algebra A.

TOME 59 (2009), FASCICULE 7



2712 Shuji MORIKAWA

Let k be a field of characteristic 0. Let G : (Alg /k) → (Group) be a
Lie-Ritt functor from the category (Alg /k) of k-algebras to the category
(Group) of groups. For a k-vector space V , we define an algebra structure
in the k-vector space k ⊕ V by defining the multiplication

(a, u)(b, v) = (ab, av + bu) for (a, u), (b, v) ∈ k ⊕ V.

We denote the ring k ⊕ V by D(V ).
The natural projection p : D(V ) → k, (a, u) 7→ a induces a group

morphism
G(p) : G(D(V ))→ G(k),

so that we get a functor

LG : (Vect /k)→ (Set), V 7→ LG(V ) = ker(G(p))

from the category (Vect/k) of k-vector spaces to the category (Set) of sets.

Definition 1.4. — Let A = k[ε]/(ε2) and pA : A → k, a + bε 7→ a be
the natural projection. Then for a Lie-Ritt functor G, we denote ker(G(pA))
by LieG := LG(A).

Lemma 1.5. — If the functor LG : (Vect /k)→ (Set) transforms prod-
ucts to products, namely LG(V1×V2) ∼= LG(V1)×LG(V2) for arbitrary two
k-vector spaces V1, V2, then LieG is a k-Lie algebra.

Proof. — See Lemma 2.3 and Proposition 2.14 of [10]. �

2. Definition of infinitesimal Galois group
of difference field extensions

Definition 2.1. — A difference ring (R, σ) is a ring R equipped with
a morphism σ : R→ R.

Remark 2.2. — In the Picard-Vessiot theory [9], a difference ring is a
ring equipped with an automorphism. We have to treat a more general case
so that we can apply our theory to concrete equations.

For a ring A, we consider the set

F (N, A) := {u : N→ A}

of functions on N with values in the ring A. Since A is the ring, F (N, A) has
a natural ring structure. In fact, for u, v ∈ F (N, A) and n ∈ N, we define

ANNALES DE L’INSTITUT FOURIER
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the ring structure by

(u+ v)(n) := u(n) + v(n),
(u · v)(n) := u(n) · v(n).

Moreover, F (N, A) is a difference ring with shift operator Σ : F (N, A) →
F (N, A). Namely, for a function u ∈ F (N, A), we define

Σ(u)(n) = u(n+ 1) for n ∈ N.

Thus we get a difference ring (F (N, A),Σ).

Definition 2.3. — Let (R, σ) be a difference ring and A a ring. An
Euler morphism is a morphism

(R, σ)→ (F (N, A),Σ)

of difference algebras.

Proposition 2.4. — Let j : A→ B be a ring morphism. Then

j̃ : F (N, A)→ F (N, B), u 7→ (n 7→ j(u(n)))

is a difference morphism. Namely

(Alg)→ (Difference Alg), A 7→ F (N, A)

is a functor from the category (Alg) of algebras to the category (Difference
Alg) of difference algebras.

Proof. — This is an evident consequence of the definition. �

We often denote the difference ring (R, σ) simply by R if there is no
danger of confusion of the choice of the operator σ. In this case, the abstract
ring R of (R, σ) will be denoted by R\.

For an element a of a difference ring (R, σ), we can consider a function

ua : N→ R\, n 7→ σn(a)

on N so that ua ∈ F (N, R\).

Proposition 2.5. — The map

ιR : (R, σ)→ (F (N, R\),Σ), a 7→ ua

is an injective Euler morphism.

Proof. — The map ιR is a difference morphism because σ is a difference
morphism. Let ιR(a) = ιR(b). Then a = ιR(a)(0) = ιR(b)(0) = b. Therefore
ιR is injective. �

By Proposition 2.5, we have an isomorphism (R, σ) ∼= (ιR(R),Σ). So we
may identify the difference operator σ with Σ.

TOME 59 (2009), FASCICULE 7



2714 Shuji MORIKAWA

Definition 2.6. — We call the Euler morphism ιR : (R, σ)→(F (N, R\),
Σ) the universal Euler morphism. See Proposition 2.7.

We show in the next proposition that in fact the Euler morphism ιR is
universal among the Euler morphisms.

Proposition 2.7. — For a difference ring R and a ring S,

Homσ(R,F (N, S)) ∼= Hom (R\, S).

Proof. — Let j ∈ Hom(R\ , S). Then by the method of Proposition 2.4,
we have a difference morphism j̃ : F (N, R\) → F (N, S). Since ιR : R →
F (N, R\) is a difference morphism, j̃ ◦ ιR is a difference morphism from R

to F (N, S). So we have a map

α : Hom (R
\

, S)→ Homσ(R,F (N, S)), j 7→ j̃ ◦ ιR.

Conversely, the map

f0 : F (N, S)→ S, u 7→ u(0)

is a ring morphism. So for ψ ∈ Homσ(R,F (N, S)), we have a ring morphism
f0 ◦ ψ ∈ Hom (R\ , S). So we have

β : Homσ(R,F (N, S))→ Hom (R
\

, S), ψ 7→ f0 ◦ ψ.

These maps α, β are an inverse of each other. �

Condition 2.8. — Let (k, σ) be a difference field of characteristic 0
and (L, σ) be a difference extension field over (k, σ). The abstract field L is
finitely generated over k as an abstract field and L is algebraic over σ(L).

A Picard-Vessiot extension is a Galois extension for linear difference
equations [9]. We need a more general definition of a difference Galois
extension. In fact, we replace Galois extensions by the Galois hull (Defini-
tion 2.10).

Let

Der (L
\

/k
\

) := {∂ : L
\

→ L
\

| ∂ is a derivation with ∂(k
\

) = 0}.

So Der (L\/k\) is a vector space over L\ and the dimension of the L\ -vector
space Der (L\/k\) coincides with the transcendence degree L/k. Namely,

dim
L
\ Der (L

\

/k
\

) = tr.d. [L
\

: k
\

].

Let d be dim
L
\ Der (L\/k\) and D1, D2, . . . , Dd be a mutually commuta-

tive basis of the L\ -vector space Der (L\/k\) so that DiDj = DjDi for 1 6
i, j 6 d. Thus we have a partial differential field

L] := (L
\

, {D1, D2, . . . , Dd}).

ANNALES DE L’INSTITUT FOURIER



ON A GENERAL DIFFERENCE GALOIS THEORY I 2715

For a function u ∈ F (N, L]) and 1 6 i 6 d, we define Diu ∈ F (N, L]) by
setting

(Diu)(n) := Di(u(n)) for n ∈ N.

Thus F (N, L]) has the difference operator Σ and the differential opera-
tors D1, D2, . . . , Dd. We denote the difference-differential ring F (N, L\) by
F (N, L]).

Proposition 2.9. — The operators Σ, D1, D2, . . . , Dd of the ring F (N,
L]) commute mutually.

Proof. — We only have to prove the commutatively of Σ and Di for
1 6 i 6 d, because the differential operators D1, D2, . . . , Dd commute
mutually by the assumption.

In fact, for u ∈ F (N, L]) and n ∈ N,

Di(Σ(u))(n) = Di(σ(u(n))) = Di(u(n+ 1)) = (Diu)(n+ 1) = Σ(Diu)(n).

So the proposition is proved. �

Definition 2.10. — Let L/k be a difference field extension satisfy-
ing condition 2.8. We denote by L the {Σ, D1, D2, . . . , Dd}-invariant sub-
ring of F (N, L]) generated by the image ιL(L) of L by the universal Eu-
ler morphism ιL and by the ring of constant functions L] of the differ-
ence ring F (N, L]). We also denote by K the {Σ, D1, D2, . . . , Dd}-invariant
subring of F (N, L]) generated by the image ιL(k) and L]. So L/K is a
difference-differential ring extension with difference operator Σ and deriva-
tions D1, D2, . . . , Dd. We call the extension L/K the Galois hull of L/k.

Remark 2.11. — Since the image ιL(k) of the universal Euler morphism
and the constant field L] of the difference ring F (N, L]) are closed by
D1, D2, . . . , Dd and Σ, the difference-differential ring K is generated by
ιL(k) and L] as a ring.

Definition 2.12. — Let (R, {D1, D2, . . . , Dd}) be a partial differential
ring. The universal Taylor morphism is the map

τ :R → R[[W1,W2, . . . ,Wd]].
a 7→

∑
(m1,m2,...,md)∈Nd

1
m1!m2! · · ·md!

Dm1
1 D

m2
2 · · ·D

md
d (a)Wm1

1 W
m2
2 · · ·Wmdd

from the partial differential ringR to the formal power series ringR[[W1,W2,

. . . ,Wd]]. The universal Taylor morphism is a partial differential ring mor-
phism compatible with the derivations Di and ∂/∂Wi for 1 6 i 6 d.

TOME 59 (2009), FASCICULE 7



2716 Shuji MORIKAWA

Since (L\ , {D1, D2, . . . , Dd}) is a partial differential field, we have the
universal Taylor morphism
(2.1)
L]→ L

\

[[W ]] = L
\

[[W1,W2, . . . ,Wd]]
a 7→

∑
m=(m1,m2,...,md)∈Nd

1
m1!m2! · · ·md!

Dm1
1 D

m2
2 · · ·D

md
d (a)Wm1

1 W
m2
2 · · ·W

md
d .

By the universal Taylor morphism (2.1) and Proposition 2.4, we have the
following difference-differential morphism

L ↪→ F (N, L])→ F (N, L
\

[[W ]]).

Let A be an L\ -algebra, so that we have the structural morphism j : L\ →
A. Then we have a difference-differential morphism

L → F (N, L
\

[[W ]])→ F (N, A[[W ]]).

This morphism is denoted by idA : L → F (N, A[[W ]]). Now let N(A) be
the ideal of all the nilpotent elements of the L\ -algebra A.

Definition 2.13. — Let L/k be the difference field extension satisfying
Condition 2.8. For an L

\ -algebra A, we set

F(L/k)(A) := {f ∈ HomΣ,D1,D2,...,Dd(L, F (N, A[[W ]]))|f |K = idA|K,
f(a) ≡ idA(a) mod F(N,N(A)[[W]]) for all a ∈ L},

so that F(L/k) : (Alg /L\)→ (Set) is a functor from the category (Alg /L\)
of L\ -algebras to the category (Set) of sets. Here f |K means the restriction
of the morphism f to K.

We show that the functor F(L/k) is independent of the choice of a basis
of the L\ -vector space Der (L/k).

Let D1, D2, . . . , Dd and D′1, D
′
2, . . . , D

′
d be two bases of the L

\ -vector
space Der (L\/k\). Let F(L/k), F ′(L/k) be the functors defined by using
each bases.

Lemma 2.14. — The functor F(L/k) is isomorphic to F ′(L/k).

Proof. — Let {x1, x2, . . . , xd},{y1, y2, . . . , yd} be two transcendence bases
of L\ over k\ . Then {∂/∂x1, ∂/∂x2, . . . , ∂/∂xd} , {∂/∂y1, ∂/∂y2, . . . , ∂/∂yd}
are commutative bases of the L\ -vector space Der (L\/k\).

Here we have

∂/∂yi =
d∑
j=1

ai,j∂/∂xj

ANNALES DE L’INSTITUT FOURIER



ON A GENERAL DIFFERENCE GALOIS THEORY I 2717

for some ai,j ∈ L
\ for 1 6 i, j 6 d with determinant |ai,j | 6= 0.

Let τ1, τ2 be the universal Taylor morphisms with respect to {∂/∂x1, ∂/

∂x2, . . . , ∂/∂xd}, {∂/∂y1, ∂/∂y2, . . . , ∂/∂yd}. Namely,

τ1 :
(
L
\

,
{
∂
∂x1

, ∂∂x2
, . . . , ∂∂xd

})
→ L

\ [[W1,W2, . . . ,Wd]] = L
\ [[W ]]

τ2 :
(
L
\

,
{
∂
∂y1

, ∂∂y2
. . . , ∂∂yd

})
→ L

\ [[Z1, Z2, . . . , Zd]] = L
\ [[Z]].

We define L\ -morphisms

α : L
\

[[W ]]→ L
\

[[Z]], β : L
\

[[Z]]→ L
\

[[W ]]

by
α(Wi) = τ2(xi)− xi, β(Zi) = τ1(yi)− yi.

Then we have
α ◦ β = Id

L
\ [[Z]], β ◦ α = Id

L
\ [[W ]],

where Id is the identity map.
Define

α

(
∂

∂Wi

)
=
d∑
j=1

τ2(aij)
∂

∂Zj
,

then α is a differential L\ -isomorphism. So the differential morphism α

induces a difference-differential L\ -isomorphism

Ψα : F (N, L
\

[[W ]])→ F (N, L
\

[[Z]])

and a natural difference-differential A-isomorphism

Ψ̃α : F (N, A[[W ]])→ F (N, A[[Z]]).

We must prove that

F(L/k)(A)→ F ′(L/k)(A), f 7→ Ψ̃α ◦ f

is an isomorphism for any L\ -algebra A.
Since Ψ̃α is A-isomorphism, we have Ψ̃α ◦ id1 = id2. Here id1 = idA ∈
F(L/k)(A) and id2 = idA ∈ F ′(L/k)(A). Therefore the above map is well-
defined and F(L/k) ∼= F ′(L/k). �

We denote a function u ∈ F (N, A) by u(n) where n is a variable on N
in order to distinguish it from its particular value u(l) at a number l ∈ N.
The value u(l) will also be denoted by u|n=l. The image ιL(a) ∈ F (N, L])
of an element a ∈ L by the universal Euler morphism ιL is a function on
N that we denote by ιL(a ;n). For an L

\ -algebra A and idA ∈ F(L/k)(A),

TOME 59 (2009), FASCICULE 7



2718 Shuji MORIKAWA

the image idA(ιL(a ;n)) ∈ F (N, A[[W ]]) is a function on N with values in
the A[[W ]] that we denote by ιL(a ;n,W ). Namely, for a ∈ L,

(2.2) ιL(a ;n) := ιL(a),
ιL(a ;n,W ) := idA(ιL(a ;n)).

Lemma 2.15. — For an L
\ -algebra A and f ∈ F(L/k)(A), there exists

a coordinate transformation

W = (W1,W2, . . . ,Wd) 7→ Φ(W ) = (φ1(W ), φ2(W ), . . . , φd(W ))

satisfying the following conditions.
(i) φi(W ) ∈ A[[W ]] for all 1 6 i 6 d,
(ii) φi(W ) ≡Wi mod N(A)[[W ]] for all 1 6 i 6 d,
(iii) f(ιL(a ;n)) = ιL(a ;n,Φ(W )) for all a ∈ L.

To prove Lemma 2.15, we will use the next lemmas.

Lemma 2.16. — Let L/k be an algebraic extension of a field of charac-
teristic 0. Let M be a commutative ring over k. If k-morphisms p, q : L→
M satisfy (p− q)2 = 0, then p coincides with q over L.

Proof of Lemma 2.16. — Let θ ∈ L be algebraic over k and

P (X) = Xm + am−1X
m−1 + · · ·+ a1X + a0 (ai ∈ k)

be the minimal polynomial over k of θ. Since (p−q)2 = 0, (p(θ)−q(θ))2 = 0
i.e., there exists a nilpotent element n of A such that n2 = 0 and p(θ) −
q(θ) = n.

0 = p(P (θ))

= p(θ)m + p(am−1)p(θ)m−1 + · · ·+ p(a0)

= (q(θ) + n)m + q(am−1)(g(θ) + n)m−1 + · · ·+ q(a0)

= q(P (θ)) + nq

(
∂P

∂X
(θ)
)

= nq

(
∂P

∂X
(θ)
)
.

Since ∂P/∂X(θ)\e0, we have (∂P/∂X(θ))−1 ∈ L. So we have n = 0, p = q

over L. �

Lemma 2.17. — Let L/k be an algebraic extension of a field of char-
acteristic 0. Let S be a Noether ring over k and N(S) be the ideal of all
the nilpotent elements of S. For k-morphisms p, q : L→ S, if p(a) ≡ q(a)
mod N(S) for all a ∈ L, then p coincides with q over L.

ANNALES DE L’INSTITUT FOURIER



ON A GENERAL DIFFERENCE GALOIS THEORY I 2719

Proof of Lemma 2.17. — First, we prove

p(a) ≡ q(a) mod N(S)s(2.3)

for all s ∈ N and a ∈ L by induction on s.
By assumption, equation (2.3) holds for s = 1.
We assume that p(a) ≡ q(a) mod N(S)s for all a ∈ L.
Let πs+1 be the natural projection πs+1 : S → S/N(S)s+1, and ps+1 =

πs+1 ◦ p, qs+1 = πs+1 ◦ q. Since p(a) − q(a) ∈ N(S)s for a ∈ L, we have
(ps+1 − qs+1)2 = 0. Therefore by Lemma 2.16, we get ps+1 = qs+1. So we
have

p(a) ≡ q(a) mod N(S)s+1

for a ∈ L. By induction, we have equation (2.3). Therefore we have

p(a)− q(a) ∈
⋂
s∈N

N(S)s

for a ∈ L. Since S is a Noether ring, we have N(S)n = {0} for sufficiently
big integer n ∈ N and hence ∩s∈NN(S)s = {0}. So we get p = q. �

Proof of Lemma 2.15. — Let x1, x2, . . . , xd be a transcendence basis of
L over k. Then D1 = ∂/∂x1, D2 = ∂/∂x2, . . . , Dd = ∂/∂xd form a basis of
the L\ -vector space Der (L\/k\). We prove the lemma using this basis in
the definition of F(L/k).

Since ιL(xi ; 0) = xi, we have

Dj(ιL(xi ; 0)) = δi,j for 1 6 i, j 6 d.

So we have
ιL(xi ; 0,W ) = xi +Wi.

So for f ∈ F(L/k)(A), there exists φi(W ) ∈ A[[W ]] such that

f(ιL(xi ;n))|n=0 = xi + φi(W ).

Then Φ(W ) := (φ1(W ), φ2(W ), . . . , φd(W )) satisfy the first and second
conditions. So we have to prove the third condition.

First, we will prove f(ιL(a ;n))|n=0 = ιL(a ; 0,Φ(W )) for all a ∈ L.
For an intermediate field M := k(x1, x2, . . . , xd) of L/k, we know

f(ιL(xi ;n))|n=0 = ιL(xi ; 0,Φ(W )).

Let F and G be morphisms

F : L→ A[[W ]], a 7→ f(ιL(a ;n))|n=0

and
G : L→ A[[W ]], a 7→ ιL(a ; 0,Φ(W )).
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Then we have
F |M = G|M

and
F (a) ≡ G(a) mod N(A)[[W ]]

for all a ∈ L.
We fix an integer l ∈ N and an element a ∈ L. Moreover we may identify

M with idA ◦ιL(M)|n=0. We consider an M -algebra S defined by

S := M [F (a), G(a)][[W ]]/(W )l.

Here to be precise,M [F (a),G(a)][[W ]] should be understood as (idA◦ιL(M))
[F (a),G(a)][[W ]] ⊂ A[[W ]]. Then S is a Noether ring over M . Moreover the
morphisms F and G induce M -morphisms

Fl,a : M [a]→ S

and
Gl,a : M [a]→ S.

Since a ∈ L is algebraic over M , by Lemma 2.17 we have

Fl,a = Gl,a.(2.4)

Let πl be the natural projection πl : A[[W ]] → A[[W ]]/(W )l and Fl :=
πl ◦ F , Gl := πl ◦G. Then since Fl(a) = Gl(a) by (2.4), we have

Fl = Gl

for all l ∈ N. Since ∩l∈N(W )l = {0}, we have

F = G.

Namely, we have

f(ιL(a ;n))|n=0 = ιL(a ; 0,Φ(W ))

for all a ∈ L.
Next, for l ∈ N and a ∈ L,

f(ιL(a ;n))|n=l = Σl(f(ιL(a ;n)))|n=0

= f(ιL(σl(a) ;n))|n=0

= ιL(σl(a) ; 0,Φ(W ))
= ιL(a ;n,Φ(W ))|n=l.

Therefore we have f(ιL(a ;n)) = ιL(a ;n,Φ(W )) for all a ∈ L. �
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By Lemma 2.15, for f ∈ F(L/k)(A), there exists µ(W ) ∈ (N(A)[[W ]])d
such that

f(ιL(a ;n)) = ιL(a ;n,W + µ(W ))
for all a ∈ L. By Taylor expansion,

f(ιL(a ;n)) = ιL(a ;n,W + µ(W ))

=
∑ 1

m!

(
∂|m|

∂Wm
ιL(a ;n,W )

)
(µ(W ))m

=
∑ 1

m!
idA(D|m|(ιL(a ;n)))(µ(W ))m.

Therefore we regard f(ιL(a ;n)) as an element of idA(L)⊗̂L]A[[W ]] for
a ∈ L and f ∈ F(L/k)(A). Here ⊗̂ is the completion of the ring idA(L)⊗L]
A[[W ]] with respect to theW -adic topology. We may identify idA(L) with L.

Therefore we get

(2.5) f(L) ⊂ L⊗̂L]A[[W ]]

for all f ∈ F(L/k)(A).

Remark 2.18. — L and A[[W ]] are linearly disjoint over L] in F (N,
A[[W ]]).

Proof. — Let us take elements a1, a2, . . . , at ∈ A[[W ]] that are linear
independent over L]. Assume that we have

∑t
i=1 ciai = 0 with ui ∈ L.

Then ui ∈ L is a function from N to L], so we have ui(n) ∈ L] for n ∈ N.
Since

t∑
i=1

ui(n)ai = 0

for all n ∈ N and a1, a2, . . . at are linear independent over L], we get

ui(n) = 0

for all n ∈ N. Therefore we have ui = 0 for 1 6 i 6 t. So a1, a2, . . . , at are
linearly independent over L. �

Now we can define the Galois group.

Definition 2.19. — For an L
\ -algebra A, we set

Inf-gal (L/k)(A) := {ϕ ∈ AutΣ,D1,D2,...,Dd(L⊗̂L]A[[W ]]/K⊗̂L]A[[W ]]) |
ϕ ≡ Id mod L⊗̂L]N(A)[[W ]]}.

Here Id is the identity map on L⊗̂L]A[[W ]]. Then the infinitesimal Galois
group

Inf-gal (L/k) : (Alg/L
\

)→ (Group)
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is a functor from the category (Alg/L\) of L\ -algebras to the category
(Group) of groups.

We will see that the infinitesimal Galois group Inf-gal (L/k) is a Lie-Ritt
functor (Theorem 2.22).

Theorem 2.20. — Let A be an L
\ -algebra, then the infinitesimal Ga-

lois group Inf-gal (L/k) (A) operates on the set F(L/k)(A). Moreover the
operation (Inf-gal (L/k)(A),F(L/k)(A)) is a principle homogeneous space.
In other words, (Inf-gal (L/k),F(L/k)) is a principle homogeneous space.

To prove this theorem we need the following lemma.

Lemma 2.21. — For all f ∈ F(L/k)(A), we have in F (N, A[[W ]])

L][L, A[[W ]]] = L][f(L), A[[W ]]].

Here overlines express the closure with respect to the W -adic topology.

Proof. — We use the notation of (2.2). Then for all f ∈ F(L/k)(A), we
have to prove

f(ιL(a ;n)) ∈ L][L, A[[W ]]] and idA(ιL(a ; n)) ∈ L][f(L),A[[W]]].

There exists µ(W ) ∈ N(A)(W )d such that f(ιL(a ;n)) = ιL(a ;n,W +
µ(W )) for all a ∈ L by Lemma 2.15. By Taylor expansion,

f(ιL(a ;n)) =
∑ 1

m!
idA(D|m|(ιL(a ;n)))(µ(W ))m ∈ L][L, A[[W ]]],

and

idA(ιL(a ;n)) =
∑ 1

m!
f(D|m|(ιL(a ;n)))(−µ(W ))m ∈ L][f(L), A[[W ]]].

Therefore we get

L][L, A[[W ]]] = L][f(L), A[[W ]]].

�

Proof of Theorem 2.20. — For all f ∈ F(L/k)(A), we have f(L) ⊂
L⊗̂L]A[[W ]] by (2.5). So by composing with ϕ ∈ Inf-gal (L/k)(A), we have
ϕ ◦ f ∈ F(L/k)(A). Thus Inf-gal (L/k)(A) operates on F(L/k)(A).

Next we prove that the operation (Inf-gal (L/k)(A),F(L/k)(A)) is a
principle homogeneous space. So we have to prove that for all f ∈F(L/k)(A)
there exists exactly one ϕ ∈ Inf-gal (L/k)(A) such that f = ϕ ◦ idA.

For f ∈ F(L/k)(A), we define an A[[W ]]-morphism

ϕf : L][L, A[[W ]]]→ L][L, A[[W ]]]
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as ϕf (u) = f(u) for all u ∈ L. Then the following diagram is commutative.

(2.6)

L idA−−−−→ L⊗̂L]A[[W ]]
∼=−−−−→ L][L, A[[W ]]]∥∥∥ yϕf

L f−−−−→ L⊗̂L]A[[W ]]
∼=−−−−→ L][L, A[[W ]]]

The automorphism of the second arrow of (2.6) is the morphism

L⊗̂L]A[[W ]]→ L][L, A[[W ]]], u⊗ a 7→ ua.

Since both L] and A[[W ]] are constants of Σ and f is a difference-differential
morphism, ϕf is a difference-differential morphism. Therefore we get ϕf ∈
Inf-gal (L/k)(A).

We assume ϕ ◦ idA = ψ ◦ idA for ϕ,ψ ∈ Inf-gal (L/k)(A). Then for all
u⊗ 1 ∈ L⊗̂L]A[[W ]], we have

ϕ(u⊗ 1) = ϕ ◦ idA(u) = ψ ◦ idA(u) = ψ(u⊗ 1).

Since ϕ and ψ are A[[W ]]-morphisms, we have ϕ = ψ. �

Theorem 2.22. — The infinitesimal Galois group Inf-gal (L/k) is a Lie-
Ritt functor.

Proof. — Let I be a differential ideal generated by constraints of L
over K.

Since (Inf-gal (L/k),F(L/k)) is a principle homogeneous space by The-
orem 2.20, we have

Inf-gal (L/k)(A) ∼= F(L/k)(A).

For the function u ∈ L, idA(u) ∈ F (N, A[[W ]]) is the function on N with
values in A[[W ]] that we denote by u(n,W ). By Lemma 2.15, we get

F(L/k)(A) ∼= {Φ(W ) ∈ A[[W ]]d |Φ(W ) ≡W mod (N(A)[[W ]])d,
u(n,Φ(W )) = u(n,W ) for all u ∈ I }.

Thus we can regard the infinitesimal Galois group Inf-gal (L/k)(A) as co-
ordinate transforms defined by a differential ideal. Therefore Inf-gal (L/k)
is a Lie-Ritt functor. �

3. Equivalence with Picard-Vessiot theory

In this section, we assume that for every difference field (F, σ), σ : F → F

is an automorphism, and for the base field (k, σ), the field C of constants
of k is algebraically closed.
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We consider

(3.1) σ(y) = Ay

a linear difference system with A ∈ GLn(k) so y = (yi,j) is an unknown
(n × n)-matrix. Let X = (Xi,j) be an (n × n)-matrix of indeterminates
over k. We define the extension of σ to the k-algebra k[Xi,j , (detX)−1] as
σ(X) = AX. If I is a maximal σ-invariant ideal of k[Xi,j , (detX)−1], we
call the difference ring k[Xi,j , (detX)−1]/I a Picard-Vessiot ring. We know
that the Picard-Vessiot ring is determined up to automorphism ([3], [9]).
The total Picard-Vessiot ring L is the total ring of fractions of the Picard-
Vessiot ring. Let Gal (L/k) be the group of automorphisms of the ring L

over k that commute with the action of σ. The group Gal (L/k) is called
the difference Galois group of equation (3.1) over the field k. The following
theorem is well-known.

Theorem 3.1. — The difference Galois group Gal (L/k) has a natural
structure of linear algebraic group over C.

See Theorem 1.13 of [9].

Theorem 3.2. — Let L/k be the total Picard-Vessiot ring. Then there
exist idempotents e0, e1, . . . , et−1 ∈ L with eiej = 0 for 0 6 i 6= j 6 t − 1
such that

(i) L = L0 ⊕ L1 ⊕ · · · ⊕ Lt−1 where Li = Lei,
(ii) σ(ei) = ei+1 mod t,
(iii) (L0, σ

t)/(k, σt) is a Picard-Vessiot field.
Moreover there exists an exact sequence

(3.2) 0→ Gal (L0/k)→ Gal (L/k)→ Z/tZ→ 0.

See Corollary 1.16 and Corollary 1.17 of [9].
By exact sequence (3.2), we get an isomorphism

Lie (Gal (L0/k)) ∼= Lie (Gal (L/k))

of C-Lie algebras. As we are interested in the Lie algebra of the Galois
group, we may assume that the Picard-Vessiot ring R is a domain so that
the total Picard-Vessiot ring L is a field. So we consider a difference field
extension (L, σ)/(k, σ) such that

(1) L = k(Zi,j)16i, j6n,
(2) σ(Z) = AZ, with Z = (Zi,j) ∈ GLn, (L),
(3) CL = CK .
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We take a basis D1, D2, . . . , Dd of the L\ -vector space Der(L\/k\). We
can state equivalence between the difference Galois group Gal (L/k) and
the infinitesimal Galois group Inf-gal (L/k) in the following way.

Theorem 3.3. — Let L = k(zi,j)/k be a Picard-Vessiot field of a lin-
ear difference equation σ(y) = Ay so that A = (ai,j) ∈ GLd(k) and
σ((zi,j)) = A(zi,j). Let Gal (L/k) be the Galois group of difference Picard-
Vessiot theory. Then we have an isomorphism

Lie (Inf-gal (L/k)) ∼= Lie (Gal (L/k))⊗C L
\

of L\ -Lie algebras.

Proof. — We define a matrix 〈A〉 = (〈ai,j〉k,l) ∈ F (N,Md(L])) by

(3.3) 〈A〉(n) := σn−1(A)σn−2(A) · · ·σ(A)A

for n ∈ N. Then the image of Z = (zi,j) by the universal Euler morphism
ιL : L→ F (N, L]) is

ιL(Z) = 〈A〉Z.
Since D(σn(ai,j)) = 0 for any D ∈ Der (L\/k\) and n ∈ N, we have

D(〈A〉) = 0.

Moreover we have
Σ(〈A〉) = ιL(A)〈A〉.

Therefore a ring generated by K and 〈ai,j〉k,l is closed under the operators
of Σ, D, so that L is the ring generated by K and 〈ai,j〉k,l. Let us consider
natural group morphisms

p : Inf-gal (L/k)(L
\

[ε]/(ε2))→ Inf-gal (L/k)(L
\

),

q : Autσ((L⊗C L
\

[ε]/(ε2))/(k⊗C L
\

[ε]/(ε2)))→ Autσ(L⊗C L
\

/k⊗C L
\

).
Since ker q ∼= Lie (Gal (L/k))⊗C L

\ , by Lemma 1.5 it is sufficient to prove
the group isomorphism

ker p ∼= ker q.
An element µ ∈ ker q defines a k ⊗C L

\ [ε]/(ε2)-automorphism of L ⊗C
L
\ [ε]/(ε2) so that there exists a matrix Mµ ∈Md(L

\) such that

µ : L⊗C L
\

[ε]/(ε2)→ L⊗C L
\

[ε]/(ε2), (xi,j)⊗ 1 7→ (xi,j)⊗ (Id + εMµ).

Here Id is an unit matrix of degree d. Now we need the next lemma.

Lemma 3.4. — Let L/k be a Picard-Vessiot field. Then the ring K and
the image ιL(L) by the universal Euler morphism ιL are linearly disjoint
over the image ιL(k) in the ring L.
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We assume Lemma 3.4 and we continue to prove Theorem 3.3. After the
proof of Theorem 3.3, we prove Lemma 3.4.

By Lemma 3.4, we have a ring isomorphism

K ⊗ιL(k) ιL(L)→ L, a⊗ b 7→ ab.(3.4)

For the derivation D1, D2, . . . , Dd over L, we define a differential struc-
ture over K ⊗ιL(k) ιL(L) by

Di(a⊗ 1) = Di(a)⊗ 1,

Di(1⊗ ιL((zi,j))) = ιL((zi,j))(zi,j)−1Di((zi,j)) ∈ L ∼= K ⊗ιL(k) ιL(L)

for a ∈ K. And the difference structure over K ⊗ιL(k) ιL(L) is

σ(a⊗ b) = σ(a)⊗ σ(b).

Then the isomorphism (3.4) is a difference-differential morphism.
The difference automorphism µ induces a difference-differential mor-

phism

ρµ : L ∼= K ⊗ιL(k) ιL(L) → L⊗̂L]L
\ [ε]/(ε2)[[W ]].

1⊗ ιL((zi,j)) 7→ (zi,j)⊗ (Id + εMµ)
a⊗ 1 7→ a⊗ 1

Since ρµ ∈ F(L/k)(L\ [ε]/(ε2)), by Theorem 2.20 there exists τµ ∈ Inf-gal
(L/k)(L\ [ε]/(ε2)) such that ρµ = τµ ◦ id

L
\ [ε]/(ε2). Therefore we have a map

α : ker q → ker p, µ 7→ τµ.(3.5)

Conversely, since τ ∈ ker p is a difference-differential morphism, there exists
a matrix Mτ ∈Md(L

\) such that

τ((zi,j)⊗ 1) = (zi,j)⊗ (1 + εMτ ).

So we have a difference k ⊗C L
\ [ε]/(ε2)-automorphism

µτ : L⊗CL
\

[ε]/(ε2)→ L⊗CL
\

[ε]/(ε2), µτ ((zi,j)⊗1) = (zi,j)⊗(1+εMτ ).

Therefore we have a map

β : ker p→ ker q, τ 7→ µτ .(3.6)

Since maps (3.5) and (3.6) commute with each other, we get

ker p ∼= ker q.

�
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Proof of Lemma 3.4. — Let a1, a2, . . . , an ∈ L \ 0 be linearly indepen-
dent over k and linearly dependent over K. So there exist ui ∈ K, 1 6 i 6 n

such that

u1a1 + u2a2 + · · ·+ unan = 0

and at least one of the ui’s is not equal to 0.
Since L/k is a Picard-Vessiot field, we have K = k · L]. Therefore for all

1 6 i 6 n, there exist αi,j ∈ k and βj ∈ L] such that

ui =
∑
j

αi,jβj .

Therefore one of the α\i,je0. So∑
i

uiai =
∑
i

(∑
j

αi,jβj

)
ai =

∑
j

(∑
i

αi,jai

)
βj .

Since a1, a2, . . . , an∈L are linearly independent over k, we have
∑
i αi,ja

\

ie0
for a certain j. So there exist d1, d2, . . . , dm ∈ L such that linearly inde-
pendent over k and

(3.7) c1d1 + c2d2 + · · ·+ cmdm = 0

for certain ci ∈ L]\0. Here m is a minimum number satisfying the above
condition. Since L and L] are fields, we have from (3.7)

1 + c2d2 + · · ·+ cmdm = 0

for ci ∈ L] and di ∈ L. Therefore we have

c2(d2 − φ(d2)) + · · ·+ cm(dm − φ(dm)) = 0.

By the minimality of m, we get

di ∈ L ∩ L] = CL = Ck ⊂ k.

This is contradiction to d1, d2, . . . , dm are linearly independent over k. �

4. Surjection conjecture

In our theory, we can not expect Galois correspondence. In Galois theory
of algebraic equations, the following surjection theory is as useful as Galois
correspondence, for example to prove that we can not solve general quintic
equation by extraction of radicals and the arithmetic operations ±,×,÷.

Theorem 4.1. — Let L/M/k be a tower of Galois extensions. Then we
have a surjective group morphism Gal (L/k)→ Gal (M/k).
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For a tower of difference field extensions L/M/k, it is natural to expect
an analogous result for Inf-gal (L/k)→ Inf-gal (M/k).

Let M1(resp. K1) be the difference-differential ring of F (N,M ]) gener-
ated by the image of the universal Euler morphism ιM (M) (resp. ιM (k))
and M ]. Let D1, D2, . . . , Dn be a basis of the M \ -vector space Der (M \

/k
\).

Let D1, D2, . . . , Dn, Dn+1, . . . , Dd be a basis of the L\ -vector space Der (L\

/k
\). By these derivations, we can construct the Galois hull L/K of L/k.

We denote by M the difference-differential subring of L generated by the
image ιL(M) of the Euler morphism and L]. Then we get the difference-
differential isomorphism

M∼=M1 ⊗M] L].

Therefore for an L\ -algebra A and a morphism f ∈ F(L/k)(A) so that f :
L → L⊗L]A[[W ]], the restriction f |M1⊗m]L] toM1⊗M]L] is considered as
an element of F(M/k)(A). So we have a map F(L/k)(A) → F(M/k)(A).
By Theorem 2.20, (Inf-gal (L/k)(A),F(L/k)(A)) is a principal homoge-
neous space. Therefore we can define a functorial group morphism

Inf-gal (L/k)(A)→ Inf-gal (M/k)(A).

Conjecture 4.2. — The canonical morphism Lie (Inf-gal (L/k)) →
Lie (Inf-gal (M/k)) is surjective.

5. Examples

Definition 5.1. — Let A be a set and u ∈ F (N, A) so that u is a
function on N with values in A. We denote the function u : N → A by a
matrix (

0 1 2 · · · n · · ·
u(0) u(1) u(2) · · · u(n) · · ·

)
.

We denote the constant function v : N→ A so that v(n) = a for all n ∈ N
by a. Namely

a =
(

0 1 2 · · · n · · ·
a a a · · · a · · ·

)
.

We give three examples here. The reader finds extensive examples in
section 5 of the second part [8].

Example 5.2. — Let L be the rational function field C(x) of 1-variable
x over the complex number field C. For a non-zero complex number a
satisfying an 6= 1 for all n > 2, we consider a C-morphism

σ : L→ L, x 7→ ax.
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So (L, σ)/(k, Idk) = (C, IdC) is a difference field extension. In particular,
the extension is a Picard-Vessiot extension. We calculate the Galois group
of (L, σ)/(k, Idk). Since transcendence degree of L/k is 1, we choose d/dx ∈
Der (L/k) that spands the L-vector space Der (L/k).

First, we determine the Galois hull L/K. Since K is generated by the
image ιL(k) of k by the universal Euler morphism ιL and the field L]

of constant functions of the difference ring F (N, L]), we get K = C(x)].
Moreover since L is a difference-differential subring of F (N, L\) generated
by the image ιL(L) and the constant filed L], we investigate the image of
x by the universal Euler morphism.

The image of x ∈ L by the universal Euler morphism ιL is

ιL(x) =
(

0 1 2 · · · n · · ·
x ax a2x · · · anx · · ·

)
=
(

0 1 2 · · · n · · ·
1 a a2 · · · an · · ·

)
· x

= 〈a〉x.

Here x means the constant function with value x and · is the product in
the ring F (N, L]) and the function 〈a〉 ∈ F (N, L]) is 〈a〉(n) = an for n ∈ N.
Since σ(〈a〉) = a · 〈a〉 and d/dx 〈a〉 = 0, a ring generated by L] and 〈a〉
is closed by σ and d/dx. Therefore the Galois hull L is generated by 〈a〉
and K. So K = C(x)] and L = C(x)]ιL(L). We calculate the Lie algebra
Lie (Inf-gal (L/k)). By Theorem 2.20, (Inf-gal (L/k),F(L/k)) is a princi-
ple homogeneous space. So we can determine Inf-gal (L/k) by considering
F(L/k). The Lie algebra of Lie (Inf-gal (L/k)) is the kernel of

Inf-gal (L/k)(L
\

[ε]/(ε2))→ Inf-gal (L/k)(L
\

)

by section 1.
Let f : L → F (N, L\ [ε]/(ε2)[[W ]]) be an element of F(L/k)(L\ [ε]/(ε2)).

Then since f commutes with σ, we have

σ(ιL(x)−1f(ιL(x))) = (σ(ιL(x)))−1f(σ(ιL(x))

= (aιL(x))−1f(aιL(x))

= ιL(x)−1f(ιL(x)).

Therefore (ιL(x))−1f(ιL(x)) is a constant of σ. So there exists a constant
map α : N→ A[[W ]] such that f(ιL(x)) = αιL(x).

Moreover f commutes with the derivation d/dx. So we get

(5.1) d

dW
f(ιL(x)) = f

(
d

dx
ιL(x)

)
= f

(
1
x
ιL(x)

)
= 1
x
αιL(x).
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On the other hand, we have

(5.2) d

dW
f(ιL(x)) = d

dW
(αιL(x)) = dα

dW
ιL(x) + α

(
d

dW
ιL(x)

)
= dα

dW
ιL(x) + α

1
x
ιL(x).

By (5.1) and (5.2), we get
dα

dW
ιL(x) = 0

and since ιL(x) is invertible, we have
dα

dW
= 0.

Namely α is independent of W . Since f ≡ id
L
\ [ε]/(ε2) mod F (N, εL\ [[W ]]),

there exists µ ∈ L\ such that f(ιL(x)) = (1 + εµ)ιL(x). This means the Lie
algebra of the infinitesimal Galois group of (L, σ)/(k, Idk) is 1-dimensional.

Example 5.3. — Let L be the rational function field C(x, y) in two
variables x, y. We consider the C-morphism σ : L → L given by x 7→
2x and y 7→ xy, so (L, σ)/(k, Idk) := (C, IdC) is the difference extension
field. Since the transcendence degree of L/k is 2, we choose d/dx, d/dy ∈
Der (L/k) so that [d/dx, d/dy] = 0 and {d/dx, d/dy} spans the L\ -vector
space Der (L\/k\).

Now, we consider the image of x, y by the universal Euler morphism ιL
to seek the Galois hull L/K of (L, σ)/(k, Idk). The image of x, y are

ιL(x) =
(

0 1 2 · · · n · · ·
x 2x 22x · · · 2nx · · ·

)
and

ιL(y) =
(

0 1 2 · · · n · · ·
y xy 2x2y · · · 2 1

2n(n−1)xny · · ·

)
.

So we have the following conditions.
(5.3){
x d
dx

(ιL(x))= ιL(x),
y d
dy

(ιL(x))=0,

{
x d
dx

(ιL(y))=1A ·ιL(y),
y d
dy

(ιL(y))= ιL(y),

{
σ(ιL(x))=2 · ιL(x),
σ(ιL(x))= ιL(x) · ιL(y).

Here 1A ∈ F (N, L\) denotes the function 1A(n) = n for n ∈ N. So we get
(d/dx) 1A = (d/dy) 1A = 0 and σ(1A) = 1A + 1. The Galois hull L is the
difference-differential subring of F (N, L]) generated by ιL(x), ιL(y), 1A,K.
Thus we have K = C(x, y)] and L = K(ιL(x), ιL(y), 1A).
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As in Example 5.2, we consider F(L/k) to calculate the Lie algebra of
Inf-gal (L/k).

Let f ∈ F(L/k)(L\ [ε]/(ε2)). Then by constraints (5.3) and f ≡ id
mod F (N, εL\ [[W ]]), we get

f(ιL(x)) = ιL(x)(1 + εµ),
f(ιL(y)) = ιL(y)(1 + ε(η + 1Aµ+\

u(x− 1) log(1 + X
x ))),

f(1A) = 1A + ε
\

u.

Here µ,\ u, η are elements of L\ . Since (Inf-gal (L/k),F(L/k)) is a principle
homogeneous space by Theorem 2.20, we know that the dimension of Lie
algebra of Inf-gal (L/k) is 3.

Let M be the rational function field C(x) of 1-variable x. Since the re-
striction of σ to M is a k-morphism over M , (M,σ) is the difference fields.
So we have the difference field extension (M,σ)/(k, Idk) = (C, IdC) and
(L, σ)/(M,σ). Since both difference extensions are Picard-Vessiot exten-
sions, we can show that the difference Galois groups are Gal (M/k) ∼= Gm
and Gal (L/M) ∼= Gm. So by Theorem 3.3, we have dim(Lie Inf-gal (M/k))
= 1 and dim(Lie Inf-gal (L/M)) = 1. Therefore we have an inequality

3 = dim(Lie Inf-gal (L/k))
\

edim(Lie Inf-gal (L/M))
+ dim(Lie Inf-gal (M/k)) = 2.

Example 5.4. — The reader finds this example in Example 5.3 of the
second part [8]. Let L be the rational function field C(x) in one variable
x. We define a C-morphism σ : L → L by σ(x) = x2. Then we consider
the difference field extension (L, σ)/(k, Idk) := (C, IdC). We choose the
derivation d/dx as a basis of the L-vector space Der (L/C). The image of
x by the universal Euler morphism ιL is

ιL(x) =

(
0 1 2 · · · n · · ·
x x2 x22 · · · x2n · · ·

)
.

So we get x(d/dx)ιL(x) = 2GιL(x) and σ(ιL(x)) = (ιL(x))2, where 2G ∈
F (N, L]) is the function such that 2G(n) = 2n for n ∈ N. Since (d/dx)2G =
0 and σ(2G) = 2 · 2G, the Galois hull L/K is given by K = C(x)] and
L = K(ιL(x), 2G).

Let f ∈ F(L/k)(L\ [ε]/(ε2)). Then by the constraints of ιL(x) and 2G,
we get {

f(ιL(x)) = ιL(x)(1 + ε2G(µ+\

u log(1 + X
x ))),

f(2G) = 2G(1 + ε
\

u)
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with µ,
\

u ∈ L\ .
Since the Lie algebra of the infinitesimal Galois group Inf-gal (L/k) is

2-dimensional non-commutative Lie algebra, the Galois group is the 1-
dimensional affine transformation group.
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