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Introduction.

The principal aim of the present paper is to give a supplement
to the theory of spectral representation for selfadjoint operators
in a separable Hilbert space. This theory was begun by Hellinger
[7] and Hahn [6]; among the further contributors we have
to mention mainly M. H. Stone [16] (Chapter vir) and J. von
Neumann [15]. A detailed account can also be found in Dunford
and Schwartz [3] (Sections X-5 and XII-3).

If i 1s a spectral measure for the selfadjoint operator A in a
Hilbert space # then the « classical » theory of spectral repre-
sentation sets up an isometric isomorphism mapping # onto
a suitable space $3(di) of vectorvalued functions on the real
line; #3(dw) is the direct integral (rel. the measure ) of Hilbert
spaces whose elements can be considered as generalized
eigenelements of the operator A. Various results in the classical
theory hold p-almost everywhere, but the exceptional sets
and the relations between them were not specified. We shall
give a precise description of the exceptional sets; the conse-
quences of this description will be useful for questions of
expansion in generalized eigenelements of A. The feasibility
of this study was recognized after reading papers of Yu.
M. Berezanskiu [2], C. Foias [4], [5], G. I. Kac [9], [10], and
K. Maurin [12], [13]. In the remainder of the present paper
we apply the general results to the problem of eigenfunction
expansions 1in proper functional Hilbert spaces. We have
divided our investigation into three chapters.

Chapter 1 deals with spectral representation. In § 1.1 we
give a résumé of the classical theory, as far as we need it. In
§ L2 we start with a generating system e = {e,} in #6 rel.
the operator A, and with the « minimal » p-null set A,. The
exceptional sets A,y are introduced (for every uedb) and
the generalized eigenspaces #6X® (defined for every Ae«A,)
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are investigated. The domain 9P of the « infinitesimal »
projection PQ®: 36 — 6P consists of all u for which A ¢ A, ,;
it is a subspace of #6 ; P maps onto all of #6X. For every A ¢ A,
a closed subspace #Y of 76 is constructed so that the mapping
PPV: B» — %N is an isometric isomorphism. The spaces
#6P are found to be essentially independent of the choice of e.
In § 1.3 we introduce the notion of expansibility. A subset
Sc# 1s called A-expansible if ;L(U A, (e)> =0 for some

uEeSs
generating system e. We give some examples of expansible

Banach-subspaces # of #, based on the fact that if # is con-
tained in 9® then the mapping P®: B — #® is bounded.
The range of any Hilbert-Schmidt operator in #6 is expansible
for every selfadjoint operator A (*); a set contained in such
a range is called Hilbert-Schmidt expansible. If a set S is
A-expansible then for every fixed A ¢ U A, (» the components

zeSs
E.(z; A) of the generalized eigenelements are functions defined

everywhere on S, they appear as generalized eigenfunctions
of A. In § 1.4 we consider operators T in # which are closed,
have dense domain, and commute with the resolution of iden-
tity E(.) of the selfadjoint operator A. The spectral decompo-
sition of these into operators T® in #® is obtained and
described completely.

Chapter 11 gives applications to proper functional Hilbert
spaces {J, &}, i.e. Hilbert spaces & consisting of functions f
defined everywhere on a basic set & such that the evaluation
f(z) for fixed xe& represents a bounded linear functional
on F: f(z)=(f, K;). The reproducing kernel is given by
K(z, y) = (K,, K;). In § IL.1, for every A outside the minimal
exceptional set Ag, the generalized eigenspaces {F@, &} are
defined directly; they are determined by their reproducing
kernels K(z, y; A) = d(E(A\)K,, E(A)K,)/di(A). The p.f. Hilbert
space {J, 8} is called expansible if the set { K|z < 8} is expan-
sible in F; in that case w(Ag) =0, and the canonical isometric
isomorphism between F» as given by the abstract theory
and F is established. In § I1.2 we employ the properties of

(2) This result can be interpreted as a slight improvement of a corresponding
result of G. I. Kac [9].
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Hilbert-subspaces of {#, &} to investigate Hilbert-Schmidt
expansibility.

In Chapter m1 we consider p.f. Hilbert {&, D} consisting
of functions analytic in some domain D in complex space C".
These spaces are all Hilbert-Schmidt expansible, and the
generalized eigenfunctions in 8’ (for w-almost all A) are ana-
lytic in D.

We have not touched upon the theory of spectral represen-
tation for normal operators. Also, in § I.4 we have not tried
to obtain a spectral decomposition for general T not necessarily
commuting with E(.) into operators T®®: #® — 76M,

The notation and terminology of this paper will be explained
in the course of the development.

Formulas as well as items (such as « Definition », « Theorem »,
etc.) are numbered through in each chapter. When referring
to formula (3) (or « 1. Theorem ») of Chap. 1 we shall in other
chapters write (3.I) (or Theorem 1.I), and in the same chapter
write simply (3) (or Theorem 1).






CHAPTER 1

SPECTRAL REPRESENTATION FOR HILBERT SPACES

L.1. Résumé of the classical theory of spectral representation.

Let # be a separable Hilbert space. Let A be a fixed self-
adjoint operator in # with E(.) its resolution identity. An
interval (open, halfopen or closed) will be denoted by A. For
a Borel subset S of the real axis E(S) denotes the corresponding
projection.

DerintTioN 1. — A sequence {e,} < % is called a generating
system rel. E(.) if 10 the elements E(A)e, generate the space
# and 20 (E(A)e,, E(A")e,) =0 for ns=mand any A,A’. We assume
the system normalized by ||e,|| = 1 for all n. The generating system
{e.} defines a system of measures (1, given by (1,(A) =||E(A)e,|? (3).

For our selfadjoint operator A we choose a fixed spectral
measure as follows. Consider the class T of all measures v such
that, for every generating system {e,}, v & . (¢) for all n.
In this class we consider the equivalence class S of measures p
satisfying <3y for every ve T. Let us choose a fixed measure
e S of total mass 1. This @ will be our spectral measure.

From now on we shall keep #6, A, E(.), and p fixed.

Let e = {e,} be a generating system.

(}) We do not insist on any canonical choice of a generating system {e, }. Neither
are we interested in relations between a generating system and a (canonical) sequence
of measures v;, v,, ... (where v,4, is absolutely continuous with respect to v,) descri-
bing the operator A up to unitary equivalence (cf. M. H. Stone, [16], Chap. vm).

(%) v & W&, (or equivalent (1, < v) means that the measure ., is absolutely continuous
with respect to the measure v.
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Let A, be the minimal set such that

Q)P _ du)
W OSinw) ~as(y

exists and is finite for every A ¢ A,. Clearly ®(A,) = 0. For
Ae A, we define the following sequential Hilbert space % :

We introduce the abstract vectors e,(A). Then #6 consists
of all elements u® = Xf¢,(A) where £, = 0 whenever 6,(A) = 0
and for which the norm defined by

(2) ||u®[? = 2 [56.()
i1s finite.

The direct integral / P di(N) of these spaces is well-
defined. It consists of all sequences of p-measurable functions

{9.(A)} such that Zg,(A)e,(A) € #P for p-almost every all A
(this 1mplies ¢,(A) = 0 if 6,(A) = 0) and

SIS MeaMIE did) = [ Sloa(W)[20.(2) din(A)
—gfm)wa<w
oo (u, E(A)e,)  d(E)u, E(\)e,)
For every u e #6 the limits ];?xl ud) = ()

exist, are finite, and equal zero if 0,(A) =0 for p-almost

all A. We set

££0,(2)

1 d(EQAu, EMe)
(3)  Ea(u; ) ={0,(2) (V) 'fen(l) >0
0 if0,(0) =

Furthermore, for u, v € % and any A,
(5 (E@)u, EQ)) =3 f{E(us VE(0; 1) din(d)
= i 3 B MA@ D) de(h)

The correspondence u — {£,(u; A)} establishes the canonical
isometric isomorphism between # and the direct integral

u/‘ FP dp.(A). Under this isometry any function F(A) of the
operator A in # corresponds to multiplication by F(A) in the
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direct integral: F(A)u — {F(A)E,(u; 1)} for p-almost all A,
and

(F(A)u, sz Eu(95 A) dia().

Thus {£,(u;A)} can be considered as generalized eigenelements
of the operator A. If A 1s an eigenvalue of A then the measure
has a point mass at A, and #® 1is identified with the corres-
ponding elgensubspace of %.

We are now interested in a precise description of the excep-
tional sets (all of p.-measure zero) outside of which the various
results of the classical theory hold, and in some of the conse-
quences of such a description.

L.2. Generalized eigenspaces.

DeriniTiON 2. — For a fixed generating system e and an
element u e 36 we define A, as the smallest set such that A, > A,
and for every A& A, ,:

2 UEM), ER)e,

=E,(u; A)0,(A) exists, is finite, and

dp. (V)
equals zero whenever 08,(A) =0 (then we set
() &u(u; A) = 0),
2
b) ‘ﬂ%z(\%tﬂ— exists, Y &,|(u; A)[20,(A) converges, and

the two are equal.

Clearly w(A, ) = 0.
For fixed n let P, be the projection onto the closed subspace

generated by all E(A)e,. Then we denote P,E(.) = E(.)P,
by E,(.).

Lemma 3. — Let A ¢ A, . For each k and arbitrary ¢ > 0
there is an interval Ay = Ay(k, €), containing X in its interior,
such that

(6)

Zﬂ%(él)‘il };li (w3 W2 8,(0)] <& for all A with e Ac A,
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Furthermore, for every k
(7) d gy-)\ WP opists and equals  [&(u; N)[20,(A).

Proof. — We shall proceed by induction on k. For k =1,
(6) follows from condition b) in (5). For every n we obtain
from (4) and Schwarz’s inequality

||E;<(L[\&>)ul|* — H(lA) [ [Ea(u; )12 0a(p) din(p)

1 .
> -meml). En<u,p>en<p>du(p>r'

Pn
For any sequence of intervals A;{A, A ¢ A, (, and (5) a) then

yield
lim meM_ > [Ea(us V8,0,

Aj¥

Now suppose (6) is valid for the index k. We shall prove (7)
for k. For any A e A cAy(k, ¢) we have

— o < LBOE g us e, 4+ 3 IR

k+1 (
— 3 [Ba(us 0L H) < ¢

and for an arbitrary sequence Ay > A; | A

0< <hm meﬂL B (w5 V)28, (0 )>

AV

+(z hmmf“—b—‘L 5, 18 1P0,0) <

k+1  A;¥) k+1

where each of the two terms is non-negative. Consequently

2
() 0< lim inf E;L(AA?)”' — [Eu(u; MO0 < ¢
J J

for any ¢ and every A;| A, and so (7) holds for k. Applying (6)

for k and _;- and (7) for k:

Bl — s o] < 5 for hededs ()
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we obtain (6) for k + 1 and Ag(k + 1, ) = A <k > n Al( 2)
The assignment u — {£,(u; A)} defines a mapping
PP 36 — #6P, PPu = X &, (u; Ne,(A),
(|PPy|p = dEA)u[f
dix(R)

for A€ A, (). P» may be considered as an « infinitesimal
projection ».

TaeoreM 4. — The domain OP of PP is a linear subspace
of #. Furthermore, for u,ve# and every Ne A, yu A, :

® T = 3 B VEE .

Proof. — Clearly ue P implies au e PP for any complex
number a. For u,vedP:

d(EQ) (v + ¢), E(A)e,)
dix(A)
Now we consider condition b). We have
IEA) (u + #)[* = [[EA)ull + [|EA)s[* + (E(d)w, E(A)e)
+ (E(A)e, E(A)u).
If (8) holds then we can apply it to the right hand side here

and obtain u + ¢ e 9P, It remains to prove (8). By (4) we
have

I

(En(us A) + Ea(0, 1))8a(R).

1
9) g (E E®)) = i 3 (E)u, E,)0)

=_(1A_)§ S Ealws 0)8a(v5 ) Oul) dir(e).

Furthermore
(9) hm——j Ea(u; p)Ea(v; p) 0ulp) dix(p)
Avx -

= E,(u; ) Ea(v5 ) 0,(2) (°)

(5) To prove this we establish
lim —L_ f Eu(us @) B (05 0) ditale) = Enlu, NE(0, N) for every n
AV Ha(8) JA

by use of Lemma 3 and the following elementary

LemMMA. — Let v be a measure on the real line and let o(t) and (t) be two v-measu-
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for every n. For arbitrary ¢ > 0 choose k sufficiently large

o that | 3 E(ws NEW VLM, S [Eius DI 6,0), and

n=k-+1

Z |&a(v; A)]20,(A) are each less than . We keep k fixed now.

By (9'), the first k terms on the right hand side of (9)
k —_—

will approximate 3 &,(u; A)E,(v; 1)0,(A) as close as we please

n=1
provided that A is sufficiently small. It remains to evaluate
the remainder in (9). We have

1
IM S [ ks p)Eulo; p)0<p>du<p>|

u—k+1

3k§lf|£up|26(>du )+ 5, s 0 <p>§
— 243 M+21|M§

k+1 0 (

Since A ¢ A, (,u A, () we may apply Lemma 3 and find that
the right hand side differs from

2) 3 [l VIO0) + 3 (e D000
+1 +
by less than 2¢ for AeAcAy(k,¢e), and 2§...} << 2e by the

choice of k.

Since the subspace D contains all elements E(A)e,, where A
is an arbitrary open interval, it is dense in J6.

Tueorem 5. — The range of P® is all of HP.

Proof. — If A& A, and 0,(A) > 0 then PPe, = ¢,(A). Let
A& A, be fixed. For every n we choose an open interval A,

such that A€, A, | A, and (for 0,(A) > 0)
(10) |
5 0,(A)(A") <||E(A")en|[2<<20,(A)(A’) for all A" with A e A" c A,

[N

rable functions such that the four functions @, (p) =feq>(‘r) dv(t), Dy(p) =f?|q>('r) [2dv(7),
V(o) = /' FY(r) dv(t), Falp) = f *|4(x)[2 dv(7) ‘are differentiable with respect to v
at the po}n: X and their derivatives there equal to the corresponding integrands ¢(1),
@A) [2 $(A), |P(A)[2. Then the function x(p) = ‘/;? o(7)Y(7) dv(7) is differentiable at

aXfe)|  _ .
A and ‘MP)L:x 2N
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Now let u® = X¥,¢,(A) € #P, i.e., X|5,|20,(A) < o and £, =0
whenever 0,(A) = 0. Then u=XE,E(A,)e, belongs to # since
[JulP = Z|&|E(AL)ed? << oo by (10). We show that ue DV,
By construction we obtain condition a) with &,(u;A) = &,.
It remains to establish b). We shall show existence (and equa-
lity to X|%,|%0,()) of both the left and right hand derivatives.
By A% (A7) we denote the part of A, lying to the right (left)
of A and including A. Let A denote intervals to the right (left)
of A now: A = [A, A’[. Then for fixed A and n' = n'(A) we
have

EQ)u=3 EEQ)e, + 3 EEWADe.

n=1 n=n'-+1

For ¢ > 0, fix k large enough so that 3 |%,|>0,(A) <e. Then for
A suﬁiciently small n'(A) >k, and **

NE@)ulP _ FIEAelp - — "3 5,2 :

+

S [l (IEQAT) el

" H(A) n'(A)+1
The first term approximates Y, |%,/20,(A) as A | A. In the second
term we have AcAfcA,, and so by (10) it is bounded by

n(A) +

2 Y |%)%0,(2). Inthe remainder term we have A7 c A, %(%"—)2 <1,
k+1 °

and so it is bounded by 2 Y, |%,|?0,(A). Thus the second and

W(A)+1
third terms together are bounded by 2¢ (by the choice of k)

for every A small enough so that n’(A) > k. This proves that
the right-hand derivative of ||E(A)u||> exists and equals
Y |5420,(2). The left-hand derivative is treated analogously.

Prorosition 6. — Let A ¢ A,. For a suitable choice of ele-
ments g, €36 satisfying PWg, = e,(A), the elements X&,g, for
which X|E,|20,(A) < o (5, =0 for 0,(A) =0) form a closed
subspace B® of ¥ which by P® is isometrically isomorphic
to 6N,

Proof. — If A is an eigenvalue of A, then P® = E({1})
is the projection of # onto the eigenspace corresponding to A,
and we take g, = E({A{)e, (then ||g,/|® = 0,(X)).
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Suppose now that A is not an eigenvalue. Let A, be the
restriction of A to the closed subspace generated by E(A)e,,
for A arbitrary. If now 6,(A) > 0, then A is in the continuous
spectrum of A, and is not an eigenvalue of infinite multiplicity.
Hence every open interval containing A must contain points
of the spectrum of A, different from A. We choose such an
interval, A, say, and take it so small that it satisfies (10)
and also ||E(A,)e,||* < 0,(A). Then we can find an open sub-
interval A, containing A such that both A, and A, — A, £ A;
meet the spectrum of A,, and thus E(A;)e, 5= 0 == E(A)e,.
Clearly PWE(Az)e, = 0 and PWE(A,)e, = e,(A). We determine
the constant ¢, > 0 such that:

I E(47) + E(An)e = GlE(An)en| +- [[E(An)ey|[* =0,(2) :
en = (0,(A) —[|E(An)en] )2/ E(An)en|

g, = (E(A) + E(A)e,.

Then we have PVg, = ¢,(A) and ||g,|? = 0,(A). The elements
u = 2£,g, are by P® in one-to-one correspondence with the
elements of the complete space 6}, and this correspondence
1s isometric.

Tueorem 7. — Define A . =l ' A, U l ' A,

1 1
Clearly .y.(A(,,: 0) =0. Then for every A& A oy, there exists
a canonical isometric isomorphism J}) of I onto ¥ such
that for ue PP n DP

and set

JOPPy = PPy,
Furthermore for every ue %
(11) Auer e Muo U Ao

Proof. — Let A& A, .. We introduce v .(A) = E(ex; )
and 7, (A) = E(ea; A), that is
1 (B, EQ)e)
) =
Kool =600 7 du(h)

and 1 d(E(A)e, E b
(12) . — (E()en, EQes) _ 0a(2)
=g ) e
for 6,(A) > 0 and 6,(A) > 0,
and . o(A) = T, (A) =0 for 6,(A) =0 or 6,(A) = 0.
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Then we define the linear transformation J) : % — #) by
(13) JNe(A) = X o, n(A)en(A),
and similarly J®,: #6» — #P» by
(13") INe,(A) = X 7o k(M)ex(A).
k
We have for any k and [:

Skbe(A) = (ex(R), €/ (X))ze0 = d(EO\ZliZ)\E):()\)e;)

= 2 e n(A)xe n(2) 9a(A) = (Jhver(R), T2/ (X)) 3

which shows that the mapping J¥ is an isometry and thus
can be extended to all of #X®. Similarly J¥, is an isometry

since for any m and n:
Sunn(1) = (en(1), (80 = AL SR
— 3 AT 0 = (JPuen(), IPeea(0) s

Using these formulas and (12) we find for any n and !
2 T, (X)) = Ou = Ly mse(A) T, ()
k

which means that the matrices y(A) = (y .(A)) and
T(A) = (7,.(A)) are inverse to each other. Consequently
JPJIN, acts as identity in #P, and JN.JP, acts as identity
in #». This also shows that the ranges of J*). and J?), are
all of 36 and #6, respectively.

From our constructions we see that for ue D n DN

JNPPu = PPu,

It remains to prove (11). Let ue 6 and A ¢ A, (yu A, ). We
want to show A& A,y that is ueDP. By the hypothesis
on A '

dEQ)u, EQ)e) _ :
o) = 3 0.(u; Nk o(A) 0,(A).

n

This 1s zero if 0,(A) = 0 since then all y, , vanish. It remains
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to establish condition b) rel. the system ¢. We have (for
0i(A) > 0),

£ \) = oo 0 ) — JRPPu, 6())

This means that &,(u; A) are the components of the element
JPPPu in #P, and because of the isometric isomorphism

3 s M G0) = [IRPOu]E = |[PPu = AEEE
k

which gives condition b).

Remark. — Concerning the generalized eigenelements
Y&, (u; Ne,(A) we note that ue PP implies AueDP® and, for
A0, also AueDP implies ue DP. If F(A) 1s a function of
the operator A then for every A & A, () U Aruy, (9 One has

PPVF(A)u = ZF(A)E,(u; Ae,(A),
or in other words

{Ea(F(A)u; M) = {F(MEx(us M)}

Treorem 8. — If the sequence {xz,} is a total (°) subset of
¥ then a generating system e can be obtained from it. Let e

be another generating system. Then for every A & A, . u ‘ | A,
k

the set {PPx, | is total in #P. If an particular we set e’ = e

we find that {PPx,} is total in B for A& |_J As, o
k

Proof. —— The generating system {e,}{ is obtained from {,}
as follows. Let #6, be the closed subspace of # generated by
all elements E(A)z, where A is arbitrary and k=1, ..., n.
Let y, be the projection of z, onto #,_; and set z, = &, —y,.

If 2,0 we define e, =—%—. Then fe,} obviously forms
a generating system. 2] »

On the other hand, for fixed A& A, »yu | JA,, ) consider
k=1

the sequence {P®Mz,} in #P. We orthogonalize it (without

insisting on any normalization). Let us write PPz, =E§®(A)

(®) A subset Sc# is total if (u, s) = 0 for all se€S implies u = 0.
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and define n®(A) e #P successively by n®(A) = ED(A) and

B0 = EO() — jz " (,)1 ARG ORERES

where in the sum only terms with n¥(A) =0 are taken.
Inspection now shows that

PPe, = a®(N) for all k
where the a, are positive constants. These vectors form a basis
for P = JP,HP since e is a generating system. Consequently
the sequence {PPz,} is total in #P. The particular case is

clear since A, 5= A.c l ,Azk,(e)-
*

I.3. Banach-Subspaces. Expansibility.

Let the generating system e and A ¢ A, be fixed. Frequently
we shall omit the subscript e and simply write P®, 93, 36®,

Prorosition 9. — Let B be a Banach-subspace of # with
norm || || : |lulls > [[ul| for w<B. Suppose that B c DM, Then
the mapping

(14) PO B, || [js} — %
i1s bounded.
Proof. — We use the uniform boundedness theorem. For

fixed As A, (E(A)u, E(Q) /p.( represents a bounded linear
functional on B. The expressmn converges (as A | A) for every
ueB since Bc®®, Consequently the limit also represents
a bounded linear functional :

(E(A)u, E(A)e,)
£a(us N0, = lim 2R BEN
[%a(u; 2)8,(4)] = lim w(8)
Next, for each k the linear operator P, : B — #® defined by

< Mn“u”B'

Pu= i Ea(u; A)eq(A)

n=1

1s bounded since

(3 Bnram)” < (2 0“&) e

0,(M) >0
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For every fixed u e B, the P,u converge to P®y in #®. Conse-
quently P® =lim P, is a bounded operator of B into #®.

Derinition 10. — A subset S of #6 is called A-expansible
if
(15) # (L) Awo) =0

uEes

for some generating system e (then by Theorem 7, the same condi-
tton holds for any other generating system). The set S is called
totally expansible if it s A-expansible for every selfadjoint
operator A in 3. A countable union of A-expansible (totally
expansible) sets is also A-expansible (totally expansible). Let
[S] be the linear span of S (that is, all finite linear combinations
of elements in S). Then (15) implies . (U A,,'(e)> = 0.

\u€(8]
As an application of Proposition 9 we shall give some exam-

ples of expansible subspaces.

Let a sequence {u,} c¥ and an index p, 1 < p <<, be
given such that

3 (3 Bl )Y 0ulp) dislp) < o0 if p < o,

16
1o %f_wsgplin wes £)1* 0a(p) din(p) < o0 if p= o,

where Y E.(uy; A)e,(A) = PPu, (rel. some fixed generating

system e). We denote the expression in (16 ) by [|§ue}| ). Let
C— {¢,4 €1 now. Then Z Gy = hm Z E.u, belongs to %6

since

2
Z Gau|| =
M

S L] s o) 6.6) duste)
<(S1l)" 3 L2(5 Bl o) 0ule) i)

where the second factor is finite by (16), and the first tends
to zero as M, N — oo.

Consequently all elements of X which can be represented
in the form X{,u, as just described form a subspace

¢ =(I)p=(pp(guk;)-
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By giving a norm to ® it can be made into a Banach subspace
of 3 in two equivalent ways: Either we make the direct
definition

l12§kukll¢ = s inf 3 llnlll"'l| { u,,} ”(p)'

ety = Borbr
n={n,}e”
Or we consider the linear mapping

U:lFsl — Xlu, ¥

with null space To(U). Then ® provided with the topology
of I7[T(U) will be a B-subspace of 76.

Taeorem 11. — For every Banach-subspace ® = @, ({u,})
of #6 there extists a p.-null set Ay such that © < DY for every X & Ag.

Proof — The set Ag is defined as follows. The complement

— Ay consists of all A & UA,, @ for which the derivative
of

a1 S (5 s o) 06) dute)

© n k=1

exists, is finite, and equal to the integrand. Clearly (Ag) =0.
Let A ¢ Ap be fixed; we show that D c DM,

To establish condition a) of (5) we consider
1 1
oy 2 W(E@)u, Ed)e) = 3 75 G f En(we; 0)0a(p) dir(p)

as A|A. In the series on the right, each term converges
N ©

individually as A | A. We split the seriesinto Y, ... + 3
k=1 k=N+1
and evaluate the remainder. Let us write

(O, O CN+1’CN+2, .. ) ={® and ((1, . '7CN) 0; .. ) = Cx.
| <L f S Gl ¢)|0(p) dir(e)
N+l A lk=N+1

=4 )<N‘§1‘C"| > ﬁ(,éﬂﬁn(“h; P)l">1/p°»<9)du(9)
<l E) (i [ (S tmsele ) o) te) )
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The third factor in this evaluation remains bounded as
A} A (actually it converges to a finite limit, as can be seen
from the assumptions about (17), using arguments similar
to those of Lemma 3). The second factor tends to \/W as

A} 2, and the first to zero as N — . Thus we found
dlu( j 2 2 G(EM)u, E(R)e,) = % (s A) 0, (R).
We turn to condition b).

1 , 2
gy

:ﬁg 3

_ 1
T r(d)]2

The first term will converge to )
We evaluate R. *

RIS, 3
(), 3 [z el
(f 2|3 shtms ) ) duio)) |

<7 [ 3 (3 s l) " 0ute) dute

A n k=N+1

20l K (i [ 3 (3 1tns o)) 0le) ()]

G 3(2)" )

I T

[3 <2 Gl )7) 4(6) du(o)

The third factor remains bounded (actually by the conditions
on (17) it converges) as A | A, the second is bounded by 3|[{||,,.,

2

+

klm PG 35 3
| + R.

A)u,

N 2
2 Ga(w; 2)| 0

k=1

.(A) as A} A

S Gkl 0)| Ou(p) dunlp) +

0.(¢) du(p)>m

~
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and the first tends to zero as N — . Thus we find that

_d wllp =

Proposition 9 and Theorem 11 give

20,(0).

2 CkEn(uk; )\)

CororLary 12. — The Banach subspace ®,({u,}) of % is
A-expansible.

Remark. — The question arises whether there exist such
spaces ®,({w,}) with p 5= 2 which are not contained in any other
space ®y(§{¢,}) of this kind. It is conjectured that for p > 2
there do exist such spaces.

Consider a sequence {u,} c 6 for which 3 |ju/[® < oo ; the

k
corresponding space ®,({u,}) is the range of a Hilbert-Schmidt
operator T in #6 defined by T¢, = u, where {q&k} 1s an ortho-
normal system. Then for every arbitrary selfadjoint operator
A 1n 76 with resolution of identity E(.), spectral measure .,
and generating system e we obtain

© > 3 [lulf =3 3 [ Falas p)200(e) dis(p)
=3 [ 3 s o)*00p) dir(e),
that is, condition (16). Thus we have
Cororrary 13. — The space O,({u,}) is totally expansible.
DeriniTiON 14. — A subset S of ¥ is called H.S.-expansible
(Hilbert-Schmidt expansible) if there exist {u,}, §||u,,||2< w0

such that S ®y(§u,}). A set which is contained in the union

of countably many H.S.-expansible sets is also H.S.-expan-
sible.

The results of Section 2 and the definition of expansibility
give

Tueorem 15. — Let 6§ c %6 be A-expansible. Then 10 For
every zeb

i ()2, E(A)e,)
U/ Ty

= E,(z; 1) 0,(2)
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exists for all n and every A & Ag = A, 5. 20 The expansion
Y & 1 (9) P

zeg

z = ; f_ " Bz Ned) dp())
holds. 3° For fizxed \ ¢ Ag the &,(x; ) defined by (18) are functions

of x defined everywhere on &; they appear as generalized eigen-
functions of the operator A.

L.4. Spectral decomposition of operators commuting with E(.).

Throughout this section we keep A, E(.) and p fixed and
consider operators T in # which are closed, have dense domain,
and commute with E(.):

EM)D(T) € D(T) and TE(A)u = E(A)Tu for u e D(T), and every A.

An equivalent way of saying that T commutes with every

E(A) 1s
(19) EMTcTEQR) for all i,

that is, TE(A) 1s an extension of E(A)T. Taking adjoints in

(19) we see that then also T* commutes with E(.). Further-

more T and T* commute with every E(A) where A is an interval.
We shall need the following well known

Lemma 16. — Let T be a closed operator with dense domain
in #6. Suppose that the bounded operators B, converge strongly
to an operator B and that T commutes with every B,. Then T
commutes also with B.

Taeorem 17. — Let T be closed, with dense domain, and
commuting with E(.). Then one can construct a generating sys-
tem {e,} which is contained in D(T).

Proof. — a) Suppose first that A has no eigenvalues (i.e.,
 has no point masses). We make use of the one-to-one corres-
pondence hetween pairs of non-negative integers (k, 1),
k,1=20,1,2, ..., and positive integers n = 1, 2, 3, ... given
by the formula (2k + 1)2' = n. Let the sequence {2®} < 9(T)
be total in #. To obtain the desired generating system f{e,}
we construct elements y, e D(T) and 20’ e D(T) by induction
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on n and set e,= ” ” for y, == 0. Our induction hypothesis
for the step n is the following:

(20) Y~ and z{? have been constructed and belong to D(T)
for all n' < n and (2K + 1)2" < n.

We already have the sequence {z®} c 9(T). We set y, = 2’
and 2 = 0 for all /> 0. Then (20) is satisfied for n = 2.
We proceed to construct y, from hypothesis (20). Let Y,_,
be the closed subspace generated by all elements E(A)y,
for which n’ < n. Let k and [ be determined by n = (2k + 1)2".
Then x> e D(T) is known by (20). We shall decompose :

(21) 20 = h, + z, + 2+

where v, LY, 3, z,€ Y, , [J2¢ Y| %, and all three belong

to Y(T). If 20 e Y,_, we choose z, =2 and y, = 2¢/*? = 0.
Consider "¢ Y,_;. Let P,_, be the projection onto Y,_,
Then
n—1
P = E Zws

=1

where zy = [ ¢x(A) dE(\)y, and ow(A) € L2(d||EQ)y.]2),

since by construction the e, form part of a generating system.
Since p. has no point masses, the measures ||[E(A)y,||? do not
have point masses either. We may take ¢, (A) = 0 whenever

—“—ip.—(—alﬂ— = 0; then ¢,(A) i1s also measurable rel. p. Since
for every n’ < n—1 the elements /{I oyl ¢(A) dE(N )y,
approximate z, as M — o we can find a set S,_, whose comple-
ment has a measure as small as we please and so that all
ew(A), n' =1, 2, ..., n—1 are uniformly bounded on §,_;.
The choice of S,_; will be specified later; let %,_; denote the
characteristic function of S,_;. We define

2-! f(Pn Jl 1 ()‘)yn”
(21") / Yae1(A )b — z,
U+ ——f — yao1(N)) dE(A)z0
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which will give the decomposition (21). We have to prove
the desired properties. By construction y, LY, ; and z,e Y,_,.

The operators an—1(7\) dE(A) and fx,,_l()\)ep,,’(l) dE(A) are
strong limits of finite linear combinations of operators E(A),
hence they commute with T by Lemma 16. Since y,, 2" € 9(T)
then also z,, y, € 9(T), and finally z{*V e D(T). The set S,_,
1s chosen so large that y, 5= 0 and

) 1
I = [ 1L — s (A EQ)0lf < o

To complete the induction we have to show that (20) holds
for n+41. We only have to check on a* where
(2ky +1)2" = n + 1. Then 2k, + 1)24 =n, < n, x"*") are
given by (20) for n and z{» was obtained together Wlth Y,

It remains to show that the set {E(A)y,{a , is total in %6,
1.e. that every ue# i1s a limit of finite linear combinations
of elements E(A)y,. So let ue¥ be arbitrary. Since {z®}
is total in #6, for every ¢ > 0 there are numbers &,, ..., &
such that

N
u— Z Ek xf‘O)

k=1

< €.

For each fixed k (k =1, ..., N) we decompose
P =y, + z, + P, n, = (2k 4 1)

-------------------------------------------------------

= Yn, + Zp, + e + Yn + Zn, + x}?: n = (Zk + 1)2l_17

&
N max |&;]
which can be achieved by the condition on (21). Then
Y G 12| <e. In these decompositions we obtained finitely
k

where [ is sufficiently large so that 2> = 0 or ||2{|| <

many elements z; and y;. The z; can be approximated by finite
linear combinations of elements E(A)y, as closely as we wish.
So finally u can be approximated by such linear combinations
as closely as we please.

b) If the operator A has eigenvalues let #6(A) denote the
eigenspace corresponding to the eigenvalue A. The projection
E({A}) onto #6(}) is the strong limit of operators E(A), A} A;
by Lemma 1 then T and T* commute with E({A}). Let A
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be the set of eigenvalues of A (there are at most countably
many) and let #(A) be the orthogonal direct sum of the eigen-
spaces #6(A). T and T* commute also with the projection E(A)
onto #(A). The operator A has no eigenvalues in the comple-
ment ¥, = BOH(A). From part a) we now see that we can
find a generating system e =¢’ u ¢”(A) in # where ¢’ c %6, n D(T)
1s a generating system in #6; for the restriction A|y, and e”(A)
is a union of orthonormal complete systems {e™(A)} in #6(Q)

for each A e A such that {e™(0)} < D(T).

Remark 17'. — The same construction shows that for an
arbitrary class of operators T;, closed, with dense domains,
commuting with A and such that mﬂ) 1s dense in #6, there

exists a generating system {e, c' \l)

DerFiniTiON 18. — For A e A we define the operator T® in
F6()) as the restriction of T to #6(). Clearly T® is closed with
dense domain and it 1s bounded if T is bounded. Consider now
a generating system ¢* = {ep} < D(T*). For every

Ae A U ‘ 'ATte"“(et)
n

we define the operator T in #X as follows :

u® e D(TY) if there exists ue DX n D(T) such that
PPu = u® and Tu e DY ; we set TPu® = PP Tu.
Then we have u® = X, (u; A)ex(A) and TQu® = EE (Tu; A)ei(A).
Consequently
vy AEQ)Tu, E()el)
22) E(Tu; A)05(A) =
(22) E(Tu; )00 oy

_ AEMu, EOT'E) gy 0 F o o
= A e ) = 3 b s BT N Y,

and the operator T® is realized by the assignment

(23) (8.} — 3 EE(T el ) 05(0) ¢

9*( ) %
From (22) we see that u, v € D n D(T), Tu and Ty € DY and
PPu = PPy imply PPTu = PPTy; hence the operator TY is
well defined.
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Taeorem 19. — Let T be a closed operator in ¥ with dense
domain commuting with E(.) Further, let e and ¢* be generating
systems contained in D(T) and D(T*) respectively.

a) T® is a closed operator in #X for A « | 'Ap%(e.).

b) T® has a dense domain in #H2 for »
Ae <U A’]’_‘teﬁ,(et)> U (U ATe,.,(e*)) U (Ae, et).

c) We have the following relation between the bounds (finite
or infinite) of T and T® :

[IT|] = sup [T

for 7\ & l 'AT“e,{, (e%)*
n

Proof. — Let {u®}c®D(T®) and suppose u — u®,
TXuP — w® in HL. We prove u® e D(TP) and TXu® = w®.
We choose a subsequence of {u{’} (again denoted by the same
letters) such that for ¢ = u® —u{; (we put ul® = 0)

(24) 2oV < oo and 2||T@eM|| < o0

hold. We have u® = Y¢®» and ow® = ITPeM in #HX. For
every 1 choose a ¢;eD(T)n DY such that PPy, = o,
P®Ty; = T®¢®. Then we choose a decreasing sequence of
intervals A; so small that for any A with A e A c A;

(1
| 2

and

IoPI(d) < Qe < Al + 27P(d)

% TP (A) <|E(A) o[ <2(|TL o] + 27)(B),
1
2

From (2N4) and (25) we obtain elements u = li:‘n % E(A,-)v,- and
w=1lim ) E(A;)Ty; in #6 and by the closedness of T then

N 1
uedP(T) and w = Tu.
It remains to show that u, wed® and PPu = u®,
PPw = w®, We use a procedure similar to the one in the proof
of Theorem 5. Let ¢ and u® have components &, ; and &,

BrN)(8) < [IEA)ef]]F < 207()w(4).
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respectively. Then &, = Z t..:.- We consider
Au, E v;, E(A)e,
oy (M EM) _ y OB, B
Fix N> n. The first N terms in (26) will approximate, for
ALX, O5(x Z t.:- We estimate the remainder (and consider
right-hand and left hand derivatives separately, so
A=A or A=]A"A].

Let i'(A) be the largest index for which A cAf (or AcAy).
Take A so small that ¢"(A) > N. Then by (25)

i'§) (E(A)¢;, E(A)e,) = (E(A)v;, E(A)e,) Vir(d)

+
i=N-+1 (4) i—z%)+1 \/y- ) \/p. \/p. A)
is majorated by 2V/0%*(2) X (||[¢?|| + 2~). Thus we have found

d(E(M)u, E(A)e,)/dy( )_ E0X(\). To show that d||E(\)u|P/du())

exists and equals 2|5,[%0,(A) we decompose

E(Q)ZE@A)v® 1S :
27) I -
e S w(0) ?
oS (3 3)+(3 )
w5 | n+1 N+1 1/
The first term on the right side of (27) converges, for A | A,
WN s
ol v§“\ . The second term, the remainder, is evaluated for
A ¢ Ay, by the same procedure as before:
1 1] 2
A o<ty Ea EAiv,-H
R AR
+2 [—1 E(A-)a.ﬂ””
N+1 .
<3 ||vmn+2—‘>
+4( S P+ 29)( 3 01+ 279).
2
Therefore dE@)ulf [|u™|2.

dys ()
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The same proof is repeated for the Ty; to find we D and
PPw = o®,

b) Under the present condition the identification of #M
with #% is valid and e,(A) e D(T). Hence D(TP) is dense

in 6.
c) HuedD(T), ue DY, Tu e DY then
|E(A)Tyl? <|T|p |EA)u]]
wd) = i(4)
hence, by taking A | A, we get ||[T®u®|| < ||T||||u®|]. On the
other hand, for ue 9(T) we have
I Tulf* = [ T®uM P dix(d) < sup [[TXIP [ |[u®]l du()
A
= sup [T {Juf]
A

>

which finishes the proof.



CHAPTER 1II

PROPER FUNCTIONAL HILBERT SPACES

I1.1. A-Expansibility.

Let {J, 8} be a proper functional Hilbert space, that is,
a Hilbert space F consisting of functions f defined everywhere
on a basic set & such that the evaluation f(z) for every fixed
z € & represents a bounded linear functional on #. The repro-
ducing kernel of {J, 8} is the positive matrix K(z, y) = K,(z)
where every K,eJ and z and y run through & The proper
functional Hilbert space {J, &} is determined by its reprodu-
cing kernel (7). The evaluation i1s given by the reproducing
formula '

(1) flz) = (f, K.) for feF and zeé.

The elements K, e % where x € & form a total subset 85 in the
Hilbert space . When there is no danger of confusion we shall
sometimes write & for {J, 8} and & for &g.

If in an abstract Hilbert space # a total subset U 1s chosen
then we may take U as a basic set and consider the elements
of # as functions on U:

(1" h(u) = (h,u) for he¥ and uel

and thus obtain the proper functional Hilbert space {76, U}
where u = K,, K(u, ¢) = (v, u) for all u,veU and Uy =U

Consider a selfadjoint operator A in {J, 8} with resolution
of identity E(.) and a spectral measure (. In analogy to sec-

(7) For the general theory of reproducing kernels and proper functional Hilbert
spaces, cf. N. Aronszajn [1].
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tions I.1 and 1.2 we now consider the set 87 instead of a gene-
rating system {e,}.

DerinitioNn 1. — Let Ag be the smallest subset of R, such
that for every A\« Ag
(2) d(EO\)Ky, E()\)Ka:) def
dp ()

exists and is finite for all z, y € &,

K(z, y; A)

TaeEOREM 2. — For fized A& Ag, the function K(z, y; Q)
s a positive matrix and thus defines a proper functional Hilbert
space F on &. .

Proof. — Let z, ...,2,€86 and the constants ¢;, ..., ¢,
be arbitrary. Then

1...n  __
B) X ccK(zj, x5 A)
i,J

.1 —
- I;g]‘:(A—) I’EJ cicj(E(A)Kzn E(A)Kacj) g 0’
since for any fixed A = A, the function

(E(A)K,, EQA)K,) = (E(3)K,)(2)
is the reproducing kernel for the space E(A)F and hence a

positive matrix.

DerinitioN 3. — For every feJ we introduce A; g as
the smallest set containing Ag such that for X ¢ A, (g

AEMNf, EWK,)

(4) d(A) =f(x; N) exists, is finite, and equals
zero if K(z, z; A) = 0 for every x &,
and
B) f(.sN)e figx), d gﬂ?})\];l 2 exists and equals  ||f(.; )‘)Hzﬂ%) .

Then we define the mapping PQ:F —F» by
(PE) (x) = f(=; )

where f belongs to the domain DY of PP if X & A,
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It would be of interest to study PP, 9 and F directly,
but we shall not do this in the present paper. It would be of
interest only in case i(Ag) =0 and ®(A; ) = 0 for all fe .

From now on we consider only separable proper functional
Hilbert spaces. If the set &5 is A-expansible in & then

ef
As < l J Axw (o) == As, ©

LS

for any generating system e and consequently m(Ag) = 0.

DeriniTioNn 4. — The proper functional Hilbert space
{9, 84 is called A-expansible, totally expansible, or H.S.-expan-
sible, respectively, if the set &g is of that type in .F

Tueorem 5. — Let {F, 8} be A-expansible. Let e be a gene-
rating system obtained from some sequence {z,} <&z which is
total in F, and let e’ be another generating system. Then for every
A& Ap o U Ag () the set PM83 is total in FP, and the assignment

(6) Jg«(PPK,) = K(., y;4)  for  yeb

defines an isometric isomorphism of P onto F. If, in particular,
e’ = e then 3 and F are isometrically isomorphic for every

A& Ag, ©-

Proof. — PPM8g is total in FP by Theorem 8.1. The functions
K(.; y; A) where ye& form a total subset in F. By the
assumptions on A we have for (6):

(PPK,, PPK,)gg = X &u(K,; 2)5(Ks; A)0a(R)
T _dEMK,EMK) e,
- d{lv(fl') - K(x’ Y; )‘)
(K( Y )‘)? K( .y X3 )‘))g“}’
== (J(g)\,)e’Pg?‘)Ky’ Jg‘,)g'Pg‘)Kx)ﬂg)

for all z, y € 8. That is, J@, maps the total subset PM65 onto
the total subset {K(.,y; )|y} and leaves the scalar pro-

duct invariant on them. Consequently it is an isometric iso-
morphism onto.

Remark. — In view of Theorem 5 and the exposition in
Chapter 1 we can now say that the direct integral f FP dp(A)
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is canonically determined and canonically ismorphic to F.
It consists of all functions ¢(z; A) which for w-almost all A
belong to @ (this implies ¢(z;A) = O for K(z, z; A) = 0),
for which ¢(z; A) for all 2«8 and ||p(.; A)|FY are u-measu-
rable, and for which f]]qo M58 )dp.(l) < . The corres-

ponding function ¢ e & is given for every ze& by

= ["o(z; 1) dp(h).

Cororrary 6. — The elements of P are generalized eigen-
functions of the operator A, corresponding to the eigenvalue A.
For a function F(A) and every lﬁAgy(e)U Au,(e)U AF(A)u,(e)
one has

(F(A)u)(z; 2) = F)u(z; }).

11.2. Hilbert-Subspaces. H.S.-Expansibility.

We recall that a subspace #, of a Banach space % 1s called
a Banach-subspace of # if $, 1s a Banach space satisfying

8) ||ullg, = c||ullg for some constant ¢ >0 and all u e %,.

If in a Hilbert space # a Banach subspace G with its norm
I ”‘} 1s a Hilbert space then it is called a Hilbert-subspace
of J.

Let § be a Hilbert-subspace of a Hilbert space #. Then there
1s a selfad]omt operator H, 0 < H < ¢I with some ¢ > 0,
mapping F into § which is deﬁned by

(g, h)7 = (g, Hh)g for every geG.
Then H% is an isometric isomorphism of FGST(H) onto §:
[kl = (T0(H) is the nullspace of H as well as of H*).
If furthermore {J, &} is a p.f. Hilbert space with reproducing

kernel K,(y € &) then also {G, 8} is a p.f. Hilbert space with
reproducing kernel L, = HK,; consequently 8(; = Hég. Conver-

sely, if §{F, &} and {G, &} are p.f. Hilbert spaces and if Gc &
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then this embedding is continuous, and consequently § is
a Hilbert-subspace of &.

Prorosition 7. — Let {F, 8} be a p.f. Hilbert space and let
G be a Hilbert-subspace of . If {F, &} is H.S.-expansible, then
so is the p.f. Hilbert space {G, 8}.

Proof. — By hypothesis there exist {u,} <3 such that
Z ||ud|f < o and K, = Z Ge(y)u, with {{u(y)} e 2 for all K,,

yeﬁ Consequently L, = ZZ,,( YHu, for all ye& and

Z ||Hu,‘||q— 2 ||H2u,‘|] <c % |ludlz < . Thus also § is

H S. expan51ble
Let &' be a subset of the basic set & of a p.f. Hilbert space

{9, }. Then we denote by J|g the space of functions on &’
which are restrictions to & of functions in &. The restriction
norm in J|g 1s defined by

llglle = min_||f]].

' fedfig=9
{F|g, &'} is a p.f. Hilbert space with this norm; its reproducing
kernel is the restriction of K(z, y) to & X &’. It 1s isometrically
isomorphic to the subspace F&6(8") where To(8’) consists of
all functions f e F which vanish identically on &’. Furthermore
K, L%(&') for every z e §'.

Tueorem 8. — In the p.f. Hilbert space {F, 8} let & = U &,
and let every F|g, be contained in a p.f. Hilbert space gtf:,:;én} .
If every 3, is H.S.-expansible then & is H. S.-expansible.

Proof. — By hypothesis every space of restrictions J|g, is
a Hilbert-subspace of the H.S.-expansible &,, hence by Propo-
sition 7 it is H.S.-expansible. So there are u,, € F|g  such that
Dlluadlf, < 0 and Klg, = Z{P(x)un, {{P(z)}el® for all
k

zeb, Let u]>eFSN(E,) correspond to u, eJF|g, under the
1sometric isomorphism between the two spaces. Then, since
K, 1%%(&,) for all ze§,, we find K, = Z({(z)uP, {{P(z f el?

in J for all ze &, where E [lui||* < e, and hence 39 U8
is H.S.-expansible.

n=1

27



CHAPTER III

EXAMPLE: SPACES OF ANALYTIC FUNCTIONS

We consider proper functional Hilbert spaces {&, &} where
the basic set & = D 1s a domain in complex space C* and the
functions fe F are analytic in D. Two particular classes of such
spaces (%) are

10) Spaces with Bergman’s kernel Kg(z, {) as reproducing
kernel; 7 is a subspace of L3(D):

) 1fls =L If(2)Pder dy, ... de,dy, < o for fed.

We shall denote these spaces by (D).

20) Spaces with Szegé’s kernel Ks(z, {) as reproducing kernel;
F|yp 1s a subspace of L2(dD):

2) IflE = [, If@1Pds<w for fed.

(These spaces are usually considered only for one complex
variable and for domains D with rather « nice » boundaries 2D).

Tueorem 1. — Let D be the polycylinder
fla) <r; i=1, ..., n}.

Then the space Fg(D) is H.S.-expansible. More precisely, a
Hilbert-Schmidt operator T can be constructed such that

{Ka(., Ol D} < Tp(D)

for every k. The space TFy(D) (with tts own norm) which guarantees
the H.S.-expansibility of Fy(D) will be denoted by Pg(D).

(8) Cf. N. Aronszajn [1], and for an expository treatment, M. Meschkowski [14].
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Proof. — The monomials zf*~1z5*—1 ... z/—1
mi=1,23,...,i1=1,...,n

are orthogonal in J = Jy(D). We normalize them and obtain

a complete orthonormal system {¢, . ..}. Then we set
B Tomom = o Gy =
Myy ..., Mp m,.my.m, m,,...‘,m,. My, oo oy mp

which defines a Hilbert-Schmidt operator T since

1

T 2 = —_— < .
m_‘:gz,... | T¢m, ..., mll ,,,",zg‘z.,,_ mims ... m}
1=1,...s R 1=1y..) R

For {e D we have Ky = 29, ... 2.(0) 9, ....m In F. Now we
find

(4) X|mimk ... mkp,,

,,,,, ma(Q)]2 << oo forevery k and all{ e D
so that Dg c T*Fp(D). We have ®p(D) = Qy({tt, ..., m,})-

Remark. — In the same way one proves H.S.-expansibility
of Fp(D)if D is the polycylinder D = {|z; —a| <r;i=1,...,n}

with center a = {a;{.

CoroLLarY 2. — Let D be an arbitrary domain and {J, D}

any p.f. Hilbert space of functions analytic in D. Then {J, D}
is H.S.-expansible.

Proof. — The domain D can be covered by countably many

polycylinders D, such that D = U D, and D, <D for all k.
k=1

Then the space J|p, of restrictions of functions in & to D, consists
of functions which are actually analytic in some domain
containing D,, so F|p, is a Hilbert-subspace of Fz(D,) which
is H.S.-expansible by Theorem 1. Let H,: Fy(D,) - F|p, be
the operator which in the general case is described in section
I1.2, so that H,L; = K¢ for { € D, (where L denotes the repro-
ducing kernel for Jy(D,) and K the r.k. for J|p,), and let
DPp(Dy) = Pp({u .. m}) as given by Theorem 1. If we
define ¥(D,) = ®,({Hu®® . ..{) in J|p, then Py(D), and

.....
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¥(D,) are isometrically isomorphic under the operator H,,
and ¥(D,) is H.S.-expansible in {# D} (we recall that
T%(D,) = {0} since F consists of analytic functions).

Taeorem 3. — Let A be an arbitrary selfadjoint operator
in the space {F, D}. Let ¥ (D,) be the Hilbert subspaces introduced
in the proof of Corollary 2, and let Ao,y be the corresponding
exceptional sets (determined as in Theorem 11.1). Then the gene-
ralized eigenfunctions

i%%(%@ — N e for he| JAvop feO®

are analytic in the whole domain D.

Proof. — We have to show that the functions f(z, A) are
analytic in each variable separately. That is

() lhlfg ‘,1‘{ [f(z 4 hei;; ) —f(z;7)] =

tim (£ ), - (K%, — K] o
h>0 h i , »

(where the h are complex and ¢; denotes the unit vector in
the z-plane) exists for every f(.;A)eF® and every zeD.
(K$ denotes the function K(.,{;A) = P{’Ky in F8°). This
18 equivalent to saying that for every fixed { e D the elements

%—(K?l,,ei——K?)) = K{} converge weakly in J3’. We shall

actually show that they converge strongly.

Since PY: ¥(D,) - FY is continuous for A& Ayp, and
¥(D,) and ®y(D,) are isometrically isomorphic under H,,
we only have to prove that —}L— (Ligne, — Ly) = Ly converge
strongly in the space ®p(D,). Without loss of generality we
merely consider the polycylinder P = {|z| < 1;i=1, ..., n},
the space $ = J5(P) with Bergman’s kernel L; = Kj(., {),
and ¢ = Qy(P). We have Ly =X(m, ... m,2u,, ... ».(Q)u
(where u,,, ..., », is defined by (3)) and

.....

L;"). — E(ml o m,.)” [um.,,..,m,.(c -+ h;;) —_ um,,;..,mn(C)_] Uni, oo
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for { and { + he; belonging to P. A straightforward calculation
shows that ‘ ‘

et [t
’bcilE—Z(ml m,,) 2 r< ©
and that
lim || L., -—@K”; — lim S(my ... m)*
ho || -7 oG | h>0 .

um., ceey m,.(z + hei) - um,, ceey mn@) - bum., Sy mn(C)l — O
h A;

which finishes the proof.
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