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BASIC CONSTRUCTIONS IN RATIONAL HOMOTOPY
THEORY OF FUNCTION SPACES

by Urtzi BUĲS & Aniceto MURILLO (*)

Abstract. — Via the Bousfield-Gugenheim realization functor, and starting
from the Brown-Szczarba model of a function space, we give a functorial frame-
work to describe basic objects and maps concerning the rational homotopy type of
function spaces and its path components.

Résumé. — Moyennant le foncteur de réalisation de Bousfield-Gugenheim et à
l’aide du modèle de Brown Szczarba d’un espace de fonctions comme point de dé-
part, on décrit les objets basiques et les applications relatives au type d’homotopie
rationnelle des espaces fonctionnels et de leurs composantes arc-connexes.

1. Introduction

There are two choices to describe the equivalence between the homotopy
categories of rational nilpotent CW-complexes of finite type and that of
commutative differential graded algebras over the rationals. These choices
depends on how to realize a given algebra. On one hand, one may proceed
as in [15], considering a Sullivan model and then build its realization as a
Postnikov tower whose topological description mimics the algebraic prop-
erties of the model. This is highly geometrical but quite unnatural. On the
other hand, one can take a general algebra and realizing it as a simplicial
set via the Bousfield-Gugenheim realization functor [1]. This might be less
transparent but totally functorial.

In particular both options are available to the study of the rational homo-
topy type of the function (or mapping) space F(X,Y ). The first approach

Keywords: Function space, mapping space, Sullivan model, rational homotopy theory.
Math. classification: 55P62, 54C35.
(*) Partially supported by the Ministerio de Ciencia y Tecnología grant MTM2004-06262
and by the Junta de Andalucía grant FQM-213.



816 Urtzi BUĲS & Aniceto MURILLO

was first followed by Thom [16] and then by the fundamental work of Hae-
fliger [7] where he supplied a model for the path component of sections,
homotopic to a fixed one, of a nilpotent bundle. In particular, a model of a
given component of a mapping space is produced. Later on, this approach
was further developed by other authors [4, 13, 14, 17]. However, due to the
non functorial description of the Haefliger model, it is not easy to use it to
describe further geometrical behaviour of function spaces.

Under the second, and more functorial approach, it is essential the pa-
per of Brown and Szczarba [3] in which it is proved that the Bousfield-
Gugenheim realization of a particular commutative differential Z-graded
algebra (CDGA henceforth), which already appears in [7], is homotopy
equivalent to the (non connected!) function space F(X,Y ). It is also shown
how to obtain from this algebra a quotient CDGA whose realization is a
given path component of the function space, and therefore, the Haefliger
model of this component is retrieved.

In this paper we continue with the study under this natural approach, and
present models for some of the basic objects and maps concerning function
spaces. By a model of a non connected object (or a map between them) we
mean a Z-graded CDGA (or a morphism) whose simplicial realization has
the same homotopy type as the singular simplicial approximation of the
chosen object. We also present an explicit way of restricting algebraically
to components obtaining Sullivan models of nilpotent spaces and maps
relating functions spaces, retrieving in particular the Haefliger model for
its components.

We now state our main results: For any function space F(X,Y ) we shall
always assumeX and Y to be CW-complexes withX finite, so that F(X,Y )
is itself a CW-complex [12], and with both X and Y nilpotent of finite
type over Q, so that the components of F(X,Y ) are also nilpotent and
of finite Q-type [9, Thm.2.5]. Given f : X → Y , denote by F(X,Y ; f) the
component of F(X,Y ) containing f . We first give an explicit model of the
evaluation map which includes in particular the original result of Haefliger
[7, Thm.3.2] and [10, Thm.1.1].

Theorem 1.1. — Let (Λ(V ⊗B∗), d̃) be the Brown-Szczarba model for
F(X,Y ) (see §2). Then,

ω : (ΛV, d) → (Λ(V ⊗B∗), d̃)⊗B, ω(v) =
∑
i

(−1)α|bi|(v ⊗ βi)⊗ bi,

where {bi} is a basis for B, {βi} its dual and α(n) is the integer part of
(n+ 1)/2, is a model of the evaluation map

ANNALES DE L’INSTITUT FOURIER



RATIONAL HOMOTOPOY OF FUNCTION SPACES 817

ω : F(X,Y )×X → Y, ω(f, x) = f(x).

In particular, the map

ω0 : (ΛV, d) → (Λ(V ⊗B∗), d̃), ω0(v) = v ⊗ 1∗,

is a model of the evaluation of the base point ω0 : F(X,Y ) → Y , ω0(f) =
f(x0).

Moreover, given ζ : (ΛV, d) - (ΛW,d) a Sullivan model for f : X → Y ,
there is an explicit morphism ξ : (Λ(V ⊗ C∗), d̃) - (Λ(W ⊗ C∗), d̃) (see
§3) between the models of F(Z, Y ) and F(Z,X) satisfying:

Theorem 1.2. — The commutative square

(Λ(W ⊗ C∗), d̃)⊗ C � ξ ⊗ 1C (Λ(V ⊗ C∗), d̃)⊗ C

(ΛW,d)

ω
6

�
ζ

(ΛV, d)

ω
6

is a model of

F(Z,X)× Z
(f)∗ × 1Z- F(Z, Y )× Z

X

ω

?

f
- Y.

ω

?

Next, we show how to obtain from these results the corresponding Sul-
livan models when considering a fixed component of the function space.
Indeed, given (Λ(V ⊗B∗), d̃) the model of F(X,Y ) and a map f : X → Y ,
there is a Sullivan model (in fact this is the Haefliger model) of the com-
ponent F(X,Y ; f) of the form (ΛSf , d) in which S>2

f = (V ⊗ B∗)>2 and
S1
f is a quotient of (V ⊗B∗)1 (see §4). Then we prove:

Theorem 1.3. — The CDGA morphism

ω0 : (ΛV, d) - (ΛSf , d),

given by ω0(v) = v⊗ 1∗ if v ∈ V >2, or its projection over S1
f if v ∈ V 1, is a

Sullivan model of the evaluation at the base point ω0 : F(X,Y ; f) - Y .

TOME 56 (2006), FASCICULE 3



818 Urtzi BUĲS & Aniceto MURILLO

Moreover, with the notation of Theorem 1.2, ξ induces a morphism ξ for
which the square

(ΛSg, d) � ξ
(ΛSfg, d)

(ΛW,d)

ω0

6

�
ζ

(ΛV, d)

ω0

6

is a Sullivan model of

F(Z,X; g)
(f)∗ - F(Z, Y ; f ◦ g)

X

ω0

?

f
- Y.

ω0

?

As in this result, ω0 is a fibration with fibre F∗(X,Y ; f), the space of
pointed maps, we easily obtain the following consequence, a form of which
already appeared in [4], [10] or [17].

Corollary 1.4. — The CDGA (Λ(Sf/V ), d) is a Sullivan model of
F∗(X,Y ; f).

Finally, we translate the constructions above to rational homotopy groups
by taking the homology of the indecomposables of the given sullivan models
and maps.

We would like to thank the referee for its comments and remarks.

2. Notation, basic facts and tools

All spaces considered henceforth shall be of the homotopy type of con-
nected CW-complexes. We will heavily rely on known results from homo-
topy theory of simplicial sets and from rational homotopy theory. For that
[6] or [11] and [5] are respectively standard and excellent references. Here,
mainly to set the framework in which we work and to fix notation, we recall
some basics:

Denote by

Top
S∗-�
| . |

SimpSet

ANNALES DE L’INSTITUT FOURIER



RATIONAL HOMOTOPOY OF FUNCTION SPACES 819

the singular and realization adjoint functors relating the categories of sim-
plicial sets and topological spaces. These induce equivalences between the
(pointed if we wish) homotopy category of CW-complexes and the homo-
topy category of Kan complexes [12]. For each space X and each simplicial
set K, we shall denote by ψ(K) : K '−→ S∗|K| and φ(X) : |S∗X|

'−→ X the
corresponding weak equivalences.

On the other hand, if CDGA is the category of cochain Z-graded com-
mutative differential graded algebras, there are adjoint functors [1]

SimpSet
APL-�
〈.〉

CDGA,

where: APL(X) is the CDGA of piecewise-linear polynomial forms on X

with rational coefficients and 〈A〉 is the simplicial realization of the CDGA
A: For any q > 0, 〈A〉q = hom(A, (APL)q), i.e., the set of morphisms from
A to Λ(x1, . . . , xq, dx1, . . . , dxq). The face and degeneracies operators are
induced by their counterparts in the simplicial algebra (APL)∗ [1, 5].

The composition of the above pairs of adjoint functors produce equiva-
lences when restricted to the homotopy category of rational nilpotent space
of finite type over Q and the homotopy category of connected CDGA’s over
Q of the same homotopy type of Sullivan algebras of finite type [1, 5]. Abus-
ing of notation we shall write APL(X) = APL(S∗X) and |A| = |〈A〉| for
any space X and any CDGA A. Given a non necessarily connected space
Z, a CDGA A is a model of Z if S∗(Z) and 〈A〉 are simplicial sets of
the same homotopy type. As we are mainly concerned in this paper on
mapping spaces, let us describe these objects whenever we take simplicial
sets or CDGA’s. Given K,L simplicial sets, F(K,L) is the simplicial set
defined by F(K,L)q = hom(K × 4 [q] , L), where 4 [q] ∈SimpSet is the
standard n-simplex: For each n > 0, [n] = {0, . . . , n} and (4 [n])q is the
set of non decreasing maps [q] → [n]. Call 4q the fundamental simplex
1[q] = (0, 1, . . . , q) ∈ 4 [q]q. Faces and degeneracies operators on F(K,L)
are defined by ∂if = f ◦ (1K × δi) and sif = f ◦ (1K × σi). Whenever
L is Kan, F(K,L) is also Kan and it has the same homotopy type as
S∗F(|K|, |L|) via the equivalence

α : F(K,L) '−→ S∗F(|K|, |L|),

in which α(f) ∈ 4qF(|K|, |L|) is given by the exponential law applied to
the composition

|K| × 4q '- |K| × |4[q]|
∼=- |K ×4[q]| |f |- |L|.

TOME 56 (2006), FASCICULE 3



820 Urtzi BUĲS & Aniceto MURILLO

The evaluation map ω : F(K,L) × K → L is defined by ω(f, σ) =
f(σ,4q). This map can be identified with S∗ω : S∗(F(|K|, |L|) × |K|) ∼=
S∗F(|K|, |L|) × S∗|K| → S∗|L| via the following result obtained by direct
calculation:

Proposition 2.1. — The following diagram commutes:

S∗F(|K|, |L|)× S∗|K| �α× ψ(K)
'

F(K,L)×K

S∗|L|

S∗ω
?

� ψ(L)
'

L.

ω
?

On the other hand given CDGA’s A and B define F(A,B) ∈SimpSet
by F(A,B)q = hom(A, (APL)q ⊗ B) with faces and degeneracies given by
∂if = (∂i⊗1B)◦f , sjf = (sj⊗1B)◦f . If φ : B → C is a CDGA morphism,
we denote by

φ∗ : F(A,B) → F(A,C)

the simplicial map given which assigns to each morphism ψ : A→ (APL)q⊗
B the composition φ∗(ψ) = (1(AP L)q

⊗ φ) ◦ ψ. If A,B,C are connected
CDGA’s and φ is a quasi-isomorphism, then φ∗ is a weak equivalence.

Next we recall the Brown-Szczarba model of the function space F(X,Y ),
with X as always a finite complex and both X and Y nilpotent of finite
type (over Q). Consider A = (ΛV, d) '−→ APL(Y ) a Sullivan model (non
necessarily minimal!) of Y and B '−→ APL(X) a quasi-isomorphism with B
a connected CDGA of finite type. Let B∗ = hom(B,Q) be the differential
graded coalgebra dual of B, and consider the CDGA Λ(A ⊗ B∗) with the
natural differential induced by the one on A and by the dual of the differ-
ential of B. Now, consider the differential ideal I ⊂ Λ(A ⊗ B∗) generated
by 1⊗ 1∗ − 1 and by the elements of the form

a1a2 ⊗ β −
∑
j

(−1)|a2||βj
′|(a1 ⊗ βj

′)(a2 ⊗ βj
′′),

a1, a2 ∈ A, β ∈ B, and ∆β =
∑
j βj

′ ⊗ βj
′′. Then, the composition

ρ : Λ(V ⊗B∗) ⊂ Λ(A⊗B∗) - Λ(A⊗B∗)/I

is an isomorphism of graded algebras [3, Thm.1.2], and therefore, consid-
ering on Λ(V ⊗ B∗) the differential d̃ = ρ−1dρ, ρ is also an isomorphism
of CDGA’s. Then, (Λ(V ⊗B∗), d̃) is a model of F(X,YQ) [3, Thm.1.3]. In
other words, S∗F(X,Y ) and 〈(Λ(V ⊗B∗), d̃)〉 are homotopy equivalent.

ANNALES DE L’INSTITUT FOURIER
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In order to explicitly determine d̃ on v ⊗ β ∈ V ⊗ B∗, calculate (dv) ⊗
β + (−1)|v|v ⊗ dβ and then use the relations which generate the ideal I to
express (dv)⊗ β as an element of Λ(V ⊗B∗).

3. Compatible models for the evaluation map

In this section we properly state and prove Theorems 1.1 and 1.2. For
that, fix as before ϕ : (ΛV, d) '→ APL(Y ) a Sullivan model of Y (i.e., a
KS-complex non necessarily minimal), and β : B

'- APL(X), a quasi-
isomorphism in which B is finite dimensional and satisfies an additional
condition: the inclusion of the base point {x0} ↪→ X determines a canonical
augmentation ε : APL(X) → APL(x0) ∼= Q. Thus we may, and will, choose
B connected and β preserving augmentations, i.e., ε ◦β(1) = 1. Finally, fix
{bi} (resp. {βi}) a basis for B (resp. the dual basis of B∗) and denote by
α(n) the integer part of (n+ 1)/2. Then we have:

Theorem 3.1. — The CDGA morphism

ω : (ΛV, d) → (Λ(V ⊗B∗), d̃)⊗B, ω(v) =
∑
i

(−1)α|bi|(v ⊗ βi)⊗ bi,

is a model of the evaluation map

ω : F(XQ, YQ)×XQ → YQ, ω(f, x) = f(x).

That is to say, there is a commutative diagram like the following in which
the vertical arrows are equivalences:

F(XQ, YQ)×XQ
ω - YQ Top

S∗F(XQ, YQ)× S∗XQ
S∗ω -

S∗?

........

S∗(YQ)

SimpSet

〈(Λ(V ⊗B∗), d̃)⊗B〉

'
? 〈ω〉 - 〈(Λ, V, d)〉

'
?

(Λ(V ⊗B∗), d̃)⊗B � ω

〈.〉
6
........

(ΛV, d) CDGA

As the inclusion i : F(X,Y ) ↪→ F(X,Y ) × X on the base point x0 is
clearly modeled by (Λ(V ⊗ B∗), d̃) ⊗ B

1⊗ε−→ (Λ(V ⊗ B∗), d̃), and since
ω0 = ω ◦ i, we immediately have:

TOME 56 (2006), FASCICULE 3



822 Urtzi BUĲS & Aniceto MURILLO

Corollary 3.2. — The CDGA morphism

ω0 : (ΛV, d) - (Λ(V ⊗B∗), d̃), ω0(v) = v ⊗ 1∗,

is a model of the evaluation map at the base point ω0 : F(X,YQ) - YQ,
ω0(g) = g(x0).

Note that in Theorem 3.1 we consider F(XQ, YQ) while in Corollary 3.2
the evaluation map is defined over F(X,YQ): although there is a weak
equivalence [14, Thm.2.3] F(XQ, YQ) ' F(X,YQ), in the first result we
evaluate at any point of XQ while in the second we simple do it at the base
point of X.

Proof. — Start by choosing simplicial sets K = S∗(XQ), L = S∗(YQ).
As Y is nilpotent, the natural map induced by the adjunction j : L '−→
〈APL(L)〉, j(σ)(Φ) = Φσ, is an equivalence which may be composed with
the map 〈ϕ〉 : 〈APL(L)〉 '−→ 〈A〉 to produce an equivalence h : L '−→ 〈A〉.
Apply just definitions to see that the following commutes:

(1)

F(K,L)×K
h∗ × 1K

'
- F(K, 〈A〉)×K

L

ω
? '

h
- 〈A〉.

ω
?

Next, we use the homotopy equivalence γ : F(A,APL(K)) '−→ F(K, 〈A〉)
given in [2, Thm.20] which we now describe: Consider the morphism

APL(p1)⊗APL(p2) : APL(K)⊗APL(4 [q]) - APL(K ×4 [q]),

induced by the projections K �p1 K ×4 [q]
p2- 4 [q], and the isomor-

phism of [5, Prop.10.4] θ : (APL)q - APL(4 [q]) which assigns to each
Ω ∈ (APL)q the only element θ(Ω) ∈ APL(4 [q]) satisfying θ(Ω)(4q) = Ω.
Then, given ψ : A - (APL)q ⊗APL(K) an element of F(A,APL(K))q,

γ(ψ) = 〈APL(p1)⊗APL(p2) ◦ θ ⊗ 1 ◦ ψ〉 ◦ j : K ×4 [q] - 〈A〉.

As before, j : K × 4 [q] '−→ 〈APL(K × 4 [q])〉 is the natural equivalence
induced by adjunction. On the other hand, define a simplicial map

ω : F(A,APL(K))× 〈APL(K)〉 - 〈A〉

which sends each ψ : A - (APL)q⊗APL(K) and φ : APL(K) → (APL)q
to the composition

ω(ψ, φ) : A
ψ- (APL)q ⊗APL(K)

1·φ- (APL)q.

ANNALES DE L’INSTITUT FOURIER



RATIONAL HOMOTOPOY OF FUNCTION SPACES 823

It is then straightforward to check that the following commutes:

(2)

F(K, 〈A〉)×K �γ × j−1

'
F(A,APL(K))× 〈APL(K)〉

〈A〉

ω

?
========================== 〈A〉.

ω

?

For the simplicial map ω : F(A,B)× 〈B〉 → 〈A〉, defined as before by

ω(ψ, φ) : A
ψ- (APL)q ⊗B

1·φ- (APL)q,

it is also easy to see the commutativity of:

(3)

F(A,APL(K))× 〈APL(K)〉 �β∗ × 〈β〉
'

F(A,B)× 〈B〉

〈A〉

ω

?
========================== 〈A〉.

ω

?

Finally, consider the isomorphism of CDGA’s

ρ : (Λ(V ⊗B∗), d̃)
∼=- (Λ(A⊗B∗)/I, d),

recalled in §2, and the simplicial isomorphism [3, Thm.3.1]

Ψ: 〈Λ(A⊗B∗)/I〉
∼=−→ F(A,B),

defined as follows: for each η ∈ 〈Λ(A⊗B∗)/I〉q and each v ∈ V ,

Ψ(η)(v) =
∑
i

(−1)α|bi| η [v ⊗ βi]⊗ bi.

On the other hand observe that

〈Λ(A⊗B∗)/I ⊗B〉 ∼= 〈Λ(A⊗B∗)/I〉 × 〈B〉.

Then, under this identification, we may show that the following commutes:

(4)

〈Λ(A⊗B∗)/I〉 × 〈B〉
Ψ× 1〈B〉- F(A,B)× 〈B〉

〈A〉

〈(ρ⊗ 1B) ◦ ω〉
?

======================= 〈A〉.

ω

?

TOME 56 (2006), FASCICULE 3



824 Urtzi BUĲS & Aniceto MURILLO

Indeed, given each η ∈ 〈Λ(A⊗B∗)/I〉q, φ ∈ 〈B〉 and v ∈ V :

(ω ◦Ψ× 1〈B〉)(η, φ)(v) = ω(Ψ(η), φ)(v) =
∑
i

(−1)α|bi| η [v ⊗ βi] · φ(bi)

= 〈(ρ⊗ 1B) ◦ ω〉(η, φ)(v).

To finish, use diagrams (1), (2), (3) and (4), together with proposition
2.1, to obtain the following diagram which completes the proof:

F(XQ, YQ)×XQ
ω - YQ Top

S∗F(XQ, YQ)× S∗XQ
S∗(ω) -

S∗?

.......

S∗(YQ)

F(K,L)×K

'6

ω - L

' 6

F(K, 〈A〉)×K

h∗ × 1K '
? ω - 〈A〉

' h
?

F(A,APL(K))× 〈APL(K)〉

γ × j−1 '6

ω - 〈A〉

wwwww
SimpSet

F(A,B)× 〈B〉

β∗ × 〈β〉 '6

ω - 〈A〉

wwwww

〈Λ(A⊗B∗)/I〉 × 〈B〉

Ψ× 1〈B〉 ∼=6

〈(ρ⊗ 1B) ◦ ω〉 - 〈A〉

wwwww

〈Λ(V ⊗B∗)〉 × 〈B〉

〈ρ〉 × 1〈B〉 ∼=
? 〈ω〉 - 〈ΛV 〉

wwwww

Λ(V ⊗B∗)⊗B �
ω

〈.〉
6
............

ΛV AGDC

�

Next, fix a map f : X → Y between nilpotent complexes of finite type
over Q and let Z be a finite nilpotent complex. Let

A = (ΛW,d)
ϕ

'
- APL(X) and B = (ΛV, d)

ψ

'
- APL(Y )

ANNALES DE L’INSTITUT FOURIER



RATIONAL HOMOTOPOY OF FUNCTION SPACES 825

be Sullivan models (again non necessarily minimal!) of X and Y respec-
tively, let C = (C, δ)

ν

'
- APL(Z) be a quasi-isomorphism with C finite

dimensional connected of finite type, and let ζ : (ΛV, d) - (ΛW,d) be a
Sullivan model for f . Define

ξ : (Λ(V ⊗ C∗), d̃) - (Λ(W ⊗ C∗), d̃), ξ(v ⊗ c) = ρ−1[ζ(v)⊗ c],

being (Λ(V ⊗ C∗), d̃) and (Λ(W ⊗ C∗), d̃) the models of F(Z, YQ) and
F(Z,XQ) respectively, and ρ : (Λ(W ⊗ C∗), d̃)

∼=- (Λ(A ⊗ C∗), d)/I the
CDGA isomorphism described in §2. In other words, to compute effectively
ξ(v ⊗ c) use the relations which define I to express ζ(v)⊗ c as an element
of Λ(V ⊗C∗). For instance, if ζ(v) = w1w2 and 4c =

∑
i c

′
i⊗ c′′j , ξ(v⊗ c) =∑

i(−1)|w2||c′i|(w1 ⊗ c′i)(w2 ⊗ c′′i ).
Then, we prove this more explicit version of Theorem 1.2:

Theorem 3.3. — The commutative square

(Λ(W ⊗ C∗)⊗ C, d̃) � ξ ⊗ 1C (Λ(V ⊗ C∗)⊗ C, d̃)

(ΛW,d)

ω
6

�
ζ

(ΛV, d)

ω
6

is a model of

F(ZQ, XQ)× ZQ
(fQ)∗ × 1- F(ZQ, YQ)× ZQ

XQ

ω

?

fQ
- YQ,

ω

?

i.e., there exists a commutative cube of simplicial sets as the following in
which the vertical arrows are homotopy equivalences:

TOME 56 (2006), FASCICULE 3
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S∗(F(ZQ, XQ)× ZQ)
S∗((fQ)∗ × 1) - S∗(F(ZQ, YQ)× ZQ)

S∗(XQ)
S∗(fQ) -

S∗ (ω) -
'

S∗(YQ)

S∗ (ω) -

〈Λ(W ⊗ C∗)⊗ C〉

'

?

〈ξ ⊗ 1C〉
- 〈Λ(V ⊗ C∗)⊗ C〉

?

〈ΛW,d〉

'

?

〈ζ〉
-

〈ω〉 -

〈ΛV, d〉.

'

?
〈ω〉 -

As in Corollary 3.2, evaluating at the base point we immediately obtain:

Corollary 3.4. — The commutative square

(Λ(W ⊗ C∗), d̃) � ξ
(Λ(V ⊗ C∗), d̃)

(ΛW,d)

ω0

6

�
ζ

(ΛV, d)

ω0

6

is a model of

F(Z,XQ)
(fQ)∗ - F(Z, YQ)

XQ

ω0

?

fQ
- YQ.

ω0

?

Proof. — Fix N = S∗(ZQ), K = S∗(XQ), L = S∗(YQ) and λ =
S∗(fQ) : K - L. �

Then we have:
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Lemma 3.5. — The following commutes:

S∗F(|N |, |K|)× S∗|N |
S∗|λ|∗ × 1 - S∗F(|N |, |L|)× S∗|N |

F(N,K)×N
λ∗ × 1 -

�

'
α× ψ(N)

S∗(ω)

F(N,L)×N

�
'α×

ψ(N)

S∗(|K|)

S∗(ω)

? S∗(|λ|) - S∗(|L|)
?

K

ω

? λ -

�

'

L.

ω

?

�

'

Proof. — The lateral faces commute by Proposition 2.1, while the back
and bottom faces are trivially commutative. For the front face observe that
given g : N × 4 [q] - K in F(N,K)q, (λ ◦ ω)(g, σ) = λ(g(σ,4q)) =
ω ◦ (λ∗ × 1)(g, σ). Finally, to check the commutativity of the top face,
choose as before g ∈ F(N,K)q and note that α(g) ∈ SqF(|N |, |K|) is the
map 4q - F(|N |, |K|) associated by the exponential law to

τ : |N | × 4q '- |N | × |4 [q] |
∼=- |N ×4 [q] | |g|- |K|.

Taking into account that |λ∗(g)| = |λ ◦ g| = |λ| ◦ |g|, we observe that
α(λ∗(g)) ∈ SqF(|N |, |L|) is again associated by the exponential law to

τ ◦ |λ| : |N | × 4q 1×ι- |N | × |4 [q] | η̄- |N ×4 [q] | |λ|◦|g|- |L|.

Then, (S∗(|λ|∗) ◦ α)(g) = |λ|∗ ◦ α(g) = α(λ∗(g)) = (α ◦ λ∗)(g). �

Lemma 3.6. — The following commutes:

F(N,K)×N
λ∗ × 1 - F(N,L)×N

F(N, 〈A〉)×N
〈ζ〉∗ × 1

-

(h
K )∗ × 1'

-
ω

F(N, 〈B〉)×N

(h
L )∗ ×

1'
-

K

ω

? λ - L
?

〈A〉

ω

? 〈ζ〉 -

h
K

'
-

〈B〉.

ω

?

h
L

'
-
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Proof. — Side faces are squares of type (1); commutativity of the back
face has been checked in the above lemma while that of the front and bot-
tom face are trivial. For the top face, given g ∈ F(N,K)q, (hL)∗

(
λ∗(g)

)
=

hL ◦ λ ◦ g, while 〈ζ〉∗
(
(hK)∗(g)

)
= 〈ζ〉 ◦ hK ◦ g. But these are equal in

view of the following commutative diagram in which the composition of
the vertical arrows are precisely hK and hL:

K
λ - L

〈APL(S∗(X))〉

'
? 〈APL(S∗(f))〉- 〈APL(S∗(Y ))〉

'
?

〈A〉

〈ϕ〉
?

〈ζ〉
- 〈B〉.

〈ψ〉
?

�

Lemma 3.7. — The following commutes:

F(N, 〈A〉)×N
〈ζ〉∗ × 1

- F(N, 〈B〉)×N

F(A,APL(N))× 〈APL(N)〉
ζ∗ × 1 -

�
γA × j −1

' ωB

F(B,APL(N))× 〈APL(N)〉

� γ
B × j −1
'

〈A〉

ωA

? 〈ζ〉 - 〈B〉
?

〈A〉

ωA

? 〈ζ〉 -

====================
〈B〉.

ωB

?

================

Proof. — The lateral squares are as in (2). For the front face, given
g ∈ F(A,APL(N))q, both (ωB ◦ ζ∗ × 1)(g, φ) and (〈ζ〉 ◦ ωA)(g, φ) are the
same composition

B
ζ- A

g- (APL)q ⊗APL(N)
1·φ- (APL)q.

For the top face recall that γA : F(A,APL(N)) → F(N, 〈A〉) assigns to each
g : A→ APL(N)⊗(APL)q the simplicial map γ(g) = 〈APL(p1)⊗APL(p2)◦
1 ⊗ θ ◦ g〉 ◦ j in which j : N × 4 [q] → 〈APL(N × 4 [q])〉 is induced by
adjunction. Taking into account that 〈ζ∗(g)〉 = 〈g ◦ζ〉 = 〈ζ〉◦〈g〉 = 〈ζ〉∗(g),
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it is immediate to see that both (〈ζ〉∗ ◦ γA)(g) and (γB ◦ ζ∗)(g) correspond
to the same map N ×4 [q]

γ(g)- 〈A〉 〈ζ〉- 〈B〉. �

Lemma 3.8. — The following commutes:

F(A,APL(N))× 〈APL(N)〉
ζ∗ × 1 - F(B,APL(N))× 〈APL(N)〉

F(A,C)× 〈C〉
ζ∗ × 1 -

�
ν∗ × 〈ν〉' ωB

F(B,C)× 〈C〉

�
ν∗ × 〈ν〉'

〈A〉

ωA

? 〈ζ〉 - 〈B〉
?

〈A〉

ωA

? 〈ζ〉 -

====================
〈B〉.

ωB

?

================

Proof. — Lateral faces are squares like (3). The front face has been
checked in the past lemma and the rest of the faces trivially commute. �

Lemma 3.9. — The following commutes:

F(A,C)× 〈C〉
ζ∗ × 1 - F(B,C)× 〈C〉

〈Λ(A⊗ C∗)/I〉 × 〈C〉
〈 [Λ(ζ ⊗ 1)] 〉 × 1 -

�
Ψ
A × 1∼= ω

〈Λ(B ⊗ C∗)/I〉 × 〈C〉

�
Ψ
B × 1∼=

〈A〉

ω

? 〈ζ〉 - 〈B〉
?

〈A〉

〈ρ⊗ 1C ◦ ω〉

? 〈ζ〉 -

==================
〈B〉.

〈ρ⊗ 1C ◦ ω〉

?

===============

Proof. — First, observe that the morphism Λ(ζ ⊗ 1) : Λ(B ⊗ C∗) →
Λ(A ⊗ C∗) sends IB into IA and therefore it induces [Λ(ζ ⊗ 1)] : Λ(B ⊗
C∗)/IB → Λ(A⊗C∗)/IA. Now, the back face has been checked in the past
lemma while lateral faces are squares like (4). For the top face observe that
given g ∈ 〈Λ(A ⊗ C∗)/IA〉q and b ∈ B, ζ∗(ΨA(g))(b) = (ΨA(g) ◦ ζ)(b) =∑
i(−1)α(|ci|)g([ζb⊗ c∗i ])⊗ ci.
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On the other hand,

ΨB(〈 [Λ(ζ ⊗ 1)] 〉(g))(b) =
∑
i

(−1)α(|ci|)〈 [Λ(ζ ⊗ 1)] 〉(g)([b⊗ c∗i ])⊗ ci

=
∑
i

(−1)α(|ci|)(g ◦ [Λ(ζ ⊗ 1)])([b⊗ c∗i ])⊗ ci

=
∑
i

(−1)α(|ci|)g([ζb⊗ c∗i ])⊗ ci.

Finally, the square

Λ(A⊗ C∗)/IA ⊗ C �[Λ(ζ ⊗ 1)]⊗ 1C Λ(B ⊗ C∗)/IB ⊗ C

A

ρ⊗ 1C ◦ ω
6

� ζ
B,

ρ⊗ 1C ◦ ω
6

is trivially commutative, so is the front face. �

We shall also need an additional cube whose commutativity is trivial:

Lemma 3.10. — The following commutes:

〈Λ(A⊗ C∗)/I ⊗ C〉
〈 [Λ(ζ ⊗ 1)]⊗ 1C〉 - 〈Λ(B ⊗ C∗)/I ⊗ C〉

〈Λ(W ⊗ C∗)⊗ C〉
〈ξ ⊗ 1C〉 -

〈ρ⊗ 1
C 〉'

-

〈ρ⊗ 1C ◦ ω〉

〈Λ(V ⊗ C∗)⊗ C〉

〈ρ⊗ 1
C 〉'

-

〈A〉

〈ρ⊗ 1C ◦ ω〉

? 〈ζ〉 - 〈B〉
?

〈ΛW 〉

〈ω〉

? 〈ζ〉 -

===================
〈ΛV 〉.

〈ω〉

?

===============

To finish the proof of Theorem 3.3 join the cubes of past lemmas by the
back and front face to obtain the required commutative diagram.

4. The restriction to components

Here we restrict the results of past sections to the components of function
spaces to get, in particular, Theorem 1.3 of the introduction. For this we
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need some algebraic tools: let (ΛW,d) be a CDGA in which W is Z-graded,
and let u : ΛW - Q be an augmentation. In (ΛW,d) we consider as in [3]
the differential ideal Ku generated by A1 ∪A2 ∪A3, where A1 = (ΛW )<0,
A2 = d(ΛW )0 and A3 = {α− u(α) : α ∈ (ΛW )0}.

Lemma 4.1. — The ideal Ku coincides with Ku
′ generated by A1

′ ∪
A2

′ ∪A3
′, where A1

′ = W<0, A2
′ = dW 0 and A3

′ = {w−u(w) : w ∈W 0}.

Proof. — The inclusion Ku
′ ⊂ Ku is trivial, as it is A1 ⊂ Ku

′.
Let Φ = α−u(α) ∈ A3 and write α = a+b, a ∈ Λ+(W<0)·ΛW , b ∈ ΛW 0.

Then, α − u(α) = a + b − u(a) − u(b) = a + b − u(b). As a ∈ A1 ⊂ Ku
′,

it remains to see that b − u(b) ∈ Ku
′. Assume b ∈ ΛnW 0 and argue by

induction on n. For n = 1, trivially b− u(b) ∈ A3
′ ⊂ Ku

′. Let b = b1 · · · bn,
bi ∈ W 0. Then, b − u(b) = b1

(
(b2 · · · bn) − u(b2 · · · bn)

)
+ u(b2 · · · bn)(b1 −

u(b1) ∈ Ku
′ by induction hypothesis.

Finally, let Φ = dα, α ∈ (ΛW )0, be a generator of A2 and write α =
a+b+c where a ∈ (Λ+W<−1) ·ΛW , b ∈ Λ(W 0) and c ∈ Λ(W 0) ·W−1 ·W 1.
Obviously da, db ∈ Ku

′. Write c =
∑

Φc1c2, Φ ∈ Λ(W 0), |c1| = −1 and
|c2| = 1. Thus, dc =

∑
dΦc1c2 +Φdc1c2−Φc1dc2. While the first and third

set of summands are trivially in Ku
′, u(dc1) = du(c1) = 0 and therefore

φdc1c2 = φ(dc1 − u(dc1))c2 is also in Ku
′. �

Next, we see that (ΛW,d)/Ku is itself a free commutative graded algebra.
Let K̃u be the ideal of (ΛW,d) generated by A1 ∪A3 and observe that the
projection ρ : W 1

∼=→ (ΛW/K̃u)1 is a vector space isomorphism. Consider
the linear map

∂ : W 0 d- (ΛW )1 -- (ΛW/K̃u)1
ρ−1
- W 1

and call W
1

a complement of the image of this map, W 1 = ∂W 0 ⊕W
1
.

In which follows, given Φ = α·Ψ, α ∈ (Λ+W 0) and Ψ ∈ ΛW>0, we denote
by Φ/u the element u(α)Ψ. Hence, if for w ∈ W 0, dw = Φ0 + Φ1 + Φ2,
with Φ0 ∈ (Λ+W<0) · (ΛW ), Φ1 ∈ (Λ+W 0) ·W 1, Φ2 ∈ W 1, then ∂(w) =
Φ1/u+ Φ2.

Proposition 4.2. — For a certain d, (ΛW/Ku, d) ∼= Λ(W
1 ⊕W>2, d).

Proof. — It is easy to see that the surjective morphism of graded algebras
ϕ : ΛW → Λ(W

1 ⊕W>2), given by

ϕ(w) =


0 if |w|<0 or w ∈ ∂W 0,

u(w) if |w| = 0,
w otherwise,
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has Ku as kernel so it induces the required isomorphism. Let us call it ϕ
To finish, define d = ϕ ◦ d ◦ ϕ−1. �

Remark 4.3. — (1) To effectively compute d, choose w ∈ Λ(W
1⊕W>2)

and write dw = Φ0 + Φ1 + Φ2 + Φ3, in which Φ0 ∈ Λ+W<0 · ΛW , Φ1 ∈
Λ+(∂W 0) ·ΛW>0, Φ2 ∈ (Λ+W 0) ·Λ(W

1⊕W>2) and Φ3 ∈ Λ(W
1⊕W>2).

Then, dw = ϕdϕ−1w = ϕ(Φ2 + Φ3) = Φ2/u+ Φ3.
(2) Note that if we have in W a basis wi for which dwi ∈ ΛW<i, then the

image of this basis in Λ(W
1⊕W>2, d) makes it a Sullivan model. However,

even when d is decomposable in ΛW , d might not be, i.e., Λ(W
1⊕W>2, d)

is not necessarily minimal. This depends on u. In fact, as we just remarked,
for each w ∈W , Φ2/u could be the linear part of dw.

Next, consider again the function space F(X,Y ) and recall that, if h : Y→
YQ denotes rationalization, then F(X,Y ; f) → F(X,YQ;hf) is also the ra-
tionalization map [9, Thm.3.11], i.e., F(X,Y ; f)Q = F(X,YQ;hf).

On the other hand, recall that for a simplicial set L and a 0-simplex
x0 ∈ L0, the component of L containing x0 is the subsimplicial set Lx0 in
which

(Lx0)q = {x ∈ Lq | ∂i1 . . . ∂iqx = x0, for some i1, . . . iq}.

Then, given a non necessarily connected CW-complex X, if we denote by
C(X;x0) the path component of X containing x0, there exists a homotopy
equivalence (S∗X)x0

'−→ S∗C(X;x0).
Let (Λ(V ⊗B∗), d̃) be the model of F(X,Y ) and let h◦f ∈ F(X,YQ) con-

sidered also as a 0-simplex of S0F(X,YQ). As before, denote by S∗F(X,YQ)hf
the component of S∗F(X,YQ) containing hf , and by u the 0-simplex of
〈Λ(V ⊗ B∗)〉, i.e., the CDGA morphism u : (Λ(V ⊗ B∗), d̃) → Q, which
corresponds to hf through the equivalence S∗F(X,YQ) '−→ 〈Λ(V ⊗B∗)〉.

We first prove a generalization of [3, Thm.6.1]:

Proposition 4.4. — The projection (Λ(V⊗B∗), d̃)→ (Λ(V⊗B∗), d̃)/Ku

induces a homotopy equivalence

〈Λ(V ⊗B∗)/Ku〉
'- 〈Λ(V ⊗B∗)〉u

which makes the following commutative:

〈Λ(V ⊗B∗)〉u ⊂ - 〈Λ(V ⊗B∗)〉

〈Λ(V ⊗B∗)/Ku〉

'6

- 〈Λ(V ⊗B∗)〉.

wwwwww
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Proof. — We shall need the following version of [8, Thm. 2.2] for (Λ(V ⊗
B∗), d̃):

WriteB∗ = A⊕δA⊕C in which C ∼= H(B∗) and choose a basis {aj , bj , ck}
with δaj = bj and δck = 0. Also, as ΛV is a Sullivan model choose {vi} a
basis for V satisfying dvi ∈ Λ(V<i). Then [3, Prop.5.1], there is a CDGA
isomorphism η : (Λ(V ⊗B∗), d̃)

∼=−→ Λ(U ⊕ dU)⊗ (ΛW,d) in which:
(1) U is generated by uij = vi ⊗ aj .
(2) W is generated by wik = vi⊗ ck +xik, for some xik ∈ Λ(V<i⊗B∗).
(3) If the differential in ΛV is decomposable, the one in ΛW is also

decomposable.
Consider now u : Λ(V ⊗B∗) - Q and u′ = u◦η−1, and let Ku and Ku′

be the associated differential ideals of Λ(V ⊗B∗, d̃) and (ΛW,d)⊗Λ(U⊕dU)
respectively. With the aid of Lemma 4.1 is easy to see that η(Ku) = Ku′ .

On the other hand, consider in (ΛW,d) and Λ(U⊕dU) the ideals Kp and

Kq associated to the augmentations p : (ΛW,d) → (ΛW,d)⊗Λ(U ⊕ dU) u′→
Q and q : Λ(U ⊕ dU) → (ΛW,d)⊗ Λ(U ⊕ dU) u′→ Q respectively. Again, it
is immediate to check that Ku′ = Kp ⊗Kq, and thus,

(Λ(V ⊗B∗), d̃)/Ku
∼= (ΛW,d)⊗ Λ(U ⊕ dU)/Ku′

∼= (ΛW,d)/Kp ⊗ Λ(U ⊕ dU)/Kq.

Next, observe that Λ(U ⊕dU)/Kq
∼= Λ

(
U>1⊕d(U>1)

)
, and therefore, it is

acyclic. Indeed, the surjective morphism ϕ : Λ(U⊕dU) → Λ
(
U>1⊕d(U>1)

)
,

ϕ(z) =


0 if z ∈ U<0 or z ∈ d(U60),
u(z) if z ∈ U0,

z if z ∈ U>1,

has Kq as kernel. Then:

〈(Λ(V ⊗B∗), d̃)/Ku〉 ∼= 〈(ΛW,d)/Kp ⊗ Λ(U ⊕ dU)/Kq〉
∼= 〈(ΛW,d)/Kp〉 × 〈Λ(U ⊕ dU)/Kq〉
' 〈(ΛW,d)/Kp〉.

Finally, in [3, Thm.6.1] is proved that the projection ΛW → ΛW/Kp in-
duces an equivalence 〈ΛW/Kp〉

'−→ 〈ΛW 〉p. Therefore, as 〈Λ(V ⊗B∗)〉u '
〈ΛW 〉p we get an equivalence 〈Λ(V ⊗ B∗)/Ku〉

'−→ 〈Λ(V ⊗ B∗)〉u which
satisfies the required property. �

Then, we have:

Theorem 4.5. — The projection (Λ(V ⊗B∗), d̃) → (Λ(V ⊗B∗), d̃)/Ku

is a model of i : F(X,Y ; f) ⊂ - F(X,Y ).
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Proof. — Indeed, we have the following diagram

F(X,YQ;h ◦ f) ⊂
i - F(X,YQ) Top

S∗F(X,YQ;h ◦ f) ⊂
S∗i-

S∗?

......

S∗F(X,YQ)

S∗F(X,YQ)hf

' 6

⊂ - S∗F(X,YQ)

wwwww
SimpSet

〈Λ(V ⊗B∗)〉u

'
?

⊂ - 〈Λ(V ⊗B∗)〉

'
?

〈Λ(V ⊗B∗)/Ku〉

'6

- 〈Λ(V ⊗B∗)〉

wwwww

Λ(V ⊗B∗)/Ku
�

〈.〉
6
...........

Λ(V ⊗B∗) AGDC

in which the top and middle square are trivially commutative and the
bottom is given in Proposition 4.4. �

The next results prove Theorem 1.3 and Corollary 1.4.

Theorem 4.6. — The CDGA morphism

ω0 : (ΛV, d) - (Λ(V ⊗B∗), d̃)/Ku, ω(v) = [v ⊗ 1∗] ,

is a model of ω0 : F(X,Y ; f) - Y.

Proof. — Write ω0 as the composition

F(X,Y ; f) ⊂
i- F(X,Y )

ω0- Y

and apply Theorems 3.1 and 4.5. �

In particular, via Proposition 4.2, we have:

Corollary 4.7. — The CDGA morphism

ω0 : (ΛV, d) - (ΛSf , d) =
(
Λ(V ⊗B

1

∗ ⊕ (V ⊗B∗)>2), d
)
,

ω0(v) = v ⊗ 1∗ if v ∈ V >2, or its projection over V ⊗B∗
1

if v ∈ V 1, is a
Sullivan model of the evaluation at the base point ω0 : F(X,Y ; f) → Y.
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Observe that, while ω0(v) could vanish if |v| = 1, when (ΛV, d) is 1-
connected,

ω0 : (ΛV, d) - (ΛSf , d) =
(
Λ(V ⊗B

1

∗ ⊕ (V ⊗B∗)>2), d
)
,

is a KS-extension or a relative Sullivan algebra. The fibre is of the form

(Λ(V ⊗B
1

∗ ⊕ (V ⊗B∗)>2)/(V ⊗ 1∗), d) = (Λ(Sf/V ), d).

Hence, as the fibre of ω0 : F(X,Y ; f) → Y is F∗(X,Y ; f), the path com-
ponent of f of the space of pointed maps, we immediately obtain:

Corollary 4.8. — For a 1-connected space Y , (Λ(Sf/V ), d) is a Sul-
livan model of F∗(X,Y ; f).

Finally, let X,Y, Z and f : X → Y be as in Theorem 3.3. Again, we de-
note by ζ : (ΛV, d) → (ΛW,d) a model of f and ξ : Λ(V ⊗C∗) → Λ(W ⊗C∗)
as defined in Theorems 1.2 or 3.3. Let ug : Λ(W ⊗C∗) → Q and ufg : Λ(V ⊗
C∗) → Q be the 0-simplices of 〈Λ(W ⊗C∗)〉 and 〈Λ(V ⊗C∗)〉 corresponding
to hg : Z → XQ and hfg = fQhg : Z → YQ respectively. Finally

Theorem 4.9. — The square

(ΛSg, d) � ξ̄
(ΛSfg, d)

(ΛW,d)

ω0

6

�
ζ

(ΛV, d)

ω0

6

is a Sullivan model of

F(Z,X; g)
(f)∗ - F(Z, Y ; fg)

X

ω0

?

f
- Y,

ω0

?

Proof. — First, observe that the Λ(W⊗C∗)/Kug
�ξ̄

Λ(V⊗C∗)/Kufg
is

well defined, i.e., ξ(Kufg
) ⊂ Kug . For that note that ufg is the composition

ugξ. If A1
′, A2

′ and A3
′ is the set of generators of Kuf◦g

given in Lemma
4.1, then ξ(A1

′) ⊂ Kug trivially. Let d̃(w ⊗ c), w ⊗ c ∈ (W ⊗ C∗)0, an
element of A2

′. Then, ξ(d̃(w ⊗ c)) = d̃ξ(w ⊗ c) = d̃ρ−1 [ζw ⊗ c]. Write
ρ−1 [ζw ⊗ c] = a+b, a ∈ Λ+(V ⊗C∗)<0 ·Λ(V ⊗C∗), b ∈ Λ(V ⊗C∗)0. Hence,
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d̃(a), d̃(b) ∈ Kug . Finally consider w ⊗ c− ufg(w ⊗ c), w ⊗ c ∈ (W ⊗ C∗)0,
a generator of A3

′. Then,

ξ(w ⊗ c− ufg(w ⊗ c)) = ξ(w ⊗ c)− ufg(w ⊗ c) = ξ(w ⊗ c)− ug(ξ(w ⊗ c)),

which again, by Lemma 4.1, lives in Kug . To finish the proof we have to
show the existence of a commutative cube in SimpSet as the following, in
which the vertical arrows are homotopy equivalences:

S∗F(Z,XQ;hg)
S∗(fQ)∗ - S∗F(Z, YQ; fQhg)

S∗(XQ)
S∗(fQ) -

S∗ω -
'

S∗(YQ)

S∗ω -

〈Λ(W ⊗ C∗)/Kug 〉

'

?

〈ξ̄〉
- 〈Λ(V ⊗ C∗)/Kufg

〉
?

〈ΛW 〉

'

?

〈ζ〉
-

ω -

〈ΛV 〉.

'

?ω -

But this is immediate: Lateral faces are obtained by Theorem 4.6. The
commutativity of the back face is an exercise and the rest trivially com-
mutes. �

Finally, we describe the behavior at the homotopy group level of the dis-
tinguished maps studied in past sections. Let (ΛSf , d) ∼= (Λ(V ⊗B∗)/Ku, d)
be the Sullivan model of the component F(X,Y ; f) given in Corollary 4.7.
Recall that u : Λ(V ⊗B∗) → Q is the CDGA morphism corresponding to f
and that (ΛSf , d) =

(
Λ(V ⊗B∗

1⊕ (V ⊗B∗)>2), d
)
. Now, by classical facts

on rational homotopy theory of nilpotent spaces, we have:

Theorem 4.10. — (1) π∗F(X,Y ; f)Q is naturally isomorphic to the
dual of H∗(Sf , Q(d)

) ∼= H∗(V ⊗B∗
1 ⊕ (V ⊗ B∗)>2, Q(d)

)
, being S ∼=

Q(ΛSf ) = ΛSf/(Λ+Sf · Λ+Sf ) the space of indecomposables.
(2) Moreover, the morphism π∗(ω0) : π∗F(X,Y ; f)Q → π∗(YQ) is dual of

H∗(Q(ω0)
)
: H∗(V,Q(d)

)
→ H∗(V ⊗B∗

1 ⊕ (V ⊗B∗)>2, Q(d)
)
,

H∗(Q(ω0)
)
(v) = [v ⊗ 1∗].
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(3) Under the conditions and with the notation of Theorems 3.3 or 4.9,
the morphism induced in homotopy groups by

F(Z,X; g)Q
(f∗)Q - F(Z, Y ; fg)Q

XQ

ω0

?

fQ
- YQ,

ω0

?

is dual of

H∗(Sg, Q(d)) �H
∗(Q(ξ))

H∗(Sfg, Q(d))

H∗(W,Q(d)
)H∗(Q(ω0)

) 6

�
H∗(Q(ζ))

H∗(V,Q(d)
)
.

H∗(Q(ω0)
)6

Also, taking homology of indecomposables in Corollary 4.8 we obtain:

Corollary 4.11. — π∗F∗(X,Y;f)Q is naturally isomorphic to the dual
of H∗(Sf/V,Q(d)

)
.
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