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FIBRATIONS OF COMPACT KAHLER MANIFOLDS
IN TERMS OF COHOMOLOGICAL PROPERTIES
OF THEIR FUNDAMENTAL GROUPS

by Ngaiming MOK (*)

Let X be a compact Kéhler manifold whose fundamental group I
admits a finite-dimensional discrete Zariski-dense representation into a
real semisimple Lie group of the noncompact type. Using the method of
harmonic maps, the author established in [M1] that some unramified finite
cover of X admits a meromorphic fibration over a projective manifold of
general type. Without the discreteness assumption, one can still derive a
discrete representation with similar properties, unless the representation is
nonrigid, or there exists a Zariski-dense representation into some p-adic
semisimple Lie group. In these cases there is the method of harmonic
maps into associated Euclidean buildings of Gromov-Schoen [GS]. Using
this method and the method of spectral covers, Zuo [Zu], building on a
number of earlier works, established an analogous fibration theorem over
projective manifolds of general type in these cases. As a consequence, the
discreteness assumption can be entirely dropped.

In this article we consider fibration theorems with conditions on
first cohomology groups of I' with respect to unitary representations into
(complex) Hilbert spaces. All Hilbert spaces are understood to be separable
in the present article. By a holomorphic fibration we mean a proper
surjective holomorphic map with connected fibers. In this terminology, a
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biholomorpic map or a modification is a holomorphic fibration. We will
say for short that a compact complex manifold Y admits a meromorphic
fibration over a compact complex manifold Z if there exist a modification
p: Y >Y and a holomorphic fibration o : Y — Z. We prove

THEOREM 1. — Let X be a compact Kahler manifold with fun-
damental group I'. Suppose for some unitary representation ® of I' on a
Hilbert space H we have H(I'; ®) # 0. Then,

(a) X is of general type; or

(b) for some unramified finite cover X' of X, there exists a holomor-
phic fibration 7 : X' — T onto a compact complex torus T’; or

(c) for some nonsingular Kahler modification X of X there exists a
holomorphic fibration o : X — Z with positive-dimensional fibers onto
a projective manifold Z such that Z is of logarithmic general type with
respect to the multiplicity locus of o.

Here and henceforth to avoid clumsy language a compact com-
plex torus or a projective manifold is always understood to be positive-
dimensional. For (c) see Sakai [Sa] and references given there. Here we
may also say that the pair ()? ,mult(c)) is of logarithmic general type, for
mult(o) denoting the reduced divisor on X which is the multiplicity locus
of o.

In the statement of Theorem 1, the non-vanishing condition on the
first cohomology group with respect to some unitary representation ® is
equivalent to saying that I' violates Property (T) of Kazhdan (cf. de la
Harpe-Valette [HP]). In other words, I" satisfies the hypothesis of Theorem
1 if and only if the trivial representation of I' is not an isolated point in
the unitary dual of I'. As an example, any I' of subexponential growth
violates Kazhdan’s Property (T') since H!(T;p) # 0 for the left regular
representation p.

We aimed originally to establish a fibration theorem in which Z in
(c) can be taken to be a projective manifold of general type at the expense
of replacing X by some unramified finite cover. While this can always
be done if ® is finite-dimensional, in our situation (c) may arise from
an infinite-dimensional representation, and the analogous statement is not
known. Still, (c) yields over X nontrivial holomorphic sections of certain
tensor powers of the cotangent bundle 2x on X. Under some additional
hypotheses on the fundamental group I' = 7 (X), we obtain the following

ANNALES DE L’INSTITUT FOURIER



FIBRATIONS OF COMPACT KAHLER MANIFOLDS 635

corollary to the proof of Theorem 1.

COROLLARY 1. — Let X be a compact Kahler manifold whose fun-
damental group I' violates Kazhdan’s Property (T). Assume furthermore
that every quotient group of I' is residually finite. Then, some unrami-
fied finite cover X' of X admits a meromorphic fibration over a positive-
dimensional compact Kéhler manifold Z such that Z is either a compact
complex torus or a projective manifold of general type.

Here a discrete group H is said to be residually finite if and only if
the intersection of all subgroups of finite index of H reduces to the trivial

group.

An intermediate aim for proving fibration theorems on compact
Kéhler manifolds is to show the existence of nontrivial meromorphic
functions on them. In this direction our method yields the following result
on algebraic dimensions of compact Kahler manifolds.

THEOREM 2. — Let X be a compact Kahler manifold whose funda-
mental group I violates Kazhdan’s Property (T). Suppose furthermore that
for every unramified finite cover X' of X the first Betti number b1 (X') = 0.
Then, X is of algebraic dimension > 2.

Theorem 2 is optimal in the sense that, irrespective of the complex
dimension of X, one cannot expect the algebraic dimension of X to exceed
2. In fact, if there is a projective-algebraic manifold Xy of dimension
m > 2 satisfying the hypothesis, by taking hyperplane sections and
applying Lefschetz’s Theorem, there is always a projective-algebraic surface
S satisfying the same hypothesis, and products of S with simply-connected
compact Kéhler manifolds of algebraic dimension 0 give examples of X of
arbitrarily large complex dimensions and of algebraic dimension 2.

In order to establish fibration theorems on compact Kéhler manifolds
whose fundamental groups violate Kazhdan’s Property (T'), we resort
to the method of semi-Kéhler structures, i.e., semi-Kéhler metrics with
compatible meromorphic foliations, as developed in Mok ([M1], [M3], [M4]).
On compact Kahler manifolds there are two essential sources of semi-K&hler
structures, constructed from harmonic maps (resp. harmonic forms). Both
types of semi-Kéahler structures will be used.

Our point of departure is an existence theorem (Mok [M2]) for har-
monic forms with twisted coefficients on compact Riemannian manifolds
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with nonvanishing cohomology groups with respect to some unitary repre-
sentation ¢ on a Hilbert space H. In this existence theorem, the unitary
representation ® and the Hilbert space H may have to be replaced. In the
case of compact Kéhler manifolds X, we obtain d-closed holomorphic 1-
forms with twisted coefficients. (For first cohomology groups the existence
theorem also follows from the work of Korevaar-Schoen [KS] on harmonic
maps.) Here and in what follows ® : I' — U(H) will be taken to mean
a unitary representation for which there exists an associated holomorphic
1-form v with twisted coefficients. Norms of v then lead to a semi-Ké&hler
form w, with a compatible meromorphic foliation F arising from level sets
of an integral F': X — H on the universal covering space X.

As in Mok ([M1], [M4]) we distinguish two cases: the factorizable
and the non-factorizable case. For definitions we refer the reader to Mok
[M4], Definition-Proposition 2, with the correction that (b) there should
be removed. For the ensuing discussion we restrict to the non-factorizable
case. In that case there exists a nontrivial pseudogroup G of holomorphic
isometries on some local cross-section of the foliated space X. We derive
from this a canonical representation © of the fundamental group I" on the
group of Lie-algebra automorphisms Aut(g) of the Lie algebra g of G. Under
the assumption of Theorem 1, in the non-factorizable case we deduce that
the canonical action © of I" on Aut(g) has an infinite image. If the Zariski-
closure O(T') of ©(T") is not solvable, passing to semisimple quotients of
@(ﬁ the method of harmonic maps will yield on some unramified finite
cover a meromorphic fibration over a projective manifold of general type.
Otherwise one can derive an abelian representation of I' with infinite image
to show that X has a nontrivial Albanese map. Combining with results of
Ueno [Ue] about subvarieties of Abelian varieties, Kawamata-Viehweg [KV]
about ramified finite covers of Abelian varieties, and their generalizations to
compact complex tori by Campana [Ca] we have obtained a meromorphic
fibration of X either over a compact complex torus, or over a projective
manifold of general type.

In the factorizable case we obtain a holomorphic fibration of some
nonsingular Kahler modification X of X onto a compact Kéhler manifold
Z. If there are no multiple fibers outside a subvariety of Z of codimension
> 2, then the semi-Kéhler form w on X descends to a semi-Kéhler form
on Z which is positive-definite and of nonpositive holomorphic bisectional
curvature on a Zariski-dense open subset. If the Ricci form is negative-
definite at a generic point, we prove that Z is of general type. Otherwise
as in Mok ([M1], [M4]) we consider a second semi-Kahler structure defined
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by the Ricci form. We show that this will lead to a meromorphic fibration
over a projective manifold of general type.

In the presence of multiple fibers, the semi-Kéahler form w on X
descends to a semi-Kéhler form on Z — A for some proper subvariety
A C Z. In general the semi-Kéhler form may have poles of fractional
order along irreducible components of codimension 1 in A. There is an
effective Q-divisor D on Z such that, denoting by Kz the canonical line
bundle of Z, Kz ® [D] admits a singular Hermition metric of nonpositive
curvature. In this case our method of proof shows that Kz ® [D] is big
and that, as a consequence, Z is of logarithmic general type with respect
to the multiplicity locus of the holomorphic fibration. The compact Kéahler
manifold Z is thus MoiSezon and hence projective-algebraic. This gives
Theorem 1. In order for the semi-Kéahler form to descend to the base
manifold in the factorizable case after passing to some unramified finite
cover of X, it is sufficient to find a torsion-free subgroup of finite index of
some discrete group acting properly discontinuously on a complex space.
This leads to Corollary 1 and Theorem 2.

In the case when one can deduce that a compact Kahler manifold X
is of general type directly from the existence of a holomorphic 1-form v
with coefficients twisted by a unitary representation, the semi-Kéhler form
w defined by v is positive-definite, of nonpositive holomorphic bisectional
curvature and of strictly negative Ricci curvature on some Zariski-dense
open subset. Heuristically, modulo some blowing-down, X should behave
like a subvariety of an Abelian variety. As a by-product of our study of semi-
Kahler structures we establish in the case of Kéhler surfaces the Kobayashi
hyperbolicity of X, under the assumption of nonexistence of rational curves
and elliptic curves.

THEOREM 3. — Let X be a compact Kahler surface with fundamen-
tal group ', and ® : T' — U(H) be a unitary representation on a Hilbert
space H. Suppose v is of maximal rank at a generic point, and the induced
semi-Kéahler form w is of strictly negative Ricci curvature at a generic point.
Then, X is Kobayashi hyperbolic provided that there does not exist any
elliptic or rational curves on X.

Results along the line of Theorem 1 and Corollary 1 were stated in
Mok [M3] with a sketch of the proof. There it was claimed that Corollary 1
holds for any X whose fundamental group violates Kazhdan’s Property
(T'). As it turned out the author has regrettably ignored the question
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of finding a torsion-free subgroup of finite index of some discrete group
which acts properly discontinuously on some complex space of cycles. While
this is possible and well-known if the holomorphic 1-form has coefficients
twisted by a finite-dimensional (unitary) representation, in the general case
of unitary representations on Hilbert spaces the analogous statement is not
known.

The main input of the present article, long overdue, is to introduce
a method to analyse non-factorizable meromorphic foliations arising from
holomorphic 1-forms with coefficients twisted by infinite-dimensional uni-
tary representations. By this method in the non-factorizable case one can
pass to finite-dimensional representations. Despite the difficulty arising
from finding subgroups of finite index acting without fixed points, the au-
thor believes that the main input of the article remains intact. He also
believes that to study fundamental groups of compact Kéhler manifolds
one has to deal with delicate questions on infinite-dimensional representa-
tions of discrete groups, as there is no reason why a “generic” Kéhler group
should admit nontrivial finite-dimensional representations. It is in view of
the lack of results on infinite-dimensional representations on Kahler groups
and the difficulty of the problem that the author ventures to present the
methods and intermediate results of the present article.

Acknowledgement: The author would like to thank the referee for
pointing out a mistake in the first version of the article in relation to
multiple fibers in the factorizable case. It has led to reformulation of the
results.
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1. Harmonic 1-forms with twisted coefficients and
semi-Kahler structures.

(1.1) Let (M,g) be a compact Riemannian manifold with funda-
mental group I'. Let H be a Hilbert space and ® : ' — U(H) be a
unitary representation of I' on H, and Fg be the locally constant bun-
dle of Hilbert spaces on M with transition functions defined by ®. For
a nonnegative integer ¢ we denote by H'(M, Eg) the de Rham cohomol-
ogy group. For i = 1, H'(M, Es) depends only on T' and is isomorphic
to the cohomology group H!(T;®) defined as follows. A 1-cochain c is
a function ¢ : I' — H. The 1-cochain is called a 1-cocycle if it satisfies
the identity cy,,, = ®(71)(cy,) + ¢y, for all 41,72 € T. It is called a 1-
coboundary if there exists some element h € H such that ¢y, = h — ®(vy)h
for every v € I'. Denoting the complex vector spaces of 1-cocycles (resp.
1-coboundaries) by Z1(T'; ®) (resp. B(T'; ®)), we have the first cohomol-
ogy group H(T'; ®) := Z1(I'; ®)/B(T'; ®). In general it may happen that
H'(M,Es) = 0 while there are no Eg-valued harmonic i-forms. The fol-
lowing result, proved in Mok [M2], derives nonetheless the existence of har-
monic forms with twisted coefficients at the expense of possibly replacing
the representation ® by some other unitary representation &' : I' — H'.
The result in the case of ¢ = 1 follows also from the work of Korevaar-
Schoen [KS] on harmonic maps into possibly infinite-dimensional Rieman-
nian manifolds.

THEOREM (1.1.1). — Let (M, g) be a compact Riemannian man-
ifold and denote by T' its fundamental group. Let ® : I' — U(H) be a
unitary representation of I' on a Hilbert space and denote by Eg the corre-
sponding locally constant Hilbert bundle over M. Suppose H*(M; Eg) # 0
for some i > 1. Then, there exists a sequence {€x} of smooth ®-equivalent
i~forms on M such that over a fundamental domain F we have Je el =1
and [ (||dé]I* + l|d*€kll?) < #. For any such sequence {£4} there exists a

subsequence {&x¢)} and there are unitary transformations Uy(gy on H such

2

i to a nontrivial H-valued d-closed har-

that Uy )&k (e) convergeson M in L
monic i-form £ on M. Furthermore, there exists a Hilbert subspace H' ¢ H
and a unitary representation ® : I' — U(H') such that £ is ®'-equivariant.

In what follows a harmonic form with values in a locally flat Hilbert
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bundle arising from a unitary representation ® : M — U(H) will simply be
referred to as a harmonic form with coefficients twisted by ®, or simply as
one with twisted coefficients. (Note that ® is used as a generic symbol
for a unitary representation and carries a different meaning from that
in Theorem (1.1.1).) In the special case of i = 1 the assumption of
nonvanishing first cohomology for some unitary representations amounts
to saying that I" violates Property (T") of Kazhdan. Theorem (1.1.1) says
that on a compact Riemannian manifold (M, g) with m;(M) = T there
exists some harmonic 1-form with twisted coefficients. Since any unitary
representation of I' can be decomposed into an integral of irreducible
unitary representations (cf. Zimmer [Zi], p. 23ff), it follows readily that
there exists an irreducible representation ® : I' — U(H) for which there
exists a nontrivial harmonic 1-form with coefficients twisted by ® (Mok
[M4], (3.2)).

Let v be a harmonic 1-form on M with twisted coefficients and v
be the H-valued ®-equivariant harmonic 1-form on M. Since v is closed
there exists a smooth H-valued smooth 1-form F' such that dF = v. We
have 0 = d*v = d*dF, showing that F is a harmonic function. The ®-
equivariance of ¥ means that for every v € I', we have v(yz) = ®(v)v(z).
Integrating we have the transformation rule

F(yz) = ®(V)F(z) + ¢,
for some constant vector ¢, € H. The function ¢ : ' — H given by
¢(v) = ¢y then defines a 1-cocycle in Z'(M; ®). We note that if we replace
the primitive F' by F + h for some h € H, then the 1-cocycle ¢ = (cy) is

replaced by ¢/, = (cy + h — ®(y)h), so that ¢’ — c is a 1-coboundary. For a
harmonic 1-form v with twisted coefficients, we have

LEMMA (1.1.1). — Let (M, g) be a compact Riemannian manifold,
v be a nontrivial Eg-valued harmonic 1-form with values in Eg, and F' be
a primitive of the lifting V to the universal cover M. Then the I-cocycle c,
is not cohomologous to 0.

Proof. — Suppose otherwise. Replacing F' by F' + h for some h € H
we may assume without loss of generality that ¢, = 0 for every v € I'. Then,
for every v € I and every z € M, we have F(yz) = ®(y)F(z). It follows
that the smooth function @ := || F||? is invariant under T, and descends thus
to a smooth function ¢ on M. Let A be the Laplacian operator on M or
on M on smooth functions. Since F is harmonic we have A = ldF)|? > 0.
Equivalently Ap = ||v||? > 0. Integrating over M we conclude the pointwise
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vanishing of v, a contradiction. O

Let now X be a compact Kéhler manifold. Take ® : T' — U(H) to
be irreducible such that there exists a nontrivial harmonic F¢-valued 1-
form 7. Regard H now as a real Hilbert space and write HC for H ®g C.
We have the standard orthogonal decomposition HC = H'0 @ H%! into
Hilbert subspaces, where H%! = H1.0 and H' is isomorphic to H as a I'-
representation space. Accordingly write Ep Qr C = Eg. We decompose 7 as
n =040, where n1 is an ES-valued (1,0)-form and 7%! = 51.0. Then,
the standard Hodge decomposition for harmonic 1-forms remains valid
(cf. Mok [M2], Corollary (0.1)) to show that 7 is a d-closed holomorphic
1-form with values twisted by ®.

An example of a unitary representation of an abstract group I" on a
Hilbert space H is given by the left regular representation p, as follows.
Let L?(T') be the Hilbert space of all functions f : I' — C, i.e., verifying

Eer [F()I? < oo. Define p : L*(T) — L*(T) by [p()(f))(9) = F(v"'9).
Then,

{p(w)e()(H1}g) = [pMN(OI ™ g) = F(y  u"g) = [p(ur)(H)](9)-

In other words, p(u)p(y) = p(wy). Clearly p preserves norms and is hence
a unitary representation.

Let now X be a compact K&dhler manifold and denote by I' its
fundamental group. Denote by H7. (f ,O) the L?-cohomology groups on
the universal covering space X. Then, HY(X,E,) = 0 if and only if
H,(X,0) = 0. We assert

LemMMA (1.1.2). — Hiz()?,(?) # 0 whenever I is infinite and of
subexponential growth. As a consequence, for I' of subexponential growth
we have H* (X, E,) # 0 and hence T' violates Property (T) of Kazhdan.

Proof. — The assumption that I' is of subexponential growth im-
plies the existence of geodesic balls By = B(zo; Ri) on X such that
limg 00 \G’;f(a L‘i ’°)) = 0. We proceed to prove Hiz()? ,O) # 0 by argument
by contradiction. Choose smooth cut-off functions pi such that pr =1 on
By; pr = 0 outside By, = B(zo; R + 1). If Hiz()?,O) = 0, then we can
solve Buy, = Opr on X with L2-estimates, so that [z lul®> < C [3 |0pk|? ~
Vol(8By). Here for two nonpositive sequences (ax) and (bg) diverging to
0o we write ax ~ by to mean that for k sufficiently large %f is uniformly
bounded above and below by positive constants. We have 0(uy — pkl =0so0

that fi := ux — px is a square-integrable holomorphic function on X. Since
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