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FIBRATIONS OF COMPACT KAHLER MANIFOLDS
IN TERMS OF COHOMOLOGICAL PROPERTIES
OF THEIR FUNDAMENTAL GROUPS

by Ngaiming MOK (*)

Let X be a compact Kéahler manifold whose fundamental group I'
admits a finite-dimensional discrete Zariski-dense representation into a
real semisimple Lie group of the noncompact type. Using the method of
harmonic maps, the author established in [M1] that some unramified finite
cover of X admits a meromorphic fibration over a projective manifold of
general type. Without the discreteness assumption, one can still derive a
discrete representation with similar properties, unless the representation is
nonrigid, or there exists a Zariski-dense representation into some p-adic
semisimple Lie group. In these cases there is the method of harmonic
maps into associated Euclidean buildings of Gromov-Schoen [GS]. Using
this method and the method of spectral covers, Zuo [Zu], building on a
number of earlier works, established an analogous fibration theorem over
projective manifolds of general type in these cases. As a consequence, the
discreteness assumption can be entirely dropped.

In this article we consider fibration theorems with conditions on
first cohomology groups of I' with respect to unitary representations into
(complex) Hilbert spaces. All Hilbert spaces are understood to be separable
in the present article. By a holomorphic fibration we mean a proper
surjective holomorphic map with connected fibers. In this terminology, a
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biholomorpic map or a modification is a holomorphic fibration. We will
say for short that a compact complex manifold Y admits a meromorphic
fibration over a compact complex manifold Z if there exist a modification
p: Y >Y and a holomorphic fibration o : Y - Z. We prove

THEOREM 1. — Let X be a compact Kéahler manifold with fun-
damental group I'. Suppose for some unitary representation ® of I' on a
Hilbert space H we have H'(T'; ®) # 0. Then,

(a) X is of general type; or

(b) for some unramified finite cover X' of X, there exists a holomor-
phic fibration 7 : X' — T onto a compact complex torus T'; or

(c) for some nonsingular Kéahler modification X of X there exists a
holomorphic fibration o : X — Z with positive-dimensional fibers onto
a projective manifold Z such that Z is of logarithmic general type with
respect to the multiplicity locus of o.

Here and henceforth to avoid clumsy language a compact com-
plex torus or a projective manifold is always understood to be positive-
dimensional. For (c) see Sakai [Sa] and references given there. Here we
may also say that the pair (X, mult(c)) is of logarithmic general type, for
mult(o) denoting the reduced divisor on X which is the multiplicity locus
of 0.

In the statement of Theorem 1, the non-vanishing condition on the
first cohomology group with respect to some unitary representation ® is
equivalent to saying that I' violates Property (T') of Kazhdan (cf. de la
Harpe-Valette [HP]). In other words, I" satisfies the hypothesis of Theorem
1 if and only if the trivial representation of I' is not an isolated point in
the unitary dual of I'. As an example, any I' of subexponential growth
violates Kazhdan’s Property (T') since H!(T;p) # 0 for the left regular
representation p.

We aimed originally to establish a fibration theorem in which Z in
(c) can be taken to be a projective manifold of general type at the expense
of replacing X by some unramified finite cover. While this can always
be done if ® is finite-dimensional, in our situation (c¢) may arise from
an infinite-dimensional representation, and the analogous statement is not
known. Still, (c) yields over X nontrivial holomorphic sections of certain
tensor powers of the cotangent bundle 2x on X. Under some additional
hypotheses on the fundamental group I' = 7 (X), we obtain the following
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corollary to the proof of Theorem 1.

COROLLARY 1. — Let X be a compact Kahler manifold whose fun-
damental group T' violates Kazhdan’s Property (T). Assume furthermore
that every quotient group of T' is residually finite. Then, some unrami-
fied finite cover X' of X admits a meromorphic fibration over a positive-
dimensional compact Kéhler manifold Z such that Z is either a compact
complex torus or a projective manifold of general type.

Here a discrete group H is said to be residually finite if and only if
the intersection of all subgroups of finite index of H reduces to the trivial

group.

An intermediate aim for proving fibration theorems on compact
Kéhler manifolds is to show the existence of nontrivial meromorphic
functions on them. In this direction our method yields the following result
on algebraic dimensions of compact Kahler manifolds.

THEOREM 2. — Let X be a compact Kahler manifold whose funda-
mental group I violates Kazhdan’s Property (T). Suppose furthermore that
for every unramified finite cover X' of X the first Betti number b1(X') = 0.
Then, X is of algebraic dimension > 2.

Theorem 2 is optimal in the sense that, irrespective of the complex
dimension of X, one cannot expect the algebraic dimension of X to exceed
2. In fact, if there is a projective-algebraic manifold Xy of dimension
m > 2 satisfying the hypothesis, by taking hyperplane sections and
applying Lefschetz’s Theorem, there is always a projective-algebraic surface
S satisfying the same hypothesis, and products of S with simply-connected
compact Kéhler manifolds of algebraic dimension 0 give examples of X of
arbitrarily large complex dimensions and of algebraic dimension 2.

In order to establish fibration theorems on compact Kéhler manifolds
whose fundamental groups violate Kazhdan’s Property (T'), we resort
to the method of semi-Kéhler structures, i.e., semi-Kéhler metrics with
compatible meromorphic foliations, as developed in Mok ([M1], [M3], [M4]).
On compact Kahler manifolds there are two essential sources of semi-K&hler
structures, constructed from harmonic maps (resp. harmonic forms). Both
types of semi-Kéhler structures will be used.

Our point of departure is an existence theorem (Mok [M2]) for har-
monic forms with twisted coefficients on compact Riemannian manifolds
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636 NGAIMING MOK

with nonvanishing cohomology groups with respect to some unitary repre-
sentation ® on a Hilbert space H. In this existence theorem, the unitary
representation ® and the Hilbert space H may have to be replaced. In the
case of compact Kéhler manifolds X, we obtain d-closed holomorphic 1-
forms with twisted coefficients. (For first cohomology groups the existence
theorem also follows from the work of Korevaar-Schoen [KS] on harmonic
maps.) Here and in what follows ® : I' — U(H) will be taken to mean
a unitary representation for which there exists an associated holomorphic
1-form v with twisted coefficients. Norms of v then lead to a semi-Kéahler
form w, with a compatible meromorphic foliation F arising from level sets
of an integral F : X — H on the universal covering space X.

As in Mok ([M1], [M4]) we distinguish two cases: the factorizable
and the non-factorizable case. For definitions we refer the reader to Mok
[M4], Definition-Proposition 2, with the correction that (b) there should
be removed. For the ensuing discussion we restrict to the non-factorizable
case. In that case there exists a nontrivial pseudogroup G of holomorphic
isometries on some local cross-section of the foliated space X. We derive
from this a canonical representation © of the fundamental group I" on the
group of Lie-algebra automorphisms Aut(g) of the Lie algebra g of G. Under
the assumption of Theorem 1, in the non-factorizable case we deduce that
the canonical action © of I on Aut(g) has an infinite image. If the Zariski-
closure ©(T) of O(I") is not solvable, passing to semisimple quotients of
O(T) the method of harmonic maps will yield on some unramified finite
cover a meromorphic fibration over a projective manifold of general type.
Otherwise one can derive an abelian representation of I' with infinite image
to show that X has a nontrivial Albanese map. Combining with results of
Ueno [Ue] about subvarieties of Abelian varieties, Kawamata-Viehweg [KV]
about ramified finite covers of Abelian varieties, and their generalizations to
compact complex tori by Campana [Ca] we have obtained a meromorphic
fibration of X either over a compact complex torus, or over a projective
manifold of general type.

In the factorizable case we obtain a holomorphic fibration of some
nonsingular Kahler modification X of X onto a compact Kéhler manifold
Z. If there are no multiple fibers outside a subvariety of Z of codimension
> 2, then the semi-Kéhler form w on X descends to a semi-Kéahler form
on Z which is positive-definite and of nonpositive holomorphic bisectional
curvature on a Zariski-dense open subset. If the Ricci form is negative-
definite at a generic point, we prove that Z is of general type. Otherwise
as in Mok ([M1], [M4]) we consider a second semi-Kéhler structure defined
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by the Ricci form. We show that this will lead to a meromorphic fibration
over a projective manifold of general type.

In the presence of multiple fibers, the semi-Kéahler form w on X
descends to a semi-Kéhler form on Z — A for some proper subvariety
A C Z. In general the semi-Kéhler form may have poles of fractional
order along irreducible components of codimension 1 in A. There is an
effective Q-divisor D on Z such that, denoting by Kz the canonical line
bundle of Z, Kz ® [D] admits a singular Hermition metric of nonpositive
curvature. In this case our method of proof shows that Kz ® [D] is big
and that, as a consequence, Z is of logarithmic general type with respect
to the multiplicity locus of the holomorphic fibration. The compact Kéahler
manifold Z is thus MoiSezon and hence projective-algebraic. This gives
Theorem 1. In order for the semi-Kéhler form to descend to the base
manifold in the factorizable case after passing to some unramified finite
cover of X, it is sufficient to find a torsion-free subgroup of finite index of
some discrete group acting properly discontinuously on a complex space.
This leads to Corollary 1 and Theorem 2.

In the case when one can deduce that a compact Kahler manifold X
is of general type directly from the existence of a holomorphic 1-form v
with coefficients twisted by a unitary representation, the semi-Kéhler form
w defined by v is positive-definite, of nonpositive holomorphic bisectional
curvature and of strictly negative Ricci curvature on some Zariski-dense
open subset. Heuristically, modulo some blowing-down, X should behave
like a subvariety of an Abelian variety. As a by-product of our study of semi-
Kéhler structures we establish in the case of Kéhler surfaces the Kobayashi
hyperbolicity of X, under the assumption of nonexistence of rational curves
and elliptic curves.

THEOREM 3. — Let X be a compact Kahler surface with fundamen-
tal group ', and ® : T' — U(H) be a unitary representation on a Hilbert
space H. Suppose v is of maximal rank at a generic point, and the induced
semi-Kahler form w is of strictly negative Ricci curvature at a generic point.
Then, X is Kobayashi hyperbolic provided that there does not exist any
elliptic or rational curves on X.

Results along the line of Theorem 1 and Corollary 1 were stated in
Mok [M3] with a sketch of the proof. There it was claimed that Corollary 1
holds for any X whose fundamental group violates Kazhdan’s Property
(T'). As it turned out the author has regrettably ignored the question
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638 NGAIMING MOK

of finding a torsion-free subgroup of finite index of some discrete group
which acts properly discontinuously on some complex space of cycles. While
this is possible and well-known if the holomorphic 1-form has coefficients
twisted by a finite-dimensional (unitary) representation, in the general case
of unitary representations on Hilbert spaces the analogous statement is not
known.

The main input of the present article, long overdue, is to introduce
a method to analyse non-factorizable meromorphic foliations arising from
holomorphic 1-forms with coefficients twisted by infinite-dimensional uni-
tary representations. By this method in the non-factorizable case one can
pass to finite-dimensional representations. Despite the difficulty arising
from finding subgroups of finite index acting without fixed points, the au-
thor believes that the main input of the article remains intact. He also
believes that to study fundamental groups of compact Kéhler manifolds
one has to deal with delicate questions on infinite-dimensional representa-
tions of discrete groups, as there is no reason why a “generic” Kéahler group
should admit nontrivial finite-dimensional representations. It is in view of
the lack of results on infinite-dimensional representations on Kahler groups
and the difficulty of the problem that the author ventures to present the
methods and intermediate results of the present article.

Acknowledgement: The author would like to thank the referee for
pointing out a mistake in the first version of the article in relation to
multiple fibers in the factorizable case. It has led to reformulation of the
results.
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1. Harmonic 1-forms with twisted coefficients and
semi-Kahler structures.

(1.1) Let (M,g) be a compact Riemannian manifold with funda-
mental group I'. Let H be a Hilbert space and ® : ' — U(H) be a
unitary representation of I' on H, and Fg be the locally constant bun-
dle of Hilbert spaces on M with transition functions defined by ®. For
a nonnegative integer ¢ we denote by H'(M, Eg) the de Rham cohomol-
ogy group. For i = 1, H'(M, Es) depends only on T' and is isomorphic
to the cohomology group H!(T;®) defined as follows. A 1-cochain c is
a function ¢ : I' — H. The 1-cochain is called a 1-cocycle if it satisfies
the identity cy,,, = ®(71)(cy,) + ¢y, for all 1,72 € T. It is called a 1-
coboundary if there exists some element h € H such that ¢y, = h — ®(y)h
for every v € I'. Denoting the complex vector spaces of 1-cocycles (resp.
1-coboundaries) by Z1(T'; ®) (resp. B(T'; ®)), we have the first cohomol-
ogy group H(T'; ®) := Z1(['; ®)/B(T'; ®). In general it may happen that
H'(M,Es) = 0 while there are no Eg-valued harmonic i-forms. The fol-
lowing result, proved in Mok [M2], derives nonetheless the existence of har-
monic forms with twisted coefficients at the expense of possibly replacing
the representation ® by some other unitary representation &' : ' — H'.
The result in the case of ¢ = 1 follows also from the work of Korevaar-
Schoen [KS] on harmonic maps into possibly infinite-dimensional Rieman-
nian manifolds.

THEOREM (1.1.1). — Let (M, g) be a compact Riemannian man-
ifold and denote by T' its fundamental group. Let ® : I' — U(H) be a
unitary representation of I' on a Hilbert space and denote by Eg the corre-
sponding locally constant Hilbert bundle over M. Suppose H*(M; Eg) # 0
for some i > 1. Then, there exists a sequence {€x} of smooth ®-equivalent
i~forms on M such that over a fundamental domain F we have Je el =1
and [ (||dé|I* + l|d*€kll?) < #. For any such sequence {£4} there exists a
subsequence {&x¢)} and there are unitary transformations Uy(gy on H such
that Uy(e)Ek(e) converges on M in L,
monic i-form £ on M. Furthermore, there exists a Hilbert subspace H' ¢ H
and a unitary representation ® : I' — U(H') such that £ is ®'-equivariant.

to a nontrivial H-valued d-closed har-

In what follows a harmonic form with values in a locally flat Hilbert
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640 NGAIMING MOK

bundle arising from a unitary representation ® : M — U(H) will simply be
referred to as a harmonic form with coefficients twisted by ®, or simply as
one with twisted coefficients. (Note that ® is used as a generic symbol
for a unitary representation and carries a different meaning from that
in Theorem (1.1.1).) In the special case of i = 1 the assumption of
nonvanishing first cohomology for some unitary representations amounts
to saying that I" violates Property (T") of Kazhdan. Theorem (1.1.1) says
that on a compact Riemannian manifold (M, g) with m;(M) = T there
exists some harmonic 1-form with twisted coefficients. Since any unitary
representation of I' can be decomposed into an integral of irreducible
unitary representations (cf. Zimmer [Zi], p. 23ff), it follows readily that
there exists an irreducible representation ® : I' — U(H) for which there

exists a nontrivial harmonic 1-form with coefficients twisted by ® (Mok
[M4], (3.2)).

Let v be a harmonic 1-form on M with twisted coefficients and U
be the H-valued ®-equivariant harmonic 1-form on M. Since 7 is closed
there exists a smooth H-valued smooth 1-form F' such that dF = v. We
have 0 = d*v = d*dF, showing that F' is a harmonic function. The ®-
equivariance of U means that for every v € I, we have v(yz) = ®(y)v(z).
Integrating we have the transformation rule

F(yz) = ®(V)F(z) + ¢y
for some constant vector ¢y € H. The function ¢ : I' — H given by
¢(7y) = ¢, then defines a 1-cocycle in Z'(M; ®). We note that if we replace
the primitive F' by F + h for some h € H, then the 1-cocycle ¢ = (c,) is

replaced by ¢/, = (cy + h — ®(y)h), so that ¢’ — c is a 1-coboundary. For a
harmonic 1-form v with twisted coefficients, we have

LEMMA (1.1.1). — Let (M, g) be a compact Riemannian manifold,
v be a nontrivial Eg-valued harmonic 1-form Wit!lv values in Eg, and F be
a primitive of the lifting U to the universal cover M. Then the 1-cocycle c,
is not cohomologous to 0.

Proof. — Suppose otherwise. Replacing F' by F + h for some h € H
we may assume without loss of generality that ¢, = 0 for every v € I'. Then,
for every v € T and every z € M, we have F(yz) = ®(y)F(z). It follows
that the smooth function @ := || F||? is invariant under I', and descends thus
to q\gmooth function ¢ on M. Let A be the Laplacian operator on M or
on M on smooth functions. Since F is harmonic we have Ag = ||dF||? > 0.
Equivalently Ap = ||v||? > 0. Integrating over M we conclude the pointwise
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vanishing of v, a contradiction. O

Let now X be a compact Kéhler manifold. Take ® : T' — U(H) to
be irreducible such that there exists a nontrivial harmonic F¢-valued 1-
form 7. Regard H now as a real Hilbert space and write HC for H ®g C.
We have the standard orthogonal decomposition HC = H'0 @ H%! into
Hilbert subspaces, where H%! = H1.0 and H' is isomorphic to H as a I'-
representation space. Accordingly write Ep Qr C = ]Eg. We decompose 7 as
n =047, where n' is an ES-valued (1,0)-form and 7%! = 51,0, Then,
the standard Hodge decomposition for harmonic 1-forms remains valid
(cf. Mok [M2], Corollary (0.1)) to show that 7 is a d-closed holomorphic
1-form with values twisted by ®.

An example of a unitary representation of an abstract group I" on a
Hilbert space H is given by the left regular representation p, as follows.
Let L?(T') be the Hilbert space of all functions f : I' — C, i.e., verifying

Eer [F()I? < oo. Define p : L*(T) — L*(T) by [p()(f))(9) = F(v"'9).
Then,

{p(w) () (H1}g) = MO~ g) = F(y u"g) = [p(ur)(H)](9)-

In other words, p(u)p(y) = p(wy). Clearly p preserves norms and is hence
a unitary representation.

Let now X be a compact K&dhler manifold and denote by I its
fundamental group. Denote by H7. (f ,O) the L?-cohomology groups on
the universal covering space X. Then, HY(X,E,) = 0 if and only if
H,(X,0) = 0. We assert

LemMMmA (1.1.2). — Hiz()?,(?) # 0 whenever I is infinite and of
subexponential growth. As a consequence, for I' of subexponential growth
we have H* (X, E,) # 0 and hence T' violates Property (T) of Kazhdan.

Proof. — The assumption that I' is of subexponential growth im-
plies the existence of geodesic balls By = B(zo; Ri) on X such that
limg_ 00 \G’;f(a L‘i ’°)) = 0. We proceed to prove H},(X,0) # 0 by argument
by contradiction. Choose smooth cut-off functions py such that pr =1 on
By; pr = 0 outside By, = B(xo; R + 1). If Hiz()?,O) = 0, then we can
solve Buy, = dpr on X with L2-estimates, so that [z lul®> < C [3 |0pk|? ~
Vol(8By). Here for two nonpositive sequences (ax) and (bg) diverging to
0o we write ax ~ b to mean that for k sufficiently large %f is uniformly
bounded above and below by positive constants. We have 0(uy — pkl =0so0

that fi := ux — px is a square-integrable holomorphic function on X. Since
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J 5 |pk|? ~ Vol(Bg) and T is of subexponential growth we conclude that fj
is nontrivial for k large enough. However, by the Mean-Value Inequality
and the Maximum Principle it is easy to see that there does not exist on
X any holomorphic function of class L? whenever T is infinite. This proves
Lemma (1.1.2) by contradiction. O

(1.2) We are going to obtain meromorphic fibrations by means of
d-closed holomorphic 1-forms with coefficients twisted by unitary represen-
tations. In the difficult case we are led to study meromorphic foliations,
with the aim of forming quotient spaces which are leaf spaces of the folia-
tions. In order to study the possibility of forming leaf spaces we introduced
the notion of semi-Kéhler structures. This notion was implicitly introduced
in Mok [M1] for the purpose of studying harmonic maps into Riemannian
locally symmetric spaces of the noncompact type. We have

DEFINITION (1.2.1) (Semi-Kéhler structures). — Let X be a com-
plex manifold. A semi-Kéhler structure (X,w,F,V) consists of

(a) a nontrivial closed positive (1,1)-current w on X;

(b) a complex-analytic subvariety V- C X of codimension > 2, possibly
empty, such that w is smooth on X — V;

(¢) a holomorphic foliation F on X — V such that

(d) the closed semipositive (1,1)-form w and F are compatible on
a dense open subset U of X — V in the sense that for any z € U,
Ker(w(z)) = Ty (F).

The subvariety V' C X will sometimes be left out in the notation
for a semi-Ké&hler structure. F will also be referred to as a meromorphic
foliation. For the local structure of semi-Kéahler structures we introduce

DEFINITION-PROPOSITION (1.2.1). — Let (X,w,F,V) be a semi-
Kahler structure on an n-dimensional complex manifold. We call an open
set U cC X —V a distinguished polydisk if U = D x D' where D cc C7,
D' cc C¢ k + ¢ = n, are polydisks centred at 0 such that the leaves
of the foliation F|y correspond to level sets of the canonical projection
D x D' — D. Then, in terms of the corresponding Euclidean coordinates
(21,---,2K;w1,...,wp) the semi-Kéhler form w is given by

w=+v-1 Z gal—;(z)dzo‘/\d?@.

1<a,B<k
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By Definition-Proposition (1.2.1) we have an induced quotient closed
semipositive (1,1) form @ defined on D. Furthermore, @ is positive-definite
on a dense open subset of D. To form leaf spaces we introduce the notion
of factorizable semi-Ké&hler structures, as follows.

DEFINITION-PROPOSITION (1.2.2). — For a compact Kahler man-
ifold X we say that a semi-Kéahler structure (X,w,F,V) is factorizable
if and only if all leaves L of F on X — V are closed and the topological
closures L on X are compact complex-analytic subvarieties of X. In this
case replacing X by some unramified finite cover if necessary, there exists a
nonsingular Kahler modification y : XX , a compact Kahler manifold Z
and a surjective holomorphic map o : X — Z with generically irreducible

fibers such that for all leaves L of F on X —V, (u~1L) is an irreducible
component of a fiber 071(2), z € Z.

On the other hand, when the semi-Kéhler structure is not factorizable,
we have the following result from (Mok [M1], p. 574) producing nontrivial
pseudogroups of holomorphic isometries.

PROPOSITION (1.2.1). — Let (X,w,F,V) be a semi-Kahler struc-
ture on a compact Kahler manifold X. Then, either

(a) the semi-Kahler structure is factorizable; or

(b) for any distinguished polydisk U = D x D’ on X — V such
that @ is positive-definite on D, (D,w) admits a nontrivial pseudogroup
of holomorphic isometries.

Here by a pseudogroup G we mean the germ at the identity map of a
topological local group of homeomorphisms. In our case the pseudogroup of
holomorphic isometries is a Lie pseudogroup, and any closed subset which
constitutes a sub-pseudogroup is a Lie pseudogroup. By abuse of language
we will say, in Case (b) of Proposition (1.2.1), that the semi-K&hler struc-
ture (X,w, F) admits a nontrivial pseudogroup of holomorphic isometries.
We will also say in Case (a) (resp. Case (b)) that the meromorphic foliation
F is factorizable resp. non-factorizable.

We remark that the crux of the proof of Proposition (1.2.1) is the
Bishop Extension Theorem on complex-analytic subvarieties. The idea is
to measure volumes of leaves of F on X — V. Either leaves are of “bounded
recurrence”, in which case we prove that most leaves are of bounded
volume, thus extendible to complex-analytic subvarieties on X by the
Bishop Extension Theorem, or else, they are of “unbounded recurrence”, in
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which case we produce a nontrivial pseudogroup of holomorphic isometries
of (D,w). We note that a priori it is possible that every leaf L of F on X -V
is closed while F is of “unbounded recurrence”. To construct leaf spaces
as implicit in Definition-Proposition (1.2.2), it is necessary for topological
closures L to be complex-analytic subvarieties of X. For the notions of
bounded and unbounded recurrence we refer the reader to Mok [M1], (3.3),
Definition 3.

2. Fibration via the semi-Kahler structure arising from
a holomorphic 1-form with twisted coefficients.

(2.1) From now on let X be an n-dimensional compact K&hler
manifold and ® : I' — U(H) be a unitary representation such that the
reduced cohomology H},,(I'; ®) # 0. Let v € H(X;Q(Es)) be a nontrivial
d-closed holomorphic 1-form with values in the associated locally constant
bundle Fg of Hilbert spaces. Over a small open set U C X fix a constant
orthonormal basis {ex} of Es|y and write v = 3 p- | vxey, locally. Define a
nonnegative real-analytic (1,1)-form w by w = /=13 3=, vk AU. For each
tangent vector n of type (1,0) at z € X, w( — v/—1n A7) is the square of
the norm of v(n) € Eg 4, so that w is well-defined on X independent of the
local choices of {er}. Since v is d-closed, w is also d-closed. It defines a semi-
Kahler form on X. Suppose w is everywhere degenerate, i.e., w™ = 0. From
the Darboux Lemma, on the dense open set where w is of maximal rank, the
distribution defined by the kernel of w is integrable with holomorphic leaves.
Actually, the foliation is holomorphic, as follows. Let £ C X be the subset
of points ¢ where v, € Q,(Fs ;) = Hom(T,, H) fails to be of maximal
rank, and EcX be the lifting 7=!(E) under the universal covering map
7:X >X.Let F: X > Hbea primitive of the lifting U of v to X. Then,
on X — E connected components of level sets of F' define a holomorphic
foliation F. Holomorphic tangent spaces to leaves of F agree with kernels
of OF = v. From the definition of w it is clear that a tangent vector n of
type (1,0) lies on the kernel of w if and only if it lies in the kernel of v, so
that Ker(w) = Ker(v) defines an integrable holomorphic distribution, i.e.,
a holomorphic foliation F outside E whose lifting to X agrees precisely
with Z. In other words, leaves of F on X — E agree with images of leaves
of F under 7 : X — X. We have thus obtained a semi-Kéhler structure
(X,w,F), which is the principal object of study in this section. We note
that F extends in an obvious way to a meromorphic foliation on X, i.e.,
a holomorphic foliation on X — V for some complex-analytic subvariety
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V C E, V being of codimension > 2 on X.

(2.2) From now on we assume that for the semi-Kéhler structure
(X,w,F), F is a nontrivial foliation, i.e., w # 0 and w™ = 0. To obtain
fibration theorems on X one would naturally attempt to prove that
(X,w,F) is factorizable in the sense of Definition (1.2.1). From obvious
examples on the compact complex torus of dimension > 2 one would need
to rule out the trivial representation. The arguments of Mok [M4] indicate
that in the case of a finite-dimensional unitary representation ® : I' — U(r),
the image of X under F is pseudo-invariant under a l-parameter group
of Euclidean translations. For infinite-dimensional unitary representations,
we have given in Mok ([M4], §5) an example such that (X,w,F) is not
factorizable for another reason. In that case, arising from irreducible
compact quotients of the bidisk, there is an associated representation
of T into SU(1,1) with Zariski-dense image. Our strategy for obtaining
meromorphic fibrations will consist of proving that either (X,w,F) is
factorizable, or there exists a finite-dimensional linear representation of
I' with infinite image.

We assume now that (X,w,F) is not factorizable. By Proposition
(1.2.1) there exists a local cross-section (S,w|s) of (X,w,F) and a non-
trivial pseudogroup of (germs of) holomorphic isometries G. Denote by g
the Lie algebra of G. We proceed to define a representation © of I" on the
group Aut(g) of Lie-algebra automorphisms. Then, we will show that ©(T")
must have infinite image in order to derive meromorphic fibrations from
known results on compact complex tori and on harmonic maps.

Recall from (1.1) that F : X — H satisfies the transformation rule
F(yz) = ®()(F(z)) = ®(7)(F(z)) + ¢y, where (c,) constitutes a 1-cocyle
in Z}(T'; ®). The mapping 3. T-U (H)x H is a homomorphism of groups.
Fix a base point zo € X where F is of maximal rank. Choose a local cross-
section (Sp,w|s,) passing through zo. Assume that w|g, : Sp — X is a
biholomorphism of Sy onto its image S, so that (S,w|s) is a local cross-
section of (X,w, F). From the way that Proposition (1.2.1) is proven in Mok
[M1] the existence of a nontrivial pseudogroup of holomorphic isometries
on (S,w|g) in the present case can be deduced as follows.

We may assume that F|g, is a biholomorphism of Sy onto its image
W. Denote by 3 the Kéhler form of the Euclidean metric on the Hilbert
space H. Then, (Sy,@|s,) = F*(W,Blw). We need equivalently to prove
the existence of a pseudogroup G of holomorphic isometries of (W, B|w ).
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It suffices to find a sequence of distinct germs of holomorphlc isometries 6;
of (W, Blw) at po = F(zo). Denote by L the leaf of F on X — E passing
through xo. For any point « € L there is a local cross-section (S;,w|s,)
which agrees with the germ of (Sy,&|s,) at zo in the sense that both
germs are isomorphic to the germ of (W, B|w) at po = F(zo) = F(x).
We assume that F|g_ is an embedding and that F'(S;) C W. Suppose now
C is a smooth curve on L joining z to some point y with the property
that m(y) € 7(S;). Let T be a tubular neighborhood of C in X — E such
that the map F|r : T — W C H is a proper submersion with connected
fibers onto an open neighborhood W C H of py in W. The canonical
isomorphism of the germ of (S;,wl|s,) with the germ of (S,,&|s,) at y
then induces an isomorphism of the germ of (7(Sz),w|x(s,)) at m(z) with
the germ of (7(Sz),w|x(s,)) at 7(y). There is a unique point y' on S; such
that 7(y’) = m(y). Then, we have an isomorphism of the germs of (S;,&|s,)
at z resp. y’. Via the map F : X — H we have an isomorphism 6 of the
germs of (W, Blw) at the points F(z) = F(zg) = po, resp. F(y'). Pulling
back by F|g, and then projecting by 7|s, we obtain a germ h at m(zg) of
holomorphic isometry of (S,w|s) sending 7(zo) to a point on S.

Assuming that (X,w,F) is not factorizable then it is of unbounded
recurrence in the sense of Mok [M1]. In this case the pseudogroup of holo-
morphic isometries G’ of (S,w|g) contains germs of holomorphic isometries
h; of (S,w|s) of the form described, for different choices of pairs of points
(z,y) lying on L, together with smooth paths C joining z to y. They corre-
spond to germs of holomorphic isometries 8; of (W, 8|lw) at po sending po
to some point p; on W. 6; can be chosen to be distinct and converging to
the identity map. In particular, the points p; thus chosen converge to pg.
From the existence of §; it follows that there is a nontrivial pseudogroup of
holomorphic isometries of (W, 8w ) containing {;} as a subset. Let Gq to
be the largest pseudogroup of such germs of holomorphic isometries. From
the description above of # and the transformation rule for F' : X > Hit
follows that 6; is of the form 6; = ®(&;) = (®(&;), ce;) € U(H) x H for some
choices of ¢;.

(2.3) We will consider a special pseudogroup G of germs of holomor-
phic isometries of (W, f|w) and proceed to derive a representation of I" on
the Lie algebra g of G.

PROPOSITION (2.3.1). — There exists a nontrivial pseudogroup
G C Gy of holomorphic isometries of (W, |w) (which is identified with
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(S,wl|s)) consisting of restrictions of affine unitary transformations, i.e.,
elements of U(H) x H.

Before proving Proposition (2.3.1) we study the relationship between
elements of U(H) x H and their restrictions to the locally closed finite-
dimensional complex submanifold W. Denote by B(H) the algebra of
bounded operators on H. We are using here the strong topology on
B(H), where a sequence (P;) of bounded operators converges strongly to
P € B(H) if and only if || P;(n) — P(n)|| — 0 for every n € H. In the strong
topology the subgroup U(H) C B(H) is a closed subgroup.

LEMMA (2.3.1). — Consider the restriction map p on U(H) x H
given by p(T) = T'|w. Then, p is injective. Furthermore, for a sequence (T;)
inU(H) x H, p(T;) converges uniformly on W to p(T), T € U(H) x H, as
H-valued holomorphic maps if and only if for every p € H, T;(p) converges
to T'(p) in H, where the latter is given the norm topology.

Proof. — Recall that ® : I' — U(H) is irreducible. Let V C H be
the linear subspace generated by {U(z)(n) : =z € X,n € Ty(X)}. Then,
V is invariant under ®(T'), so that the topological closure V must be
H, by irreducibility. Let V/ C V be the linear subspace generated by
{v(z)(n) : = € So,n € Tx(So)}, noting that F(Sy) = W. V' remains
unchanged if we replace Sy by a slightly thickened neighborhood B which
is a product neighborhood with base Sy with respect to the holomorphic
foliation F. In fact, V' C H is nothing other than the linear subspace
generated algebraically by vectors tangent to W. By the Identity Theorem
for holomorphic functions applied to the open subset B C X ,avectoré € H
is orthogonal to V' if and only if it is orthogonal to V, so that V/ = H.
Suppose p(T) = id, where T(p) = U(p) +v,v € H. Then, U(n) = n for any
1 tangent to W at some point. Since V' C H is dense, U = id. It follows
that v =0 and T = 0, so that p is injective.

Suppose now ||T;(p) — T'(p)|| — O for every p € H. This applies
in particular to p € W. Furthermore, for p,q € W, we always have
IT(p) — T(q)|| = |lp — ¢l for any T € U(H) x H. By the argument in
the standard proof of Montel’s theorem it follows that p(T;) converges
uniformly to p(T') as holomorphic maps, noting that W C H is relatively
compact.

Conversely, suppose p(T;) converges to p(T) uniformly as H-valued
holomorphic maps in W. Write T;(p) = U;(p) + v; and T(p) = U(p) + v.
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For n tangent to W at some point g, we conclude from Cauchy estimates
that ||Ui(n) — U(m)|| = [8,(hi — h)(q)|l — 0. Since V/ = H we have
U:;(n) — U(n)]] — 0 for every n € H. Applying this to one point
n = p € W we conclude that ||v; — v|| — 0. Thus, |Ti(n) ~ T(n)| =
|(Ui(n) = UM)) + (vi —v)|| — O for any n € H, as desired. O

Proof of Proposition (2.3.1). — Let G’ C Gy be the subset G' =
GoNp((U(H) x H)) Then, G’ contains the countably infinite subset {6;}.
We claim that G’ C G is a closed subset. Suppose h; € Go, h; = p(T3)
and h; converges to h € Gy. Writing T;(p) = U;(p) + v; and taking
7 to be any vector tangent to W at some point ¢, U;(n) converges to
0,h(q) in H, by Cauchy estimates. From V’ = H in the notations above
it follows in particular that {U;(q)} is a convergent sequence in H, so
that v; = h;(q) — U;(q) converges in H to some v. Thus U;|lw = h; — v;
converges uniformly on W as H-valued holomorphic functions. As explained
this implies that U;(p) converges in H for each p € H. Being uniformly
bounded, the sequence U; admits a weak limit L € B(H). Observe that for
q € W, ||U;(q)— (h(q) —v)]] — 0 while U;(q) converges to L(g) weakly. From
uniqueness of weak limits in H it follows that L(q) = h(q) — v, for g € W.
From V' = H and Cauchy estimates we conclude that U; converges to L
strongly. Since U(H) C B(H) is closed in the strong topology, L € U(H).
Write now U for L. We deduce that T; € U(H) x H converges strongly to
T € U(H) x H defined by T'(p) = U(p) + v, so that h(q) = T(q) for g € W,
ie, h=T|w = p(T), and G' C Gy is closed.

We have thus obtained a closed pseudogroup G’ C Gy. Let G be the
identity component of G’. Since a closed pseudogroup of a (real-analytic)
Lie pseudogroup is a (real-analytic) Lie pseudogroup, G is a nontrivial
pseudogroup of holomorphic isometries of (W, 8w ). a

Remarks. — Identifying U(H) x H topologically with U(H) x H,
where U(H) is endowed the strong topology and H the norm topology, the
topology on U(H) x H is equivalent to the topology of uniform convergence
on compact subsets of H.

We proceed to consider the action of I' on G and hence on the Lie
algebra g of G. We may assume that G contains {6;}. Recall that zo € S is
the base point and F'(zg) = po is the base point of W.Let v € I'and C, be a
smooth path joining ¢ to v~ (z). We may assume that F is an immersion
on a tubular neighborhood N, of C.,. We choose N,, such that F(N,,) C H
is compact. Let 6 € G, of the form § = T|w, T € U(H) x H. Given any
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€ > 0, by Lemma, (2.3.1) we have sup{||T(p)—p|| : p € F(N;)} < € whenever
0 is sufficiently close to the identity in G. 5(7)‘1 maps the germ of W at zq
to the germ of ®(y)~1(W) := W,, at &(y)~*(po). For the sake of argument
we may assume that F' is an embedding on N.,, so that F(N,) is a tubular
neighborhood of F(C,). (Otherwise we should think of F(INV,) as the image
of a Riemann domain 2 spread over it and reason similarly.) Note that W
and W, are open subsets of the F(T,). If we choose e small enough we
have T(@;l(po)) € W,, while T'|p(r,), which maps the germ of W at po to
the germ of W at T'(po), must map the germ of W,, at 6(7)—1(;00) to the
germ of W, at T(@(’y)‘l(pg)). This is the case by the principle of analytic
continuation. Now ®(7) maps W., back to W, and we have obtained an
element ®(7)0%(7) ™ = B(7)TS(v) "} |w-

Thus, the nontrivial pseudogroup G of holomorphic isometries of
(W, Blw) is invariant (as a germ at the identity map) under conjugation
by ®. It induces therefore a Lie-algebra automorphism O(7) of the Lie
algebra g of G. Obviously © : I' — Aut(g) is a group homomorphism,
where Aut(g) is the group of Lie algebra automorphisms of g. The upshot
is that, whenever (X,w,F) is not factorizable, we have obtained a finite-
dimensional linear representation ©. To make use of O, we need first of all
to establish that © is nontrivial. In fact, we have

PROPOSITION (2.3.2). — Let X be a compact Kahler manifold
with fundamental group I', ® : I' — U(H) be an irreducible unitary
representation on some Hilbert space H such that for every subgroupT” C T'
of finite index, I does not fix any non-zero vector in H. Let Eg be the
associated locally constant Hilbert bundle on X, v € I'(X,Q(Es)) be a
non-zero Eg-valued d-closed holomorphic 1-form, and v be the lifting of v
to a ®-equivariant H-valued holomorphic 1-form on X.Let F: X - H
be an integral of U, ie., dFF = v. Assume that the associated semi-
Kahler structure (X,w,F) is not factorizable. Let G C p(U(H) x H) be
the nontrivial pseudogroup of holomorphic isometries of the semi-Kéahler
structure (W, Blw) as described, g be the corresponding Lie algebra, and
O : T — Aut(g) be the induced representation as defined. Then, the image
O(T") C Aut(g) is infinite.

Proof. — Suppose otherwise. Replacing I' by a subgroup of finite
index we may assume without loss of generality that © is trivial. It follows
that there exists a sequence of elements g; € I" such that ®(gx) converges
on compact subsets of H to id in U(H), @(gk) := g converges on compact
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subsets of H to (id,0) in U(H) x H, gx # (id,0), with the property that

A9xy~! = g, for each k. In other words,
(1) Ygx = gry for every vy eT.

Fix one g = gi, and write ®(7)(h) = ®(7)(h) + ¢, for h € H. The
commutativity gy = gx7 translates into

(2f) B(7)2(9) = 2(9)2(7),

(3) (®(y) —1)cg = (®(9) — 1)c, forevery v eTl.

Let Hy C H be the closed proper subspace of vectors fixed by ®(g). By
(2), Hp is invariant under T', contradicting the irreducibility of H unless
Hy = 0. In other words, Ker(®(g) — 1) = 0. Suppose for the time being
¢g = 0. Then, it follows from (3) that ¢, = 0 for every v € I'. By Lemma
(1.2.1) F is constant, i.e. v = dF = 0, a contradiction.

We proceed to remove the assumption ¢4 = 0. In general, replacing
F by F + ¢, ¢4 is changed to ¢4 + ¢ — ®(g)c, which vanishes if and only if
(®(g) — 1)c = ¢c4. Given cg4, the latter equation is not necessarily solvable.
Consider now the H-valued holomorphic function E(z) := (®(g) — 1)F(z)
on X. We claim that dE is ®-equivariant, by (2). In fact, for every v € T,
E(yx) = (®(9) — ) F(yz)
(4) =(2(g9) - DV(®(V)F(z) +¢cy)
= 2(7)(2(g) — DF(z) + (2(g) — 1)cy
=®(7)E(z) + (2(9) — 1)ey
Thus, E is an integral of some p € (X, Q(Eg)) whose lifting i to X agrees
with dE. Write d, = (®(g) — 1)c,. Then, the equation (®(g) — 1)c = d is
trivially solvable with ¢ = ¢,. We have
E(yz) +¢q = (I’( JE(z) + (®(9) — L)y + ¢4
(%) 2(3)(B() +¢,) + (#(g) ~ ey ~ (2(2) ~ Ve
= Q(W)(E(w) +¢g),

by (3). Thus, E + ¢4 = (®(g9) — 1)F + ¢4 is a constant vector in H, by
Lemma (1.1.1). Since Ker(®(g) — 1) = 0, this contradicts with dF' = v # 0.
The proof of Proposition (2.3.2) is complete. o

(2.4) We have thus far established the alternatives (A) that (X,w, F)
is factorizable, and (B) that there is a linear representation of I' with
infinite image in a real Lie group. For alternative (B) let N be the identity
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component of the Zariski-closure of ©(I'). Denote by Rad(N) the solvable
radical of N. Let IV C T be the subgroup of finite index which is mapped
into N under ©. If N is not solvable, we obtain by composition a group
homomorphism © : IV — N/Rad(N) such that the image ©(I") is Zariski
dense. By Zuo [Zu] some unramified finite cover of I" admits a meromorphic
fibration over a projective manifold of general type.

On the other hand, if V is solvable, then the commutator [N, N] # N,
and we obtain by composition a nontrivial representation 0 : T -
N/[N, N] into an abelian Lie group. Denote by X’ the unramified finite
cover corresponding to the subgroup IV C T of finite index. From the
existence of a nontrivial abelian representation of IV we conclude that
the Albanese map « on X' is nontrivial. By the work of Ueno [Ue]
on subvarieties of abelian varieties and a generalization to the compact
Kaéhler case by Campana [Ca] we conclude that either the Albanese map
a: X' — Alb(X') is surjective, or its image a(X') C Alb(X’) is a bundle
of isomorphic compact complex tori over a projective variety Zg of general
type.

Consider first the case when « : X’ — Alb(X') is surjective. Suppose
a is equidimensional. Then, either « is an isomorphism, or it is a finite map
ramified somewhere. By the work of Kawamata-Viehweg [KV] on branched
covers of Abelian varieties and its generalization to the compact Ké&hler
case by Campana [Cal, some nonsingular Kéhler modification X of X'
admits a holomorphic fibration over a variety of general type in such a way
that generic fibers are isomorphic compact complex tori. If on the other
hand « is not equidimensional, then we can form the leaf space Y of o and
obtain thus a modification u : X — X' and holomorphic maps 7 : X Y,
B:Y — Ab(X'), aopu = Bor, such that 7 is a holomorphic fibration
and (3 is a finite map onto Alb(X’). When g is ramified somewhere we can
return to the equidimensional case to obtain a meromorphic fibration of Y’
and hence of X’ over a projective manifold of general type. Otherwise we
have a meromorphic fibration of X’ over a compact complex torus (which
is actually a holomorphic fibration by Hartogs extension).

When o : X' — Alb(X’') is not surjective, we have a surjective
holomorphic map # : X' — Z; onto some projective variety Zy of general
type. Passing to leaf spaces of § we obtain a meromorphic fibration over a
nonsingular Kéhler modification Z of some branched cover of Zy, and Z is
of general type, hence also projective.

Summing up, we conclude that
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PROPOSITION (2.4.1). — Let X be a compact Kahler manifold
admitting a nontrivial holomorphic 1-form v with coefficients twisted
by an irreducible unitary representation ®. Then, either (A) (X,w,F)
is factorizable; or (B) some unramified finite cover X' of X admits a
meromorphic fibration over a compact complex torus or a projective
manifold of general type.

For later reference we state the following result pertaining to Case
(B) in the form of a proposition, as follows.

PROPOSITION (2.4.2). — Let X be a compact Kahler manifold
whose fundamental group I' admits a finite-dimensional linear represen-
tation ® such that ®(I') is infinite. Then, some unramified finite cover
of X admits a meromorphic fibration over a compact complex torus or a
projective manifold of general type.

(2.5) We consider in this section the factorizable case, i.e., Case
(A) of Proposition (2.4.1). In this case, there is a nonsingular modification
w: XX , a compact Kdhler manifold Z and a surjective holomorphic
map o : X — Z such that the meromorphic foliation p*F agrees with
the meromorphic foliation on X defined at generic points by the fibers of
o. Let £ be the rank of the meromorphic distribution T'(F) at a generic
point x of X. Let A C Z be a proper subvariety of Z such that o is a
regular family of connected ¢-dimensional compact complex manifolds on
Z—A.Let Ay, -, Ap be an enumeration of the finite number of irreducible
components of A of codimension 1 in Z. For each k there is a Zariski-dense
open subset A}, of Ay such that (a) A} is smooth; (b) the fibers o~ (z) for
z € A}, are pure {—dimensional, and (c) o|,-1(4;) is a submersion on the
set of smooth points of 0~1(A},), to be denoted by Reg(c~!(A})). Fix any
Ag. Let z, € A}, and s be a local holomorphic defining function of A in a
connected neighborhood W of zi in Aj.. Then, the zero set of o*s has, say,
ny irreducible components. Replacing A} by a Zariski-dense open subset
if necesary we may assume that, choosing W to be sufficiently small, each
connected component of the graph of o|geg(s-1 ALw)) Is the graph of a
regular holomorphic family of connected complex manifolds over A, N W.
In particular, 0 ~!(2x) consists precisely of nj, components for each z; € Aj.
Denote by my the greatest common divisor of the multiplicities of the ny
irreducible components. We say that o has no multiple fibers outside a set
of codimension > 2 if each my is equal to 1.
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For the modification p: X — X, s : m (X) = m1(X), so that ® can
be taken to be defined on m; ()/(> ). To simplify notations we will from now on
replace X by X and use F to denote p*(F), v to denote p*v, etc. Recall
that the meromorphic foliation F on X is defined by the meromorphic
distribution which at a generic point z € X is given by T,.(F) = Ker(v(z))
for the holomorphic 1-form with twisted coefficients v € I'(X,Q(Es)).
Write B := 0~ !(A). Consider the regular family o|x_p: X — B — Z — A.
Denote the fibers over Z — A by E, = 0~ !(z). E, agrees with the leaf
L, of the holomorphic foliation F|x_p through any point z € E,. Fix an
arbitrary 29 € Z — A and a sufficiently small contractible connected open
neighborhood U of zg in Z — A. The regular family o|,-1(y) : 07 (U) - U
is diffeomorphically trivial, and 7 (c~!(U)) is canonically isomorphic to
m1(E,,) by retraction, taking as base points for both fundamental groups an
arbitrary point zo on the fiber F, . Recall that 7 : X — X is the universal
covering map. Let D C X be a connected component of 7~ (c~1(U)) and
fix a base point Ty € D such that 7(Ty) = xo. Let A C T = m1(X;z0)
be the canonical image of 71(E,,;%o) in I'. Since m1 (0~ 1(U)) & m(E,,)
canonically, A preserves the connected fibers 7=1(E,) N D := = E, for any
z € U. Here E, agrees with the leaf L~ of the holomorphic foliation Fl= |

through any point Z € E,, where B := 7~ Y(B). Forany A€ A and 7 € D,
we have F(\Z) = &)(/\)F(E) From the definition of F, F' is constant on
each E, = E;v so that ®()\) must be an affine unitary transformation on
H fixing every point of the image of F(D). Since the topological closure
of the linear span of F(D) contains the image of U(z) for each z € D
and ® is irreducible, we conclude that F(D) spans H topologically. As a
consequence, &>| A = id. We note further the following well-known fact.

LEMMA (2.5.1). — A CT is a normal subgroup.

Proof. — Recall that the meromorphic foliation F is invariant under
T. On the other hand, for any A € A and any z € U, A(E,) = E,. Since
any leaf of F | %_p can be joined to a leaf contained in D by a continuous
one-parameter famlly of leaves it follows that A actually preserves each leaf
of .7-'|X 5 As a consequence, for any v € T, A(Y(E.)) = 7(E.) and thus
Y IMY(E,)) = E., showing that y~*A\y € A. In other words, A C ' is a
normal subgroup, as asserted. O

Remarks. — Recall that a nonsingular modification of a complex
manifold induces an isomorphism on fundamental groups. Lemma (2.5.1)
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can thus be formulated without passing to a modification X of X. For the
factorizable semi-Kahler structure (X,w,F,V) let L be a generic leaf of
F|x—v. Then, A can be defined as the image of the fundamental group
71 (L) for the topological closure of L of L in X.

Let p: X * — X be the Galois cover corresponding to the normal
subgroup A C I' = m1(X). Then, the quotient group © := I'/A acts as a
group of covering transformations of X * over X acting transitively on the
fibers p~!(z) for any z € X. We may write X = X#/@. Since ®|4 = id the
primitive F' : X — H of the d-closed holomorphic 1-form v with twisted
coefficients descends to F” : X* — H.

Consider the composite map g op : X * — Z. The generic fiber
of o o p is a countably infinite union of compact complex submanifolds.
Denote by E an irreducible component of some generic fiber and let Z *
be the normalization of the irreducible component of the Barlet space of
X" whose generic point is the element [E] corresponding to the compact
analytic cycle E. Any covering transformation § € © induces in a canonical
way a biholomorphic automorphism of Z% . Since X = X #/ ©and Z% isa
cycle space on X #, as expected we have

LEMMA (2.5.2). — © acts properly discontinuously on z¥. Fur
thermore, Z #/ © is compact.

Proof. — The lemma requires some justification since the canonical
map X 7% s only meromorphic. To prove the lemma let K be a
compact subset of X* such that Usco 0K = X ¥ Let Q C Z” be the
set of all cycles belonging to A having non-empty intersection with K
and K ¢ X7 be the union of such cycles. Then, from the constancy of
volumes of cycles belonging to Z * with respect to some Kéahler metric on
X7 invariant under © it follows that both @ and K are compact. Clearly
Usee 0Q = Z #, ie., Z #/ © is compact. Moreover, there exist only a finite
number of 6 € © such that 6K N K # ), from which it follows that there
exist only a finite number of § € © such that 6Q N Q # §. In other words,
© acts properly discontinuously on Z *.

Write BY := p~(B) for the Galois cover p : X" S5 X Leewcz®
be the Zariski-dense open subset consisting of cycles lying inside X *_B*.
Note that we have a canonical map X *_B* o W, as a regular family
of compact Kéhler manifolds over W. This canonical map only extends
to a meromorphic map X — Z%. By Lemma (2.5.2) ® = T'/A acts
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properly discontinuously on Z * . From the construction, for z € Z— A, each
nontrivial # € © permutes connected components of (o o p)~1(z) without
fixing any component, so that the action of ® on W is free from fixed
points, in such a way that the canonical map ¢y : W — Z — A descends to
a biholomorphism W/0 & Z — A. We have

LEMMA (2.5.3). — The canonical holomorphic map pg : W — Z—A
extends holomorphically to a ©-invariant holomorphic map ¢ : Z -5

Proof. — Since Z” is normal and p: W — Z — A is O-invariant to
prove the lemma it suffices to show that ¢o extends to a continuous map
on Z%. Let [Cle Z * be an element corresponding to a compact analytic
cycle C on X * . The set-theoretic image p(C) is then projected under the
holomorphic fibration ¢ : X — Z to a unique point, since it is the case for
a dense open subset W C Z” . This defines an extension p: Z¥ - Z. Since
convergence in the space of cycles Z * implies convergence as subvarieties
and o is holomorphic (hence continuous), ¢ is continuous, as desired. O

Since ¢ : Z* — Z is ©-invariant we have obtained a holomorphic
map T : Z #/@ — Z which maps the Zariski-dense open set W/© C Z #/ o
onto Z — A. In other words, 7 is a modification. Recall that the primitive
F: X — H of ¥ descends to F* : X* — H. Since F* : X¥ — H is
constant on the support of each cycle [C] belonging to Z%, it descends to
a continuous map G : Z * — H which is holomorphic on the Zariski-dense
open subset W C Z * . Since Z7 is normal, G is holomorphic.

As ®|y = id, ® induces a representation ®:0 =T/ - U(H),
and ® induces a representation ® : © = I'/A — U(H) x H such that
G(6z) = @O(G(z)) for any 6 € ©. Assume now that © acts on 7% without
fixed points. Let o : Z7 — Z#/G be a nonsingular Kéhler modification.
Since a, : m1(Z1) — 7r1(Z#/9) is surjective and (7 0 @), : m(Z1) — 7(2)
is an isomorphism, a, is actually an isomorphism. Let Z’ be the normal
cover of Z; corresponding to the normal subgroup A C m1(Z) = m1(Z).
G: 2" - Hlifts to G' : Z' — H, in such a way that it satisfies the
transformation rule G'(6z') = ®(6)(G'(2")) for any 6 € © and any 2’ € Z'.
We have readily the following intermediate result.

PROPOSITION (2.5.1). — Let X be a compact Kéahler manifold
admitting a nontrivial holomorphic 1-form v with coefficients twisted by
an irreducible unitary representation ® : I := 1 (X) — U(H) on a Hilbert
space H. Suppose the semi-Kéahler structure (X,w,F,V) defined by v is
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factorizable. Denote by L a generic leaf on X — V and L its topological
closure in X. Suppose for the image A of my (L) in m,(X), the quotient group
© :=T'/A is residually finite. Then, replacing X by some unramified finite
cover if necessary, some nonsingular Kahler modification X of X admits a
holomorphic fibration o : X — Z onto a compact Kahler manifold Z and
there exists a representation ¥ : w1(Z) — U(H) such that ®(y) = ¥(0.(7))
for every v € T'. Furthermore, there exists a holomorphic 1-form k on Z
with coefficients twisted by ¥ such that v = o*k.

Proof. — Suppose for the time being that © acts on Z* without
fixed points. In what follows we identify m;(Z;) with m(Z) canonically.
For some nonsingular Kahler modification Xof X , we have a holomorphic
fibration o, : X - Z1. In what follows X will stand for X. Define now
U : m(Z)) - UH) by ¥ = & 0§ for the canonical homomorphism
6 : m(Z1) — ©. Let 8 : X — Z' be the canonical map induced by o.
Recall the holomorphic map G’ : Z' — H defined before which satisfies
G’ o 3 = F. Then dG’ is an H-valued holomorphic 1-form on Z’ which is
the lifting K of a holomorphic 1-form & € I'(Z1,Q(Eg)). We now take Z in
the proposition to be Z;, and o to be 1. From G’ o 8 = F' it follows that
Vv = 0*K, as desired.

Consider now the general case when © may act on Z’' with fixed
points. Since © acts properly discontinuously on Z’ and Z = Z//© is
compact, elements of finite order in © break into at most a finite number
of conjugacy classes, with representatives 6; = id,#s,- - -,0,,, say. By
assumption O is residually finite. Let now ©9 C © be a subgroup of finite
index such that 6, -+, 8., ¢ ©q. Replacing ©¢ by the intersection of Y0y ~!
for a full set of representatives v of the finite coset space ©/6¢, we may
assume without loss of generality that ©¢ C © is a normal subgroup. Then,
O does not contain any nontrivial elements of finite order. Let I'¢c C T’
be the normal subgroup of finite index which is ¢=!(©g) for the quotient
homomorphism g : I' — ©. Then, replacing X by the unramified finite cover
corresponding to I'g, © by ©9 and Z by a nonsingular Kahler modification
of Z #/ Oy, we are back to the case where © acts on Z * without fixed points.
The proof of Proposition (2.5.1) is complete. a

Remarks. — The procedure for getting factorization theorems by
passing to torsion-free subgroups of finite index is well-known. This was
for instance used in Kollar ([Ko], Theorem 4.5) in relation to Shafarevich
maps for projective manifolds with residually finite fundamental groups. As
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any finitely generated matrix group is residually finite, there is no difficulty
in finding suitable torsion-free subgroups of finite index in the context of
fibration theorems arising from finite-dimensional representations, (cf. Zuo
[Zu], Theorem 1).

We note further the following topological fact on Z *.

LEMMA (2.5.4). — The cycle space Z * is simply connected.

Proof. — Leta:P— X" bea nonsingular modification such that
the canonical meromorphic map X * o 7% lifts to a holomorphic map
h:P — Z*. Note that a, : m(P) 7r1(X#) = A. Since h is a surjective
proper holomorphic map with connected fibers, h, : 7 (P) — m (Z#) is
surjective. On the other hand, for a generic fiber E of h : P — Z#, the
canonical homomorphism m;(E) — m1(P) & A is an isomorphism, so that
hi(m1(P)) = {1}. Thus, 7r1(Z#) = {1}, ie, Z% is simply connected, as
desired. O

(2.6) When © acts on Z" with fixed points, the holomorphic 1-
form with twisted coefficients v € TI'(X,Q(Fs)) may not descend to
a holomorphic 1-form with twisted coefficients. Even the representation
® : ' — U(H) may not descend. Recall in the notations of the first
paragraph of (2.5) that o|x_p : X — B — Z — A is a regular family
of compact Kahler manifolds and that A;,---,A, is an enumeration of
the finite number of irreducible components of A of codimension 1 in
Z. Let ®; : m(X — B) — U(H) be the unitary representation defined
by ®; = ® o x, where x : m (X — B) — m(X) = I is the canonical
homomorphism, which is surjective. Then, ®; descends to a representation
U, :m(Z—-A) > U(H),and v|x_p € T'(X — B,Q(Es,)) descends to some
holomorphic 1-form with twisted coefficients £ € I'(Z — A,Q(Fy,)). The
fundamental group 71 (Z — A) is generated by m;(Z) and a finite number of
fundamental loops €1, -, €,, where each €x,1 < k < p, wraps around the
divisor A.

Fix k,1 < k < p. Let By, ---,Bgn, be the irreducible compo-
nents of 071(Ax). Let 2z € Ay be a generic smooth point and (z;w),
w = (wy, -+, ws_1), be a system of holomorphic local coordinates on a
neighborhood Uy of 2, such that Ay N Uy is the zero-divisor of z. Let
Tre € Brye, 1 < £ < ng, be generic smooth points on By ¢. Suppose 0*2
vanishes at z; ¢ to the order gi . Let (x¢ be a holomorphic function on
a sufficiently small contractible coordinate neighborhood Vj ¢ of zx ¢ such
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that C,Zj}’e = 0*z. Writing w for o*w we may assume that ((x¢;w) consti-
tutes a system of holomorphic local coordinates on a holomorphic cross-
section Sk ¢ of Vi, at xx ¢ with respect to the foliation F, which is holo-
morphic at xj . Recall the regular covering p: X ¢ corresponding to
the normal subgroup A C T and © = I'/A. Let Wy, C X be a connected
component of p~1(Vj ). Write ¢ = (xe. Use also ({;w) as holomorphic
coordinates on Wy, and complete them to a system of holomorphic local
coordinates (¢;w'), w = (w1, -+, w,—1) by adding holomorphic fiber coor-
dinates (ws, - - - ,wp_1) for the holomorphic foliation F* |W.0» Where F s

the lifting of F to X*. Recall that  : © — U(H) resp.  : © — U(H) x H
are induced by ® : I' — U(H) and 3:T - U(H) x H. There is a canon-
ical element 6, € © such that F#(e:ﬁ(; w') = B(Op0)F" (¢;w'). We
have 6% = id. In relation to the representation ¥, : m,(Z — A) — U(H)
and the associated representation U, m (2 - A) —» U(H) x H we have
E(Ok,g) = @1(ek). It follows that ‘/I\ll(e;c"’“) = id, where m; denotes the
multiplicity of the fiber 0~!(zy), which is the greatest common divisor of
(gk,1,- - »9k,n:)- As a consequence, if my = 1 for all k,1 < k < p, ie,
if there exist no multiple fibers of o : X — Z outside a subvariety of
codimension > 2, then l/I\ll(ek) = id for each k. Since the kernel of the
canonical homomorphism 7 : m;(Z — A) — m(Z) is generated as a nor-
mal subgroup by €1,- -, €p, the homomorphism ¥; : m(Z — A) — U(H)
descends to ¥ : m(Z) — U(H), and Uy m1(Z — A) — U(H) descends to
U : m(Z) — U(H) x H. Recall that we have £ € ['(Z — A,Q(Ey,)), such
that 6*¢ = v|x—p. The locally constant bundle Ey, of Hilbert spaces on
Z — A extends to the locally constant bundle Ey on Z. We claim that £ ex-
tends to a holomorphic section in I'(Z, Q(Ey, )), as follows. £|y, -, is now
a holomorphic section of the trivial bundle Eg|y, over Uy — Ag. Take any
2,1 <€ < ny, thenv|s, ,_B,, = 0*|s, ,—B, .- In terms of the holomorphic
coordinates (z;w) on Uy and (;w) on Sk ¢, writing ¢ for (¢, ¢ for qi e, we

— —ara-lgr i _1_d= 1 .
have z = (9, dz = q¢97'd(, i.e., d{ = 7T (where 29 means some choice

of the g-th root for z # 0). It follows iIf l;zarticular that absolute values of
each coeflicient of €|y, — 4, can have at worst a fractional pole order (strictly
less than 1). As a consequence, £|y, — 4, extends holomorphically to Uy for
each k, 1 < k < ng. By Hartogs extension £ extends holomorphically to Z,
and we will write £ € I'(Z, Eg).

In general it is difficult to remove multiple fibers by passing to an
unramified finite cover of X. Note that even when there are multiple fibers
it may happen that v vanishes on the divisors By, to the right orders so
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that v descends to Z. As explained in (2.5) to show that v descends to Z
it is enough that © acts on Z * without fixed points. In this case the real-
analytic semi-Kéahler form w on X descends to a real-analytic semi-Kéhler
form on Z which is positive-definite on a Zariski-dense open subset. When
there are multiple fibers we can a priori only assert that the semi-Kéahler
form w|x_p descends to a semi-Kéhler form @ on Z — A, positive-definite
on a Zariski-dense open subset, and that @™ extends to Z as a singular
Hermitian metric on the inverse of Kz ® [D] for some effective Q-divisor
D on Z. More precisely, we have

PROPOSITION (2.6.1). — Let X be a compact Kéhler manifold with
fundamental group T'. Let ® : T' — U(H) be a unitary representation
on a Hilbert space H. Suppose there exists a nontrivial holomorphic 1-
form v € I'(X,(Es)) with twisted coefficients and that the semi-Kéhler
structure (X,w,F) defined by v is factorizable. Let o : X — Z be a
holomorphic fibration onto a compact Kahler manifold Z whose relative
tangent bundle agrees with F, replacing X by some nonsingular Kéahler
modification if necessary. Let A C Z be the smallest subvariety of Z
such that olx—p : X — B — Z — A is a regular family of compact
Kihler manifolds for B = o~ '(A). Then the semi-Kéhler form w|x_pg
on X descends to a semi-Kéhler form @ on Z — A. Let Ay, ---,Ap, be
an enumeration of all irreducible components of A of codimension 1. For
1 < k < p write my, for the multiplicity of the fiber over a generic point of

mp—1

my—1 P
Ag. Let [D] denote the Q-divisor line bundle [A;] ™1 Q- ® [Ap] ™ .
Then the volume form @°, s = dim¢ Z, extends to Z as a singular Hermitian
metric of nonpositive curvature in the generalized sense on (Kz ® [D])™!.

Remarks. — We call the support of [D] the multiplicity locus of
the fibration o : X — Z. For the Q-divisor line bundle [D], the formal
tensor power [D]" for some positive integer r is a divisor line bundle. To
say that h is a (singular) Hermitian metric on (Kz ® [D])™! we mean
that formally A" is a (singular) Hermitian metric on the holomorphic line
bundle (Kz ® [D])~". The precise form of [D] in the proposition, with
explicit exponents, will actually not be used in the sequel, except for the
fact that the exponents are less than 1.

Proof. — Recall that in the notations of preceding paragraphs we
have d{ = %%, where (z;w) are holomorphic local coordinates at

z 49
2, € Ay and (¢; w) are holomorphic local coordinates at zx ¢ € By for a
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local holomorphic section S ¢ at xx ¢ of the fibration o : X — Z. Suppose
0~ Y(z) is irreducible. Then, m; = q. In this case the volume form @ is
of the form )z|2(1—q_ql ca - itdz A dZ A dwt Adwt A - A dwSTY A dwsT,
where, for some positive integer ¢, o is of the form 5 y [ fj[2 for a possibly
infinite sequence of holomorphic functions f; such that (fy,---, fj,---) is
defined and square-integrable on some neighborhood of 2. This implies in
particular that @ extends across zx to give a singular Hermitian metric h on
(Kz® [Ak]'q';_1 )~! and that h is of nonpositive curvature in the generalized
sense at zi.

It remains to consider the case when there are ng > 1 irreducible
components, in which case my is the common divisor of gi 1, - -, gk n, - Fix
any £, 1 < £ < ng, and write { = (r0,q = Qre,0 = Og € = €g,m = My,
In the coordinates ({;w’) we may take Wi to be the unit polydlsk A",
and Sk¢ to be A° x {0} Recall that fI>(0) v 1(€), F* (e il w) =
~(19)F (¢, w"). Since <I>(9m) Ty (em) = id we have F* (e ¢, w') =
F* (¢,w"). Expanding in power series this forces F* ¢, w') = g(n,w') for

= (9™. Restricting to Sk ¢ = A° this means that for h: A® — A® given
by h(¢,w) = (¢9™,w),v|a, = h*X for some holomorphic 1-form A on A°®.
Since z = n™ we are back to the situation treated at the beginning of
the proof, giving the exponent ﬂfﬂ:—l for the divisor line bundle [Ax], as
desired. 0O

3. Fibration via the semi-Kahler structure arising
from the Ricci form.

(3.1) To prove Theorem 1 it remains to consider the base manifold
Z in the case (A) of Proposition (2.4.1), where (X, w, F) is factorizable. To
streamline the presentation we make first of all the simplifying assumption
that

(f) in the statement of Proposition (2.5.2), © acts on Z * without fixed
points.

In this case we take Z; to be a nonsingular modification of Z * and replace Z
by Z; for the purpose of proving Theorem 1. By the simplifying assumption
(f) we have by Proposition (2.5.1) a representation ¥ : w1(Z) — U(H) such
that ® = ¢*¥, and a holomorphic 1-form k € I'(Z,Q(Ey)) with twisted
coefficients such that o*k = v.
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To avoid introducing new notations in place of writing Z, ¥, k etc.,
we will write X, ®, v etc with the additional assumption that at a generic
point p € X, v(p) € Qp(Es) = Hom(T,(X), H) is of maximal rank. In other
words, F : X > Hisa holomorphic immersion at a generic point, where
dF = v. Under this assumption we proceed to prove that some unramified
finite cover of X can be meromorphically fibered over a compact complex
torus or a projective manifold of general type. In this case, following Mok
([M1], [M4]), we will consider a second semi-Kéhler structure arising from
the Ricci form of w = F*( for the Kahler form g of the Euclidean metric
on H. Note that w is the semi-Kéahler form on X whose lifting to X is @.

By assumption, the semi-Kéhler form w on X is positive-definite
outside a complex-analytic subvariety E, consisting of points p where
v(p) € Qp(Es) = Hom(TH(X),E) fails to be of rank n. Writing F =
(f1, f2y- -+ f,-..) in terms of an orthonormal basis (ex) of H, the volume
form of (X,w) is given by

1 ad —\n
a(\/?i;afk A 8fk)
(V=) S (Of oy A+ AN8fs) A(@F s A~ AOfor)s

where E' is the summation over (oy,...,0,) satisfying 1 < 01 < g2 <
-++ < oy. Denote by I the set of such n-tuples ¢ = (01, ...,0,). The n-th
exterior product A™H of H is in a natural way a pre-Hilbert space. Denote
by H’ the completion of A™H with respect to the inner product derived
from H. Define g : X --» P(H') by g = [go)oecr, Where each g, is given by

Of gy N+ NOfs, = godC* A--- NdC™,

wn

n!

(¢1,---,¢n) being local holomorphic coordinates on X, [95(z)]ser serving
as homogeneous coordinates of a point in the possibly infinite-dimensional
projective space P(H') whenever 7(z) is of rank n. Then, the Ricci form p
of (X, &) is given by

5= —v=100log (3 I9,[?)
o€l
on X — E, E being the lifting of E to X. We note that (g,(z))oes is of
class L? since ¥(z) = }_7_, D;d(7, with U = 377 ke, wher(i(ﬁj,f)k>1 is of
class L? and hence of class L?". Furthermore, —p agrees on X — F with the
pull-back of the canonical Fubini-Study metric 6 on the infinite-dimensional
projective space P(H'), where H' is the Hilbert space as defined. Suppose
p is everywhere degenerate on X — E, i.e., p" = 0. Since p < 0, from the
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Darboux Lemma the distribution Ker(p) is integrable on the open set where
p is of maximal rank. The formula for p says that the leaves of Ker(p) agree
with connected components of level sets of g. Thus, the level sets of g define
a meromorphic foliation £ on X compatible with ()Z' ,—p), when —p > 0 is
considered a semi-Kahler metric. In other words, (X, —p, €) defines a semi-
Kihler structure on X. From the definition it is clear that the semi-Kahler
structure is invariant under the action of I' = m;(X) on X. It descends to
a semi-Kéhler structure (X, —p, &) on X which is the main object of study
of this section. We will maintain the simplifying assumption (f).

(3.2) In Mok ([M4], (3.4)) we studied (X,—p,€) in the case of
finite-dimensional unitary representations (for the purpose of proving a
generalized Castelnuovo-de Franchis theorem). In the notations of the
present article we considered a divergent sequence (7;) in I' inducing germs
of holomorphic isometries o; of (S, —p|s) belonging to G and converging to
the identity. The proof there that (X, —p, &) is factorizable proceeded by
argument by contradiction. It consisted of showing under the assumption
that (X, —p, £) is not factorizable that (i) the sequence ®(v;) € U (r)x C>
is discrete and (ii) that discreteness of ®(~;) implies the pseudo-invariance
of F (X' ) under a 1-parameter group of Euclidean translations. When H is
allowed to be infinite-dimensional we cannot expect to prove discreteness
of (') C U(H) x H, as illustrated by the example of Mok ([M4], (3.5))
arising from irreducible compact quotients X of the bidisk. Instead we are
going to establish the alternatives (A) that (X, —p, &) is factorizable; (B)
that I' admits a finite-dimensional representation with infinite image and
(C) that F ()? ) is pseudo-invariant under a 1-parameter group of Euclidean
translations. (By “alternatives” we mean an exhaustive list of possible cases
which are not necessarily mutually exclusive.) In all cases we will obtain
meromorphic fibrations of X after passing to an unramified finite cover if
necessary.

Let (X,—p,€) be as in (3.1) and assume that (X,—p,&) is not
factorizable. By Proposition (1.2.1) there exists a local holomorphic section
(S, —pls) of (X,—p,E), S of dimension m < n, together with a nontrivial
pseudogroup G of germs of holomorphic isometries at zo € S. Recall
that the meromorphic foliation € on X is induced by a meromorphic map
g: X --» P(H'), where 7 : X — X is the universal cover. We may choose
S such that S := 7=1(S) is a disjoint union of connected components .S,
v €I, such that 7|g, : So — S is a biholomorphism. We may also assume
that g|s, is holomorphic and is a biholomorphism onto its image V' = g(Sp).
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We will sometimes identify (S, —p|s), with (V,6|y). ® : T — U(H) induces
a representation ® : I' — U(H') and hence [®'] : I' — PU(H'). By the
same argument as in (2.2), we have

PROPOSITION (3.2.1). — Suppose (X, —p,E) is not factorizable.
Then, there exists a divergent sequence -y; of elements of I" such that under
the identification of (S, p|s) with (V,6|y), the sequence o; = [®'(v;)] €
P(H') lies on the pseudogroup G of germs of holomorphic isometries (at
some base point) and converges to the identity.

Consider now ®(v;) € U(H) x H. We may assume that S is disjoint
from the exceptional set E C X. Replacing S by some sufficiently small
relatively compact open subset containing the base point, there exist n —m
linearly independent H-valued holomorphic vector fields ay,...,a, on Sy
such that at z € Sy the leaf of € at z is mapped into the affine (n—m)-plane
on H given by

{F((L‘) + tlal(x) +- 4+ tn—man—m(-r) : tla LERE] tn—m € C} = ?‘r\

Define h : So x C*~> — H by h(z;t1,...,th-m) = F(z) + ticy(z) + ... +
tn—mQn—m(T).

Regarding ®(v;) € U(H) x H there are two alternatives: (a) that
(®(7:)) constitutes a bounded sequence in U(H) x H; (b) that replacing
‘5(7,) by a subsequence if necessary and writing :I;('yi)(p) = U;(p) +n; with
U; € U(H) and n; € H, the norms ||7;|| diverge to infinity.

Recall that (X,w) is positive-definite outside a proper complex-
analytic subvariety E. We may also consider (X,w) as a semi-Kéhler
structure with the trivial 0-dimensional distribution. A local cross-section
then simply means (W,w|w ), where W is a nonempty connected open
subset of X on which w is positive-definite. With this understanding and
in the language of (1.2) under alternative (a) we proceed to establish

PROPOSITION (3.2.2). — Assume that (®(v;)) constitutes a bounded
sequence in U(H) x H. Then, (X,w) admits a nontrivial pseudogroup of
holomorphic isometries which are restrictions of affine unitary transforma-
tions on H. As a consequence, I' admits a finite-dimensional linear repre-
sentation with infinite image.

Proof. — We have
F(yiz) = ®(v:)F(z) = U(F(z)) + 1 = h(0i(2); t1,6(2), - . ., tnom,i(2)),
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where o; are germs at a base point zy of holomorphic isometries of
(So, —pls,)- Without loss of generality we assume here that o; are defined
on some neighborhood of Sy with images in some local cross-section So
which contain Sy as a relatively compact subset. Consider ©; : So — S X
C*~> given by ©;(z) = (0i(z);t1,:(z),...,th—m,i(z)). By the hypothesis
(©;) constitutes a uniformly bounded sequence of holomorphic maps.
From this it follows that {3)(%)| F(Se)} is a relatively compact set of
holomorphic maps. The same applies to a slight thickening W of Sy given
by the image under F of {(z;t1,...,tn—m) : T € So;|til,-- -, |tn—ml| < €}
for some sufficiently small ¢ > 0. Passing to a subsequence :IS(%)IW
converge uniformly to a biholomorphism ¢ of W onto its image. It follows
that there exists a divergent sequence of elements uy such that $(pk)|w
converges to the identity map. One can take pj to be of the form up =
'yi‘(,:)'yj(k), with i(k), j(k) diverging to infinity and suitably chosen so that
for g := sup{||$(pk)(p) —p|l : p € W}, e decreases monotonically to
0. The upshot is that the Kihler manifold (W, 8|w) admits a nontrivial
pseudogroup of holomorphic isometries which are restrictions of affine
unitary transformations of H, noting that F*3 = w. By the argument
of Proposition (2.3.1), I' admits a finite-dimensional linear representation
with infinite image, as desired. a

For the alternative (b) regarding the sequence ®(v;) € U(H) x H we
proceed to establish

PROPOSITION (3.2.3). — Assume that writing ®(v;)(p) = Ui(p)+m:
with U; € U(H) and n; € H, the norm |n;| diverges to infinity. Let
Wy C X—E suchthat F isa holomorphic embedding of some neighborhood
of Wy into H. Then the locally closed subvariety F(Wjy) is pseudo-invariant
under a 1-parameter group of FEuclidean translations.

Proof. — Recall that
F(yiz) = ®(%)(F(2)) = Ui(F(2)) + m = h(03(2); t1,4(2), - .. , tu-m,i(2)).

Hence for any =z € Sy, U;(F(z)) + n; lies on the affine (n — m)-plane
II,, where y; = F(o;(z)). Consider the unit vector & := (U;(F(z)) +
ni — ¥:)/|(Us(F(x)) + m; — v:)|l, which is tangent to II,, at y,;. Since
{Ily : y € F(Wp)} constitutes a holomorphic (hence continuous) family
of affine (n — m)-planes, & must converge strongly to a unit vector
Yr(z) at F(x) tangent to Ilg(,). Since {y;} is uniformly bounded, and U;
preserves lengths, while ||n;|| diverges to infinity, it follows that /|||
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converges strongly to the unit vector ¥p(;). But then this shows that
YFr(z) is a constant vector, independent of z. In other words, F'(Wp) is
pseudo-invariant under a 1-parameter group of Euclidean translations, as
desired. O

(3.3) For the semi-Kéhler structure (X, —p,€) assuming that the
meromorphic distribution £ is nontrivial by Propositions (3.2.1) and (3.2.2)
we have now established the alternatives (A) that (X, —p, £) is factorizable;
(B) that I" admits a finite-dimensional linear representation with infinite
image; and (C) that F()? ) is pseudo-invariant under a 1-parameter group
of Euclidean translations.

Consider the alternative (A) that (X, —p, £) is factorizable. Let L be
a generic leaf of £ on X — E. L is of dimension n — m. By assumption,
L C X — E is closed, and the topological closure L C X is a complex-
analytic subvariety. Denote by 77 the image of (L) in I’ = m;(X). Let
A be a connected component of the lifting of L and z be a generic smooth
point of A. Then, the holomorphic map F : X — H sends A into an
affine (n — m)-plane II,,, where y = f(z). <f>(7rf) C U(H) x H consists of
affine unitary transformations preserving I, and inducing isometries on IL,.
Write II, = y+P,, where P, C H is an (n—m)-dimensional linear subspace.
Then ®(73) is conjugate (by the translation by —y) to a subgroup ©, of
U(P,) x P,. If ©, is not discrete, as in the proof of Proposition (3.2.1) we
can obtain a nontrivial pseudogroup of holomorphic isometries of (X, —p),
leading to alternative (B). From the Maximum Principle for holomorphic
functions it follows that ©, is infinite. If ©, is discrete then some subgroup
of finite index consists entirely of translations. For leaves L’ sufficiently
close to L and hence leaves A’ sufficiently close to A, 77 are in a canonical
way identical subgroups of I'. We have thus obtained in particular an affine
unitary transformation T = ®(y) on H, for some 7 € ® (), such that
‘/I;('y) induces a nontrivial translation on each I,/ for y’ sufficiently close
to y on F()? ). In the notations of the proof of Proposition (3.2.3), taking
v = 7' so that 6(71) = T, we obtain vectors 7; with norms diverging
to infinity, such that the unit vector 7;/||n;|| converges strongly to a unit
vector £ tangent to each IL,. From this we deduce that F ()Z' ) is pseudo-
invariant under a 1-parameter group of Euclidean translations, leading to
alternative (C).

It remains therefore to consider the alternatives (B) and (C). In case
of alternative (B), by Proposition (2.4.2) some unramified finite cover of
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X admits a meromorphic fibration over a compact complex torus or over
a projective manifold of general type. In the case of alternative (C), F()? )
is pseudo-invariant under a nontrivial finite-dimensional vector subspace
Hy C H. Take Hy to be the maximal vector subspace with this property.
For a vector £ € H denote by T; the Euclidean translation given by
Te(p) =p+&. For any € € Hyp and any v €T, ZI;(:y)Tg(/I;('y)'l is a Euclidean
translation T),, n = 7(v,%), which leaves F(X) pseudo-invariant. More
precisely, we have

B(7)(z) = ®(7)z + ¢
B(7)"H(z) = (y) "z — B(7) e,
B(7)Te®(7) " (z) = B(1)(@(7) 'z — @(7) ley +6) + ¢,
=z —cy+P(7)E+ ¢y =z + P(7)E.

In other words, Hy C H is invariant under the action of ®(I'),
contradicting with the irreducibility of ® : I' — U(H), unless of course
Hy = H. Since F()? ) is pseudo-invariant under all translations on H, the
latter must be m-dimensional for some m, 1 < m < n. The subgroup ®(I") C
U(H) = U(m) is either infinite or finite. In the former case by Proposition
(2.4.1), some unramified finite cover of X can be meromorphically fibered
over a compact complex torus or a projective manifold of general type.
In the latter case passing to some unramified finite cover we may take ®
to be the trivial representation (which is no longer irreducible if m > 2).
Then, using the Albanese map as in (2.4) some finite cover of X admits a
meromorphic fibration over a compact complex torus or over a projective
manifold of general type.

PROPOSITION (3.3.1). — Let X be a compact Kéhler manifold with
fundamental group T'. Let ® : I' — U(H) be a unitary representation of T
into a Hilbert space for which there exists a nontrivial holomorphic 1-form
v € I'(X,Q(Fg)) with coefficients twisted by ® such that v(p) € Qp(Eg) =
Hom(T,(X), H) is of maximal rank at a generic point p € X. Then, some
unramified finite cover of X can be meromorphically fibered over a compact
complex torus or a projective manifold of general type.

Proof. — Assuming that the meromorphic distribution £ is nontriv-
ial we have proven that in all circumstances some unramified finite cover
of X admits a meromorphic fibration such that the base manifold Z is
either a compact complex torus or a projective manifold of the general
type. If on the other hand the meromorphic distribution £ is trivial, then
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the semi-Kéhler metric w on X is of strictly negative Ricci curvature at
generic points. It remains to prove that X must itself be of general type
in this case. This follows already from the arguments of Mok [M1] basing
on an easy case of the Grauert-Riemennschneider Conjecture as given in
Siu [Si]. Alternatively one can also show this using L?-estimates of 0, as
follows. The volume form w™ on X gives a real-analytic singular Hermitian
metric h on the canonical line bundle Kx of nonnegative curvature in the
generalized sense. Furthermore, (Kx, h) is non-degenerate and of strictly
positive curvature on a Zariski-dense open subset X — E. Since X is Kahler
and E C X is a subvariety, replacing X by a nonsingular Kéhler modifi-
cation if necessary we may assume that E has at worst normal-crossing
singularities. From this and standard constructions using potential func-
tions and the background Kéahler metric on X we see that X — E admits
a complete Kahler metric g. One can then solve 0 with L2-estimates on
the Hermitian holomorphic line bundle (K e hp) ® (K X_E, aﬁg), for
p sufficiently large, to find n + 1 holomorphic sections (sg, - - -, s,) which
define a local biholomorphism into P* at some point x € X — E. Since
w™ is smooth on X, h dominates some smooth Hermitian metric on K,
the holomorphic section s;,0 < 7 < n, must extend holomorphically to X
by square-integrability. This shows that X is of Kodaira dimension equal
to n i.e., X is of general type, hence also MoiSezon. As X is Kahler and
MoiSezon, it must be projective-algebraic, as desired. O

(3.4) We are now ready to complete the proof of the main results.

Proof of Theorem 1. — By Proposition (2.4.1) it remains to treat
the case where (X,w, F) is factorizable. As in (3.1) assume that

(f) in the statement of Proposition (2.5.1), © acts on Z * without fixed
points.

Let Z; be a nonsingular Kéhler modification of Z #/ © and oy : X - Z
be a holomorphic fibration on some nonsingular Kéhler modification X of
X compatible with the foliation F. By Proposition (2.5.1) the semi-Kéhler
structure (X,w,F) descends to Z;. For the purpose of proving Theorem
1 one can therefore replace X by Z;, and reduce to the case where the
semi-Kéahler structure on w is positive-definite almost everywhere. In this
case we have been considering in (3.2) and (3.3) the semi-Kéhler structure
(X, —p, &), where p is the Ricci form of w at generic points of X. Then,
by Propositions (3.2.1) and (3.2.2) we have established the alternatives
(A) that (X, —p, ) is factorizable; (B) that I" admits a finite-dimensional
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linear representation with infinite image; and (C) that F(X) is pseudo-
invariant under a l-parameter group of Euclidean translations for the
primitive F' : X — H for the lifting of the holomorphic 1-form v on X
to the universal covering X. By Proposition (3.3.1) we have established
that some unramified finite cover of X admits a meromorphic fibration
over a compact complex torus or a projective manifold of general type.

For the general case, i.e., without the extra assumption (}), starting
with the semi-Kahler structure (X,w, F), in the notations of Proposition
(2.6.1) the semi-K&hler form w|x_p descends to a semi-Kéahler form @ on
Z — A for some divisor A on Z whose support is the multiplicity locus of the
holomorphic fibration ¢ : X — Z as in Proposition (2.6.1). Assuming for
the time being that the Ricci form p of @ is negative-definite at a generic
point Z — A. Then, the proof of Proposition (3.3.1) works equally well to
show that the Kz ® [D] is a big holomorphic Q-line bundle on Z. In other
words, the formal tensor power (K z®[D])" is a big holomorphic line bundle
on Z for some positive integer . Recall that [D] = [Al]ﬂ’i"f—1 ®- - ®[Ap) e
with all exponents < 1. In particular, Kz ® [A1] ® ... ® [4,] is big, i.e., Z
is of logarithmic general type with respect to the multiplicity locus of o.

To complete the proof of Theorem 1, it remains to consider the case
where the initial semi-Kéahler structure (X, w, F) is factorizable, and where,
for the induced semi-Kéhler form @ on Z— A, the Ricci form may a priori not
be of strictly negative curvature at generic points. We note that, although
@, considered as a (1,1) form on Z, has poles along the multiplicity locus
of o, we can still define a meromorphic foliation £ on Z which agrees on
Z — A with the meromorphic foliation defined by the Ricci form p. This can
be seen by lifting to Z%.In fact, on Z” we have F* : Z¥ — H and one can
define a meromorphic foliation £ * on Z* which agrees at generic points
with the level set of some associated meromorphic map g* : Z* — P(H'),
in the same way as was discussed in (3.1). Under the action of © on A
the meromorphic foliation & * descends to a meromorphic foliation £ on Z.
Note that the nonnegative closed (1,1) form —p on Z — A extends trivially
to a nonnegative closed (1,1) form on Z, smooth outside a subvariety of
codimension > 2, from the local expression of the volume form @™ across
a generic point of each irreducible component of the multiplicity locus D
as given in the proof of Proposition (2.6.1). In what follows we will write
—p for the extended semi-Kéhler form on Z. The triple (Z, —p, ) is then
a semi-Kahler structure on Z.

We have to prove again the alternatives (A) that (Z, —p, £) is factoriz-

ANNALES DE L’INSTITUT FOURIER



FIBRATIONS OF COMPACT KAHLER MANIFOLDS 669

able; (B) that I' admits a finite-dimensional linear representation with infi-
nite image; and (C) that F#(Z#) is pseudo-invariant under a 1-parameter
group of Euclidean translations for the primitive F# : Z# — H. But
the proof of the alternatives follows almost verbatim from the proofs of
Propositions (3 2.1) to (3.2.3), replacing (X, —p, £) there by (Z, —p, £) and
arguing with F*.2" S His place of F': X — H there.

Having established the alternatives (A), (B), (C), the arguments in
(3.3) are applicable. Only the arguments for alternative (A) require some
modification. Let E C Z be the subvariety of codimension > 2 such that
£ is holomorphic on Z — E. Assume that (Z,—p,&) is factorizable. Let
L C Z — E be a generic leaf. Since Z = Z#/e and © may act with fixed
points, in place of subgroups 7z C I' as in (3.3) we should talk about
subgroups ©1 C © of the discrete cocompact group © C Aut(Z#) of
biholomorphic automorphisms. Let A C Z * be an irreducible component
of ¢~!(L) for the canonical map ¢ : Z¥ — Z. We define ©1 C O to be
the subgroup of all § € © which leave A invariant as a set. Then, ©7 C ©
plays the role of 7y C I'. The arguments of (3.3) then apply to complete
the proof of Theorem 1. a

Proof of Corollary 1. — Corollary 1 (of the proof of Theorem 1)
pertains to the case where every quotient group of I' = 71 (X)) is residually
finite. In particular, ® = I'/A is residually finite. In this case, by Propo-
sition (2.5.1), replacing X by some unramified finite cover if necessary,
X admits a meromorphic fibration over a compact Kahler manifold Z on
which there exists a nontrivial holomorphic 1-form with coefficients twisted
by some unitary representation such that the associated semi-Kéhler form
w is positive-definite at a generic point. Then, by Proposition (3.3.1) some
unramified finite cover of Z can be meromorphically fibered over a compact
complex torus or a projective manifold of general type, as desired. ]

Proof of Theorem 2. — Let X be a compact Kihler manifold
whose fundamental group I' violates Kazhdan’s Property (T). Assume
furthermore that b;(X’) = 0 for any unramified finite cover X’ of X.
We proceed to prove that X is of algebraic dimension > 2. From the two
assumptions clearly X is of complex dimension > 2. Since the algebraic
dimensions remain unchanged when X is replaced by an unramified finite
cover or by a modification, by Theorem 1 we may assume without loss of
generality that either X is of general type, or X can be holomorphically
fibered over a positive-dimensional projective manifold Z. It remains to
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show that for ¢ : X — Z arising from Theorem 1, alternative (¢), Z must
be of complex dimension > 2. From the proof of Theorem 1, either (i) m1(Z)
admits a finite- dimensional linear representation with infinite image, of
(ii) Z is of the form Z/© as in the proof of Proposition (2.5.1). If Z is of
complex dimension 1 and (i) occurs, then b;(Z) # 0, so that b;(X) # 0,
violating the hypothesis of Theorem 2. Assume now that Z is of complex
dimension 1 and (ii) occurs. By Lemma (2.5.1), Z’ (which is the same as Z”
in the notations of the lemma as dim¢ Z = 1) is simply connected. Then,
Aut(Z’) is a linear group, and any finitely generated discrete subgroup of
Aut(Z') admits a torsion-free subgroup of finite index. Thus, replacing ©
by a torsion-free subgroup ©¢ C © of finite index, Z can be taken to be a
compact Riemann surface of genus > 1. But this contradicts the assumption
that b;(X’) = 0 for any unramified finite cover of X. We have thus proven
that the base manifold Z of 0 : X — Z must be of complex dimension > 2,
i.e., X is of algebraic dimension > 2, as desired. O

In Mok [M3] we formulated a conjecture regarding meromorphic
fibrations of (unramified finite covers of) compact Kéahler manifolds over
projective manifolds of general type, and claimed that the conjecture is
valid for an mn-dimensional compact Kéahler manifold with fundamental
group I' of subexponential growth, provided that I' does not admit a
subgroup of finite index isomorphic to a free Abelian group of rank < 2n.
The latter statement was based first of all on the method of proof leading
to Theorem 1 of the present article. Because of the difficulty of finding
torsion-free discrete subgroups of finite index in relation to alternative (c)
of Theorem 1, the claim remains conjectural.

4. Brody maps into certain Kahler surfaces
admitting holomorphic 1-forms with twisted coefficients.

(4.1) Let X be a compact Kahler manifold admitting some nontrivial
holomorphic 1-form v with coefficients twisted by a unitary representation.
Suppose on some Zariski-dense open subset of X the semi-Kéahler form w
defined by v is positive-definite, and of strictly negative Ricci curvature.
Note that (X, w) is of nonpositive holomorphic bisectional curvature wher-
ever w is positive-definite. Heuristically, modulo some blowing-down, X
should behave like a subvariety of an Abelian variety. Along this line we
know that X is of general type, just as a subvariety of an Abelian variety
of negative Ricci curvature at a generic point. Theorem 3 is a step further
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in that direction in the case of compact Kéahler surfaces. It asserts that X
is Kobayashi hyperbolic under the assumption of nonexistence of rational
curves and elliptic curves. In relation to the heuristic analogy to subvari-
eties of Abelian varieties, we note that under the hypotheses of Theorem 3,
any chain of rational curves on X is exceptional. One can then blow down
maximal chains of rational curves on X, if they exist, to obtain a possibly
singular compact complex surface X’. In this context the proof of Theorem
3 would say that X’ is Kobayashi hyperbolic if and only if X’ contains no
elliptic curves just as in the case of a (possibly singular) complex surface in
an Abelian variety of negative Ricci curvature at a generic point. We will
not make the modification here.

We will give a proof basing on techniques of meromorphic fibrations
via the Ricci form as in §3. Let now X be a compact Kéhler manifold
with fundamental group I', @ : I' — H be a unitary representation into a
Hilbert space and v € I'(X, Q(Es)) be a nontrivial holomorphic 1-form with
coefficients twisted by ®. Suppose v(z) € Q(Es ) = Hom(T,(X), Es ;) is
generically injective, which is the same as saying that the induced Ké&hler
semi~metric w is positive-definite at generic points. Suppose furthermore
that the Ricci form of w is strictly negative at generic points. This is the
case for instance for the base manifold Z in the generalized theorem of
Castelnuovo-de Franchis as in [M4], (3.1), Theorem 2. The assumptions
imply that X is of general type and hence Moisezon. Together with the
Kéhler assumption this implies that X is projective-algebraic.

(4.2) Proceeding to prove Theorem 3 we specialize now to the case
of Kéahler surfaces X. Suppose X is not Kobayashi hyperbolic. There exists
then a Brody map fp : C — X, when X is endowed the given Kéhler
metric. Since C is simply-connected Gy : C — X lifts to some §: C — X.
The composition P := Fo ﬁ : C — H then gives a holomorphic map with
uniformly bounded first derivative. Writing P = (p1,p2,...,Dk,-..) with
respect to an orthonormal basis of H we conclude that P is a linear map
even when H is infinite-dimensional. Recall that £ C X is the subvariety
where v fails to be of maximal rank. If the Zariski-closure G(C) lies on E,
then it must lie on an irreducible component which is either an elliptic curve
or a rational curve. These possibilities are ruled out by the assumptions of
Theorem 3. Thus 3(C) does not lie on E, so that P is nontrivial.

For any point £ on X — E consider a non-zero tangent vector 7 at
x such that there exists a smooth contractible holomorphic curve C at z,
T.(C) = Cn, with the property that F(C) is an open subset of an affine
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line in H for any irreducible component C of n~1(C). We will sometimes
write f = Fon~! for =1 : C — C the inverse map of P c = c.
At any point z € X — FE denote by S, C PT~(X) the subset consisting
of all [7] with the above property. Let Z € C be such that 7(Z) = z € C.
The condition of being able to pass the germ of an “affine line” through x
in the direction of 7, in terms of the lifting to X at %, can be formulated
as follows. Let L be the affine line in H at F(Z) in the direction of U(7),
dn(7) = n, and W be the germ of a complex submanifold at F(Z) which is
the image of the germ of X at Z under F. Then, [n] € Sy if and only if L
is tangent to W at T to the order k for any positive integer k. This gives a
countable set of conditions on [7], holomorphic on [7] as the latter varies, so
that over X — E we obtain a complex-analytic subvariety of S C PT(X—-E).
We have

ProposITION (4.2.1). — S§ C PT(X — E) contains an irreducible
component which dominates X — E.

Proof. — Since P = F o E is a nontrivial linear map, so that
||dP(%)|| is a constant a # 0, and df, v = dF are uniformly bounded from
the above, it follows that 0 < b < IIdB(%)” < c on C for some constants
band c. For t € C; ¢ > 0 write A(t;e) = {z € C: |F —=| < ¢} and
A(e) = A(0;€). From Cauchy estimates, the holomorphic maps 3; : C — X
defined by B3:(¢) = B(¢t + ¢) form a normal family as ¢ ranges over C.
From the lower bound [|dB(Z)| > b > 0 it follows that any limiting
map must be nontrivial. Suppose now 3 : C — X is not an immersion
onto an elliptic curve. Then, there exists some x € X, a sequence s; € C
diverging to infinity, a neighborhood U, of z, and € > 0 such that (i)
B(s;) := z; converges to z; (i) B, (Ac) N U, := C; is a closed connected
smooth holomorphic curve on U, and the curves C; are distinct. Write
n = dﬁ(si)(%). Reparametrizing the Brody map with the origin being
mapped to z; we can extract a convergent subsequence to get a new Brody
map (' such that 5'(0) = x and such that n := dﬂ’(O)(%) # 0. From (i)
and (ii) it follows readily that #’(C) must contain a local holomorphic curve
on X — E which consists of points of accumulation of a countably infinite
family of local curves on X — F belonging to 8(C). Since the canonical
projection p : PT(X) — X is proper S C PT(X — E) must project to a
subvariety of X — E, it follows from the above that S must surject to X — E.
Since F()Z' ) is not an affine plane on H, it follows that S must contain as
an irreducible component a hypersurface of PT(X — E) which dominates

ANNALES DE L’INSTITUT FOURIER



FIBRATIONS OF COMPACT KAHLER MANIFOLDS 673

X — F, as desired. O

From now on we will replace & by the union of 2-dimensional
irreducible components which dominate X — FE.

(4.3) We proceed now to prove Theorem 3 by using arguments related
to the study of semi-Kéhler structures defined by Ricci forms, especially
Proposition (3.2.3). The projection p : S — X — E is k-to-one for some k
outside a subvariety A of X — E. On X — F — A we have a multi-foliation
by k distinct holomorphic families of local holomorphic curves which are
mapped onto open subsets of affine lines by f. From the proof of Proposition
(4.2.1) reparametrizations of the original Brody map 8 : C — X by
translations on C converge to some Brody map 3’ : C — X. Note that 3’ is
a holomorphic immersion such that ||d3’|| is bounded between two positive
constants, where || - || is measured with respect to the Euclidean metric on
C and a Kéahler metric on X. As a consequence, under the assumption of
nonexistence of (immersed) elliptic curves, 5/(C) N (X — E) is not closed
in the complex topology, so that a generic point of the latter will avoid A.
Choose such a point  which we may take to be 3'(0). Choose a contractible
neighborhood D of x in X — E which is a product neighborhood for one
branch H of the k-sheeted multi-foliation defined near z. Reparametrize 0
by translation so that 3(0) lies on D and 8 maps a neighborhood of 0 onto a
leaf of H on D. From the choices of s;, 35, — 3, it follows that 8 must map
a neighborhood of s; on C to a leaf of H on D for ¢ sufficiently large. Let 8
resp. 3 be liftings of 3 resp. ' to X. The liftings can be chosen in such a
way that both 8(0) and 3'(0) are lifted to the same contractible open set
D which is a fixed connected component of 7~ 1(D). Recall that P = Fo B
The accumulation at 3’(0) can only happen if there exists elements v; € I’
such that ®(y;)(8(s;)) = P(s;) = P(0) + s;¢ for some nonzero vector &
in H.

The foliation H on D determines a family of affine lines II, whose
intersection with D correspond to liftings of leaves of D. Denote by T the
union of these affine lines. Consider now the holomorphic map g at smooth
points of T defined by assigning to y the complex line A, in H passing
through the origin and parallel to II,. We may assume that the lines A,
are not all identical, otherwise D will be locally the isometric product of a
Hermitian Riemann surface with a flat Riemann surface, so that the Ricci
curvature is everywhere degenerate, contradicting with the assumption in
Theorem 3. We can also define a multi-valued holomorphic map h on
X - 7~ 1(E U A) as in the definition of g. The map h leads to a multi-
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valued meromorphic map into the projective space P(H) of lines in H. The
action of I' via ® induces projective unitary transformations on P(H) which
preserve the Fubini-Study metric. Consider the subset B of X —n~1(EUA)
where one of the k branches of h fails to be a holomorphic map of rank 1
into P(H). Then, B is invariant under I and descends to a complex-analytic
subvariety B of X — E — A. Without loss of generality we may assume that
B'(0) has been chosen to avoid B. The upshot is that we have a multi-
semi-Kéahler structure defined by pulling back the Fubini-Study metric by
branches of h such that the sequence {®(7;)} of elements of U(H) x H
induces a countably infinite set of holomorphic isometries of a branch H of
the multi-foliation on D. The relation ®(v;)(8(s:)) = P(s;) = P(0) + s:&
and the argument in Proposition (3.2.3) then show that there exists a non-
zero vector 7 tangent to each point of 5, implying that g is constant, a
contradiction. The proof of Theorem 3 is complete. a
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