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ON SPECIAL VALUES OF THETA FUNCTIONS
OF GENUS TWO

by E. DE SHALIT and E.Z. GOREN

1. INTRODUCTION

1.1. Background.

Let K be a quadratic imaginary field and H its Hilbert class field.
Let

(1.1) A(r) = (2mi)2q [ (1 — ™)™
n>1
(¢ = exp(2mit), Im(7) > 0) be Ramanujan’s A-function. For any lattice
L = (w1,ws)Z? C C, where Im(w;y 'w;) > 0, let
(1.2) A(L) = wy " Awy 'wn)

(this only depends on the lattice). For any fractional ideal a C K of the
full ring of integers Ok let

(1.3) u(a) = =2

Then the u(a) have the following nice properties:

e u(a) € H* and the fractional ideal it generates (u(a)) = a'20g (so
it realizes the Hauptidealsatz in H, up to twelfth powers).

o u(ab) = u(a)u(b)(@H/K) where (a, H/K) denotes the Artin symbol
of a.

Key words: Theta functions — Complex multiplication — Units.
Math. classification: 11G15.
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e u(a,b) = u(ab)/u(a)u(b) € O}, and depends only on the classes [a]
and [b] in the ideal class group Ck of K.

The group generated by the units u(a,b) is the group of Siegel units
in H. Its index in O} is finite. In fact this index is equal, up to a “trivial”
factor (involving 2, 3, and the class number hg of K), to the class number
hy of H, as follows from the analytic class number formula and Kronecker’s
limit formula. See [Sie] and [L]. Similar units in arbitrary ray class fields of
K, the elliptic units, were constructed by Ramachandra [Ra] and Robert
[Ro]; see also the book by Kubert and Lang [KL]. They are given as special
values of elliptic theta functions, and exhibit the same general behaviour.
Kronecker’s limit formula gives a relation between the logarithms of these
units and values of Artin L-series of K at s = 0, a relation which can be
used to verify the abelian Stark conjecture in H (or in general in abelian
extensions of K'). See [Tal, IV.3.9.

Thus it became a major problem in number theory to construct
“abelian units” in abelian extensions of CM fields of higher degree, using
transcendental functions and the theory of complex multiplication as
developed by Shimura and Taniyama. It was hoped that such units would
yield new cases of Stark’s conjecture. However, even without the link with
L-series, it will be very pleasing to have a general construction of “abelian
units” similar to the elliptic units of Siegel and Ramachandra.

The purpose of this work is to study certain invariants similar to
the u(a,b) above, in the Hilbert class field of a quartic CM field. These
invariants are constructed from theta functions of genus 2, evaluated at CM
points, and depend only on the classes of a and b. Certain features of abelian
varieties and the theory of complex multiplication that are absent in the
case of elliptic curves complicate the situation. For example, one has to take
into account the polarization of the abelian surfaces that intervene in the
construction, and theta functions with complex multiplication by K give
rise to numbers in abelian extensions of the reflex field K’. But while these
are of technical nature, there is one substantial difference. What eventually
makes the Siegel units units is the fact that the divisor of A is supported
at the cusps, and that a similar statement holds on the arithmetic moduli
scheme, over Z. On the contrary, the divisor of Siegel modular forms of
higher genus can not be supported at infinity (as can be seen from the fact
that the Satake compactification of the Siegel moduli space is normal, but
the components at infinity are of codimension 2). This makes it difficult to
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decide whether our invariants are indeed units. Partial results are discussed
in section 4 below.

1.2. Set-up.

Let e(z) = €*™®, and denote by $, the Siegel space of symmetric
g % g complex matrices 7, with Im(7) positive definite. For 7 € ), u € C,
r,s € QI define

(1.4) am W)= e{%t(n+r)7(n+r)+ t(n+r)(u+s)}.

neZg

This is the classical theta function with characteristics r and s. One calls the
characteristics integral if r,s € §Zg , and even if they are integral and

1
tr.se EZ' Theta functions with integral characteristics depend, up to %1,

only on r,s mod Z?. We shall therefore consider integral characteristics
modulo Z¢, with the understanding that the resulting theta functions are
well defined only up to a sign. When g = 1 three out of the four integral
characteristics are even, and when g = 2 ten out of the 16 are even. Let

(1.5) Bev(u,7) = [] 6 m (u,7)

even

where the product runs over all the even characteristics (this is defined
up to a sign). Write Oey(7) = 6ev(0,7). When g = 1, Ramanujan’s
A(T) = 1671268 (7). When g = 2 Igusa proved [Ig] that 62, (7) (denoted
by him xi0(7)) is a Siegel modular form of level 1 and weight 10 (fey
itself is of level 2). This function will be our basic transcendental function,
which will play the role of A. Using Riemann’s vanishing theorem and
the fact that every principally polarized abelian surface is the Picard
variety of a (possibly reducible) curve, one shows that 6.,(7) vanishes
precisely at the set of 7 where the abelian surface A, = C?/(r,1)Z* with
the associated principal polarization (given over C by the Riemann form

E.((r,z,(r,I)y) = 'zJy, where J = (; _OI

up as the product of two elliptic curves with their canonical polarizations.

) , and z,y € Z*) splits

Let L be a lattice in C?, and E a Riemann form on L inducing a
principal polarization on C?/L (so L is its own Z-dual in the R-linear
extension of E to a pairing C% x C*> — R). Let Q = (w1, ws) be a symplectic
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basis of L (meaning E(Qz,Qy) = *zJy). Then
(1.6) A(LE) = det(wz)'loagv(wglwl)

depends only on L and E. Note that the primes 2 and 5 play the same role
as the primes 2 and 3 for elliptic curves. Note also that 10 (resp. 12) is the
least common multiple of the number of roots of unity in cyclic CM fields
of degree 4 (resp. 2).

To explain our results, and to avoid technical complications, assume
throughout the introduction, that K is a cyclic CM field, [K : Q | = 4. Let
F be its real quadratic subfield. Assume in addition that the class number
hg of K is odd, that the class number of F, hx = 1, and that the absolute
different of K, Dg = () is generated by an element § such that § = —6
(the bar denotes complex conjugation). The fundamental unit of F must
have then norm —1, because if ¢ is a generator of Gal(K/Q), the quotient
0(6)/6 is a real unit of norm —1. Most of these assumptions will be relaxed
later on. Let H be the Hilbert class field of K.

Fix a CM type ® of K. ® = {¢1, ¢2} defines an embedding of K in C?
via ®(u) = (¢1(u), p2(u)). Changing 8, the generator of Dk, if necessary,
we may assume that Im(p(6)) > 0 for ¢ € ®. For any fractional ideal a of
the full ring of integers Ok pick a totally positive a such that

(1.7) ad=(a), 0kKacF
and consider the lattice ®(a) with the Riemann form
(1.8) Eqs(®(u), ®(v)) = Try g(a 6 'uv).

The induced polarization on C2 /®(a) is principal, and compatible with
complex multiplication in the sense that the associated Rosati involution
induces on K complex conjugation. It is now easy to check that, under our
simplifying assumptions on K, the number A(®(a), Fys) in fact depends
only on ® and a, but not on the polarization. We denote it by A(®(a)) and
define

A(2(a™h))

When @ is fixed we simply write u(a) for u(®; a). In Section 2 we give the
details of this construction, in the more general set-up.
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1.3. Main properties of the invariants.

In Section 3 we study the properties of the u(a)’s. Here is what we
get under our assumptions on K:

1. u(a) is well defined and u(a) # 0, co.

2. u(a) € H, \/u(a) € K (in fact, the square root lies in the 2-ray
class field of K).

3. Let ® be the reflex CM-type of ®, and Ng: the half-norm corre-
sponding to the embeddings in ®': Ng/(z) = [] o(z). Then if C is any
oc€ed’
ideal of K and ¢ = Ng/(C), u(ac) = u(c)u(a)¢H#/X)_ Every class in Ck, the
ideal class group of K, contains an ideal of the form Ng/(C).

4. If A € K* then u(Aa) = Ng(\)%u(a).

5. u(®;a,b) = u(a,b) = u(ab)/u(a)u(b) depends only on the classes of
a and b. Its norm from H to K is 1.

6. u(®o;071a) = u(P;a) for any o € Gal(K/Q). The Galois group
acts transitively on the four CM types of K.

7. Assume (hg,5) = 1. Then the u(a) generate H. In particular, if
hx > 1 they are non-trivial.

8. Assume hg is prime and different from 5 (and 2). Then the group
generated by the u(a,b) in H* has rank hg — 1.

1.4.

Section 4 is devoted to some results on the moduli space of principally
polarized abelian surfaces, and questions of integrality. We get the following
results concerning integrality of the u(a)’s:

1. The following are equivalent:

(i) If a is integral, u(a) is integral (note that this is true for principal a
because of property 4 above)

(i) For every a, (u(a)) = Ng(a)'?
(iii) For every a, (u(a)) is Gal(H/K)-invariant
(iv) The u(a,b) are units.

2. If p is a rational prime that splits completely or remains inert in
K and (p,a) =1 then u(a) is a unit at all the primes of H above p.
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While point 1 is a formal consequence of the properties of the u(a)
listed above, point 2 lies deeper, in particular in the inert case. Its proof
depends on the following geometric interpretation. Let Z be the divisor of
0oy in the moduli space of principally polarized abelian surfaces with level-
n structure (some n). Let Z be the Zariski closure of Z in the arithmetic
moduli scheme parametrizing the same structures over Z[(,1/n]. Let P
be a point in the moduli space representing a principally polarized abelian
surface X with potentially good reduction, e.g. the point representing
C?/®(a) with the polarization (1.8). Let P be its Zariski closure in the
arithmetic moduli scheme. Then Z and P meet at the fiber above a finite
place v if and only if the reduction modulo v of X is isomorphic, with
the polarization, to a product of two elliptic curves. If P corresponds to
an abelian surface with complex multiplication by K as above, then the
elliptic curves are supersingular. All this is explained in detail in Section
4.2. In Theorem 15 we analyze the question of how the decomposition of p
(the rational prime below v) in K affects the reduction type of an abelian
surface with CM by K. The case where p is inert in K relies on results of
Oort and Ekedhal [EK].

Question. Are the u(®;a,b) units?

The behavior of the u(a, b) above rational primes p which decompose
as a product of two primes in K is the most difficult, and remains unsettled
(as do the cases of the finitely many primes which ramify in K). Note that
the kernel of the norm map from O} to O has rank 2hg —2, so even if the
answer to our question is positive, we are left with the task of explaining
which “half” of the unit group we get this way. On the other hand, if
not units, what are the (finitely many) primes that appear in the ideal
decomposition of these invariants?

1.5.

Our approach exploits the fact that the abelian surfaces in question,
with their principal polarization, are Jacobians of curves of genus 2, only
to the extent of interpreting the divisor of ., over the arithmetical moduli
scheme. The zero locus of 6, is precisely the locus of non-Jacobians, or
more precisely the locus of abelian surfaces which are Pic® of a reducible
curve consisting of two curves of genus 1 intersecting transversally at
one point. Since the same interpretation persists in characteristic p, the
geometric question lying behind the question whether the wu(a,b) are
units is the following. Here we let C be the curve whose (principally
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polarized) Jacobian is (C?/®(Ox), Es), and Cq the curve whose Jacobian
is (C%/®(a), Eqs).

Question. Suppose the curve C, which is defined over Q, has bad
reduction modulo 7, for some prime 7 of a (large enough) field of definition.
Is the same true of the curve Cq? More precisely, suppose that a stable
model of C reduces mod 7™ to the union of two elliptic curves intersecting
at a point. Is the same true of Cq ?

Further exploitation of the theory of Jacobians runs into difficulties.
For one thing, the relation between the curve C and the curve Cq is pretty
mysterious (although algorithms of G. Frey allow one to compute equations
for these curves). In addition, such a relation is missing when one makes the
obvious generalization to non-principally polarized surfaces, i.e. dropping
the hypothesis on the different of K.

2. THE CONSTRUCTION

2.1. Abelian surfaces with complex multiplication.

The purpose of this section is to formulate conditions for an abelian
surface with complex multiplication by the full ring of integers of a quartic
CM field, to admit a principal polarization. Let K be a quartic CM field,
let ® be a CM type, and let (K’, ®') be the reflex CM type. Then ([ShTal,
I1.8.4, example (2)) there are three possibilities: (a) K is biquadratic, ®
is non-primitive, and K’ is quadratic imaginary, (b) K = K’ is cyclic,
or (c) K is non-Galois, its Galois closure K is of degree 8 over Q, and
Gal(K/Q) = D4. In this case K’ is another quartic CM field contained
in K, and KN K’ = Q. Let H' be the Hilbert class field of K’. We shall
construct a special finitely generated subgroup of H'*. The construction
which we are about to describe may fail in case (a) (the function 62, may
vanish at the corresponding points in 2 so we get “0/0”). On the other
hand K’ is quadratic and we have at hand the Siegel units of H’, employing
theta functions of genus 1, rather than theta functions of genus 2 (see the
introduction). We therefore regard case (a) as a degenerate case and exclude
it from now on. The remaining cases we call the cyclic case (b) and the
non-Galois case (c).

Let ¢ be a fractional ideal of K, and ®(c) C C? the lattice obtained
by embedding ¢ in C? via the two embeddings of ®. We let Ok act on ®(c)
via @ : a®(u) = ®(au). A Riemann form E on ®(¢) is compatible with the
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complex multiplication if
(2.1) E(au,v) = E(u,av)

for every u,v in ®(c) and every a € Ok. Since in our case P is a simple CM
type, every Riemann form E on ®(c) turns out to be compatible with the
complex multiplication ([ShTal, I1.6.2, theorem 4). Furthermore (loc.cit.),
there exists a § € K, 6 = —6, Im(¢(6)) > 0 for ¢ € @, such that E = Ej,
where for u,v € ¢

(2.2) Es(®(u), ®(v)) = Trg g6 'uv).

The polarization induced by Es on C?/®(c) is principal if and only if
Dxct = (6). Thus

(2.3) Pg(®,6;¢) : Dkcc=(8), 8 =—6, and Im(p(6)) >0 for p €
is the condition for Es to induce a principal polarization on C?/®(c), and
(2.4) Pr(®;¢) : 36 € K s.t. Pg(®,6; ¢) holds

is the condition for the abelian surface C?/®(c) to admit a principal
polarization.

Let us consider two cases: (i) if the fundamental unit of F = KN R
has norm —1, then multiplying by a real unit we can arrange § to have
any sign distribution at the embeddings of K, so the condition Pg(®, ) is
independent of ®, and is equivalent to

(2.5) Px(c) : 36 € K s.t. Dgcc = (8) and 6 = —6.

(ii) If, on the other hand, the fundamental unit of F' has norm +1, then
Pg(c) implies Pg(®;c) for two out of the four CM types of K, complex
conjugates of each other, but not for the other two.

Next we want to determine the extent to which (K, ®, ¢) determine 6.
Clearly 6 may be changed by a totally positive unit of F, and only by
such, without affecting Pk (®,8;¢). Let Of , denote the (infinite cyclic)
group of totally positive units of F. The abelian surfaces c? /®(c) with the
polarizations corresponding to § and €é (e € (9;’ +) are isomorphic if and
only if € € Ng/p(OF). Thus the number of isomorphism types of principal
polarizations on C2?/®(c) (if one exists!) is the index [OF + : Niyr(Og)]-
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Consider again the two cases: (i) If the fundamental unit of F has
norm —1, then every totally positive unit of F is already a square in F', so
this index is 1. (ii) If on the other hand the fundamental unit of ¥ has norm
+1, then the groups Of. , = O /ur — Ok /uk are both infinite cyclic and
theindex Q = [0 /uk : OF /ur]is 1 or 2 ([Wa], Theorem 4.12). Therefore,
fQ=1[05, Ng/r(Og)] =2, and if Q = 2, [Of , : Ng/p(Og)] = 1.
Still in case (ii), suppose K/Q is cyclic. Then px = +1 (K # Q({s5) because
the fundamental unit of Q(v/5) has norm —1), and therefore if there is a
unit € in K which is not real, its square must be real, so € should be
purely imaginary. The same is true of o(e), so o(€)/e is a real unit of norm
o(o(e)/e) - o(e)/e = €/e = —1. This contradiction shows that Q@ = 1. We
have proven the following.

PROPOSITION 1. — Assume that C2 /®(c) carries a principal polariza-
tion. Then Pk (c) holds. Conversely, suppose that Pg(c) holds.

(i) If the norm of the fundamental unit of F' is —1 then for any CM
type ® the abelian surface C?/®(c) admits a principal polarization, which
is unique up to isomorphism.

(ii) If the norm of the fundamental unit of F is +1 then the abelian
surface C2/®(c) admits a principal polarization for two out of the four CM

types, and there are 2/Q such polarizations, up to isomorphism, where
Q= [0x : Oppk] is 1 or 2. If K/Q is cyclic, Q@ = 1. O

About the condition Pk (c) we make two remarks. The first is that
for certain CM fields K it is never satisfied. For example, suppose K/Q
is cyclic, hr = 1 and the fundamental unit of F has norm +1. Let o
be a generator of Gal(K/Q). Since c¢ is a principal ideal of F, if Pk(c)
holds, then Px(Ogk) holds too. Let § be a purely imaginary generator of
the different. Since the different is Galois invariant, e = ¢(6)/6 is a unit,
which must be real (¢(§) is purely imaginary too). Its norm from F to
Q is o(e)e = 0%(8)/6 = 6/6 = —1, contradicting our assumption on the
fundamental unit of F'. For such a K there do not exist principally polarized
abelian surfaces admitting complex multiplication by the full Og. On the
positive side, Px(Ok) will hold for example if O = (’)F[\/E] for a totally
negative element d € F. Indeed, the relative different Dg,p = (2V/d)
then, and Dg is principal (as the different of a quadratic field), so the
multiplicativity of differents in towers, Dx = DrDg/r implies that D is
generated by a purely imaginary element.
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2.2. Definition of the invariants.

Consider the following groups:

(2.6) I = {(a,a) |a is a fractional ideal of K, a@ = (a), 0 < a € F*}

(2.7) Ch =TI/ {((N),\X) [ e K*}.

Let Cf be the extended class group of F' (ideal classes modulo principal
ideals generated by totally positive elements of F'; this group is equal to
CF if the norm of the fundamental unit is —1 and is an extension of Cr by
+1 otherwise), and C% = Ker (Ng,r : Cx — Cf). Note that if p denotes
complex conjugation, and if we define Cx_ = (1—p)Ck and Cx = Ck[1+p]
(the kernel of 1+ p) then Cx_ C C% C Cy, and when h is odd all three
groups are equal. Now we have a short exact sequence

(2.8) 0 — O0f . /Ng/r(0%) = Cx — C — 0.

The collection of pairs (¢, §) such that Pg(®, §; ¢) holds, if non-empty,
is a principal homogenous space for L % in the action

(2.9) (a,a) - (¢,6) = (a7 c,a™16)

(the reason for the inverse is simply to make some formulae below look
cleaner). We denote this space by Pk ¢, and assume from now on that it
is not empty.

DEFINITION 1. — Let z € Z[Pg oo = {d_ ni(¢;, 6;) | > n; = 0}. Define

(2.10) =[] A@(c:), Es,)"

where A is the function of principally polarized lattices given in the
introduction (1.6).

Observe that since ® is a primitive CM type, the abelian surface
C?/®(c;) is simple, so its moduli point 7 = w;'w; corresponding to
(®(c;), Es,) does not lie on the divisor of fey, and therefore u(®, z) is finite
and non-zero.

LEMMA 2. — (i) We have
AB(), Eyzs) = No(N) O A(B(0), F).
In particular A(®(c), Eyx,5) = A(®(c), Es) if A € O.
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(ii) If o € I, then u(®, az) depends only on the image of a in C%.
Proof. — If Q = (w1,w2) is a symplectic basis for (®(c), Fs) then
®())S2 is a symplectic basis for (®(Ac), E,5;,) so
A(®(X0), E,5,) = det(2(A)w2) 162, (w5 'w1) = Na(A) "0 A(D(c), Es).
When X is a unit, € = Ng(X) is a unit of K’ satisfying ee = 1, hence is a
root of unity. But 10 is just the least common multiple of orders of roots

of unity in quartic CM fields which are cyclic or non-Galois (K’ can not be
biquadratic). This proves (i), and (ii) follows from it immediately. O

Part (i) of the lemma allows us to make the following construction-
definition. Let

(211) Z[PK,QJOO = {Z ni(ci,ﬁi) ] Zni = 0,
H(cz, (A), AX) for some \ € K"}

where [](c;, ;) (Hc ,J16%) € I’ because Y.n; = 0. Thus
Z[PKq)]O/Z[PK@]OO o C is a finite group. For z = Y n;(c;,6;) €
Z[Pxk,®)o0 put

(2.12) v(®,2) = u(®, 2)Ng (M)

if TT(c;,86:)™ = ((A), AX). Denoting by [c, 6] the orbit of (c,6) under the
subgroup of I’ of elements of the form ((A), AX), and by Pg s the space
of these orbits, we have the following.

LemMA 3. — (i) Pk, is a principal homogeneous space over C~’2{.

(i) Z[Pk o]oo is a free abelian group of rank |C%| — 1.

(iii) v(®,2) depends only on the image Z of z in Z[P s]oo- In particular
the group V(®) of all these elements is finitely generated, of rank at most
|C% | — 1. o

3. MAIN PROPERTIES OF THE INVARIANTS

3.1. The action of the symplectic group on 6.,.

To study the properties of the u(®, z) we shall consider the subgroup

(3.1) It = {(a,a)|ad@ = (a) and 0 < a € Q*}



786 E. DE SHALIT & E.Z. GOREN

of 1:3(, let C~’§< be the image of this group in C~’§(, and let Cg( be the image
of C’g{ in Ck. We shall only consider z of the form > n;(c;,6;), > n; =0,
where all the (c;,6;) are in the same orbit of Iﬁ(. For lack of a better
terminology let us call such 2’s restricted. The restriction on z is forced
upon us because we chose to work with the symplectic group Sp(4) and the
Siegel space of genus 2, rather than the group GL(2, F') and an associated
Hilbert-Blumenthal surface.

Let G = GSp(4), viewed as an algebraic group over Q. Thus
(32) GQ) ={aeGL4,Q)|*'aJa = v(a)J for some v(a) € Q*}.

As usual, o € G(R) acts on T € $2, sending it to a(r) = (a7 +b)(cr +d) ™!

ifa= (Z Z) in block form. Following Shimura [Sh1], [Sh2] we denote
by 9 (Q) the Q-vector space of complex modular forms f on $)2 for which
(3.3) f(a(r)) = det(cr + d)* f(7)

for every a = Z Z) in some congruence group I'y C Sp(4,Z), and

which have a g-expansion with Fourier coefficients in Q. It is easily verified
that 62, € 910(Q), and as mentioned in the introduction, Igusa proved
that it is of level 1.

Fix a pair (¢,8) € Pgo and (a,a) € fg(,. Let Q@ = (wi1,w2) be a
symplectic basis of ®(c) with respect to the polarization Es, and 7 = w; 'w;.
Then there is an a € G(Q), v(a) = a, such that Qfa = U = (w],w))
is a symplectic basis of ®(ac) with respect to the polarization E,s. We
have a(r) = wh'w). Note that since @ € Q the Riemann form E,s
is proportional to Es, so (assuming a is integral) the natural isogeny
C?/®(c) — C%/®(ac) respects the (homogeneous) polarizations. Now let

(3.4) Tk ={A e K*| XX e Q*}.

These are the rational points of a torus over Z whose points in any com-
mutative ring R are defined to be Tk (R) = {} € (R® Ok)*|A\X € R*}.
Then there exists a homomorphism & : Ty — G such that

(3.5) B()) - Q= Q).

It is known that the image of £ is the stabilizer in G of the CM point 7.
Now the map £ can be adelized. Since it takes integers into matrices with
integral entries, it also takes the units T ( Z ) of Tk (Ay) (the finite adelic






