ANNALES DE L’INSTITUT FOURIER

STEVEN ZELDITCH

Index and dynamics of quantized contact
transformations

Annales de institut Fourier, tome 47,n°1 (1997), p. 305-363
<http://www.numdam.org/item?id=AlF_1997_ 47 1_305_0>

© Annales de I’'institut Fourier, 1997, tous droits réservés.

L’accés aux archives de la revue « Annales de l’institut Fourier »
(http://annalif.ujf-grenoble.fr/) implique I’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NumbpaMm
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIF_1997__47_1_305_0
http://annalif.ujf-grenoble.fr/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Fourier, Grenoble
47,1 (1997), 305-363

INDEX AND DYNAMICS OF QUANTIZED
CONTACT TRANSFORMATIONS

by Steven ZELDITCH(*)

1. INTRODUCTION

The problem of quantizing symplectic maps and of analyzing the dy-
namics of the quantum system is a very basic one in mathematical physics,
and has been studied extensively, by both mathematicians and physicists,
from many different points of view. The present article is concerned with
one such quantization method, that of Toeplitz quantization, and with the
semiclassical viewpoint towards the ergodicity and mixing properties of the
quantized maps, as examples of quantized Gelfand-Naimark-Segal systems
in the sense of [Z1]. We will describe a method of quantizing contact trans-
formations of a contact manifold (X, a) with periodic contact flow as uni-
tary operators on an associated Hardy space H2(X), and prove a number
of results on the index and dynamics of the quantized contact transforma-
tions. The method, essentially a unitarized version of Boutet de Monvel’s
Toeplitz quantization [B] [BG], is closely related to the geometric quantiza-
tion of symplectic maps on Kéhler manifolds and produces new examples of
quantized GNS systems. The quantum ergodicity theorems follow in part
from the general results of [Z1], but also include some sharper ergodicity
and mixing theorems analogous to those of [Z2], [Z3] in the case of wave
groups.

To illustrate the method and ergodicity results we will also study
in detail the Toeplitz quantization of symplectic torus automorphisms
(‘cat maps’) (§5), undoubtedly the most popular of maps to undergo
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quantization— see [Ad’PW] [BNS] [HB] [BdB] [d’EGI] [KP] [K] [Ke] [We]
for just a few among the many treatments. As the reader is surely aware,
quantization is not a uniquely defined process and it is not a priori clear how
the plethora of quantizations defined in these articles are related to each
other or to the quantization presented here. In fact, although it is not quite
obvious, all but that of [BNS] are equivalent to the Toeplitz quantization
studied here. We will describe the relations between them more precisely
at the end of the introduction.

What is more, it will be proved in §5 that the Toeplitz quantization
of SL(2,Z) reproduces what must be the quantization of most ancient
vintage—-namely, the Hermite-Jacobi action of SL(2,Z) (or more precisely
its theta-subgroup SLg(2,Z)) on spaces Oy of theta functions of any degree
N (cf. [Herm], [Kloo] or, for a modern treatment, [K] [KP]). We construct
this action by lifting g € SLg(2,Z) to a contact transformation x, of
Ngr/Nz, the quotient of the Heisenberg group by its integral subgroup,
and compressing the latter to the spaces © . This connection develops the
long chain of links between theta functions and harmonic analysis on the
Heisenberg group (e.g. [A] [M]), and is perhaps of independent interest.
For one thing, it gives a framework for analysing asymptotic properties
of theta functions in the semi-classical (large N) limit. It may also be
used, together with the explicit formula of the Cauchy-Szego kernel on the
Heisenberg group, to give a Selberg-type trace formula for the trace of an
element g € SLy(2,Z) acting on the space of theta functions of degree N

(86).

It should also be mentioned that the quantization of SLg(2,Z)
as unitary operators U, v on ©Op is just a concrete realization of the
metaplectic representation of the finite metaplectic group Mp(2,Z/N).
That is, the Toeplitz-quantization of an element g € SLy(2, Z) is equivalent
to reducing it mod N, and then applying the metaplectic representation
un of SL(2,Z/N). Hence the trace formula alluded to above is giving the
characters of the finite metaplectic representations. We further mention
that when N = p* is a power of a prime, Ug,n may be described in terms
of the metaplectic representation over the field of p-adic numbers, indeed as
the quantization of g viewed as a symplectic map on the p-adic torus. We
will not develop this point of view here, but we hope it may help clarify the
number-theoretic aspects of the spectral theory of Uy n (cf. [Ke] [d’EGI]).

Although our main aim in this article is to discuss the quantum
dynamics of Toeplitz-quantized maps, we would also like to mention
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an interesting index problem associated to them. Namely, the Toeplitz-
quantization of a symplectic or contact map x will be an operator U,
which is unitary modulo finite rank operators. It therefore has an index,
which depends only on x and on the principal symbol of U, . The problem
of calculating this index ind(x) was raised in [Wei] in the closely related
context of Fourier Integral operators but it does not seem to have been
calculated before in any example. Hence it may be of interest to observe that
the index ind(xg4) of g € SL(2,Z) is always zero, as follows the unitarity of
the Hermite-Jacobi ‘transformation laws’. This vanishing of the index has
a very simple alternative explanation, so it is not clear how generally to
expect the index to vanish (see the Remarks at the end of §5).

This article will presume a degree of familiarity with the machinery
of Toeplitz operators as presented in the book of Boutet de Monvel and
Guillemin [BG]. This machinery involves some language and ideas from
symplectic geometry, microlocal analysis, several complex variables, CR
functions and from the representation theory of the Heisenberg and meta-
plectic groups. We hope that the explicit calculations of symbols, quantiza-
tions, traces and so on in the case of the symplectic torus automorphisms
will provide elementary examples of how this machinery works, in a form
accessible to those studying quantum maps from other points of view. In
an obvious sense, which should be clearer by the end of §5-6, the cat maps
are among the basic linear models for the general theory.

We will also assume some familiarity with quantum dynamics, espe-
cially from the semi-classical viewpoint. This is actually a rather broad
assumption, since there are many different approaches to quantum dynam-
ics. With the aim of clarifying the relation between our set-up, methods
and results with those of other articles on the dynamics of quantum maps,
we end this introduction with a rapid comparison to the works cited above.

0.1. Comparison to prior articles.

First, let us compare quantization methods. Besides the Toeplitz
~ method of quantizing a symplectic map on a compact symplectic manifold,
which requires the map to lift as a contact map of the ‘prequantum
circle bundle’, the only general method is that of geometric quantization.
Traditionally, this is a method only of quantizing symplectic manifolds
and observables; but in the last few years it has been extended to include
a variety of symplectic maps. In particular, motivated by the needs of
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topological field theory, there are many articles using the method of Kéahler
quantization to quantize elements of SL(2,Z). By Kéhler quantization we
mean geometric quantization on a Kéahler manifold in the presence of a
complex polarization. This is the method used in [AdPW] [We|, among
many other places, and discussed in the book of Atiyah [At]. As in the
Toeplitz construction, the symplectic torus automorphisms are quantized as
translation operators on theta functions. However, such translations change
the complex structure and so do not preserve a fixed space of holomorphic
theta functions. In the language of geometric quantization, one has to
define a BKS (Blattner-Kostant-Sternberg) pairing between the different
complex polarizations to return to the original space. It is at this point
that the Toeplitz and Kéhler methods differ: In the Toeplitz method, one
uses orthogonal projection back to the original space (times a normalizing
factor) while in the Ké&hler method, one uses a parallel translation along
the moduli space of complex structures on the torus. In the case of torus
automorphisms, both methods produce the classical transformation laws
for theta functions (as was pointed out by Weitsman in the Kéahler case
(loc.cit.)). Hence the Toeplitz and Kéhler methods are equivalent in this
case. They are surely equivalent in much greater generality, but to the
author’s knowledge this has never been studied systematically.

The other quantizations of the cat maps [HB| [Kea] [dEGI] [dBB]
[BNS] are based (implicitly or explicitly) on the special representation
theory of the Heisenberg and metaplectic groups. This is also true in
the many physics articles on other quantum maps such as kicked rotors
and tops. It is the author’s impression that the methods of geometric and
Kahler quantization are seldom used in the semi-classical physics literature,
wherein quantization seems to be equated with canonical quantization (i.e.
with representation theory of the Heisenberg group). It may therefore be
useful to point out that the Toeplitz method gives equivalent quantizations
to ‘Weyl’ or ’canonical quantization’, not only for the cat maps but also
for all other symplectic maps mentioned above.

Now let us turn to the comparison of dynamical notions such as
ergodicity, mixing, K and so on.

These notions are often left undefined in the semi-classical literature,
since the main problem there is to determine the impact of dynamical
properties of the classical limit on the spectral data of the quantum system.
However, one can also introduce intrinsic notions of quantum ergodicity,
mixing, complete integrability (and so on) which capture the behaviour of
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quantizations of classically ergodic (etc.) systems. The definitions used in
this paper are of this kind; they are based on [Z1], [Z2] (see also [Su]) and
will be reviewed in §2.

In contrast, there are the definitions of ergodicity, mixing (etc.) in
the theory of C*- or W*-dynamical systems. These are more analogous to
the classical notions and are applied to open or infinite quantum systems.
In this framework, a quantum dynamical system is defined by a C* or
W* algebra A of observables, together with an action a : G — Aut(A)
of a group G by automorphisms of A. The system (A, G, ) is generally
covariantly represented on a Hilbert space H, so that ay,(A4) = U AU,
of A, with Uy a unitary representation of G on H. Dynamical notions
are non-commutative analogues, often at the von-Neumann algebra (W*-)
level, of the usual notions for abelian systems. In particular, the spectra
of mixing systems must be continuous. For some recent references in the
mathematical physics literature, see [B] [JP] [Th].

As mentioned above, our interest is in the semi-classical aspects of
quantum dynamics: The quantum systems studied in this paper will have
discrete spectra and the ergodicity and mixing properties will be reflected
(by definition) in the asymptotics of the eigenfunctions and the eigenvalues.
To clarify the relation between this point of view and that of the C*-
dynamical point of view, we will also state definitions in terms of the
relevant C* algebras and their automorphism groups. It is hoped that this
approach will also clarify the nature of the dynamical properties at issue
in the semi-classical literature.

Let us contrast the two kinds of dynamical notions in the example of
the cat maps, using the articles [B] [BNS] [NT1] [NT2] [Th] to represent
the C* and W* approach. In these artricles, the cat maps are quantized
as automorphisms of the rotation algebras My (the non-commutative
torus), and have precisely one invariant state. The GNS representation with
respect to this state determines a covariant representation of this system
by translations by the classical cat map on functions on the torus. In their
words, this gives a “radically different” quantization from the semi-classical
one, in that the quantized cat maps have the same multiple Lesbesgue
spectrum, hence the same mixing properties, as the classical maps.

The relation of this to the Toeplitz (or other semi-classical) quantiza-

tions is as follows: first, in the semi-classical quantizations, the Planck con-
1

stant @ varies only over the rational values N’ corresponding to the space

Oy of theta functions of degree N. The finite Heisenberg group Heis (Z/N)
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acts irreducibly on this space and its group algebra C[Heis(Z/N)] defines
the relevant C* algebra. This algebra is not the rotation algebra M 4 but
is rather the quotient M 4 /2N by its center Zy. The elements of SL(2, Z)
define automorphisms of M & which (under a parity assumption) preserve
the center. Hence they also define automorphisms of the quotient alge-
bra. The quotient automorphisms are the ones studied in the semi-classical
literature. Unlike the automorphisms of the full rotation algebras, the quo-
tient ones have discrete spectra and many invariant states, and hence are
not ergodic in the C* sense. However, they are quantum ergodic in the
semi-classical sense whenever the classical cat map is ergodic. Finally, we
note that the quantized cap map systems in the sense of [BNS] are also
quantized GNS systems in the sense of [Z1], and are trivially quantum er-
godic because the only invariant state is the unique tracial state. Hence
they do not have distinct classical limits in the sense of this paper. The
quantizations in [B] [BNS] [NT1], [NT2] appear essentially as classical dy-
namical systems, albeit involving non-commutative algebras. See §5 for a
more complete discussion.

The organization of this article is as follows:

Introduction

Statement of results

Background

Symplectic spinors and proof of the unitarization lemma
Quantum ergodicity and mixing: Proof of Theorems A,B,C

CLk N = O

Quantized symplectic torus automorphisms:
Proof of Theorem D

6. Trace formulae for quantized toral automorphisms.
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with J. Weitsman on Kéhler quantization and theta-functions are grate-
fully acknowledged. We have also profited from an unpublished article of
V. Guillemin [G2], which discusses the trace formula in Theorem E for
elliptic elements.
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1. STATEMENTS OF RESULTS

In this article, the terms quantum ergodicity and quantum mixing
refer to the properties of quantized abelian systems defined in [Z1], [Z2].
They will be briefly reviewed in §2.

We will be concentrating on one kind of example of such quantized
abelian systems. The setting will consist of a compact contact manifold
(X, @) with an periodic contact flow ¢*, together with a contact transfor-
mation

X: X=X x'(o)=a x-¢'=¢"x

commuting with ¢?. The S* action defined by ¢* will be assumed elliptic, so
that its isotypic spaces are finite dimensional. The map x will be quantized
as a Toeplitz- Fourier Integral operator

U, : H3(X) —» HZ(X)

acting on a Hilbert space HZ(X) of generalized CR functions on X
called the Hardy space. The motivating example is where the symplectic
quotient (O,w) is a Kéhler manifold and where (X, a) is the principal
U(1)-bundle (with connection) associated to the pre-quantum line bundle
(with connection) (L,V) — O such that curv(V) = w. Relative to the
given complex structure J, the quantum Hilbert spaces are the spaces ’Hy
of holomorphic sections of L®", which are canonically isomorphic to the
spaces H4(N) of U(1)- equivariant CR functions on X, in the CR structure
induced by J. For precise definitions and references, see §2-3.

We first give some general results on the spectrum and on the quan-
tum ergodicity and mixing properties of quantized contact transformations.
The quantization U, and the orthogonal projection Iy on HZ will be con-
structed so that they commute with the operator W; of translation by
#*; under this U(1)-action, HZ breaks up into finite dimensional “weight”
spaces HZ(N) of dimensions dy and U, breaks up into rank dy unitary
operators U, n. Hence the quantum system decomposes into finite dimen-
sional systems. From the semi-classical point of view, the focus is on the
eigenvalue problems:

{ Uy NONj = €Nign;  (dn; € Hs(N)) }

(oNi, OMj >= 6MNOsj.
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We will prove the following statements about the eigenvalues and
eigenfunctions in §4. The first is a rather basic and familiar kind of
eigenvalue distribution theorem, which will be stated more precisely in §4.

Tueorem A. — With the above notation and assumptions: The
spectrum o(Uy) is a pure point spectrum. The following dichotomy holds:

(i) aperiodic case. If the set of periodic points of x on the symplectic
quotient O has measure zero (w.r.t. p), then as N — oo, the eigenvalues
{e®*~i} become uniformly distributed on S*;

(ii) periodic case. If xP = id for some p > 0 then there exists a x-
invariant Toeplitz structure Ily, so that o(U, ) is contained in the pth roots
of unity.

Here, 1 is the symplectic volume measure of (O, w).

Next comes a series of general results on the quantum dynamics of
Toeplitz systems. The rationale for viewing them as quantum ergodicity
and mixing theorems will be reviewed in §2 (see also [Z1] [Z2] for extended
discussions).

TuEorREM B. — With the same notation and assumptions: Suppose
that (g%, x) defines an ergodic action of G = S! x Z on (X, a A (da)"™1),
and let (O,w) denote the symplectic quotient. Then the quantized action
(Wi, Uy,a) of G has the following properties: for any o € C*°(0)

1 &
(EP) dm o= J; |(0dn, ¢n;) — A(0)]* = 0.
(EPY) (v€)(39) limsup % > lodniéng)P <e

i#j:
[e?®Ni —e*ONi | <5

Here, fi(0) = ;(_1(_’)7 Jo, ady is the average of o on (O, dp)

CoroLLARY B. — For each N there is a subset Jy C {1,...,dn}
such that:

. #IN
() Jim gy =

(b) w- limEJ |#nj|* = 1 on the quotient O := X/S*. Here, w-lim is
»J N

— 00

the weak* limit on C(O).
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TueOREM C. — With the notations and assumptions of Theorem B:
If the action is also weak-mixing, then in addition to EP,E P!, we have, for
any o € C*(0),

(MP)(vr €R) (V@)lmswp—— 3 |(oéwiéwy)P <e

N—oo N i
1ei0Ni —e'¥Nj _cir|<s

The restriction 7 # j is of course redundant unless 7 = 0, in which
case the statement coincides with £P!. For background on these mixing
properties see §2 and [Z2], [Z3].

The third series of results concerns the special case of quantized
symplectic torus automorphisms, or quantum ‘cat maps’ (as they are known
in the physics literature). In this case, the phase space is the torus R?"/Z2",
equipped with the standard symplectic structure ) dz; Ad¢;. The cat maps
are defined by elements g € Sp(2n,Z) (or more precisely, elements of the
“theta-group” Spg(2n,Z), see §5). As will be seen in §5 (and as is easy
to prove) these symplectic maps are “contactible”: i.e. can be lifted to the
prequantum U(1)- bundle X as contact transformations 4. The resulting
situation is very nice (and very well-studied) because of its relation to the
representation theory of the Heisenberg group: This stems from the fact
that X is the compact nil-manifold H'®/T' where H'* ~ R2" x Slis the
reduced Heisenberg group and where I is the integral lattice Z2" x {1}.

The spectral theory of the classical cat map is that of the unitary
translation operator Ty, by x, on L?(X). Its quantization Uy will be
more or less its compression to the Hardy space HZ(X) of CR functions
associated to the standard CR structure on X. That is, essentially U, =
5Ty, Iy where Iy : L?(X) — HZ(X) is the Szego projector. (As will be
explained in §2 and §5, this definition has only to be adjusted by a constant
so that Uy is unitary.) The projector will often be denoted more simply by
IT when the complex or CR structure is fixed. In a well-known way, this
space of CR functions can be identified with the space of theta functions
of all degrees for the lattice Z™, and thus the quantized cat maps will
correspond to a sequence Uy n of unitary operators on the spaces of theta
functions of degree N. As mentioned above, they are of a classic vintage
and appear in the transformation laws of theta-functions. Equivalently,
they arise in the metaplectic representation of the finite symplectic groups
Sp(2n,Z/N). The CR structure plays the role of the complex polarization
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in Kéhler quantization, with the standard CR structure corresponding to
the choice of complex structure J = iI on R?"/Z2".

Postponing complete definitions until §2 and §5, we may state our
results on theta functions as follows:

a b

THEOREM D. — Let g € SLy(2,Z) := {<c d

Nac, Nbd even }. Then:

) € SL(2,Z), with

(a) There exists a constant multiplier m(g) such that the Toeplitz
operator Uy := m(g)IITy,II is unitary. The space of elements HZ(N)
of weight N relative to the center Z of H:*? may be identified with the
space Oy = fh;\, of theta functions of degree N and the restriction
Ug,n :=U| Hz(n) defines the standard action (transformation law) of the

element g € SLy(2,Z) on fhj\,.

(b) The multipliers m(g) may be chosen so that the quantization
maps g — Uy n are projective representations of SLy(2,Z/N), and indeed
so that Uy n is the metaplectic representation of Mps(2,Z/N).

(c) The index of the symplectic map g and contact transformation x4
in the sense of [Wei] equal zero.

(d) If no eigenvalue of g is a root of unity, then the spectral data
{€®Ni ¢n;} of Uy n satisfy the quantum mixing properties (MP!) (cf.
Definition 2a.6).

(e) One has the exact Egorov theorem: For ¢ € C*®(R*/Z?"),
U:llollU, = II(I1,0 - x4I1,)I1, where 11, is the Toeplitz projector for the
g g 9 gtlg g
complex structure g - 3.

The statements in (b)-(c) follow from that in (a). The main point is
that the Toeplitz method produces the metaplectic representations. This
is the periodic analogue of the result of Daubechies [D], which shows that
the Toeplitz method produces the real metaplectic representation.

In §6 we will present an exact trace formula for the traces of the
quantized symplectic torus automorphisms. As noted in the introduction,
the trace formula is classical ([Kloo]), although the method of proof appears
to be new.






