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The obtained estimates are sharp and hold uniformly for a certain class of operators. This
uniformity allows various applications for parameter dependent control problems and permits
us to deal naturally with the case of algebraically multiple eigenvalues in the underlying
generator.

Our approach sheds light on a new phenomenon: the condensation of eigenvalues (which can
cause a non zero minimal null control time in general) can be somehow compensated by the
condensation of eigenvectors. We provide various examples (some are abstract systems, others
are actual PDE systems) to highlight those new situations we are able to manage by the block
resolution of the moment problem we propose.

RESUME. — Cet article est consacré a la caractérisation du temps minimal de contrdle &
zéro pour des probléemes de controles linéaires abstraits. Plus précisément, notre but est de
répondre précisément a la question : quel est le temps minimal nécessaire pour amener a zéro la
solution du probléme issue de n’importe quelle condition initiale dans un sous-espace donné ?
Notre cadre d’étude englobe un grand nombre de systemes d’équations paraboliques linéaires
unidimensionnelles couplées avec un controle scalaire.

Par une approche classique, ce probleme de controle est ramené a la résolution d’un probléme
de moments dont nous proposons une nouvelle méthode de résolution par blocs. Les estimées
obtenues lors de cette résolution sont optimales et uniformes pour certaines classes d’opérateurs.
Cette uniformité a de nombreuses applications dans I’étude des problémes de controle dépen-
dants d’'un parametre et nous a permis de traiter simplement le cas ot 'opérateur d’évolution
possede des valeurs propres algébriquement multiples.

Cette approche nous a permis de mettre en lumiére un nouveau phénomene : la condensation
des valeurs propres (qui, en général, peut étre une cause de temps minimal de controle & zéro
strictement positif) peut étre d’une certaine maniére compensée par la condensation des
fonctions propres. Pour illustrer cela et mettre en valeur la résolution par blocs, nous traitons
différents exemples (aussi bien pour des systémes abstraits que sur des problémes d’EDPs).

1. Introduction
1.1. Problem under study and state of the art

This paper is concerned with the following abstract linear control system

y'(t) + Ay(t) = Bu(t),
y(O) = Yo.

(1.1)

We are more precisely interested in the minimal time issue for null-controllability,
which can be roughly expressed as follows: what is the smallest time 7y > 0 such
that, for any 7' > T}, for any initial condition yg, there exists a control u such that
the associated solution of (1.1) satisfies y(7') = 07 Under quite general assumptions,
we shall give formulas (that are reasonably explicit and usable) for such a minimal
control time. The precise notion of solution as well as the wellposedness result for
such system will be detailed below (see Propositions 1.1 and 1.2).

We will consider assumptions on the operator .4 that will relate (1.1) to parabolic
evolution equations. Thus, due to regularizing properties, one cannot expect to reach
any target in the state space and should rather try to reach any trajectory. By
linearity, this is equivalent to the aforementioned null-controllability property (see
for instance [Cor07, Sections. 2.3 and 2.5]).
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Pioneering works for null-controllability of a scalar one dimensional heat equations
are due to H.O. Fattorini and D.L. Russell [FR71, FR74]. For instance, they proved
null-controllability of the one dimensional heat equation using a nonhomogeneous
boundary condition as a control. For this purpose, they give a direct strategy reducing
the null-controllability property to a moment problem that the control should satisfy
(see Section 1.5 for a presentation of the moment problem). The moment method
they propose consists in solving this problem using a biorthogonal family in L?(0,7T')
to the family of exponentials associated to the eigenvalues of A*. Let us mention that
this idea of reducing a (optimal) control problem to a moment problem is already
present in the works [Ego63] by J.V. Egorov and [Gal69] by L.I. Gal’chuk.

Later on, A.V. Fursikov, O.Yu. Imanuvilov [FI96] and G. Lebeau, L. Robbiano
[LR95] used Carleman estimates to solve the boundary and internal null-controllab-
ility problem of the heat equation in any space dimension. These two papers have
generated plenty of null-controllability results for various parabolic problems. The
common qualitative behavior of these results is that for scalar parabolic equations
null-controllability holds in arbitrary time (i.e. 7o = 0) and without any restriction
on the control domain.

Among all of these results let use mention the peculiar work [Dol73] by S. Dolecki.
He considered a one dimensional heat equation, with a scalar control located at one
point inside the space interval, and proved that choosing suitably the location of this
control point one can achieve any value in [0, 40| for the minimal null-control time
Ty. Until the years 2000’s this work seemed to be considered too peculiar and the
possible presence of a positive minimal null-control time (a very natural property in
the hyperbolic case) was expected to be generically not possible in a parabolic setting.
However, this point of view has been reconsidered recently in various works as for
instance: [AKBDKO5] for abstract control problems, [AKBGBdT14] for the abstract
problem (1.1) with applications to systems of one dimensional coupled parabolic
equations, and [BCG14] for a degenerate parabolic two dimensional equation of
Grushin type.

Since then, the minimal null-control time property was investigated on vari-
ous examples,; still in the setting of coupled one dimensional parabolic systems
[AKBGBAT16, Dupl7, Oua20, Sam19] or in the setting of degenerate parabolic
scalar equations [BC17, BDE20, BHHR15, BMM15, DK20]. For coupled parabolic
systems a geometric control condition may also be needed for approximate control-
lability to hold [BO14, Olil4], proving once again that hyperbolic-like behavior can
be observed in the parabolic setting.

Concerning the study of the abstract control problem (1.1), some characterizations
are provided in the series of works [Gaull, JPP07, JPP10, JPP13, JPP14] using the
formalism of Carleson measures. However the precise question of an abstract charac-
terization of the minimal null-control time has not been much considered. A formula
has been given for the minimal null-control time of system (1.1), in [AKBGBdT14],
in a setting encompassing coupled one dimensional parabolic equations with a scalar
control. Its value depends on the condensation index of the eigenvalues of A* (see
Section 7.5 for a precise definition) and the observation of the associated eigenvec-
tors. In this work the authors assume that the eigenvectors form a Riesz basis of
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the state space. Let us also mention the work [AKBGBM19] where the null-control
time is studied through a resolvent-like inequality (introduced in [DM12]) that is a
quantification of the well-known Fattorini-Hautus test for approximate controllabil-
ity (see [Fat66, Olil4]). It is an abstract characterization that might not be easily
computable on actual examples but provides a common setting for all the previous
examples exhibiting a positive null-control time. The last two mentioned results
also rely on the moment method. Note that, even if the Carleman approach is very
powerful, it does not seem to be applicable to all the systems of interest: in many
situations (including the ones discussed in Section 5.2) the moment method is still
the only successful technique up to now.

To highlight the limitations of the existing literature on such problems and the
improvements we propose, let us consider the following control problem

Oy + (_(3“ Y i C(x)> y = (8) . (t,z) €(0,T) x (0,1),

y(2.0) = (u?t)) Sy = (8) . teT),
y(0,2) = yo(x), z € (0,1),

where ¢ € L?(0,1;R) is a given potential. We insist on the fact that our goal is
not to study this particular example but to develop a general characterization. The
application to this particular example is detailed in Section 5.2. The study of the
minimal null-control time for this system for an arbitrary potential ¢ is not covered
by the literature for several reasons.

e First, depending on ¢, the underlying operator can have geometrically double
eigenvalues. This induces (a finite number of) non-observable modes and
thus prevents even approximate controllability. We thus propose to extend
the study of the minimal null-control time to a given subspace of initial
conditions. This allows to still analyze the controllability properties in this
case.

e Even if the potential c is such that the eigenvalues are geometrically simple it
can happen that some of them are algebraically double. In this case, to the best
of our knowledge, the only existing results are [AKBGBdT11, FCGBdT10]
which ensures null-controllability in arbitrary time if the eigenvalues are well
separated (i.e. satisfy the classical gap condition recalled in (2.2)).

e Finally, if the potential c¢ is such that the eigenvalues are geometrically and
algebraically simple, to the best of our knowledge, the only existing result can
be found in [AKBGBAT14]. Under an extra assumption (on the observability
of eigenfunctions), it provides null-controllability at any time 7" satisfying

—Indist (A, o(A*)\{\
T >T" =limsup ( A }>
Aeo(A) A

However, their arguments to disprove null-controllability at time 7' < T
cannot be applied in this example when the potential c¢ is such that the family
of eigenvectors forms a complete family but is not a Riesz basis. Therefore, the

ANNALES HENRI LEBESGUE



A block moment method for parabolic control problems 721

above formula for 7" may dramatically overestimate the actual null-control
time for the system. We will see in Section 5.2.1 that it may happen that
T* = 400 whereas the system is actually null-controllable at any time 7" > 0.

We will use quite general assumptions in our analysis answering all these concerns
in the case of scalar control (see [BM20] for an extension to non-scalar control).
Doing so, we will prove that the difference between the Riesz basis assumption and
the complete family assumption for the eigenvectors is not only technical and a new
phenomenon can appear: the condensation of eigenvalues can be compensated by
the condensation of eigenvectors.

We continue this introduction by stating more precisely the problem under consid-
eration and the obtained results.

1.2. Functional setting

Let X be a Hilbert space, whose inner product and norm are denoted by (e,e)
and ||e|| respectively. We shall systematically identify X to its dual through the
Riesz theorem. Let (A, D(A)) be an unbounded operator in X such that —A gen-
erates a CY—semigroup in X and (A*, D(A*)) its adjoint in X. Up to a suitable
translation, we can assume that 0 is in the resolvent set of 4. We denote by X;
(resp. X7) the Hilbert space D(A) (resp. D(A*)) equipped with the norm ||z||, :=

| Az|| (resp. ||z||;. = [[A*z||). We define X_; as the completion of X with respect
to the norm v.2)
Y,z
[yl == sup :
zeXy ||#]|1*

Notice that X _; is isometrical to the topological dual of X7 using X as a pivot space
(see for instance [TW09, Proposition 2.10.2]); the corresponding duality bracket will
be denoted by (e, e) ; ..

Let U be an Hilbert space (that we will identify to its dual) and B: U — X_; be
a linear continuous control operator. We denote by B* : X; — U its adjoint in the
duality described above.

PROPOSITION 1.1. — Under the above assumptions, for any T" > 0, any yg € X_1,
and any u € L*(0,T;U), there exists a unique y € C°([0,T]; X_) solution to (1.1)
in the sense that it satisfies for any t € [0,T] and any z € X7,

t
(1.2) (Y(t), ze) 11 — <y0,e_t“4 zt>71 . :/0 (u(s),B*e_(t_S)A zt)Uds.

Moreover there exists Cp > 0 such that

sup [ly()] -, < Cr(llyoll 4 + ull 27309
te[0, T

The proof of this result is recalled in Appendix 7.1. Let us mention that this
notion of solution is very weak. In most works concerning controllability properties
for abstract systems like (1.1), an extra admissibility assumption is made on the
control operator B to ensure more regularity for the solutions. Note however that
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this is not mandatory to prove wellposedness of the system in the weak sense above.
We will discuss below the regularity properties of the control problem.

Let (XZ,].||,-) be an Hilbert space such that X; C X} C X with dense and
continuous embeddings. We assume that X is stable by the semigroup generated
by —A* (see Remark 1.3). We also define X as the subspace of X_; defined by

X .= {y € X 15 |lyll_, := sup M < —i—oo} :

cext |12]loe

which is also isometrical to the dual of X} with X as a pivot space. The corresponding
duality bracket will be denoted by (e,s) . .. Thus, we end up with the following five
functional spaces 7

XfcX;cXCcX ,CX .
We say that the control operator B is an admissible control operator for (1.1) with
respect to the space X_, if for any T' > 0 there exists Cp > 0 such that

(1.3) /OT HB*e—(T—t)A*Z

Notice that if (1.3) holds for some T > 0 it holds for any 7' > 0. The admissibility
condition (1.3) implies that, by density, we can give a meaning to the map

(t — B*e’(T’t)A*z) € L*(0,T;U),

>, VzeX

oO* )

2
At < Cr |z

for any 2z € X7.
In this setting, following the lines of [Cor07, Theorem 2.37] we obtain the following
regularity result for the solutions.

PROPOSITION 1.2. — Assume that (1.3) holds. Then, for any T > 0, any
Yo € X o, and any u € L*(0,T;U), there exists a unique y € C°([0,T]; X _,) solution
to (1.1) in the sense that it satisfies for any t € [0,T] and any z € X,

(0lt), )0 = (e a) = [ (uls) B 42) as

Moreover there exists Cr > 0 such that

sup [|y(®)l|_, < Cr(llwoll s + llull 20,70
te(0,T]

Remark 1.3. — Note that a similar regularity result holds if we don’t assume that
X7 is stable by the semigroup generated by —A* except that we need to restrict
ourselves to initial data yo € X. In that case the solution satisfies for any ¢ € [0, T
and any 2z € X,

(Y(t), 2t) o0 — (yo, e’tA*zt) = /Ot <u(5), B*e’(t’s)A*zt)U ds,

sup [ly(t)l|_, < Cr(llyoll + lull 20,70 )
te[0,T]

Remark 1.4. — The case where X] = X means that we do not have any addi-
tional regularity property for B. Conversely, the case X7 = X means that we have
the best regularity we can hope for system (1.1) (this is the usual definition of an
admissible control operator as in [Cor07, TW09]).
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To give more accurate results, we aim at analyzing the minimal null-control time
problem for each specified set of initial data. This is the object of the following
definition.

DEFINITION 1.5. — Let Yy be a closed subspace of X _,.We say that system (1.1)
is null-controllable at time T from Y} if for any y, € Yy there exists u € L*(0,T;U)
such that the associated solution of (1.1) satisfies y(T') = 0.

As a specific choice of Y; one can think of Yy = X_,, in which case we recover the
classical notion of null-controllability. On the opposite side, if Y} is a one dimensional
subspace Yy = Span{y}, then the notion above amounts to consider only the null-
controllability of the system for that particular initial condition .

From now on, we will assume that the space Yj is given, and we denote by Py, the
orthogonal projection onto Y, with respect to |[¢|_, and by Py, € L(X7) its adjoint
in the duality X_,, X}. Notice that these definitions yield

(1.4) HP;;OZ

<=

L* W, VzeX:

1.3. Notations

We give here some notations that will be used throughout this article.

e For any integers a, b, c € N, we shall define the following subsets of N:
[a,b] :=[a,b] NN,

[a,0] 4. == a, b] \ {c}-

e For any complex number p € C we define e, : (0,+00) — C to be the
exponential function

(1.5) eyt s e M

e We shall denote by C.,, ., > 0 a constant possibly varying from one line to
another but depending only on the parameters 4, ...,7.
e For any multi-index a € N", we denote its length by |a] = >°7_; a; and its
maximum by |&|s = max;epin ;.
For o, p € N, we say that @ < o if and only if p; < «; for any j € [1,n].
e For any finite subset A C C, we will make use of the polynomial P, defined
by

(1.6) Pu(z) =[] (= — ).

peEA

It satisfies in particular, for any \ € A,

PA) =TT = n).
s

TOME 3 (2020)



724

Assia BENABDALLAH, Franck BOYER & Morgan MORANCEY

1.4. Presentation of the main results

1.4.1. Spectral assumptions

In addition to the hypotheses described in the introduction that are necessary for
the well-posedness and regularity of our control problem, we shall make now the
following structural assumptions.

(1.7)

(1.10)

e First of all, we shall only consider scalar controls in this paper, that is U = R.
e We assume that the spectrum of A* is only made of a countable number of

geometrically simple eigenvalues denoted by A. We refer to Section 6.3 for a
discussion on this assumption.

We shall also assume for simplicity that the eigenvalues are all real
(see however the discussion in Section 6.1) and that

A C[1,400).

Note that, if (1.7) does not hold, we can replace A by A + 7 for v > 0 large
enough and find an associated null-control u. A null-control for the original
problem is then given by ¢ — eu(t) and we can explicitly bound its cost
with respect to the parameters v and T

For any eigenvalue A € A, we denote by a, > 1 its algebraic multiplicity and
we assume that there exists an integer n > 1 such that a, <7 for any A € A.
The main structural assumptions on the eigenvalues A we shall make in this
paper are the following:

— Asymptotic behavior:

Z 1 < +00.
,\eA>‘

— Weak gap condition with parameters p € N and p > 0:

#(Aﬂ[u,wp]) <p, Vel +oo).

In the case p = 1, the weak gap condition above simply reduces to
AN=XN|>p, VAN EANAN,

which is the usual gap condition used for instance in [FR71]. If the spectrum
A is increasingly indexed as A = (A;,)m>1 the weak gap condition (1.9) reads

Amgp = Am > p, Vm > 1.

As we will use a different labelling of the spectrum in this paper we shall not
use these notations anymore in what follows.
We denote by (¢9)aea an associated family of eigenvectors of A*. These
eigenvectors are chosen to be normalized in X.

As we are interested in null-controllability properties of system (1.1), we
will first assume that

B ¢} #0, for any A € A.

ANNALES HENRI LEBESGUE



A block moment method for parabolic control problems 725

This is a necessary condition for the approximate controllability of sys-
tem (1.1), and is therefore mandatory if we expect null-controllability to
hold. In our setting, the assumption (1.10) is also a sufficient condition for
approximate controllability (see [Fat66, Olil4]).

When the considered set of initial data Y} is not the whole space X _,, the
approximate controllability condition (1.10) can be too strong and we can
relax it. We will discuss this point in Section 6.2.

e For each A € A, we denote by (¢} )ie[1,ay—1] & Jordan chain associated with
@Y, that is a family satisfying

A\ = Aok + o\t Vie[l,ay—1].

By (1.10), we may uniquely determine such Jordan chain if we impose in
addition that the generalized eigenvectors satisfy

(1.11) B¢l =0, YIe€[l,ay—1].

This particular choice of the Jordan chain is not mandatory but will sim-

plify the forthcoming computations. In the case were the eigenvalues are

algebraically simple (n = 1) we drop the superscript 0 for the eigenvectors.
e We introduce the notation

= {g\, A e A le0,ar— 1]},

for the family of all the (generalized) eigenvectors of A*. We assume that @
is complete in X7 i.e. for any y € X_, we have

(1.12) ((4,0) oo =0, Voe@)= y=0.

We emphasize the fact that we will not make any additional assumptions on the
family ®. This is a very important difference with related results in the literature
in which, most of the time, it is assumed that ® forms a Riesz basis of X. This is
discussed in Sections 1.4.4 and 3.

In the forthcoming paper [BM20], we will study the extension of our analysis to
the case of possibly infinite dimensional controls.

1.4.2. Groupings of eigenvalues

To introduce our formula for the minimal null-control time it is convenient to
define adapted groupings for the spectrum A. We highlight that this notion does not
exactly coincide with the condensation groupings introduced by Bernstein [Ber33],
even though it is closely related.

DEFINITION 1.6. — Let p € N* and r, p > 0. A sequence of sets (Gi)r>1 C P(A)
is said to be a grouping for A with parameters p,r, p, and we will write (Gy)r>1 €
G(A,p,r, p), if it is a covering of A

A= G,

k>1
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with the additional properties that for every k > 1,
gk = #Gk <D,
sup(Gy) < inf(Gg41),

(1.13) dist(G, Grv1) 2 1,
and
(1.14) diam Gy, < p.

We prove in Appendix (Proposition 7.1) that such a grouping always exists for
any A satisfying the weak gap condition (1.9).

Once we are given such a grouping, we shall always adopt the following labelling
of the elements of A

Gk — {)\k‘,lv ey /\k,gk}
with A1 < -+ < Ay, and the (generalized) eigenvectors will be relabelled accord-
ingly
=, YE=1L,Vjielgl VIel0,a;—1],

where in the same fashion oy j := ay, ;. For any k > 1, we gather the multiplicities
associated with the elements of G, in the multi-index o = (akk’l, e a,\k’gk) € N9,

Remark 1.7. — The condition A1 < -+ < A\g g4, is convenient to treat the abstract
problem (1.1) but might not be convenient in actual examples. As all the estimates
in our analysis will depend on the parameters p and p, the eigenvalues inside a same
group are mostly interchangeable and thus the increasing labelling is not needed.

1.4.3. Minimal control time definition

From now on, we assume given a grouping (Gg)x in G(A, p,7, p). Thanks to the
assumption (1.10), we can define the following family of elements in X}

Py, () :
(115) = ﬁ Vk>1VYje[lglvie0a,—1]
7-]
Let
In (max W [)\(m) /\(ﬂgk)} )

14 k‘,l g ey k7gk .

(1.16) To(Yp) := limsup R <
k—oo Ak71

where the notation ¢[...] stands for the generalized divided differences (see Sec-
tion 7.3.2, in particular Proposition 7.10). From Proposition 7.16, notice that the

quantity @Z)[/\,(C“ 11), e )\,(Jfggl’:)] appearing in the previous definition is a linear combi-
nation of the elements

{%,j 7€, €0, 05 — 1]]}

whose coefficients can be explicitly computed on actual control problems (see Sec-
tion 5) and that only depends on the group Gy and on the multiplicity multi-index p.
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In the simpler case where the eigenvalues are assumed to be algebraically simple
(i.e. n = 1) we can immediately give a more explicit formula for 75 (Yp). Indeed, in this
case one recovers the standard divided differences (whose definition and properties
are recalled in Section 7.3.1) and thus

1 Mems «oos A .
n max 14 A, ralll
(1.17) To(Yp) = limsup ms!
k—o0 )\k,l

Then, using Corollary 7.8 and (1.14) it comes that the computation of all those
divided differences is not needed and the formula reduces to

In ( max [[Y[Ae1, -, Akl M)
. le1,9x]
(1.18) To(Yp) = limsup
k—o0 )\k,l
In | max zl: Yk.j
le[1,gx] ||5=1 ie[[ll_,zlﬂ _()‘k.,j*Alc,i)
(1.19) = lim sup 7 o*
k—o0 )\k 1

)

where the last equality comes from the use of Newton formula (see Proposition 7.4).

Remark 1.8. — The definition above corresponds to a given grouping of the spec-
trum, however the minimal null-control result stated in Theorem 1.11 will show that
its value does not depend on this particular choice of a grouping. As a consequence,
for specific examples, one can compute the minimal null control time Ty(Yy) using
any convenient such grouping in a class G(A, p,r, p).

For the sake of simplicity, for any yo € X_, we denote by Ty(yo) the quantity
To(Span(yp)). Of course, we have the following proposition relating T4 (Ys) and Ty (yo)
for yo € Y.

PrROPOSITION 1.9. — For any closed subspace Yy C X _,,
sup To(yo) = To(Yo).
Yo€Yo

This assertion is proved in Section 7.4.

Remark 1.10. — Let us discuss the sign of Ty (Yp).

e In the case Yy = X_, (the operator Py, thus reduces to the identity), the mini-
mal time Tp(Y)) is always non-negative. Indeed, from the case p = (1,0, ..., 0)
in the definition (1.16) of 7 we have that

0
In Hif‘lo o
To(X_o) = limsup _
k—o0 >\k 1
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From the admissibility condition (1.3) applied to z = gbk 1, we deduce the
following upper bound ‘B gb,ﬁ ’ Cy/ k1 Hgbk 1H . Thus,

In 7| o

which proves that To(X _,) € [0, +o0].
e In the general case where Y} is a strict closed subspace of X_,, it may happen
that Ty (Yp) < 0.
For instance, if we choose 1y € X7 to be an eigenvector of A for an eigenvalue
A € A, then we have Ty(yg) = —oo. Indeed, we first observe that

(0, 0%) = (0. 8%) =0, VX € AN # A,

which implies, with Yy = Span(yo) that Py, ¢, = 0 for any X' # X\. We deduce
that the logarithms in the definition of Ty(yg) are all equal to —oo for k large
enough.

1.4.4. Null-controllability result

The main result of this paper reads as follows (see also the extension discussed in
Section 6.1).

THEOREM 1.11. — Assume that the operators A and B satisfy the assumptions
given in Section 1.4.1. Let T > 0 and Ty(Yy) be defined by (1.16). Then,
(i) If To(Yp) < +o0 and T > Ty(Yy), the system (1.1) is null-controllable from
Yy at time T
(i) If To(Yo) > 0 and T < Ty(Yp), the system (1.1) is not null-controllable from
Yy at time T'.

Let us briefly mention that our strategy of proof relies on an adapted block reso-
lution of the associated moment problem (see Theorems 2.5 and 4.1). In the case of
spectral condensation this new method of resolution ensures sharper results than the
one given by standard biorthogonal families. However, as a by-product, in the case
of algebraically simple eigenvalues we recover the known optimal estimates for such
biorthogonal families (see Corollary 2.6). In the case of algebraically multiple eigen-
values we provide new estimates for such biorthogonal families (see Corollary 4.2).
Before describing with more details this strategy of proof let us make some comments.

e There are settings in which formulas for the minimal null-control time are
already known in the literature for instance when the eigenvalues are alge-
braically simple and:

— when the condensation index of A (see Appendix 7.5 for a precise defini-
tion) is equal to 0 (see [AKBGBM19, Remark 1.15]);
— or when the family (¢))xea of eigenvectors forms a Riesz basis of X
(see [AKBGBdT14)).
Obviously, in those settings we recover the known expressions. This is dis-
cussed in Section 3.1 and Section 3.2.
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e However, we also prove that the Riesz basis assumption considered in
[AKBGBAT14] is not only technical. More precisely, we show in Proposi-
tion 3.3, that if the Riesz basis assumption does not hold, then the actual
minimal control time is less or equal than the value T given by the formula in
this reference (see (3.2)). Moreover, we present in Section 5.1, a few examples
that are built such that the value of T* is any chosen element of [0, +o0]
whereas the minimal null-control time 7(X_,) is in fact 0.

This highlights a new phenomenon: when (¢)xea does not form a Riesz
basis, it may happen that the eigenvectors condensate (or more precisely the
eigenvectors normalized with respect to the observation i.e. B‘fg)) and this
condensation can compensate for the condensation of eigenvalues.

e The weak gap condition (1.9) is particularly well adapted to the applications
we have in mind, namely coupled one dimensional parabolic equations in
which case the spectrum is given by a finite union of sequences satisfying a
classical gap condition (see for instance Lemma 2.3).

The restriction to the one dimensional case in those applications comes from
the assumption (1.8). Although this assumption can be seen as a restriction
due to the use of moment method, as we are considering scalar controls
(U = R) it is also a necessary null-controllability condition (see for in-
stance [Mil06, Appendix A]).

e As we precised the space of initial conditions in this study of minimal null-
control time, it directly comes that finite linear combination of eigenvectors are
null-controllable in arbitrary small time: the existence of positive minimal null-
control time is definitely a high-frequency phenomenon as already observed
in Remark 1.10.

e In this article we not only prove Theorem 1.11 but we also develop a new
strategy to solve moments problem: the block moment method presented in
Section 1.5. The resolution of these problems (see Theorems 2.5 and 4.1) is
done with precise estimates. This not only leads to the construction of a
control but also to uniform estimates, with respect to A in a certain class,
on this control (see Corollaries 2.11 and 2.12). Those uniform estimates are
important in various contexts when one wants to achieve bounds on the
control for parameter-dependent problems (see for instance [AB20, ABM18§]
for an example in numerical analysis of null-controllability problems, or [LZ02]
for an example in oscillating coefficient problems). Thus, the block moment
method can be of interest to study parameter-dependent problems even in the
presence of a strong gap condition, in particular in the case where the strong
gap badly behaves with respect to the parameter. Actually, this strategy has
already been applied in [BB19] to study the boundary controllability of a
coupled parabolic system with Robin boundary conditions, uniformly with
respect to the Robin parameters. Moreover, this uniformity property will be
crucial in Section 4 to infer the results on multiple eigenvalues from the ones
on simple eigenvalues.
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1.4.5. Structure of the article

We end this introduction by describing the global strategy used to prove Theo-
rem 1.11 and giving some further bibliographical comments. Section 2 is dedicated to
the proof of Theorem 1.11 in the case of algebraically simple eigenvalues. We provide
in Section 3 a comparison of our results with available results of the literature. In
Section 4 we prove that the uniform estimates obtained in Section 2 allow to prove
Theorem 1.11 in the general case of algebraically multiple eigenvalues. To highlight
the new cases and phenomenon covered by our analysis we present different examples
in Section 5. Then we propose some extensions in Section 6. To ease the reading we
gather various technical results in Section 7.

1.5. Strategy of proof

The proof of the positive controllability result (that is point (i) of Theorem 1.11)
relies on a block resolution of the moment problem. Let us give more details about
this strategy.

Let yo € Yy and v € L%*(0,T;R) given. Using Proposition 1.2, it comes that
y(T) = 0 if and only if the control u satisfies

T
(1.20) - <y0,e*”*¢> - / uw(t)B'e T pdt, Vo e X
—0,0 0

As the family ® of (generalized) eigenvectors is assumed to form a complete family
in X (see (1.12)) it is in fact sufficient to test (1.20) against the elements of ®.
Therefore a null control u is characterized by the following countable set of equations

T
(1.21) —<y0,e_TA*¢l/\> . :/ u(t)Bre” T4 phdt, YA€ A VIe[0,ay—1].
—o,0 0

Using the formalism of generalized divided differences, we can give a convenient
expression of the action of the semi-group on the generalized eigenvectors as follows

l (p) A
. Z €4 ( ) I—p
- A
(1.22) = P

this last equality coming from Definition 7.12. Then, y(T") = 0 if and only if for any
A€ A and any [ € [0,y — 1],
T
Y (1+1) _ (1+1)
| = 0B ((ers) [N] )at = = (g0, (exe) [N])

—0,0
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By (1.11), and since yo € Yp, this reduces to find v € L?(0,T;R) such that for any
A€ A andany ! € [0, — 1],
oy [T (=0 : (1+1)
(B gb)‘)/o w(T —t)——e Mdt = — <yo,PYO(eT¢) {)\ D_ ,

[! 00

that is, using (1.10) and (1.15),
(1.23)
(=)

T
/ u(T — 1) e Mt = = (yo, () NHV]) WA €A VIE 0,00 -1,
0 ! —0,0
To solve this so-called moment problem the classical strategy introduced in [FR71]
consists in designing a biorthogonal family in L?(0,T) to

{tn—>tle”\t; AEA Le[0,ay— 1]]}

with associated estimates. Then, thanks to these estimates, a suitable control is
defined. Usually in this procedure each biorthogonal element is estimated separately.
Thus, this method is somehow inoperative to analyse the possible condensation of
eigenvectors (which is related to possible cancellations in linear combinations of
right-hand sides of (1.23)). We will thus propose to solve this moment problem
using the grouping introduced in Section 1.4.2; in order to cope with such possible
compensations. We then look for a solution u in the form

(1.24) ult) = = 3 gl = 1)

where each g, will solve the moment problem corresponding to the group Gy. More
precisely, such a control will formally solve (1.23) if
(1.25)

T —_t)
/ qk(t)( l”) B_Ak"j'tdt = 0, VK 7'é k}, \V/]/ S [[1,gk/]], v S [[0, Qpr g0 — 1]],
0 :

T —t)! .
oS a = Gtern P
Vk>1,Vje[l,gl] VIe[0,ar; —1].

Then the proof of point (i) of Theorem 1.11 reduces to the resolution of such a
block moment problem with suitable estimates (see Theorem 4.1). First, we solve
in Theorem 2.5 the block moment problem in the case where the eigenvalues are
algebraically simple i.e.

T
| aewrtat =0, ¥k £k, V5 € [Lgul.
0

(1.26) "
/0 qk(t)e_)\k’jt dt = e_Ak’jT <y07 ¢k,j>,<>’<> ) vk > 1,\V/j € [[17 gk]]

This construction uses a Laplace transform isomorphism together with a suitable
restriction argument (Proposition 2.10). The obtained estimates on ¢ will allow to
prove convergence of the series (1.24) when 7' > T,(Yp). Those estimates are uniform
with respect to A in a certain class (see Definition 2.1) which will allow in Section 4
to infer the resolution of (1.25) in the general case.
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Remark 1.12. — Contrarily to the classical strategy, notice that the sequence
(qr )k is not a biorthogonal family to

{tr—>tle_)‘t; AEA L€ [[O,a,\—l]]}.

The function ¢ is only orthogonal to those functions corresponding to groups other
than Gj,. Inside the group G}, its definition is adapted to solve the moment prob-
lem (1.23). Through the right-hand side (adapted to each initial condition) we will
possibly take into account the insufficient observation of eigenvectors, the conden-
sation of eigenvalues but also the condensation of eigenvectors. This construction
can thus be seen as a block moment method. As we consider at the same time the
eigenvalues associated to a same group this will lead to sharper estimates than the
one coming from the design of a biorthogonal family (i.e. when considering each
eigenvalue individually).

However, as already mentioned, our strategy still allows to prove the existence and
sharp estimates on biorthogonal families (see Corollary 2.6 and Corollary 4.2). Let us
mention that, to the best of our knowledge, the estimate we obtain in Corollary 4.2
for a biorthogonal family in presence of algebraic multiplicity of eigenvalues without
the standard gap condition was not known. Even though these biorthogonal families
are not always suitable to deal with controllability properties in presence of spectral
condensation (this is why we designed this block resolution of the moment problem)
they can be useful for other problems.

Let us mention that, in the context of control problems with a spectrum satisfying
the weak-gap condition, divided differences were already used for instance in [AI01,
BKLO02]. Among other things, in theses works, the authors give a necessary and
sufficient condition for the family of (generalized) divided differences

{tedideal, ot efider, . idig], k>1}

to form a Riesz basis of L?(0,T’;C). The possible condensation of eigenvalues then
appears to deduce properties on the original family of exponentials (t — €™?)\cq.
Their results are then applied to hyperbolic control problems.

The results presented in our work can be seen as the “parabolic” equivalent
(or the “real-valued” equivalent if one focuses on the exponentials) of these results.
Nevertheless, the control problems have really different behaviours as well as the
families of exponentials. Indeed, in our setting the considered families never form a
Riesz basis. Thus, neither work can be deduced from the other.

The proof of point (ii) of Theorem 1.11, relies on the optimality of the bounds
proved in Theorem 2.5 for the resolution of the block moment problem.

As dealing with null-controllability from a proper subspace of initial conditions is
not classical let us recall the following lemma that characterizes this controllability
through an observability inequality.

LEMMA 1.13 (see for instance [AB20, Lemma 2.1]). — Let M > 0. The following
two propositions are equivalent.

(1) For any yy € Yy there exists a u € L*(0,T;U) such that y(T) = 0 and

[l 20,50y < M|l -, -
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(2) For any zr € X}, the following partial observability holds:
T

< MZ/ HB*e_(T_t)A*zTHQ dt.
0 U

In this case, the best constant M satisfying those properties is called the cost of
controllability from Yy at time T" and is denoted M (Yy,T).

2

(1.27) HP{;O (e_TA*zT)

oF

2. The case of simple eigenvalues
2.1. Null-controllability in large time

The goal of this section is to prove Theorem 1.11 Point (i) in the case of algebraically
simple eigenvalues. Thus, in all this section we assume that n = 1.

As explained in Section 1.5, we will now focus on the construction of a solution
to (1.26). Of course as we want to design a control u € L*(0,T;U) the estimate
of ||qk|lr20,r;r) Will play a crucial role to prove that the series (1.24) makes sense.
Actually we will prove sharp estimates that are uniformly valid for A in a certain
class. These uniform estimates can be used for various applications and will be
crucial to deal with algebraic multiplicity of eigenvalues in Section 4. We start by
specifying the class of A we will consider.

DEFINITION 2.1. — Let p € N*, p > 0 and N : (0,+00) — R. We say that
a countable family A belongs to the class L, (p, p,N') if A satisfies the weak-gap
condition (1.9) with parameters p and p and if for any € > 0 we have

1
(2.1) Y o<e
AEA A
A= N(e)

This definition is directly inspired by the pioneering work [FR74]. More precisely,
the class of sequences used in [FR74] is similar to L, (1, p, N'), but it is however
slightly different since in (2.1) the summation condition is given on the value of A
itself whereas in the above reference the condition is on the index of the eigenvalue
in A (which is supposed to be sorted increasingly). Despite this small difference
(whose aim is to simplify some computations) the results we shall take from [FR74]
that use this definition are also valid with this alternative definition and thus we set

L(p,N) = Lo(1, p, N).

Remark 2.2 (The usual gap condition). — With our definition, a sequence A
belongs to L(p, N) if it satisfies the classical gap condition

(2.2) N A >p YANEA, A£N,
and the asymptotic behavior estimate (2.1).

As we will see in the examples (Section 5), the typical situation where sequences
satisfying the weak gap condition appear is when one glues a finite number of
sequences, each of them satisfying a standard gap condition as in Remark 2.2. This
is formalized in the following Lemma 2.3.
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LEMMA 2.3. — Let p,p € N*, p,p > 0 and N, N - (0, +00) — R given. Then, for
any A € L,(p,p,N) and A € L, (p, p,N'), we have

AUA€ Ly, (p,pN),
with p = p+ P, p = min(p, p) and N'(¢) = max (/\/’(5/2),/\7(5/2)).
Proof. — Let us first prove the weak gap condition. For any p > 0, we have
[, e 4 p] N (AUI\)
= (o + 0 VAU ([ + 5] N A) € ([ pp+ p) VAU ([ e+ 5] VA
and taking the cardinal, we get
#lp+p 0 (AUA) <p+5=5

For the asymptotic behavior of the sequences, we have

1 1 1 1 1 e ¢
RTINS VRSP M LD ML SRR
A A D\ A < XN 2 2
AEAUA AEA AEA AEA AEA
ASN(e) A>N (e) ASN(e) A>N(e/2) A>SN(e/2)
The claim is proved. U

The following straightforward facts will also be useful.

Remark 2.4. — Let A € L,(p, p,N).
e Any A C A also satisfies A € L, (p, p, ).
e For any h € (0,infA), A+h € L, (p,p, %f)

Using this class we prove the following theorem.

THEOREM 2.5. — Let T € (0,+00]. Let p € N*, r,p > 0 and N : (0, +o0) — R.
Assume that A € L, (p, p, N') and let (Gy), € G(A, p,r, p) be an associated grouping.
For any € > 0, there exists a constant C, r,p ,, p, ;v > 0 such that for any k > 1, for

any We1, - -, We, g € C, there exists g, € L*(0,T; C) satisfying

(2.3a) /OT (e tdt =0, VYE # kY5 €1, gv],
(2.3b) /OT gr(t)e itdt = wy ;Y 5 € [1, g1,

and

(2.4) gkl r200.7.0) < Ce 7,1, py N EH Do WAEL, s Ak |-

Moreover, up to the factor e, this last estimate is sharp: any solution g, €
L*(0,T;C) of (2.3b) satisfies

(2.5) | 200, 7 0) = C~'p max_ |(W[Ag1, -5 Ak

. b
i€[1,9x]

for some é’p > 0.
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The proof of Theorem 2.5 is conducted all along Sections 2.1.1 and 2.1.4.

Before going on with the proof, let us notice that the resolution of the block
moment problem (2.3) for a specific choice of wy ; allows to prove, as a by-product,
the existence and uniform estimates of a biorthogonal family to the exponentials

(ex)rea Where ey is defined by (1.5).

COROLLARY 2.6. — Let T € (0,+oc]. Let p € N*, r.p > 0 and N : (0, 4+00) — R.
Assume that A € L,(p, p, N') and let (G, € G(A, p,r, p) be an associated grouping.
For any k > 1, for any j € [1, gx]], there exists qx; € L*(0,T;R) satisfying

T
(26) /0 th(t)e_)\k,’j/tdt = 6k,k' 5j,j’7 v ka K P ]_,V] € [[Lgk]]?V j/ € [[Lgk’]]u

where § denotes the Kronecker symbol. Moreover, for any € > 0, there exists a
constant Ce 1, n > 0 such that for any k > 1 and for any j € [1, gi],

66)\]@71

YE, ()

gx,5llz20,7:8) < Ce,1,p,7p,

b

where Py, is defined in (1.6).
Moreover, up to the factor e+, this estimate is optimal since any function k. j
satisfying (2.6), satisfies the lower bound
1

@kl 20,7 m) = 5';;7
P, )|

for some ép > 0.

Proof. — Let k > 1 and j € [1, gx]. Let qx; € L*(0,T;C) be the solution of the
block moment problem (2.3) given by Theorem 2.5 associated with the right-hand
side wy j» = d; ;5 for any j" € [1, gx]]. Since those values of w are real we can change
gk in its real part without changing its properties. Then, the equalities (2.6) follow
directly. Moreover we have

HCIk,j||L2(0, T;R) < Ce,T,p, 7’,p,/\f€6>\k’1 ‘max W[)\k,la ceey /\k,z] .
le[[lvgk]]

From the Newton formula (see Proposition 7.4) it comes that for any i € [1, gx],

0, if i < j,
UJ[Ak,l,...,)\k,i] H (ik )’ ifi 2]
\J ;m
me[[l,i]];éj

To conclude the proof of Corollary 2.6 we prove that there exists C), , > 0 such that
for any k> 17 j S Hlagkﬂ and any i € [[]a gk]]a

(2.7) T ey = Ml = Copl P, (M)l
me[[l,i]]yéj

Indeed, we have

[T A — Al IT [ Aej — Al
me[L,i] ., _ melLily, B 1
PG, (Akj)| IT Ay — Aeml [T [ Mej— Ml
me[L,gx].; me[i+1,gx]
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By (1.14), we get
p\k,j_kk,m’ < p, Vme [[Z+1,gk]]
Thus,

[T [ Ay — Al

me[Lil; 1\
(2.8) > () |
| P, (Ak )| P

As the right-hand side only takes a finite number of values, inequality (2.8) proves

(2.7) and ends the proof of Corollary 2.6.
The lower bound directly follows from (2.5) and the inequality

__t
P, )|

2 ‘w[kkyl, RPN )‘k,gk]

26[17gk]]

w[)\m, C.e 7/\k,i]

2.1.1. Resolution of block moment problems in infinite time

In this section, we start by proving Theorem 2.5 in the case of simple eigenvalues
and with T' = 4+o00. More precisely, we prove the following proposition.

PROPOSITION 2.7. — Let p € N*, r,p > 0 and N : (0, +00) — R. Assume that
A€ Ly,(p,p,N) and let (G, € G(A,p,r, p) be an associated grouping.
For any € > 0, there exists a constant C p, , , v > 0 such that for any k > 1, for
any W1, ... ,wrg, € C, there exists gy € L*(0,4+o00; C) satisfying
+oo

Gr(t)e 0t dt = 0, VK # kY5 el ],

(2.9 0,
/0 Gr(t)e it dt = wyj, V€L, ],

and

w[)\k,l, ceey )\k,z]

H(ijL?(O, +oo;C) S Ce,p,r,p,NesAk’l max
Zeﬂl,gk]]

The proof relies on the construction of an holomorphic function satisfying suitable
properties and estimates. The resolution of the block moment problem (2.9) then
comes from the isomorphism induced by the Laplace transform.

Proof. — Let us start by recalling classical properties of the Laplace transform
(see for instance [Sch43, pp. 19-20] and the references therein). Let H?(C") the space
of holomorphic functions F on C* = {z € C; R(z) > 0} such that

Sup | (0 + ie) || e ) < +o0,
endowed with the norm
I F |72 (cvy = sup I1F (0 + o)1 72 (g: )
From the properties of H*(C"), it comes that
Dl :/R\F(iT)]QdT, V¥ F e HY(CH).
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Then the Laplace transform
400
L: f € L*(0,4+00;C) (F Aect s [ e‘”f(t)dt) € H*(CH)
0
is an isomorphism.
We shall construct for each k, a function J;, € H*(C") satisfying
(2.10) Jk()\) =0, Ve A\Gk,
(211) Jk()‘k,]) = Wk, Vje [[Lgk]];

and such that for any € > 0, there exists C;,,,, » > 0 such that

/ | Je(37)|2dT < Ceprpare™t max |w[hp, ..o Medl|, Ve =1
R ielllmgkﬂ

Taking advantage of the isomorphism property of the Laplace transform we will then
set g, := L™1(Jx), to conclude the proof.

2.1.2. Construction of Jj

We define J, as

Pk<Z)
(14 z)p Wi(2)

where P is a polynomial of degree less than p which is precised below and Wy is
the following Blaschke-type product

(2) = d ( )\—z)
7j=1 )\EAj\Gk A+Z

Jk:ZE(C+I—>

where
(2.12) Aj = {Mmingigy, =1}

The sequence A; contains the j™ element of each group Gy, except if this group
contains less than j elements, in which case, we replace it by the largest element of
Gy that is \; 4. In particular, we observe that A; is a subsequence of A.

From (1.8), we deduce that ¥ycp, 3 < +00, so that for any j, the associated
infinite product uniformly converges on any compact of C*. As a consequence, W},
is well-defined and holomorphic in C* (see for instance [Rud87, Chapter 15]). It
follows that .J;, is also holomorphic on C*.

We shall need the following property, whose proof is technical and postponed to
Section 2.1.6.

PROPOSITION 2.8. — There exists a constant C. , , , v > 0 such that for any
k> 1, anyl € [0,p], and any 6 € Conv(GYy,),

(2.13) ‘(Vé)m ()

5>\k,1

< Cep,ropNE
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From the definition of W}, it comes that (2.10) is satisfied. Next, it comes that (2.11)
is equivalent to

(1+/\kj)p )
P\ ;)= — ™42 . \vd 1 .
k( ka]) Wk(}\k7‘7> wk7]7 ] e[[ 7gk]]
Let
fisERm (1457 and fy:seRe 2O
Wi(s)

To satisfy (2.11), we define Py as the Lagrange interpolating polynomial at points
A; with values (fyw)[Arj] == fr(Ak;)wk,; that is, in Newton form,

Ik _
:Z(fkw)[)‘k,la "'7)‘kj H Z_)\kz
j=1 =1

Thus, to conclude it remains to estimate / | Jy.(i7)|*dT.
R

2.1.3. Estimate of J
Notice that since the eigenvalues in A are real, for any £ > 1 and any 7 € R, we
have |Wy(i)| = 1. This implies

(7] + Megs)”
(1 + 72)r/2 JG[[l gk}]

(2.14) PAGHIEN7

| (fr) Mty s Al

and thus J, € H*(C™).
Using Leibniz formula (see Proposition 7.7),

(2.15) |(Fo) P - gl < zjj Feleis o el [0l - Al
=1

Using again Leibniz formula (see Proposition 7.7),
J 1
(2.16) Filwis s gl = 2 s s A (537 ) Do =5 gl
m=t k
The two factors in each term of this sum are estimated using Lagrange theorem (see
Proposition 7.5):
e First, we have

Fm =0 (6r)
)\ By =y /\ m| = 7~y
F ) (m —)!
with 6i € [Ari, Akm]. It comes that there exists C,, > 0 such that
(2.17) Dty - k]| < G+ M) < Copl1+ Mg, )P

e Second, we have

L1 A ! LG
() e g ()

with gk S [)\k,m, )\]w*].
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By using (2.13), it follows that
1
2.18 ) S VI T
(218) (57 ) Poms -+ M
Recall that (1.14) implies A; g4, — A1 < p. Then, using (2.17) and (2.18) into

the identity (2.16) proves that there exists C., ., > 0 such that for any 7,5 €
[[17916]]72 < j> we have

e
< 0‘571)) puNe "9k :

‘fk[)\k’i’ Tt /\k,j]‘ < Os,p,r,p,/\few\k’l.
Plugging it in (2.15) we obtain
Mt oo Akgll < Ceoprpne®! Mt el
jellan] |(Fre)Abas - Al < Ceporp e il g1 w[Ak,1 i

Finally, getting back to estimate (2.14), and using the isomorphism property of L
ends the proof of Proposition 2.7. O

2.1.4. From infinite time horizon to finite time horizon

In this section we first prove that the estimates on the solution on (0, +00) of the
block moment problem (2.9) for simple eigenvalues given in Proposition 2.7 implies
the resolution on (0,7") of the similar block moment problem (2.3). More precisely
we prove the following.

PROPOSITION 2.9. — Let p € N*, p > 0 and N : (0,+00) — R. Assume that
A€ Ly(p,p,N). For any T > 0, there exists a constant Cr,,, , v > 0 such that for
any q € L*(0,+00;C) there exists ¢ € L*(0,T;C) satisfying

T +o00
/ g(t)etdt = / (e Mdt, Ve A,
0 0
and
”quLQ(O,T;C) < CT7p,p,N||a”L2(O,+oo;(C)'

For any T € (0, +o0], we set

A(A,T) :=Span{ey; A € A}L2(O’T;C),

where e}, is defined in (1.5). The proof of Proposition 2.9 mainly relies on the following
proposition that gives an estimate on the inverse of the restriction operator.

PROPOSITION 2.10. — Let p € N*, p > 0 and N : (0,400) — R. Assume that
A€ Ly(p,p,N). Let T > 0 be fixed. Then, the restriction operator

(2.19) Ryq:q€ AN, +00) = qor) € AANT)
is an isomorphism. Moreover there exists a constant Cr,, , v > 0 such that
(2.20) ||RX121“" < Crpp, V-

In the case p = 1, this result is due to Fattorini and Russell [FR74, Theorem 1.3].
Our proof follows closely the strategy developed in this reference and takes advantage
of the uniform estimates we established in the previous sections.
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Proof. — The fact that Ry r is an isomorphism is proved in [Sch43] under the sole
assumption (1.8). The only thing to prove is thus the bound (2.20).

The proof is done by contradiction. Assume that the estimate does not hold for
given T, p, p, and N, then there exists a sequence (A™),,>1 belonging to the same
class L (p, p, N'), such that
(2.21) |Ram 2| === +o0.

m— 00

For each m, by Proposition 7.1, we consider a grouping (G7*)x € G(A™,p, p/p,N),
and from (2.21) we know that there exists coefficients aj; such that the finite linear

combination
K™ 91"

P™ it Z Z aije*Aijt,

k=1 j=1
satisfies
1P| z20,0050) = 1, and | P™|| 20, 7) ——> 0.

Let 0 < & < £ be fixed and let CJ, := {z € C; R(z) > 2c}. We prove that the
sequence z — P™(z) is uniformly bounded on any compact of C3..
Let m > 1 and z € C§.. Then for any k € {1,..., K™} the application of Proposi-
tion 2.7 to the sequence A™ yields the existence of q,"* € L*(0,+o00; C) satisfying
[ weetar=o, VK £k Y5 e Lol
(2.22) 0.
L@ me it dt = e v e g

and

HQ}T’ZHB(O,JFOO;C) < Cs,p,p,f\fes)\zfl < max €z[>\Z,‘1, ceey ?j]‘) )

jellg]
where e, is defined in (1.5).
The previous right-hand side is estimated using Lagrange theorem (see Proposi-
tion 7.5). As the function e, is complex-valued we apply it on both its real and
imaginary parts. This yields

max
jella]

€z [)\Z,le SR Z,LJ}D S vaP|Z’p6_§R(z))\gl'

Thus,
HE]J]T’ZHB(O,—FOO;C) < C’sm’va|Z|P6—(§R(z)—a),\zfl.

Then, using (2.22) it comes that, for m sufficiently large,

K™ 9y too ar
pm ~m,z o Z Z am e—/\;’},].tvm,Z(t)dt o Z am 6_)\%’2
e/ r200,000) g ), (L - k. ‘

R k'=1j=1 Jj=1

From Cauchy-Schwarz inequality we deduce that

I
> ape 7 < P20, + 00:0) 1T 220,001 €) < Cpponv|2[Pe” TN
Jj=1
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Summing these inequalities we obtain that for any z € C3_,

Km

P2l < )

k=1

gy

Z ak’,a N

7j=1

< sp,p,/\/’z‘pze R(z)—¢) kl,
k>1

From the properties of the groupings (see Definition 1.6), it comes that A}, > g(k:— 1).

Thus, for any z € C4,

(223) AP < CopplaPe 7T 3 T < Cp e,
k>1

This gives that (P™),, is a sequence of holomorphic functions uniformly bounded
on any compact of C5.. From Montel’s theorem it comes that we can extract a subse-
quence converging uniformly on any compact of C3. to an holomorphic function P.

Now recall that ||P™| 2, 7,c) goes to 0 as m goes to infinity. This implies that
P(t) =0 for any t € (2¢,T). The function P being holomorphic it comes that it van-
ishes on Cj.. Using (2.23) and the Lebesgue dominated-convergence theorem yields

1P| L2(0,4-00:0) 7= 0.

m— 00

This is in contradiction with ||P™(|12(0,+«;c) = 1 and ends the proof of Proposi-
tion 2.10. 0

We now have all the ingredients to prove Proposition 2.9.

Proof of Proposition 2.9. — This proof follows closely the one of [AKBGBdAT11,
Section 4] and [AKBGBdT14, Lemma 4.2]. From [AKBGBdT11, Corollary 4.3], as A
satisfies (1.8), it comes that A(A, +00) is a proper subspace of L?(0, +00; C). Let IT,
the associated orthogonal projection. Let ¢ € L?*(0, +o00, C). Then, by construction,
we have

+oo

+oo
(2.24) AG(t)e Mdt = / G(t)eMdt, V€A
0 0

From Proposition 2.10, the restriction operator Ry 1 defined by (2.19) is an isomor-
phism. Thus, setting ¢ := (RX}T)*HAE]V ends the proof of Proposition 2.9. Indeed,
there exists Crp o > 0 such that

lall20,7:0) < Cr,p, o, M N1G 2200, + 00 ©)

and, using (2.24), for every A € A,

T
)\t —1 \* ~ q -1
/o q(t)e™dt = <(RA ) 1ag, 6A>L2(0, T <HAq’ RAvTRA’T€A>L2(0,+oo)

+oo
_ / Je ML, 0

We can now conclude the proof of Theorem 2.5 for simple eigenvalues.

Proof of Theorem 2.5. — The resolution of the block moment problem (2.3) as
well as the estimate (2.4) follow directly from Propositions 2.7 and 2.9.

The only thing left to prove is the lower bound (2.5). Let ¢, € L*(0,T;C) be any
solution of (2.3b). Using the linearity of divided differences, equalities (2.3b) imply
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that for any i € [1, gx]

T
(2.25) MMM“AM:AqNMWw“wMMt

where e; is defined by (1.5). From the Lagrange theorem (see Proposition 7.5) and
the fact that e,(f_l) is decreasing on (0, 4+00), it comes that for any ¢ € (0,7), we have

lec Moty ooy )| < tPe Mt L tPe

since we assumed that A C [1,+00). Thus applying the Cauchy—Schwarz inequality
to (2.25) gives

T 2
W[5 - Akl < @kl 200,750 (/0 t2p€_tdt> < 2okl 200, 7; )

which proves (2.5) and ends the proof of Theorem 2.5. O

2.1.5. Counstruction of the control

In this section we gather the previous ingredients to prove the positive control-
lability result. We also give an upper bound and a lower bound on the cost of
controllability from Y{ at time T" as defined by Lemma 1.13.

Proof of point (i) of Theorem 1.11 for simple eigenvalues. — Assume that Tp(Yp)
< 400 and let us consider an initial data y, € Yy. Without loss of generality we
assume that ||yo||_, = 1.

Let T' € (Tp(Yp), +00) and € > 0 be such that 7" > Ty(Yp) + 2. From Proposi-
tion 1.9, it comes that T' > Ty(yo) + 2¢.

For any k£ > 1 and j € [1, gx] we set

)\kﬂjT <

Wrj 7= €M (Yo, Vkg) -

Let (gx)k>1 be the solution of the block moment problem (2.3) given in Theorem 2.5.
There exists a constant C¢ 7, », p, &7 > 0 such that

@kl 20,7 r) < Ce. 7 pr p A€ max w1, Aeil|, Vh>1

ie[[LQk]]
Let & := (Yo, Yn,j) .- Notice that wy; = er(A;)&k,;, where er is defined in (1.5).
From Leibniz formula (see Proposition 7.7),

(226) Ld[)\kJ, ce 7)‘k»i] = Z eTP\kz,rm ceey )\]w] f[)\kz,l, ey Ak,m]-

m=1

In this expression, ¢]. . .| stands for the divided differences associated with the values

(M1 €k1)s -+ o (Meges Ekge )- From Lagrange theorem (see Proposition 7.5) it comes
that (i)
ep (0k) _ (=T)7™ _
N v oy Aki] = — = O
ernms - Anal = <8 = e
with 6y € [Agm, Aki]. Using the definition (1.18) of T(yo), it comes that,
(2.27) ’5[&:,1, . 7)\k,m]‘ = ‘ (Yo, V[ Ak, - - Ak,m]>,07<> < CeteaTolo)te),
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Thus, there exists Cr, > 0 such that
O P

Then, as T > Ty(yo) + 2¢, the series (1.24) is convergent in L*(0,7;R) and defines
a control u that solves the moment problem (1.26), which implies that the associated
solution of (1.1) satisfies y(7") = 0. O

With the same strategy we can prove a more accurate result. Namely we get the
following uniform bound for the cost of controllability.

CT,peAk‘l (To(yo)+e=T)

COROLLARY 2.11. — Let p € N*, r,p > 0 and N : (0,+00) — R. Assume that
A€ Ly,(p,p,N) and let (Gi)r € G(A, p,r, p) be an associated grouping. Assume that
n =1 and Ty(Yy) < 4+o00. For any T > Ty(Yp), let C* > 0 be such that

To(Yp)+T
2

(228) max ||Q/}[)\k,17 R 7)\14,1] oF < C*e)\k‘l

le[[lvgk]]
Then, there exists a constant Cr,y,) 1prpn > 0 such that for any yo € Yy, there
exists a control u € L?(0,T;R) such that the associated solution y of (1.1) satisfies
y(T) =0 and

L VEk>1

[ullL20,7:8) < C1y(39), 79,7, 0. € 90| -

Proof. — We follow the same strategy as in the proof of point (i) of Theorem 1.11
with € = %‘)(YO) but we do not use (2.27). Instead notice that using (2.28) we have

TO(Y0)+T

C* Akl

‘5[)\1@1; S )\km]‘ = ‘ (Yo, V[ Akts o Aem]) o [yoll s -
From (2.26) it comes that
_ . (Yo)+T
WMkt Akl < Crprpve ™ TC7 M= Yy,
Thus, writing that ||ul| < Y1 [|gx]|, we get
(Yg)-T
lull 20,752y < Cropr N C llgoll o 32 M8
k>1

From Definition 1.6 it comes that A\;; > r(k — 1) which ends the proof of Corol-
lary 2.11. 0

We also provide the following lower bound for the cost of controllability.

COROLLARY 2.12. — Let p € N*, r,p > 0 and N : (0, +00) — R. Assume that
A€ Ly(p,p,N) and let (Gy,)r, € G(A,p,r, p) be an associated grouping. Let T > 0
and Yy C X_,. Assume that n = 1. If system (1.1) is null-controllable from Yy at
time T" then,

M(Y,. T . A'”
, sup max
(¥o,T) on telton]

where er is defined by (1.5), ¢ is defined by (1.15) and M (Y, T) the cost of con-
trollability from Yy at time T' is defined in Lemma 1.13.

H(‘?Tw)[)\kl,---,)\k,l] o
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Proof. — Let k > 1 and [ € [[1, gx]. If system (1.1) is null-controllable at time 7'
from Yy, we apply Lemma 1.13 with

Pk

!
B* ¢y,
2 = .
! ]zzjl [T Ay = Aki)
z‘e[[l,l]]#

By definition of zr we have

1 (bk,j
—TA* ;T B* bk,
e 2r=> e ;
JZ:; [T (Mg — Ani)
ie[[l,l]]#
and thus )
Py (e7TA 27)
2 H Yo T o*
M (Yo, T)" > 7| 1 oM.t 2
dt
/0 le [T (Aky = Ae)

ie[[l,l]]#j
From Newton formula (see Proposition 7.4) and Lagrange theorem (see Proposi-
tion 7.5), for any ¢ € [0, 7], there exists & in [Ar1, Ag ) such that

1
bt Ze—/\k,lt

I (e — Aea)| 1! S

i€[Ll]

l G_Ak*jt tl

J

Using Newton formula (see Proposition 7.4), we have

Py (e7™ 2r) = (ert) M- - - Awdl,
which ends the proof of Corollary 2.12. OJ

2.1.6. Estimates on Blaschke products

This aim of this section is to prove the technical estimate stated in Proposition 2.8.
This relies on an extension of the following result by Fattorini and Russell.

LEMMA 2.13 (see [FR74, Theorem 1.1]). — Let v > 0 and J : R™ — R. Let
L(7y,J) be the class introduced in Remark 2.2. For any ¥ € L(,J) and o € ¥ we
define

/

o —z

WrizeCte [ ——.
oen O + z
o'#o

Then, for any € > 0, there exists C. 7 > 0 such that
’WE(O‘)‘ = 057%‘76_80.

Remark 2.14. — To be completely accurate let us precise that [FR74, Theorem 1.1]
does not exactly state such estimate since this theorem only deals with the estimate
of a biorthogonal family. However, the estimate given in this theorem together
with [FR74, equality (2.1)] given during its proof directly yield Lemma 2.13.
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The generalisation we propose is the following.

LEMMA 2.15. — Let v > 0 and J : Rt — R. For any € > 0, there exists

Ce.~.7 > 0 such that, for any sequence ¥ € L(v,J), for any o € ¥, we have
2

W32)| 2 Cepge™, V2eCF, sitlz—o| <.

Proof. — For any ¢’ > 0, since (0/ — R(2))? < (¢’ + R(2))?, it comes that
2 /

o —2ff | Lo =R +3(? (¢ =R
o+ 2 (0 +R(2))2 +S3(2)2 7 (0" +R(2))*

and thus,

(2.29) W (z)| = [WE(R(2))|

We introduce the family 3 obtained from X by replacing o by R(z), that is

2= (E\ {o}) U{R(2)}.

Since only one value has been modified, ¥ also satisfies

1
Z - < +00.
5es g
As,
(2.30) (=) = o] < |z = ol < 2,

it comes that ¥ satisfies the gap condition (2.2) with p replaced by . Notice that
{R(z)} e L (1, £ é) Thus using Remark 2.4 and the arguments of the proof of

Lemma 2.3 it comes that ¥ € £ (%, j) with J depending only on 7.

Obviously, as the terms ¢’ € 3 that are different from ¢ have not been modified it
comes that

WE — Wﬂ%(z)
Applying Lemma 2.13 it comes that for any ¢ > 0, there is C; , 7 > 0 such that
Wi (R(2))| > Cey gem=).
Finally, recalling (2.29) and (2.30), we obtain
WI(2)] = Wi (2)] = Wik (R(2))| 2 Cepge™™P) > CLy gesie™
which ends the proof of Lemma 2.15. 0

We now turn to the estimates we need for the derivatives of ﬁ

PROPOSITION 2.16. — Let v > 0 and J : RT — R.
Then, for any | > 0, for any € > 0, there exists C; ., g > 0 such that for any

YeL(,.J),
LA\
<sz> (0)| < Cley g€, Voei.
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Proof. — The case [ = 0 is nothing but the estimate given in Lemma 2.15.
Let

DJ,’Y::{ZEC+;|Z_O-|<;/}7 CU,’Y::{ZEC+;|Z_O-‘:;/}.
1

As W, does not vanish in an open neighbourhood of D, it comes that 5 is

holomorphic on this domain. Thus applying Cauchy formula yields

@ 1
(VVE) (o) = 2im /cM (z — o)1 dz.

From Lemma 2.15 it comes that for any ¢ > 0 there exists C., 7 > 0 such that

)

N Cg} ,j;e
"I
and ends the proof of Proposition 2.16. 0

<Gy, g€, YV2zeCl,,.

This directly implies

(o)

We shall now move to the proof of Proposition 2.8 which is the main objective of
this section.

Proof of Proposition 2.8. — Recall that the function NV : RT — R is the one
appearing in (2.1) and that the subsequences A; are defined in (2.12).

We recall that the index k is fixed, as well as the value § € Conv(Gy). We introduce
the new sequence /N\j obtained from A; by replacing the k™ value Ak,min(j,gx) DY 0 i.e.

;= (AN {Momingign }) U {0}
Notice that, using Proposition 7.1, the fact that A; is a subsequence of A such

that each term belong to a different group, and by the assumption on 6, we obtain
that A; satisfies the gap condition (2.2) with p replaced by v := 5. Notice that
{0} € L (1,6 — %) Thus using Remark 2.4 and the arguments of the proof of
Lemma 2.3 it comes that /NXj el (7, j) with depending only on N.
With these notations and Proposition 7.1 it comes that
1 P 1

Wi(2) S W)

Finally, using Leibniz rule (for derivatives), evaluating the result at z = 6 and using
Proposition 2.16 yield the claim. 0

2.2. Lack of null-controllability in small time

The goal of this section is to prove the point (ii) of Theorem 1.11 in the case of
algebraically simple eigenvalues. Thus, in all this section we assume that n = 1. The
proof mainly relies on the optimality on the bound obtained in the resolution of the
block moments problem in (2.5).
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Proof. — Let T' > 0 and assume that null controllability from Y in time 7" of (1.1)
holds.

Thus, there exists C'r > 0 such that: for any yo € X_,,, there exists u € L?(0, T; R)
such that the associated solution of (1.1) with initial condition Py y, satisfies
y(T) = 0 and [Julz078 < Cr lyoll_,

Due to the equivalence between null controllability and the moment problem (1.23)
it comes that

T
/ e AT Du(t)dt = — (yo,e Mn) , VAEA.
0 —0,0

Recall that v, is defined by (1.15). Thus, for any k& € N* the control u(T — »)
solves (2.3b). Using the lower bound (2.5) with wy, ; := <yg, e‘Akva¢k,j>_M, it comes
that ’

‘wP\k,l, e 7)\k,l]‘ < Gpllullzzo,7:r) < Cprllvoll o, V€N, VIE[L gkl

Due to the definition of wy ;, this can be rewritten as

| (o, (ert) Dt - M) o | < Cor gl o, VR €N, V€[04,
where e, is defined by (1.5). By the dual characterization of the norms this implies
(2.31) I(ert) e s Ml < Cory V€N V€L g,
Notice that ¢y ; = eMiTe™ )‘kaT@b;w» = e_7[Mjl(ery)[ A, ]. Thus, using Leibniz for-

mula (see Proposition 7.7), we obtain,

(2.32) [Nty Al
l
Z GT%Z) >\k Tyeoe 7)\kz,j]6—T[)\k,j7 Cee )\k,l], VkEe N, Ve [[Lgk]]-

From Pr0p081t10n 7.5, it comes that for any j,! € [1, gx], there exists z € [Arj, Ak
such that

%)
]

Finally, plugging this estimate and (2.31) into (2.32) we obtain,

e_r >\k R )\kl C e/\k’jT < C Te)\k’lT_
’] 9’ p p7p7

1w, Aallloe < Cppreer”
Due to the definition of T5(Yp), this 1mphes that T > Ty(Yo) and ends the proof on
the lack of null-controllability at time 7" < Ty (Yp). O

3. Comparison with some already known results

In this section, we prove that we actually recover the known formulas for the
minimal null-control time when there is no condensation of eigenvalues or when the
eigenvectors are assumed to form a Riesz basis of X}. Doing so we will highlight in
Proposition 3.3 that the actual minimal null-control time is always smaller than the
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value predicted by the formula that would be valid under the Riesz basis assumption.
As all these results were proved for algebraically simple eigenvalues we assume in all
this section that n = 1.

Notice that the proofs in all this section only rely on the definition of the minimal
null-control time (1.19) and thus do not depend on Theorem 1.11.

3.1. When there is no condensation of eigenvalues

In this section we prove that, if the condensation index of the sequence A vanishes
(the definition of ¢(A) is recalled in Appendix 7.5) then the expression (1.19) coincides
with the known expression relating the minimal time for null-controllability to the
observation of the eigenvectors ¢, through the operator B*.

ProproSITION 3.1. — Assume that A and B satisfy the assumptions of Theo-
rem 1.11 with n = 1. If ¢(A) = 0, then, we have
—In |B*
To(X_,) = limsup M
A—00 )\

AEA

This result was already proved in [AKBGBdT14] with the additional assump-
tion that the family of eigenvectors ® = (¢y)ren forms a Riesz basis of X! or
in [AKBGBM19, Remark 1.15] in a more general framework encompassing the one
studied here.

Proof. — Notice that when Yy = X, the operator Py, reduces to the identity.
Thus, considering [ =1 in (1.19) always lead to

—1In |B*
To(X_o) = limsup M
A—00 A
AEA
We assume that
—In |B*
(3.1) To(X_o) > limsup M,
A—00 A
AEA

and we will prove that ¢(A) > 0.

We shall reason as in the proof of point (ii) of Theorem 1.11 (see Section 2.2) but
starting with the formula (1.17) instead of (1.18). We can find an integer [* > 1, an
extraction (k,),>1 and integers m,, such that 1 < m,, < m, +1* — 1 < g,, and such
that if

LTy = 1/][)\I€n7mn’ R )\H"7m”+l*_1]7
we have
. In @],
tin el ),
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Moreover, we can assume that for any [ € [1,* — 1], we have for some ¢ > 0

1 /\m my - /\n rlox
n m,rIGYlﬂil,};nn]] ||77Z}[ s s ] o
T(1) := lim sup romsl <To(X_o) — &,
n——+o0o /\,.;ml

since, if it is not the case, we can reduce the value of [* accordingly. Note that, as
HP;OQS)‘HQ* < 1, by (3.1), we know that I* > 1.
From the definition of divided differences (see Definition 7.2), it comes that

_ w[)‘nn,mmrla R )\Hnymn+l*71] — w[)‘nn,mnv T Aﬁn,mn‘i’l**Z]

n
)\finy mn“l‘l*_l - )\57747 mn

For n sufficiently large, we have

> M 1(To(X—0)—¢/2)
o* :

[
Using the definition of f(l* — 1) it comes that, for n large enough,
oO* + ||¢[)\5n,mn7 e 7)\Hn,mn+l*—2] o*

< e (T =1)+e/2)

Hw[)\ﬁn,mn'i‘:b R Ann,mn—i-l*—l]

Thus, since [* > 2, we can combine the last two estimates to obtain

|)\’€n7mn+1 - A"‘in7777Jn| < |)\"’in7mn+l*_1 - Aﬁnamn|

<ef)\,m71(TO(X_O)fsz’:(l*fl))

p(To(X_o)ﬂstN“(l*fl))ef)wn . (TO(X_O)fsff(l*fl)).

N\

(&

In particular, we have

—In|P.L (M m
lim sup | G"”( )| > limsup

n—00 )‘Hn,mn n—00 >\l€n7mn

— ln |A"‘in7mn+1 - Aﬁn,mn|

> Ty(X_o) — e — T(I* — 1) > 0.
Using Proposition 7.18, we conclude that ¢(A) > 0, and the claim is proved. O

3.2. When there is a Riesz basis of eigenvectors

As already mentioned the null-control problem for (1.1) has been considered
in [AKBGBAT14] with the additional assumption that the family (¢))ea forms
a Riesz basis of X}. Observe that it is equivalent to ask that (¢y/ ||@xl|)rea is a Riesz
basis of X.

With this additional assumption, the minimal null-control time from Y, = X _,
was proved to be equal to

(3.2) T* := lim sup LA
' oo A ’
AEA
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where the interpolating function Ej is defined in (7.11).

Remark 3.2. — Notice that, since ¢, is normalized in X7, there exists C' > 0 such
that

1
— < <
C)\ ~ ||¢/\|| \07 \VI)H

so that the value of T in (3.2) does not change if one considers the normalization
of eigenvectors in X instead of in X.

In our setting, we prove that the formula above for T* is always an upper bound
of the actual minimal null-control time, without assuming the Riesz basis condition.

PROPOSITION 3.3. — Assume that A and B satisfy the assumptions of Theo-
rem 1.11 with n = 1. Then, To(X_,) < T* where T* is defined by (3.2).

Proof of Proposition 3.3.

First step: we begin by proving that the grouping designed in Proposition 7.1
ensures a simpler expression for 7. Let (Gg)i=1 € G(A,p, 7, p) be a grouping as
introduced in Section 1.4.2. For each A € A, we denote by G the unique group in
(Gk)ik>1 that contains A. Then, we have

In—n-1
|B*¢>\| |Pé;[A] (A)l

(3.3) T* = limsup
A—00 A
AEA

Y

where, for each group G, the polynomial Py is defined by (1.6).
e Let G be a group of eigenvalues and A € G. We prove that, for any finite subset
M of A\ G, whose cardinal is denoted by n := #M, we have

(3.4 I ul > ||

neM
where r := g. To this end, for any j € [1, p], we define
M; :={pe M; 3k >1such that = A\ ;}.
p
Since the groups are covering A, we have a disjoint union M = U M;. Tt follows
j=1
that there exists jo € [1, p] such that #M,, > {%J From (1.13) it comes that
’)\_IL|>T7 VMEM7
and
=y =r, Viellpl, Vup,u' €M p#u.
Then,

p
IITx=wl={1I II IA—ul (H IA—uI)
neM j;]l HEM,; HEM;,

J7Jo

> (M) (#00) {#JKJOJ'

ANNALES HENRI LEBESGUE



A block moment method for parabolic control problems 751

This proves (3.4).

e From (3.4) we apply [AKBGBdT14, Theorem 3.8] to obtain that for any subse-
quence (A,)ns1 C A,
1

m—21 In—t
: B0l P O}
(3.5) lim " " = 0.
This directly implies (3.3).
Remark 3.4. — Notice that (3.4) is not the exact assumption required in
[AKBGBdT14, Theorem 3.8]. For this result the authors assumed
(3.6) IT A= ul ="l
pneM

with the same notation as in the proof above. We claim that with the exact same proof
it is sufficient to assume (3.4). Indeed, in the proof of [AKBGBdT14, Theorem 3.8],
the only point were assumption (3.6) is used is the Second step in the middle of
page 2097. Then the term n! is estimated asymptotically using Stirling formula to
prove that the term I'y; goes to 0 as k goes to co. As the rest of the proof is long,
technical and remains unchanged when replacing (3.6) by (3.4) we do not reproduce
it here for the sake of brevity.

Second step: we end the proof of Proposition 3.3. Recall that from (2.7) we have
that there exists C,, > 0 such that for any k > 1, [ € [1, g;] and any j € [1,1],

IT Mg = Ml = Copl P, (Mej)l-
z'e[[17l]]¢j

As we have considered normalized eigenvectors, and by (1.4), for any k£ > 1 and
any [ € [1, gx], we have

l ! Pk.j
Z ¢k j < Z B*pr,
= H (Akj_/\kz) — H ()‘k]_Akz>
i€[1,0] 4, o i€, o
Pk,
B* ¢y,
<lm J
JelLl] H ()\kj )\k z)
€L, o
< !
< [ max )
seltl] [B*drjl  T1 | Ay — Akl
i€[1,0] 4,
Using (2.7) this leads to
!
(o 1
’ < Cl max )
2 vy | S U B 15 O

i€[Ll], o
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Thus,
lnlmax Al 0 1?’/‘\: ) )
Mol |\ [l4=1 i€[L.1] ., o o/ < a In B* bk 511 PG, M)l A j n In(C1)
X X .
A1 Jell,gxl Ak j A1 Ak
Then, using (3.3), we obtain
To(X o) <T™. O

We now prove that we indeed recover exactly the expression of the minimal
time (3.2) (or (3.3)) when we assume that the eigenvectors form a Riesz basis.

ProOPOSITION 3.5. — Assume that A and B satisfy the assumptions of Theo-
rem 1.11 withn = 1 and that (¢y)ea forms a Riesz basis of X}. Then, To(X_,) =T
where T* is defined by (3.3).

Remark 3.6. — 1t will appear clearly in the proof that the Riesz basis assumption
is much stronger than what we really need. The only thing that we actually use at
the very beginning of the proof, is that the spectral radius of the inverse of the Gram
matrix My := Gramx;: (¢x 1, - - ., Org,) Satisfies

sup p(M; 1) < +oo.
k>1

A careful inspection of the proof shows that it is in fact sufficient to assume that

In p(M,*
limsupinp( E)

=0.
k—o0 /\k,l

Note in particular that, in practice, estimating such a spectral radius in each group
is much simpler than proving that the whole family is a Riesz basis.

Proof. — As we assumed that (¢))aea is a Riesz basis of X it comes that there
exists C' > 0 such that for any k > 1, for any ag1,..., kg € R,

N

9k 9k
2
.ggxﬂlak,jr < ( api | <O anjong||
J s9k .]:1 ]:1 o
and thus
I
max _|ag ;| < C max Qg Ok j

Jj=1 oF
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Setting
1
Qi = " )
T Br; I (e — Aed)
ieﬂlvgk]]qéj
yield
Pk
1 gk B¢y
max <C ul
jelland [B*¢n;| T [Akj — Ak Jz::l T (Mej— k)
ie[[lvgk]];ﬁj ie[[lvgk]];éj o*
l ¢k,j
B*¢k .
< C ma d
= 1I<nl<};k ; II (/\k’J — )‘kﬂ)
i€, o
It follows that for any j € [1, g],
1 B 1
1B* il | P, (M)l 1B gl T Ak — Awil
Zeﬂlvgk]]yﬁj
1 (z)k,j
< C max &
1<i<gy ; H ()\k,j — )\]m)
ie[1,] o
Thus, taking the logarithm,
! Bf’;vj
In max 3 bt
— H (Ak,j—Ak,i)
I [B o125, )| _ I\ enn, L) me

Akj h k.1 Akl
Since by definition we have G = G+l this ends the proof of Proposition 3.5. O

4. The case of multiple eigenvalues

In this section we prove Theorem 1.11 in the case where we allow algebraic multi-
plicity for the eigenvalues i.e. n > 2. As previously, the main issue is the resolution
of the block moment problem given in (1.25). This is detailed in the next subsection.

4.1. Resolution of block moment problems

We prove in this subsection the following Theorem 4.1 which is the generalization
of Theorem 2.5.

THEOREM 4.1. — Let T € (0,+00]. Let p € N*, r,p > 0 and N : (0, +00) — R.
Assume that A € L, (p, p, N') and let (Gy), € G(A,p,r, p) be an associated grouping.
We also consider an integer nn > 1.

TOME 3 (2020)



754 Assia BENABDALLAH, Franck BOYER & Morgan MORANCEY

For any € > 0, there exists a constant Ce 1.y, p.n, 0 > 0 such that for any k > 1,
for any multi-index oy, € N9% with |ag|e < 1, any set of values w,, € Clexl | there
exists q, € L*(0,T;C) satisfying

T —t)
(4.1a) /0 qk(t)< l") e MWaltdt =0, VK #kVYj €[l,g], VI €[0,n],

T —t)!
(4.1b) /0 qk(t)( l') e Matdt =wy 5, Vel gl VIel[0 any—1],

and the bound

(42 llalzorio) S Corprpnne™ max W, ]
B oy

Moreover, up to the factor e+, this last estimate is sharp: any solution g, of (4.1b),
satisfy

(43) larllzeo 70y > G riie [wINEY, - AL
pLa

for some @,m > 0.

In the case p = 1 (usual gap condition), a solution to (4.1) is given by the
biorthogonal family built in [AKBGBdT11]. Here, we extend this resolution using
a weak gap condition (1.9) and we prove that the obtained estimates are uniform
with respect to A in a given class L (e, e, ).

COROLLARY 4.2. — Let T € (0,+00]. Let p € N*, r,p > 0 and N : (0, +00) — R.
Assume that A € L., (p, p, N') and let (Gy)r € G(A, p,r, p) be an associated grouping.

We consider an integer n > 1 and for any k we suppose given a multi-index
ay € N% such that |og|e < 7.

Then, for any k > 1, for any j € [1, ;] and any | € [0,a4; — 1] there exists
Q.1 € L*(0,T;C) satisfying

T (_t>l, —Apr ot
/0 qk,j,l(t) I e KLi'tdt = (5k,k’5j,j’5l,l’,
for any k,k' > 1, any j € [1,9:], j/ € [1,9x] and any | € [0,a; — 1], I! €
[0, ags j» — 1]). Moreover, for any € > 0, there exists a constant C. 1. p. r, p.n. ¢ > 0 such
that for any k > 1, any j € [1, gx] and any [ € [0, oy ; — 1], we have

lar.jillz20,7;c)
eeAk,l 1

<
=X C&Tmmpﬂw\f 11 |)\kj _ )\ki’ak,i <

i€[1,9x] 4,

Oék’]—l—l .
min |>\k,j — )\k,z|>

The proof of Corollary 4.2 is left to the reader: it follows closely the one of
Corollary 2.6 and makes use of the estimate given in Proposition 7.16 instead of the
Newton formula for standard divided differences.
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Remark 4.3. — Contrary to the estimate in Corollary 2.6, the above estimate is
not optimal in general, even if we do not consider the exponential factor. Indeed,
some cancellations can occur depending on the relative positions and multiplicities
of the eigenvalues that are not taken into account in the above general bound.
In actual examples, one needs to compute carefully the coefficients of the generalized
divided differences introduced in Proposition 7.16 to see whether or not a sharper
estimate can be obtained.

Here also, the proof of Theorem 4.1 relies on the resolution of the block moment
problem (4.1) with 7' = +o0 and then on a restriction argument. For pedagogical
reasons (the proof being less technical) let us present first this restriction argument
(which is the generalization of Proposition 2.9).

PROPOSITION 4.4. — Let p € N*, r,p > 0 and N : (0, +00) — R. Assume that
A e Ly(p,p,N) and let (Gy) € G(A,p,r,p) be an associated grouping. We also
consider an integer n > 1.

For any T > 0, there exists a constant Cr,p ., n > 0 such that for any q €
L?(0, +00; C), there exists q € L*(0,T;C) satisfying

T —t ! +o00 —t 1
/ q(t)(“)e_M dt = / q(t)(“)e—” dt, ¥ xe AV Ie o]
0 ! 0 !
and the estimate
lgllL20,7.c) < C1,p,r, ., M@l £2(0, 4 00: 0)-

Proof. — For any h > 0, we define

n

1=0
Using Remark 2.4 and Lemma 2.3 we have that A, € L'w(pn,p,ﬁ) for some N
which does not depend on h. We suppose given a fixed ¢ and, for any h > 0, we can

apply Proposition 2.9 with the sequence A, and obtain the existence of a function
qn € L*(0,T;C) such that

T 400
(4.4) / qn(t)e” MMtqE = / Gt)e ML Y N e AV T e [0,1],
0 0

and satisfying moreover the uniform estimate

lanllzz0,7:0) < Cr v p 5 1@l 220, 4 00;0)s ¥ > 0.

We can then find a subsequence (g, ), that weakly converges towards some g €
L2(0, T: ©) such that [g]120,7,6) < Coop 110 1 o:c)- We will show that g
solves the required equations.

Let A € A and | € [0,7 — 1] be fixed. Combining the equations (4.4) to make
appear divided differences, we have the equality

+oo

T
(4.5) / qhn(t)et[/\,...,)\—i—lhn]dt:/ (e . A+ Thy] dt,
0 0
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where e; is defined in (1.5). The Lagrange theorem (see Proposition 7.5) implies that,
for any ¢ and any n, there is a &, € [\, A+ lh,] such that

Y
e, .. A+ lhy) = ( l') e6unt,

which implies that |e;[A, ..., A+ (h,]| < %e—)\t and

(=)' x
e, .. A+ lh,] — e .

By the Lebesgue dominated-convergence theorem we deduce the strong convergence
l

in L2(0, +00; C) of t + ;[\, ..., A+ 1h,] towards t — %e‘” and the claim follows

by weak-strong convergence in (4.5). OJ

Let us now turn to the resolution of the block moment problem (4.1) for 7' = +o0.
The next proposition is the generalization of Proposition 2.7.

PROPOSITION 4.5. — Let p € N*, r,p > 0 and N : (0, +00) — R. Assume that
A€ Ly(p,p,N) and let (Gy)r € G(A,p,r,p) be an associated grouping. We also
consider an integer n > 1.

For any € > 0, there exists a constant C¢ p, r. 5 A > 0 such that for any k > 1, for
any multi-index oy, € N% with |ag|e < 1, and any set of values w,, € Cloxl, there
exists qx € L*(0,+00; C) satisfying

400 —t v
/[) qk(t)(lll)e_)\k/vj/t dt =0, vV E 7£ k,Vj/ € [[1,gk/]],v I'e HO,T/]],

oo (—t)’ gt ! ~
/0 Qi (t) Il e kIt dt = Wk ;> Viell,g],Vie [[Ovakvj —1],

and the bound

A (m1) (1)
(4.6) 19kl 2204 000) < Cpur punace™ miax A
B ag

Before getting to the proof let us mention that Propositions 4.4 and 4.5 imply
Theorem 4.1. The lower bound (4.3) is proved in the exact same way as (2.5) and is
thus left to the reader.

Proof. — As in the previous proof, for h > 0, we define
n

Ah = U(A —I— lh),
=0

that belongs to the class L, (pn, p, ). For any k > 1, we set
U
th = U(Gk + lh)
1=0
For any h < r/(2n), the family (Gg)x is a grouping in G(Ap,pn,r/2,p+1/2).
Now, we are given a fixed index k. We observe that, there exists a hyg € (0,7/(2n))
(possibly depending on k) such that, for any h < hg, the sets Gy, Gy +h, ..., Gp+nh
are pairwise disjoint.
Since we need to take into account precisely the multiplicities we are interested in,
encoded in the multi-index «y, we introduce the modified " group
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N 9k
G]ﬁh = U{)\kvj’ )\k,j + h, RN >\k,j + (Oék’j — 1)h} C Gk,h>
j=1
and the new family

A= UG | UGpp,
>1
12k

which satisfies A, C A, and therefore also belongs to the class £, (pm, p,ﬁ ).

By construction, the family of points in C:’k,h, that we denote by ppp1 < --- <
[k oy 1S an approximation of the weighted family (A1, ..., Akg, ), i) in the sense
of Definition 7.9. Let F': R — C be a smooth function satisfying the conditions

1 .
(4.7) ﬁFU)(Ak,j) =wp;, Vi€[lgl,vViel[0 ay;—1].
For each h > 0, we apply Proposition 2.7 to the family Ay, to find a solution

Qren € L*(0,400; C) to the following moment problem

Gep(t)e Mt qe =0, VK #kVj € [1,gv], V1€ [0,n],
“+oo
/ Gon()eCett gt = PN+ D), Ve[l gl Ve [0, — 1],
0

and satisfying the following bound, with a constant uniform with respect to h,

_EAK L

qk.nll22(0, + 00;0) < Co v p 7€ max | Ffp1, - Mih) |-

€L, o]
By Proposition 7.10, we know that the right-hand side in the above estimate con-
verges when h — 0 towards a similar quantity with generalized divided differences
instead of the usual divided differences. It follows that we can extract a subsequence
(Qk.n, )n that weakly converges in L?(0, +oo; C) towards a function g that satisfies
the bound (4.6).

Finally, by the same argument as in the proof of Proposition 4.4 above, we can
combine the equations (4.8) to make appear divided differences on both side and
pass to the weak-strong limit in the integral to finally get

+o0 —4)!
/ qk(t)( l') e MWt dt = 0, VE #kYj5 €[l,gr],V1e]0,n],
0 !

!

+oo —t
/ qk(t)(l')e_’\’“’ft dt  =FM), Vel gl Vieloa,—1],
0 ! ’
which is exactly our claim since, by the computation rule (7.6) and by (4.7), we have
I
PN =l O
4.2. Proof of the minimal null-control time property

In this section we end the proof of Theorem 1.11. The extension of Corollaries 2.11
and 2.12 as well as their proofs to the case n > 2 are straightforward and left to
the reader.
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Proof. — Controllability in large time: proof of point (i) of Theorem 1.11
Let T > Ty(Yy) and yo € Yy. For any k& > 1, let ¢, € L*(0,T;C) be given by
Theorem 4.1 with

wil@,j = <Z/0; (€T¢)[)\z(€l,;'rl)]>_ovo~
As in Section 2.1.5, since T > Tp(Y)), the estimates (4.2) imply that
u:=—> qT —e) € L*0,T;C).

k>1

Moreover, as g solves the block moment problem (4.1) it comes that u solves the
moment problem (1.23) and thus y(7") = 0. O

Proof. — Lack of null-controllability in small time: proof of point (ii) of Theo-
rem 1.11

The proof follows exactly the lines of Section 2.2 and relies on the lower bound (4.3)
given for the solution of the block moments problem (4.1). O

5. Examples

In this section we study various examples. In Section 5.1, we design ‘abstract
examples’ to highlight the phenomenon described in Section 1.4.4: the condensation
of eigenvectors can compensate the condensation of eigenvalues. More precisely we
design an example which is null-controllable in arbitrary time but with an arbitrary
condensation of the eigenvalues. We also give examples to illustrate the new settings
covered by our analysis when the eigenvalues are algebraically multiple in the absence
of a gap condition. The interest of these abstract examples is to highlight the different
phenomena as the computations are straightforward.

Finally, we provide in Section 5.2, actual examples of one dimensional coupled
parabolic control systems that have motivated the present study. The precise analysis
of null-controllability for those systems was not possible using existing results in the
literature.

5.1. Abstract examples: a possible compensation of condensation of
eigenvalues

The design of these abstract examples is inspired from the work [AKBDKO05]. Our
goal is to illustrate, in particular, the fact that, even if the control operator has
no influence on the minimal null-control time, the knowledge of the condensation
index of the eigenvalues of the operator A is not sufficient to understand the null-
controllability properties of system (1.1).

Let A be a positive definite self-adjoint operator with compact resolvent in a Hilbert
space H whose eigenvalues (i )g>1 are assumed to be sorted in increasing order. One
can think of A, for instance, as the Laplace operator —d,, or any Sturm-Liouville
operator with homogeneous Dirichlet boundary conditions.
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If we denote by (¢x)r>1 a corresponding Hilbert basis of eigenvectors, A may
be written

A= (o, 00) g1 ns Dvﬁz{meH;Z}i@mwi<+w},
k>1 k>1

where (e, o), denotes the scalar product in H. We assume that (pu)r>1 satisfies (1.8)
and (1.9) with p = 1, i.e., satisfies the so-called gap property. Let p > 0 be such that

(5.1) 0<p < inf(uen — )
and f:0(A) — R a positive function defined on o(A) the spectrum of A satisfying

(5.2) 0< f(u) <p, Vk=1.
Let f(A) be the operator defined on D(A) by

JOA) =" f) (o 1) gy k-

k=1
Let 2y € H fixed satisfying
(5.3) | (zo, 1) | =€V, VE>1.
Remark 5.1. — This vector xy will be used to design the control operator B. This

assumption will ensure that the terms B*¢, appearing in the definition (1.19) have
no influence. This will allow us to really emphasize the role of the condensation of
eigenvectors.

5.1.1. Perturbation of a 2 x 2 Jordan block

Let X = H x H,

(5.4) A= (‘5‘ A+;(A)> . D(A) = D(A) x D(A),
and
(5.5) B:uERHu(ﬁJGX.

It is easy to see that (—.A, D(.A)) generates a Cy-semigroup on X and that 5: R — X
is bounded. Thus we consider for this example that X7 = X = X_, and Y, = X.
The spectrum of (A*, D(A)) is given by

A= {p, e+ () 5 k> 1}

PROPOSITION 5.2. — Let us consider the control system (1.1) with A and B
given by (5.4)-(5.5).
(i) For any function f satisfying (5.2), null-controllability from X holds in any
time i.e. To(X) = 0.

(ii) For any 7 € [0,+o0], there exists a function f satisfying (5.2) such that
c(A) =T.
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This gives a first example in this setting where the minimal time is not related to
the condensation index. As it will appear from the proof, see (5.6), this is due to a
condensation of eigenvectors compensating the condensation of eigenvalues.

Proof. — The proof of point (ii) directly follows from straightforward computations
using Proposition 7.18 with the explicit choices f : s — pe™V®, f : s pe~° with
e>0o0r f:sm pe .

We now turn to the computation of the minimal null-control time. Using (5.1)
and (5.2), it comes that (1.8) and (1.9) are satisfied with p = 2. We define our
grouping by setting \g1 := p and Ago := g + f(ur). The associated normalized
eigenvectors are

ot () )
¢k, m( 1 Pk, ¢k, 1 Pk,

which do form a complete family in X. Moreover, for all £ > 1,

1
B*gbk,l Y (ZL'(), Spk) ) and B*¢k,2 - (l‘o, on) )
1+ f(p)? " !

so that, with (1.15), we have

_ 1 —f () _ 1 0
YRy = (l‘o,s%)H ( 1 >90k7 Yro (x07¢k)H <1> Pk-

From Definition (1.18), we have

In (max {H%H , W})
To(X) = lim sup :
k—oo M
One has
[Vr2 — Yl 1 1 1

(5.6) ’ = = opll = ———.

S () [ (zo, 06) 5 | [\O | (o0, k) |
Using (5.3) and (5.2) we easily deduce that

N ooy
To(X) = lim sup ——2HL — ), O

k—o0 M
Remark 5.3. — Notice that,

2 (1+ f(me)? = 1+ f(1e)?)
— 0,
L+ f (e )? k300
thus the eigenvectors of A* do not form a Riesz basis of X. If this family were a Riesz

basis, then we would deduce from [AKBGBdT14] that the minimal null-control time
would be equal to the condensation index c(A).

k.2 — deall” =

Remark 5.4. — Let us consider in the same setting the evolution problem (1.1)
given by
A T
(i)
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In this case, the operator A* has spectrum o(A*) = {ux ; k > 1} with algebraically
double eigenvalues satisfying the gap property and an associated Hilbert basis of
(generalized) eigenvectors given by

op = (2) or, and ¢ = (é) Dk

Notice that from (5.6) one has
Yro—Pka 1 (1) oy = i
() (2o, x)y \U B¢}
Thus, the analysis of (5.4)-(5.5), is unchanged if one sets f = 0.

5.1.2. Algebraically multiple eigenvalues

Let X =H x Hx H. Let §>0and g:0(A) — R be such that

(5.7) g(uw) = pe 7,
with p satisfying (5.1). Let

AT 0
(5.8) A=|0o A o0 ., D(A) = D(A) x D(A) x D(A),
0 0 A+g(A)
and
0
(5.9) B:ueR—u|x
Lo

Again B is a bounded control operator and we also set for this example X} =
=X_,and Yy, = X.
The spectrum of (A*, D(A)) is given by

A= {pk, e+ g(pr) s k> 1}

PROPOSITION 5.5. — Let us consider the control system (1.1) with A and B
given by (5.8)-(5.9). Then,

(5.10) To(X) =28 = 2¢(A).

Remark 5.6. — In this case, the family of (generalized) eigenvectors do form a
Hilbert basis in X. However due to the presence of algebraically multiple eigenvalues
one cannot compute the value of the minimal null-control time using [AKBGBdT14].
Its value is still related to the condensation index of A but also depends on the
multiplicity of each eigenvalue in the system.

Proof. — From (5.7), we see that the eigenvalues are geometrically simple. Then,
it comes that (1.8) and (1.9) are satisfied with p = 2. We define our grouping by
setting A\g1 1= pg and Ago = pp + g(1u)-
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In this setting, the eigenvalue )y ; is algebraically double and A2 is algebraically
simple. The associated eigenvectors and generalized eigenvectors of A* are

0 1 0
gbg,l =1 Pk, gbl{;,l =10 Pk ¢272 =10 (o)
0 0 1

which obviously form a complete family in X. Moreover, for all £ > 1,

B* 2,1 = B*qbg,Q - (x0790k)H7

leading to
0 0
I(c)l_ ! 1 Pk ]?;2_ ! 0 Pk
(o, o) \ “ (o, en)m g
and
1
1
P, =——10 .
B (w0, 00y 0 .

To compute the minimal time Ty(X), let us estimate the different terms appearing
in (1.18). We have ¥[A1] = ¥p | and ¥[A1, Apa] = ¢y, implying

1

| (z0, ox)p |

Using Proposition 7.15, it only remains to compute and estimate the generalized
divided difference ¥[A; 1, Ak.1, Ak,2]. This comes from (7.6) and (7.7) as follows

0 0
1 1 1 1
Y[ Ae1s A2l = 1| ¢r= —1| ¢,
A 2 (o, Spk)H Ak2 — Ak 1 (o, SOk)H g () 1

[Tl = 0[R2, Aealll =

and

w[Ak,la )\k,2] - w[)\k,la )\k,l]
)\k,2 - )\k,l

1 1 _g(ﬂk)

(@0, o)y 9(e)* 4

VA1, Aes Ak2) =

Thus, using (5.7) we obtain
1 1

Aty A1y A = 242
e[ A 1s Ak1s Ar2] (o 08) 1 9Uie)? 9(1k)

= b p ek [ p2e=2B1k 4 2.

(.T(), SOk)H

Then, for k large enough, we have

mac {1, -2 [peim 12} = p2en [ppem 1 2

and, using (5.3), this leads to (5.10). O
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5.1.3. Competition between different perturbations

Let X =H x H x H. Let o, 8 > 0 with a # § and f,g: 0(A) — R be such that

Flu) = pe=@, (i) = pe™H,
with p satisfying (5.1). Let

A 1 0
(5.11) A=10 A+ f(A) 0 , D(A)=D(A) x D(A) x D(A),
0 0 A+g(A)
and
0
(5.12) B:ueR—ulx
Zo

Again B is a bounded control operator and we still set for this example X = X
=X_,and Yy = X.

PROPOSITION 5.7. — Let us consider the control system (1.1) with A and B
given by (5.11)-(5.12). Then,

To(X) = B + min{a, 5}
Proof. — The spectrum of (A*, D(A)) is given by
A= {pures g+ [ Quw)s g+ g(pne) 3 k> 1}

By construction, these eigenvalues are geometrically simple. Then, it comes that (1.8)
and (1.9) are satisfied with p = 3. We define our grouping by setting
Ak = g, A2 = e+ f(ux),  and Apz = g+ g(p).

Notice that the eigenvalues are not necessarily increasingly sorted inside the '™
group depending on the relative positions of o and g but, due to the invariance of
divided differences with respect to permutations, this does not change our analysis.

These eigenvalues are algebraically and geometrically simple and the associated
eigenvectors are

: — () 0 0

O = 1 Ok, Or2= 1]k, Or3:=10]
V1 () 0 0 1

which do form a complete family in X. Moreover, for all £ > 1,

1
B*¢k,1 = TR (900, SOk)H, and B*Cbk,z = B*¢k,3 = ($0, SOk:)H,
L+ fpw)
leading to
1 _f(ﬂk) 0
¢k 1 — 1 Pk, ¢k,2 - 1 Pk,
(o, Pr) g 0 (o, Pr) g 0

TOME 3 (2020)



764 Assia BENABDALLAH, Franck BOYER & Morgan MORANCEY

and

1 0
wk,:& =—10] ¢
(I'(), Spk)H 1

To compute the minimal time Ty(X), let us determine the different terms appearing
in (1.18). We have ¥[Ag1] = g1,

1 1 f(ﬂk) 1 1
¢P\k,1, )\k,Q] = 0 or = — | 0| &,
(@0, k) i Az — Akn 0 (zo, )y 0

0 0
1 1 1 1
A2s M) = —en= I A
Yz Aol (T0, Pk) g Ak3 — Ak2 ( 1 ) - (2o, on)m 9(hme) = f ) ( 1 ) "

and finally

77Z)[Ak,17 Ak,Q, Ak73] = ¢[Ak’1’ Ak‘,2] — ¢[Ak,27 >\k73]
)\k,l - )\k73

1 1 g(ﬂk)_lf(ﬂk)
= ($07<Pk)H g(pr) (g(px) — f(ux)) _1 Pk-

Since limy_, 1« g(pr) = 0, we immediately see that, for k large enough, we have

maxc { [[¥ el 1901 Aealll 180k vz Aeslll = 1900k Az, Arsll]
so that using (5.3) and (1.18) we get

1 A1, A2, A
TO(X) :limsup n||w[ k15 Nk,2, k,3]H

k—oo Hk
(5.13) i sup 290 (9) = f ()]
k—o0 Fk

The analysis is now split into two cases:
(1) Assume first that

(5.14) B < a.
We deduce from (5.13) that

P ln 6_2/6/'1‘16 (1 — 6_(0‘_:8):“19)
To(X) = limsup = 20.
k—o0 1277

(2) Assume now that
(5.15) 8> a.
We deduce from (5.13) that

— ln 6_(0""_/8)/”@ (1 — e_(B_a)Mk)
To(X) = lim sup
k—o0 Hi

=a+pf. O
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Remark 5.8. — As previously the family of eigenvectors does not form a Riesz
basis since for instance we have ||¢r1 — @2 = 0. Thus, one cannot apply the
—00

results of [AKBGBAT14] that would give that the minimal null-control time is (see

Appendix 7.5)
C(A) = lim sup —In (f(“k)g(ﬂk))
k—o0 i
Yet, in the case (5.15) we still have T5(X) = ¢(A). However, in the case (5.14) we
have 0 < Ty(X) = 268 < c¢(A). Notice that, in this case, setting f = 0 one recovers
the system studied in subsection 5.1.2 for which the minimal time is exactly 2.

=a+ 0.

5.2. Condensation in partial differential equations

We provide in this section actual PDE examples covered by our analysis. First
of all, let us emphasize that our setting naturally covers a wide range of coupled
one dimensional parabolic equations. Indeed if there exists p € N* such that the
spectrum of A is given by the union of p families

Ni={N;k>1}

such that each family satisfies (1.9) and (1.8), then the structural assumptions on A
are automatically satisfied (see Lemma 2.3).

5.2.1. A system with two different potentials

Let us consider the following boundary control system

(5.16)
Ay + (_8“ g () L ) y = (O) . (t,2) € (0,T) x (0,1),

y(t.0) = (u?t)) D= (g) - te ),

y(oa l’) = 3/0(37)7

where ¢, ¢y € L?(0,1;R). Without loss of generality we assume that ¢; and ¢y are non-
negative. The operator A appearing in this system is defined in X = (L?*(0,1;R))?
with domain X7 = D(A) = (H2(0,1;R) N HL(0,1;R))*. The control operator B is
defined in a weak sense as in [TW09]. The expression of its adjoint is easier to rule

out and is given by
B* - € X — . | = )
(9 LT \BYyg —9'(0)

Here we denoted by B* the (scalar) normal derivative operator at x = 0 de-
fined on H?(0,1;R). Standard parabolic regularity properties show that, if we
define X = (H;(0,1;R))?, then the operator B is admissible with respect to
X o = (H'(0,1;R))? in the sense of (1.3). Therefore, for any u € L*(0,T;R),
(5.16) is well-posed in C°([0, T], (H~1(0,1;R))?).
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For any non-negative potential ¢ € L?(0, 1;R), we denote by A€ the definite positive
self-adjoint operator in L?(0,1; R) with domain H*(0,1;R) N H}(0, 1;R) defined by

A%y = =0y + c(x)y. Tts spectrum is denoted by A® C (7%, +00) and satisfies
(5.17) inf |V~ /71| > 0.
/\,,u;EAC
AFp

We choose associated eigenfunctions denoted by ¢ that are normalized in L?(0,1;R)
and that satisfy (see for instance [Kirll, Theorem 4.11])

1
VA
(5.19) 9,05(2) = V2V X cos(vVAx) + O (1), uniformly in z.
In particular, there exist C,C' > 0 such that,

(5.20) CVA < |B 5| = 10.05(0) < CVA, VYAEA*Vi=1,2

The analysis will be based on the careful inspection of spectral properties of the
adjoint operator
. A0
A= ( 1 Acz) |

It is easily seen that the spectrum of A* is given by A = A“ UA®. We will often use
the following straightforward property

(5.21) (A%, 0Y) S CA, YA e A9, Vi je{l,2},

where C' depends only on ||¢q|| and ||ez].
Our controllability result concerning system (5.16) is the following.

(5.18) @5 (z) = V2sin(VAz) + O (

) , uniformly in z,

THEOREM 5.9. — For any non-negative potentials ¢y, co, there exists a closed
subspace Yy of (H7*(0,1;R))? of finite codimension such that:

e For any yo € Yo, system (5.16) is not approximately controllable.
e For any yo € Yy, system (5.16) is null-controllable at any time T > 0.

Remark 5.10. — The set Y, can be equal to the whole space (H~*(0, 1;R))?, for
instance if ¢; and ¢, are close enough.

Before proving this theorem, we would like to emphasize the fact that for a system
like (5.16), the condensation index of its spectrum can be arbitrary. Therefore,
Theorem 5.9 gives another example of a system which is null-controllable at any
time T > 0 (for well-prepared initial data) despite the fact that the condensation
index of the spectrum is non zero.

PROPOSITION 5.11. — For any 7 € [0, +00] there exist c¢1,c2 € L*(0,1;R) such
that the condensation index of the spectrum A of the operator A* satisfies ¢(A) = T.

Proof. — This follows from inverse spectral theory. Indeed, it is proven in [PT87,
Chapter 3] for instance, that for any @ € R and any sequence (v;)r=1 € %, one
can find a potential ¢ € L?*(0,1;R) such that the spectrum of A° is given by
(k*m? + a + v )g. It is then clear that we can choose ¢; and ¢, such that the spec-
trums of A°* and A are asymptotically as close as we want and then generate an
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arbitrary condensation index for the spectrum of A*. Note that such potentials are
not necessarily non-negative, but this is actually not really needed in our analysis
(we simply need that the spectrum of A° is made of positive eigenvalues).
In the context of parabolic control problems, this was already noticed and used
in [Oua20]. O
We can now move to the proof of the main result of this section.

Proof of Theorem 5.9. — The first part of the proof consists in a precise description
of the spectral properties of A*.

e For any A € A2, we have a first eigenfunction of A* given by
0
(5.22) P = <s0i2> .
Moreover, by (5.20), we have
B =B A0,
so that all those eigenfunctions are observable.
— If A & A, this eigenvalue is algebraically and geometrically simple.
— However, if A € A N A, this eigenvalue is (algebraically or geomet-
rically) double. As detailed in Section 6.3, we can deal with geometric
multiplicity of eigenvalues with an adequate choice of the space of initial

conditions Yp. This choice will be precised in (5.28).
Let us define

(5.23) B = (5, %)
By (5.18), we see that there exists Ay such that

1
(5.24) 5 SASL VAEATNAT st A> .

x If B\ = 0 then there exists a solution of
(4% = X)is = 5,

that we can choose to satisfy B*J, = 0 in such a way that

0 ._ (PN
¢)\ T <19>\> )

is another independent eigenfunction of A* associated with A that
satisfy B*¢3 = 0. Note that, by (5.24), we know that 3, can vanish
only for a finite number of values of .

x Assume now that ) # 0. In that case, \ is geometrically simple
but there exists a generalized eigenfunction ¢} associated with @3
of the following form

1._ i %
(b)\ T 5)\ (X)\) )

where x, is the unique solution of
(A% = A)xa = Bk — o3,

TOME 3 (2020)



768 Assia BENABDALLAH, Franck BOYER & Morgan MORANCEY

that satisfy B*y, = 0.
We can express x, in the basis ¢g? as follows

C (g0017g002) C
X)\ — aASO)? _ Z A K 2

peEAC? A—p T
HFEX
with
1 (Spil Y QOZQ) *
a\ = 55— By}
B uezm A—p g
HFEX
e Consider now A € A\ A®. We obtain another family of eigenfunctions given
by
C1
5.25 0. (¥r),
(5.25) 8= (7

where &) satisfies

(A% = X)&x = =)
This last equation has a unique solution since A € A®? and it can be expressed
as follows

(O3, ) o
(5.26) b= e
pneAc2 — K
We now state the following Lemma 5.12, whose proof is postponed at the end
of this subsection.
LEMMA 5.12. — There exists C,Cy > 0 depending only on ¢y, co such that
(5.27) |B*6,\2 = OlN — Cy, VA€ A\ A2,

This lemma shows in particular that B*{, can only vanish for a finite number of
values of \.

It is straightforward to prove that the family of (generalized) eigenfunctions we
just computed is complete in X. We can now define Y to be the set of initial data
Yo € X_, such that

70 _ c co _
(5.28) <y0, <z§,\>_070 =0, YAe AT NA2 st fpy=0, see (5.23),
(Yo, ¢E\)>—<>,<> =0, YAe A\ A2 st B*¢, =0, see (5.26).
By construction, this set is closed and of finite codimension, moreover it is clear
that initial data not belonging to this set are not approximately controllable. Note
that this definition actually excludes the influence of the possible presence of a

geometrically double eigenvalue in the system.
We will now endow the space X with the following norm

(2
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which is equivalent to the usual H'-norm and more comfortable for the following
computations. Note that, if f,g € H?(0,1;R), this quantity is simply equal to

(A f, f) + (A%g, 9).
From (5.17), we can find a p > 0 such that

VA= Vi >p, YAEFpEA Vi=12.
This implies, in particular, that

(5.29) N=pl>p(VX+VE) >p, YA#peAVi=12

Without loss of generality, we can assume that p < 55- Where C and C) are respec-
tively defined in (5.20) and (5.27).

It follows that A satisfies the summability condition (1.8), as well as the weak gap
condition (1.9) with p = 2. We can thus consider a grouping (Gx)r € G(A, 2,7, p)
for a suitable r > 0. We will now use the formula (1.17) we obtained for Ty(Yp) to
prove that the system is null-controllable from Y, at any time 7" > 0. For that we
will consider one of the groups G (we drop the index k& which is not important here)
and give estimates of the corresponding divided differences.

Case 1: G = {\} is of cardinal 1.
o If A € A we need to estimate the quantity

P* O 2
[ = || i

B*gb)\

I
except if A € AN A and )\ = 0. The computations above, and (5.20), show
that

1 A 1

ca, C c2\ -
o S W( 202, p32) = 7|B*§Df\2|2 < ozk

e[S

o If A € A®\ A2, recall that ¢ is given by (5.25) and that we need to estimate
the same quantity |[¢)[A]||,., in the case where B*¢, # 0. Since A is the only
element in the group G, we know that |\ — u| > r for any other eigenvalue pu.
With this remark, we can deduce that

(ERY][

1
o S \B*g ‘2((14“90‘;1,%1) +(A26,,6)))

90)\790,u)
- Fer (“EM D= p) )
1

1 c c c ca, C
< |B*€/\|2 ()\4_742 Z (S0A17¢#2>(90>\17A290y,2)> :

peAN2

TOME 3 (2020)



770 Assia BENABDALLAH, Franck BOYER & Morgan MORANCEY

Using Parseval’s identity, (5.21) and then (5.27), we finally obtain

1 1
W < (g (A + a8 476)

< M (1 + C)
~ ’B*€A|2 r2

<C.

e Finally, if A € A“ N A, then we need to estimate the contribution of the gen-
2
eralized eigenvector |[9[\, \||2. := HP{%@ / (B*(ﬁ?\)”o*. A computation similar
to the one above, for A > \g, leads to

1 c1 c1 c2
||77Z}[)\7 )\] i* < W ((Acl% » P ) + (A X)WX)\))

1 (o3, 2 )
= TDx C210290 +
| B*o2]2 3 u§;2<A w2 !
u#x\

: (
|B*§0)\|26§ ( )\) ( >\ )\)

< A (1 + a3 + O)
|B* 2263 rr?
< C(1+4dd).

Here, we have used (5.24) to bound from below the term [. It remains to
bound a,. We proceed as follows, by using (5.19), (5.29), and (5.21)

‘G)\l ’B* 02| Z

neA2
HFEN

c2) Vi
o3, ¢
\/_HGZA:%' » P ’\/X+\/ﬁ

HFEX

@A?@u)
)\_

|B* 72|

1
2

1 1 2
g e Z ‘ (10)\ 790 Z o
VA HEAC2 M penez M
HFEA

A
<C.

C cy C c1\ %
< T(A 205, p3)?

This concludes the proof of the uniform bound of |[¢)[A, A]||,

Case 2: G = {\1, A2} is of cardinal 2. Since the diameter of G is smaller than
p, we can choose the numbering such that A\; € A\ A® and Ay € A2\ A®. In
particular, we have B*¢} 70, B*gb&)Q # 0 and there is no generalized eigenvector
associated to this group G. Therefore, the only new quantity we need to estimate is
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the contribution of the following divided difference

1 2

AL — Aof?

0 0
A1 ¢)\2

B¢} B,

2
o S

[[AL, Ao

oF

Using formulas (5.22) and (5.25), we find

o (2)me (2)
B*&y, En B*SD?Q QDKQQ

Since A\; and Ay can be arbitrarily close it is not clear that this estimate does not
blow up. In particular, if we use the triangle inequality, we will not be able to take
benefit of compensations that occur in the divided difference.

We will thus make appear from (5.26) the principal part of £, as follows

1 2

AL — Aof?

2
2 <

[[AL, Ao

oF

- 6>\1,/\2 c2
g>\l - )\1 . )\2 (¢A2 + CAI) )

with By, = (95, ¢52) and

(M he o (B)
A\ = _— .
' 5)\1,)\2 pEAC2 )\l_lu .
BFA2
Thus,
n Ore P O 2¥

B¢\, B B¢2+CQn) B
(5.30) ( ) | ) G
= % AC2 T Dk, 2 90622 + :
B (¢ + ) Brof 2 p (90§22 + C,\1>

Since we are only interested in the asymptotic behavior when A\; and A, are large,
we see that we can assume from (5.18) that the following properties hold

(5.31) el =172, VAo = A/2 > 1

Using that [\ — p| > r for all p € A®, with u # Ay, we can find with (5.31)
and (5.21) the following bound

A2g5, o3)

(532) (A62</\17<-/\1> < |)\1 - )\2‘2( 2 2 < C*|/\1 - >\2|2)\1~
r |6>\1,>\2|
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Moreover, we have

Pi=dof () |
[B"Oul < — 1B
' |/8/\1 >\2| ug\:cz |)‘1 - :ul g
KFEA2

<05,|)\1 )\2| Z (90)\1790;;)’\/ﬁ

e il
HFX2
1/2 1/2
- o) 2 1
<SCOM =X | 30 (e5.62) 1 PO e
pEAC2 peAc2 1M H
eV BFA2

We use Parseval’s identity and (5.21) to bound the second factor by C'v/A;. More-
over, by using (5.29), we have for any p € A%, u # Ao,

A= al > e = il = [ = dal > p(i 4y ha) -

so that the value of the series in the last factor is uniformly bounded. Hence, we
have proved

(5.33) B, | < CilAL = Aaly/Au.
From this last estimate, (5.27) and (5.20), we deduce that

B (453 + Gu) 1= ([Be52] = Cala = 2l )

> A — il = Doy

Recall that p < C/(2C}). Since A\; and Ay belong to the same group G, we have
A1 — A2] < p and thus, we obtain the estimate

(534 B (2 46| = Svn

Coming back to the definition of ¥)[A;, Ay] and using (5.30) and the triangle inequality,
we write

1
A, Al =
Hw[ 1 2] 1S |>\1_)\2|2

A1l —A
1 (511 );SO 1)
B (wié +00) P+ ) B s%

(5).. (e)]

+
B BHOR QI B (5 + O P — Aaf?

AL

2
1 _ 1
- /\zl2 B* (g2 + ) BN
:251 + Sz + Sg.
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We now analyze each of the three terms.
e Using (5.21), (5.31) and (5.34), we can obtain

e Finally, with (5.21), we write
_ N (B"Cn)?
el (B (g +00)) (Bre)”

so that, with (5.20), (5.34) and (5.33), we get

2
s<

All in all, we have obtained a uniform bound for |[¢)[A1, Ao]||,., which is exactly
the compensation phenomenon we were expecting for this particular system.

As a conclusion, we finally proved that, whatever the group G is, all the divided
differences 1[A], Y[\, A] or ¥[A1, Ag] remain bounded uniformly. It follows from (1.17)
that Tp(Yp) < 0, so that our main Theorem 1.11 show that (5.16) is null-controllable
at any time 7" > 0 for any initial data y, € Y. O

S3

It remains to prove the Lemma 5.12.

Proof of Lemma 5.12. — By definition, the function &, satisfies
(535) - zzg)\ + C2(£)§A - /\§A - Soila in (07 1)

Using [ABM18, Lemmas 2.2 and 2.3], and the fact that ©$ is normalized in L*(0, 1; R),
we have

C
@ + 1106 < C (I6WP +11060F) + 5, Yoy e 0.1)

A
We take y = 0 in this inequality and we integrate with respect to x to obtain
C c c C
2 g ~ 8$ 0 2 ——h 2 =
67 < S10)F +5 = SIBG? +5

It remains to bound from below the L? norm of £y. To this end, we multiply (5.35)
by ¢5! and integrate over (0, 1). After integration by parts, and using the equation
satisfied by ¢3!, we get

1
1= /0 (C2 — c1)éney-
The Cauchy—-Schwarz inequality gives

1< ler = ol IExHI@N e

and since by (5.18), we have a uniform L* bound on ¢§!, the proof is complete. [
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5.2.2. A system with different diffusions and a non constant coupling term

Let us briefly describe another example of a coupled parabolic system with bound-
ary control which has motivated our study. This example is analyzed in details
in [Sam19]. We consider the following system

(5.36)

Oy + (_(g” _qigzm) y=1|_|, (tz)€(0,T)x(0,1),

0
y(t,O) = (u(t)) ) y(tv 1) =

y(0,z) = yo(z),

, te (0,7),

o o o O

where ¢ € L*>(0,1) and v > 0.

The spectrum of A* = (

— O 0

g(x) —vd ) is A = {k*n°, vk?n® k > 1}.

e System (5.36) in the case where ¢(x) = 1 and v # 1 was studied in

[AKBGBdT14] where the influence of the condensation of eigenvalues in
the system was first pointed out. It was proved that the minimal null-control
time was exactly the condensation index of A, provided that /v & Q.
System (5.36) with a non constant ¢ but with the same diffusions, that is
v = 1, was studied in [AKBGBdT16]. The picture is different since in that
case, there is no condensation of eigenvalues but there may however exist a
minimal null-control time (depending on the coupling term ¢) due to very
weak observation properties of the eigenfunctions.

In the general case, assuming that /v ¢ Q, the eigenvalues are algebraically
and geometrically simple and it is proved in [Sam19] that the associated fam-
ily of eigenfunctions is complete in X = (H~!(0,1))?, and that, moreover,
there exist functions ¢ and values of v, \/v € Q, such that this family (prop-
erly normalized) is not a Riesz basis of X}. Therefore the abstract results
in [AKBGBdT14, AKBGBdT16] do not apply.

Inspired by the block moment method presented in the present paper, a
suitable value of Tj"" is defined in [Sam19] (taking into account both effects
of condensation of eigenvalues and weak observation of eigenfunctions) such
that 7§ is the minimal null-control time of (5.36).

6. Extensions

6.1. Dealing with complex eigenvalues

In the previous sections, we decided to state our results in the framework of
real eigenvalues to simplify the presentation. However, most of them still hold for
complex eigenvalues satisfying assumptions largely inspired from [AKBGBdT14].
More precisely, for a function N : Rt — R, we will consider the class £, (8, p, p, N)
of the families A C C satisfying
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e Parabolicity condition:
RA =N, VA€EA.

e Asymptotic behavior: for any € > 0, we have

> r<e
& ST
[A>N(e)

e Weak gap condition with parameters p > 0 and p € N*:
#AN ([, o+ p] +4R) <p, Vu>0.
In that case, a grouping (Gy)x should satisfy
A= Gy, #G,<p, diam(Gy) < p,inf(RGyy1) — sup(RGy,) > .

k>1

The corresponding formula the minimal time T5(Yy) will be now given by

(;U'l) (,ugk)
In ;Iell%ﬁ (0 P\k,l s Mgy ] o
TO(YE]) = liiILSUP o Rk 1 ’

and our results (namely Theorems 1.11, 2.5 and 4.1) still hold in that case.
Most of the proofs are very similar by taking care of the following points:

e The divided differences associated with pairwise distinct points xg,...,z,
in the complex plane do not satisfy the Lagrange theorem but instead the
following slightly weaker result, due to Jensen [Jen94].

PROPOSITION 6.1. — Let U C C be a convex open set and xg, ..., x, € U
be pairwise distinct. For any holomorphic function f : U — C,
— there exists a z € Conv({zo, ..., x,}) such that

| flxo, ..., zn]| < ’JC(:‘(Z)’

— For any z € U, we have

flzo, oy @) — < Oy diam(U).

e The Blaschke product W should be replaced by

Wk(z):ﬁ 11 A=z

iZixen;, At 2

e Finally, in the restriction argument of Section 2.1.4, the holomorphy domain
C3. should be replaced by a sector {z € C, Rz > 2¢,[32| < g|/\|}
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6.2. Weakening the assumptions on the control operator

In this article, we not only study the classical null-controllability property
(i.e.Yo = X_,), we also provide a more accurate description depending on the space
of initial conditions Yj one wants to drive to 0. In this setting, the assumption (1.10)
can be too strong.

It is easily seen that a necessary approximate null-controllability condition in that
case is the following: for any A € A and any [ € [0, a) — 1] we have

(6.1) (B¢, =0, Vieoll)= (P,e,=0 Vje[ol]),

where, in this formula, (gzﬁf\) j is a Jordan chain associated with the eigenvalue A. Note
that such a Jordan chain is not unique but (6.1) does not depend on the particular
chain we choose. Note also that the assumption (1.12) can be verified using any
Jordan chain.

From now on, we assume that (6.1) holds. For any A € A, two cases have to be
considered:

Case 1: We have

B*¢, =0, for all j € [0, — 1].

From (6.1), it follows that for any yo € Yy, any 7" > 0, all the moment equa-
tion (1.21) corresponding to this eigenvalue are automatically satisfied. It follows
that we can simply remove this eigenvalue from the family A when studying the
control problem at time 7" from Yj.

Case 2:
(6.2) There exists j* € [0,y — 1] s.t. B*¢, =0,Y j < j*, and B*(bf £ 0.

In that case, for j > j* we set

B* ¢},
8= -S4,
B* ¢y,
and then by induction, we define
i for j < 7,
6.3 oh=1 ;= ~ o
(63) ! G+ D Bjygereh, for j > 5.
k=j*

This construction ensures that (qu\)J and (¢§)j span the same space, that
(6.4) B*¢. = 0,if and only if j # j*,
and finally satisfy the equations
L o -
A =M+ 04 + 0
for some ~; € R whose precise value is unimportant in the sequel.

A straightforward computation shows that the semi-group generated by —.A*
satisfy

e—t*‘*&?&' € (etgg) [/\(jﬂ)} + Vj*,
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where V7" := Span(¢9, ... ,gbf:_l). We shall prove that the term in V7" does not
contribute to the moment problem. Indeed, from (6.1) and (6.2), we have VI~ C
Ker B* N Ker Py, . Thus:

e Concerning the control term, we have
Bre 43 = B (ed) A0,
and by (6.4), it simply remains
. 0, it j < j7%,
B = {(B*%i*)et A=, ifj' > ;
e Concerning the contribution of the source term, we have
Pye ™6} = Py, (erd) |AIHY)]
1

- P, Z er [/\(j+2—k)] ¢ [)\(k)}
k=1

j+1
=Py Y er [)\(j”*k)}&{)\(k)},

k=j*+1
with the convention that the sum is 0 as soon as j < j*.
We may now adapt the definition of our null-control time by setting

(65) 3277 Vle[[O,oz,\—l—j*]],
so that the moment problem associated with this eigenvalue becomes

_+\!
/OTU(T—t)( zvt) e Mdt = — (o, (ert) NV]) Vi€ [0,an—1—5.

This is formally exactly the same as (1.23) except that the multiplicity of the
eigenvalue have been changed into a;y — 7% and the associated values of 1} have been
constructed as explained above by (6.3) and (6.5).

As a conclusion, to obtain the definition of the minimal null-control time from Y
assuming that (6.1) holds, we simply need to ignore the eigenvalues corresponding
to case 1, and to modify the multiplicity and the Jordan chain as explained above
for the eigenvalues that are in case 2. Then, we define formally Ty(Yy) by the same
formula as (1.16) and we obtain exactly the same result as Theorem 1.11.

Moreover, it clearly appears from the proof that (6.1) is actually a necessary and
sufficient condition to solve the moment problem associated to any finite number of
eigenvalues. Thus (6.1) is a necessary and sufficient condition for the approximate
null-controllability from Y.

6.3. Dealing with geometrical multiplicities

In the considered setting of scalar controls, if one wants to be able to control every
initial data, that is to take Yy = X _,, then it is absolutely necessary to assume, as
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we did in Section 1.4.1, that all the eigenvalues are geometrically simple. Indeed, as
soon as dim ker(A* — \) > 2, there necessarily exists an eigenfunction that belongs
to ker B* and the system is thus not even approximately controllable.

However, if we are willing to restrict the space of initial data we consider, then our
result can apply when some eigenvalues are not geometrically simple. More precisely,
we will show that our results can be adapted under the condition

(6.6) ker(A* — A) Nker B* Cker Py, V€A,

replacing the geometrical simplicity condition and the observation condition (1.10).
We will also assume, for simplicity, that geometrically multiple eigenvalues are alge-
braically simple. Let us give the main arguments.

e First, it is clear that (6.6) is a necessary condition for the null-controllability
from initial data in Y. Indeed, if this condition does not hold, there exists
a ¢ € ker(A" — A\) Nker B* and a yo € Yy such that (yo,¢) ., # 0. For
this particular yg, it cannot exist a u such that y(7') = 0 because it would
contradict the equality (1.20).
e Assume now that (6.6) holds. For each A € A, there are two cases:
— If ker(A*—X) C ker B*, then by (6.6), we also have ker(A*—\) C ker Py, .
In that case, the controllability condition (1.20) automatically holds for
any ¢ € ker(A* — \) and any control u since both terms in the equality
are equal to 0.
Hence, everything happens as if A\ were not an eigenvalue of A*, and we
can essentially not consider it in the moment problem to be solved.
— If ker(A* — \) ¢ ker B*, we fix any ¢\ in ker(A* — \) such that B*¢} # 0.
As B* is a linear form, we observe that
ker(A* — \) = (Span gbg) + (ker(A* — A) Nker B).
It follows from (6.6) that (1.20) holds for any ¢ € ker(A* — \) if and
only if (1.20) holds for ¢ = ¢3.
Therefore, everything happens as if A\ were geometrically simple with ¢{

as a unique (up to a scalar) eigenvector. Our analysis can then be pushed
forward without change.

7. Appendices

We gather in this final section some definitions or intermediate results that we
used in this paper.

7.1. Wellposedness

This section is dedicated to the proof of Proposition 1.1.

First of all, let us notice that the problem (1.2) admits at most one solution y €
C°([0,T]; X_1) and that the continuous dependency directly follows from (1.2). Thus,
it remains to prove the existence of a function y € CY([0,T]; X_;) satisfying (1.2).
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From [T W09, Proposition 2.10.3] it comes that A can be uniquely extended to an
operator A € L(X, X_1). Moreover it comes from [TW09, Proposition 2.10.4] that
—A generates a C°—semigroup in X _; satisfying

e A = Ae A4, Vi 0.
Thus, for any 7' > 0, any yo € X_; and any u € L?(0,T;U) the problem
y'(t) + Ay(t) = Bul(t),
{ y(0) = yo
admits a unique mild solution y € C°([0,T], X_;) given by

~ t ~
(7.1) y(t) = ey +/ e =94By(s)ds.
0

We prove now that this function satisfies (1.2). To do so, we simply prove that the
semigroup et is the adjoint of e=**" in the duality between X} and X_;.

Let x € X and z € X; such that z = Az. As A is an extension of A it also comes
that z = Az. Then, as e *4(X;) C X) it comes that

ey = Ae M A Ay = Ae My = Ade Az = e A Az = e Mg
Then, for any x € X and any z € X7
<6_M‘IB’Z>71 T <e_tAx’ Z>71 1 (e_mx,z) - (x’e_tA*Z) - <x’€_tA*Z>f1 1+
Thus, the density of X in X _; implies
—tA _ —tA* *
(7.2) <e v, z>_1’1* = <y, e z>_171* , Yye X ,,Vze X

Finally, the duality pairing of (7.1) with any z; € X7 with the computation rule (7.2)
directly gives (1.2).

7.2. Existence of a grouping for sequences satisfying the weak gap
condition

PROPOSITION 7.1. — For any A satisfying (1.9), there exists at least one grouping
ing(Ap 2 p).
Proof. — Let r = p/p. We set uy = inf A and we consider the p disjoint sets
AN (p, o+, A0 (g 7y g +20), AN (g + (p— 1)1, g + prrl.

By (1.9), we know that one of this sets is empty since if it not the case, there is at
least p + 1 elements in A N [u1, p1 + p] because p; € A and pr = p. Let 5 € [1,p]
such that AN (1 + (j — 1)r, g + jr] = 0. We define

G1 =AN [,Ul,,ul + (] - 1)T]7

whose cardinal is, by (1.9), less or equal than p and diameter is less than p. Moreover,
by construction, we have

(inf(A \ Gl)) —sup Gy > .
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This allows to build G by the same construction applied on A\ G; while ensuring the
required properties, and following this process we construct the sequence (Gy)g. O

7.3. About divided differences

In this section we give all the properties concerning divided differences that are
used all along this article. This notion is a key technical tool in our analysis as it
drastically eases the computations and the formulation of the results. The definition
and results given in Section 7.3.1 are classical in the field of interpolation (see for
instance [Pow81, Chapter 5]). To deal with algebraic multiplicity we use a gener-
alization of divided differences where the ‘interpolation points’ are not necessarily
distinct. Let us mention that there exists generalizations in this direction (see for
instance [Pow81, Chapter 5]) in the context of Hermite interpolation. However as we
are not directly dealing with interpolation, we propose such a generalization adapted
to our purposes. This is detailed in Section 7.3.2.

7.3.1. Definitions and basic properties

Let V' be a real vector space, n € N and x1, ..., z, € R. Assume that zq, ..., x,
are pairwise distinct (see Section 7.3.2 for a generalization). Let fi,..., f, € V be
given.

DEFINITION 7.2. — The divided differences are defined by
flzi] == fi, Vie[l,n],

and then recursively for any k € [2,n], for any pairwise distinct iy, ..., iy € [1,n],
by
flzig, -, :L’Zk] = flwir, ’ %71] [y, ) %].
Ty — Ty,

In all what follows, if f: R — V is a given function it will be implicitly assumed
that f; = flz:] = f(z:).

PRrROPOSITION 7.3. — The divided differences are symmetric with respect to their
arguments: for any k € [1,n], for any pairwise distinct iy, ..., iy € [1,n] and any
o€ 6({@1, ceey ’Lk}),

f[xa(il)a SR xo‘(ik)] = f[xip SRR xzk]

The following property states another (equivalent) definition of divided differences
known as Newton formula.

PROPOSITION 7.4. — For any k € [1,n], for any pairwise distinct iy, ..., iy
€ [1,7]
f Ty y Ly | = .
[ 1 k] ]zzl H (xlj x”)
le[1,k]
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The next result about divided differences is crucial to obtain the different estimates
we need. It is known as Lagrange theorem.

PROPOSITION 7.5. — Assume that V =R and that f € C" ! (Conv{xy, ..., 1,}).
For any k € [1,n], for any pairwise distinct iy,...,ix € [1,n], there exists a
z € Conv{w;,, ..., x;, } such that

I ARIC))
f[xil, ey xlk] = m

The divided differences naturally appear in polynomial interpolation problems as
recalled in the following classical result.

PROPOSITION 7.6. — The polynomial function P : R — V defined by
n—1

(7.3) P(z) = flz1] + (x — x) flzg, xo] + -+ + (H(I —xz)> flza, - oy 20l

i=1
is the unique polynomial of degree less than n — 1 such that
(7.4) P(z;) = flzi], Yiel][l,n].

We recall a simple way to compute divided differences of a product which is known
as the Leibniz rule.

PROPOSITION 7.7. — Let g : R — R and (gf)[z] := g(z) f[z]. For any k € [1,n],
for any pairwise distinct iy, ..., ix € [1,n],

k
(gf)[xna s 7xik] = Zg[xip s 7'Iij]f[xij7' .- 7xik]-
j=1

Finally, we deduce from the results above the following useful corollary.

COROLLARY 7.8. — Assume that V is equipped with a norm |ls||,,. For any
k € [1,n] and any pairwise distinct iy, ..., i € [1,n], we have
ISl sl <n2 (14 R e (ol

where R = diam({zy, ..., z,}).

Proof. — Let P be the Lagrange interpolation polynomial defined in (7.3) and let
i1, ..., be fixed.
By the Hahn-Banach theorem, there exists ¢ € V', such that ||¢|y» = 1 and

<¢7 f[xiu ) CUik]>V’,V - ||f[.73“, ) xlk]HV .
Additionally, by (7.4) and by linearity of ¢, we know that

<¢7 f[xiu R xik]>v/7v = <¢7 P>V/7V [xim B xzk]
Applying Proposition 7.5 to x — (¢, P(z))y,;, € R we find that for some
z € Conv{zy,...,z,}, we have

(k=1)
(¢ P>vl7v [Tiys ooy Ty ] = k—1) ((Cba P)v/,v) (2)
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Combining those identities, we arrive at
1 1
. . - - (k=1)
||f[.f17“, ) xlk]”v - (k . 1)' <¢aP (Z>>V’,V g (k — 1)|
Let us compute the derivatives of P. Let C be the circle of center z and radius R in
the complex plane. The Cauchy formula leads to

1 L, 1 P(w)
e )(Z)_Qi?r/c(z—w)k dw,

|,

so that
1
(k—1) 1-k
o 1P, < B maxpw)ly

(

Then, the triangle inequality implies that for any w € C,

IP)lly < Iflzadlly + @R) [ flar,@o]lly + -+ + @R | £z, -zl
which finally gives the result. 0

7.3.2. Generalization of divided differences

Assume that V is a normed vector space.

Let x = (21, ..., z,) € R™ be pairwise distinct real numbers and let a € N* a
multi-index such that o > 0. To such a multi-index we associate elements of V' that
we gather in a f, € Vl°l and that are indexed as follows

]l'a ] € [[Ln]]?l € [[O’ aj - 1]]

DEFINITION 7.9. — We set N = |a|. We say that a family of points (y}]})pe [1,N]
depending on a small parameter h > 0, is an approximation of the weighted family
(z,a) if

e For each h > 0, the points y%, ..., yk are pairwise distinct.
e There exist disjoint subsets P; C [1, N| such that for any j € [1,n],

_ h
#P; = «a;, and y, o i VpeP,.

ProproOsITION 7.10. — With the notation above, let F': R — V' be any smooth
function satisfying
1
(7.5) —FO(z;)=fl, Vjel,n], VIe[0,a; —1].

!
For any approximation of the weighted family (z, ), the (usual) divided difference
Flyt, ... y%] weakly converges when h — 0 towards an element in V that depends
only on x, « and f,. In particular it does not depend on the particular choice of F'
nor or the approximation families (y;j)p.
This limit is called the generalized divided difference associated with the points x,
the multi-index « and the values f, and is denoted by

f[xgal), e xﬁf‘")], or flxy, ..., x1,Ta, ..., To, ...],

a1 times s times

or, in a more compact way, f[z(®].
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Moreover, we extend this definition if some of the o are 0, simply by not consid-
ering the corresponding points.

Remark 7.11. — 1If the function F' is chosen to take its values in a finite dimension
space then the above convergence is actually strong. It is always possible to make
this assumption, for instance by choosing F' that takes its values in the subspace of
V spanned by the elements f,.

Proof of Proposition 7.10. — The proof is done by recurrence on V.

o If N =1, then we necessarily have n = 1 and «; = 1. The result is just a
consequence of the continuity of F' and we simply have f[z;] = f}.

e Agsume that the result holds for a given value of N and let us prove it for
the value N + 1.

First case: If there is only one point x;. It means that n =1 and oy = N+ 1.
In this case, for any h > 0, and any ¥ € V', we use the Lagrange theorem to
get the existence of a z¥" € Conv({y}, ..., yi,,}) such that

<,¢7 F[y?a R} y%+1]>V’,V = <¢a F>V’,V [yila R} y]}if—l—l]
1
=N (¥, F>E/]Y)v (29").

Since, by assumption, all the points yg converge to the same point x;, we
have z¥"* — x; and thus

<¢7 F[y?a R y?v+1]>v’,V m ]\1“ <¢’ F(N) (x1)>V/,V - <77Z)7 f1N>V’,V ’

Second case: We assume that n > 1. By assumption there exists two distinct
indices ji, jo € [1,n] and two distinct indices p1,ps € [1, N + 1] such that
ygl — x5, and y}’;Q — x;,. By symmetry of the usual divided differences, we
can always assume that p; = N and p, = N + 1. It follows that we can write

F [y?, - yﬁ,ﬂ} _ F [y?’ ) y%_;;@yi+i}yj}b}7 [y?, e yjﬂ

The recurrence assumption shows that the two terms in the numerator have
weak limits that only depends on the points z, the multiplicities o and on the
values f,, whereas the denominator y%_, — yk converges to z;, — z;, which
is not zero. The result follows.

U

The above construction also shows, as a by-product, the following rules to compute
the generalized divided differences: for any p € N such that p < «

(7.6) ¥ [xgmn...,x;w] = f197 ifpp =0 for all j' # j,
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and for all j; # jo and p;, > 0, 5, >0

(7.7) f [0 2]
f [ gHn Y $(Hj2), } —f [ Cogl) gl

ey jl g+ e ey j2

Let us now give some useful properties that are the extension of the classical
properties recalled in Section 7.3.1.

DEFINITION 7.12. — Let o € N” be a multi-index, g, € RI*l a set of real values
associated with a and f, € V!°l a set of elements of V' associated with «.
We define (gf)o € V1°! to be the product set of values as follows:

l
(9f)s=> g fi", viell,n],Vie[0,a;—1].
k=0

PROPOSITION 7.13 (Leibniz formula). — Let x € R™ pairwise distinct points,
a €N, g, € Rl a set of real values, and f., € VI°l a set of values in V.
Then, for any family of multi-indices (1P)peqo,ja) C N™ satisfying

pPmt <, Vp e[l al,
(7.8) | =p, Vpelo,|a],
P

we have the Leibniz formula

|a|

(9f) {x(a)} — Zg [x(u”)} f {x(a*u”‘l)} .

Proof. — By assumption, for each p € [1, ||], the multi-index p is obtained from
pP~1 by incrementing exactly one of its element. We denote by i, € [1,n] this index,
and we define yg := x;, + ph. It is easily seen that, for & > 0 small enough, those
points are pairwise distinct.

Let FF: R — V be a function satisfying (7.5) and G : R — R be a function
satisfying (7.5) but with the values g, instead of f,. The usual Leibniz formula as
well as the Definition 7.12 shows that the product GF exactly satisfies

1
I

We can thus apply the Leibniz formula from Proposition 7.7 as follows

(GF)(Z)(‘Tj) = (gf)év \V/] € HLn]]’ Vie [[O,ij - 1]]'

|a|

(GF) [y?, ...,yr&d zzlG{y{L, ...,yﬂF[yg, ...,y‘};d,
=

and then pass to the limit as A — 0 to obtain the claim. U
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PROPOSITION 7.14 (Lagrange theorem). — Let x, o as before. We set N = |a.
With any f : R — R of class CV~!, we associate the set of values f, € RN by
1
fh= l'fl)(x]) Vjeln],VIel[0,a; —1].

j
Then, there exists a z € Conv({z1, ..., x,}) such that the generalized divided
difference built on these data satisfies

£l =

mfwfl) (2).

Proof. — Let y?, ..., y% be an approximation of the weighted family of points
(z,a) as in Definition 7.9. By definition, the generalized divided difference f[z(*)] is
the limit as h goes to 0, of the usual divided difference f[y?, ..., y%]. For this last
divided difference, we can apply Lagrange theorem (see Proposition 7.5) to get the
existence of a point z" € Conv({y?, ..., ¥%}) such that

1
h h] (N=1)( h
It is clear that (z"), is contained in a compact set so that, up to a subsequence,
we may find a limit z of (2");, that belongs to Conv ({1, ..., z,}) and satisfies the
required property. O

PROPOSITION 7.15. — Let (1”)pefoja) C N™ be a family of multi-indices satisfy-
ing (7.8). For any multi-index p such that p < « we have

Wi < N2V-1(1 4+ RN (1P)
x < max :
£ [z 1 L+ RN max [1f [207] |
Proof. — We proceed as in the proof of Proposition 7.13 by passing to the limit
in the similar result for standard divided differences (Corollary 7.8). O

For generalized divided differences, there is no simple equivalent to the Newton
formula (Proposition 7.4). However, we can state the following result.

PROPOSITION 7.16. — For any multi-index p < «, there exists coefficients
(0,)j1 depending only on x and y, such that
n Ot]'—l
=>_ > 0uf;,
j=1 1=0

and which satisfy the following estimates

0 1f,uj <[+ 1,
Clul 1

Hieﬂlml]# |z — $j|’“) (miﬂie[u,n]# |z; — x| )ra =l

10521 <

Proof. — Since the divided differences are clearly linear with respect to the data
fa, the existence of the coefficients H;f ; is straightforward. Let us prove the claimed
estimates. From now on we assume that [ is fixed. Moreover, for any j € [1,n] we
introduce the notation d; := minGefin], |z; — x;] and we define §/ € N™ to be the

Kronecker multi-index, that is 67 = 0 for ¢ # j and 55: =
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e When p; < 1+1, it is clear from the recurrence formulas (7.6) and (7.7) that
the value of f[z “)] does not dependent on the value f}, and therefore 6/, =

e Let us show by induction on N = |p| that, for all j € [1,n], with u; > l—|— 1,
we have

(7.9) 0| <

AN

— Assume first that N = [+ 1 and let x4 such that |u| = N. If p; < 1+1 we
have already seen that H;f ; = 0 which obviously implies (7.9). If 1, = [ +1,
since |pu| =1 + 1, we necessarily have p; = 0 for any i # j, so that (7.6)

gives
f {x(“)} — j%’
which implies that ¢, = 1, that is exactly (7.9) with C}, = 1 in that
case.
— Assume now that, for some N > [+ 1, (7.9) holds and let p such that
lp| =N+ 1.

If pu; = 0 for any ¢ # j, then we have
fla®] =g

which implies that 0%, = 0 since [ # y; — 1 and (7.9) is obvious.
If there is a iy # j such that u;, > 1 then we use (7.7) to get

R i et il

Liy — l'j

which implies the formula

p—47 p—a0

o gl
ejl 9
.I‘Z'O —.I‘j
and thus
p—o7 p—6°0
g ‘ il ‘9
S IS —x| |Tiy — x|
0 0 J

Since |y — 87| = | — 6| = N, we can apply the induction hypothesis to
bound the two terms in the right-hand side as follows

o] onales” Cy oy Y
|ig — 5] d; - (Iieps, nl; 1% — wilr) dr Ry
and

o™ Ovaalei™ Cy-1 1 1

i — ] Ty — $20| - (H@-e[u,n]]#j |z — xi,m—éio) a7 oy — @]

Summing those two inequalities gives (7.9) with Cy = 2Cxn_;. OJ

ANNALES HENRI LEBESGUE



A block moment method for parabolic control problems 787

7.4. The supremum of Tg(yo)

We prove here Proposition 1.9, that is
sup To(yo) = To(Yo).

Yo€Yo
Proof. — Since by definition Ty(y) only depends on Span(yp), it is actually equiv-
alent to prove

sup  To(yo) = To(Yo)-
Yyo€Yo
lyoll _o=1

To ease the reading let us do the computations in the simpler case n = 1; the
extension to the case nn > 2 being straightforward. Let us introduce

l
Uk,
T = : , Yk>1,Vie|lq],
jz::l [T (Mg — Aea) - 1. a¢]
NN
Py b0

with ty,; := F2= as defined in (1.15).
z¥)
Notice that, since |lyo||_, = 1, for any z € X,

oF - yil)l(lio <y’F)S]‘Oan(y())z>_<>’<>

lyll—o=1

| Pavanyn)?

= yil)l(lio <PSpan(yo)y>Z>_

lyll_o=1

= sup (?/,yo),o <Z/0a2>7<>,<>
yeX_o

llyll_,=1

= (W0, 2) o,

Thus, with those notations, we have

0,0

1
o
To(yO) = IL%EUP )\k 1 ’
In < max_ ||z, )
! 17 WIS
To(Yo) = lim sup - g;il '

e Since yo is normalized, we have ‘(yo,xk,lLM < |2k
immediately comes that To(yo) < To(Yp) and thus

sup To(yo) < To(Yo).

Yo€EYo

o+ for any k and [, it

e Conversely, let T be such that
sup To(yo) < T.

Yo€Yo
llyoll =1
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ek

Setting Ty, == Ty, it comes that for any yy € Yy, we have

sup ‘(yo,figﬂ,w < +o00,
k>1 ’
and this property is in fact true for any yo € X_, since Py, Ty = Ty, so that
we have
(Yo, fk,z>_o70 = <yo, P{%fk,l>_w = <PYoy0>fk,l>_o7<>>

and Py, € Yp.
Applying the Banach—Steinhaus theorem, this implies that

sup ||,
k>1
le[[lvgk]]
Thus there exists C' > 0 such that ||z,
1 <1 < gg. Finally this yields,

o < “+00.

AT
o < Cem1t for any k > 1 and any

In < max_ ||z, M)
. le sJk
To(Yo) = hglsup N <T.

)

This ends the proof of Proposition 1.9.

7.5. On the condensation index

In this appendix we give some useful properties concerning the condensation index
of a sequence. Let ¥ be a family of positive real numbers. We start by recalling the
definition of ¢(X).

DEFINITION 7.17. — Assume that X satisfies
1

(7.10) > = < oo
gEY o

The interpolating function is defined by

(7.11) EZ:ZGCHH<1—22>.

o2
oex
The condensation index ¢(3) € [0, 4o00] is defined by
—In | EX
c(X) := limsup M.

) o
o—00

This definition (and also its extension to complex sequences) is given in [Sha69].
Notice that due to the assumption (7.10), both functions

zECI—)H(l—Z), ZGCHH(I—FE),

oeEX o ceX
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are entire. Since 3 C (0,+o00), the function Esx has simple roots corresponding
exactly to 2. Thus, the condensation index of such sequences is well defined. The
fact that it belongs to [0, +o0] is proved in [AKBGBdT14].

In the case where the considered sequence satisfies the weak gap condition (1.9) the
computation of the condensation index can be simplified: the grouping introduced
in Proposition 7.1 is an optimal condensation grouping in the following sense.

PROPOSITION 7.18. — Assume that X satisfies the assumptions of Definition 7.17
as well as the weak gap condition (1.9). Denote by (G )r>1 a grouping satisfying the
conditions of Definition 1.6. Then,

“ln|P
(%) = timsup — e (@)
) o
g—00

Recall that G°) is the element of (Gy)>1 containing o.

Proof. — The proof follows directly from (3.5). O

Using this result, we compute easily the condensation index of the particular
sequence used in Section 5.1.

PROPOSITION 7.19. — Let (ur)k>1 be a real increasing sequence such that

Zi<+oo.

k>1 Mk
Let a > B> 0 and © := {pg, pi + €~ g, + e P ; k € N*}. Then,
c(®)=a+ 0.
Proof. — One can directly verify that the grouping defined by
Gy == {,uk, fr + e g 4 e_'g‘““}
satisfies the requirements given in Proposition 7.1. Then, direct computations lead to

P (k)| = |k = (4 e7) _ (kB

‘Nk — (Mk + 675”’“)

Y

‘P&k (,uk + eiauk>

= |+ e — e [+ €7 — (i + e7)
— o (atB)uk (1 _ e—(a—ﬂ)#k)

Y

and
‘Pék (,uk + 6_5/%) — ‘:U'k + e Bre _ Nk‘ ‘Mk 4 o Bk _ (Mk + e_auk)
= ¢~ 2B (1 — e*@*ﬁ)#k) '
Thus, as 20 < a + 3, we obtain ¢(0) = a + 3. -
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