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922 P. MAILLARD & J. SCHWEINSBERG

RESUME. — Nous considérons un mouvement brownien branchant unidimensionnel dans
lequel les particules sont absorbées a ’origine. Nous supposons que le branchement est surcri-
tique, mais les particules recoivent une dérive critique vers ’origine de sorte que le processus
finit par s’éteindre presque siirement. Nous établissons des asymptotiques précises pour la
probabilité que le processus survive pendant un grand temps ¢, en nous appuyant sur les
résultats précédents de Kesten (1978) et Berestycki, Berestycki et Schweinsberg (2014). Nous
prouvons également un théoréme limite de type Yaglom pour le comportement du processus
conditionné pour survivre pendant un temps inhabituellement long, apportant ainsi une ré-
ponse essentiellement compléte & une question soulevée par Kesten (1978). Un outil important
dans les preuves de ces résultats est la convergence d’une certaine observable vers un processus
de branchement a état continu. Nos preuves incorporent de nouvelles idées qui pourraient étre
utiles dans d’autres modeles de branchement.

1. Introduction and main results

We will consider one-dimensional branching Brownian motion with absorption,
which evolves according to the following rules. At time zero, all particles are in
(0, 00). Each particle independently moves according to one-dimensional Brownian
motion with a drift of —u. Particles are absorbed when they reach zero. Each particle
independently branches at rate 5. When a branching event occurs, the particle dies
and is replaced by a random number of offspring. We denote by p; the probability
that an individual has k offspring and assume that the numbers of offspring produced
at different branching events are independent. We define m so that m+1 = >"72; kpg
is the mean of the offspring distribution, and we assume m > 0. We also assume
that 322, k?pp < 00, so the offspring distribution has finite variance. Finally, we
assume that § = 1/2m, which by scaling arguments entails no real loss of generality
because speeding up time by a factor of r while scaling space by a factor of 1//r
multiplies the branching rate by r and the drift by +/r.

Kesten [Kes78] showed that if 1 < 1, the process survives forever with positive
probability, while if u > 1, the process eventually goes extinct almost surely. In this
paper, we will assume that = 1, so we are considering the case of critical drift. Our
aim is to establish some new results for this process, focusing on the question of how
the process behaves when conditioned to survive for an unusually long time. These
results sharpen some of the results in the seminal paper of Kesten [Kes78] and build
on more recent work of Berestycki, Berestycki, and Schweinsberg [BBS14, BBS15].

There are several reasons to study branching Brownian motion with absorption:

(1) To study branching Brownian motion without absorption, for example its
extremal particles, it is often useful to kill the particles at certain space-time
barriers, as pioneered by Bramson [Bra78|. It is therefore natural to study
these processes for their own sake.

(2) Branching Brownian motion with absorption, or more complicated models
that build on it, can be interpreted as a model of a biological population under
the influence of evolutionary selection. In this setting, particles represent
individuals in a population, the position of a particle represents the fitness of
the individual, and the absorption at zero models the deaths of individuals
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Yaglom limits for BBM with absorption 923

with low fitness. See, for example, the work of Brunet, Derrida, Mueller, and
Munier [BDMMO06, BDMMOT7].

(3) There are close connections between branching Brownian motion and partial
differential equations, going back to the early work of McKean [McKT75].
Branching Brownian motion with absorption was used in [HHKO06] to study
the equation % "= uf + B(f? — f), which describes traveling wave solutions
to the FKPP equation, under the boundary conditions lim, o f(z) = 1 and
lim, , » f(z) = 0. Also, branching Brownian motion with absorption is a
toy model for certain noisy traveling wave equations (see again [BDMMO06,
BDMMO7]).

(4) The branching random walk with absorption, a discrete-time analogue of
branching Brownian motion with absorption, appears directly or indirectly in
other mathematical models such as infinite urn models [MR21] or in the study
of algorithms for finding vertices of large labels in a labelled tree generated
by a branching random walk [Ald92].

(5) Branching Brownian motion with absorption can be regarded as a non-
conservative Markov process living in an infinite-dimensional and unbounded
state space (the space of finite collections of points on R ). As such, it is an in-
teresting testbed for quasi-stationary distributions and Yaglom limits, which
have seen a great deal of attention in the last decade [CCLT09, CV16, MV12],
particularly regarding approximating particle systems [AFGJ16, DM13]

1.1. Some notation

We introduce here some notation that we will use throughout the paper. When the
branching Brownian motion starts with a single particle at the position x, we denote
probabilities and expectations by P, and E, respectively. More generally, we may
start from a fixed or random initial configuration of particles in (0, 00), which we
represent by the measure v consisting of a unit mass at the position of each particle.
We then denote probabilities and expectations by P, and E,. To avoid trivialities,
we will always assume that the initial configuration of particles is nonempty. When
the initial configuration v is random, P, and E, refer to unconditional probabilities
and expectations, not conditional probabilities and expectations given the random
measure v. In particular, if A is an event, then P,(A) is a number between 0 and 1,
not a random variable whose value depends on the realization of . That is, using the
language of random walks in random environments, P, represents the “annealed” law
rather than the “quenched” law. We will denote by (F;, ¢ > 0) the natural filtration
of the process.

We will denote by N, the set of particles that are alive at time s, meaning they
have not yet been absorbed at the origin. If u € Ny, we denote by X,,(s) the position
at time s of the particle u. We also define the critical curve

o\ 1/3
(1.1) Li(s) = c(t — s)Y3, ¢= (37T> :
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924 P. MAILLARD & J. SCHWEINSBERG

This critical curve appeared in the original paper of Kesten [Kes78]. As will become
apparent later, it can be interpreted, very roughly, as the position where a particle
must be at time s in order for it to be likely to have a descendant alive in the
population at time t. We will also define

Zt(S) = Z 2t (XU(S),S),

u € Ng

: ™ x—L¢(s
4w, 5) = Lifs)sin (ms)) i)

The process (Z:(s),0 < s < t) will be extremely important in what follows. Lem-
ma 5.5 below shows that, in some sense, this process is very close to being a martin-
gale. Let M (s) be the number of particles at time s, and let R(s) denote the position
of the right-most particle at time s. In symbols, we define

(1.3) M(s) = #Ns, R(s)=sup{Xu,(s):ue Ns}.
Finally, let

(1.2)

(=inf{s: M(s) =0}

be the extinction time for the process.

We will often be working to prove asymptotic results as t — oo where, for each t,
we are working under a different probability measure such as P,, or the conditional
probability P,,( - |¢ > t). We use = to denote convergence in distribution and —,
to denote convergence in probability. If X; is a random variable for each ¢, then by
X =, c under P,, we mean that P,,(|X;—¢| > ¢) = 0 ast — oo for all € > 0, while
X —, oo under P,, means P, (X; > K) — 1 as t — oo for all K € R,.. We also
write f(£) ~ g(t) if iy f(1)/g(t) = 1 and f(£) < g(t) if limy o f(£)/g(t) = O.

Throughout the paper, C' denotes a positive constant whose value may change
from line to line. Numbered constants C} keep the same value from one occurrence
to the next.

1.2. The probability of survival until time ¢

For branching Brownian motion started with a single particle at x > 0, we are
interested in calculating the probability that the process survives at least until time
t. Kesten [Kes78] showed that there exists a positive constant K; such that for every
fixed x > 0, we have for sufficiently large t,

xem—Lt(O)—Kl(logt)z < Px(C = t) < (1 + x)ez—Lt(oHKl(logt)?_

Berestycki, Berestycki, and Schweinsberg [BBS14] tightened these bounds by showing
that there are positive constants C; and C5 such that for all z > 0 and ¢ > 0 such
that < L;(0) — 1, we have

(1.4) Cizi(2,0) < P,(¢ > t) < Cozi(x,0).

Note that the results in [BBS14] are stated in the case when ps = 1, which means
two offspring are produced at each branching event. However, the proof of (1.4) can
be extended, essentially without change, to the case of the more general supercritical
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offspring distributions considered here. Also, a slightly different scaling, with § =1
and g1 = v/2, was used in [BBS14]. Theorem 1.1 below is our main result regarding
survival probabilities.

THEOREM 1.1. — Suppose that for each t > 0, we have a possibly random initial
configuration of particles v,. Then there is a constant « > 0 such that the following
hold:

(1) Suppose that, under P,,, we have Z;(0) = Z and L;(0) — R(0) —, oo as
t — 0o. Then
: —aZ
lim P, (¢>1) =1-E[e].
(2) Suppose that each vy is deterministic, and that, under P,,, we have Z;(0) — 0
and L;(0) — R(0) — oo as t — oco. Then as t — 0o, we have

P,jt (C > t) ~ OéZt<O)
In particular, if x > 0 is fixed, then
(1.5) P,(C > t) ~ amze” 1O,

Remark 1.2. — The constant « in the statement of Theorem 1.1 has the expression
a = 7 le %31 where a(2.14) is a constant related to the tail of the derivative
martingale of the branching Brownian motion and defined in Lemma 2.13 below.

Note that (1.5) improves upon (1.4) when the initial configuration has only a single
particle. Derrida and Simon [DS07] had previously obtained (1.5) by nonrigorous
methods.

Theorem 1.1 applies when there is no particle at time zero that is close to L;(0).
This condition is important, here and throughout much of the paper, because it
ensures that no individual particle at time zero has a high probability of having
descendants alive at time ¢t. Theorem 1.3 below applies when the process starts with
one particle near L;(0). Here and throughout the rest of the paper, we denote by ¢
the extinction probability for a Galton—Watson process with offspring distribution
(pk)72o- Note that Theorem 1.3 implies that when ¢ = 0 and the process starts from
one particle near L;(0), the fluctuations in the extinction time are of the order 2/3,
which can also be seen from [BBS14, Theorem 2].

THEOREM 1.3. — There is a function ¢ : R — (0, 1) such that for all x € R,
(1.6) Am Pr)42(C < 1) = o(x)

and, more generally, for all xt € R and v € R,

. 2/3\ _ o
(1.7) tliglo Pr,0)+a (C <t+ot ) =0¢ <a: 3 > .
We have lim, , o, ¢(z) = 1 and lim, _, o, ¢(x) = q. The function ¢ also satisfies

(1) = =80~ To0),

where f(s) = Y02, prs" is the generating function for the offspring distribution
(pe)72y. In fact, ¢(x) = ¥(x + log(am)), where ¢ is the function from Lemma 2.13
below and « is the constant from Theorem 1.1.
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926 P. MAILLARD & J. SCHWEINSBERG

The equation (1.7) is the equation satisfied by traveling wave solutions to the Fi-
sher-Kolmogorov—Petrovski-Piscounov (FKPP) equation. Solutions to (1.7) which
take values in (0, 1) and satisfy lim, , o ¢(z) = 1 and lim, _, o, ¢(z) = g are unique
up to translation, as shown in [KPP37]. A probabilistic argument for this uniqueness
was given in [Kyp04].

1.3. The process conditioned on survival

Our main goal in this paper is to understand the behavior of branching Brownian
motion conditioned to survive for an unusually long time. The results in this section
can be viewed as the analogs of the theorem of Yaglom [Yag47] for critical Galton—-
Watson processes conditioned to survive for a long time.

Proposition 1.4, which is a straightforward consequence of Theorem 1.1, gives the
asymptotic distribution of the survival time for the process, conditional on { > t.
We see that the amount of additional time for which the process survives is of the
order t?/3, and has approximately an exponential distribution.

PROPOSITION 1.4. — Suppose that for each t > 0, we have a deterministic initial
configuration of particles v;. Suppose that, under P,,, we have

(1.9) Jim Z,(0) =0, lim (Ly(0) = R(0)) = oo.

Let V' have an exponential distribution with mean 1. Then, under the conditional
probability measures P, ( - [ > t), we have t7*3(( —t) = 3V ast — oco.

We are also able to get rather precise information regarding what the configuration
of particles looks like at or near time ¢, conditional on the process surviving until
time ¢. Recall the definitions of M (s) and R(s) from (1.3). Kesten proved (see [Kes78,
(1.12)]) that for fixed x > 0, there is a positive constant K» such that

(1.10) Jim Py (M(t) > 0507 [ ¢ ) =0,

Kesten also showed (see [Kes78, (1.11)]) that there is a positive constant K3 such
that
(1.11) Jim P, (R(t) > Kst**(log t)*/* ¢>t) =0

Theorem 1.5 below provides sharper results regarding the behavior of the number
of particles in the system and the position of the right-most particle near time ¢,

when the process is conditioned to survive until time ¢. Note that the time s depends
on t.

THEOREM 1.5. — Suppose that for each t > 0, we have a deterministic initial
configuration of particles v; such that (1.9) holds under P,,. Suppose s € [0,t]. Let
V' have an exponential distribution with mean 1. Under the conditional probability
measures P, (- |( > t), the following hold:
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(1) Ift72/3(t — s) — o > 0, then

(1.12) (3¢ — 1), log M(s),t */°R(s))

3V 3V \? 3V \?
:><,c<a+> ,c<a+> )
c c c

(2) If t*3 < t — s < t, then letting a(s,t) = ((t — s)/t)** and
b(s,t) = c(t — s)/3 —log(t — s),

we have
(1.13)  (£72%(C — 1), a(s, t)(log M(s) — bs, 1)), a(s, 1) (R(s) — b(s,1)))
= (32/,‘/, V) .

Theorem 1.5(1) with o = 0 implies that if ¢ — s < t**, and in particular if s = ¢,
then conditional on ¢ > t, we have t=2/?log M(s) = (3¢2)'/3V'/3 and t=?°R(s) =
(3¢2)1/3V1/3, When we start with one particle at z, these results improve upon (1.10)
and (1.11). Note also that when t*/3 < t — s < t/(logt)®?, the log(t — s) term can
be dropped from b(s, t).

Remark 1.6. — The assumption in Proposition 1.4 and Theorem 1.5 that the
initial configurations are deterministic is important. Suppose we allow the v; to
be random and assume, similar to part 1 of Theorem 1.1, that under P,,, we have
Z;(0) =, 0 and L,(0) — R(0) —, 0. To see that the conclusions of Proposition 1.4 and
Theorem 1.5 can fail, consider the example in which 14 consists of a single particle at 1
with probability 1 — 1/t and a single particle at 2L, with probability 1/¢. Conditional
on the initial particle being at 1, the probability that the process survives until time
t is approximately amel=<t'? by (1.5), while conditional on the initial particle being
at 2L4(0), the probability of survival until time ¢ is approximately 1 — ¢q. Therefore,
conditional on survival, with overwhelming probability the initial particle was at
2L,(0), and on this event, the configuration of particles at time ¢ will be quite
different from what is predicted by Theorem 1.5.

Remark 1.7. — 1t is possible to define the process conditioned to survive for
all time, through a certain spine decomposition, which is classical for branching
processes. One can easily convince oneself that in this process the number of particles
at time ¢ is of the order exp(O(t'/?)), which is of a very different magnitude from
the exp(O(t*?)) obtained in the above theorems. This is in stark contrast to the
classical case of (critical) Galton—Watson processes conditioned to survive until time
t or forever, where the number of particles at time ¢ is of the order of ¢ in both cases
(see e.g. [LPP95]); in fact, both are related through a certain change of measure.

Acknowledgements

The authors warmly thank Julien Berestycki for a number of productive discussions
while the ideas of this project were being formulated, along with some further

TOME 5 (2022)



928 P. MAILLARD & J. SCHWEINSBERG

discussions throughout the course of the project. They also thank Louigi Addario-
Berry, Nathanaél Berestycki, Eric Brunet, Simon Harris, and Matt Roberts for helpful
discussions at an early stage of the project, and they thank a referee for comments
which improved the exposition of the paper.

2. Tools, heuristics, and further results

In this section, we describe some of the tools required to prove the main results
stated in the introduction, along with the heuristics that allow us to see why these
results are true. We also state some further results (Theorems 2.4, 2.9, and 2.10)
which provide information about the behavior of the branching Brownian motion
during the time interval [0t, (1 — d)t], where § > 0 is small, conditioned on survival
of the process until time .

Theorems 1.1 and 1.3 and Proposition 1.4 depend heavily on a connection
between branching Brownian motion with absorption and continuous-state branching
processes. This connection is explained in Section 2.1, where Theorems 2.1 and 2.4
are stated. To prepare for the proof of Theorem 1.5, we present in Section 2.2 a
slight generalization of a result on particle configurations from [BBS15], which is
Proposition 2.6. We also state in that section two more results complementing The-
orem 1.5, namely Theorems 2.9 and 2.10. To be able to apply Proposition 2.6 for
proving Theorem 1.5, we develop a method which allows us to predict the extinction
time starting from an arbitrary initial configuration. This method is outlined in
Section 2.3. Section 2.4 recalls a result on the number of descendants of a single
particle in branching Brownian motion with absorption, which is used in the proof of
Theorem 2.1. Finally, Section 2.5 explains the organization of the rest of the paper.

2.1. Connections with continuous-state branching processes

The primary tool that allows us to improve upon previous results is a connection
between branching Brownian motion with absorption and continuous-state branching
processes. This connection is a variation of a result of Berestycki, Berestycki, and
Schweinsberg [BBS13], who considered branching Brownian motion with absorption
in which the drift p was slightly supercritical and was chosen so that the number of
particles in the system remained approximately stable over the longest possible time.
They showed that under a suitable scaling, the number of particles in branching
Brownian motion with absorption converges to a continuous-state branching process
with jumps. The intuition behind why we get a jump process in the limit is that, on
rare occasions, a particle will move unusually far to the right. Many descendants of
this particle will then be able to survive, because they will avoid being absorbed at
zero. Such events can lead to a large rapid increase in the number of particles, and
such events become instantaneous jumps in the limit as t — oo. To prove the main
results of the present paper, we will need to establish a version of this result when
i =1, so that the drift is critical.
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2.1.1. Continuous-state branching processes

A continuous-state branching process is a [0, co]-valued Markov process (=(t),t > 0)
whose transition functions satisfy the branching property pi(x + vy, ) = pi(z, -) *
pe(y, +), which means that the sum of two independent copies of the process started
from z and y has the same finite-dimensional distributions as the process started from
x+y. It is well-known that continuous-state branching processes can be characterized
by their branching mechanism, which is a function ¥ : [0,00) — R. If we exclude
processes that can make an instantaneous jump to oo, the function ¥ is of the form

U(q) =g+ B¢* +/0 (e_qm -1+ qwllg;<1) v(dz),

where 7 € R, 8 > 0, and v is a measure on (0, 00) satisfying [;°(1 A 2?) v(dx) < oo.
If (2(¢),t > 0) is a continuous-state branching process with branching mechanism
W, then for all A > 0,

(2.1) E e 0|5, = z] = e

Y

where u;(\) can be obtained as the solution to the differential equation

(2.2) aatut()\) = —U(u(N)), up(N\) = A\
We will be interested here in the case

(2.3) V(g) = Wap(q) = ag + bglogg

for a € R and b > 0. It is not difficult to solve (2.2) to obtain
(2.4) u(\) = A "eleT =0/,

This process was first studied by Neveu [Nev] when a = 0 and b = 1. It is therefore
also called Neveu’s continuous state branching process.

2.1.2. Relation with branching Brownian motion

The following result is the starting point in the study of branching Brownian
motion with absorption at critical drift. Note that in contrast to the case of weakly
supercritical drift considered in [BBS13], a nonlinear time change appears here.

THEOREM 2.1. — Suppose that for each t > 0, we have a possibly random initial
configuration of particles v;. Suppose that, under P,,, we have Z,(0) = Z and
L(0) — R(0) —, 00 as t — oo. Then there exists a € R, not depending on Z, such
that the finite-dimensional distributions of the processes

(Z((1=e7)1) u>0).

under P,,, converge as t — oo to the finite-dimensional distributions of a continuous-
state branching process (=(u),u > 0) with branching mechanism V,1/3(q) = aq +
%qlog q, whose distribution at time zero is the distribution of Z.
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The strategy for proving Theorem 2.1 will be similar to the one followed in [BBS13],
but the proof is more involved due to the time inhomogeneity emerging in the analysis
as a result of the non-linear time change. Yet, thanks to the introduction of several
new ideas, we were able to significantly reduce the length of the proof.

Remark 2.2. — The constant a in the statement of Theorem 2.1 has the expression

a= %(a(Q.M) + log ) + %, with a(.14) the constant defined in Lemma 2.13 below.

Remark 2.3. — To understand the time change, let s denote the original time
scale on which the branching Brownian motion is defined, and let v denote the
new time parameter under which the process will converge to a continuous-state
branching process. From [BBS13], we know that the jumps in the process described
above will happen at a rate proportional to L;(s)™ or, equivalently, proportional to
(t — s)~L. This corresponds to the time scaling by (log N)? in [BBS13]. Therefore,
to get a time-homogeneous limit, we need to set du = (t — s)~! ds. Integrating this

equation gives
u S t
u:/ dvz/(t—r)_ldrzlog<>.
0 0 t—s

Rearranging, we get s = (1 — e™*)t, which is the time change that appears in
Theorem 2.1.

2.1.3. The probability of survival

Let (Z(u),u > 0) be the continuous-state branching process that appears in
Theorem 2.1. It follows from well-known criteria due to Grey [Gre74] that (2(u), u >
0) neither goes extinct nor explodes in finite time. That is, if =(0) € (0, 00), then
P(=(u) € (0,00) for all u > 0) = 1. Let

(2.5) o =e 392,

The process ((e7*=(®) v > 0) is a martingale taking values in (0, 1), as can be seen
either by observing that u;(a) = « for all ¢ > 0 and making a direct calculation
using (2.1), or by observing that ¥(a) = 0 and following the discussion on [BFMO0S,
p. 716]. By the Martingale Convergence Theorem, this martingale converges to a
limit, and it is not difficult to see that the only possible values for the limit are 0
and 1. Therefore, using P, to denote probabilities when Z(0) = x, we have, as noted
in [BFMO0S],

26) P, (uleOOE(u) - oo) ) (ulgmooE(u) _ 0) i
As can be guessed from Theorem 2.1, the event that lim, ., ., =, = 0o corresponds
to the event that the branching Brownian motion survives until time ¢, and this
correspondence leads to Theorem 1.1. Note that the constant « in Theorem 1.1

and the constant a in the definition of the continuous-state branching process in
Theorem 2.1 are related by the formula (2.5).
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2.1.4. Conditioning on survival

To make a connection between continuous-state branching processes and branching
Brownian motion conditioned on survival until time ¢, we need to consider the
continuous-state branching process conditioned to go to infinity. Let (Z(u),u > 0) be
a continuous-state branching process with branching mechanism ¥(q) = aq+ %q log q,
started from Z(0) = . Bertoin, Fontbona, and Martinez [BEMOS8] interpreted this
process as describing a population in which a random number (possibly zero) of
so-called prolific individuals have the property that their number of descendants in
the population at time u tends to infinity as u — oo. The number N of such prolific
individuals at time zero has a Poisson distribution with mean ax, which is consistent
with Theorem 1.1. As noted in [BFMO0S, Section 3], the branching property entails
that (Z(u),u > 0) can be decomposed as the sum of N independent copies of a process
(®(u),u > 0), which describes the number of descendants of a prolific individual,
plus a copy of the original process conditioned to go to zero as u — oo, which
accounts for the descendants of the non-prolific individuals. Conditioning on the event
lim, , » Z(u) = oo is the same as conditioning on N > 1. Furthermore, as x — 0,
the conditional probability that N = 1 given N > 1 tends to one. Consequently,
if we condition on lim, ., =(u) = oo and then let x — 0, we obtain in the limit
the process (®(u),u > 0). Therefore, the process (®(u),u > 0) can be interpreted
as the continuous-state branching process started from zero but conditioned to
go to infinity as u — o0o. See [BKMS11, FM19] for further developments in this
direction. The following result, which we will deduce from Theorem 2.1, describes the
finite-dimensional distributions of the branching Brownian motion with absorption,
conditioned to survive for an unusually long time.

THEOREM 2.4. — Suppose that for each t > 0, we have a deterministic ini-
tial configuration of particles v; such that (1.9) holds under P,,. Then the finite-
dimensional distributions of (Z,((1—e~*)t),u > 0), under the conditional probability
measures P, (- | > t), converge as t — oo to the finite-dimensional distributions of
(P(u),u > 0).

Remark 2.5. — Theorem 2.4 provides another way of understanding Proposi-
tion 1.4. It is known that
(2.7) A e 2 log Z(u) = —log W a.s.,

where W has an exponential distribution with rate parameter ax. This result was
stated for the case when the branching mechanism is ¥(q) = ¢log ¢ in [Nev]| by Neveu,
who attributed the result as being essentially due to Grey [Gre77]. A complete proof
is given in [FS04, Appendix A], and by using (2.4), this proof can be adapted to
give (2.7) when ¥(g) = ag+3qlog¢. By conditioning on the event lim,, _, o, Z(u) = o0,
which is equivalent to conditioning on —logW > 0, and then letting x — 0, we
obtain

(2.8) Jim e 2 log ®(u) =V a.s.,

where V' has the exponential distribution with mean 1. This exponential limit law
was derived also in [FM19, Proposition 7]. It turns out that the random variable V/
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in (2.8) is the same random variable that appears in Proposition 1.4 and Theorem 1.5
above. To see this, note that (2.8) combined with Theorem 2.4 implies that when u
is large, we can write Z;((1 —e~%)t) ~ exp(e**/?V). Using the Taylor approximation
ot + s)'3 — ct'/3 ~ £st7%% when s < t, we have

(29) Zt+vt2/3 ((1 —e )¢
R exp (eQu/i’)V — Lt+vt2/3 ((1 _ efu) t) YL, ((1 _ 67“) t))
o (407 =5 (1) (1) )

= exp (62”/3\/ — Z;)062“/3) .

The process should survive until approximately time t 4+ vt?/3, where v is chosen so
that Z,2/3((1 — e ™)t) is neither too close to zero nor too large. This will happen
when the expression inside the exponential in (2.9) is close to zero, which occurs
when v = %V. That is, conditional on survival until at least time ¢, the process
should survive for approximately time ¢ + %VtZ/ 3 consistent with Proposition 1.4.

2.2. Particle configurations

After branching Brownian motion with absorption has been run for a sufficiently
long time, the particles will settle into a fairly stable configuration. Specifically, as
long as Z;(s) is neither too small nor too large, the “density” of particles near y at
time s is likely to be roughly proportional to

(2.10) sin (5&)) eV,

Berestycki, Berestycki, and Schweinsberg [BBS15] obtained some results that made
this idea precise, in the case of binary branching when the branching Brownian
motion starts from a single particle that is far from the origin. The proposition
below extends the results in [BBS15] to more general initial configurations and more
general offspring distributions.

PROPOSITION 2.6. — Consider a possibly random sequence of initial configura-

tions (v,)2 , along with possibly random times (t,,)°,, where t,, may depend only

on v, and t, —, 0o as n — co. Suppose that, under P,, , the sequences (Z;,(0))3,

and (Z,,(0)71)°  are tight, and Ly, (0) — R(0) —, 0o as n — oo. Let 0 < § < 1/2.

n=1

Then the following hold:

(1) For all € > 0, there exist positive constants C3 and Cy, depending on ¢ and
e, such that if §t,, < s < (1 — d)t,, and n is sufficiently large, then

< G
= Ly, (s)?

(2.11) Pl,,L( Cs el ) < M (s)

Ln()) > 1 —¢.
Ly, () ‘ ) :
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(2) For all € > 0, there exist positive constants C5 and Cg, depending on ¢ and
e, such that if §t, < s < (1 — 0)t,, and n is sufficiently large, then

(2.12) P, (L, (s) = logty, — C5 < R(s) < Ly, (s) — logt, + C) > 1 —¢.

(3) Let N, denote the set of particles alive at time s for branching Brownian
motion started from the initial configuration v,. Let (s,)5, be a sequence of
possibly random times, where s,, may depend on v,, but not on the evolution of
the branching Brownian motion after time zero, such that §t, < s, < (1—=9)t,
for all n. Define the probability measures

1
Y Oxu(sn)

M(Sn) u e Nsn,n

Xn =

and

—1
nn=( > GX"(S”)) D O () L 50

UENsn,'n ueNSna”

Let 11 be the probability measure on (0, 00) with density g(y) = ye™Y, and let
¢ be the probability measure on (0,1) with density h(y) = 7 sin(ry). Then
Xn = wand n, = £ asn — oo, where = denotes convergence in distribution
for random elements in the Polish space of probability measures on (0, c0),
endowed with the weak topology.

Remark 2.7. — Parts (1) and (2) of Proposition 2.6 give estimates on the number
of particles at time s and the position of the right-most particle at time s. Part (3)
of Proposition 2.6 states two limit theorems which together make precise the idea
described in (2.10). If we choose a particle at random from the particles alive at time
s, then most likely we will choose a particle near the origin. Using the sin(z) ~ x
approximation for small z, we get that the density of the position of this randomly
chosen particle is approximately ¢g. If instead we choose a particle at random such
that a particle at y is chosen with probability proportional to €Y, and then we scale
the location of the chosen particle such that the right-most particle is located near
1, then the density of the chosen particle is approximately h.

Remark 2.8. — Proposition 2.6 also allows us to see why Theorem 1.5 should be
true. For simplicity, we focus on the case when s = t. Consider a branching Brownian
motion that has already survived for time ¢ and will ultimately survive until time
t +v. We expect Z;,,(t) to be neither too close to zero (in which case the process
would most likely die out before time ¢ + v) nor too large (in which case the process
would most likely survive beyond time ¢ + v). Furthermore, because the process
has evolved for a long time, we expect the density of particles at time ¢ to follow
approximately (2.10). It follows that the position of the right-most particle at time ¢
should be close to L;,,(t) = cv/?, while the number of particles at time ¢ should be
within a constant multiple of vte"”* . The key to proving Theorem 1.5 is to argue
that as long as ¢ — s < t, the extinction time can be predicted fairly accurately
from the configuration of particles at time s, so that we can apply Proposition 2.6
with the predicted extinction time of the process in place of t,. Proposition 1.4
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tells us that conditional on survival until time ¢, the amount of additional time
for which the process survives can be approximated by %VtQ/ 3 where V has an
exponential distribution with mean one. Therefore, using %Vt2/ 3 in place of v, we
expect log M (t) = R(t) =~ c(2V*/3)!/3 = (3¢2V)/3¢2/9, consistent with Theorem 1.5.

More results conditioned on survival

The following two results complement Theorem 1.5 and will be proved using the
same methods, explained in Section 2.3. As in Theorem 1.5, the time s depends on ¢.

THEOREM 2.9. — Suppose that for each t > 0, we have a deterministic initial
configuration of particles v, such that (1.9) holds under P,,. Let 0 < § < 1/2, and
suppose s € [dt, (1 — §)t]. For all € > 0, there exist positive constants Cs3, Cy, Cs,
and Cg such that if t is sufficiently large, then

P, (Liz)ge“(s) < M(s) < L§§)36Lt(5) ¢ > t) >1—¢
and
Pl,t<Lt(s) —logt — C5 < R(s) < Ly(s) — logt + Cg ’C > t) >1—c.
THEOREM 2.10. — Suppose that for each t > 0, we have a deterministic initial

configuration of particles v; such that (1.9) holds under P,,. Suppose s € [0,t], and
suppose

lim inf s > 0.
t—oo t
Define the probability measures

1

1
Xu(s Xu(s
X = (s Y Oxus)y s = ( doe ()) S M0, o rs)-

u € Ny u € Ng u € Ny

Then, under the conditional probability measures P,,( - |( > t), we have x; =
wand ns = & ast — oo, where i and £ are defined as in Proposition 2.6. If
limsup, _, ., s/t < 1, then we may replace R(s) by L,(s) in the formula for 7.

2.3. Predicting the extinction time

Our strategy for proving Theorem 1.5 will be to use Proposition 2.6 to deduce
results about the configuration of particles at time s, where ¢t — s < ¢, by allowing
the configuration of particles at some time r < s to play the role of the initial
configuration of particles. To do this, we will need to show that the configuration of
particles at time r satisfies the hypotheses of Proposition 2.6. However, because the
number of particles near time ¢ is highly variable, there is no deterministic choice of
t, that will allow the tightness criterion in Proposition 2.6 to be satisfied.

Consequently, we will develop a method for associating with an arbitrary config-
uration of particles a random time, which represents approximately how long the
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branching Brownian motion is likely to survive, starting from that configuration.
This technique may be of independent interest. For all s > 0, let

(2.13) T(s)=inf {t: Lo(s) > R(s)+2 and  Z.(s) < 1/2}.

For any fixed s > 0, as have lim; , o, Lsy;(s) = oo, and for any fixed s > 0 and
x > 0, we have lim; , o, z51¢(x, s) = 0. Therefore, T'(s) is well-defined and finite. The
following result allows us to interpret T'(s) as being approximately the amount of
additional time we expect the process to survive, given what the configuration of
particles looks like at time s, provided that no particle at time s is too close to

L5 (0).

LEMMA 2.11. — Let € > 0. There exist positive constants k', t', and a' such that
for all initial configurations v such that T'(0) > t" and L (0) — R(0) > o', we have

P, (|- T(0)| <KT(0)*) >1-c.

To apply Proposition 2.6 to the configuration of particles at time r, we will need
to know that with high probability, no particle at time 7 is too close to Ly((0).
The key to this argument will be Lemma 2.12, which says that starting from any
configuration of particles at time zero, there will typically be no particle close to
this right boundary a short time later.

LEMMA 2.12. — Let € > 0 and A > 0. There exist positive real numbers ty > 0
and d > 0, depending on € and A, such that if v is any initial configuration of
particles, then

P, ({R(d) > Lr)(0) — A} n{T(d) > to}) <.

2.4. Descendants of a single particle

Recall that (pg)72, denotes the offspring distribution when a particle branches.
Let L be a random variable such that P(L = k) = py. Recall that we suppose that
E[L?] < oo. Let f(s) = E[s”] be the probability generating function of the offspring
distribution, and let ¢ be the smallest root of f(s) = s, which is the extinction
probability for a Galton-Watson process with offspring distribution (py)z2,. We
record the following lemma, which is a consequence of results in [Mail2, Chapter 4].

LEMMA 2.13. — Suppose the branching Brownian motion is started with a single
particle at zero, and there is no absorption at the origin. For each y > 0, let K(y)
be the number of particles that reach —y if particles are killed upon reaching —y.
Then there exists a random variable W such that

yli_{lgo ye 'K(y) =W as.

We have P(W > 0) = 1 — ¢ and E[e™®"W] = ¢(x), where 1 is the solution to the
equation

V= =B~ fou)
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with lim, , o ¢¥(z) = 1, lim, ,¢¥(x) = q and 1 — ¢Y(—x) ~ xe ™ as x — 0. In
fact, there exists a(z.14) € R such that as A — 0,

(2.14) E e ] = exp (o, 1(0) +0(N)),
where U, ,(\) = aX + bAlog A is the function from (2.3).

In the case of binary branching, the existence of the random variable W in
Lemma 2.13 goes back to the work of Neveu [Nev88|. [Mail2, Proposition 4.1 in
Chapter 2] establishes that

1

(2.15) PW>z)~—- as z—
x

and

(2.16) E {W]l{ng}} —logx - C as x — o0.

The results (2.15) and (2.16) were proved earlier in [BBS13] for binary branching.
As indicated in [Mail2], the result (2.14) follows from (2.15) and (2.16) by de Haan’s
Tauberian Theorem (see [Haa76, Theorem 2]). One can also deduce from [Haa76,
Theorem 2] that the constant C' in (2.16) and the constant a(s.14) are related by
C' =7 —1—a@.14), where 7 is Euler’s constant.

Remark 2.14. — Lemma 2.13 holds under weaker assumptions on the offspring
distribution; see [Mail2]. Also, an analogous result for branching random walk has
been proven recently in [BIM20]. The random variable W appearing in Lemma 2.13
is equal to the limit of the so-called derivative martingale [Nev88], but we will not
use this fact explicitly.

2.5. Organization of the paper

In Sections 3 and 4, we prove the main results of the paper, assuming Theorem 2.1
and Proposition 2.6. The most novel arguments in the paper are in these two sections.
In Section 3, we prove Theorems 1.1, 1.3, and 1.4, all of which pertain to survival
times for the process, as well as Theorem 2.4, whose proof requires similar ideas. In
Section 4, we consider the process conditioned to survive until a large time t. We
prove Theorem 1.5 and Theorems 2.9 and 2.10, along with Lemmas 2.11 and 2.12.

The last four sections of the paper are devoted to the proofs of Theorem 2.1 and
Proposition 2.6. In Section 5, we establish some preliminary heat kernel and moment
estimates that will be needed to prove those results. In Section 6, we show how to
use results from [BBS15] to deduce Proposition 2.6. Finally, Theorem 2.1 is proved
in Sections 7 and 8.

3. The probability of survival until time ¢

Let (E(u),u > 0) denote a continuous-state branching process with branching
mechanism ¥(q) = aq + %qlog q, where a is the constant from Theorem 2.1. Use
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P, and E, to denote probabilities and expectations for this process started from
=(0) = x. Recall (2.6), and let £ be the event that lim, _, ., =(u) = 0, so that

(3.1) P.(E) =e ",
where o = exp(—3a/2) as defined in (2.5). Throughout this section, we also use the

notation
di(u) = (1 — e’“) t.

We begin with the following lemma, which can be deduced from (1.4) and gives
an initial rough estimate of the survival probability.

LEMMA 3.1. — There exist positive constants Cy and C; such that for all t > 0
and all initial configurations v such that R(0) < L;(0) — 1, we have
(3.2) 1—e G20 < P,(¢>t) < CoZi(0),

and the lower bound holds even if the condition R(0) < L;(0) — 1 is removed.
Proof. — Recall that (1.4) implies that if 0 < x < L;(0) — 1, then
(3.3) Ci2(x,0) < P,(¢ > t) < Coz(x,0).

One easily checks that there exists C' > 0 such that z;(z,0) < C' and z,(L;(0)—1,0) >
C~! for t sufficiently large. Furthermore, P,(¢ > t) is an increasing function of .
Hence, the lower bound in (3.3) holds even if x > L;(0) — 1, with the constant C}
replaced by a different constant C';. Now consider a general initial configuration of
particles v. It follows from Boole’s Inequality and (3.3) that

S(C>1t) < Z Px. (0 (¢ >1t) < CyZ,(0),
u € Ny
which is the upper bound in (3.2). To see the lower bound, note that by the inequality
1—z<e ™ forxel01],

P,((>t)=1- ] (1 —Px,0)(¢ > t))

u € No
S1—exp(— 3 Pyo(C>1)] >1— 020,
u € No
as claimed. ]
Remark 3.2. — Once we prove Theorem 1.3, we will know that the condition

R(0) < L(0) — 1 keeps the probabilities P x,)(¢ > t) bounded away from one. This
means there is a positive constant C' for which

1= Py, > 1) >exp (~CPx, (¢ > 1))
for all u € Ny. Therefore, letting Cs = C'Cy, it will follow as in the above proof that

(3.4) P,((>1t)<1—exp ( C Y Px, (> t)) 1 — e G82:0),

u € Ng

This stronger form of the upper bound will be used in the proof of Lemma 2.12
below.
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LEMMA 3.3. — Suppose that, for eacht > 0, we have a deterministic configuration
of particles v;. Suppose that, under P,,, we have L;(0) — R(0) — oo and Z;(0) —

€ (0,00) ast — oo. Let § > 0 and r € (0,1). Then there exist ¢ > 0 and y > 0,
depending on 6 but not on r, such that for sufficiently large t, we have

(3.5) P, ({¢> 1N {Z(rt) <e}) <6
and
(3.6) P, ({¢ <t} {Z(rt) > y}) < 6.

Proof. — Write s = rt, and let As; be the event that all particles at time s are
in the interval [0, L;(s) — 1]. By applying the Markov property at time s along with
the upper bound in Lemma 3.1, and noting that L;(s) = L;_s(0), we get that on the
event A, we have P, (¢ > t|F;) < CyZ(s). Therefore,

P, ({¢ >t} N{Zi(s) <} N Asy) <P, (C> ] Ay N {Zi(s) <e}) < Coe.

Also, it follows from the conclusion (2.12) of Proposition 2.6 that P,,(Ag;) < 0/2
for sufficiently large t. The result (3.5) follows by choosing ¢ < §/(2C5). Likewise,
the lower bound in Lemma 3.1, in combination with the Markov property applied
at time s, gives P,, (¢ < t|F,) < e “7%(). Therefore,

P, ({¢ <3N {Zi(s) 2 y}) <Pu (¢ <t|Zils) 2 y) <™,
and thus (3.6) holds for sufficiently large y. O

LEMMA 3.4. — Suppose that, for eacht > 0, we have a deterministic configuration
of particles v;. Suppose that, under P,,, we have L;(0) — R(0) — oo and Z;(0) —
z € (0,00) ast — oo. Let 6 > 0. There exist ¢ > 0, y > 0, and ug > 0 such that for
each fixed u > ugy, we have for sufficiently large t,

P, ({Zi(i(u) <} A{C<H}) <36
Py, ({Z(ou(u) > y} A{¢> 1)) <30
P.({E(u) <e} A E) <30
PZ({:(u) >y} AES) <30
where A\ denotes the symmetric difference between two events.

Proof. — Choose € > 0 small enough that P.(£) > 1 — d and (3.5) holds. Choose
y > 0 large enough that P,(€) < ¢ and (3.6) holds. Fix uo large enough that
P.(e < Z(u) < y) < 6 for u > up, which is possible because the limit in (2.6) exists.
By Theorem 2.1, for u > uy,

Jim P, (5 < Zi(pr(u)) < y) = Pz(e < Z(u) < y) < 0.

The first two statements of the lemma follow from this result and Lemma 3.3.
Likewise, it follows from the Markov property of (Z(u),u > 0) that we have
P,{E(u) < e}né&) < P(€°) < b and P.({=(u) > y} NE) < Py(E) < 6. The

third and fourth statements of the lemma follow. O
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Proof of Theorem 1.1. — The proof is similar to [BBS11, the proof of Proposi-
tion 6]. Suppose the initial configuration v; is deterministic, and, under P,,, we have
Z4(0) — z € (0,00) and L{(0) — R(0) — oo as t — oo. Let § > 0. Choose € > 0,
y > 0, and ug > 0 as in Lemma 3.4. By Theorem 2.1, for each fixed u > ug, we have

lim P, (Z(én(u)) < ©) = P.(E(w) < o).

Therefore, using the first and third statements in Lemma 3.4, we obtain for each
fixed u > uy,

t— o0

< 60 + limsup |P,, (Zy(¢e(u)) <€) — P.(E(u) < g)] = 66.

t— 00

Since 0 > 0 was arbitrary, it follows that
(3.7) tli)m P,,((<t)=P.(E) =e*,

which gives part (1) of Theorem 1.1 when each v; is deterministic and z > 0.

Next, suppose v; is deterministic and, under P,,, we have Z;(0) — 0 and L;(0) —
R(0) — oo as t — o0o. We may consider ¢ large enough that 0 < Z;(0) < 1. Let
v} denote the initial configuration with |1/7,(0)| particles at the location of each
particle in the configuration v;. Then, adding a star to the notation when referring
to the process started from v}, we have Z;(0) — 1 as t — oo. Also, we have
Ly (0) — R*(0) — oo. Thus, we can apply (3.7) to get

tlgrgoPl,;(C <t)=e"

Because the process started from v} goes extinct by time ¢ if and only if each of the
|1/Z:(0)] independent copies of the process started from v; goes extinct by time ¢,
we have

P, (( <t) = (1—P,(¢> 1)

It follows that P,, (¢ > t) ~ aZ;(0), which establishes part 2 of Theorem 1.1. It
follows that lim; _, o, P,,(¢ < t) =1, so (3.7) also holds when z = 0.

It remains only to establish part 1 of Theorem 1.1 when the initial configuration of
particles may be random. Consider an arbitrary subsequence of times (¢,,)7°; tending
to infinity. Because, under P,, , we have Z; (0) = Z and L, (0) — R(00) —, 00, we
can use Skorohod’s Representation Theorem to construct the sequence of random
initial configurations (14, )%, on one probability space (2, F, P) so that Z; (0) — Z
and L; (0) — R(0) — oo almost surely. Then, for P-almost every w € Q, we can
apply the result (3.7) for deterministic initial configurations to get

Taking expectations of both sides and applying the Dominated Convergence Theorem
gives lim,, _, o Py, (¢ < t) = E[e~*?], which implies part (1) of Theorem 1.1. O

Proof of Theorem 1.3. — The proof is similar to [BBS11, the proof of Theorem 1].
Recalling Lemma 2.13, we first start a branching Brownian motion with a single
particle at zero and stop particles when they reach —y. Let 7T}, be the time at which
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the last particle is killed at —y. Let ¢ : (0,00) — (0,00) be an increasing function
such that

(3.8) Jim P (T, > g(y)) = 0.

Fix z € R, and let ¢ — y(¢) be an increasing function which tends to infinity slowly
enough that the following three conditions hold:

(3.9) Jim y(t) = oo, lim =0, lim ¢t~ 3g(y(t)) = 0.

Now we begin a branching Brownian motion with a single particle at L;(0) + x.
Let K; denote the number of particles that reach L;(0) + = — y(¢) before time ¢, if
particles are stopped upon reaching this level. For the process to go extinct before
time ¢, the descendants of each of these K; particles must go extinct before time t¢.
Let wy, ..., wg, denote the times when these particles reach the level L;(0)+xz—y(t).
Then,

Ky
Pro+((<t) <E lH Pro)+a—y (( <t — wi)‘| :
i=1
Let vy denote the random configuration with K particles located at L;(0) +x — y(t).

Recall that P,, is an unconditional probability measure, and does not refer to
conditional probability given the value of ;. Then for ¢ large enough that g(y(t)) < t,

(310) P, (C<t—g(y®) —P(Tyn > gu(t)) < Pro(C <1) <P, <),
For the initial configuration v;, we have
m(L0) + 7~ y(t))) )
L+(0)
In view of the first two conditions in (3.9), we have
an (T2 v0)) 0
L4(0) Li(0)’

where ~ means that the ratio of the two sides tends to one as t — oco. Also, by
Lemma 2.13, the processes for all ¢ can be constructed on one probability space in
such a way that y(t)e VWK, — W a.s., where W is the random variable introduced
in Lemma 2.13. Therefore, as t — oo, we have

Z;(0) = we" W as.
Also, L(0) — R(0) = y(t) — x — oo as t — oo. Thus, by Theorem 1.1,
(3.11) lim P, (¢ <) = B[]

Z,(0) = K,L(0) sin (

For the lower bound, let ¢’ = ¢ — g(y(t)). By the third condition in (3.9), we have
Li(0) — Ly (0) = ct'/? — c(t — g(y(t)))® — 0 as t — co. Therefore, by repeating the
arguments above, we see that as t — oo, we have Z,(0) — me*W and Ly(0)— R(0) —
oo almost surely. Therefore,

(3.12) lim P, (¢ <t —g(y(t)) = E[e "]

t— o0
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It follows from (3.8), (3.10), (3.11), and (3.12) that
. . —ame®W
Am Pro).(C <t) =E e |,

which gives (1.6). Finally, if we define 1 as in Lemma 2.13 and ¢(z) = E[e=*""W],
then ¢(x) = ¢(x + log(ar)), so the properties of ¢ claimed in the statement of the
theorem follow from Lemma 2.13.
To prove (1.7), write t = t + vt*/3. By differentiating, we get
. . 1/3 cv
(3.13) tlgrolo (Ltu(()) - Lt(O)) = tlgrolo (c (t + vt2/3) — ctl/s) =3
Using (1.6), it follows that

lim P, ). (( <t') = Jim Pr,0)4a—co/3 (¢ <t") = ¢z —cv/3),

t— oo
as claimed. 0
Proof of Proposition 1.4. — Let v > 0. By Theorem 1.1, as t — oo we have
Put (C >t 4+ Ut2/3) Zt+vt2/3 (0)

P, (¢>t+ut??|(>t) =
S LR e M 20

Note that here both Z,_,,2/3(0) and Z,(0) are being evaluated under the same initial
measure P,,. Therefore, by (3.13),

_ Li(0)=L, y2/3(0) _ —cv/3
t— 0o Zt(O) t— oo ’
which gives the result. 0

Proof of Theorem 2.4. — We begin by following a similar strategy to the proof
of part (2) of Theorem 1.1. Let z > 0. Let v/ denote the initial configuration with
| 2/Z:(0)] particles at the location of each particle in the configuration v;. Adding

the star to the notation when considering the process started from v}, we have
ZF(0) = z and L,;(0) — R*(0) — oo as t — oco. Equation (3.1) and Theorem 1.1 give

(3.14) lim Py (C> ) =1— ¢ = P.(£°).

Also, by Theorem 2.1, the finite-dimensional distributions of (Z;((1 — e ™)t),u > 0)
converge as t — oo to the finite-dimensional distributions of (=Z(u),u > 0) started
from Zg = z.

Fix k£ € N and times 0 < u; < -+ < ug. Let 6 > 0. Choose ¢ > 0, y > 0, and
up > 0 as in Lemma 3.4, and then fix u > ug. Let ¢ : R¥ — R be bounded and
uniformly continuous, and let i : Rt — [0, 1] be a continuous nondecreasing function
such that h(x) =0 if x < e and h(z) = 1 if z > y. By the convergence result stated
at the end of the previous paragraph,

(315)  lim By [9(Z7 (@(w)), ..., Z5 (@) )h(Z7 (6u(w) )]
= E. [g(E(w), ..., E(u) ) h(E(w)] -

Lemma 3.4 implies that for sufficiently large ¢, we have

(3.16) P, (h(Z; (6(w) # Licsry) < 69
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and
(3.17) P, (h(Z(u)) # 1g) < 60.
By combining (3.14), (3.15), (3.16), and (3.17), we get

By [9(Z (aw)), s 2 (60u) )i ]
(3.18) tlgrolo Pl,t*((>t)

E. |g(E(w), ..., Z(ux))lec]
P, (&) ’

which means the finite-dimensional distributions of (Z;((1—e~*)t),u > 0) conditional
on ¢ >t converge as t — oo to the finite-dimensional distributions of (Z(u),u > 0)
started from Z(0) = z and conditioned to go to infinity.

We now take a limit as z — 0. We can write the branching Brownian motion
started from v; as the sum of |2/Z;(0)| independent branching Brownian motions
started from v;,. Let IV, . denote the number of these independent branching Brownian
motions that have a descendant alive at time ¢. Note from (3.14) that as t — oo,
the distribution of N;, converges to the Poisson distribution with parameter az.
Conditioning on survival of the process until time ¢ is the same as conditioning
on N;, > 1. Therefore, the process conditioned on survival until time ¢ can be
constructed by summing three processes, in the following way.

(1) The first process is branching Brownian motion started from v, conditioned
on survival until time .

(2) Choose a random variable M; . whose distribution is the conditional distri-
bution of N, given N;, > 1. The second process is the sum of M,;, — 1
independent branching Brownian motions started from 1, conditioned on
survival until time t.

(3) The third process is the sum of |2/Z;(0)| — M, , independent branching
Brownian motions conditioned to go extinct before time .

We will denote the contributions from these three processes by Zt(l), Zt(Q), and Zt(?’)
and let Z] = W4 7@ 4+ 7®  This means that the law of (Zi(s),0 < s < t)is
the same as the conditional law of (Z/(s),0 < s < t) given ¢ > t. Therefore, for all
t > 0, we have

(319) E[g(2" (ew)) ... Z (&r(w))]

E.; [9(Z; (¢ulw), -0 ZF (6uur) Lcs ]
Pz/t* (C > t)

+E[g (2" (@), ., 20 (au(w)) = (2] (), -, Z] (du(wn)) )] -
Define [|g]| = sup, |g(x)| and

wy(0) =
sup{‘g(xl, oo Tk) — g (, ...,yk)‘ e —yi| <6 forall i e {1, ,k:}}
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Let
p(z,t) =P (Zt(z)(s) >0 for some s> O)
and
q(2,1,0) = P (2 (¢y(u;)) > 6 for some i€ {l, ..., k}).

Then, the absolute value of the second term on the right-hand side of (3.19) is
bounded above by

2/lgll(p(=,t) + q(z,t,6)) + wy(6).
Because the distribution of N; , converges to the Poisson distribution with parameter
az as t — 0o, there is a constant C' such that P, (N;. > 2) < Cz? for sufficiently
large t. Therefore,
(3.20) ;%tgrgop(z,t) = Zh_>mo tll>rro10 P, (Ni.>22|N;. >21)=0.
By Theorem 2.1, the finite-dimensional distributions of (Z\¥((1 — e=)t),u > 0), if
the process were not being conditioned to go extinct, would converge as t — oo to
the finite-dimensional distributions of (Z(u), u > 0) started from Z(0) = z. As z — 0,
the limiting extinction probability for the branching Brownian motion as t — oo
tends to one, while the process (Z(u),u > 0) started from =(0) = z converges to the
zero process. These observations imply that for all § > 0, we have
(3.21) lim lim q(z,t,0) =0.

From (3.20), (3.21), and the fact that wy(6) — 0 as 6 — 0 by the uniform continuity
of g, we obtain

lim lim B [g (2" (). ..., Z (6nw))) = 9(Z; (6u(w)) . ... Z; (dn(ur))]

z—0 t—o00
=0.

Finally, as noted in Section 2.1, the finite-dimensional distributions of (Z(u),u > 0)
started from =Z(0) = z and conditioned on £° converge as z — 0 to the finite-
dimensional distributions of (®(u), u > 0). Thus, by taking limits in (3.19), observing
that the left-hand side of (3.19) does not depend on z, and applying (3.18), we obtain

Jim Blg (2 (0uw), -, 27 (6u(w)]

g B 9(Z; (@), -y Z5 (dn(un) Lo
I TS P, (C > 1)

E.[g(E(w), ..., S(w)) Lec]

The result follows. O
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4. Conditioning on Survival

In this section, we prove our main results concerning the behavior of branch-
ing Brownian motion conditioned to survive for an unusually large time ¢, namely
Theorem 1.5 and Theorems 2.9 and 2.10.

We will often need estimates on z;(x,0). Because 2z /7 < sin(z) = sin(r —z) < x
for all = € [0,7/2], we have

(4.1) 2 min{z, L;(0) — 2}e" 7 < z(z,0) < rmin{z, Ly(0) — z}e" O

for all ¢ > 0 and x € [0, L;(0)].

Recall the definition of T'(s) from (2.13). The following result shows that Zz)(0)
will be exactly 1/2 as long as T'(0) is sufficiently large, and will allow us to prove
Lemma 2.11.

LEMMA 4.1. — Given any initial configuration of particles, the function t — Z;(0)
is monotone decreasing on {t > 0 : L;(0) > R(0)+2}. Also, there is a positive number
t* such that if T(0) > t*, then T'(0) is the unique positive real number t such that
L(0) > R(0) 4+ 2 and Z,(0) = 1/2.

Proof. — To prove the first claim, note that

d ... . (7T el (T T T
ELe sin (L) =e [(1 L) sin (L) - cos (L)]

If 0 < < L/2, then both terms inside the brackets are negative when L > 1.
Suppose instead L/2 < o < L — 2. Then sin(rz/L) > sin(2r/L) > 4/L, so

d . . [Tx (40 —-L) (L—-2)m
T ) < et .
—dLLe sm(L)\e ( 7 + i <0

It follows that t — Z;(0) is monotone decreasing on {t > 0 : L;(0) > R(0) + 2}.
Therefore, either T'(0) = R(0) 4 2, or T'(0) is the unique positive real number ¢ such
that L;(0) > R(0) + 2 and Z;(0) = 1/2. Because lim; , o, 2;(L;(0) — 2,0) = 27 /e* >
1/2, the first possibility can be ruled out if 7'(0) is sufficiently large, which completes
the proof of the lemma. O

Proof of Lemma 2.11. — It suffices to show that for any deterministic sequence
of initial configurations (1,,)52, such that 7'(0) — oo and Ly (0) — R(0) — oo as
n — oo, we have
(4.2) lim limsupP,, (¢

k—o0 n—oo

(0) — KT (0)*%) =0,

<T
(4.3) lim liminf P, (¢ < T(0) + kT(0)**) = 1.

k—o0co0 M—00

For k > 0, let t,, t, (k) and (k) denote the values of T(0), T(0) — kT'(0)?/* and
T(0) + kT'(0)?/3 respectively under P, . Recall by (3.13) that for every fixed F,

(4.4) Ly~ 1)(0) = Ly, (0) + O(1) = Ly 5, (0).

Furthermore, by Lemma 4.1, we have Z7)(0) = 1/2 under P,,, for sufficiently large
n. If (z,)52, is a sequence of positive numbers for which L;, (0) — x,, — oo, then
using (4.4),
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. TTn zn—L,_ . (0)
i zt;(k)(:cn,O) . Lt;(k)(O) S1I <Lt(k)(0)> € n®
noo 2 (1, 0) nee Ly (0)sin (LZFCCELO)) etn—Lin (0)
— lim eLtn(O) L~ O
n— oo
_ eck/S‘

From this calculation, and a similar calculation with ¢} (k) in place of ¢, (k), it follows
that

ck/3 e—ck/S
Because L;, (0) — R(O) — o0 it now follows from Theorem 1.1 that
: -\ _ _—(a/2)eck/3 : +\ _ _—(a/2)eck/3
nh—>moo PV” (C < tn) ¢ ’ nh—>moo PV" (C < tn) =€ ’
which imply (4.2) and (4.3). O

LEMMA 4.2. — Let € > 0 and K > 0. Then there exists t > 0, depending on &
and K, such that for all initial configurations v for which T'(0) < K under P,, we
have P,(¢ > t) < e.

Proof. — Let u < K < t. It follows from (4.1) that if 0 < 2 < min{L,(0), L;(0)},
then

z(z,0) L(0) sm(

zu(2,0)  L,(0)sin (

Consequently, if v < L,(0) — 2, then
(. 0)

—L(0) .
) € o T mn {z, Li(0) — x} . eLu(0)=Lt(0)
) e—La(0) ~ 2 min{z, L,(0) — x} '

™ L(0)  .0-n@ T )

Z. el 0 < 2= L 1(0 ¢(0)

2y(z,0) ~ 2 2 ‘ 4 (0

By the definition of 7(0), we have Zr()(0) < 1/2 and R(0) < T'(0) —2. Therefore, we
can choose t sufficiently large that for all initial configurations v for which 7'(0) < K
under P, we have

(4.6)

VAN

K K

Z,(0) < Z)(0) - T L0 O < T L 0)e 1 < £

4 8 Cs
with C5 the constant from Lemma 3.1. It follows from that lemma that the probability
of survival until time ¢ is bounded above by ¢, as claimed. 0]

We now work towards the proof of Lemma 2.12. To prepare for this proof, we
record some bounds on the position of the right-most particle R(¢) in branching
Brownian motion with absorption. For branching Brownian motion without absorp-
tion, Bramson [Bra83] considered this problem when ¢ = 0. He showed that if m,(t)
denotes the median of the distribution of R(t) when we start with a single particle
at x, then there is a positive constant C' such that for all ¢ > 1, we have

(4.7) my(t) — (a: - ;)log t)’ < C.
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Bramson also showed (see [Bra83, equation (8.17)]) that there is another positive
constant C’ such that for all z € R, ¢ > 1, and y > 1, we have P, (R(t) > m.(t) +y)
< C'ye Y. Combining this result with (4.7) and noting that absorption at zero can
only reduce the likelihood that there is a particle above a certain level at time ¢, we
get that for branching Brownian motion with absorption, there is a positive constant
C" such that for all z > 0, ¢ > 1, and y > 1, we have

(4.8) P, (R(t) >x — glogt - y) < C"ye ™.

We now claim that (4.8) holds even when ¢ > 0. To see this, we construct the
branching Brownian motion process in the following way. First, we define a branching
Brownian motion process with no killing at the origin. If we ignore the spatial
positions of the particles, this process is simply a continuous-time Galton—Watson
process. Next, we color particles red if they have an infinite line of descent, and
blue if all of their descendants eventually die out. It follows from results in [GR92]
that the red particles form a continuous-time Galton—Watson process in which the
offspring distribution still has finite variance but particles can never die. Furthermore,
this process has the same growth rate as the original process. After coloring the
particles red and blue, we again consider the spatial motion, which is independent of
the branching structure, and add the killing at the origin by truncating paths once
they hit the origin. Now the red particles form a branching Brownian motion whose
offspring distribution satisfies ¢ = 0, and so (4.8) holds. Because, conditional on the
configuration of particles at time ¢, each particle is red with probability 1 — ¢ and
blue with probability ¢, the result (4.8) must also hold for the original process that
includes particles of both colors, after dividing the constant by 1 — q.

We will also need an alternative bound when z is small that allows us to take the
absorption into account. For this, let

Vis)= Y Xu(s)e™.
ue Ns
It is well-known (see, for example, [HHO7, Lemma 2|) that (V(s),s > 0) is a non-
negative martingale, and its value is at least ye¥ when there is a particle above y. It
follows from Markov’s Inequality that

(4.9) P,(R(t) > y) <P, (V(s) > ye¥) < gew.

Proof of Lemma 2.12. — Consider the set Ny of particles at time zero. Rank the
particles uy, us, ... in decreasing order by position, so that X, (0) > X,,(0) > ...
Now construct an extension of the process in which the absorption is suppressed, so
that the trajectories of particles continue past the origin. Let G be the smallest integer
g such that the particle u, has descendants alive at time d in this extended process.
Note that if g; denotes the probability that a Galton—Watson process with offspring
distribution (px);2, dies before time d, then P(G = k|#Ny = k) = ¢ (1 — qq).
Let v* denote the initial configuration consisting of the particles u; with ¢ > G. Let
Fi denote the o-field generated by Ny and G. Note that, conditional on Fj, the
descendants of the particles u; for © > G + 1 behave as they would in the original
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branching Brownian motion process, while the descendants of the particle ug are
conditioned to survive until time d in the extended process.

Let T*(0) be defined as in (2.13) for the configuration v*. We will show that given
0<e<1land A > 0, we can choose d sufficiently large and then t, sufficiently large
that

(4.10) iPV(}Kd);:LT%m(o)_.zA)<:g
and
@) P{Lr(0) < Lrw(© - 4} 0 {70 > t}) < 5.

These two results immediately imply the statement of the Lemma 2.12.
We first show that equation (4.10) holds if d is sufficiently large. We define Nj =
No\{u1,...,ug—1}, and let N denote the set of descendants of these particles alive

at time s. Let

€2A

K =

e(l—q)
Let S; = {u € N§ : Lp+0)(0) — X,,(0) > r} and S5 = N \ Si. Let Z;(s) be defined
as in (1.2), but summing only over particles in NF. To bound the probability that
some particle in Nj has a descendant above Ly«) — 2A at time d, we apply (4.9)
to particles in S; and (4.8) to particles in S;. The behavior of the descendants
of the particle ug is affected by conditioning. However, because the probability
that a continuous-time Galton—Watson process with branching rate 5 and offspring
distribution (pg)72, survives until time d is greater than 1 — ¢, we can apply the
results (4.8) and (4.9) to all particles in our process if we divide the upper bounds
there by 1 —gq.

Consider first the particles in Sy. Assume for now that Lp-)(0) > 2k, so that all
particles in S are above 1 Lr+(g)(0). Using that X, (0) < Ly« (0) — 2 by (2.13)
as well as the lower bound in (4.1), we get z7=(0)(X4(0),0) > 4e™" for all u € S,.
Because Z}*(O)(O) < 1/2, it follows that there can be at most €”/8 particles in S.
In view of (4.8), the probability that one of these particles has a descendant above
L1+0)(0) — 2A at time d tends to zero as d — oco. Therefore, given € and A, we can
choose d large enough to keep this probability below /4. Using also (4.9) to handle
the particles in S, we get that on {Ly«()(0) > 2k},

el X 0RO b
P, (R(d) > Lr+(0)(0) = 24| F5) < -+ ——
( (d) 7+(0)(0) ‘ 0) zl—i_l—ques1 Lp+(0)(0) — 24

The lower bound in (4.1), applied separately when z < § Ly0)(0) and @ > 1 Ly (0(0),
yields

2.

u€ Sy

Ly«)(0) — 24

X.(0)
Lr-(0) —24 {1’ Lr+(0)(0) — Xu(0) } ‘
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Recall that Lp-0)(0) — X,(0) > & for all u € S, and therefore using that x > 2A,
we also have X,(0) < Lp+(0)(0) — 2A for all w € S; and Lp+(0)(0) — 2A > & on the
event {Lp+(0)(0) > 2x}. It follows that for all u € Sy, we have

1 X.(0) 1
Ly (0) — 24" {1’ L) (0) — Xu(0) } S
Therefore,
L Xu(o)eXu(O)—LT*<O)(O)+2A . 5Z:7’*(0)<0) . e
1—q /%, Lp+y(0) — 2A 2 4’
and thus

2
on the event {Lg-)(0) > 2x}. Lemma 4.2 implies that we can choose d large
enough that P, (R(d) = Lr«)(0) — 2A|Fy) < P,(¢ > d|F;) < /2 on the event
{L7+0)(0) < 2x}. It follows that (4.10) holds, when d is chosen to be sufficiently
large.

It remains to establish (4.11). Choose ¢ > 0 small enough that

26e¢8/2 €

1—q+946 < 2’
where Cy is the constant from (3.4). Let k', ¢/, and &’ be the constants from
Lemma 2.11 with ¢ in place of €. Choose ag large enough that ay > da', ag > ck'/6,
and ¢(ag) < ¢+ /2, where ¢ is the function from Theorem 1.3. We will assume that
A > 2ag, which can be done because the statement of the lemma is weaker when
A < 2ay. Next, choose d large enough that (4.10) holds, and large enough that the
probability that a continuous-time Galton—Watson process with branching rate
and offspring distribution (py)%2; survives until time d is at most 1 — g + 0. Finally,
choose ty > 0 large enough that the following hold:

(1) We have ty >t

(2) We have t — k't*/3 > d for all t > t,.

(3) If © > ap and t > ty, then Pr)4.(¢ > t +d) > 1 — ¢ — 0. Note that
Theorem 1.3 and our assumption that ¢(ag) < g + 0/2 imply that ¢y can be
chosen this way.

(4) If t > ty, then ct'/3 — 2ag < c(t — K't*/3 — d)'/3. Note that this is possible
because ct'/3 — c(t — kK't?/3 — d)'/3 ~ ck'/3 as t — oo, and ay > ck'/6.

Let 7" be the time such that Ly (0) = Ly+()(0) — A. Our strategy will be to show
that with high probability, the process will survive until time 7" + d, which will
preclude T'(d) from being too small. In particular, we claim that on {T" > to}, we
have

P, (R(d) > Lr-)(0) — 24| F5) < 5
)

(4.12)

l—qg—9¢
(4.13) P,(C>T +d|F) > 1_Z+5
Assume for now that (4.13) holds. It follows that
(4.14) P,({¢<T +d}n{T" > 1} ) < %
1—q+9¢
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Because Zgyra)(d) < 1/2 and R(d) < Lyg)(0) — 2 by definition, it follows from (3.4)
that

P,(C<T +d|ty <T(d) <T') 2P, (¢ <T(d) +d|to <T(d) <T') > =@/,
and therefore

(4.15) P,({C<T +d}n{T" >to})
>P,({(<T +d}n{to <

> e—08/2PV(t0 <TW) < T’).

From (4.14), (4.15), and (4.12), we get
P,(to<Td)<T) ——<

which by the definition of 7" is precisely (4.11).

It remains to prove (4.13). Let B = {X,,(0) = Ly+0)(0)—A/2} € F;. On the event
B, the particle ug begins above L7/(0)+ A/2. Our choices of ag and ¢y ensure that as
long as A > 2ag and T" > tg, the probability that a particle started at the position
Xue(0) has descendants alive at time 7" 4 d is at least 1 — ¢ — . Also, our choice of d
ensures that the probability that, without absorption at zero, such a particle would
have descendants alive until time d is at most 1 — g + J. Because our definition of G
entails conditioning on the latter event, and because the presence of other particles
in the initial configuration can only increase the probability that the process survives
beyond time 7" + d, the inequality (4.13) holds on the event BN {7T" > t;}. On the
event B¢, the configuration v* has no particles above Lp«(g)(0) — A/2. Then we can
apply Lemma 2.11, which implies that on the event B¢ N {7T*(0) > ¢} we have

(4.16) P, (¢>T(0) - KT*(0)**| Fy) > 1-0.

Note that this result holds even though, as noted at the beginning of the proof,
conditioning on Fj means the descendants of the particle at ug are conditioned to
survive until time d in the extended process. This conditioning can only increase the
chance that descendants of the particle at u¢ survive beyond time 7*(0) — kT (0)?/3
because, by our choice of tg, particles can not survive this long if they die out before
time d even in the extended process. The fourth condition above on our choices of ag
and t, guarantees that on the event {7%(0) > ¢}, we have T'+d < T*(0)—k'T*(0)%/3.
Also, (1—=q—10)/(1 =g+ 9J) < 1—20, so (4.16) implies that (4.13) holds also on
BN {T*(0) > to}, and therefore on {T" > ty}. O

LEMMA 4.3. — Let (v,)5, be a sequence of deterministic initial configurations.
Let (s,)%°, and (t,)2, be sequences of times such that:

(417) 1)0< s, <t, foralln, 2) nli_)moo(tn —8,) =00, 3) lim Spftn, = 1.
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Suppose that, under P, , we have Z; (0) — 0 and L, (0) — R(0) — oo as n — oc.
For 0 < u < t,, define

(4.18) Wo(u) =Py, (C > to| F).

Under the conditional probability measure P, (- |( > t,), we have W,,(s,) —, 1
as n — oo. Moreover, for all ¢ > 0 and a € (0, 1), there exists 6 > 0 such that for
sufficiently large n,

(4.19) P, <atn ghf@n Wi(u) <6 ‘C > tn) <e.

Proof. — Suppose conditions 1), 2), and 3) hold. Let ¢ > 0. Choose m suffi-
ciently large that e=¢"™ < 2, where C is the constant from Lemma 3.1. By Theo-
rem 2.4, conditional on ¢ > t,, the finite-dimensional distributions of the processes
(Z, (1—e ")t,),u = 0) converge as n — oo to the finite-dimensional distributions of
(P(u),u > 0), which is a continuous-state branching process started at zero and con-
ditioned to go to infinity as u — co. Therefore, we can choose v € (0, 1) sufficiently
close to 1 that

(4.20) P, (2, (vty) >m|(>1,) > 1—¢

for sufficiently large n. Lemma 3.1 implies that P,, (¢ > t,, | Fur,) = 1—e ™ > 1—¢2
on {Z, (vt,) > m} for sufficiently large n. That is, we have W, (vt,) > 1 —&? on
{Z;, (vt,) > m} for sufficiently large n. Therefore, (4.20) implies that for sufficiently
large n, we have

(4.21) P, (Wa(vt,) >1-2|¢>t,) >1—c.

Since (W, (u),0 < u < t,) is a [0, 1]-valued martingale, it follows from the Optional
Sampling Theorem that

P, ( inf  W,(u)>1-—¢

vip <ULty

W, (vt,) >1— 52> >1-—c
We claim that we also have,

(4.22) P, ( inf  W,(u)>1—¢

Vi SU<Ktn

(Walwts) > 1=} {¢ > tn}> >1—e.

To see this, note that the further conditioning on the event {¢ > t,,} = {W,(¢t,) = 1}
can only increase the probability that the martingale stays above 1 — ¢ because
the martingale can not stay above 1 — ¢ between times vt, and ¢, on the event
{¢ >t} ={W,(t,) = 0}. From (4.17), (4.21), and (4.22), we get that for sufficiently
large n,

P, (Wa(s)) > 1—¢|¢>1,) 2P, < it Wo(u) > 1—¢

vin Su<tn

(> tn) > (1—¢)?

which immediately gives the first conclusion of the lemma when conditions 1), 2),
and 3) hold.

[t remains to prove (4.19). There exists b > 0 such that P(®(—log(1l —a)) > b) >
1 —¢/2. Then Theorem 2.4 implies that

Pyn(Ztn(Cltn> > b‘g> tn) >1 _%
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for sufficiently large n. It follows from Lemma 3.1 that, for sufficiently large n,
we have W, (at,) > 1 — e~°™ on the event {Z; (at,) > b}, and therefore, writing
d=1-¢e°">0, we have

(4.23) P, (Walat,) > d|¢ > 1,) > 1 - %
Let 0 = de/2, and let D be the event that infy;, <, <¢, Wo(u) < 0. Using Bayes’
Rule followed by the Optional Sampling Theorem, along with the trivial bound
P, (D|W,(at,) > d) < 1, we get
(4.24) P, (D] {Walat,) > d} n{¢ > 1,})
P, (D|Wy(at,) > d)P,, (( >t,| DN {Wy,(at,) > d}) . d
- P, (C>t,|Wy(at,) > d) Sd
It follows from (4.23) and (4.24) that for sufficiently large n,
P, (D°[¢>tn)
> P, (Walaty) > d|¢ > 1,)P,, (D
2
2 <1 - 8) )
2

which implies (4.19). O

n

S8

{Wi(at,) > d} N {¢ > t,})

LEMMA 4.4. — Let (v,);2, be a sequence of deterministic initial configurations.
Let (s,)22, and (t,);>, be sequences of times such that

(4.25) 1)0<s, <t, foralln, 2) nli_>moo(tn —8,) =00, 3) linIr_l)io%f Sp/tn > 0.

Suppose, under P, , we have Z; (0) — 0 and L;,(0) — R(0) — oo as n — oo. Then,
under the conditional probability measure P, (-|( > t,), we have T'(s,) —, oo and
Lr(s,)(0) = R(s,) —p 00 as n — 00.

Proof. — Let € > 0 and A > 0. Define the martingale (W, (u),0 < u < t,,) as in
Lemma 4.3. Choose a > 0 such that liminf, , o, s,/t, > 2a, and choose § > 0 such
that (4.19) holds for sufficiently large n. It follows from (4.19) that

(4.26) P, (Wi(s,) < 8|C > 1) < e

By Lemma 4.2 and the fact that t, — s, — oo, for any fixed K > 0, we have
Wi(sn) < 0 on the event {T'(s,) < K} for sufficiently large n. Therefore, for
sufficiently large n, we have P,, (T'(s,) < K |( > t,,) < e. It follows that T'(s,) —, 0o
asn — oo under P, (- |¢ > t,).

Choose d and ¢y as in Lemma 2.12, with e playing the role of €. Because s,—d > at,,
for sufficiently large n, the reasoning that led to (4.26) also gives

(4.27) P, Wu(s,—d) < 0| >t,) <e.

By applying Lemma 2.12 with the configuration of particles at time s, — d playing
the role of v, we get

P, ({R(sn) > Lr(s,)(0) = A} N {T(sy) > to} | Fu—a) < 0e.
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In particular, because {W,,(s,, — d) > §} € F;, a4, we have

(4.28) Py, ({R(sn) > Lr(s)(0) = A} N{T(s0) > to} | Wa(sn — d) > 6) < 0e.
Elementary probability results imply that if B, C, D, and E are events, then

P(B|E) < P(BNCNDI|E)+ P(C°|E) + P (D°|E)

P(DIE)
P(E|D)
Now write B = {R(sn) = L(s,)(0) = A}, C ={T(sn) = to}, D = {Wy (s, —d) > 0},
and £ = {( > t,}. Note that P(E|D) > ¢ by definition, and P(D|E) > 1 —«¢
by (4.27). Also, P(BNC N E|D) < ée by (4.28), and P(C°|E) < ¢ for sufficiently

large n because we already know that T'(s,) —, 0o as n — oo under P, (- |( > t,).
Thus, for sufficiently large n,

= P(BNCNE|D)-

+ P (C°|E) + P (D°|E).

1
P,, (R(sn) > Lr(s,)(0) = A|¢ > t,) < be - s+2e =3

Because € > 0 and A > 0 were arbitrary, it follows that Ly(,)(0) — R(s,) —, 00
under the conditional probability measure P, (- |{ > t,) as n — 0. O

LEMMA 4.5. — Let (v,)5, be a sequence of deterministic initial configurations.
Let (t,)22, be a sequence of times tending to infinity. Let 6 > 0, and let (s,)y, be
a sequence of times such that 6t, < s, < (1 —0)t, for all n. Suppose, under P,, , we
have Z; (0) — 0 and L,(0) — R(0) — oo as n — oo. Then, under the conditional
probability measure P, (-|( > t,), we have Ly, (s,) — R(s,) —p 00.

Proof. — We will show that for all € > 0, there is a positive constant C, depending
on ¢ and ¢, such that

(4.29) Py, (IT(s) = (tn = sn)| > CE*| ¢ > 1) <e.

Because Ly,)(0) — R(s,) —p oo under P, (- |( > t,) by Lemma 4.4, we can see
from (3.13) that (4.29) implies the result of the lemma.

By Lemma 4.3, there exists > 0 such that P,, (W,,(s,) < n|{ > t,) < e/4 for
sufficiently large n. By Lemmas 2.11 and 4.4 there is a constant k' such that, if
H, denotes the random variable P, (|(¢ — s,) — T(sn)| < K'T(s,)??| F.,), then
P, (H,>1—mne/4|( > t,) — 1 as n — oo. Elementary probability results imply
that if B, C, and D are events, then

P(B|C)

P(BID) < P (CYID) + P (BIC N D) < P(CID) + 5

By taking
B = {|(¢ = 50) = T(s,)| > K'T(5)°}
C={H,>1—ne/4} N {W,(s,) >n} € Fs,
D ={¢>t,},

we get that for sufficiently large n,

(4.30) Py, (IC = sn) = T(sn)| > KT (5,)*[¢ > 1) <
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Proposition 1.4 implies that there is another positive constant k such that
(4.31) P, (¢>ta+kt2?|¢ > 1,) < /4.

Now (4.30) and (4.31) imply

(4.32) Py, (T(sn) > (tn = sn) + kt2/* + K T(5,)%?| ¢ > 1) < 3¢/4,

To obtain the necessary lower bound on T'(s,,), first note that by Theorem 2.4 and
the assumptions on s, there exists ¢ > 0 such that

(4.33) P, (Z, (s)) <d|¢>t,) <e/d

for sufficiently large n. Choose k large enough that e~*/3/2 < §. Lemmas 4.1
and 4.4 imply that under P, ( -|( > t,), with probability tending to one as
n — 0o, we have Z; r(s,)(sn) = 1/2 and therefore, in view of (4.5), we also
have Z, L p(s.)+k1(s,)2/3(8n) < 6 for sufficiently large n. On this event, by the mono-

tonicity established in Lemma 4.1, if ¢, > s, + T(s,) + kT (5,)?/3 then Z;, (s,) < 9.
Combining this observation with (4.33), we see that for sufficiently large n,

(4.34) P, (T(sn) < (tn — 50) — KT(50)7*| ¢ > 1) < £/4.

Now (4.29) can be deduced from (4.32) and (4.34). O

Proof of Theorem 1.5. — If t723(t —s) — o > 0, then let r = s — t¥/3. If
t?/3 « t—s < t, then let r = 25 —t, so that s —r = t — s. Throughout the proof, we
will work under the conditional distribution P,,( - | > t). We will repeatedly make
use of the fact that P, ({ > t|F,) —, 1 as t — oo, by Lemma 4.3. Indeed, this
allows us to remove the conditioning when applying results (namely, Lemma 2.11
and Proposition 2.6) with the particle configuration at time r playing the role of the
initial configuration.

We first claim that

(4.35) t723(T(r) = (( —7)) =, 0 ast— oo,

Our choice of r ensures that 1 < t — r < t, and Proposition 1.4 states that
3

(4.36) t23(¢—1) = V.
c

Combining these facts, we get

(4.37) tH ¢ —1)—=,0 ast— oo

On the other hand, Lemma 4.4 implies that T'(r) —, oo and Ly (0) — R(r) —, 00
as t — oo. Then Lemma 2.11 implies that for all € > 0, there is a constant &’ such
that

(4.38) P, (IC—7r) =T@)| S KTE)|¢>t) >1-¢

for sufficiently large ¢. Now we see from (4.37) and (4.38) that ¢t 'T(r) —, 0 as
t — oo, and then another application of (4.38) yields (4.35) as claimed.
Now let V; = t=2/3(T(r) — (t — r)). It follows from (4.35) and (4.36) that
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(4.39) Vi = iV
and
(4.40) t72B3(¢—t) =V, =, 0.

We now apply Proposition 2.6 with the configuration of particles at time r playing
the role of the initial configuration of particles and the time 7'(r) playing the role of
t,. The assumptions of Proposition 2.6 are satisfied, because, as mentioned above,
T(r) —p oo and Ly (0) — R(r) —, 0o as t — oo, which implies Z, q¢) (1) =, 1/2
as t — 0o, by the definition of T'(r). If t=2/3(t — s) — o > 0, then using (4.39), we
have
s—r t2/3 1
T(r) (t—s8)+(s—r)+(T(r)—(t—71)) a+1+§v'

The limiting random variable on the right-hand side is (0, 1)-valued, so given € > 0,
we can find § > 0 such that P,,(67(r) < s—r < (1 =0T (r)|¢ > t) >1—¢/2. If
instead t?/3 < t — s < t, then using again (4.39),

(4.41)

s—r t—s 1
4.42 = - =
( ) T(r) 2(t—s)+(T(r)—(t—1)) 2
It follows that in both cases, we can apply Proposition 2.6 to get that if € > 0, then
for sufficiently large t we have

>1—e¢
and
P, (LT(T)(S —r)—logT(r) — C; < R(s)
(4.44) < Ly (s —r) —logT(r) + Chs ‘ ¢ > t)

>1—c.

We write that W; is O,(1) if for all € > 0, there exists a positive real number K
such that P(|W;| < K) > 1 — ¢ for sufficiently large ¢, and we write that W} is 0,(1)
if Wi —, 0. Then, by (4.39) and (4.43),

log M(s) = Ly (s —r) — 3log Lygy(s — 1) + Op(1)
=c (t — s+ t2/3Vt)1/3 — log (t — 5+ t2/3vt) + O,(1).
Likewise, by (4.39) and (4.44),
R(s)=c(t—s+ t2/3Vt)1/3 —log (t —r+7*V;) + O, (1).
When t~2/3(t — s) — o > 0, it follows that
t=2%log M(s) = c(o + V)3 + 0,(1)
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and
t=29R(s) = c(o + V))'® + 0,(1).

These two results, combined with (4.39) and (4.40), give (1.12). When instead t*/® <
t — s < t, the Mean Value Theorem implies that for some random variable & such
that 0 < & < t?/3V}, we have

log M (s) = ¢(t — 5)/% —log(t — s) + % (t —s+&) PPV, +0,01).

Because (t — s+ &)/(t — s) —p 1, it follows that

o\ 2/3
(t : ) (log M(s) — c(t — s)® + log(t — 3))

By the same reasoning, we get

g\ 2/3 .
(t t ) (R(s) — ot — )3 4 log(t — 5)) = Vit o,(1).

These results, combined with (4.39) and (4.40), imply (1.13). O

Proof of Theorem 2.9. — Consider a sequence of times (t,)2° ; tending to infinity,
and choose (s,)%; such that dt, < s, < (1 — 0)t, for all n. We will condition on
¢ > t, and then apply Proposition 2.6 with the configuration of particles at time
dt,,/2 playing the role of the initial configuration. Because P(0 < ®(u) < oo) =1 for
all u > 0, it follows from Theorem 2.4 that, under P,, (-|({ > t,), the distributions
of the sequences (Z;, (6t,/2))°2, and (Zy, (8t,/2)71)2, are tight. Lemma 4.5 implies
that, under P,, (-|¢ > t,), we have L, (6t,/2) — R(6t,/2) —, 00 as n — oo.
Therefore, the hypotheses of Proposition 2.6 are satisfied.

To deduce the result of Theorem 2.9 from Proposition 2.6, we need to show that
the conclusions are unaffected by conditioning on ¢ > t. We proceed as in the proof
of Lemma 4.5. By Lemma 4.3, there exists n > 0 such that

P, (W,(5t,) <n|¢>t,) <2/2

for sufficiently large n. By Proposition 2.6, if we define the random variables

Cs_ hunton) Ca
o) < M(sn) < F,

C

3

Vi +0y(1).

H,=P,, (

and
Jo =Py, (Li(s) —logt — C5 < R(s) < Ly(s) — logt + Cs | Fon, 12) ,

then P, (H, > 1—-ne/2|( >1t,) = Land P,, (J, > 1—ne/2|( >1t,) — 1 as
n — oo, provided that we choose the values of the constants so that (2.11) and (2.12)
hold with ne/2 in place of €. Following the steps in the derivation of (4.30) then
yields the two conclusions in Theorem 2.9. U

Proof of Theorem 2.10. — Consider any sequence of times (£,)%°; tending to
infinity, and let s,, be the value of s associated with the time t,,. We first consider the
case in which t,, — s, < t,,. Let 1, = 5, — t2/% if t,, — s, < ¥/, and let 1, = 2s,, — t,,
if t, — s, = t2/3. Let A2 be the event that 67(r,) < s, — 1, < (1 —0)T(r,). Using
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the same reasoning used to establish (4.41) and (4.42), we can see that for all £ > 0,
there is a § > 0 such that P,, (42 |( > t,) > 1 — ¢ for sufficiently large n.

We apply Proposition 2.6 with the configuration of particles at time r, playing
the role of the initial configuration of particles, the time 7'(r,) playing the role of
t,, and s, — r, playing the role of s,. The result of part 3 of Proposition 2.6 only
applies on the event A%. Therefore, we will define the probability measure x? to be
equal to Yy, on the event A° and to be equal to p otherwise. Likewise, we will define
the probability measure 7% in the same way as 7;,, except with Ly, (s, — ) in
place of R(s,) in the definition, on the event A°. Otherwise, we define 7° to be the
probability measure &. Define 1} to be the same as 7, except with Ly(,)(s, —75,) in
place of R(s,) in the definition. Then part 3 of Proposition 2.6 implies that for all
§ > 0, we have x° = u and ] = £ as n — oo. Note that Lemma 4.3 ensures that
the conditioning on ¢ > t does not affect the result when we apply Proposition 2.6.
Therefore, letting p denote the Prohorov metric on the space of probability measures
on R, we have

lim P, <p (Xi’@ > e ‘ ¢ > tn) =0, lim P, (p (ni,f) > ’( > tn> =0.

n — 0o n— 00

Because P, (A2 |¢ >t,) > 1 — ¢ for sufficiently large n, it follows that
U P, (0 ) > 1€ 1) < TmsuwPo (5 (1108) = ¢ = 1) <=
n— oo n— oo

Because € > 0 is arbitrary, it follows that y; = p and n; = &. Finally, we ave
R(s)/Lr@y(s—1) —=p 1 as t — oo by part 2 of Proposition 2.6, so 1, = &, as claimed.

By a subsequence argument, it remains only to consider the case in which, for
some § > 0, we have dt,, < s, < (1 —0)t, for all n. In this case, we can apply part 3
of Proposition 2.6 with the configuration of particles at time dt,, /2 playing the role
of the initial configuration of particles, as in the proof of Theorem 2.9, to obtain the
result. Because the limit distributions p and 7 are concentrated on a single measure,
the result of Lemma 4.3 remains enough to ensure that the conditioning on { >t
does not affect the conclusion. O

5. Moment estimates
5.1. Heat kernel estimates

First, consider a single Brownian particle which is killed when it reaches 0 or 1.
Let wg(z,y) denote the “density” of the position of this particle at time s, meaning
that if the Brownian particle starts at the position = € (0, 1) at time zero, then the
probability that it is in the Borel subset U of (0, 1) at time s is

/Uws(q:,y) dy.

It is well-known (see, for example, [Law06, p. 188]) that

(5.1) ws(z,y) =2 e~™ /2 in(nrx) sin(nry).

n=1
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Equation (5.1) yields that for every z € [0,1] and s > 0,

1
(5.2) / sin(my)ws(z,y) dy = e~ ™ *sin(mx).
0
Furthermore, by the reasoning in [BBS13, Lemma 5|, if we define
(5.3) vs(z,y) = 2¢7™ * 2 sin(mx) sin(my)
and
(54) ZTL2 —m? n 71 5/27
then
(5.5) ws(,y) = vs(z,y) (1 + Ds(z,y)),
where |Dg(z,y)| < D(s) for all z,y € (0,1). We further recall (see [Mail6, Lem-
ma 7.1]) that
(5.6) /0 ", () dr = 2ssin(ra) sin(ry) + O((x A y)(1 - (2 Vy))).
and

1
(5.7) / /2 (—ZGywr(:ﬂ, 1)) dr = mssin(rz) + O(z).
We will also need the following two lemmas.

LEMMA 5.1. — For all z € (0,1) and y € (0,1/2], we have

/OS e™"? sup w,(x,y) dr = O(y(ssin(rz) + (1 — z))).

y" €[0,y]

Proof. — For r > 1, we have by (5.3) and (5.5),
(5.8) sup wy(z,y) =0(e™" /2 sin(mz)y).

y" €[0,y]
It therefore suffices to show that
1
(5.9) / sup w,(z,y")dr = O(y(1 — z)).
0

y" €[0,y]

957

We bound w,(z,y) by the heat kernel of Brownian motion killed at 0, i.e.

'lUr(I,y) <

\ 27T

1 _(@—y)? _ (@+w)? 1 (e y>2 2y
e —e 2 | = e~ (I—e"r).

\2mr

Using the inequality 1 —e™* < 1 A z for z > 0, we get

(5.10)

1 —(z— T 2z
wr(m7y) < \/%6 ( y)2/2 <1/\ ry)

The first step in proving (5.9) is to show the weaker statement

(5.11)
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To do this, we distinguish between two cases. When x < 2y, equation (5.10) gives

(2.7) < — (1 A )
Sup wWe T, Y ) & —7/—
y' €[0,] V2nr r

Integrating over r and changing variables by r = y?u, this gives

(5.12) /Olyseu[opy] w,(z,y) y/ \/ﬁ ( 4) du = O(y),

because the last integral converges. When x > 2y, we use that = — ¢’ > x/2 for all
y <y to get
Qxy e
sup w,(x,y .
y' €[0,y] ( ) \% 2777"3/2

Integrating over r and changing variables by r = z%u,

1
(5.13) /0 sup w,(z,y) Zy/ \/ﬁu?’/Q e~ V8 du = O(y),

y' €[0,y]

because the last integral converges. Equations (5.12) and (5.13) together yield (5.11).

When z < 3/4, equation (5 9) follows immediately from (5.11). Therefore, it
remains to show (5.9) when = > 3/4. By symmetry, for all z,y € (0,1) and r > 0,
we have w,(z,y) = w,(1 —x,1 — y) and so, using (5.10) for the last step,

1
wr<x?y) :/0 ’LUT/Q(%',Z)’LUT/Q(Z,Z/) dz

< sup wyya(@, 2)wna(2,y)
z€(0,1)

= Ssup wr/2(1 —x,1— Z)wr/Q(Z7y)
z€(0,1)

< sup e (1 A 41— ‘”)> L e (1 A 49)
se(1) VT r /T r

Now note that when = > 3/4 and y < 1/2, for all z € (0,1) we have either
(x —2)>>1/64 or (y — 2)? > 1/64. Hence, for all z > 3/4 and y < 1/2, we have

1—
y( m)6—1/64r.

w"‘(x7 y) < 7’3

It follows that when y < 1/2, we have

1 11
/ sup w,«(]}7 y/) dr < y(l - l’)/ -3¢ ~1/6ar dr = O(y(l - I))?
0 0

y' €[0,y] e
because the integral converges. O

LEMMA 5.2. — For all x € (0,1), we have

[ et [Mnta,y) dydr = Olssin(er) + (1 - 2))

Proof. — Exchanging integrals, this is an immediate consequence of (5.6). U
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We now wish to estimate the density of the position of the Brownian particle at
time s when the particle is killed if it reaches either 0 or K(s) at time s, where K (s)
is a smooth positive function. That is, the right boundary at which the Brownian
particle is killed moves over time. We will need somewhat sharper estimates than
those provided in [BBS14]. To obtain such estimates, we will follow almost exactly
the approach used by Roberts [Rob15], which in turn was inspired by the work of
Novikov [Nov81]. We will use the following general lemma.

LEMMA 5.3. — Let T'> 0. Let K : [0,T] — (0,00) be twice differentiable. Let
€ [0, K(0)]. Let (2, F, P) be a probability space and (Bs,s > 0) be Brownian
motion started at x on this space. For s € [0,T], let

1/2 /() B2 '(0) B2 s K"(u)B?
(5.14) ps = (gg) exp (l;(g()g B I;%? _/0 K21(<()£)3 . )

and

(5.15) T(s) = /08 K(lu)2 du

Then (ps)sc o] Is a martingale and under the measure ) defined by dQ/dP = pr,
(Bs)se o1 is equal in law to (K (s)We(s))se o), Where (Wy,)y>0 is a Brownian motion
started at = /K (0). In particular, for all bounded measurable functions g : [0,1] — R
and all s € (0,T], we have

I( SS /01 ( ) F:'
S u) vu S Wr(s 9 d .

Proof. — Denote by (Gs, s > 0) the Brownian filtration, i.e. the smallest complete,
right-continuous filtration to Wthh (Bs, s > 0) is adapted. For s € [0,T7, let
K(s)

(5.16) X, = K(O>$—|—K(s)/0 e

E

A short calculation gives

LK) LK),
(5.17) dX, = K(O) ds + K'(s (/ <) dB) ds +dB, = 35X, ds +dB,
<s

That is, (X, 0 u) is a Brownian motion with a time and space dependent
drift whose drift at tlme s is given by K'(s)X,/K(s). For s € [0,T], let

K/( )B. 1 /s K'(u)*B?
’VSZGXP<O K() B, _20K(u)d>

We show below by an integration by parts argument that v, = ps for all s € [0, 77,
where p; is defined in (5.14), and assume this for the moment. Because K'(u)/K (u)
is bounded over u € [0,T] by assumption, it follows, for example, from [KS91,
Corollary 3.5.14] that the process (75,0 < s < T') is a martingale. Therefore, we can
define a new probability measure @) on (€2, F) such that for s € [0, 7], we have

= fys.

dP |,
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By Girsanov’s Theorem, the law of the process (B, 0 < s < T') under @ is the same
as the law of (X;,0 < s < T') under P. Furthermore, we can see from (5.16) that
by a standard time-change argument due to Dambis, Dubins, and Schwarz (see, for

example, [KS91, Theorem 3.4.6]), we can write
X

K(S) - T(S)?

where (W, s > 0) is a Brownian motion under P with Wy = 2/K(0) and 7(s) is given
by (5.15). This proves the first part of the lemma. In particular, if g € [0,1] — R is
a bounded measurable function, then using E to denote expectations under P and
Eg to denote expectations under @), we have for s € [0,7],

B, B,
E [%g (K(s)) T0< B, <K () Vue[o,s]}l = FEq [g (K(s)) T0< B, < K() vUe[o,s}}]

X
E —]1 w) Vu € [0,s
[g (K(s)) {0< Xy < K(u) Vuelo, ]}]
FE

[g (WT(S)) ]1{()< Wy <1Vu e [O,T(S)}}}
1 xXr d
_/0 g(y)wT(S) <[{(0)7y> Y.

To prove the Lemma 5.3, it remains only to show that v, = ps for all s € [0, T].
Observe that if we write Z; = K'(s)Bs/2K (s), then

K5 K'(s)  K'(s)
s = 9k (s) Pt <ﬂ«> 2K@>>Bd8

and therefore

Integrating by parts gives
K'(s)B> K'(0)B?

2 — = ZsBs — ZyB

2K(s)  2K(0) 070

:/SZudBu+/SBudZu—|—<B,Z)S

K/
= [P p, /
0
K "(u)  K'(w) ) K(s)
B:d —1
+/)< K(u) w>> SR VSOVA
and rearranging this equation, we get that v, = ps, as claimed. 0

Next, for any fixed constant A > 0, define
(5.18) Lia(s) = c(t —s)'/3 — A,

where ¢ was defined in (1.1). We now consider the case in which K(s) = L a(s).
Then L; 4(s) is defined for s € [0, 4], with t4 =t — (A/c)?. Suppose there is a single
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Brownian particle at « € (0, Ly 4(7)), where 0 < r < s, which is killed if it reaches
0 or Ly a(u) at time u € (r, s]. Let ¢/ (x,y) denote the “density” for the position of
this particle at time s, meaning that the probability that the particle is in the Borel
subset U of (0, Ly 4(s)) at time s is

A
1Y) dy.
/Uqr,s(flJ y) dy
Define for 0 < r < s < ty,
s 1
5.19 : :/ 4
( ) Ta(r, s) v Lya(u)? u

(we omit the parameter ¢ in the notation of 74).

PROPOSITION 5.4. — For 0 <r < s <tu, x €[0,La(r)] and y € [0, Ly a(s)], we

have
Ay = T (2ot
e (Lea() Loa(s)? 2\ Loa(r) Lia(s) )

Proof. — Let (B,,u > r) denote Brownian motion started at = at time r. Let
pzcmwmm<@@&_gmm_smwﬁ@>
e LuA(S) 2Lt7,4(8) 2Lt,A (T) T 2Lt,A (U) )
By Lemma 5.3, if A : [0, L; a(s)] — R is a bounded measurable function, then

(520) E [pr,sh(BS)]l{O <Bu<Lga(u)Vue [T’,s}}:|

1 Lt,a(s) T z
= h(z)ws, (s , dz.
ol ”A“@mwmm>

We have

c B _
tals) = —g(t —5)7%3, Lia(s) = —g(t —5)78,

On the event that 0 < B,, < Ly 4(u) for all u € [r, s], we have

hals)BY  Lia(r)BY s L4 (u)By

2Lt,A($) 2Lt7A(T) r 2Lt7A(U)

L, 4 (8) L a(s L,y (r)Lea(r 1 rs
< t,A( )2 t7A( ) t,A( )2 t7A( ) —I— 5 [ LZA(U)LLA(U) d'u,
<C(t—s)7Y3
for some positive constant C'. Therefore,
/2
LtA(/r)>1 O((t—g)—1/3
5.21 s = ) O(t=5)717%)
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It now follows from (5.20) and (5.21) that

E h<BS)]1{O <Bu<L¢a(u)Vue [r,s}}:|

O((t—s)"1/?) Lo a(s)
€ t,A x z

= h(z)Ww,, (r.s , dz.
i e (2 1)
This implies the result. U

5.2. First moment estimates

We now return to the original setting of the paper, in which each Brownian particle
drifts to the left at rate 1 and branching events, each producing an average of m + 1
offspring, occur at rate 8 = 1/2m. Suppose there is a single particle at = € (0, Ly (7))
at time 7, where 0 < r < s, and particles are killed if they reach 0 or L; 4(u) at time
u € (r,s]. Let pﬁs(x, y) denote the “density” for the process at time s, meaning that
the expected number of particles in the Borel subset U of (0, L; 4(s)) at time s is

A
dy.
/U Pis(,y) dy

By Girsanov’s Theorem, the addition of the drift multiplies the density by e(®=%~t/2,
and by the Many-to-one Lemma, the branching multiplies the density by e*/2. It
follows that
Prs(x,y) = e g, y).

In this section and the next one, we use this fact to estimate first and second moments
of various quantities of this process.

Define N; 4 to be the set particles at time s that stay below the curve L; 4 until
time s. We define

Zia(s) = Z z.4(Xu(s), 8),

ueNs,A

Yia(s)= Y wa(Xu(s),s),

UGNS,A

xXr
yt,A(x>s> = € )

Lt’A(S
}N/t,A(S): Z gt,A(XU(S)vs)’

u € Ng A

~—

gt,A(% s) = et Tt

We also define

yt(xas) :yt,O(xvs)v gt(x75> :gtp(x?‘g)'
Note that Y; 4(s) < Y.a(s). We further define Ry_4(r, s), for 7 < s, to be the number
of particles absorbed at the curve L;4 between the times r and s. The notation
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P, and E(,,) denotes probabilities and expectations for our branching Brownian
motion process started from a particle at the space-time point (x,r).

We now collect a few estimates for L; 4(s) and 74(r, s), which were defined in (5.18)
and (5.19) respectively. Recall that t4 =t — (A/c)?, and define

24\
sAzt—(C) <ta,

so that A/L,(s) < 1/2 for every s < s4. Because we have

Lia(s) = Li(s)(1 = A/Li(s)) = Li(s) (1 = (A/e)(t — s)%) |

it follows that for s < s4, we have
(5.22) Ly a(s) = Ly(s)eC(At=717)

Also, a simple calculation gives, for r < s < sy,

_[° 1 s 24 2 “1/3
TA(T’,S)—/TWdu+lMdU+O(A(t—8) )
3 2A
(5.23) = — ((t )1/3 (t — 8)1/3) log (t > +0 (AQ( )—1/3)
2A t— ) 13
( +310g< )—i—O(A(t—s) ))
It follows that for r < s < sy,
t—r

Furthermore, since L; 4(s) < Ly(s) for every s < t4, we get by definition and a
simple calculation, for every s < t4 (in particular, every s < s4),

2
(5.25) Ta(r,s) = 1o(r, 5) = o2 (Le(r) — Li(s)),
and also, by (5.22) and the definition of 74 from (5.19), for every s < sy4,

(5.26) Ta(r,8) = T0(7, s)eO(A(tfs)il/g).

LEMMA 5.5. — We have for r < s < s4 and x € [0, Ly 4(7)],

=

O((l\/AQ)(t—s)*l/s) t—s 2t
E@n [Zea(s)] = e (t—r) z,a(T, 7).

TOME 5 (2022)



964 P. MAILLARD & J. SCHWEINSBERG

Proof. — By applying Proposition 5.4 followed by (5.2) and (5.24), we get

Ly a(s) oy A
E(J},r) [Zt,A(S)] = /0 € er,s<x7 y)zt,A(ya 3) dy
— 60((1573)_1/3) Lt,A(S>1/2 ex—Lt(S)
Lt,A(r)l/z

/Lt,A(S) . ( Yy > ( x y ) d

X sin Wr g (r, ’

0 Loa(s)) 0N\ La(r) Loas) )
3/2

A BMI b (T

N Ly a(r)'/? Lia(r)
_ 32 rp s\ %
_0((1va?)(t—s)-173) Lr.a(s) < 8)
e Loa(r) \i = zea(x,r).
The lemma follows from (5.22). O
LEMMA 5.6. — Let v > 0. There exists a positive constant C', depending on -,

such that if r < s <ty and T4(r,s) > v, then for x € [0, Ly 4(r)],

-1/3) zea(x,r)

Boen) [Vea(s)] € 0TS

Proof. — By Proposition 5.4,

> Li,a(s)
Bl [Vea@)] = [ e gl (wyer )y

B eo((t78)71/3)6x—[/t(5) /Lz,A(S) T y ;
T Loa(r) 2Ly 4(s)2 Jo O\ T, ) Loa(s) )

Because 74(r, s) = 7, it follows from (5.3) and (5.5) that

2
N CeO((tfs)*l/:;)ez—Lt(s)e—%TA(ﬁS)
E:cr Y g
o V)] < =, oy

[ (o) (k) 4
X S1n S1n
) Loa(r) Loa(s)) @

) 1/2
< C1eO(t=9)713) Lo—Li(s) ;=5 7a(r,s) (Lt,A(S)> <in < T ) ‘
Lt,A(r) Lt“,q(?")

Therefore, using (5.25) and the fact that L, 4 is decreasing, we get

v —s)~1/ x—L¢(T) 3 T

as claimed. ]
To calculate the first moment of R; 4, we will use the following well-known result
on the hitting time of a curve by a Brownian motion.

LEMMA 5.7. — Let by,b_ : R, — R be smooth functions. Let y € (b_(0),b,(0)).
Let u(y, s) be the density of Brownian motion started at x and killed when hitting
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one of the curves b, and b_. Let H, and H_ denote the hitting times of the curves
b, and b_, respectively. Then

P,(H ,€ds, HL. <H_ )= —lﬁyu(y, s) ds
2 y=b(s)

In words, Lemma 5.7 says that the density at time s of the hitting time of the
boundary b, is equal to the heat flow of u out of the boundary at time s. This result
is so classical that it is difficult to find a complete proof of it in the literature. See
e.g. [IM74, p. 154, eq. 32] for an early appearance (without proof) in the case of
constant boundaries and note that in our one-dimensional setting, one can easily
reduce to this case by a suitable change of variables. For two different proof ideas,
one more elegant, the other one more robust, both directly applicable for non-
constant boundaries, one may consult [Ler86, Lemma 1.1.4] and [Dan82, Section 3],
respectively. For a general discussion of parabolic measure on the boundary of a
space-time domain and its relation to hitting times, see [Doo84, Section 2.IX.13].
Lemma 5.7 can also be deduced from the formula given in Section 1.XV.7 of that
book. A more readable, but non-rigorous discussion in the time-homogeneous case
can be found in [Gar85, Section 5.2.1].

LEMMA 5.8. — We have for r < s < s4 and x € [0, L 4(1)],
(5.27)
E(ar) [Rea(r, )] < rero(vAanea ) <Tz(27 ‘;)ZtﬂA(%T) + O (yr,alz, T>)>
t\T

< (20" B (Rt
X f_ s (z,r) t,A\T, S)] -

Proof. — From Lemma 5.7 together with the many-to-one lemma applied along a
stopping line (see [Mail2, Sections 3.2 and 3.3]), we get

52 BunlRuatol= [ (—giien)

Y=L, A () > du.

Equation (5.28) implies

s 1d
B lReatrool = [ (34 on

y=L¢ A(u) ) du

s 1
:/ e Lt,a(u) <_28yqfu (JI,Lt,A<u>>> du.

Because 9yq;, (2, Lya(u)) = limyyr, , ) @i (%, )/ (Li,a(w) — y), the uniform bounds
on ¢/, (x,y) in Proposition 5.4 directly turn into uniform bounds on its derivative
at y = Ly a(u). Therefore,

Er) [Ri,a(r, )]
1

_ LA O((t—s)*1/3> /S x— Ly (u) _18 z 1 d
©c r Lt’A(T)1/2Lt7A<U>3/2€ ( 2 waA(T’U) Lt,A(T)’ u-
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Now (5.24) and (5.22) give

(529) E(LB,T‘) [Rt,A (7”7 S)] = eAeO((1VA2)(t_5)71/3>e:vat(T)
2A
3

s 1 t—u +5 42 1 x
Frat) (g T 1)) du
X/T Loa(w)? (t—r) < < yw””’”( (r)’ )) ¢

We claim that

s 1 2 1 N
T .= x*Lt(r)/ T-Ta(ru) _29 o . ;
e r Lt,A(u)2€ 2 9 yWr 4 (ryu) Lt,A(T’)’ U
(5.30) ( )
_ TAT, S
- <Lt7,4(r) 2.4(2,7) + Oyrale, 7«))> ,

Then (5.29) and (5.30), along with (5.22) and (5.26), imply the lemma because
t—u

= < 1 for every u € [r, s]. To prove the claim, we transform the integral in (5.30)
using the change of variables 74(r,u) = u' along with (5.19), to get

TA(rS) 2 1 x
T = ex_Lt(r)/ e | —=0wy | ———,1] | du'.
0 277 Ly a(r)

Equation (5.7) now gives

T = me* Le(r) (7- r,5) sin < ™ ) +0 ( ‘ )) ,
alrs)sin | 770 Loa(r)
which is exactly (5.30).

O

5.3. Second moment estimates
LEMMA 5.9. — Let ¢, 71, and 72 be positive numbers. Suppose r < s < (1 — e)t
A s4. Suppose also that T4(r,s) > v and (1V A?)(t — s)™'/3 < ~,. Then there exists

a positive constant C, depending on €, 7,, and 3, such that

| DI [Zt,A(S)Q} < Ce? (%zt7A(x,r) + yt7,4(a:,7“)> :

Proof. — Let my be the second factorial moment of the offspring distribution.
Standard second moment calculations (see, for example, [INWG69, p. 146]) give

(5.31) E(:E,T) [ZLA(S)Q] = E(z,r)

Z 2t 4(Xu(9), 5)2]

s pLya(u)
+ ﬂmg/ /0 em’yq,‘f}u(:v, V) E @0 [Zt,A(s)]2 dydu =:T; + Ts.
We first bound the first term in (5.31). By Proposition 5.4,

C
Tl < I I 1/2
( t,A(T> t7A<S))
Ly a(s) xr Yy il 2
. I 5 . 2(y—L¢(s)) du.
X /(; e /IUTA(T,S) <Lt’A(r>7 Lt7A(S>> t7A(S) S1n (Lt’A(S)> € Yy
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Now using (5.3), (5.4), and (5.5), along with the fact that 74(r,s) > 71, we get

3/2 @ s 3
Tl < CLt,A(‘S) 1/26 /Lt’A( ) 6‘%TA(T,5)69—2L15(5) sin ( ™ > sin ( Ty > d
Lt,A(T) / 0 Lt7A<7a) LnA(S)

Using (5.25), we get

3/2 x—L(r s 3
CLia(s)Per ) sin [ —— /LLA( )enyt(S) sin [ Y dy
Ly a(r)4/? Lia(r) ) Jo L

o C’e*Azt’A(a:, T)
= Lt,A(T)3/2Lt,A(5>3/2.

T

N

(5.32)

We now bound the term T3 in (5.31). By Proposition 5.4 and Lemma 5.5,

7‘<<7/i/MAW) - Ty (v 0)? dy d
PSVL D Loat) PLoa 2 AN\ L () Loaw) )

Applying the inequality 2 4(y,u) < 7(Lia(u) — y)e?"5 ) and using that L 4 is
decreasing and that L, 4 < L; gives

s Lt a(u) ex*Lt(u)+y*Lt,A(u)fA
BéGMﬂﬂA —

T Y
X w‘rA(r,u) )
Lt,A(T) LnA('LL)

) (Lt a(u) — y)? dy du.

Changing variables y + L; 4(u) — y, and using that w,(2',y") = w,(1 — 2,1 — ¢/)
for all 2’,y" € [0, 1] together with (5.25) gives

(5.33) Ty < CLy(r)es =4 [ —— ye

SeéTA(Tvu) /Lt,A(u) 9
r Ly a(u)? Jo

T Y
TA(T 0 1_ ) d d .
Wt ( Ly a(r) LtA(“)) e

Now making the additional change of variables 74(r, u) — u, using (5.19), and letting
h(u) be the number such that 74(r, h(u)) = u, we get

TA(r,8) Ly, a(h(u))
T2 < CLt(,r,)ew—Lt(T)—A/ A 67r2u/2/ A er—y
0 0

x y
X (1 T Loalr) Lt,A<h<u>>> Ay du
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We now split the inner integral into two pieces and use Tonelli’s Theorem and the
fact that L; 4 is decreasing for the first piece to get

~Ly(r)-A A 2y [3EAG) o
Ty < Ce™ 2" Lt(r)/ em / ye ™V
0 0

e (1 el Lt,Agz(u))) Ay

Ta(r,8) e7r2u/2 /Lt,A(h(“)) 9 _y
1

—i—Cex_Lt(T)_ALt(r)/ ye
0 §Lt,A(S)
T Yy
X w, |1— , du du
( Lea(r) Lt,Aw(u))) /
.34 $Lia(s)
(5 3 ) < Cex—Lt(’/‘)—ALt(T) /02 A y2€_y
Ta(ns) m2u/2 X ,
X/ € sup wy (1 — 7 Y| dudy
0 v €[0.y/L,a(s)] t.a(r)

+ Oew—Lt('I’)—ALt<,’,‘)3€—%Lt,A(s) /TA(T,S) 671,2“/2
0

/Lt,A(h(u)) (1 €T Y ) dud
X wy | 1— , u
0 Loa(r) Loa(h(u)) )

= T3 —f- T4.

By Lemma 5.1, and then using (5.22) and the assumptions on s (in particular that
s < (1 - g)t)v

Cer=L=AL, (r) l ( T ) T ] 0
T; < Ta(r, s)sin + / Sev d
R T R K VT ) A ot o]

TA(r, S)

Ly(r)

By Lemma 5.2, and using again (5.22) and the assumptions on s,

(5.35)

<Ce ( zea(x,r) + yt,A(I,T)> :

T, < Cefot(T)*ALt(r>4e*%Lt,A(S) [TA(T,S) Sin( T > + Ltj(r)‘|

Ly a(r
(5.36) .8 valr)
_a [Ta(rys
<Ce? ’ :
e ( L0 zt,A(x,r)—i-yt,A(x,r))
The lemma now follows from (5.31), (5.32), (5.34), (5.35), and (5.36), together
with (5.26). O
LEMMA 5.10. — Let €, 71, and 7, be positive numbers. Suppose r < s <

(1 — &)t A s4. Suppose also that T4(r,s) > v and (1V A%)(t — s)~/3 < ~,. Then
there exists a positive constant C, depending on €, 7, and 75, such that

To(r, $)
Ly(r)

| D {RtVA(T, 3)2} < Cet ( zea(x, ) + yealz, T)) )
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Proof. — As in the proof of Lemma 5.9, we have

(5.37) B [Rea(r,s)?]
=E() [Ra(r, s)]

Lt a(u) 2
woma [ [ g () (B [Ruale.s)])” dydu
= Tl + T2.

In view of (5.27), it only remains to bound T5. For every u € [r, s] and y € [0, Ly 4(u)],
we get, using Lemma 5.8 and the fact that 79(u, s) < C'Ly(u) when s < (1 — e)t,

2 24 [ To(u, 5)
(E(W) [Re.a(u, S)]) s ce < Li(u)

< Ce*! (zt,A(y, u)? + ys. 4y, u)2>
< O ((Lya(u) — y)* 0100 4 2L

_ Ce—Q(Lt,A(u)—y) ((Lt,A(U) - y)2 i 1) .

2
2oy, ) + y,a(y, U))

Plugging this into (5.37) and using Proposition 5.4, we get

2 X ) LLA(T)l/th,A(U)l/Z Wry(r,u) Lt,A(T)7 Lt,A(u)
x ¢ 2 Leal)=0) (L 4(u) — y)* + 1) dy du.

Now making the change of variables y +— L; a(u) —y, using the fact that w, (2, y') =
wy (1 —2',1 —19'), and then using (5.24) as in the proof of Lemma 5.9, we get

T,
LtA x"l‘y LtA(u) €T y
< OLy // o (1= , “2(y% + 1) dy d
« Loa(u) w“”( &Aw>hﬁwﬂe W+ 1) dy du
2
_ SegTA(TU)
< CLy(r)er L+ e

Ly a(u) x Yy
1— Y (y? +1) dydu.
“J 1MW« hAwumﬂe(y+)y“

Note that this expression is identical to the expression in (5.33) except that the sign
of A in the exponential in front of the integral is reversed, and we have % + 1 in
place of y? in the integrand. Consequently, we can follow the same steps as in the
proof of Lemma 5.9 to obtain

To(r, S)
Ly(r)

which completes the proof of the Lemma 5.10. U

T2 < OeA ( Zt,A($)T) + yt,A(xu T)) )
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6. Particle configurations

Our goal in this section is to deduce Proposition 2.6 from results in [BBS15]. The
strategy of the proofs in [BBS15] is to show that if at time zero there is a single
particle at « > 0, then for all k > 0, the configuration of particles at time xt*/®
will satisfy certain conditions. The rest of the proofs then use only what has been
established about the configuration of particles at time st*?. Consequently, the
results in [BBS15] immediately extend to any initial configuration of particles for
which these conditions hold at time xt*3. This observation yields Lemma 6.1 below.

We define N
Yi(s) = D 5 (Xu(s).9),
u € Ng
which is similar to }7,57 4(s) defined at the beginning of Section 5.2, except that here
particles are only killed at the origin and not at the curve L, 4.

LEMMA 6.1. — Suppose we have a sequence of possibly random initial configura-
tions (vy,)5°, such that the following conditions hold for a corresponding sequence
of times (t,)° ;:
(1) The times t, do not depend on the evolution of the branching Brownian

motion after time zero, and t,, —, 00 as n — o0.
(2) For all e > 0 and k > 0, there is a positive constant C13, depending on € and

Kk, such that for sufficiently large n,

. C
(6.1) P,, (Ytn (rt2/?) < M) >1—c¢.

(3) For all e > 0 and k > 0, there are positive constants Cy4 and C5, depending
on € and K, such that for sufficiently large n,

(62) P,jn (Cl4 < Ztn (:‘iti/g) < 015) >1—ce.
(4) For all k > 0 and A > 0, we have
(6.3) lim P, (R (st2?) < Ly, (k%) = A) = 1.

Let 0 < § < 1/2. Then the three conclusions of Proposition 2.6 hold.

Proof. — This proposition essentially restates the results of [BBS15] in the context
of the present paper. The second, third, and fourth conditions that we require for
the sequence (t,)5%, are the three conclusions of [BBS15, Lemma 15], while the
first condition that ¢, — oo in probability corresponds to the condition in [BBS15]
that the position x of the initial particle tends to infinity. The first conclusion of
Proposition 2.6 is [BBS15, Theorem 1]. The second conclusion of Proposition 2.6
is [BBS15, Theorem 2]. The third conclusion of Proposition 2.6 is a combination
of [BBS15, Theorems 3 and 4]. Proposition 2.6 holds because these four theorems
in [BBS15] are deduced from [BBS15, Lemma 15]. When ¢ = 0, the following
adaptations are required to obtain the result in the present context:

e In [BBSI15], the branching rate is 1 and the drift is —+/2. However, it is
straightforward to translate results into our setting by a simple scaling.

ANNALES HENRI LEBESGUE



Yaglom limits for BBM with absorption 971

e [BBS15, Lemma 15] includes a stronger form (6.2), in which the bounds are
proved when the term sin(mwx/L(s)) in the definition of Z;(s) from (1.2) is
replaced by sin(wz/(L(0) + «)) for any € R. However, we have

(Li(0) + @) = Ly (8%)| < C(s + |a)

for some positive constant C', so the ratio of the two sine terms will be bounded
above and below by positive constants with high probability as long as (6.3)
holds and ¢,, — oo in probability. Therefore, establishing (6.2) is sufficient.

e [BBS15, Theorems 2, 3, and 4] are stated for the case when s = ut for some
u € (0,1). However, it is not hard to see that the proof extends to the case
where s ~ ut as t — oo, with the constants being uniform over u € [§,1 — ],
and then a subsequence argument gives the results in the form stated here.

e The results in [BBS15] are stated for a fixed initial configuration of particles.
However, because the proof in [BBS15] ultimately works from the random
configuration at time xt*?, the only possible complication comes from the
randomness of the times t,. [BBS15, Theorems 1 and 2] are probability
statements that hold when the position x of the initial particle tends to infinity,
while Theorems 3 and 4 establish convergence in distribution as * — oc.
The requirement that the random times t,, tend to infinity in probability is
therefore sufficient for these results to carry over to the present context.

e In [BBS15], it is assumed that at the time of a birth event, a particle splits into
two other particles. However, as long as ¢ = 0, the only change that results
from considering a general offspring distribution is that a different constant
appears in front of the second moment estimates, which does not affect the
results. Results of Bramson [Bra83] are needed to prove [BBS15, Theorem 2],
but those results hold under the more general offspring distributions con-
sidered here when ¢ = 0. Note in particular that [Bra83, equation (1.2’) on
page 5| is satisfied when the offspring distribution has finite variance.

The claim that Proposition 2.6 holds even when ¢ > 0 requires a bit more care.
Indeed, the initial configuration with a single particle at x,,, with x,, — 0o, does not
fulfill the four conditions in the lemma when ¢ > 0 because of the possibility that all
descendants of the initial particle could die out. Nevertheless, once these four condi-
tions, which correspond to [BBS15, Lemma 15], are established, one deduces [BBS15,
Theorems 1, 3, and 4] using moment estimates, which change only by a constant
factor when ¢ > 0. Therefore, the first and third conclusions of Proposition 2.6
follow from the arguments in [BBS15] without change. Some additional argument
is needed, however, to obtain the second conclusion of Proposition 2.6 because the
proof of [BBS15, Theorem 2] uses a result of Bramson [BBS15] which is valid only
when ¢ = 0.

To extend the second conclusion of Proposition 2.6 to the case ¢ > 0, we modify
the process as follows. First, we construct the original branching Brownian motion
in two stages. In the first stage, we construct the process without absorption at zero.
At the second stage, we truncate any particle trajectories that hit zero. Now we can
construct a modified process by deleting all particles that do not have an infinite
line of descent in the first stage of this construction. This yields a new branching
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Brownian motion with ¢ = 0 that includes a subset of the particles in the original
branching Brownian motion. In particular, for any fixed s > 0, the law of the new
process at time s, conditioned on the original branching Brownian motion at time
s, is obtained by independently retaining each particle of the original process with
probability 1 — ¢.

We check that the four conditions of the Lemma 6.1 hold for the new process.
Condition (1) is immediate because we will use the same times ¢, as in the original
process, while conditions (2) and (4) and the upper bound in (6.2) hold because
the particles in the new process are a subset of the particles in the original process.
To establish the lower bound in (6.2), note that (6.3) implies that for all § > 0,
with probability tending to one as n — oo, no individual particle in the original
process contributes more than 6 to Z; (nti/ 3). Now, suppose z1, ..., 2, is a sequence
of numbers such that z; + --- 4+ 2, = 2z and z; < 6 for all i. Let &,...,&, be
independent Bernoulli (1 — ¢) random variables, and let Z = 21&; + - - - + 2,,&,,. Then
E[Z] = (1 = q)z and Var(Z) = q(1 — q)(2} + -~ + 27,) < q(1 — ¢q)0z. By applying
this observation to the numbers 2, (X, (kt?/?),0) for u € N, and 6 sufficiently small,
and then using Chebyshev’s Inequality, we obtain the lower bound in (6.2).

It now follows from the result when ¢ = 0 that the conclusion (2.12) holds for the
new process. Because the particles in the new process are a subset of the particles in
the original process, we immediately get the lower bound in (2.12) for the original
process. Finally, recall that for any time s, the position of the right-most particle
is the same in the new process as in the original process with probability 1 — q.
Therefore, the upper bound in (2.12) for the original process holds with probability
at least 1 —¢/(1 — q), which is sufficient. O

We are now able to prove Proposition 2.6 by showing that the hypotheses of
Proposition 2.6 imply those of Lemma 6.1.

Proof of Proposition 2.6. — Suppose that the hypotheses of Proposition 2.6 are
satisfied. The first condition of Lemma 6.1 holds by assumption.

Using that sin(x) > 2x/7 and sin(m — z) > 2z/7 for all z € [0,7/2], we have for
all x € [0, Ly, (0) — A],

0 1
(6.4) ytnp(x’o) B > . =) S 24
2, (2, 0) L4,(0)? sin (T(O))

Because A is arbitrary and (Z;, (0))22 is tight, the assumption L;,(0) — R(0) —, oo
implies that Y; (0) —, 0 as n — oo.

Let ¢ > 0 and > 0. To establish the second, third, and fourth conditions in
Lemma 6.1, we consider the branching Brownian motion with particles killed when
they reach either the origin or the curve s — L, (s), run for time xt2/3. We will
need to make some moment calculations, conditional on the initial configuration of
particles. By Markov’s Inequality, Lemma 5.8 with A = 0, and equation (5.23), there
is a positive constant C', depending on k, such that

Z4,(0)
Ly, (0)

P, (R, (0,s2%) 2 1|F) <B,, [R,, (0,6t27)|F) <C ( + Y;n(o)> .
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Because Ly, (0) —, oo and Yy, (0) =, 0 as n — oo, and (Z;,(0))s2, is tight, we can
deduce that

(6.5) lim P, (R, (0,52°) > 1) =0.

Thus, we may disregard the possibility that particles are killed at L;, (s) before time
/@ti/ 3

By Lemma 5.6 with A =0,
CZ:,(0)
Ly, (0)
where the positive constant C' depends on k. Because the sequence (Z;,(0))5, is
tight and L, (0) > L, (kt*?), the second condition (6.1) in Lemma 6.1 follows
from (6.6) and Markov’s Inequality, along with (6.5).

From Lemma 5.5 with A = 0, and the fact (Z;, (0))22, is tight, we conclude that
for all e > 0 and § > 0, for sufficiently large n we have, on an event of probability
at least 1 —¢/2,

(6.6) E,, [Vi.o (k)| Fo] <

§ < By, [Zuno (582°) | Fo] < 5.

By Lemma 5.9 with A = 0, there is a positive constant C' such that

Var,, (Zi,o0 (k)| Fo) < C (igg; + Ytn(0)> :

and the right-hand side tends to zero in probability as n — oo by the argument be-
fore (6.5). In view of our assumptions on the initial configurations as well as (6.5), the
third condition (6.2) in Lemma 6.1 now follows from an application of Chebyshev’s
Inequality.

Because g, (L, (kt2/3) — A, kt?/3) = e=*, the fourth condition (6.3) in Lemma 6.1
follows immediately from (6.1). O

7. Convergence to the CSBP: small time steps

In this section we state and prove a result (Proposition 7.1) which will be at the
heart of the proof of Theorem 2.1 in Section 8.

7.1. Notation in this section

We will make heavy use of the results in Sections 5.2 and 5.3. In particular, we
use all the notation introduced in Section 5.2. Whenever the symbol A appears, we
will always tacitly assume that A > 1.

In what follows, it will be necessary for us to let both t and A go to infinity. To
this end, we will always first let t, then A go to infinity. We therefore introduce the
following two symbols:

e ¢;: denotes a quantity which is bounded in absolute value by a function h(A, t)
satisfying:
VA>1: tle h(A,t) =0.
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® c4,: denotes a quantity which is bounded in absolute value by a function
h(A,t) satisfying:
im limsup h(A4,t) = 0.

Alﬂoo t— 00
Note that the first condition is stronger than the second one.

Furthermore, as above, the symbol O(-) denotes a quantity bounded in absolute
value by a constant times the quantity inside the parentheses. Also, throughout the
section, we fix A > 1 and a positive function § such that §(A4)A? — 0 as A — oo.
The functions h above and the constant in the definition of O(-) may only depend
on the offspring distribution of the branching Brownian motion and on A and 6.

Throughout the section, let < s such that s < (1-A Dtand t—s = e ?(t—r), for
some 0 € [0(A)/2,0(A)]. All estimates are meant to be uniform in r and s respecting
these constraints.

Note that with this notation, we have

To(7, 5) 2 e 2
1 =2 1-— =—0(1 )
(7.1) Loy~ (1=e™) = 550 (1+0(0))
In particular, for all r <" < s’ < s,
70 (17, 8)
7.2 ——1—2 =0(0).
(7.2 )=o)

The main step in the proof of Theorem 2.1 will be to show the following proposition.

PROPOSITION 7.1. — Set a = 2(a(2.14y+1og m)+3%. Then, uniformly in A € [A~*, A],
on the event {Vu € N, : X,,(r) < L; a(r)}, we have

E [e %) | F,| = exp {(-A+ 0 (Vazss(N) + £a4)) Zi(r) + O (AYs(r)}.

The proof of this proposition will be decomposed into several steps. Inspired
by [BBS13], we decompose the particles into those crossing the curve L; 4 and those
staying below it. The particles crossing the curve are exactly the ones causing the
jumps in the CSBP. In Section 7.2, we give an asymptotic result for the Laplace
transform of such a jump. In Section 7.3, we use this result to prove Proposition 7.1.

7.2. One particle at L, 4

LEMMA 7.2. — Uniformly in A € [A™*, A] and 7 € [r, s — t*/3],
(7.3) E(Lt,A(r)J) [e”\Zt(s)} = exp {We’A (‘I’a(7,3),1(>\) — A\ + &tA,t)} ,
with a3y = a4y + log .

The following lemma will be needed for the proof of Lemma 7.2.

LEMMA 7.3. — Let y : (0,00) — (0,00) be a function such that y(t) — oo
and y(t) = o(t'/3) as t — oo. Let f : (0,00) — (0,00) be a function such that
f(t) = o(t*3) as t — oo. Then uniformly in 7 € [r,s — t*/%], 7' € [1,7 + f(t)], and
A e [A71 Al ast — oo, we have

(74 Eum-ym [ 7] =exp{= (A +e +0(0) my(t)e O}
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Proof. — Write 2’ = Ly(7) — y(t). Under Py 1y, we have Z(s) = Z;o(s) on the
event {R,o(7',s) = 0}. Hence,

(7.5) ‘E(x',ff) [e"\Zt(s)] —Eq {e‘AZ’*O(S)] <Py (Rip (T, 8) > 1)
< B [Ripo (T, 5)]
By Lemma 5.8 and (7.2),
(7.6) E ) [Rio (77, 8)] < C (02 (o, 7') + y (2!, 7)) .
Furthermore, using that e™* = 1 — 2z + O(2?) for z > 0, we have
(7.7) B [e 0] = 1= AE(w 1) [Z10(5)] + O (B o) [ Zio(s)?]) -
By Lemma 5.5,
(7.8) Ew ) Zio(s)] = (1 +0(0) + &)z (2, 7).

As for the second moment, to apply Lemma 5.9, note that 7o(7/,s) > 71 for some
71 > 0, since 7/ < s — 234 f(t) and f(t) = o(t*/?) by assumption. Hence, for ¢ large
enough, by Lemma 5.9 and (7.2),

(79) E(a:’,rl) |:Zt70<8)2] < C (ta (1’/, T,) + Yy (.’ﬂl’ 7'/)) .
Combining (7.5), (7.6), (7.7), (7.8) and (7.9), we have for large enough ¢,
(710) B [0] = 1= (ke +0(0) 2 (¢, 7) + O (u (', 7).

Now using that 2’ = L;(7) — y(t) and y(t) = o(t'/?) = o(L.(')), along with the fact
that Ly(7) — Ly(7") — 0 as t — oo because 7' € [1, 7 + f(t)], we get

Zt(I/,T,) _ Lt(T/) sin (W(y(t) - (Lt(T) - Lt(T/))>> eLt(T)—Lt(T/)—y(t)

Li(1)
= (1 +¢e)my(t)e™v®,

Furthermore,

/ AN Li(T)—L¢ ) —y(t —y(t
ye (2, 7') = Lt(T’)e (M=Le()—y(t) < (1+&)e y(t)
It is also easy to check that
2 (T oy (7)Y = O (g (2, 7))
It follows from the above that the RHS of (7.10) is at least 1/2 for ¢ large enough,
since y(t) — oo as t — oo by assumption. Using the equality 1 — z = e~ 0 for
x € [0,1/2], equation (7.10) together with the above equations gives

(711> E(ac’,T’) {eiAZt(S)}
= exp ( ~ (At +00) % (@, 7))+ 0y (2, 7)) + O (2 (&, 7) + e (2, 7)) )
=exp (= [(\+ &+ O(0)) y(t) + O(1)] e 1)),

which implies the statement of the Lemma 7.3, since y(t) — oo as t — oc. U
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Proof of Lemma 7.2. — We start by proceeding as in the proof of Theorem 1.3. Let
g :(0,00) = (0,00) be an increasing function that satisfies (3.8). Let y : (0,00) —
(0, 00) be defined so that, similarly to (3.9), we have

. - y(t)

tlgroloy(t) = %% tlggo L(0)

Starting with one particle at L; 4(7) at time 7, we stop particles as soon as they

hit the point L; 4(7) — y(t) = Li(7) — A — y(t). We denote again by K; the number

of particles hitting that point and by wy, ..., wk, the times they hit it. Then w; €

[7,7 4+ g(A+y(t))] for all i = 1, ..., K; with probability 1 — &; by (3.8). We can
apply Lemma 7.3 with A + y(t) in place of y(t) and f(t) = g(A + y(t)) to get

=0, lim t7*Pg(A+y(t)) = 0.

(712) B, 00 [e*AZt(ﬂ

K
—AZ(s
= E(Lt,A(T),T) [1:[1 E(Lt(T)*A*y(t),wi) [6 t( )}‘|

- E(Lt,A(T),T) {exp (_Kt (A+e+0(0) T (A+y(t)) e_A_y(t)ﬂ + €.
Recall that y(t)e ") K, converges in law to W, the random variable from Lemma 2.13.
It follows that

(7.13) E( ) 9] = E [exp (—me (A + 0(0) W)] + <.

Note that A+O(6) = A(1+O(#)), uniformly in A > A~!. Hence, by (7.13), combined
with Lemma 2.13, as A — oo, we have

Lt,A(T)’T

(7.14) B )|

Lt,A(T)ﬂ'> [6
= exp { Va1 (e (1+00)N) +0 (™) +,}
= exp {me " (1+0(0)) A (log A + a1y + logm — A+ O(0) + 24, } -

Setting a(7.3) = a(2.14) + log ™ and using the fact that §A < 0(A)A — 0 as A — oo,
equation (7.14) implies

(7.15) E(Lt’A(T),T) [e”\zt(s)} = exp {WefA (‘I/a(7‘3),1()\) — AN+ €A,t)} ;

which finishes the proof of the Lemma 7.2. U

7.3. Proof of Proposition 7.1

Decomposing into the descendants of the particles living at time r, it is enough to
show that for every x € [0, L; ()], we have
(7.16)

B 6740 = exp { (A +0 (Vazsa(N) +2as)) 2(z, 1) + O (Ay(a, 7))}

Fix z € [0, L 4(r)] throughout the section. We adapt an idea from [BBS13] and
stop the particles the moment they hit the curve L, during the time interval
[r, s]. We denote by L; 4 the set of those particles, identifying a particle with the
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time it hits the curve (one can do this more formally using the concept of stopping
lines from [Cha91]). For every particle hitting the curve at time u, we denote by

Zt(u)(s) the contribution to Z;(s) of the descendants of u. We then have the following
decomposition:
(7.17) Zs) = Zpals) + 22 Z7(s),
UEEt,A
where
Zé,A(S) = Z 2t (XU(S)a 5) ’
u € Ng A

with N, 4 defined in Section 5.2. In what follows, we will also make use of the
quantities Z; 4, Y; 4 etc. defined in that section.

By the (strong) branching property, conditionally on £; 4, the Z(*) are independent
and independent of Z; 4(s). Therefore, we can write

E(.I,T) |:€*)\Zt(8):| = E(x’,’,) e_Azé,A(s) H e)\ZEu)(s)]

ueﬁt’A

:E(ﬂfﬂ”) e_)\ZAA(S) H E<LtA(u)7U) [eAZﬁ(S)]]'

Ueﬁt,A

Define s = s—t%/3. Using Markov’s inequality and conditioning on F./, then applying
Lemma 5.8, Lemma 5.5, and Lemma 5.6, we have

P(~T7T) (‘Ct,A N [SI7 S] % (Z)) < E(m,r) [RtA (3/, S)]
< By [Zea(s)e+ 0 (eYia () (1 +2)]
= za(x,7)es.

Hence,

(7.18) E(%T) [efAZt(s)}

= E(f’?ar) e—AZLA(S) H E(Lt A(u)ﬂ) {ei/\Zt(S)}

w€ Ly aNr,s']

+ zea(,7)ey.

Equation (7.18) and Lemma 7.2 now give
(719> E(a},r) [e—AZt(S)}

— E(CE,T') +Zt7A(x, T)gt

[eAz;,A(s)mt,A(ns’)we—A(wm),l(x)Axm,t)]
We next claim that (7.19) implies
(7.20) B [e*mﬂﬂ
=1- >‘E(x,r) [Zt,A<3)] + e A (\I/a(7ﬁ)71()\) — AN+ 5A,t> E(x7r) [Rt,A (T, 8’)]

+ O (E(w) Zt,A(S)2 + (Ae_ARt,A (r, S/>)2 + AY; a(s)

) + zea(x,7)Es
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Indeed, the upper bound follows using first the fact that Z{ 4(s) > Z; a(s), which can
be seen by observing that z;(x,s) > 2 a(x, s) for every x > 0 because the function
L — Lsin(rx/L) is increasing on [z, 00), and then using that e™® =1 — z + O(2?)
for > 0. Note that the second summand in the exponent on the RHS of (7.19)
is always negative, because the product in the expectation on the RHS of (7.18)
is bounded by 1. The lower bound, on the other hand, follows from the equality
1 4(8) = Zya(s) + O(AY; a(s)), which is a consequence of the fact that z(z,s) =
ze a(z,8) + O(Ayr a(z, s))), together with the inequality e=* > 1 — z for every x > 0.
We now gather the following estimates:

Ear) [Z1,a(s)] = 679(%A+%)+Et2t,A($, r) by Lemma 5.5
By [Roa(r, s')] = meAtO0A)+e
((37?2 (1+0(9)) + 5t) zea(x,m) + O (ya(z, r))) by Lemma 5.8 and (7.1)
| DI [Zt A(s)2] Ce ™ 0z a(x,7) + ypa(z,7)) by Lemma 5.9
E( [RtA( )2] < Ce (0zpa(w,7) + yralz,r)) by Lemma 5.10
E(r,r) [Yia(s)] < zea(w,m)e by Lemma 5.6

Using that §A% < (A)A% — 0 as A — oo, equation (7.20) together with the above

estimates gives after some calculation, with a(;.21) = %a(m) + %,

(7‘21) E(:c,r) |:€—)\Zt(5):|

=1+ (A0 (Wagra 250N +2a2) ) 20a(2,7) + O (Agpal, 7).

Using that 2, a(z,7) = O(Ae™) and yya(z,7) < e for < Ly a(r), as well as
zea(z,m)? = O(ypa(x, 7)), we get

(7.22) By [ 0]

= exp (<A 40 (Wagy 23(0N) + 1)) 2eal@, ) + O (Aysa(z, 7))

Using again the equality z(x,7) = 2z a(x,7) + O(Ayt.a(x,r)), equation (7.22) im-
plies (7.16) with a = a(7.21) and concludes the proof of Proposition 7.1.

8. Convergence to the CSBP: proof of Theorem 2.1

Before getting to the heart of the proof, we perform a series of reductions. First,
it is enough to consider initial conditions such that Z is positive almost surely. To
see this, suppose that, under P,,, we have Z;(0) —, 0 as t — oo. If we superpose
|1/Z:(0)] independent copies of the system, we can reduce this case to the case where
Z;(0) =, 1 as t — oo. Indeed, once we have established that the finite-dimensional
distributions of these superposed processes converge to the CSBP (E(u),u > 0)
started from 1, which almost surely stays finite for all times, it will follow that
when Z;(0) — 0 in probability as ¢ — oo, the finite-dimensional distributions of the
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process converge to those of the process that is identically zero. This argument is
easily generalized to the general case where Z has an atom at 0 of arbitrary positive
mass.

Next, the finite-dimensional convergence can be easily deduced from the one-
dimensional convergence result and the Markov property of the process. For this, it
is enough to show that for every u € (0, 1), with high probability, the configuration of
particles at time ut again satisfies the hypotheses, with (1 —u)t instead of ¢, i.e. that
Zi(ut) = Z for some random variable Z > 0 and L;(ut) — R(ut) — oo in probability
(note that Li(ut) = La—u):(0) and 2z(x, ut) = za_u(z,0)). The first is precisely a
consequence of the one-dimensional convergence result, together with the fact that
Neveu’s CSBP does not hit 0. The second on the other hand follows from the second
part of Proposition 2.6.

Finally, by a simple conditioning argument, it is enough for the one-dimensional
convergence result to assume an initial condition such that, under P,,, we have
Z:(0) =, 20 as t — oo, for some constant zp > 0. We assume this for the rest of the
section. Also, all probabilities and expectations for the rest of this section will be
taken under P,,, so we will omit the subscript.

We now go on to prove the one-dimensional convergence. Fix 7 > 0. It is enough
to show the following: for every A > 0, we have

(8.1) lim E |e?2:(t(1=e7))| = g=zowr®)

)
t— oo

where u.(A) is the function from (2.1) corresponding to the CSBP with branching
mechanism W, 5,3, with a being the number from Proposition 7.1. We do this by
discretizing time. As in Section 7.3, we introduce a parameter A which goes slowly
to oo with ¢. Recall the notation ¢; and €4, from that section, as well as the function
6. Quantities denoted by ¢, and & 4, how may also depend on the initial condition
and on 7. For A sufficiently large, choose 6 € [#(A)/2,0(A)] such that 7 = K@ for
some K € N. Define t;, = t(1 —e ) for k=0, ..., K, so that tx =t(1 —e7).

Set Fj, = F,. By assumption, there exists a sequence a; — oo such that we have
L;(0)—a;— R(0) — oo and a;Y;(0) — 0 in probability as ¢ — oco. We assume without
loss of generality that a, < t'/6 for every ¢ > 0. Define the events

Gr=1{vje{0, ..., k}: R(t)) < La(t;), Yi(t;) < Z,(t;)/as}, k=0,..., K,
so that G, € Fj, for all k € {0, ..., K}.

LEMMA 8.1. — We have P(Gg) > 1 —¢;.

Proof. — We have P(R(0) < L; 4(0), Y;(0) < Z¢(0)/a¢) > 1 — &, by assumption.
Let k£ € {1, ..., K}. By part 2 of Proposition 2.6, we get L;s(tx) — R(tx) —
oo in probability as ¢ — oco. Furthermore, by part 3 of Proposition 2.6, we have
Li(ty)Yi(te)/Zi(tr) — ¢ in probability as ¢ — oo, for some constant ¢ € (0, 00).

Hence, since a;, < t'/% by assumption, a,Y;(tx)/Z;(t;) — 0 in probability as t — oo.
A union bound shows that P(Gx) =1 —¢;. O
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Now fix A > 0. For every § € R, define recursively,
Al =\
N = M =0 (Paggs (M) — ).
LEMMA 8.2. — Fix A > 0.
(1) There exists A > 1 such that for |0| small enough and for 6 small enough (a

priori depending on d), we have /\,(f) e [AYA] forallk=0,..., K.
(2) For every € > 0, there exists 6 > 0 such that for all § sufficiently small,

AT € [ur (V) — £ ur (V) + ]
(3) For every 6 > 0, we have for sufficiently large A and t, for every k =0,..., K,

(6

(8.2) E [e_A’“ )Zt(tk)]le] — P (Gr\Gy) < E {e‘AZﬁ(tK)ﬂcK} <E |:€_/\§€6)Zt(tk)]lG

P

Proof. — Parts 1 and 2 follow from standard results on convergence of Euler
schemes for ordinary differential equations, after suitable localization arguments. We
provide the details for completeness.

Write ¥ = W, 5/5 for simplicity. Fix A > 0. Choose A > 1 such that u;(\) € (A™!, A)
for all ¢ € [0, 7]. Define ¥ : R — R by

U(z) itz e [A71A]
TA(2) ={ W (AY)  ifr <A
U(A) ifr > A.

.....

A =
)\](;S,A) = )‘1(;21 -0 (‘I’A (Az(fll) - 5) )

ceey

(8.3) y == (V) —4), y0)=A\

on the interval [0, 7], with timestep 6. The right-hand side being a Lipschitz function
of u, it is well-known that the Euler scheme converges, i.e., if y®* denotes the
solution to the ODE (8.3), then as § — 0,

(0.A) _ (8,A)
k:Iglﬁi(K’)\K_k Yy (/{;0)‘ — 0.

Furthermore, because the right-hand side of (8.3) depends continuously on the
parameter §, we have y®% — ¢OA) = (&) a5 § — 0, uniformly on [0, 7]. Finally,
since U = U on [A, A], and (u4()\))iepo,-] is the solution to the ODE (2.2) and
satisfies u,(A\) € [A™', A] for all ¢ € [0,7], we have y™(¢) = u,()\) for all t € [0, 7].
Altogether, the above arguments show

.. SA
(8.4) lim Jim max [N — (V)] = 0.
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It remains to remove the localization: since u;(\) is contained in the open interval
(A=Y A) for all ¢ € [0, 7], by (8.4), there exists dy > 0, such that for all |§| < dy, for
0 sufficiently small, )\,(f’A) € [A=1 A] for all k € {0, ..., K}. But since ¥* = ¥ on
[A=1) A], a direct recurrence argument shows that )\,(f’A) = )\,(f) forall k=0, ..., K.
This proves part 1. Part 2 immediately follows, using again (8.4).

We now prove part 3 of the lemma. Fix § > 0. Choose A > 1 such that e™™ > A~}
and such that the first part of the lemma holds with this A. By Proposition 7.1, we
have for A and ¢ sufficiently large, for every X € [A™!, A}, and every k =0, ..., K—1,
almost surely,

e(*XH(‘I’av?/ii(/\/)*‘;))Zt(t’“)]lek <E {e_’vzt(t’““)

Fi| 1e,

< X H0(Tas ) 4)) 20

In particular, using the first part of the lemma, for every § > 0 small enough, for A
and t sufficiently large, we have for every k =0, ..., K — 1, almost surely,

5 g [e-

®)
fk] lg, = e ™ Wi,

(8.6) E L—Aiﬁ?mw

fk:| ]le < engc—é)Zt(tk)]le.

We now prove (8.2) by induction. For k = K, the inequalities trivially hold. Let
k < K and assume (8.2) holds for k£ + 1, i.e.
E [e—kngt(tHl)]leH} -P (GK\Gk-H) <E [e—AZt(tK)]lGK]

(8.7) (~9)
<E [@_’\k+1 Zt(tk+1)]le+l] .

Using that Gy, C Gg, equation (8.7) easily implies

E

e_’\gﬂlz’f(tk“)]le] — P (Gr\Gi) < E {e_AZt(tK)]lGK}
(8.8) -5
<E {@Akﬂ Zt(tk+1)]le:| )

Equations (8.5), (8.6) and (8.8) now show that (8.2) holds for k. This finishes the
induction. O

We can now wrap up the proof of (8.1). By Lemma 8.1, we have P(Gx) =1 — ¢,
and so

(8.9) E [e’AZt(tK)} =E [e’AZﬁ(tK)]lGK} + ;.

Now fix € > 0 and choose § > 0 as in the second part of Lemma 8.2. We then have
by the third part of that lemma and (8.9), for A and ¢ sufficiently large,

E |:€_(“T()‘)+€)Zt(0)]]_GO:| — ¢, <E |:6_)\Zt(tK):| <E {6—(%()\)—6)275(0)]1% .
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Hence, letting ¢ — oo, and using the assumption on the initial configuration, we

have

e~ (rN+)20 < liminf E
t— o0

eAZt(t(leT))]
< h?isogp E e_)‘Zt(t(l_e_T))}

< e~ (urN=o)z0,

Letting € — 0 proves (8.1) and thus finishes the proof of Theorem 2.1.

[AFGJ16]

[A1d92]

[BBS11]
[BBS13]
[BBS14]

[BBS15]

[BDMMOG6]
[BDMMO7]

[BFMOS]

[BIM20]

[BKMS11]

[Bra7sg]

[Brag3)

BIBLIOGRAPHY

Amine Asselah, Pablo A. Ferrari, Pablo Groisman, and Matthieu Jonckheere, Fleming-
Viot selects the minimal quasi-stationary distribution: The Galton—Watson case, Ann.
Inst. Henri Poincaré, Probab. Stat. 52 (2016), no. 2, 647-668. 1923

David Aldous, Greedy Search on the Binary Tree with Random Edge-Weights, Comb.
Probab. Comput. 1 (1992), no. 4, 281-293. 1923

Julien Berestycki, Nathanaél Berestycki, and Jason Schweinsberg, Survival of near-
eritical branching Brownian motion, J. Stat. Phys. 143 (2011), no. 5, 833-854. 1939

, The genealogy of branching Brownian motion with absorption, Ann. Probab.
41 (2013), no. 2, 527-618. 1928, 929, 930, 936, 957, 974, 976

, Critical branching Brownian motion with absorption: survival probability,
Probab. Theory Relat. Fields 160 (2014), no. 3-4, 489-520. 1922, 924, 925, 959

, Critical branching Brownian motion with absorption: particle configurations,
Ann. Inst. Henri Poincaré, Probab. Stat. 51 (2015), no. 4, 1215-1250. 1922, 928, 932,
936, 970, 971

Eric Brunet, Bernard Derrida, A. H. Mueller, and S. Munier, Noisy traveling waves:
effect of selection on genealogies, Eur. Phys. Lett. 76 (2006), no. 1, 1-7. 1923

, Effect of selection on ancestry: an exactly soluble case and its phenomenological
generalization, Phys. Rev. E 76 (2007), no. 4, article no. 041104 (20 pages). 1923

Jean Bertoin, Joaquim Fontbona, and Servet Martinez, On prolific individuals in a
supercritical continuous-state branching process, J. Appl. Probab. 45 (2008), no. 3,
714-726. 1930, 931

Dariusz Buraczewski, Alexander Iksanov, and Bastien Mallein, On the derivative mar-
tingale in a branching random walk, Ann. Probab. 49 (2020), no. 3, 1164-1204. 1936

Julien Berestycki, Andreas E. Kyprianou, and Antonio Murillo-Salas, The prolific
backbone for supercritical superprocesses, Stochastic Processes Appl. 121 (2011), no. 6,
1315-1331. 1931

Maury D. Bramson, Mazimal displacement of branching Brownian motion, Commun.
Pure Appl. Math. 31 (1978), 531-581. 1922

, Convergence of solutions of the Kolmogorov equation to travelling waves, Mem-
oirs of the American Mathematical Society, vol. 285, American Mathematical Society,
1983. 1945, 946, 971

ANNALES HENRI LEBESGUE



[CCL*09]

[Cha9l]

[CV16]

[Dan82]
[DM13]
[Doo84]

[DS07]

[FM19]

[FS04]

[Gar85]

[GR92]
[Gre74]
[GreT7]
[Haa76]
[HHO7]

[HHKO6]

[IM74]

[INW69]
[Kes78]

[KPP37]

Yaglom limits for BBM with absorption 983

Patrick Cattiaux, Pierre Collet, Amaury Lambert, Servet Martinez, Sylvie Méléard, and
Jaime San Martin, Quasi-stationary distributions and diffusion models in population
dynamics, Ann. Probab. 37 (2009), no. 5, 1926-1969. 1923

Brigitte Chauvin, Product martingales and stopping lines for branching Brownian
motion, Ann. Probab. 19 (1991), no. 3, 1195-1205. 1977

Nicolas Champagnat and Denis Villemonais, Ezponential convergence to quasi-
stationary distribution and Q-process, Probab. Theory Relat. Fields 164 (2016), no. 1-2,
243-283. 1923

Henry E. Daniels, Sequential Tests Constructed From Images, Ann. Stat. 10 (1982),
394-400. 1965

Pierre Del Moral, Mean field simulation for Monte Carlo integration, Monographs on
Statistics and Applied Probability, vol. 126, CRC Press, 2013. 1923

Joseph L. Doob, Classical Potential Theory and its Probabilistic Counterpart,
Grundlehren der Mathematischen Wissenschaften, vol. 262, Springer, 1984. 1965

Bernard Derrida and Damien Simon, The survival probability of a branching random
walk in presence of an absorbing wall, Europhys. Lett. 78 (2007), no. 6, article no. 60006
(6 pages). 1925

Clément Foucart and Chunhua Ma, Continuous-state branching processes, extremal

processes, and super-individuals, Ann. Inst. Henri Poincaré, Probab. Stat. 55 (2019),
no. 2, 1061-1086. 1931

Klaus Fleischmann and Anja Sturm, A super-stable motion with infinite mean branch-

ing, Ann. Inst. Henri Poincaré, Probab. Stat. 40 (2004), no. 5, 513-537. 1931

Crispin W. Gardiner, Handbook of Stochastic Methods for Physics, Chemistry and the
Natural Sciences, second ed., Springer Series in Synergetics, vol. 13, Springer, 1985.
1965

Veeresh G. Gadag and Manohar B. Rajarshi, On processes associated with a super-
critical Markov branching process, Serdica 18 (1992), no. 1-4, 173-178. 1946

D. R. Grey, Asymptotic behavior of continuous time, continuous state-space branching
processes, J. Appl. Probab. 11 (1974), 669-677. 1930

, Almost sure convergence in Markov branching processes with infinite mean,
J. Appl. Probab. 14 (1977), 702-716. 1931

Laurens de Haan, An Abel-Tauber theorem for Laplace transforms, J. Lond. Math. Soc.
13 (1976), 537-542. 1936

John W. Harris and Simon C. Harris, Survival probabilities for branching Brownian
motion with absorption, Electron. Commun. Probab. 12 (2007), 81-92. 1946

John W. Harris, Simon C. Harris, and Andreas E. Kyprianou, Further probabilistic
analysis of the Fisher—Kolmogorov—Petrovskii—Piscounov equation: one-sided travelling
waves, Ann. Inst. H. Poincaré Probab. Stat. 42 (2006), no. 1, 125-145. 1923

Kiyosi Itdé and Henry P. Jr. McKean, Diffusion Processes and Their Sample Paths,
second printing and corrected ed., Grundlehren der Mathematischen Wissenschaften,
vol. 125, Springer, 1974. 1965

Nobuyuki Ikeda, Masao Nagasawa, and Shinzo Watanabe, Branching Markov Processes.
I1I, J. Math. Kyoto Univ. 9 (1969), 95-160. 1966

Harry Kesten, Branching Brownian motion with absorption, Stochastic Processes Appl.
7 (1978), 9-47. 1922, 924, 926

Andret Kolmogorov, Ivan Petrovskii, and Nikolai Piscounov, Etude de I’équation de la
diffusion avec croissance de la quantité de matiére et son application d un probléme
biologique, Bull. Univ. Etat Moscou, Sér. Int., Sect. A: Math. et Mécan 1 (1937), no. 6,
1-25. 1926

TOME 5 (2022)



984

[KS91]

[Kyp04]

[Law06]
[Ler86]

[LPP95]

[Mail2]

[Mail6]
[McK75]
[MR21]
[MV12]
[Nev]

[Nevss]

[Nov81]
[Rob15]

[YagdT]

P. MAILLARD & J. SCHWEINSBERG

Toannis Karatzas and Steven E. Shreve, Brownian Motion and Stochastic Calculus,
second ed., Graduate Texts in Mathematics, vol. 113, Springer, 1991. 1959, 960

Andreas E. Kyprianou, Travelling wave solutions to the K-P-P equation: Alternatives
to Sitmon Harris’ probabilistic analysis, Ann. Inst. Henri Poincaré, Probab. Stat. 40
(2004), no. 1, 53-72. 1926

Gregory F. Lawler, Introduction to Stochastic Processes, second ed., Chapman &
Hall/CRC, 2006. 1956

Hans R. Lerche, Boundary crossing of Brownian motion, Lecture Notes in Statistics,
vol. 40, Springer, 1986. 1965

Russell Lyons, Robin Pemantle, and Yuval Peres, Conceptual proofs of L Log L criteria
for mean behavior of branching processes, Ann. Probab. 23 (1995), no. 3, 1125-1138.
1927

Pascal Maillard, Branching Brownian motion with selection, Ph.D. thesis, Université
Pierre et Marie Curie, Paris, France, 2012, https://arxiv.org/abs/1210.3500v1.
1935, 936, 965

, Speed and fluctuations of N-particle branching Brownian motion with spatial
selection, Probab. Theory Relat. Fields 166 (2016), no. 3-4, 1061-1173. 1957

Henry P. McKean, Application of Brownian motion to the equation of Kolmogorov—
Petrovskii—Piskunov, Commun. Pure Appl. Math. 28 (1975), 323-331. 1923
Bastien Mallein and Sanjay Ramassamy, Barak—Erdds graphs and the infinite-bin model,
Ann. Inst. Henri Poincaré, Probab. Stat. 57 (2021), no. 4, 1940-1967. 1923

Sylvie Méléard and Denis Villemonais, Quasi-stationary distributions and population
processes, Probab. Surv. 9 (2012), 340-410. 1923

Jacques Neveu, A continuous-state branching process in relation with the GREM model
of spin glass theory, Rapport interne 267, Ecole polytechnique. 1929, 931

, Multiplicative martingales for spatial branching processes, Seminar on Stochas-
tic Processes, 1987, Progress in Probability and Statistics, vol. 15, Birkhduser, 1988,
pp- 223-241. 1936

Aleksandr A. Novikov, On estimates and the asymptotic behavior of nonezit probabilities
of a Wiener process to a moving boundary, Math. USSR, Sb. 38 (1981), 495-505. 1959

Matthew 1. Roberts, Fine asymptotics for the consistent maximal displacement of
branching Brownian motion, Electron. J. Probab. 20 (2015), article no. 28. 1959

Akiva M. Yaglom, Certain limit theorems of the theory of branching random processes,
Dokl. Akad. Nauk SSSR, n. Ser. 56 (1947), 795-798. 1926

Manuscript received on 27th October 2020,
revised on 9th April 2022,
accepted on 7th June 2022.

Recommended by Editors S. Gouézel and L. Chaumont.
Published under license CC BY 4.0.

elSSN: 2644-9463
This journal is a member of Centre Mersenne.

<
>

CENTRE

MERSENNE

ANNALES HENRI LEBESGUE


https://arxiv.org/abs/1210.3500v1
https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://ahl.centre-mersenne.org/

TOME 5 (2022)

Yaglom limits for BBM with absorption 985

Pascal MAILLARD

Institut de Mathématiques de Toulouse
CNRS UMR5219

Université de Toulouse 3 Paul Sabatier
118 route de Narbonne

31062 Toulouse cedex 09 (France)

pascal.maillard@math.univ-toulouse.fr

Jason SCHWEINSBERG
Department of Mathematics 0112
University of California San Diego
9500 Gilman Drive

La Jolla, CA 92037 (USA)

jschweinsberg@ucsd.edu


mailto:pascal.maillard@math.univ-toulouse.fr
mailto:jschweinsberg@ucsd.edu

	1. Introduction and main results
	1.1. Some notation
	1.2. The probability of survival until time t
	1.3. The process conditioned on survival
	Acknowledgements

	2. Tools, heuristics, and further results
	2.1. Connections with continuous-state branching processes
	2.1.1. Continuous-state branching processes
	2.1.2. Relation with branching Brownian motion
	2.1.3. The probability of survival
	2.1.4. Conditioning on survival

	2.2. Particle configurations
	More results conditioned on survival

	2.3. Predicting the extinction time
	2.4. Descendants of a single particle
	2.5. Organization of the paper

	3. The probability of survival until time t
	4. Conditioning on Survival
	5. Moment estimates
	5.1. Heat kernel estimates
	5.2. First moment estimates
	5.3. Second moment estimates

	6. Particle configurations
	7. Convergence to the CSBP: small time steps
	7.1. Notation in this section
	7.2. One particle at L_{t,A}
	7.3. Proof of Proposition 7.1

	8. Convergence to the CSBP: proof of Theorem 2.1
	References

