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RESUME. — Nous montrons un résultat de diffusion au voisinage de certains états d’équilibre
pour une équation d’Hartree pour un champ aléatoire. Cette équation décrit I’évolution d’un
systéme composé d’une infinité de particules. Elle est analogue a la formulation usuelle de
I’équation d’Hartree pour des matrices de densité. Nous traitons le cas des dimensions deux et
trois, étendant ainsi notre résultat précédent. Nous considérons une large classe de potentiels
d’interaction, qui inclue ’équation de Schrédinger non linéaire. Notre résultat en implique
un analogue dans le cadre des matrices de densité. La preuve repose sur des techniques
dispersives utilisées pour la diffusion pour les équations de Schrodinger non linéaires, et sur des
annulations dans les basses fréquences similaires a celles de Lewin et Sabin. Pour relier notre
résultat au matrices de densité, nous utilisons des estimations de Strichartz pour des systémes
orthonormaux de Frank et Sabin, et des regles de Leibniz pour des opérateurs intégraux.
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1. Introduction

We consider the Cauchy problem:
i0X = —AX + (w*E(|X]?) )X,

(L) X(t=0)= X,

r € R3,

where X : Q x R, x R — C is a random field defined over a probability space
(Q, A, P) with expectation E, * is the convolution product on R?, and w is an even
pair interaction potential. We are able here to cover the case of the mild assumption
for w that:

(1.2) w is a finite Borel measure on R,
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Stability of steady states for Hartree and Schrédinger equations for infinitely many particles 431

This is the case if, for example, w € L*(R3), or, if w = 44 is the Dirac mass, in
which case (1.1) is a variant of the nonlinear Schrédinger equation

i0,X = ~AX +E (| X[?) X.

Equation (1.1) admits the following phase invariance: if X (w,t,x) is a solution
o (1.1) then so is

(1.3) @ X (t,z,w) for all measurable a: Q — R.

Equation (1.1) arises in the study of large fermionic systems (see below), and may
be understood as a system of coupled Hartree equations, indexed by w € €2, writing
it as 10, X (w) = —AX(w) + (w * o | X (w')]?dP(w')) X (w). For the problem at hand,
we choose to keep the random field point of view as a convenient framework.

1.1. Steady states

Equation (1.1) admits particular steady states. We assume that on € is defined a
Wiener process W of dimension 3 (a white noise on R?), namely (dW(§))¢cgs is a
family of infinitesimal independent Gaussian fields with values in C, such that for
all,n e R?

E (dW (£)dW (i) = 6(¢ — n)dédn.

We refer to the Appendix B for some basic results and references on Wiener inte-
gration used in this article. Consider for f € L?(R3 C) and m = [gs w - [ps |f|* € R
(where [ps w denotes the total mass of w) the random field:

Vi :OxRxR*— C

(1.4) (w,t, SC) s /R3 f(f)e‘it(mﬁz)““dW(é)(w).

For every (t,z), Y(t,z) is a centred Gaussian variable with constant variance
E(|Y;|2(t,2)) = Jgs |f]*. If for k € {0,1, ...} and s > k, [ps |f(£)*(€)*d¢ < oo,
then for almost every w, Yy (w) is a continuous function with subpolynomial growth
at infinity on R'™3 and with continuous 9¢V2Y; derivatives for 2« + 3 < k. For
s > 2 in particular, almost surely, the identity

i0,Y; = / 7€) (m+€) e € a1y (¢) = (m — A)Y;

holds in a classical sense everywhere on R x R?, showing that Y} is a solution to (1.1).
Assuming solely s > 0, we still have that Y} is a weak solution to (1.1) almost surely.

The field Y} is a Gaussian field whose law is invariant under space translations,
which makes it non-localised, and time translations, which suggests the denomination
“equilibrium” even though Y} is not a invariant state. In the sequel we omit the
dependance in f in the notation and write Y for Y, and Yj for Yy (¢ = 0). Note also
that one can assume f > 0 without loss of generality.
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432 C. COLLOT & A.-S. DE SUZZONI

1.2. An effective equation for Fermions

The equation (1.1) at stake here is closely related to the commonly used Hartree
equation for density matrices. To study systems of infinitely many Fermions, it is
customary to study the equation:

(1.5) Oy = [-A+wx*py, 7.
Above, v is a time dependent bounded operator on L?*(R?®) with integral kernel
¥(x,y), [, ] denotes the commutator, and p,(x) = ¥(z, z) is the density of particles,

that is the diagonal of 7. An infinite number of particles can then be modelled by
a solution of (1.5) which is not of finite trace (the trace of the operator being, by
the derivation of the model, the number of particles). In [S15], the second author
proposed the equation (1.1) as an alternative equation to (1.5). For a detailed parallel
between (1.1) and (1.5), we refer to [CdS20, S15, SC18].

Solutions of (1.5) with an infinite number of particles were studied previously
in [BPF74, BPF76, Cha76, Zag92] for example, and more recently in [CHP17, CHP18,
LS14, LS15]. The derivation of equation (1.5) from many body quantum mechanics
has been treated in [BEGT02, BGGMO03, BJP*16, BPS14, EESY04, FK11].

In the seminal work [L.S14], the authors show the stability of the above equilibria for
the Equation (1.5) for density matrices in dimension 2. Important tools are dispersive
estimates for orthonormal systems [FLLS14, FS17]. This work has been extended
to higher dimension in [CHP18|. Note that in higher dimension, some structural
hypothesis is made on the interaction potential w, in particular, in dimension 3,
it imposes w(0) = 0, to solve some technical difficulties about a singularity in low
frequencies of the equation that we will identify precisely in the sequel. The stability
result corresponds to a scattering property in the vicinity of these equilibria: any small
and localized perturbation evolves asymptotically into a linear wave which disperses.
We mention equally [CHP17, LS15] about problems of global well-posedness for the
equation on density matrices.

A relevant recent result about equation (1.5) is by Lewin and Sabin, [LS20] in which
the authors prove that the semi-classical limit of the Hartree equation :

(1.6) ihdyy = |=h*A + hfw * p,, 7|

where v is a positive integral operator and p,, is the diagonal of its integral kernel is
the Vlasov equation

(1.7) W + 20 -V, W — Vo (w * pw) - VoW =0

where py = (2m)~% [ W (v, z)dv. In the course of the proof, they prove functional
inequalities such as Lieb—Thirring inequalities. The data are taken in entropy classes
relative to a referential state corresponding to our equilibria.

Recently again, Pusateri and Sigal, [PS21] proved scattering near the 0 solution
for the equation

10y = [-A+ f(py),7]

for a large class of nonlinearities f that include w * p, where w belongs to a weak
L7, for r € (1,d). Their result is quite general as it narrowly misses the Coulomb
potential. They give a conjecture of modified scattering for the Coulomb potential.

ANNALES HENRI LEBESGUE



Stability of steady states for Hartree and Schrédinger equations for infinitely many particles 433

In [CdS20], we proved the asymptotic stability of equilibria for (1.1) in dimension
higher than 4 without the structural hypothesis on the potential of interaction at
low frequencies of [CHP18]. The problem of the stability of the equilibria (1.4) for
equation (1.1) shares similarities with the mechanism of scattering for the Gross—
Pitaevskii equation i9;1) = —Aw + (||> — 1)1. In both problems the linearized
dynamics have distinct dispersive properties at low and high frequencies, making the
nonlinear stability problem harder, especially in low dimensions, where dispersion is
weaker. The proof of scattering for small data for the Gross—Pitaevskii equation was
done in [GHN18, GNT06, GNT07, GNT09]. The solution in dimension higher than
4 was to use spaces with different regularities at low and high frequencies, inspired
by [GNT09]. Indeed, this was sufficient because it gave rise to a quadratic Schrodinger-
type equation, where dispersive techniques are sufficient to prove scattering. In
dimension 3, this strategy is not sufficient. Therefore, we adopt a strategy similar
to [GHN18, GNT06, GNT07, L.S14], which is to treat differently the first Picard
interaction of the solution than the rest of the solution. In [GHN18, GNT06, GNT07],
this was done through a normal form to remove the difficult quadratic part of
the equation, and in [L.S14], this was done through a complete expansion of the
solution into Picard interactions. Random cancellations and homogeneous Strichartz
estimates allow us to close the argument.

We give a fairly detailed strategy of the proof, and then compare our techniques
more extensively with the existing literature at the end of this introductory section.

1.3. Main result

We state here our result in dimension 3. An analogous result in dimension 2 is
given in Appendix A. In what follows, we write (¢) = (1 + [¢|?)"/? and, given a € R,
(a)+ = max(a,0) and (a)- = max(—a,0) the nonnegative and nonpositive parts of
s. We write with an abuse of notation f(&§) = f(r) with r = |{], if f has spherical
symmetry. The space L2 H? is the set of measurable functions Z : Q x R? — C such
that Z(w,-) € H*(R?) almost surely and

L. @

We introduce the notation for the solutions to iu; = (—A +m)u + VY for V €
Ll (R, L*(R?)):

loc

Z(w,€)| dedw < +oc.

(1.8) S(t) = e =2 WL(Y)(t) = —i /Ot St —71)(V(r)Y(r))dr.

THEOREM 1.1. — We denote by h the Fourier transform of | f|* on R®. Assume
the momentum distribution function f satisfies :
e f >0 is a bounded C* radial function on R?, with O, f < 0,

o Jes () H(€)dE < 00 and [gs ||| (E)V F(£)]dE < oo,
o [°(1+7)|h|(r)dr < co and fooo(w + |h"|(r))dr < oo where the derivatives

h' and h" are defined in the sense of distributions,
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434 C. COLLOT & A.-S. DE SUZZONI

and that w satisfies (1.2) and) (where below €, is a constant depending on h defined
by (4.22))

(@) [, (/ r|h(r)|dr) <2 and @(0).en < 1.
0
Then there exists 6 > 0 such that for all
Zo€ LZHYP N LYPLY  with || Zoll o iz 32,0 <6

the following holds true. The Cauchy problem (1.1) with initial datum Yy + Zy is
globally well-posed in Y +C(R, L2 HY/?), and what is more, there exist Zy € L> HY/?
andV € L2HY? N Li/ﬁ such that

(1.9) X(8) = Y(0) + Wy (Y)() + S() Zs + 0, 12(1)  as t— oo,

For the third term above, there exists Z, € L3L2 with S(t)Z. € C(R, L3L2) such
that

(110) Wv(Y> :S(t> (Zi+0L§L3(1)) :S(t)Z:t—FOLgLa(l) as t — Foo.

Relating the framework of random fields to that of density matrices, from the
above Theorem 1.1 one obtains a scattering result for the operator:

(1.11) Y= E(X)(X]) = u s (x ~E <X(a:)(X, u>L2(Rd)) )
with respect to the one associated to the equilibrium Y:
(1.12) vr = E(Y)(Y]),

which is the Fourier multiplier by |f]*(£). This convergence holds in Schatten—Sobolev
spaces (where below &P is the standard Schatten space p-norm for operators on
L*(R?) and a € R):

Ylleer = (V)" (V).

COROLLARY 1.2. — Under the hypotheses of Theorem 1.1, defining the operators
on L*(R?):

(1.13) Wia :urs —i /0 S (V(P)S(F)u)dr,
and
(1.14) 3 = E( Wy Yo + Zs) (Yol + |Yo) (Wy Yo + Zs|
+ Wy oYo+ Z1) (Wy, 2 Yo + Z:I:l)

there holds for any € > 0 that . € &'Y/24%¢ and the convergence:

y = 7f + eBiypeT A 4 0654%(1) as t — too.

(1) Note that since w is an even finite Borel measure, its Fourier transform is continuous and real,
so that wy and w_ are well-defined.
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Remark 1.3. — The conditions on f are satisfied by thermodynamical equilibria
for bosonic or fermionic gases at a positive temperature 7', and the Bessel potential
distribution:

1
|f<§>|2:W7 p <0, or |f(§)|2=%,ueR,

e T —1 e T
or [fEIF=()"" a>4,

respectively, but it is not the case of the fermionic gases at zero temperature | f(&)
lig2<y for > 0. Given an f satisfying the hypotheses, interaction potentials
satisfying the requirements are for example any Borel measure with total mass ¢ (for
example w = +¢d) or w € L' with ||wl||z1 = ¢ for ¢ < 2(J5° r|h])~t

> =

Remark 1.4. — The Sobolev regularity s = % for the initial perturbation appears
optimal since H!/? is the critical space for local well-posedness in dimension 3 for
the usual NLS. The space L>?L? asks for an additional spatial localisation of Z,
and ensures the potential generated by the interaction of the free evolution with
the equilibrium 2ReE(Y'S(t)Zp) is not singular at low frequencies (it is related to
taking the initial datum in [CHP18, L.S14] in low Schatten spaces).

The space &'/24+¢ appears to be optimal in view of the regularity of the pertur-
bation Z, (for 1/2), and of the Strichartz estimate for orthonormal systems (7.1)
from [FLLS14, FS17] (for 4). It sharpens the result of [CHP18] where scattering was

proved to hold in &%9,

Remark 1.5. — Theorem 1.1 has a direct consequence for equation (1.5) on density
matrices. It implies scattering for (1.5) near v, for all perturbations in &'/ (with
a finite number of particles). Indeed, the density matrix associated to Yy + Zj is
v+, where o' = 1+, with 41 = E|Zp)(Zo| and 75 = E(| Zo) (Yo| + [Y0)(Zo]). By
taking Z, € L2 H'/? independent in probability of Y we have v, = 0, and that the
operator 7, can be any non-negative operator in &'/2!. Theorem 1.1 implies also
scattering for (1.5) near ~; for perturbations in a subset of /%2 (infinite number of
particles). This is obtained by taking Z; not independent of Yy, so that 4 € &1/%2,
The appearance of Y in 74 has a regularising effect. Hence, the operators that can
be written as v, 4+ 74 for Zy € L2 H'/? are a subset of &'/%2 with higher regularity
that we did not try to characterize.

1.4. Set-up, strategy of the proof, comparison with literature
We describe here the change of unknown that transforms the stability problem at

hand into an amenable fixed point problem. We then explain formally the bounds
obtained for the linear and multilinear terms.

1.4.1. Set-up
From standard arguments, equation (1.17) is locally well-posed in

(1.15) C([=T, 1), HV2L2) N Ly g W P2 NV LY gy, L2

te[-T,T , T W
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436 C. COLLOT & A.-S. DE SUZZONI

for small data in L2 H? for times T' ~ 1. We shall look for solutions satisfying the
global bound:

(1.16) X eY+6 (R, H2L2) 0 LW 0820 L} 12

t,x—wo

which will therefore coincide with the above ones. We decompose the initial datum
and solution: Zy = Xy — ¥p and Z = X — Y, giving the following Cauchy problem
for Z:

e {az = (m - 87+ [w (B(2F) + 2Re E(¥2) )| (¥ + 7).

Z(t = 0) = Z.
To study the perturbation Z, let us denote by V = E(|Z|2)+g Re E(Y Z) the potential

appearing above, that is a more convenient unknown than Z, yielding to the system:
{z’@tZ: (m—ANZ+w=V)(Y+Z), Zt=0) =2,
V=E(|Z) +2ReE(YZ).
We introduce the notations
Vi=wxV,

and recall the notation (1.8). Using Duhamel’s formula, we aim at solving the fixed
point equation:

Z=S8)Z+ Wy (Z+Y),
{V =E(|1Z]?) +2ReE (Y Z) .
The main issue is that Wy/(Y) is less regular than other parts of Z. We thus plug
back the first decomposition in the second equation, giving the next order expansion
in V:
7 =S(t)Zo+ Wi (Y) + Wy (Z),

{V =E(|Z]) + 2ReE (YS(t)ZO; +2ReE (YW (Y)) + 2ReE (YW (2)),
and then we write Z = Z + Wy (Y) which leads to the actual fixed point problem
we will solve:

Z = St)Zo+Wg(Y)+ Wyi(Z),

V = 2ReE(YS(t)Z) +2ReE (YW (Y)) + E(|Z]?)
+2ReE (Wi (Y)Z + YWy (Z))
+E (IWv(Y)*) + 2ReE (YW2,(Y)) .

We write this fixed point problem in vectorial notation as

(1.19) (5) — G+ L (5) +Q (5)

where C contains the terms depending on the initial datum, L and () are the linear
and quadratic terms:

(1.18)

Co = (2 Re Iégég?zt)%)) 7
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(1.20) L (5) = (Lz(()V)> . La(V) = 2ReE (YW (Y)),
02 () = (s Loz L)

ZT;Q) Qu(Z,V') = 2ReE (W (Y)Z + YW (Z))

??23) Q:(V') =E ([Wy(Y)?) + 2RE (YWZ,(Y)) .

We aim at solving the fixed point problem (1.19) in a classical way by finding the
right Banach space © for Z,V and proving suitable estimates on the linear and
nonlinear terms.

1.4.2. Strategy of the proof

Here are the main points in our study of the problem (1.19).

o A good unknown: We mentioned that V is a convenient unknown. This is
firstly because Lo(V') can be treated explicitly and Id — Ly can be inverted
(this idea was originally used in [HLS05, LS14]). Secondly, in the course of
the proof of Theorem 1.1, we take Q2(V’) as a whole since cancellations occur
between the different terms. The proof does not work if we treat separately
E(|Wy+(Y)[?) and 2Re E(YWZ,(Y)).

o Standard Strichartz estimates: We bound the linear and quadratic terms
for large exponent space-time Lebesgue spaces using standard Strichartz esti-
mates (B.2), employed here in the framework of a system of linear Schrodinger
equation.

e Additional linear decay at high spatial frequencies: As the equilibrium Y
is a random superposition of independent linear waves e, and from the
commutator relation [A, ] = €7 (|¢|> — 2£.V), there holds (Lemma 4.6)
for the perturbation generated when applying a potential V' to Y:

Wy (V)(t, )
— { / "S- 1) [V(T)Y(T)}dﬂ (z)
= =i [ aw (g (e ) |

0
At each fixed & on the right, we notice transport at speed 2¢ in addition to
the free evolution. This results in an additional spreading effect that averages
out high frequencies, creating an additional damping and regularising effect
(Proposition 4.7 and Remark 4.8). We show the above function is in L°L2
if Ve L2H,;'/? (instead of V € L!L? in the case of the usual inhomogenecous
linear Schrodinger equation). This effect is present for all linear terms, and

was used in [CdS20].

St =WV (@ - 26t - 7)).dr
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e Linear cancellation at low frequencies: The two previous points control the

part of the solution at high spatial frequencies. Low frequencies will however
inflate with time. Indeed, given a potential V' at low spatial frequencies, so
that V(t,z) =~ V() does not depend on the spatial variable x formally, the
linear perturbation it generates is:

Wo(V)(6) = —i [ aw(€)f(€e (e ies ["yryar

= —iY(t) /Ot V(7)dr.

This quantity may grow for V solely in LZ. But note that it is out of phase
with Y. The linearised potential created by Wy (Y) then displays the following
cancellation since V' is real-valued:

ReE (YIVy(Y)) = ReE< ( ZY/ )) — _ReE (i’Y’Q/OtV(T)dT) 0.

Thus, the induced linear perturbation Wy (Y) might grow, but the linear
potential it creates in response, Re(Y Wy (Y)), does not. This cancellation is
at the heart of the proof that the linearised operator Ly : V — Re(Y Wy Y), is
in fact bounded on L7 , [LS14]. Said differently, there is a triangular structure
at low frequency between the parts Z; and Z5 of the perturbation Z that
are respectively in phase and out of phase with Y: the part Z; decays due
to dispersion and forces linearly Z5, while Z, decays linearly but does not
force Z;, ensuring decay for (Z;, Z;). Note that this is linked to the phase
invariance (1.3).

Quadratic cancellation at low frequencies: The term (2 needs to be treated
separately. It is not so complicated, following the previous discussion concern-
ing high frequencies, to obtain that Q2(U, V') is integrable for large space-time
Lebesgue exponent (Lemma 5.8 shows an Lt{%?’ integrability). The problem
is rather here again to show that low frequencies do not inflate. Taking two
potentials V(t,x) ~ V(t) and U(t,z) ~ U(t) at low spatial frequencies, and
ignoring formally their dependance in the spatial variable in the next com-
putation, we have the following cancellation at the heart of Proposition 5.7
(behind [L.S14, Proposition 4]):

WY)Wy (Y) + YWy o WU(Y) + YWy o Wy (Y)

/ /v Y 2(t /dsV / (s')ds’
YR /dsU /V( "ds' =0

(dividing (s,s’) € [0,#]* into s < s’ and s’ > s). That is, the linearised
potential generated by the second iterate Wy o Wy, cancels with the quadratic
potential created by Wy . This would still be the case if the nonlinearity | X|?
was replaced by a general one f(|X]?).

ANNALES HENRI LEBESGUE



Stability of steady states for Hartree and Schrédinger equations for infinitely many particles 439

o Technicalities: To work at critical regularity 1/2 in the framework of a system,
and with a rough potential w will sometimes raise technical issues. One has to
refine using standard harmonic analysis tools and duality arguments a large
part of the analysis of [CdS20, LS14]. This is in particular the case for the
proof of Corollary 1.2, as an endpoint Strichartz estimate for orthonormal
systems is known to fail [FLLS14, FS17] that forces us to prove additional
bounds.

o Summary: Here are the key points already mentioned and a brief comparison
to related works [CHP18, CdS20, LS14]. equation (1.17) contains a R but not
C linear term, a quadratic term, and a cubic term in Z. The linear term has
been dealt with in all the above papers in a similar (if not the same) way as
what is already done in the seminal work [LS14], by proving the invertibility
of Id — LQ.

In dimension higher than 4, quadratic Schrodinger-type equations scatter. The
issue of singularities at low frequencies remains, but can be treated by either adding
assumptions on the interaction potential w, as in [CHP18| (allowing a large class
of initial data thanks to the use of Strichartz estimates for orthogonal systems),
or by using inhomogeneous Sobolev spaces, borrowed from the scattering for the
Gross—Pitaevskii equation literature ([GNT09]), as in [CdS20].

In dimension 3 (or 2), a contraction argument using solely Strichartz estimates
is not sufficient to prove scattering for quadratic Schrodinger-type equations. By
rewriting the equation on (Z,V) (or (v,V)) and exploiting the structure of the
nonlinearity, we are reduced again to a low frequencies singularity issue. In [CHP18],
this fell under the hypothesis on w. However, the strategy we adopted in [CdS20],
getting a large class of w, does not work out in dimension 3. Therefore, we adopt here
a different one, dealing with the less regular part of the solution separately, in the
spirit of a normal form, as in [GHN18, GNT07, GNT06], or in the spirit of [LS14],
where the authors treat the “lower order iterates” differently from the “higher order
ones”.

Note that compared to [CdS20], we manage to reach an even greater class of
interaction potentials, by proving specific Leibniz rules (Step 2 of the proof of
Corollary 1.2), but also by refining the estimates of the linear part and of the
quadratic terms, see Remark 5.9.

A final word to conclude this summary is that Corollary 1.2 is intrinsically a
density matrix result, not only because it deals with density matrices, but more
meaningfully because it requires a specific tool for density matrices to be proven,
that is Strichartz estimates for orthogonal systems, borrowed from [FS17].

1.5. Organization and acknowledgements

The paper is organized as follows. We first set notations in Section 2. In Section 3,
we prove the main Theorem 1.1, provided some linear and bilinear bounds hold true.
These bounds are proved afterwards: Section 4 deals with the linearised evolution
around Y, Section 5 provides bounds for the specific quadratic term ()5, and Section 6
gives bounds for the remaining quadratic terms. In Section 7 we prove Corollary 1.2.
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In Appendix A, we make a remark about dimension 2. In Appendix B, we give
some further insight about Wiener integrals and recall some results about Strichartz
estimates.
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2. Notations

Notation 2.1 (Fourier transform). — We define the Fourier and inverse Fourier
transforms with the following constants : for g € S(R?),

9O = F@)©) = [ g@)edr,  F o)) = @m)" [ g(©)ede.
We use the following notation for Fourier multipliers:
Vg =F (€9,  (V)g=F"((&%).

Notation 2.2 (Time-space norms). — For p,q € [1,00], we denote by LYL4 the
space LP(R, L(R?)). For s > 0 we denote by LYW the space LP(R, W*4(R?))
which has norm:

P ——TL
and recall this norm is equivalent to that of Lf Wk for s =k € N. In the case ¢ =2
use the notation LYH? for LYW$?2 and LYH? for the space LP(R, H*(R?)). When
p = ¢, we may write Lt , for LYLE.

Notation 2.3 (Probability-time-space norms). — For p,q € [1,00] and s > 0, we
denote by L2 LYL% the space L?(Q, LP(R, L4(R%))), by L2LYW 9 the space

L (Q L? (R, Wea (Rd>)) .
In the case ¢ = 2 we also write
LZLYH: = LZIPWS? and  L2LVH: = L* (Q, 17 (R, H* (R?))) .
Notation 2.4 (Time-space-probability norms). — For p,q € [1, 00| we write
rrrar? = 1 (R, L7 (R (L*(Q)))) .

For p,q # (1,00) and s € R, we abuse notations and denote by LYTW$?L?2 the vector
valued Bessel-potential space (1 — A,)™*/2LP(R, LY(R?, L?(Q?))) with norm:

lullzpwyarz = 1KV) ull oo s -

Note from the extension of the Littlewood-Paley theory to £? valued functions, that
(V) ullprre S (V) ullppr2 if s < ', and that for k € N:

(2.1) SV ullpare = |[(V)ru
J<k

Lir2

In the case ¢ = 2 remark that LYW ?2L2 = LY L2 H: by Fubini.
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3. Proof of the main Theorem 1.1

The issue is to find the proper functional framework, which fits the study of the
linearised problem and allows to bound the nonlinear terms. The heart of the proof
is Proposition 3.1.

We introduce the notation

(3.1)  Qy(U,V) :=2Re E[WV(Y)WU(Y) + Y(WV(WU(Y)) + WU(WV(Y)))].

We now set

(3.2) 0, =L2C (R, H;/Z) NIZL}, N L2112 008
(3.3) Oy = LIH2 L],

and

(3.4) Oy = L2HY*N L322,

PROPOSITION 3.1. — Assume that the spaces Oz, Oy and Oq defined by (3.2),
(3.3) and (3.4) satisfy, with © = ©4 x Oy the list of the following properties:
Minimal Space: O is continuously embedded in C(R, L? H'/?).
Initial datum: ||Cylle S || Zolle,:
Linear invertibility: Id — L is invertible as a continuous operator from ©
to O,
Continuity of w+*: V +— w * V is continuous on Oy,
First quadratic term on Z: |[Wy(2)|le, S | Z)le, IV ey
Second quadratic term on Z: [|[Wy(Wy(Y)|le, S U]V ey
Embedding: ©, x O is continuously embedded in Oy, as in for all

u,v € @Zv HE(W)HQV SJ HuH@ZHvH@m
First quadratic term on V: |Q1(Z,V)]le, S 1 Z)le, IV ey
Second quadratic term on V: ||Q2(U,V)|le, S |1Ulley IV ey

~

Scattering spaces: Wy (Y) belongs to LYW L2 if V € Oy, O is continu-
ously embedded in Li°**W2/210/3[2 and

/0 TSt — ) ((w . V(T))Y(T))dT

then the conclusions of Theorem 1.1 hold true.

SVl s
L°L3L2 *

We prove Proposition 3.1 below at the end of this section. Proving the main
Theorem 1.1 amounts to prove that the hypotheses of Proposition 3.1 are satisfied,
which is done in the remaining part of the paper.

Proof of Theorem 1.1. — Thanks to Proposition 3.1, we only have to check the
hypotheses of this proposition. Below are their meanings and their locations in the
rest of the paper.

e Minimal space is a consequence of the definition (3.2) of ©; and of the
result of Step 1 in the proof of Lemma 4.2. It states that © has to be included
in C(R, L2 H!/?). This space is the one in which local well-posedness holds.
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e Initial datum : The bound on S(t)Z, is satisfied from Lemma 4.2. The L7
bound on E(Y'S(t)Z,) is ensured by (4.10) of Proposition 4.7. The L2H!/?

one by (4.8), and the Li/:f one by interpolating the L7, bound with the L}
bound of Lemma 4.5. It means that the constant source term C is controlled
by the initial datum.

e Linear invertibility is satisfied from Proposition 4.10. It corresponds to the
invertibility of the linear part of the equation.

e Continuity of wx is satisfied from the very definition (3.2) of Oy and the

hypothesis (1.2).

First quadratic term on 7 is satisfied from (6.1).

Second quadratic term on 7 is satisfied from the estimate (6.1).

Embedding is satisfied from (6.3).

First quadratic term on V is satisfied from (6.4).

Second quadratic term on V is satisfied from Proposition 5.1. Those last

items are the bilinear estimates required to perform a contraction argument.

e Scattering spaces is satisfied from Proposition 4.9, the definition (3.2) of © 4,
and (4.9) with s = 1/2, p = 0o and ¢ = 3. It corresponds to the description
of the minimal spaces to which Wy (Y) and Z must belong to get scattering
as described in Theorem 1.1. U

We now prove Proposition 3.1 to conclude the proof of the main Theorem 1.1.

Proof of Proposition 3.1. — We prove it in two steps, in a standard fashion for a
scattering problem in nonlinear dispersive evolution equations. First we show global
existence in the vicinity of Y and global bounds using a fixed point argument. Then
we prove scattering by using one more time these bounds on the fixed point equation.

Step 1. Global existence near Y. — Because of item Linear invertibility, we
have that (Id — L)™' is a well-defined and continuous operator from © to itself. We
thus consider in view of (1.18) and (1.19) the following map

(3.5) Ay (5) — (Id— L) [00 +Q (5)1 .

and claim that for Z; small enough in Oy, there exists R such that Az, maps Be(0, R)
onto itself and is a contraction. We now show the claim.

We first show that Bg(0, R) is stable under Az . Assume (Z) € Bg(0,R). We
1 A
< |(ra—1)7)|, . <HC(JH@ + HQ (V>

ha\/e
€]
S

Because of item Initial datum, there exists C; such that
Z Z
o= (0) °(7)
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Because of items

e Continuity of wx,

e First quadratic term on Z,

e Second quadratic term on Z applied to U =V,
e Embedding,

e First quadratic term on V/,

e Second quadratic term on V applied to U =V,

there exists C'y such that
Z

’AZO <V> < G| Zolle, + CoR? < R,

S

where the last inequality holds if C1|Zolle, < & and C5R < 3. This is possible if
4C1Cs]| Zolle, < 1, that is, for Zy small enough. Under these conditions, the ball
Be (0, R) is stable under Ag,.

We now show that for R small enough (up to taking ||Zy||e, small enough) that
Ay, is contracting on Bg(0, R).

Note that we have the identity

Wiy =Wg+ Wy oWy + Wy o Wy + Wi,

hence Wy, o Wy is the bilinearization of W2. We have similarly that

Q2(V4+U)=0Q2(V)+ Qa(U, V) + Q2(U)

and 2Q: (V') = Q2(V, V) so that Qs(+, ) is the bilinearization of Qs(-).
We take (Z1, V1), (Z2,V3) € Bg(0, R). One first has the identity:

(3.6) Az, (%) — Az, (%) =(Id—-L)"! (Q (‘Z/D -Q (%)) :

Using the different items of Proposition 3.1 in the same way as to prove the stability
of the ball (except item Initial datum), we get that there exists C3 such that

Zl ZQ Zl Z2
o (8) == ()], = n](7) - ()
and thus Ay, is contracting if C5R < 1.
Therefore, if | Zollo, < jaq; and [ Zolle, < m, then from Banach-Picard fixed
point theorem there exists R > 0 such that Ay, admits a unique fixed point in
Bo(0, R). We thus deduce that the Cauchy problem

i0,Z=(m—NZ+ wxV)(Z+Wy(Y)),  Z({t=0) =2,
V =E(|Z]) + 2ReE(YZ) + 2ReE (Wy(V)(Y + 2)) + E (W (Y)[?)

< CsR
©

S}

has a unique solution Z € Bg(0, R) (but by local well-posedness, it is unique in the
space described by (1.15)) for small enough Z; and therefore, the Cauchy problem

i0,X = —AX + (w=E (| X|?) X
X(t=0)=Xo:=Zy+Y(t=0)

is globally well-posed in the space (1.16) for Z, small enough in ©.
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Step 2. Scattering to linear waves. — We now prove the scattering part,
and only consider the case t — oo as the case t — —oo is similar. We rewrite the
decomposition (1.18) using (1.8) as:

3.7) Z(t) =
S(1) (zo _i /0 ~5(=7) [v’@)(WW(Y)(T) + Z(T))} dT) } — S(t)Z.
+is() [ Y 5(—7) [v’(f) (W (V) (7) + Z(T))]dT } — S()Z(1)

As a consequence of the standard dual Strichartz’s (B.7) inequality and of the
Christ-Kiselev Lemma [CKO01], for any f € L2L{%", we have

(3.8) H / "S(t = 1) f(r)dr |

Applying (3.8) we obtain for ¢ > 0, using Minkowski inequality as 2 < oo and
10/7 < 2

|2(1)

Sl 2
10/3 30/11 ~ 2Ly
L2253 N2 L2 Wi,

11,00V W (V)

!/
10/7+5,1/2,10/7 _I'H]-t,ooVZ

<
7 ,10/7 *
LEH;/Z ~ LngO/ W;/Q 10/

We now appeal to two Leibniz-type bounds for 0 < s < 1, 1 < p,q1,q2,71,72 < 00
with 1/p=1/q1+1/r1 = 1/g2+1/rs. The first one is a classical result of Littlewood—
Paley theory:

(3.9) KV Falle S VD fllpan gl + 1K) gl oz 1 1] ze
and we claim the second one of vectorial type:
(3.10) VY Fallipre S IOVY Fllpa s IKV) gl s -

Indeed, (3.10) for s = 0 is a direct consequence of Holder inequality, while for s = 1
we get it as a consequence of

IV DNz < IV Fllpaa Mgl re + 1Vl 1 o e S WA we oz 9l ors
(using Leibniz, Holder and (2.1)). We then get (3.10) for 0 < s < 1 via complex
interpolation. Using (3.10) with 1/241/5 = 7/10 and (3.9) with 2/5+3/10 = 7/10
and 1/2+41/5 =7/10 we bound:

|20, 00 S oV s IV ) s
+ Hl[t:oo)vl 15/2 HZHLEJLP/SWQ}/Q’M/S
+ Hl[tm)vl 12 /2 HZHL‘%L;z — 0

as t — 00, because ||Z]|e, + ||[V'||e, < 0o from Step 1 and item Continuity of wsx,
and due to item Scattering spaces. The same argument to bound Z(t) in L2H!/?
applies to bound Z, defined by (3.7), and we obtain that Z, belongs to L2 H/2.
We have established that || Z(t) — S<t)Z+||LgH;/2 — 0 as t — oo, which proves (1.9).

Finally, note that
Wi (Y) = —iS(t) /0 TS (=) (V)Y (7))dr + i /t TSt —T)(V(N)Y (7))dr
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Because of items Scattering spaces and Continuity of w+, we have that for all t € R,
[ st=n (oY)
A

From this bound, the above decomposition and Christ—Kiselev’s lemma, [CKO01],
Wy (Y') can be written as

Wi (Y) = S(t) (Z4 + o1312(1)) = S()Z4 + 01312(1)  as t — oo,
This shows (1.10), and ends the proof of Proposition 3.1.

< [tV

L3L12 L,

O

The rest of the paper is devoted mainly to prove that the hypotheses of Proposi-
tion 3.1 hold true.

4. Linear analysis

The linearised evolution problem is i0,Z = (m — A)Z + 2ReE(Y Z)Y . Setting
w*V =wx*x2ReE(Y Z) to be the linearised potential generated by the perturbation
7, it becomes:

1) {i@tZ: (m—A)Z+ (wxV)Y, Z(t=0)= 2,

V =2ReE(Y 7).
The aim of this section is to show the following dispersive estimates.

PROPOSITION 4.1. — Under the hypotheses on f and w of Theorem 1.1, for any
Zy € Oy, the solution Z(t),V(t) of (4.1) is such that Z(t) = S(t)Zy + Wy (Y)
with:

15(t) Zolle, + IV (*)lley

<ClZolloys W (V)llzgerzrz + (V)2 War (V) < | Zolle-

5 2
Lt, sz

The proof of Proposition 4.1 requires preliminary results and is done at the end of
this section. In the first place we study the contributions in (4.1) separately. To begin
with, we study the free Schrodinger evolution of a random field S(t)Zy. Then, we turn
to the linearised potential field generated by such perturbation, that is, a potential
field of the form w % 2ReE(Y S(t)Zy). Next, we analyse the perturbation Wy (Y)
generated by the effects of a potential field on the background equilibrium. Finally,
the full linearised problem is studied appealing to the so-called linear response theory.
More precisely, in response to an input potential w * V', the output potential created
by the response of the equilibrium is 2ReRE(Y W, Y). This allows to solve (4.1)
since the potential V' is a good unknown and satisfies the fixed point equation:

(42)  V =2ReE (YS(t)Z) + La(V) = 2ReE (Y (S(t) Zo + Wv (Y))

compatible with Notation 1.20. The properties of Ly and the invertibility of /d — Lo
are studied in the last subsection.
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4.1. Free evolution of random fields

We first establish continuity and dispersive estimates for the free evolution of
random fields. For the problem at hand, we can use homogeneous Strichartz estimates
at regularity 1/2 since it is less than d/2 = 3/2.

LEMMA 4.2. — For all Zy € L} H}/?, we have S(t)Z, € C;(L? H}/?) and moreover:
(4.3) 1S Zlle, =

15(t) Zo|| + [(V)28(t)Z

<
1%3 ~ HZOHLEH}:/?'

L2Cy (H;/Z) NL2LY L2L,

Proof. —
Step 1. An embedding. — We claim that L2C(R, H'/?) embeds continuously
in C(R, L2 H}/?). Indeed,

”uHLgoLgH;/Q < ”U’HLE)L?OHU?

by Minkowski’s inequality. Moreover, as almost surely in Q, u(#) — u(t) in H'/?
as t' — t, we obtain that ||u(t') — u(t)||L3H;/2 — 0 as t' — t as an application of
Lebesgue’s dominated convergence Theorem.

Step 2. Proof of the Lemma. — This is a consequence of usual Strichartz

and continuity estimates (B.6) for S(¢) and Sobolev embeddings. First, S(¢)Z, :
R x Q x R3 — C is measurable (using for example the fact that Zy : 2 x R — C is

measurable with [|Zy||z2 2 < oo if and only if the same holds for Z). Since

emeCt (127) <Nl

for any f € H}/?, we then obtain
107,35 < I g
Hence S(t)Z, € C,(L? H}/?) by applying the embedding of Step 1. Next, (10/3,10/3)
and (5,30/11) are admissible pairs for the usual Strichartz estimates (B.6) so that:
||5(t)Zo||L3L;0/3L;0/3 + ||5(t)Zo||L3L§LgO/H S 1 Zoll 22z
Hence we obtain from the first inequality above that:

1
1S(t) Zoll 5 103 1008 S | Zoll L2 L2, H|V|5S(t)Z0
wt x

LZLth/gL;OB 5 ||ZO||L2 Hx%’
while the second inequality with the embedding of WW/230/1(R3) into L°(R?) give:
1
1S Zoll 1315 S ||IVIZS1 20|, 1 301 S 12l

1.
L2LY Ly L2 H?

The three bounds above establish the Lemma 4.2. O

It is instructive (and useful in the sequel) to consider initial perturbations of a
specific form, which represent a perturbation of the distribution function f of Yj:

(44) Zyw.2) = [ W€ g(a,8).
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Above, g is the normalised (with respect to Yj) distribution function of the pertur-
bation Z,, and encodes its correlation with Y; since there holds:

E (Yo(@)Z,(y) = [, e gly. ©)f(€)de.
Their regularity is measured through that of the normalised distribution function
via the adapted homogeneous Sobolev spaces ff;}w associated to the norm:

1Zoll 7, , = Nlgllzzmrs-

Due to the commutator relation [A, 4] = ¢ (|£|? — 2£.V), the free Schrodinger
evolution will induce an additional transport with speed £ on each “component”
dW (£) and eventually result in a spreading effect. We introduce the operator:

Se(t)(w) = (e"u) (@ — 26t),
F(Se(tyu)(n) = e " ~2tng () = e~ *CA-2EV)g(p),
LEMMA 4.3. — For allU € §'(R?), t,7 € R, and £ € R? we have
(4.5) S(t — ) {e—”(m@ Firg U} = ittt ) Fire g (y _ U,
Proof. — If U € §(R?), we pass in Fourier mode to obtain
]-"(S(t ) [Ue_”(m*'ﬂz)“f”f )(n) _ pmit=n(mt ) £ <Ue‘”(m+|5|2)+i$'5> ()

_ pit=n)(mt ) —ir(m+1E7) (Ueimf) (n)

— it (mtInl?) =i (m+16P) o).
In the expression above we compute:
—i(t—7) (m + [n?) =i (m + &)
= —it (m + [¢*) —i(t —7) (In— &* = 26.(n - ©)) -

Hence we recognise in the previous identity:

f< S(t— 1) {er(m 1€2) +ia-¢ )(77) _ it(m+ \5|2)7z'<tfr>(m—a?—zs.m—g))U(n —9)

_ efit(m+\£|2) (e—i(t—T)(—A—2i§~v)U) (n — €)

_ efit(er \§|2)]_— (eiﬁ.xe—i(t—T)(—A—2i§~v)U) '
Applying the inverse Fourier transform proves (4.5), and the result for U € §'(R?)
follows by duality. ([l

The spaces H ». are well adapted to measure the regularity of the free evolution
of random fields of the form Z,, as standard Strichartz estimates hold true.

LEMMA 4.4. — For any 0 < s < 3/2 and 2 < p,q < oo satisfying ]% + % = % — s,
for any Z, € ﬁ;w there holds:
||S(t)Zg||LngLg < C||Zg|

S -
HZ .,
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Proof. — Using (4.5), (B.3) and (B.1) we get that
S(t)Z, = / AW (&)e M mHER) e g (1) g (¢ a),
E ( ) = [ 1Se(t)gle, )P de.

Therefore, applymg Minkowski inequality and then standard homogeneous Strichartz
estimates (B.7) give the desired result:

1502110z =[S 96|, S e 906, 2))

oops S ol

O

4.2. Potential induced by a perturbation and perturbation induced by a
potential

As a direct consequence of Lemma 4.2 and of the fact that the expectation of |Y|?
is uniformly bounded, we obtain the following bounds for the potential generated by
free evolution of random fields.

LEMMA 4.5. — For any Z, € L2 H}?, there holds:
(4.6) & (VS(t) %)

5 5 ~ ||ZO||L2H1/2

Proof. — By Cauchy-Schwarz, Holder, and Minkowski inequalities

|[EVSt)Z)|,, <[Vl 1St 2ol s,
5 IV ee,. 22 15(2 )ZOHL5 12 SISO Zoll iz ;< 1200l 522
where we used Lemma 4.2 for the last inequality. U

We now establish additional long time decay. We also study perturbations Wy (Y)
generated by the effects of a potential field on the background equilibrium. The
equilibrium Y being a random superposition of linear waves e, it will induce
additional transport on top of the free Schrédinger evolution. As an application of
Lemma 4.3 we obtain the following.

LEMMA 4.6. — We have for all V € S(R x R?)
— /R St — )V ()Y (r)]dr
=i [ aw(© e e [ st — ) (V(r) )ar
Proof. — We set
WEY) = —i /R S(t— 1) [V(T)Y(T)}df
— i [ S(t=n)|Vir) [ W fge i) ine

R

(4.7)
dr
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where we replaced Y by its definition in the last identity. Since W (&) and f(&) do
not depend on the space variable, we can factorize them out of S(t — 7) using (B.3)
and get

AW (€) f(€)S(t — 7) [V(T)eif(m+|£2)+ix-£ dr.

WEY) =i [

R JR3

We can then exploit the fact that V € S(R x R?) and (B.4) to exchange the integrals,
and then use Lemma 4.3 to get the desired identity

WEY) = =i [ aw(©f(©) [ St—7)
= g dw(g)f(g)e—“(m+|f‘2>+”'f/ng(t —7) [(V(T))}dr

V(,/_)e—iT(m—i- \£|2)+iz-£ dr

U

The next proposition exploits the spreading induced by the transport described
in the previous Lemma 4.6. It studies simultaneously via a duality argument the
potential created by the free evolution of random fields, either general or of the form
Zg4, and the random field created by the application of a potential to the background
equilibrium Y.

PROPOSITION 4.7. — For any s € R, there holds for C' = C ([5° |h|(r)dr):

(4.8) & (Y(£)S(t)2,)

HL%H;+% S OlZllg, -

Moreover, for any 2 < p,q < oo and 0 < s < 3/2 such that %+% = % — § there holds:

(4.9) <cul ..

LPLIL2 N CY (ng> L?H, ?

/R S(t — ) (Y(P)U(r)) dr

3
In particular for any Zy € L2L? and C = C([5°(|h] + |W"| + r~|W/|)dr):

(4.10) |E([vY ®)] s(t)20) ot |E (Y (1)S(t)Z) pors <CIZll g,
Remark 4.8. — In comparison with usual estimates for the Schrédinger evolution,

the first bound of the above Lemma (from which the others follow) gives an addi-
tional L? integrability in time at a cost of half a derivative in low frequencies. The
explanation is as follows: the correlation between the free evolution S(t)Z, and the
background equilibrium Y is:

RS

F(&)e P =20€)5(¢ n)d5> |

Formally, in addition to the free Schrodinger evolution, the information along dW ()
has been displaced at speed &. The consequence of this spreading effect is the
appearance of a non-stationary phase in £ variable in the last identity, which gives

an additional 1/+/t decay at a cost of 1/,/|n].
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Proof. —

Step 1. Proof of the first bound. — We employ a duality argument to
establish first two continuity bounds simultaneously and consider the operators:

T: Zy s E(Y(8)S(6)2). U / nU(r))dr.
We claim that for any s € R there holds:

(411) ||E(Y()S®t)Z,)

<
sl X
L2H, 2

and H/OOO 5(—’7) (Y () U(7)) dr

fstd < CYH(]HLfo7

T, w

The above continuity bounds for T from H s, into L2H**/2 and for T* from L?H*

into ﬁ;i}ﬂ for any s € R, are equivalent to that of 77* from L?H® into L?H**'.
Using Lemma 4.6 there holds:

T(Z,) = [, F€)Se)(9(E))de
T W) = [T [ AW @S~ (U(r)dr

Hence, using (B.1) and getting rid of the weights in Fourier, the continuity of T7T*
from L2H s into L?H**! is equivalent to the continuity from L?L?2 into itself of the
operator:

(4.12)

T U /OOO L POIVISe(t = n)U(r)ar

In Fourier this is:

FTU) ) = [ [, 7@ 020 g0 myardg

= / nh(2n(t — 1) )e’l(t”)'”'?ﬁ(ﬂ n)dr.
0

At each fixed 7, we recognise a convolution in time, so from Parseval’s and Young’s
inequalities:

(4.13) 1Tz, < lnlh@n)goeps [T

L2 < sup |h|(nr)dr
where we changed variables 7 — 7/(2|n|) in the integral on h. So T is indeed
continuous from L7L?2 into itself, which establishes (4.11) and the first bound the
Lemma.

Step 2. Proof of the second bound. — It follows as a direct consequence
of the second bound in (4.11) and of the dispersive estimates of Lemma 4.4 for Z,
fields. We have

[st-n@u)dr

o S| SN OV ]

SO, .oy
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Step 3. Proof of the third bound. — One has that VY = [ £ f(&)eiéw—ite+m)
dW (£). Since h is the Fourier transform of f2, then —0q,2,;h is that of {’fo Since h
is radial, writing r = |z| we get 9y o,h = r~'h/(r) + 23r~*(h"(r) — r~'h'(r)). Hence
we bound:

JTi

[e.o]

sup sup
j:17273 .1'683 0

8xjxjh(xr)‘ dr < /OOO (\h"\(r) + |h|r(7")> dr < oo.

Therefore, the very same analysis of Step 1, but this time replacing f by &;f for
j = 1,2,3, using the explicit formula for the continuity constant (4.13) and the above
bound, yields:

1

(s I )
1<
Lﬁw(/o <|h )+ = ) dr ) 1z,]

and that, for any 2 < p,q < 0o and 0 < s < 3/2 such that %—1—% = % — 5 there holds:

(414)  [E([vY(1)] S()Z,)

s .
Hz,w

(4.15)

AS@—ﬂQVYﬁﬂU@»m

LPLIL2 NC, (HM))

§<AMQMWQ+W¥ﬂ>W>HUMw;;

Next, we have for any 0 < s < 3/2 that H 5 is continuously embedded in L2 L?

where 2* is the Lebesgue exponent of the standard Sobolev embedding H? +— L2
Indeed, by (4.4), (B.1), Minkowski inequality and Sobolev embedding:

N

HZgHLg*LgJ =
1

) < | lgte @)l

*

(L(éhﬂmgﬂgk>é

We then take s = —1/2. The dual version of the above embedding is:

= [1Z4|

22 S [ o€ @)l

L? H3

(4.16) L3?L?  embeds continuously into H . 12,

Applying (4.11) and (4.14) then gives the second bound (4.10) of the Proposition 4.7.
0

A direct application of the above Proposition 4.7, useful for our setting for nonlinear
stability, is the following.

PROPOSITION 4.9. — For all U € L?H}/?, we have if
00 h
/ OW+J|W%HMW»dr<m:
0 T
(4.17) IWo W llgenyrz + [0 Wo )| 5, S 10N 00
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Under the same hypothesis, if U € L?L?:
(4.18) IWoW)s ra + 1IWo (YY)l 2 S IUl2z -

Proof of Proposition 4.9. — Because of the density of S(R x R3) in Lf ., and by
Christ—Kiselev lemma, it is sufficient to prove that for all U € S(R x R3),

W) +[(v)zwEy)

HL;;OLng L3 L2 S ”UHL?Hi/Q'
We get from (4.9) with s = 1/2 the first bound of the Proposition 4.9:

(4.19) (WE ()

LSL3L2NLPL3L2, 5 HUHLfL%

This shows the first bound in (4.18). Next, we differentiate using Lemma 4.6 for any
j=123:
(4.20) 9, WE(Y) = —id), ( [ st~ T)(U(T)Y(T))df) — WE (0, Y) + Wi (1),

We bound the first term in (4.20) via (4.15), and obtain: ||W§(8ij)||L§ 2
S IU[zz . This shows the second bound in (4.18), hence (4.18) is proved. We
bound the second term in (4.20) via (4.19), and get:

va}}m +IIVUIlz |

.
Hence (4.19) and the above bound, together with (2.1), show that
[ WE (.l 0 SIS,

Applying complex interpolation betvveen (4.19) and this bound gives the second
estimate in (4.17). O

4.3. Linear response of the equilibrium to a potential

We now study the operator Ly defined in (1.20), which ends the linear analysis and
allows us to prove Proposition 4.1 below. The operator L, is the linear response of
the equilibrium Y to a potential V' [GV05, Lin54, Mih11]. Its property was previously
studied in [LS14], and extended to the current setup in [CdS20]. In particular, it is
proved in [LS14, Proposition 1], [CdS20, Lemma 5.6], that L, is the following Fourier
multiplier (for space-time Fourier transformation):

Fra (La(V)) (w,8) = @(E)my(w, §)Fr2V (w, ),

where, only here, w denotes the dual time variable and not an element of the proba-
bility space €2, and:

nmm@:—ﬂmeWQM%m@@w>

4.21
( ) _ _2/ tsin |€| t) h(2&t)dt
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PROPOSITION 4.10 (Lewin—Sabin [LS14, Proposition 1 and Corollary 1]). —
Assume that f satisfies the following conditions:

e / > 0 is a bounded radial C' function, with, writing r = |¢| the radial
variable, 0, f < 0,

o [°r2f2(r)dr < oo and [5°r|f(r)0.f(r)|dr < oo,

o (1 +7)|h|(r)dr < oo and [5° ('h/‘(r) + |h”|(7“)) dr < oo,

and that w satisfies (1.2) and

(4.22)  (@)_|, (/Ooorm(r)\dr) <2 and @(0)en < 1,

where ¢, = limsup (Remg(r,¢))
(1,6) —(0,0)

Then my(w, ) is a bounded function, continuous outside (0,0), and Ly is continuous

on L;L}. Moreover, Id — Ly has a continuous inverse on L7 ,. In addition, one has
that (Id — Ly)~" is continuous from L7 , N L?,/ﬁ onto L;'?.

Remark 4.11. — Proposition 4.7 shows a loss of half a derivative at low frequencies,
whereas the above Proposition 4.10 shows no loss. The reason is a cancellation
explained in details in the paragraph Linear cancellation at low frequencies of the
Subsection 1.4 Strategy of the proof.

Proof of Proposition 4.10. — All results are contained in [LS14, Proposition 1

and Corollary 1], except the fact that (Id — Ly)~" is continuous from L7 , N L?ﬁ/ﬁ onto

Li/a? . Thus, we solely prove this fact, avoiding advanced harmonic analysis tools as
in [L.S14], but relying on dispersive estimates. We will use that all other results are
known to be true, in particular that L, is continuous on L?’x, and that Id — Ly is
invertible on L7 , or equivalently that ¢ < |1 — @(&)my(7,€)| < ¢ for some ¢ > 0.

First, by using Cauchy—Schwarz, Holder and (4.18), we bound:

[E(rwv ()

<IWv ) leg 2 1Y g, 22 S IWv(Y))llzg | r2

L5 t, 7w t,zHw N t, - w

SV,

2

so that Ly is continuous from Lj ,

onto L7 .. As it is also continuous on L? ., by

interpolation we get that Ly is continuous from Lix onto Li/a? . We then decompose:
(Id — Ly) ' =Id + Ly(Id — Ly) 1.

Above, the first term Id is continuous on Li/a? . The second Lo(Id— Ly)~! is continuous

and L, is continuous

from L7 , onto L{2. Hence (Id — Ly)~" is continuous from L} .N Li/:f onto ij/f . O

5/2 1 ,
from L7 , onto Lt/x, because (Id — Ly)~" is continuous on L7 ,

We can now prove Proposition 4.1.

Proof of Proposition 4.1. — From the fixed point equation (1.20) we take

V= (1-Ly)" (2ReE (YS(1) %))
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From (4.6) we get ||E(}75(t)Z0)||L?I < 1%
one obtains:

||L3H;/2 < 1 Zolle,- From (4.8) and (4.10)

|E(VS(t)Z)

s S W Zollzz L + 1 Zoll gy S 1200l

The last two estimates and Holder show

|E(VS(t)Z)

L5/2 ﬂL2H1/2 ~ HZOHGO-

Proposition 4.10 ensures that (1 — L)™' is continuous on L? ., hence it is continuous
on L2H!/? since this is a space-time Fourier multiplier. Moreover, it is also continuous
from L7 , N Lf’/j into L, / . Therefore:

Ve, =
(1= L) (E(YS(t)20))
Then, we set Z = S(t)Zy + Wy (Y). For the first part there holds ||S(t)Zslle,

< 1 Zolle, from Lemma 4.2, while the last bound in Proposition 4.1 is a direct
consequence of Proposition 4.9. 0

e S HE (YS )ZO)

5/2 5/2 1/2 ~ HZOH@O

NL2H, NL2H,

5. Study of a specific quadratic term

This Section is devoted to the study of the quadratic term )5. We recall a formal
explanation is included in the strategy of the proof in Subsection 1.4 and we claim:

PROPOSITION 5.1. — There exists C'(h,w) such that for all U,V € ©y,, we have
1Q2(V,U)llg, < Ch,w)[[V]e,IU]ley-

Recall that © = L5/ ’N L2H!/?. We first establish a bilinear estimate for Q, for
the low space-time Lebesgue exponent 2, inspired by [LS14]. This requires explicit
computations, analogue to those performed for a similar term in [LS14], that are
performed in the next Lemmas. We prove such formulas for real valued potentials U
and V' belonging to the Schwartz class to avoid technical issues. The general estimate
n (L2HY?)? will then follow from a density argument. For estimating in L?FH'/?

or Lf’/f we use the linear bounds of the previous Section. By Holder’s inequality,

E(Wy(Y)Wy(Y)) belongs to Lf’/Q since Wy (Y) belongs to L?  L?. But it is far from

) t,r—w*
obvious for E(YWy(Wy(Y))). Indeed, what we do is that we prove that @) belongs
to L2 LN L}%B by a duality argument. Smce s €2, 10] we will get the desired result.
The next Lemma gives an exact expression of the first term in Q.
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LEMMA 5.2. — For U,V € S(R x R?), set J; = 2Re E(Wy(Y)Wy(Y)). Then we
have for all n € R3:

i) = gy [ [ [ dih (¢ = )20+ (= )2

cos (¢ = m1) (Inf* = 207+ n) = (.~ )l
0=,V 72) + V(= )0 7).
Proof. — We have by Lemma 4.6 and (B.1):
E(WoIw (1)) = [ delf©F [ dn [ anSit=m)0(m)selt - 2)V ()

Let Jyy be the Fourier transform of (2m)*Se(t — 1)U (71)Se(t — 72)V (72). We have
since U is real-valued,

Jovln) = [ diet=m i =2 amm) g e (D) (5 )
R

We have the identity

(t—7) (In—a" =26 (=) — (t =) (1A +2¢-7) =

(t=70) (Inl* = 27-n) = (n = m)[A* = & ((t = 7)20 + (11 — 7)20).

Hence, integrating over &, we get, with h the Fourier transform of | f|?,

L 1O iy (s =

/]Rg dﬁh(@ —71)2n+ (11 — 7'2)277) ei(t_ﬂ)(‘77'2_277.")_(71_72)'77'2U (n—1,71) v (7, 72) -

Therefore we obtain the identity:

1) (0 F (B(TudWem))m)) - /MQ drdr [ diih((t = )2
+ (1= )20 PRI () (7, 7).
By symmetry the complex conjugate of the above is:
0’7 (B(WTWo(¥)) ) = /Mz dndr, [ dih((t = )2
+ (11 — 72)27)) =) (WP =2in) = =r a7 () — . 1) O (7, 7)

We change variables in the above identity, with (7, 7, 7) — (n — 77,7, 71). Notic-
ing that
(5.2) (t=7)2n+ (1 —72)20 = (t = 73)2n+ (1, — 1) 2(n —17])

| = (1= )20+ (o] — ) 2
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and that

(5:3) (t—m) (In]* = 2i-n) - (n — )7
=t—7) (=2 =7)-n) = (=) In— 7’
=—(t—7) (In? =27 -n) + (= =) il

we obtain (replacing (77, 7{,75) by (7,71, T2)):

' F (B(W DoY) ) = [, amdre [ din( = m2n
+ (11 — 72)277)€_i(t_ﬁ)(‘"|2_277'”)+(71_T2)|ﬁ|2[7 (n—17,7) V (7, 72).

Using the identity e + e~ = 2cos(f), summing (5.1) and the above identity one
obtains:

~ 2 - _
Ji(n) = W /[O,t]Q drdTo /]R3 dnh((t —1)2n+ (1 — 7'2)277)

cos ((t— 1) (Inl* = 277 - n) — (r = R)P) U (9 — i1, 7) V (7, 72) -
Using now that J; is symmetric in U and V', we get

~ 1 _
Ji(n) = (27)3 /[o,t]2 dridry /R3 dnh<(t_7'1)27]

+ (= m)27) cos (¢ = ) (1 = 27+ w) — (12 = m) )

[(7(7]—7},7’1)17(77,72)+‘7(77_77771)U<7~]77'2)]-

We now check that the integrand on [0, ¢]> above is symmetric in 7 and 7. Let

gri,m) 1= [ dih((t = )20+ (r = 72)27)
cos (¢ = 1) (Inf* = 207+ n) = (.~ )l
T =)V @m) +V (1= 7.7) 0 (7.72) |
Changing variables 7 — 1 — 77’, we get
grim) = [ difh((t=m)2+ (n = )21 = 7))
cos (¢ =) (1 =20 = 7)) = (1 = ) ln = 71” )
0

TG )V (0~ 7o) + V@ )0~ 7).
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Then using (5.2) and (5.3) and the fact that cos(d) = cos(—6):

g(riom) = [ difh((t =720+ (2 = 7)20)
cos (= (=) (In® =207 - n) + (2 = 7))

[U (77 - ﬁ/7 7—2) ‘7 (ﬁlv Tl) + ‘7 (77 - ﬁ/a 7-2) ﬁ (ﬁ/a 7—1):| = 9(7_27 7_1)‘

Therefore, using this symmetry, we have that
t T1
/ dridreg(Ti, 72) = 2/ d7’1/ dr2g(71,72)
[0, ]2 0 0

which give the desired identity for the Lemma 5.2:

) = (;)3 /Ot dr, /0 iy /[R dijh((t = m)20 + (ry — 72)27)

cos (¢ =) (jaf* = 20 ) = (r = )il
{[7 (n—1,7) 1% (7, 72) + 1% (n—1n,7) [7(772772) .

O

The next lemma will help give an exact expression of the second term in ()s.

LEMMA 5.3. — We have for all U,V € S(R x R3),

E(YWy Wo(V)) = = [ delr©)F [ dnSet—m)[Vin) [" dnSeln—m)U(m)].
Proof. — Recall that from Lemma 4.6:

Wy(Y)(r1) = —i /

FEAW (e ™ (M) 1S [Ty, — ) U ().
R3 0

Therefore, we have

Wy (Wy(Y)) =

= [Lmst=m[vin) [ r@aw@e e [N ins - nvm)|
Using Lemma 4.3 and (B.3), we get

Wy (Wy(Y)) =

- /]R3 f(g)dW(f)e_it(mﬁZ)m{/0 dry Se(t —71) [V<7'1> /071 drySe(1 — 7'2)U<7'2)].
Using that Y = [gs f(€)e M+ €17 (¢) and (B.1), we get the desired result. [

The next Lemma 5.4 now gives an exact expression of the second term in @)s.
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LEMMA 5.4. — For all U,V € S(R x R?), set .J, be the Fourier transform of
2Re E(YWy (Wi (Y))), we have for all n € R3,

Ja(n) = — (272r)3 /Ot dm /OT1 dry /R3 dﬁh((t —71)2n
+ (= 72)20) cos ( (¢ = r)lnf? + (= )l )V (0= 7,7) T (7.72).

Proof. — Let J be the Fourier transform of E(Y Wy (W (Y))), we have by Lem-
ma 5.3:

J(n) =

N (2711-)3 /RS d€|f(€)|2 /Ot drle—i(t—n)(|n|2+2§.n)

/3 &V (n — 75, 7) /“ droe M=) (APH2E0) 7 (7 1)
R 0

Integrating in &, we get

1 t 1
J(n) = _(27'(')3/0 dTl/O dTQ
/R3 dﬁh((t —71)2n + (11 — 7'2)2'77) e~ it=mmP =it —m)la{ (n—1,71) U (1, 72) .

Using that J(n) = J(n) + J(—n), and that U,V and |f|? are real-valued, we get

R =~z [ [ dre [ (6= )2

+ (= 2)20) cos (¢ = m)nf? + (r = )il )V n = 7.7)0 G 7). O
The explicit computation of ()5 is then the following.
PROPOSITION 5.5. — For all U,V € S(R x R?) and all n € R3,

(5.4) Oo(U,V)(n) = 4/; dr, /0 drg/dmh((t —71)20+ (1 — 72)21.)
sin (¢ —71) (° =2+ m) ) sin (¢ = 70)m2 - 1 + (11— 72)13)
[‘7(77 =12, 71)U (02, 72) + U (0 = 02, 1)V (1, 72)]‘
Proof. — Recall (3.1). We sum the expression found in Lemmas 5.2 and 5.4:
QU VI =2 [ “dn, [ dn [ anh((¢ = )20+ (= 7))
[cos <(t —7) (772 — 2ms - 7)) —(n — 72)77§> — cos ((t —7m)n*+ (r — @)7)5)}

{‘7(77 — 12, 71)U (02, 72) + U(n — 2, 71)V (2 7'2)].
Then we just performed a trigonometric transformation: using

cos(f — @) — cos(0 + ¢) = 2sin(0) sin(¢)
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with
0= (t—m) (772—772 -77) and ¢ = (t—7)n2-n+ (11 — T2)n3,
we get the desired identity (5.4). O

With the explicit expression (5.4) at hand for ()3, we can now look in detail to
bound this term from (L7 ,)* into L7 , and L{°L2. The kernel appearing in the
expression (5.4) of @ satisfies the following bound.

LEMMA 5.6. — Setting

(5:5) Kyt s) = h(2tn+ s2m) sin (¢ (Inl* = no - ) ) sin (4 - 0+ slns|*) |

we have for all n,1, € R3 not collinear, and p = 1, 2:
2 2 2\~ 3
P S (InPlml” = (-m2)?) * Gy,

Cp(h) = /Rdv </R du|u|%_%‘h|p (\/m))i

Moreover, Cy(h) and Cy(h) are finite under the assumptions of the main Theorem 1.1.

HKn’ 72

Proof. — We first perform a geometric change variables. Projecting n onto the

directions 7, and 75 gives n = B2 + (n— ™ ‘Zm) Hence the following orthogonal

decomposition for the argument of A in (5.5) and the associated Pythagorean identity:

ty + sy = (tn i ) o+t (n - ”2'2n2> ot sl = wR(t, 5) + u(t)?
5B 72|
where
2 . 2
wltes) =l - £ and (0 VPl = ()

|772’

The arguments of the sine in (5.5) are

t(Inf* =ns-m) = o) (Inl’Iml” = (n-m)*)

| 2

|772’
-1/2
ol (Inf* =12 m)

and tny - 1 + s|n2|? = u(t, s)|n2|. Therefore, recalling that h is radial, we have

‘Kn - ‘—‘h (\/u2 (t,s)+v(t)? >
sin (o(6) (1Pl = - m2)?)™" ol (1f? = e n)) sin (u(t, )| )

< ()

using |sin | < 1. Doing the change of variable s — wu(t, s) at fixed ¢, we thus have

p
15t My = [ dulal™ |b (a2 +0(0)?)

|Sln( (t’ 5)‘772|)’ )

[sin ([n2|u)[”.
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For the second part of the norm, we do the change of variable t — v(¢) and get

|l [ (V)| i

VInRml? = (7 -m)?

We finally use the inequality |sin(|me|u)] < (92| |u])*/P~/2 for p = 1,2 to get the
desired bound:

2
P

2
VK2 < [

2

1 2
HKn,nz N (|77‘2|772’2 —(n- 772)2)75 /Rdv (/R du!uﬁ_% |h|? (\/u2 + v2))p .

2 p Y
L3, L%

We finally bound the integral in C,(h) using the assumptions of Theorem 1.1. First,
for p = 2:

Coll) = C [ S Il [T rIbl e S W ey [ rinlr)ar,

using that A is the Fourier transform of f. Similarly, for p = 1, developing the square,
changing variables u +— v/u? 4+ v? = w, and using [(a? — v?)"/2dv = 7/2 for any
a > 0:

Ci(h) = /Rg dvdudu[ul* || (Va? +02) [u/|3 |1 (W)
/
=38 dvdwdw’ w w

h|(w h
[0700)3 4/w2 _ U2| |( ) 4/w/2 _ ’U2| |
min(w,w’)
< 8/ dwdw'w]h|(w)w'|h|(w’)/
[0, 00)> 0

< % (/Ooor|h|(r)dr)2.

PROPOSITION 5.7. — There exists C(h,w) such that for all U,V € L?H?, we
have

(56) HQQ(‘/? U)HLizﬂLt"oLg < C(h7 w)HVHL%H;/Q HUHLgH;/Q

(w)1(jo] < w)1(jv] < w')

dv

\/min(w, w')? —v?

O

Proof. — We first recall the following continuity estimates for a kernel. Set for
g,h € L*(R) and K : R? — R, the function u(t) = [go g(s)h(s)K(t — s,s — s')dsds’,
then there holds:

lull 2y < 1K 2@, 1@y llgllz2llRllzz,  and  Jull oo ) < K (|22 9] 22| 2] 22-

The proof of the above is classical, so we safely omit it. Next, from the exact
expression (5.4) and the definition of the kernel (5.5), we obtain:

~ t t1
QQ(U, V)(??) = Q/dng/o dt1/0 dt?KﬂﬂD(t — tl,tl — tg)

{(7 (N — 2, t1) 1% (72, t2) + 1% (n—m2,t1) U (72, t2) |-
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Therefore, by first using Minkowski inequality, and then combining the above conti-
nuity bound and Lemma 5.6:

~ t t1
|Q2(U, V) (m) Lo S 2/R3 dns /0 dtl/o dto Ky, (t — 1,1 — 1)

{U (n —m2,t1) 1% (m2,t2) + 1% (n —n2,t1) U (12, t2)}

~1/4
<Gy /Rg dn (Inmal* = (- m2)?)

0 =) [V )+ 70 = )] OG0,
where Cj, is a constant depending only on h (and not 7,72). We only treat the
ﬁrAst term above, as the same reasoning applies for the second. In order to show
1Q2(U, V)|l 2 1o € Lz we reason by duality. By the above formula are left with
estimating

2
L2NLge

L L

[N
l=

(5.7) f*‘ﬂ@fdm%(mPMP—wn-@ﬂ”ﬂwn—ﬁﬁma¢mxn—§>@>
with
u(n) = )20, € L2 (R®) vlm) = )2 [V )

and ¢ € L*(R?) with ¢ > 0. We find a lower bound for the singular weight in (5.7)
by writing in an orthonormal basis £ = (£, &2, &3) and = (11,72, 13):

€1 = (- ©)* = (Gam — &m)” + (Sims — Gam)” + (am2 — Eams)” = (E1m2 — Eam)?.
Therefore, with 7/ = (ny,72) € R? and £ = (£1,&) € R?, we have

I< /(R2)2 dn'd€" [&1my — 52771|71/2
/Rz désdngu (' — &' s — &) v (£,&3) o (', m3) (n — f>7%<5>7

—1/2
< [ 6 = Eml ™ O = €l 0 (€ Mg, 10 O,

where we used Holder inequality for the last line. We use,[L.S14, Lemma 5] and get:

L2 e L? (Rg)

N

LS lullez, ez Mvllzz, 2 19122,z S NUN e IV 2 gz 6]l 2 es) -
where the last inequality is a simple consequence of the definition of u and v. O

The proof of Proposition 5.1 requires additional results than Proposition 5.7, involv-
ing higher regularity or space-time Lebesgue exponents. They are easier consequences
of the linear bounds proved in the previous Section.

LEMMA 5.8. — For all U,V € Oy, there holds:
||Q2(U7 V)HLtwf’ 5 HU”LfH;/Q“VHL?H;/%
[(v)2Qu(U,v)

L2 S HUHLfH;ﬂHVHL?H;/Z’
,x
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Proof. — We start with the first estimate. We recall that
(58)  Qu(U,V) =2 ReIE(WV(Y)WU(Y) Y (Wy o Wu(Y) + Wy o WV(Y))>.

To treat the first term above, we employ first Cauchy—Schwarz and Holder’s inequality;,
then (4.9) with p = ¢ = 20/3 and s = 3/4 together with Christ—Kiselev Lemma:

(5.9) |E (W TMWu())

L20/3
< W (Y) 205 Wi (V)

lizopsrs

S IV lezaoia-12lUN 2 grsra-sre SNV N 2 g2 llU | 2 e
For the second and third terms, we use first Cauchy—Schwarz and Holder inequalities,

then the dual Strichartz estimate (3.8), then Holder with = = 1+ 1, then the linear
bound (4.18) to bound:

[E (YW o Wy (v))
Sz ”YHL?CZLZ, HWV © WU(Y)HLHJ/?’LE)

t,x

10/3
Lt,:c

<

~J

/ "S(t = 5) VIV (V)] ds

< VW)l

10/3 79 t, @
L, . L2 )

< IVl IWoM)llzs 2z S IVlLez 100z . S IV g |01

1/2.
L2HY

We inject the bound (5.9) and the above bound (noticing that it treats the second
and third terms simultaneously) in (5.8), yielding the first estimate of the Lemma.
We now turn to the second estimate. Note that

1QUV)zz . S Ul a1V o

from Proposition 5.7. Hence, to obtain the second estimate of the Lemma, it suffices
to prove:

(51()) HP>1Q2<U7 V)H[%Hiﬂ S HUHLgH;mHVHL?H}:/Z

where P projects on frequencies || > 1, that is F(Psqu) = 1jg>1a. For the first
term in (5.8), notice that

0, B (Wy (VWi (V) = B (Wo, v (V)W (Y)) + E (Wy (V) Wo, u(Y))
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from Lemma (5.2). We thus estimate it using the frequency localisation, Cauchy—
Schwarz and Hélder, (4.9) with p = ¢ = 10/3 and s = 0 and (4.18):

(5.11) HP> 1E (WV(Y)WU(Y))

1/2
2ay

S |E (0w (n)

L2H}

S HE (WVV(Y)WU(Y))

+ HE (WV(Y>WVU(Y>)
S IWovYll oo IWoYllgs 2 + 1Wou Yl poa s (IWVY s 12
SIVVI g Uz, + VU eV 2,

L2

t,x

2
Lt T

S HVHLfH;/Q HU”L?H;/Z

Next, for the second term in (5.8) we reason by duality. For any ¢ € L2H_'/? by
Fubini:

‘<¢, E (Y Wy o Wy(Y)))

t,x

— (Yo, Wy o Wu(Y),., | = |<Y¢, i [ 80— s (VWu(V)ds )

t,r,w

= ([ stz =0l wototar. Vv
<

<[ s ow)a

SNl o2V MU

t,r,w

IVllez IWo ()lss 1z

10/3
Ltﬁt LE

where we applied Cauchy—Schwarz, Holder, (4.9) with s = 0, p = ¢ = 10/3 and
(4.18). The last term in (5.8) is estimated by duality the very same way as the one
above. This proves:

| PoAE (Y (W 0 Wy (Y) + Wy 0 Wi (Y)))

< WVlez N0z

L2HY? ™

The above inequality, (5.11) and the decomposition (5.8) imply the desired esti-
mate (5.10), ending the proof of the Lemma 5.8. O

Remark 5.9. — We compare briefly with [LS14]. To get extra derivatives on V/,
we have refined the estimates on K, ,,, Lemma 5.6, we introduced derivatives on
(> using duality arguments, Lemma 5.8 and on the linear response on the potential,
Proposition 4.7.

We can now end the proof of the main proposition of this section, and bound the
specific quadratic term at hand.
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Proof of Proposition 5.1. — Using interpolation as 2 < 5/2 < 10/3, Lemma 5.8
and Proposition 5.7 we get the desired bound:

QU V)lloy, = QU V)ll 3= + 1QaU, V)l
S NQaU, V)l e + QU V)l s
SN0l a2 IV s + 10022 IV iz, S W0 lloy IV lley- O

6. Remaining nonlinear terms

We establish here standard bilinear estimates for all nonlinear terms except the
specific quadratic ones in ()5 treated in the previous Section. We start with higher
order iterates of the operators Wy, applied to the equilibrium and with the operator
Wy, applied to a perturbation Z.

LEMMA 6.1. — There exists C' > 0 such that for all U,V € Oy and Z € ©4:

6.1) Wy oWy(Y)le, < CllUlley[IV]ey,
and [[Wy(Z)|le, < CllV]evllZlle,-

Proof. — Recall the dual Strichartz inequality (3.8). In particular, for any f €
T2 L%0/7wl/2,10/7:

[0 [ 50— 9)f(s)as

2 L10/7

30/11 10/3 ~ H
230 2L N2 Loz

Hence, using in addition to (3.8) and the above inequality the Sobolev embedding
W1/23011(R3) — [5(R?) we obtain the preliminary inequality:

©2)  IWelDlo, = | [ St - s)vZ)as

For the first term in (6.1) we apply the above estimate with Z = Wy (Y'). Applying
Minkowski and then the fractional Leibniz estimate (3.10) with 1—70 = % + é gives:

(V)2 (Vi (v)) v>% (VW (V)

<ol

. 2 L10/7 .

S H
LiLtloﬁ ~

where we used (4.17) for the last 1nequahty. Injecting the above estimate in (6.2)
with Z = Wy (Y') proves the first bound in (6.1). For the second bound, we apply
the fractional Leibniz bound (3.9) with ¢; =2, 1 =5 and ¢, = 10/3 and r, = 5/2:

10/7
Lt,z L2

|<V>1/2WV( )||L§ L2~ N ||V||L2H1/2,

1
|22y o
<2V, 1Z0ai, + )22 poga g 1V S 1V oy 126
The above bound, injected in (6.2), proves the second bound in (6.1). O

ANNALES HENRI LEBESGUE



Stability of steady states for Hartree and Schrédinger equations for infinitely many particles 465

We now turn to the linearised potential created by a perturbation of the form
Wy (Z), and to the quadratic potential created by a perturbation Z.

LEMMA 6.2. — For all Z, 7' € ©4 there holds:
(6.3) IE(ZZ)|le, < CllZlle, 1716, -
For allV € ©y and Z € ©4, we have
(6.4) 1Q1(Z, V)lle, < 1Zlle,lIV]ley-

Proof. — For the first bound, as a consequence of Holder’s and Minkowski inequal-
ities:

IBCZZ) 5 S1Z0a 2 12 ss 2 S W20z 120015 . S 1200112 o,

t,zw

Next, using Minkowski inequality, then the fractional Leibniz rule (3.9) and then
Cauchy—Schwarz:

[V Ez22)],,
s|wyezz)|, |, <oz,
S 9222 o 17|+ 1022 s 1215, | S 120, 12706,

The two above bounds give (6.3). To show the second bound of the Lemma 6.2, we
recall that

(6.5) Qi(Z,V) =2ReE (Wy(Y)Z + Y Wy(2)).

For the first term, by Cauchy—Schwarz, Holder, and Minkowski:

£ (7 72)

< Wy (Y)

Lf’ L?YEL‘% ”ZHL;%SLZ}’

|VE (v (1) 2)

IV )lgg gz 120 o, + IW0()lgg gz 1920 o

2
Lt,z

so that [(V)E(Wy (V) 2) 122 . < IVIWv(V)llzg 22 (V) Zl] 102, from (2.1). Com-

t,x - w

plex interpolation between this bound and the one with no derivatives gives:
1 1
L?H;/2 S./ H<V>2WV<Y) L?,ILE; <V>2Z Lif)z/SLE}

< IVl a2l Zl 2 poss < IVlley 12 o

[ (W ()2)

(6.6)

where we used Minkowski and (4.17). On the other hand, using Hélder, Minkowski
and (4.17) gives:

2 (7 77)

o I Wllig 2 1215z,

(6.7) ) i
~ ||V||L?H;/2||Z||LE,L?Z ~ ||V||@V||Z||@z
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For the second term we start with the following bound using Cauchy-Schwarz

and (6.1):
e (i )

pors S W llege, 22 (W ()| roga g

(6.8)
S1IWv(Z)lle, S HVHeVIIZHeZ-

We next prove that
(6.9) & (YWy(2))

L2H1/2 ~ HVH@V HZH@Z

by duality. Let U € L? | we have

t,x?

(UE (}_/WV(Z)»M = (YU, Wy (2))

t,r,w

t

=(YU,—i ; S(t—s) ((V(s))Z(s))ds>

_ < / TS = [y U], (v>z>

By Holder’s inequality since £ + 3 + & = 1 and (4.17), we get

t,x,w

t,r,w

’<U, E (YWy(2)

S0y ueld], |, Wik 12100
SJCHUHL? ||VHL2 ||ZHL10/3 2

We differentiate and apply again Holder with & £+ 5 —I— = =1 and (4.17) to find:

‘<U, VE (YWy(2)))

t,x

U,E VYWV (Z2) +YWev(Z) + ?WV(VZ)»

[
- |(vre [ sa- o),

YU, /0 St —9)((VV)Z + (V)vz)ds>

t,x

t,z,w

+
< O10llzz, IN9WV Lz IK9) 2l o
The two bounds above show
[(VE (W), S VI D2 o
Applying complex interpolation with the bound with zero derivatives shows:

[E(F W (D)], =[], )2

The above inequality shows (6.9). Since 2 € [2, %], we get from (6.9), (6.8) and
interpolation:

[E(¥wv(2)],, =[BT (2)

10/3L2 ~ ”VH@V HZH@Z

s [E(W(D) |2 S IVlev ]| Zlle

ANNALES HENRI LEBESGUE



Stability of steady states for Hartree and Schrédinger equations for infinitely many particles 467

We inject the above bound, (6.6) and (6.7) in the identity (6.5), showing the desired
bound (6.4). O

7. Proof of Corollary 1.2

This section is devoted to the proof of Corollary 1.2. The following preliminary
estimate is a consequence of [FS17, Theorem 8| and of the dual argument explained
before [FLLS14, Theorem 2J:

o < .y
(7.1) /0 S(—s)V(s)S(s)ds o (12(8)) S ||V||Ltp Lo ()
1 2
forany7+d<q’<ooand—+g:2.
2 roq

Note that this condition on (p', ¢’) implies that p’ < occ.
We shall use several times that Sobolev—Schatten spaces form an increasing
sequence:

(7.2) 1]

since 7" < (7 when p > p/; and Holder inequality in Schatten spaces for % + % =

ssr < ||Y]lgs.y whenever s < s’ and p >y,

1.

(7.3) 7o ller < Iller 1]l e -
Proof of Corollary 1.2. — We only treat the case t — +oo without loss of generality.

We fix 2 < ¢’ < 5/2 and p' > 2 satisfying (7.1) and introduce the space (equipped
with the usual norm for sums of Banach spaces):

(7.4) E=L2NLPLA+ LPL2N LY LY.
Step 1. Preliminary bound. — We claim that there holds:
(7.5) Vekr,

and now show this bound. We rewrite the fixed point equation (3.5) for V:

V =(>1d- L)'V,

V =2ReE (YS(t)Z) + E (|1Z]?) + 2ReE (Wi (V) Z + YW (2)) + Q2 (V)
where Ly and Qs are defined in (1.23) and (1.20). For the first, fourth and fifth terms,
using

15() Zoll L2 2 < 120l 2 22
and ||Y||eer2 < 00, Cauchy-Schwarz, (6.1) and (5.6) we obtain:
2ReE (YS(t)Z0) + 2ReE (YWy(Z)) + Q2 (V') € LL2.

Next, recall Z, Wy (Y) € L¥L3L2 N LPL5L2 from (1.2), (3.2) and the embedding
of H'/2(R?) into L*(R?), and Proposition 4.9. Hence by Hoélder |Z|?, Wy+(Y)Z €
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LeL32LL N LY2L3/2 L) Notice (00,3/2) and (5/2,5/2) both satisfy the condition
in (7.1). Hence by Cauchy—Schwarz and interpolation:

E(|12]?) +2ReE (W (Y)Z) € LY LY.

We also recall that all terms in the definition of V belong to L2L? from (4.10), (6.3),
(6.6), (6.9) and (5.6). From this and the two bounds above we get the first estimate:

Vel?2L2NLEL2 + 22N LY LY.

Let us now prove that (Id — Ly)~! — Id is continuous from LIL?2 onto L L2. Recall
that Ly is a space-time Fourier multiplier of symbol m; defined in (4.21). Hence
(Id — Ly)~' —Id has space-time Fourier symbol m;/(1—my). Recall that there exists
¢ > 0 such that ¢ < |1 —my| < ¢! from Proposition 4.10. Moreover, from (4.21)
and Parseval for any & # 0:

2 0o
Ims ()13, S [ [sin (16Pe)[ In@e0 Lot S [ rh(r),
using | sin(|€]%t)]? < |€]?[|t], the radiality of h and performing the change of variables
r = 2|¢|t. Then we have indeed, by Minkowski’s inequality,

H ((Id — L)' — Id) 1%

F, [((Id — L)' — Id) 17}

LRLZ ‘ HLgOB

3
(0= 1 - )T, < (0 - 1) 7],
_ Hlf‘jnfft,xv Slmslzaz [0, 5 171,

L2,L}
Therefore, writing V =V + ((Id — Ly)~' — Id)V, we see that we proved above that
V belongs to L2L% N L°L2 + L2L2 N LY LY, while ((Id — Ly)~* — Id)V belongs to
L L2 N LIL2. This proves the claim.

Step 2. Bounds for Wy ;. — We decompose between high and low frequencies
for n* > 0:

Pgn*uzf_l (X(Z)a), P?”]*:]‘_Pg”]*’ and V<'1:P<1V’, V;1:P>1V/,
where y is smooth with y(£§) =1 for || < 1 and x(§) = 0 for |£] > 2 and claim that:

(7.6) (V)W <1 (V)2

' S ||V<1||Lf/Lg/ 5 ||V||E

and (V)2 Wyrs1,47,(V)2

&24

&2 S; HVvHL%Hi/2

We now prove the above bounds. For the first one, we need a Leibniz type formula
for fractional differentiation. We decompose:

SIS

= (V)2 Wi 1, (V) 2Py + (V)i W1 (V) 2P e

=

(7.7) (V)2 W<y, 4 (V)™
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Since V., is localised in frequencies |n| < 2, since p’,¢' > 2, we have from Bernstein’s
inequality at a fixed t and (1.2),

val 1<t7 )

o S Vet )l

and since
P € (2,00), ||V<ull

Therefore from (7.4):
(7.8) vz,

2/p 1-2/p’
oy S IVerl 2 IVl 278

iy S WVl

From this, (7.1) and (7.3), since V, is localised in frequencies |n| < 2, for any u

localised in frequencies |n| < 2n*, their product is localised in frequencies |7]| < 2942,
and therefore

(V)2Wyz, (V)72 Py = Pegyesn(V) 2 Way (V) 2 Py
We get for the first term, using (7.1) and Holder’s inequality for Schatten spaces (7.3):
_1
(1.9) [[(V)2 Wy (V)72 Py

<1 62 q’
_1
S HP<2’7*+2< )? C(L2(R3)) HWV<17+‘ &2 H(V) 2Pg”*H(J(B(Ri’)))
. 1
S+ 2 [V g 1 S IVIs
where || - ||C(L*(R?)) is the operator norm on L? which corresponds to &*. For

the second part, since V., is localised in frequencies |n| < 2, if u is localised in
frequencies |n| > n* their product is localised in frequencies |n| > n* — 2. Hence, we
have

V)P

Taking n* > 2, using the commutativity of Fourier multipliers, we get:

(V)eWys, (V) 2Pspe = (V)2 Pope s Wi

<1’

= (V)E|V| 3Py [VIEW, (V[T (V) 73[V[2Ps

Using that both (V)2|V| 2 Ps .5 and (V)~2|V|"/2P,,. belong to C(L2) = &>,
we get by Holder’s inequality (7.3)
- V72|
&2

1
H WV’ o+ V>7§P>n
We then prove a Leibniz type inequality. Assume |£ — 77| 2 and |n| > n*, then the
entire series expansion

G2 ™~ HW| W

1
_ + _ _ _ 2\ 2
7| 7|
k,l,m 2n
T O | I
= [n|2 o %ENak,l,myﬂ |2(k+L+m) € —mn)" ||2n
where 7"b"™ = ninhny,
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holds for n* large enough. The coefficients a,; ., are given by

k+l+n+m—1 1 1 it
s tym,m = ]HO (4 _”> AT

and thus satisfy |ag,; m.n| < 7*HH™7 We thus decompose:

1 1= —~
F(VEVA P ) = [ il T2 =i (11 (1))
= > anpmaF (VR () Pe e VRV 20)
k,l,m,neN
where
VAR (5,6 =) = (€ = n)PhmE — 0PV ca(s, € — ),

— k,l,m

Y m,n — n 77
Vi bmny(n) = Wmu(ﬁ)-

This gives the identity:

1 _1 o Nk,l,m,n
VW o Poye VI = 3 ahtmaWy i Py VRE

k,l,m,neN

Above, using (7.1), (7.8), the localisation of V., at frequencies < 2, (7.3) and (1.2):

1 _1
(7.10) ||IVIE Wz, Pore V172
< *Nk‘J,m,nH
Y mZnGN|ak7l7m7n| Wyzttmn i gap 12V (L2 (®)
1
k+1 k+l1
S 2 Tt WVl g s S Vel S 1V
sbym,mn

for n* > 0 large enough. We inject the bounds (7.9) and (7.10) in (7.7), which proves
the first inequality in (7.6). We now turn to the second one. Recalling |Y;)(Yo| = 7
one gets:

E ([Wyr, +(Yo))(Yo)]) = E <’_Z/0

o0

5(—s)v'(s>5(s)yo> <Y0|)

(7.11) -

= —i [ S(=9)V(9)S(s) o E(Yo)(¥ol) = Wy 1 0 3y
and hence:
(712) (V)W o 9p1(V)2 = E (V)2 Wiz 1 (Vo)) ((V)2Y0))

From (4.9), the identity H. 9 » = L2 L2 and the localisation of V2, at frequencies > 1
and (1.2) we obtain:

W, (o)

!
v

prin S W lszes.

S[Vail s 5|
rzrz ~ "2 H2E—2 ~
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Similarly, from the bounds (4.15) and (4.9) with s = 0:
IV Wvrs 1+ (Yol gz pe < IWyrs1,+(VYo) + Wovrs 1, +(Yo) |l 2 12

S H Uipzp; 12 + HVV;I L2 t?
S IVl

Hence:

(7.13) Wz, + Yol o S IV I 202

In [CdS20, Appendix A], the following bound is proved for f > 0 that is bounded
and radial:

1) PO, < oo i G <0 and [ 7 < o0,

and it is proved that we have for any u € L*(R?), that (Yp, u) is a centred Gaussian
variable with:

(Yo.u) = [ FEAVE),

E (%)) = [ @ P 5 ()
We recall that for an operator v with kernel &, (z,y) there holds

(7.15)

L2’

I7lle> = 17yl 2@ x ),

and that the integral kernel of E(|a)(b|) is E(a(x)b(y)). Therefore, by duality, we get
that

[ (92 00)) ()00 [
— [E (D) Wrs 14 Yol@) (V)T ()

2
LI;y

/Rd o« Rd E(<V>%WV’ > 17+Y0(5€)<V>%570<3/)U(:E, y)dxdy| .

= sup
||u||L2(R6):1

Using Fubini and Cauchy—Schwarz, then (7.15), and finally (7.13) and (1.2) this is

< s [(E(@Ee viw)))

ol 2 (p2a) =1
(= )

S Sup /]Rd (E(‘(V> Wyrs1, 4 Yo(x )) (/ u(z, y)| dy) dx

||“|\L2(R2d)—1

S (Ve Wis 1 Yo

[N

Yo(y)u(z, y)dy

vee SV agre S IV pare

The above bound, via the identlty (7.12), proves the second bound in (7.6).
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Step 3. Proof that v, € G622, — Recall v+ is defined by (1.14). We write
(where Yy = Y;(t =0)):
V4 = E( 1 Z4) (Z2] + | Z4) (Yol + [Yo) <Z+|>} =174
+E( Wy +(Y0)) (Wi, (Yo)| + [Wyr 4 (Vo)) (Yol + [Yo) (W 4 (Y0)] ) } =272
+E([Wyr 4 (Vo)) (Z4] +125) (W 4 (V)] ) } =243
From [CdS20, Appendix A], we have the following result: the bound for any Z, Z’' €
2 Hd/271:
(7.16)  [[E(12)(Yol)ll gg -1 + IE(YoNZD g2 1.2
S 11Z] E(12)(2)|
We claim the following linear and bilinear bounds for V,V’ € E N L?H/? and
ZeL:Hz:

112 S 4]

67_1’2 ~

2 L

1
1, 1 1
L2H2 L2 H2 L2 H2

(7.17) (W, (Yo)) Wor, s (Vo)) 3.0
SIVIE IV g, IE Wy (%)) YoDll g2 S IV,

(7.18) IE (W, + (Yo)) (ZDlgs.2r S IVIENZN , g

where E is the space induced by the norm
Vs = Welly gy + 1V e

We now prove these bounds. We start with the bilinear terms in V, V’. For the first
one in (7.17) we write:
Wy, 1yWyr 4 =
Wy W e = W ov W+ Wi oW e + Wy oW o

When both V' and V' are localised in low frequencies, since ¢’ < 2¢’, we bound,
via (7.2), (7.3), (7.6) (for the dual operator) and (7.14):

1

H (V) : Wy, +7fWVé » +<V>% 24! V) : WV<1,+’YfWVé L+ (V)2
= (V)2 W, (V)2 (V) (V)3 (V) 2 Wy (V)3
< (VWi (V)72 || L (V) (V)2
<

VI IVl z -

<

/

&4

{
{

!

&4
1

V)" W (V)3

624’ C(L2(R3)) H < &2’

When either V' is localised in high frequencies and V' in low frequencies or the
opposite, using in addition that the &%? norm of an operator is equal to the G%?

norm of its adjoint, we get using (7.6), since 2#,(1, < 2¢"
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H<v>% (WV<1 +fnyV/ +t WV>1 +7fWV/ <10 +) <V>%‘ &24
H (WV<1 +’nyV/ T+ + WV>1 +’7fWV/ +) <v>%

1

< [(V)EWAL, (V) T2V Wy (V)2

24’

S 1+

+ (V)2 Wy | (V)72 (V)2 Wi, (V)2

(VY2 Wi (V)2
V/

1
H WV<1 + > 2 &S24’

< HV<1HLp Ly HV/”L2H1/2 + HV”L2H1/2

2 + symmetric

Lp Lq

(where symmetric means the same expression with V' and V' interverted). Next,
when both V' and V" are localised in high frequencies, we write Wy, v Wy 4 =

E[Wh,,,+Y0)(Wyz | +Yo|, use that 2 < 2¢', Cauchy—Schwarz and (7.13):
1 1 1 1
H<V>2WV>1,+7fW\/;1,+<V>2‘ o2 S "<V>2WV>1,+7fWV>’1,+<V>2
1 1 o 2
= /RG dxdy ‘E (<V> 2Wv21,+Y0($)<V>2WV§1,+Y0(?J)>‘
1 2 1 — 2
5/ dady (E\<v>zwv>l +Y0(a:)] ) (E\(WZWV}/M%(@/)] )

< W

S2

WV/ +YE)

1/2 HL2H1/2‘

< AWVl [V

L2H! L2HY? ™~

The above decomposition and three following bounds, using (7.2), prove the first
bound in (7.17).

The second bound in (7.17) consists in estimating E(|Wy.  (Y5))(Yo]) in 62:2¢". We
decompose it into

E (W, 1 (Yo)) (Yal) = E (W, 1 (o)) (%]) +E (|Whe, 1 (Yo) ) (Vo))

thanks to the linearity of Wy, 4 in V. For the high frequencies, since 2 is less than
2¢', using what we have proven in (7.6):

= (W 00)) VD) |y < [ (W 00)) 1)

For the low frequencies, we use identity (7.11) to get
E (‘WVg1,+(Y())> <Y0|> =Wy, 47

3.2~ ||Vv||LZH1/2

so that:
(VYRE (|Whe,, 4 (Y0) ) (Ya]) (V)2 = (V)2 Wi, 4 (V)72 (V)ay(V)2.
Using (7.3), we get
[E (W7, < (a); ) (val) | (V)3y(V)3

Finally, we use that (V)7 is a bounded Fourier multiplier from (7.14) and (7.6) to
get the second bound in (7.17). Hence (7.17) is established.

wh—t

V)i, (V)72

S1/2,2¢ g H &24 Goo
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We turn to the third and last estimate (7.18) and, to prove it, write from (7.11):

E[Wy, (o)) (2] = E|(Wie, 1 + Wie, +) (%)) (Z]
= Wi, +E Yo) (Z| + E [Wis, 4 Yo) (2]

For the first term, using Hélder, (7.6) and (7.16):

[(V) 2, S EYo)(Z(V) 2

2q’
S 1+4q’
2q’

= (703 Wie (V) 5P ENONZIT)? |
S|vewa, (V)2 |, (V) 2BV (21(V) >
S IVl o121

&2 &2
L

L2H?

while for the second term, using the third inequality in (7.16) and (7.13):

e 30}

S LS P 21

L2H2

ot SIVI

L2H2 L2H2

The above decomposition and the two bounds that follow, using (7.2), prove (7.18).
We now apply the bounds (7.16), (7.17) and (7.18) to 71, 73 and 73 respectively,
which shows that:

ellgsor S (V1 + 1240 ar2) (1 IVIL + 1240 re) -

Hence, as V € E from (7.5) in Step 1, 74 € &Y% for any ¢’ > 2 as claimed in
Corollary 1.2.

Step 4. Proof that S(—t)yS(t) = v+ in &2, — From (1.9) we write
S(—)X(t) = Yo+ Wy Yo+ Zy + Wy Yo+ R

with || R]| et 0 as t — oo and:

Wy, = —i /O T S(cnw V(D)S(r)dr,  V(r) = V'(1)1(r > ¢).
Notice ||V ||z — 0 from Step 1. We then write, with Wy = Wyr . + Wy 4
S(=OIX WX B)S(E) —vr — 74

=E(|Z + R) (R +|R) (Z,| + |R) (Yo| + %) (R)} =: 7
+E (W4 (Y0)) (W (o) + Wy (Y0)) (W 4 (Y0)
+ W (Y0)) (Yol + [Yo) (W4 (Yo)| | =: 7%
+E(|Wyr 1 (Yo)) (R] + |R) (Wi . (Yp)]
+ Wy (Y0)) (Ze + BRI+ |Zo + R) (W ()] ) | =2 72
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We choose 2 < ¢’ < 2+ ¢/2, apply the bounds (7.16), (7.17) and (7.18) to 7%, 7%
and fNyi above respectively, which shows that:

|S(=0 1X ) (X @®)SE) = 75 = 74| 420

S (1705121, ) (1 +1VIE+ 020 0 + V] + 1R, ,5) =0

as t — oo, finishing the proof of Corollary 1.2. O

Appendix A. About dimension 2

We obtain here a scattering result near steady states for Equation (1.1) in
dimension 2. This is part of an appendix since its proof is simpler than the case of
dimension 3, apart from a technical issue that was already tackled in [FLLS14, LS14].

THEOREM A.1. — Assume that f and w satisfy all the assumptions as in The-
orem 1.1, except the bound fooo(w + |W’|(r))dr < oo. Then, there exists 6 > 0
such that for all Z, € ©, defined by (A.4) with ||Zy|le, < d, the following holds
true. The Cauchy problem (1.1) with initial datum Yy 4+ Zy has a global solution in

Y 4+ C(R, L2 ,), and what is more, there exist Z+ € L7, , and V € L} , such that
A1) X - V() - W) - S(1)Zs

L2 — 0 as t — +oo.

Moreover, there exists Z+ € LAL? such that
S(—t YWy (Y) = Z. + orarz (1) as t — %oo.

Defining the correlation operators 7y, vy and v+ by (1.11), (1.12) and (1.14) there
holds v+ € &* and:

(A.2) v =58t) (75 +v+) S(=t) + 0s1(1) as t — =+.

We now give its proof. At several locations, we shall go faster and skip details that
are either basic or too similar with the proof in dimension 3. One issue with dimen-
sion 2 is that it is L?-critical. Therefore, winning 1/2 derivatives using homogeneous
Sobolev’s inequalities does not fit the numerology. In other words, even though in
dimension 3, we could prove that Wy (Y') belonged to L7 ,L? which was sufficient to
close the argument, in dimension 2, to use the same type of proof, we should be able
to prove that Wy (Y') belongs to L} , L2, but the scheme we use here provides only

the proof of Wy (Y) in L} ,L?, which is not enough. However, [LS14, Lemma 3 in
Section 4] allows us to prove that W (Y') belongs to Lj L7, and even more : that,
if n+m > 3 then

E (We(Y)Wi(Y))

belongs to L?w. This is the main new technical aspect in comparison with the three
dimensional case.

We provide here a slightly more general proposition than [L.S14, Lemma 3] but
where we dropped the dependence of the constant in n, m. The argument follows
the same line as [FLLS14, LS14], we adapted their proofs to our context.
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PROPOSITION A.2. — Let n,m € N such that n +m > 3. There exists C' such
that for all (A;)1<i<n, (Bj)i1<j<m and (D;)1<i<n, (Ej)1<;<m families of measurable
maps from R to R and all (Vi)1<i<n € (L} )" with real values and all (U;)1<;<m €
(L7 ,)™ with real values, defining:

A(t)

Wy ap:u— (t — —i/ drS(t — ) {V(T)u(T)}) .
D(t)

there holds the inequality:

E (H WUj,Bj,Ej (Y) H WW7Ai,Di<Y)>
i=1

J=1

m n
<CITI e TTHVillz:
j=1 | ’

2
Lt,ac

where the product is the composition of the linear maps Wv; a, p, or Wy, B, ;-

We postpone the proof of Proposition A.2 to the end of this section and continue
with the proof of Theorem A.1. The fixed point problem at hand is slightly different
that the one in dimension 3. This is due to the quadratic term in (1.18) that was
called Q; (defined in (1.22)). To estimate it in L7 ,, one should be able to estimate
Wy (Y) in Lj ,, which is not possible if we keep a second order expansion as in (1.18).
Therefore, we expand further the nonlinear terms in (1.18), injecting the Z equation

in the one for V', and get the third order fixed point problem:
Z = S(t)Zo+WE(Y) 4+ Wy(2)
(A3)  {V =2ReE(YS(t)Z) +2ReE (YW (Y)) + E(1Z]?) + Q2(V)
+2ReE (W (Y)S(t) Zo + YWy (S(1)Z) ) + C1(V) + Ca(Z, V)

where € and Cy are cubic terms given by
C1(V) = 2ReE (Wy (Y)WE(Y) + YWE(Y))
and
Co(2,V) = 2ReE (Wy (Y)W (2) + YWE(Z)).

As in our proof in dimension 3, we state a general proposition listing sufficient
properties in order to obtain Theorem A.1 by solving the above fixed point problem.
This is the analogue of Proposition 3.1. We introduce the trilinearisations:

Cy(V,U, W) = 2ReE (Wy (Y )Wy o Wi (Y) + YWy 0 Wiy 0 Wi (Y))

and

Co(V, U, Z) = 2ReE (Wy (V)Wir(Z) + Y Wy 0 Wyy(Z2)) .
We introduce the following function spaces for the dimension 2:

(Ad4) Oy =LL2nLk, ©z=C(RL},)NL;, L2 and Oy =L},

w,x? t,x - w

Note that they are significantly lighter than in dimension 3 and again than in higher
dimension.
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PROPOSITION A.3. — Assume that the spaces (09, 07,0y ) defined by (A.4)
satisfy the list of the following properties:

Initial datum: ||S(t)Zolle,, [2ReE(Y S(t)Zo)lle, < | Zolley,

Linear invertibility: Ide, — 2ReE(YWy (Y)) is invertible on ©y with con-
tinuous inverse,

Linear continuity of iteration:

|2ReE (W (YV)S()Zo + YWy (S()20))| . S 120l IV Iley

le.

First quadratic term on Z: |[Wy(Z)|le, < |V eyl Z]ley,,

Second quadratic term on Z: ||[Wy o Wy (Y)|le, S IV ey |Ulley
Embedding: ©; x © is continuous embedded in Oy,

Quadratic term on V: [|Qx(U,V)[le, < [[V]ley IU]ley,

First cubic term on V: ||C1(V,U, W)|le, < IV Ilew |Ulley [W ey

Second cubic term on V: ||Co(V.U, Z)|le, S [V lev|Ulley | Z]le,, B
Scattering space: O, is continuously embedded in L} L2, for all A, B € R,

t,x—w’
and V,U € L} , with real values, we have

S HUl(A,B)
LAL2

/ 7 s(=) V()Y (r)]dr

A

L7,
and

[, SEnuE@wiy)n)]ar

S H(fl(A,B)
1212

|V||L§Yz'

L7, |
Then the conclusions of Theorem A.1 hold true.

Proof of Proposition A.3. — We follow the proof of Proposition 3.1.

Step 1. Global existence near Y. — Using all linear and nonlinear estimates
listed in Proposition A.3, one can set up a fixed point argument for (A.3) the very
same way as in Step 1 of the proof of Proposition 3.1. We do not provide the details.
Therefore, the problem (A.3) admits a solution (Z, V') satisfying the global bound:

HZ”C(R,L(%J)MLQ{Q:L?J + HVHLEz < 0.
Step 2. Scattering for random fields. — We have X =Y +S5(t) Zo+ Wy (Y)+
WZ(Y)+Wy(Z). By arguing as in Step 2 of Proposition 3.1, using the Item Scattering
space in Proposition A.3, we have that there exist Z € L? , and Z; € Ly L2 such

that:

S(t)Zo+ Wy (Z) = S(t)ZL + oz (1) and Wy(Y) = S(t)Zs + orarz (1)
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as t — Fo0o. The new term here in comparison with dimension 3 is W2(Y’), and can
be written as:

W)= | S(t = 1) [w s VW (V) () dr

— S(h) <_ /0 s fw V(T)WV(Y)m}dT)

2
Z:I:

[ S(t =) [w V(1) Wy (Y)(7)]dr

+oo

=072 (1)

w, T

where Z2 € L7, , and the o7z (1) are consequences of the second inequality in Item
Scattering space and of the boundedness of @. By writing Zy = Z1 + 72 we get (A.1).

Step 3. Scattering for density matrices. — We now prove (A.2). We only
treat the case t — +o00, and write V instead of w * V' (as @ € L*) without loss of
generality. We write from (A.1) and :

Y= =E(12)(Z| + | 2)(Y |+ |[Y)(Z])} = 7'
+E([Wy (V) (We (V)] + Wy (V) (V] + V) (W (V)] ) } =42
+E([Wy (V) (Z] +|2) (W (V)] )} = 7
where Z = S(t)Z; + R, with || R[22 — 0 as t — co. From this and (7.16) we get:
S(=O7'S(t) = 7} +oex(1), 7h = B(1Z4) (Z4] +125) (Yol + [Yo) (Z4] ) € &

Next, as
/ " S(t — 8)(V(s)Ya)ds = S(¢) ( / t S(—s)V(s)S(s)ds) Y
and E[Yo)(Yo| = v, we get:
S(=OE [Wy(Y)) Wy (Y)]S(t)
_ E’—z’ tS(s)V(s)S(s)dsYo> <—i/{)t5’(—s)V(s)S(s)d8Y0

_ / S(s)ds 0y o /t S(—8)V(s)S(s)ds

and similarly S(—t)E|Wy(Y))(Y[S(t) = —i 3 S(—s)V(s)S(s)ds o ;. Using (7.1)
with ¢ = 2 we get:

o0

/Ot S(—s)V(s)S(s)ds = iWy, 4 — /t S(—s)V(s)S(s)ds
=Wyt +oe(l), Wy illgs S IV Iezze-
From the two previous identities, the above bound, (7.3) and (7.2) we have:
S(=t)7*S(t) = 7% + 0es(1),
72 = E(|Wy, £ Yo) (Wy 2 Yol + [Wr, £Y0) (Yo| + |Yo) (W, 1Yo ) € &%,
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Finally, combining the above identity and bound for [ S(—s)V (s)S(s)ds with (7.16),
using (7.3) with 1/4 +1/2 = 3/4 gives:

4

S(=07°5(t) =1 + 04 (1), 2% =E([Wy Yol (Z4] +124) (W1 o] ) € &7
Collecting the above identities for 4!, 4* and ~*, noticing that v, = v} +~3 + 2
from (1.14), and using (7.2), proves the last part of the Theorem. O

We can now give the proof of Theorem A.1.

Proof of Theorem A.1. — . Thanks to Proposition A.1, to end the proof of Theo-
rem A.1 we only need to check that (0¢, Oz, Oy ) defined by (A.4) satisfy the list of
properties listed in this Proposition.

Item Initial datum comes from Strichartz estimates, that ensure that

15 Zolle, < 1%l Lz,

and duality. Indeed, let U € Lix real valued, we have

(U.2ReE (VS(1)20)), =2Re </]R S(=t[Uy ), ZO>

T, w

By Holder’s inequality, we have

‘<U,2ReE (YS(t)ZO»t’x‘ <2

Lseolvayla) 1zl
The inequality

<0l

/R S(—t) [Tty (1)) at

follows from Item Scattering spaces that we prove later on.
Item Linear invertibility corresponds to [LS14, Proposition 1 and Corollary 1].
We can deal with Item Linear continuity for iterate by duality. Indeed, We have
for all [|U]|2 =1,

Ll

(VB (W )s(0)2)), , = < /0 T S(=h) [U(t)WV(Y)},ZO>I )

<|[["seopew | 1z

We compute that for the first term above:

2

| sen[umwy )]

([ scaloemme). [~ s uemme)])
= [Tar{[pomv o], [ st - e e)])

T, w

T, w
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Applying Hoélder inequality, one gets within the range of application of Proposi-
tion A.2

< B (T [T s - 9 [uemwy )

= | (W ) Wo, e, 0 Wi (Y))

2
Lt,x

L2

t,x

<NUllez IVIE: = IV .

Item First quadratic term on Z comes from Strichartz estimates and Christ—Kiselev
lemma.
For Item Second quadratic term on Z, the inequality

Wy o Wolgs sa S Ve 1012z
follows from Proposition A.2. The inequality
Wy o Wo(W)llea,zzy S IVl NNz,

R7 LE),CE

follows from Item Scattering spaces that we prove later on.

Item Embedding follows from the definition of the spaces and Hoélder’s inequality.

Item Quadratic term on V can be dealt with in the same way as in dimension 3
(see [LS14]).

Item First cubic term on V follows from Proposition A.2.

Item Second cubic term on V follows from Proposition A.2 and by duality. Indeed,
let a test function ¢ € L7 ,. We have

(0.C(v.0.2)) =1+11
with
1= (6,2ReE (Wy (V)Wo(2))

t,x

and
I1={¢,2ReE (YWy 0o Wy(2)))

t,x
We can rewrite [ as (where Id is the mapping ¢ — t)
I'=2Re(Wy 14,00 o Wy (Y),wxUZ)
and thus, by Holder’s inequality,
11 < 20 Wa0,00 0 Wo(Wll gy s 0 Ul 1121152 1z

t,r,w

Above, one has by Proposition A.2 and since w € L*°:
[Wao.000 WoWllgg gz SIWz VI s Ulls . S 101z
which concludes the estimate on /. We estimate I1 similarly. We have the identity
IT=2Re(w=*V,Wig,00 0 Wy 10,00(Y), 0w xUZ), .
By Holder’s inequality, we get
11) < 2] Wonvita,00 0 Woa e V) g sz 0 Ullz 12111z
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We use Proposition A.2 to get
[ W, 1d, 00 © VV(;S,Id,OO(Y)HL;1 L2 S HVHszHWHL?Z

which concludes the estimate on I1.
We finally prove Item Scattering spaces. Let V € L?
We have

and VA,B = ]-te(A,B)V-

, T

/A 7 s(=n) V()Y (r)]dr = /

R

S(=7)|[Va s(1)Y (1) dr.

By Lemma 4.6, we have

2 2
E (/AB S(=m) [V (r)Y (r)]dr ) :/ de|f(€) TVWVa (7)dr
Therefore,
B 2 2
/A S(—n) V()Y (r)]dr e S / de| £ (¢ / Se(=)Vas(r)dr|
By Sobolev’s inequality, we have
B 2
/. s=n) [V(T)Y(T)]dT S S [ &l ©F| [ Se(=r)Va s(r)ar e

By repeating the proof of the 1/2 regularity gain in (4.9), we get the first inequality
of Item Scattering spaces

/B S(—7) [V(T)Y(T)}dT < G HVABHL?’Z.

4 LiL2

We now prove the second inequality of Item Scattering spaces, namely that

B
I = /A S(—7) [VWU(Y)}dT N ”VA,BHsz ”UHfo
L2 ’

T, w

We have the identity
</ drS(—m)\Va (7 /dsS )V s( )WU(Y)(3)>
= /]R dr /]R ds 5(3—T)VA,B(T)WU(Y)(T),vA,B(s)WU(Y)(s»

We recognise above

— [ ds (W oo 0 WY ), w5 Vi ()W (Y )(5))

T, w

T, w

T,w
and thus

72 = <E (WW) o WU(Y), W * VA,B>

—00,00,w*xVa, B s,

By Holder’s inequality and Proposition A.2, we get the result. O
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To end the proof of Theorem A.1, there remains to prove Proposition A.2. We
follow the lines of [FLLS14]. We first need a technical Lemma. We introduce a new
set of notations. Let t = (1, ..., t,) and s = (s1, ..., S;,) and set

Ty (to, 1) H]-t € [Dilti—1), Au(tioa D]

1=1

T5(so,8) = H Ls; €(B(sj-1), B;(s-1)]

i=1

T(t,s,t) =Ti(t,t)Ts(s,s).

For all V € L7 ,, we set
V(t) =StV (t)S(t)
and define
= H Vj(tj) H m+1—j 3m+1 ])
=1 j=1

LEMMA A.4. — We have, for p {SW1'7|f|2W2S*} the diagonal of the kernel of
SWl’nﬂQWQS*I

E (H Wu,. 5, 5,Y) 1 WVi,Ai,Di(Y))
=1

— (=) /R L dsdtT(t,5,1)p [S()W (D)2 Wa(s)S(—1)]

Proof. — By definitions of Wy, 4, p,, 71 and Wy, and since Y (t) = S(t)Y (t = 0),
we have that:

n

1T Wy, 4, 0,(Y)(t) = (=)™ | dtTy(t,t)S (f[ ) =0)

j=1 Rn -1

= (=) | dtTi(t,t)SEt)W1(t)Y (t = 0).

]Rn

Note that for all 1 < j < m, s; € R, the operator U;(s;) is self-adjoint in L2.
Therefore, we have

(f[ ﬁj(sj)> f[( m+1—j Sm+1 ]))*:Wg(ﬁ).

Consequently, we can write:

T Wo, 5,5, (V)(0) LT War a0 (V)0

j=1 i=1

=i"(=i)* [ T OBt )SOWHOY = 0SOW (1Y (1 = 0)
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Note that the right hand side is the diagonal of the kernel of the operator:
SWY (t = 0)SW,Y (t = 0) = p[|SWy (Y (t = 0)) )(SW3(Y(t=0))]],
o[ (V= 0)) (e - )

where the ket-bra notations are taken in L2. Recalling E(|Y (¢t = 0))(Y(t = 0)|)
= 7yp2, that W; and W5 do not depend on the random variable, and that 1175 =T
we get the desired result:

E (ﬁ WUijjij (Y) ﬁ WV’LyAi,Di(Y))

j=1 i=1

— ()" /R dsdtTy (1, )T (t, )E (SOW5 )Y (£ = 0)S(OWa (1) (t = 0)
— ()" /Rmﬂ dsdtT(t, s, t)p

E (S@WL0)](v (= 0)){(Y(t=0))|[Was)S(~1))]
= (i) [ dsdtT(t 5,0 [SOW e Wale)S(—1)] . T

Proof of Proposition A.2. — We proceed by duality. The core of the argument
is the use of inequalities in Schatten spaces, and convolution type inequalities on
the real line. Let a test function V &€ Lix. By separating between non-negative and
non-positive parts for V,V;,U;, 1 <i < n, 1 < j < m, we can assume V,V;,U; all
have constant sign, for example all non-negative. We bound

11| =

<VJE (ﬁ Wu,, B, 5;,(Y) ﬁWw,Ai,Di(Y))> :

j:m =1

First note that by cyclicity of the trace:
(V (1), p [SE)W1 ()92 Wa(s)S(=1)]) = Tr [V(£)SE)Wy ()72 Wa(s)S ()]

— Tr [f/(t)Wl (t)'y|f|2W2<§>] '

T

Therefore, by the above identity and Lemma A.4 we have the following expression:

1] =

~/Rm+n+1 dtdtd§T(t7§a z) Tr (V(t) Z:l—[1 ‘71<t1)7|f|2 H ﬁm—i—j—l (Sm—i-j—s)) |

=1

Tr (V(t) ﬁlfé(ti)w ﬁlﬁj(sj)) |

< / dtdtds
Rm+n+1

where we made the abuse of notation of replacing U, ;_1(smy;-s) by U;(s;) in the
last line since the order does not matter. Because V, V;, U; are non-negative, we have
that

V(t)= V() Vi(ty) = Vi2(t) and Uj(sy) = U;%(s))

J
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forall 1 <i¢<nand1l<j<mandallt;,s;. Indeed,

—_—~ 2

VI2(t) = S(—)VY2#)SH)S(—t)VY2()S(t) = V(¢).
By cyclicity of the trace, we have

-~ — n—1 —~—
T fo didtds T (Vl/?(t)vf”(tl) I (W(ti)vii/f(tm))
- —~— m—1 —_—— —~ e~
Va2t U1 (51) (U}/2<sj>U;ﬁ<sj+1>) w2 (sm) V(1 >)
j=1

Writing to = t, tys1 = 51, ., bysm = Sm and Vo =V, Vi = Us, -, Vo = U,
we get
(A2, 2
[ < —— dto e dtn+m TI‘ <Z];[O (‘/; (tz)‘/;+1 (tz—f—l))
—~— n+m—1 o o
Va2 (t) 2 Vld () 11 (vim(ti)%i/f (tiﬂ)) V2 o |
i=n-+1

By Holder’s inequality applied to Schatten spaces, we get

1/2 1/2
< .
g h ]Rn+m+1d di H_l <tz+1) Gn+m+1
/;/ 1/2
|v/< Vi (e
6n+m+1
iy ER YN 1/2 T/E/
IT Vi ()Vidi (tisa) Vi (bngm)Vo " (t0)
1=n-+1 6'n+m+1 6n+m+1

Since n +m + 1 > 4, we have

1 2 1/2
A, H—/l (tiy1)

I < dt

Rn+m+1 64
Py 1/2 iy 1/2 1/2
|vn eVl )| T V0V (i)
&4 i=n+1 G4

V2 (i) Vi 2 (k)

G4

Using [FLLS14, Lemma 1 p 10], we get

‘/zi-/f (tiv1)

|VS/ Vit ()| S | e
&t [ti — tisa]
that is
= Vit Vi (i)l

1/2 1/2
V() VAT (i) /s

7

&t ti — tisa]
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Using [LS14, Lemma 4 p 18], we have

485

— 1/2 1/2
12 172 V@)l 2 Vo (Enga) 1l 2
eVl )| S ol (el
G4 |tn - n+1|
Summing up, we get
n+m n+m—1 12 172
I < C’h I d dtn—i—m H HV HL2 g) |tz - tz’+1| ’tn+m - tO‘ .
Write v;(t;) = ||Vi(:)|| L2 such that
n+m n+m—1 1/2 12
I < Ch A— dto Ce dtn—i—m g) ’Uz(tz) Z];E |tz — tz‘+1| ’tn-l—m — t0| .
Let
n+m n+m—1 12 1/
J = S dto . dtn+m Zl;l(:) Uz(tl) g ’tz — ti+1| ‘tn—l—m — t0| .
We have that
n+m n+m 12
J = S dto e dtn+m+15 (tn+m+1 — to) H Uz(tz) H ‘tl — ti+1‘ .
In other words, J is the integral of the diagonal of
n—+m n—+m 12
g (to, tn+m+1) = ‘/Rner dtl Ce dtn+m H Uz(tz) H |tz - ti+1| .
=0 =0

Therefore J is the trace of the operator I' with integral kernel

g(t07 Zfner+1>'

|—1/2

Writing 7 the convolution with [¢ and y; = v;7y, we get that

n+m

=0

By cyclicity of the trace, we have

n+m
TrI'="Tr ( H 71/2%71/2) .

=0

By Holder’s inequality applied to Schatten spaces, we get

nr < ] 2]
=0

Gntm+1’
We have
H’Yl/%ﬁl/z‘ i H,yl/2 1/2‘ sty
Because n +m +1 > 3 > 2, we have 2(n 4+ m + 1) > 4, and therefore,
720 e < 0 g, -
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Using [FLLS14, Cwikel’s inequality as in p 17|, we get

1/2,1/2 1/2 . 1/2
et g < ot = 10
Finally
n+m
1< T Vil
i=0 '
which concludes the proof of Proposition A.2. O

Appendix B. Technical results

We provide here basic results on the Wiener integral for unfamiliar readers. The
Wiener integral associates to each f € L*(R?) a complex centred Gaussian variable
X denoted by [gs f(£)dW () with variance [gs |f[*d€. Tt is an isometry onto its
image in L?(2) since:

By [ XX =E( [ 7©Qaw(©) [ 9@ (©) = [ Fe)g©de.

The existence of a probability space with random variables X (w) for each f € L*(R?)
satisfying the above correlation relations requires no additional information and
follows from the application of Kolmogorov’s extension theorem. A Gaussian random
field on R? requires however to make sense of an infinite number of Gaussian variables
simultaneously, at each points of space. Measurability issues are then coped with by
appealing to separability, and it is relevant to have an explicit construction instead
of this abstract theorem, to cope with measurability issues. Here, we take ) a space
with a sequence g; : 2 — C for ¢ € N of centred normalised independent Gaussians.
We take (e;);en a basis of L?(R3) and define for f € L?(R3):

(B2 Xw) = 3 ([ 1©ae)de) gite).

1€N

The above construction is well defined and satisfies (B.1) for finite sums f(§) =
" ae;(€), and so does its extension to L?(IR?) by isometry. It allows us to prove
standard Fubini-type results of commutation between a Lebesgue and a Wiener
integral used in this paper.
The reason we choose not to use this notation throughout the paper is that it
requires to fix a basis of L2, which makes the notations heavier. Nevertheless, by

fixing
Y, = Z <f6—it<m+|§|2)+ix~§, €i>L2 7

(2) we get the same result and indeed the same results for explicit computations.

LEMMA B.1. — For any f € L?*(R3 x R3) there holds:
(B.3) s ([, £ ©) @ = [ (SONE D) (©)

(2) and indeed, one may check that this formula is satisfied for g; = [ei(§)dW (&)
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For any f € L'(R", L*(R?)) there holds:

o [ ([ rwoaw©)dy= [ ([ fw.od)ave.

Proof. — Let f € L*(R® x R3). Thanks to the explicit construction (B.1), (B.2)
and a density argument, [ps f(&, z)dW () is well defined, measurable, with

|/ raw

Hence almost surely ([ f(&,)dW (€))(w) belongs to L*(R3) so the left hand side
of (B.3) is well defined as the free evolution of an L? function. Since ||S(¢) f|| 2(rs x r3)
= || fllL2(m3 x &3y by Parseval, we get as previously that the right hand side of (B.3)
is well defined as an L*(R3 x Q) function. To show the equality (B.3) of the two
constructions, we therefore only need to show it for a dense subset of L*(R? x R3?)
and the conclusion follows from density and isometry. The proof is then ended by
considering the subset of finite sums f(&§,2) = Y5, fi(z)e;(§) with (fi)1<i<n €
L*(R?) since:

= || fllL2(s x r3)-
L2(R3 x Q)

The second equality can be proved very similarly, and is left to the reader. 0

We finally recall standard Strichartz estimates in dimension three, and their ex-
tension via Christ-Kiselev’s Lemma. We refer to the textbook [Tao06] for additional
information.

LEMMA B.2. — Assume 0 < s < 3/2 and 2 < p,q < 00, satisfy

2 3 3
B.5 -+ - == —3s.
(B.5) PR

Then the following holds true for a constant C' = C(s,p,q), for any uy € H;
(B.6) 15 uoll pra neyrry < C lluoll g -

Moreover, for any p,q and p, q satisfying (B.5) with s = 0, for any f € Lf/Lgl where
P, q are the Holder conjugate exponents of p, :

(B.7)

/]R S(t — s)f(s)ds

< "
LPLINGLE CHfHLi’/Li/
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