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RESUME. — Nous démontrons des analogues au théoréme de la section hyperplane de
Lefschetz pour I’homologie tropicale entiére d’hypersurfaces tropicales dans des variétés toriques
tropicales. Nous en déduisons que les groupes d’homologie des hypersurfaces tropicales non-
singuliéres compactes (ou contenues dans R™) sont sans torsion. Nous en déduisons également
une relation entre les coefficients du genre x, des hypersurfaces complexes dans les variétés
toriques et les caractéristiques d’Euler des complexes de chaines cellulaires tropicales des
hypersurfaces tropicales. Il s’ensuit que les groupes d’homologies tropicales & coefficient entier
ont pour rang les nombres de Hodges d’hypersurfaces compactes non-singulieres dans des
variétés toriques complexes. Finalement pour les hypersurfaces tropicales dans certaines variétés
toriques affines, nous relions les rangs de leurs groupes d’homologie tropicale aux nombres de
Hodge—Deligne des hypersurfaces complexes correspondantes.

1. Introduction

Tropical homology is a homology theory with non-constant coefficients for polyhe-
dral spaces. Itenberg, Katzarkov, Mikhalkin, and Zharkov, show that under suitable
conditions, the Q-tropical Betti numbers of the tropical limit of a family of complex
projective varieties are equal to the corresponding Hodge numbers of a generic mem-
ber of the family [IKMZ19]. This explains the particular interest of these homology
groups in tropical and complex algebraic geometry.

In this paper we consider the integral versions of tropical homology groups for
hypersurfaces in tropical toric varieties. The (p,q)" tropical homology group of
a rational polyhedral complex Z is denoted H,(Z ;FPZ ) and the Borel-Moore ho-
mology group is denoted H, f Mz }"pZ ). To avoid ambiguity we will often also refer
to Hy(Z;F}) as a standard tropical homology group. When a rational polyhedral
complex Z is compact then Hy(Z; F7) = HPM(Z; F/). These homology groups are
defined in Section 2 as the cellular tropical homology groups [KS17, MZ14]. For a
comparison between cellular homology and singular homology, see Remark 2.20.

Our main goal is to prove that these homology groups are torsion free for a compact
non-singular tropical hypersurface in a compact non-singular tropical toric variety.
The road to the proof of this statement is quite similar to the one followed to
prove that the integral homology of a complex projective hypersurface is torsion
free. Namely, in order to prove that the integral tropical homology groups are
without torsion, we first establish a tropical variant of the Lefschetz section theorem.
Ultimately however, the techniques used in the proofs are quite different from the
complex setting, since we are working with polyhedral spaces instead of algebraic
varieties. Also notice that in the tropical version of the Lefschetz section theorem
stated below the tropical hypersurface is not required to be compact. However, the
tropical hypersurface is required to be combinatorially ample in the tropical toric
variety, see Definition 2.5. For the notion of cellular pair see Definition 2.7 and for
the notion of parent face see Definition 2.9.

THEOREM 1.1. — Let X be a non-singular and combinatorially ample tropical
hypersurface of an n + 1 dimensional non-singular tropical toric variety Y. Then the
map induced by inclusion

iv: HPM (X, F) — HPM (Y F))
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is an isomorphism when p + q¢ < n and a surjection when p + q = n.
If additionally, the pair (Y, X) is a cellular pair and every parent face of a compact
face of Y is compact, then the map induced by inclusion

is: Hy (X; FX) — Hy (Y3 F))
is an isomorphism when p + q < n and a surjection when p + q = n.

Tropical homology with real or rational coefficients is the homology of the cosheaf
of real vector spaces F, ® R or F, ® Q, respectively. Theorem 1.1 holds in the
case of tropical homology with real coefficients when we remove the assumption
that the tropical hypersurface X is non-singular, provided that the tropical toric
variety Y is non-singular, combinatorially ample and also that X is proper in Y, see
Definition 2.3. Below we state the theorems in the case of real coefficients.

THEOREM 1.2. — Let X be a combinatorially ample tropical hypersurface of an
n + 1 dimensional non-singular tropical toric variety Y such that X is proper in Y.
Then the maps induced by inclusion

iv: HPY (X, F @R) — HPM (Y F) ®@R)
are isomorphisms when p + q¢ < n and surjections when p + q = n. If additionally,

the pair (Y, X) is a cellular pair and every parent face of a compact face of Y is
compact, then the maps induced by inclusion

is: Hy (X; X QR) —» H, (Y; F) ®R)
are isomorphisms when p + q¢ < n and surjections when p + q¢ = n.

The above theorem in tropical geometry is inspired by the Lefschetz hyperplane
section theorem in complex algebraic geometry. When a toric variety is embedded by
way of a very ample line bundle, a hyperplane section of this embedding corresponds
to a hypersurface in the toric variety. Applying the classical Lefschetz hyperplane
section theorem in this situation relates the homology of the hypersurface to that of
the toric variety in a way analogous to the tropical theorem stated above.

Adiprasito and Bjorner present tropical variants of the Lefschetz hyperplane section
theorem in [AB14]. Their theorems relate the tropical homology with real coefficients
of a non-singular tropical variety X contained in a tropical toric variety to the tropical
homology groups of the intersection of X with a so-called “chamber complex”. A
chamber complex is a codimension one polyhedral complex in a tropical toric variety
whose complement consists of pointed polyhedra, in particular it need not to be
balanced. Adiprasito and Bjorner first establish some topological properties of filtered
geometric lattices and then use Morse theory to prove their tropical versions of the
Lefschetz theorem. The proof we present here does not utilise Morse theory but
instead proves vanishing theorems for the homology of cosheaves that arise in short
exact sequences relating the cosheaves for the tropical homology of X and the
ambient space. Furthermore, we relate the integral tropical homology groups of a
non-singular tropical hypersurface with the integral tropical homology groups of
the ambient tropical toric variety. Another result which follows from the Lefschetz
section theorem for the integral tropical homology groups of hypersurfaces is that
under the correct hypotheses on the ambient space these homology groups are torsion
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free. At the end of the introduction we discuss the implications of torsion freeness
to recent results on the Betti numbers of real algebraic hypersurfaces arising from
patchworking.

The tropical (co)homology groups with integral coefficients of a non-singular trop-
ical hypersurface satisfy a variant of Poincaré duality [JRS18]. Using this we deduce
in Section 4 that the tropical homology groups of a non-singular tropical hypersur-
face in a non-singular tropical toric variety which satisfy the assumptions below are
torsion free, as long as the homology of the tropical toric variety is also torsion free.

THEOREM 1.3. — Let X be a non-singular and combinatorially ample tropical
hypersurface in a non-singular tropical toric variety Y such that (Y, X) is a cellular
pair and every parent face of a compact face of Y is compact. If the tropical homology
groups H,(Y; F,) are torsion free for all p and ¢, then both the Borel-Moore and
standard tropical homology groups of X are also torsion free.

Proposition 4.1 proves that the tropical homology groups H,(Y; F,) of a compact
non-singular tropical toric variety are all torsion free. If Y is a non-singular trop-
ical toric variety which is not necessarily compact, and for all p and ¢ the groups
H,(Y;F,) are torsion free, then so are the Borel-Moore groups H, fM (Y; F,). This
is proved in the proof of Theorem 1.3.

COROLLARY 1.4. — IfY is a compact non-singular tropical toric variety and X
is a combinatorially ample non-singular tropical hypersurface in Y, then all integral
tropical homology groups of X are torsion free.

COROLLARY 1.5. — Let Y be a non-singular tropical toric variety associated to
a fan whose support is a convex cone and such that the complex toric variety Y is
quasi-projective. Let X be a combinatorially ample non-singular tropical hypersurface
in Y such that (Y, X) is a cellular pair and every parent face of a compact face of
Y is compact. Then both the standard and Borel-Moore integral tropical homology
groups of X are torsion free.

COROLLARY 1.6. — The tropical homology groups of a non-singular tropical
hypersurface in R"*! are torsion free.

The above theorem and corollaries follow from the tropical Lefschetz section theo-
rems established here for hypersurfaces. That is why we require in Theorem 1.3 that
(Y, X) be a cellular pair, the assumptions that the hypersurface X is combinatorially
ample in Y, and that every parent face of a compact face of Y is compact. We do
not know if these assumptions are necessary, or if an alternate more direct proof
of torsion freeness exists. In Corollary 1.6, there is no assumption that (R"™! X)
is a cellular pair. This is because if the Newton polytope of X is full dimensional
then (R""!, X) is a cellular pair. If not, then X is a product R¥ x X’ for a tropical
hypersurface X’ in R"*'=* which has full dimensional Newton polytope. Then we
can apply the Kiinneth formula for tropical homology [GS19, Theorem B]| to the
product and obtain that the tropical homology groups of X are torsion free.

Question 1.7. — Are the integral tropical homology groups of any non-singular
tropical hypersurface of a tropical toric variety torsion free?
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In Section 5, we first find that the Euler characteristics of the cellular chain com-
plexes for Borel-Moore tropical homology of a non-singular tropical hypersurface
give the coefficients of the x, genus of a torically non-degenerate complex hypersur-
face with the same Newton polytope (see Definition 5.1 for the definition of torically
non-degenerate). The Hodge-Deligne numbers of a complex variety X¢ are denoted
by h?4(H*(X¢)) (see for example [DK86]).The coefficients of the x, genus of X¢
are given in terms of the numbers

RA(Xe)so F 11 (HACKE)

k
and the x, genus is then defined as

Xy(Xe) = b (Xe)y”
P,q
THEOREM 1.8. — Let X be an n-dimensional non-singular tropical hypersurface
in a non-singular tropical toric variety Y. Let X¢ be a complex hypersurface torically
non-degenerate in the complex toric variety Y such that X and X¢ have the same
Newton polytope. Then

and thus

From the above theorem we obtain an immediate relation between the dimensions
of the R-tropical homology groups of a tropical hypersurface and the y, genus of
corresponding complex hypersurface. Namely, in the situation of the above theorem

we have
n n

(1.1) (1P Y rank HPM (X; FY) = Z
q=0 q=0
We combine the results from Section 4 and Equation (1.1) to calculate the ranks
of the tropical homology groups of non-singular tropical hypersurfaces in compact
tropical toric varieties in Corollary 1.9.

COROLLARY 1.9. — Let X be a non-singular and combinatorially ample compact
tropical hypersurface in a non-singular compact tropical toric variety Y and assume
that X has Newton polytope A. Let X¢ be a torically non-degenerate complex
hypersurtface in the compact complex toric variety Y also with Newton polytope A.
Then for all p and q we have

dim H”?(X¢) = rank H, (X; F,) .

In the situation of Corollary 1.5, if the toric variety is affine and constructed from
a fan whose support is a convex cone of maximal dimension, we also determine the
ranks of the Borel-Moore tropical homology groups of tropical hypersurfaces in terms
of the Hodge—Deligne numbers with compact support of complex hypersurfaces in
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Corollary 5.2. In Corollary 5.3, we again apply Theorem 1.8 to compute the ranks
of the Borel-Moore tropical homology groups of tropical hypersurfaces in the torus.
Our main motivation establishing torsion freeness of the tropical homology groups
of tropical hypersurfaces and a relation between their ranks and the Hodge—Deligne
numbers of complex hypersurfaces comes from a recently established relation be-
tween the Zs-tropical homology groups of tropical hypersurfaces and Betti numbers
of patchworked real algebraic hypersurfaces. In the theorem below H,(X;F%%?)
denotes the tropical homology groups considered with coefficients in Zy := Z/27Z.

THEOREM 1.10. — [RS18, Theorem 1.5] If V' is a non-singular real algebraic
hypersurface in a toric variety obtained from a primitive patchworking of the tropical
hypersurface X equipped with a real structure then for all ¢ we have,

dim X

by(RV) < > dim H, (X; F%).
p=1
When the integral tropical homology groups are torsion free then we have
rank H, (X;]:;() = dim H, (X;}";(’Zz)

for all p and ¢. This together with Corollaries 1.9 and 5.3 allow the bounds in
Theorem 1.10 on the Betti numbers of the real points of a patchworked algebraic
variety to be written in terms of Hodge—Deligne numbers of the complexification.
For instance, one obtains the following result, conjectured by Itenberg around 2005,
and later appeared in [Itel7].

THEOREM 1.11 ([RS18, Theorem 1.4]). — Let V be a real hypersurface in P"*!
arising from a primitive patchworking. Then for any integer ¢ = 0,...,n we have

7.0 for g = n/2
b (RV) < h (fCV) or q n/ ,
h®"=4(CV') + 1 otherwise.
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2. Preliminaries
2.1. Tropical toric varieties
In this text we will always use the standard lattice Z"*! < R"*!. The tropical
numbers are T = [—o0,4+00). We equip the set T with a topology so that it is

isomorphic to a half open interval. Tropical affine space of dimension n is T™ and is
equipped with the product topology.
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In algebraic geometry over a field a rational polyhedral fan in R"*! produces
an n + 1 dimensional toric variety, see for example [Ful93]. The same fact is true
in tropical geometry. Given a rational polyhedral fan in R"*! we can construct a
tropical toric variety, see [MS15, Section 6.2], [MR18, Section 3.2]. We will briefly
recall this construction. Let 3 be a rational polyhedral pointed fan. For any cone p of
¥, denote by L(p) the subspace of R"™! spanned by p, and set Lz(p) := L(p) n Z"**.

DEFINITION 2.1. — The tropical toric variety associated to the fan X is the set

Y= | | R"/L(p),

peEX

equipped with the topology from [MR18, Remark 3.2.5] and [Pay09, Section 3|, which
is the unique topology satisfying

e The inclusions R""!/IL(p) < Ys are continuous for any cone p € X.

e For any v € R" and any v € R""! the sequence (z + nv),cy € R
=~ R""/IL(0) converges in Yy if and only if v is contained in the support of
the fan 3.

Given a toric variety Y and a cone p of the associated fan, we denote by Y, the
stratum R™™ /IL(p) = Y (using the same notations as above). A rational polyhedral
fan X is simplicial if each of its cones is the cone over a simplex. A simplicial
rational polyhedral fan is unimodular if the primitive integer directions of the rays
of each cone can be completed to a basis of Z"*!. Just as in the case over a field,
a tropical toric variety is non-singular if it is built from a simplicial unimodular
rational polyhedral fan, The tropical toric varieties considered in this text are always
non-singular. A tropical toric variety is compact if and only if the corresponding fan
is complete.

A tropical toric variety Y has a stratification and the combinatorics of the strat-
ification is governed by its fan . A stratum of dimension k of Y corresponds to
a cone p of dimension n + 1 — k of X. We denote the vertex of the fan by py and
the corresponding open stratum of Y by simply Y. For any point y € Y, the order
of sedentarity of y, denoted sed(y), is defined to be the codimension in Y of the
stratum containing .

A tropical toric variety is naturally equipped with a lattice on each stratum. More
precisely, the stratum Y, is equipped with the lattice Z"™/Lz(p). When p is of
dimension k, there is a lattice preserving isomorphism of vector spaces Y, = R+1—k,
For two cones p and p’ of ¥ we have Y,, < Y, if and only if p is a face of p’ in 3. If
p is a cone of 3, then there is a projection map m,: R**' — Y,. If p/ is a face of p in
the fan 3, then L(p') < L(p) and there is a projection map 7y ,: Y, — Y.

Example 2.2. — The tropical projective space TP" is the tropical toric variety
constructed from the fan consisting of cones

Rype +- +Rypey,,
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Figure 2.1. The tropical projective plane TP? on the left and its normal fan on
the right.

for all {iy ---ix} & {0, ---, n}, where ey, --- e, is the standard basis of R" and
eo = — > p_; €k 1t can also be described as the quotient
T\ (o0, ..., —0)
[o: -t xp] ~[a+ao: -+ a+xy,]

where a € T\ — o0. The stratification of TP" can be described using homogeneous
coordinates. For a subset I < {0,...,n} define

TP} = {z € TP"|z; = —o0 if and only if i € I} .

The set TP} corresponds to the cone
Z ]R; 06€;-

The order of sedentarity of a point z = [z : -+ : z,] € TP" is
sed(x) = #{i | z; = —0}.

A rational polyhedron in a tropical toric variety Y is the closure in Y of a rational
polyhedron in some stratum Y,. A rational polyhedral complex Z in'Y is a collection
of rational polyhedra in Y such that Z n'Y, is a rational polyhedral complex in
Y, = Reedim? for every cone p of 3 and satisfying:

(1) for a polyhedron o € Z, if 7 is a face of o, which is denoted 7 — o, we have
TE
(2) for o,0' € Z, if T = 0 n ¢’ is non-empty then 7 is a face of both ¢ and o’

A rational polyhedral complex Z’ is a subpolyhedral complex of Z if any polyhedron
of Z' is a polyhedron of Z. For a polyhedron ¢ in Y we define sed (o) to be sed(y) for
any y in the relative interior of . This is a generalization of the notion of sedentarity
from [BIMS15, Section 5.5] to tropical toric varieties beyond TP"™'. Two rational
polyhedral complexes are combinatorially isomorphic if they are isomorphic as posets
under inclusion.

DEFINITION 2.3. — A rational polyhedral complex Z is proper in Y if for each
cell o and each cone p such that o Y, # &, one has dim(c nY,) = dim(co) —dim(p).

If 0 is a polyhedron in Y which is the closure of a polyhedron in Y, then o nY, # &
if and only if the recession cone of ¢ intersects relint(p) [OR13, Lemma 3.9]. The
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same lemma also shows that if 0 nY, # ¢J, then 0 nY, = 7,(c N Y). In particular,
this implies that all faces in the closure in Y of a rational polyhedral complex in Y
are again rational.

Therefore, if a rational polyhedral complex Z is proper in Y and o is a face of Z
such that relint o < Y, where p # 0, there exists at most one face of sedentarity 0 of
7 of dimension dim ¢ + dim p containing o as a face. This is because if Z is proper in
Y any face of sedentarity 0 intersecting Y, in o must be contained in a unique affine
subspace of Y of dimension dim o + dim p. If there are two distinct faces of Z with
sedentarity O intersecting Y, in o their intersection is also of dimension dim ¢ +dim p.
Since Z is a rational polyhedral complex the intersection of these two faces must
then be a face of Z so it is one, and hence both, of the faces.

2.2. Tropical hypersurfaces

A tropical hypersurface X in R™"! is a weighted rational polyhedral complex of
codimension one which satisfies the balancing condition well-known in tropical geom-
etry. Any tropical hypersurface in R"*! is defined by a tropical polynomial [MR18,
Theorem 2.4.10]. As a rational polyhedral complex, a tropical hypersurface X is dual
to a regular subdivision of the Newton polytope of its defining polynomial, and this
subdivision is also induced by the polynomial. A tropical hypersurface X in R™**! is
non-singular if it is dual to a primitive regular triangulation of its Newton polytope.
In this case, the weights of all top dimensional faces of X are equal to one. For the
definitions and properties of tropical hypersurfaces in R"*! and the dual subdivisions
of their Newton polytopes we refer the reader to [MS15, Chapter 3] and [BIMS15,
Section 5.1].

DEFINITION 2.4. — A tropical hypersurface X in a tropical toric variety Y of
dimension n + 1 is a weighted rational polyhedral complex in Y which is the closure
of a tropical hypersurface X, < R""!. The weights on top dimensional faces of X
are inherited directly from X,. A tropical hypersurface X is non-singular in Y if for
every open toric stratum Y, the intersection X, := X n'Y, is a non-singular tropical
hypersurface in Y, =~ Rr+1=dimp,

In particular, if X is non-singular in Y, then X, := X nY), is of dimension n—dim p
and X is proper in Y. Moreover, there is a tropical polynomial f, defining X, and
X, is dual to a primitive regular triangulation of the Newton polytope of f,. We
always consider the polyhedral structure on X n R"*! which is dual to the regular
subdivision of its Newton polytope.

When considering a tropical hypersurface X contained in a tropical toric variety
Y, we always use the polyhedral structure on Y obtained from refining by X.

Let v be a polyhedron of dimension s and sed(y) = 0 in a tropical toric variety Y.
For each cone p in the fan ¥ defining Y, set v, := v n'Y, and define

~° = |_| relint v,.
p
If we assume that v intersects the boundary of Y properly, a face o of 4° of dimension
q is necessarily of sedentarity order sed(c) = dim~y — q.
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To prove the tropical version of the Lefschetz hyperplane section theorem we require
the following additional assumption on X. With the exception of Theorem 1.8, we
will always require that X is combinatorially ample in Y.

DEFINITION 2.5. — A tropical hypersurface X in an n + 1 dimensional tropical
toric variety Y is combinatorially ample if for every face v of dimension n + 1 of Y,
considered with the refinement given by X, the rational polyhedral complex ~° is
combinatorially isomorphic to a product of copies of T and R.

Suppose that a tropical polynomial f defines a non-singular tropical hypersurface
Xo in R, If the Newton polytope of f is full dimensional and the dual fan of the
polytope defines a non-singular tropical toric variety Y, then the compactification
of Xy in Y is non-singular and combinatorially ample.

Remark 2.6. — Here we explain why, if Y is a compact tropical toric variety and
X a combinatorially ample non-singular tropical hypersurface in Y, then the normal
fan of the Newton polytope of X is the same as the fan defining the tropical toric
variety Y.

First note that if X is combinatorial ample in Y then, for every 1-dimensional
stratum Y, of Y we have XnY, # J. Let Y¢ denote the compact complex toric variety
obtained from the same fan as Y. If X¢ is any non-singular complex hypersurface
in Y¢ with the same Newton polytope as the tropical hypersurface X, then X¢ also
has non-empty intersection with every 1-dimensional stratum Y¢, of Y. By the
Kleinman condition and the Toric Cone Theorem [Wis02, p. 254], the hypersurface
Xc is an ample Cartier divisor. If in addition, the tropical hypersurface is proper in
Y, then we may choose X¢ to be a T-Cartier divisor. By [Ful93, Exercise 2, p. 72|,
the normal fan of the Newton polytope of the defining equation for X¢ must be the
same as the fan defining the toric variety Y¢. Therefore, we can conclude that the
normal fan of the Newton polytope of X is the same as the fan defining the tropical
toric variety Y.

To prove Lefschetz hyperplane section theorem in the case of standard tropical
homology, we also need the following assumption on the topological pair (Y, X).

DEFINITION 2.7. — Let Y be a tropical toric variety and let X — Y be a tropical
hypersurface. We say that the pair (Y, X) is a cellular pair if the cellular structure
induced by X on the one-point compactification Y of Y is a regular CW-complex.
More precisely, for any cell & of Y of dimension k, the pair (0,int(0)) is homeomorphic
to the pair (B*,int(B*)), where B* is the closed Euclidean ball of dimension k.

Requiring (Y, X) to be a cellular pair implies that X and Y equipped with the
polyhedral structure induced by X are both cellular complexes in the sense of [She85]
and [Curl4, Chapter 4]. This topological condition is required to use the cellular
description of cosheaf homology groups from [Curl4].

Example 2.8. — There are examples of tropical hypersurfaces in tropical toric
varieties which are not cellular pairs. For example, consider X to be supported on
the line z = 0 in R?. Then the one point compactification of (R?, X) is not a regular
CW-complex. In fact, if X is a tropical hypersurface in R"™!, then (R"*!, X) is a
cellular pair if and only if the Newton polytope of X is full dimensional.
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There exist tropical hypersurfaces in T"™! which do not intersect the boundary of
T For example, let X < T? be the tropical curve with three rays in directions
(—2,1), (1,—2) and (1, 1). In this case, the pair (T"™!, X) is not a cellular pair, though
X may be combinatorially ample in T"*!. However, if Y is a compact tropical toric
variety and X is a hypersurface which intersects the boundary of Y transversally
then (Y, X) is a cellular pair.

Consider in T? the two dimensional tropical hypersurface X whose support is a
fan with rays (—1,0,1), (0,—1,1), (1,1,-3), and (0,0, 1) and a two dimensional face
generated by each pair of rays. The hypersurface X does not intersect the boundary
of T? since all the faces of X have an empty intersection with the cones defining
the fan dual to T® [OR13, Lemma 3.9]. The hypersurface X is non-singular since
its Newton polytope is a tetrahedron of normalized volume equal to one. The pair
(T3, X) is not a cellular pair, and Theorem 1.2 does not hold in this case since for
example Hy(X; Fy) = R? but Hy(T? F;) =0

DEFINITION 2.9. — Let Y be a tropical toric variety and X be a tropical hyper-
surface that is proper in Y and o a cell of the subdivision of Y induced by X of
dimension q. The parent face of o is the unique face of Y of sedentarity order 0 and
dimension q + sed(o) which contains o.

2.3. Tropical homology

A rational polyhedral complex Z has the structure of a category. The objects of
this category are the cells of Z and there is a morphism 7 — ¢ if the cell 7 is included
in 0. We use the notation Z°? to denote the category that has the same objects as Z,
and with morphisms corresponding to the morphisms of Z but with their directions
reversed. Let Mody denote the category of modules over Z. We now define cellular
sheaves and cosheaves of Z-modules on Z.

DEFINITION 2.10. — Given a rational polyhedral complex Z, a cellular cosheaf
G is a functor

G: Z°? - Mody, .

More explicitly, a cellular cosheaf consists of a Z-module G(o) for each cell o in Z
together with a morphism ¢,,: G(0) — G(7) for each pair 7, o when 7 is a face of o.
Since G is a functor, for any triple of cells v € 7 © ¢ the morphisms ¢ commute in
the sense that

lgy = Ulry Olor
Dually, a cellular sheaf H is a morphism H: Z — Modyz. Therefore, for each o there
is a Z-module H (o) and there are morphisms p,,: H(7) — H (o) when 7 is a face
of 0.

The cosheaves that we use throughout the text will always be free Z-modules
unless it is otherwise stated. We will now define the integral multi-tangent modules.
We refer the reader to [BIMS15, KS17, MZ14] for the definitions of the multi-tangent
spaces with rational and real coefficients.
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Let Y be the non-singular tropical toric variety corresponding to a fan . Let p
be a simplicial cone of > which has rays in primitive integer directions rq, ..., 7.
Then we define

Rn+1 Zn+1
7Y,  =-———— and T7(Y,) i= —m—.
(¥2) {ryy ooy Ty (¥2) (riy ooy Ty
If Y, and Y}, are a pair of strata such that Y;, Y, then the generators of the cone
n contain the generators of the cone p and thus we get projection maps:

(2.1) Ton: T(Yp) = T(Yy) and Ton: T2(Yy) = T2(Yy).

Recall that a polyhedron in Y is the closure in Y of a rational polyhedron in some
stratum Y, = RE. Therefore, if o is a polyhedron in Y, then relint o is contained in
some stratum Y, of Y. Let T'(0) denote the tangent space to the relative interior of
o in T(Y,) when relint o is contained in Y,. Since o is rational there is a full rank
lattice Ty (o) < T(0).

DEFINITION 2.11. — Let Z be a rational polyhedral complex in a tropical toric
variety Y. The integral p-multi-tangent cosheaf of Z is a cellular cosheaf F, of Z-
modules on Z. For a face T of Z such that relint 7 is contained in the stratum Y, we
have

(2.2) Firy = > ATz

For 7 < o, the maps of the cellular cosheaf i,.: F/(0) — F7(7) are induced by
natural inclusions when int(c) and int(7) are in the same stratum of Y. Otherwise
are induced by the quotients m,, composed with inclusions when int(o) < Y, and
int(7) € Y,

Example 2.12. — Let Y be a tropical toric variety. Consider the polyhedral
structure on Y given by Y = [ JY, induced by the toric stratification. One has

p p
Fy (V) = \Ta(Y,) = \ 720,

and the cosheaf maps are the maps induced by the projection maps m,, defined
in (2.1).

Example 2.13. — Let H, < R""! denote the standard tropical hyperplane in
R™*!. Then H, is the tropical variety defined by the tropical polynomial function

fz, ..o, zpyr) = max{0, 21, ..., Tpi1})
Its Newton polytope is the standard simplex in R™*!,

The tropical hypersurface H,, is a fan of dimension n, it has n + 2 rays that are
in the directions —ey, ..., —e,11, and e; + ... + e,11. See the left hand side of
Figure 2.3 for the standard hyperplane in R?. Every subset of the rays of size less
than or equal to n spans a cone of H,. If v is the vertex of H,,, then F/™(v) = APZ" !,

for 0 < p < n and FZr (v) = 0. Moreover, we have

Xo(A) 1= i(—l)p rank]—"f”(v)/\p = (1= X\ — (=)

p=0
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Figure 2.2. The tropical line X in TP? from Example 2.14.

Example 2.14. — Figure 2.2 shows a tropical line X contained in the tropical
projective plane TP? from Example 2.2. The polyhedral structure on TP? induced
by X has 7 vertices, 9 edges, and 3 faces of dimension 2.

For any face o of this polyhedral structure on TP?, the rank of .FEPQ(J) depends
only on the dimension of the stratum of TP* which contains relint(c). If relint(o) is
contained in a stratum of TP? of dimension k then F.* (o) = A" Z*.

The directions of the rays of the fan for TP? are

vy = (=1,0), wvy=(0,-1), and w3 =(1,1).
Referring to the labeling in Figure 2.2, we have
FiX(x) = vy, v, 03) = 72, F¥(0:) = vy, and F(r;) = 0.
When p = 0, we have F3' (v) = Z for all v in X and F,¥(y) = 0 for all v in X when
p=2.

The following lemma about the structure of the cosheaves in the case of a non-
singular tropical hypersurface will be useful later on.

LEMMA 2.15. — Let X be a non-singular tropical hypersurface in a tropical toric
variety Y. If T is a face of X of dimension q whose relative interior is contained in a
stratum Y, of dimension m, then

F) = @ 00 A Talo)

where H,,_,_, is the standard tropical hyperplane of dimension m —q — 1 in R™™4
and v denotes its vertex.

If 7 is a codimension one face of o in X and relint(7) and relint(o) are contained in
the distinct strata 'Y, and Yy, respectively, then the cosheaf map iq, : F,' (o) — F,*(7)
together with the above isomorphisms commute with the map

l

(2.3) @ﬁﬁ“m®Anm~§ﬁﬁ“@®Anw
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which is induced by the map id®m,, on each factor of the direct sum, where
Tup: N Tu(0) — N Ty(7) is from Equation (2.1).

Proof. — Recall that T7(7) denotes the integral points in the tangent space of the
face 7. Now let L be a m — ¢ dimensional affine subspace of R™ =Y, defined over
Z such that L intersects all faces of X, that contain relint(7) transversally and that
together Tz (L) and T%(7) generate the lattice 75(Y,). By the above transversality
assumption, the intersection L' = L n X has a single vertex v’ contained in 7.

For every [ there is a map

l
i FEL ) @ N\ Ta(r) = FX (7).

given by taking the wedge product of the vectors in flfil(v) and A' Ty (7). Taking
the direct sum of the maps ¢; for all 0 < < p gives a map

(2.4) lépr_/l(U’) ® /\TZ(T) — .7:;((7').

If o is a facet of X n'Y, containing the face 7, then by our assumptions on L', we
have

Tz(U) = Tz(T) @Tz(L/ N 0').

Therefore,
P l
Flo)= D FL W) ® \ Ta(r).
1=0

Now since F,X(7) is generated by all F,* (o) for o a facet containing 7, the map in
Equation (2.4) is an isomorphism.

By the assumption that X is non-singular in Y, every non-empty stratum
X, =Y,n X is a non-singular tropical hypersurface in R™, where m = n+1 —dim p.
Therefore, the hypersurface X, is defined by a tropical polynomial f, and it is dual
to a primitive regular subdivision of the Newton polytope of f, which is induced by
fo- A face o of X whose relative interior is contained in X, is dual to a face of the
dual subdivision of A(f,), and since this dual subdivision is primitive, the face dual
to o is a simplex. Therefore, near the vertex v’ the rational polyhedral complex L’ is
up to an integral affine transformation the same as a neighborhood of the vertex v
of the tropical hyperplane H,,_,_; and we have fg;L—/l(U, ) = fi """ (v). This proves
the isomorphism stated in the Lemma 2.15.

If 7 is a face of o, and 7 and o are contained in Y, and Y, respectively, for
n # p, then we can write 7%(Y,) = Tz(L,) ® T7(0) and T5(Y,) = T7(L,) @ Ty (1),
where L, and L, are the linear spaces chosen in the argument above to intersect
o and T, respectively. Since the polyhedral structure on X is proper in Y, the
map 7, 17(Y,) — Tz (Y,) restricts to an isomorphism between 7%(L,) and Tz(L.).
Therefore, it also restricts to an isomorphism between F="*(v,) and Fi="*(v;)
for all p. The claim about the commutativity of the above isomorphisms with the
maps in Equation (2.3) and i,,: F,\(0) — F,*(7) follows since iy, is induced by
projecting along a direction 7y, O
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COROLLARY 2.16. — Let X be a non-singular tropical hypersurface of a tropical
toric variety Y. Let o be a face of X of dimension q whose relative interior is contained
in stratum Y, of dimension m. Then the polynomial defined by

= Z (—1)? rank F,* (o) A

Xo(A) =(1 = N)™ — (1 — \)4(=\)"9.

Proof. — Using the isomorphism in Lemma 2.15, together with the formula for
the ranks of F!~(v) from Example 2.13, we obtain

Xo(A) = (L =X [(1 =)™ = (=\)""].
The statement of the corollary follows upon simplification. O

In order to define the cellular tropical homology groups of a rational polyhedral
complex Z we must first fix orientations of each of its cells. Let Z? denote the cells
of dimension ¢ of Z. We define an orientation map on pairs of cells, O: Z9 x Z¢71

— {0,1,—1} by:
(2.5)
0 ifrtdo,
O(o,T) := 1 if the orientation of 7 coincides with its orientation in do,
—1 if the orientation of 7 differs from its orientation in do.
DEFINITION 2.17. — Let Z be a rational polyhedral complex and G a cellular

cosheaf on Z. The groups of cellular g-chains in Z with coefficients in G are

Co(Z:9)= D Glo)

dim o=¢q
o compact

The boundary maps 0: Cy(Z;G) — Cy_1(Z;G) are given by the direct sums of the
cosheaf maps i,, for T < o composed with the orientation maps O, for all T and o.
The ¢'* homology group of G is

Hy(Z;G) = Hy(Cu(Z:G)).

DEFINITION 2.18. — Let Z be a rational polyhedral complex and G a cellular
cosheaf on Z. The groups of Borel-Moore cellular ¢-chains in Z with coefficients in
G are

dimo=¢q

The boundary maps 0: CPY(Z;G) — CPN(Z;G) are given by the direct sums of
the cosheaf maps i,, for T — o with the orientation maps O, for all T and o. The
¢"" homology group of G is

HM(2:G) = H, (CPY(2:9)) -
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DEFINITION 2.19. — The (p, q)™" tropical homology group is
(2.6) Hy (2 F)) = Hy (Co (2 F))) -
The (p, q)™ Borel-Moore tropical homology group is
HPY (2 7)) = Hy (CPY (23 7)) -

Remark 2.20. — Both the Borel-Moore and the standard tropical cellular homol-
ogy groups of cosheaves are defined with respect to a fixed polyhedral structure.
Let X be a tropical hypersurface in a tropical toric variety Y, and consider the
polyhedral structure on X coming from the dual subdivision of its Newton polytope
and the polyhedral structure on Y induced by X. When (Y, X) is a cellular pair in
the sense of Definition 2.7 then the cellular homology groups from (2.6) of X or YV’
are isomorphic to singular tropical homology groups of X or Y, respectively [Curl4,
Theorem 7.3.2].

On the other hand, even when (Y, X) is not a cellular pair, the Borel-Moore
tropical cellular homology groups of X and Y are always isomorphic to the Borel—-
Moore singular homology groups of X and Y, respectively. In fact, one can always
find a compactification of the pair (Y, X) such that (X, X\X), (Y,Y\Y) and (Y, X)
are cellular pairs. The Borel-Moore homology groups of X are isomorphic to the
relative homology groups of the pair (X, X\X), and similarly for Y and (Y,Y\Y).

If G is a cellular sheaf on a rational polyhedral complex Z, then the group of ¢
cochains and ¢ cochains with compact support of G are respectively,
CNZ:G) -~ @ Glo) ad CUZG) - D Go).

dim o=q dim o=q
o compact

The complex of cochains and cochains with compact support of G are formed
from the cochain groups together with the restriction maps r,, combined with the
orientation map O as in the case for a cosheaf. The cohomology groups of G are
defined as the cohomology of these complexes.

DEFINITION 2.21. — Let Z be a rational polyhedral complex and G a cellular
sheaf on Z. The cohomology groups and cohomology groups with compact support
of G are respectively,

HY(Z;G) := H'(C*(Z;G)) and H{(Z;G):= H'(C{(Z;G)).

Remark 2.22. — Given a rational polyhedral complex Z we can define a collec-
tion of cellular sheaves F% from the cosheaves fpz . For a face o of Z set F4(0)

= Hom(F/(0),Z). For 7 a face of o the map p,, : Fy(1) — Fy(o) is given by
dualizing the corresponding map from the cosheaf .FPZ . Then we have
C9(Z;Fy) = Hom (C, (2;F7),Z) and CI(Z;F}) = Hom (CPM (2, F7) . z).

Therefore for Z a non-singular tropical toric variety or a non-singular tropical hyper-
surface in a tropical toric variety, the tropical cohomology groups and cohomology
groups with compact support are respectively,
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Figure 2.3. The standard tropical hyperplane in R? on the left its closure in the
tropical toric variety described in Example 2.23 on the right.

HY(Z; F?) :=H? (Hom (C. (Z; F}) ,Z))
and
H!(Z; F?) :==H" (Hom (CPY (2, F7) . 7)) .

Let us end the preliminaries with two examples that show the necessity of the
assumptions in Theorem 1.1

Example 2.23. — Here is a counter example to Theorem 1.1 when we drop the
condition of combinatorial ampleness from Definition 2.5. Consider the standard
tropical hyperplane X° < R"*!. The case when n = 2 is depicted in the left of
Figure 2.3. Let X be the fan for n + 1 dimensional projective space blown up in a
toric fixed point, and let Y be the tropical toric variety defined by . Let X denote the
compactification of X°in Y. Then it can be computed that rank H; (X; F;¥) = 1 and
rank H(Y; F)) = 2, so the map H;(X;F;X) — H,(Y;F}) is not an isomorphism
when n > 2. The connected component of Y\ X containing the stratum of Y dual to
the ray of ¥ corresponding to the exceptional divisor of the blow up does not satisfy
the condition to be combinatorially ample.

The complex geometric version of the same scenario also fails the Lefschetz hyper-
plane section theorem, since the hypersurface of the toric variety is not ample.

When (Y, X) is not a cellular pair, the standard cellular tropical homology groups
are not isomorphic to the standard singular tropical homology groups from [IKMZ19].
Upon subdividing the spaces Y and X to form a cellular pair we can nevertheless
use the cellular chain complexes to compute the tropical homology. However, the
next example shows that the condition that (Y, X) equipped with their inherent
subdivisions form a cellular pair is required for the Lefschetz theorem to hold for
standard tropical homology, even when we compute the groups after refining the
polyhedral structure or using singular tropical homology.

Example 2.24. — Consider the case when the Newton polytope of X is an interval
of lattice length equal to 1. Then the tropical hypersurface X is a (classical) Z-affine
subspace of Y = R""! of dimension n. Upon subdividing X and Y so that they form
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a cellular pair, or using singular tropical homology, we can compute the standard
tropical homology groups to be:

PIn it g =0 AP Zif g = 0
H XfX _ /\ ; d H Y,FY _ ,
(5 F) {0 ifg20 M (Vi 7y) {0 if g 0.

Whereas, the Borel-Moore homology groups are

N Z" if ¢ = n,

BM X\
H! (X,Fp)—{o g0

and
HBM (Y, FY) _ /\p Zn+1 lf q=n + 17
1 P 0 if g #n+1.
We see that the conclusion of the Lefschetz section theorem as stated in Theo-
rem 1.1 does not hold for the standard tropical homology groups, however there is
no contradiction for the Borel-Moore homology groups.

3. Tropical Lefschetz section theorem

A tropical hypersurface X in a tropical toric variety Y induces a polyhedral
structure on Y. Unless it is explicitly mentioned we will use this polyhedral structure
on Y to compute its cellular tropical homology groups. Following Remark 2.20, we
obtain the same homology groups using this polyhedral structure as if we chose the
polyhedral structure from the stratification of Y dual to the polyhedral fan defining
it, see Example 2.12.

If Z/ < Z is a rational subpolyhedral complex and G is a cosheaf on Z, then the
restriction cosheaf G|z is a cosheaf on Z’ which assigns the Z-module G(o) for o a
face of Z'. The cosheaf G|z can also be considered as a cosheaf on Z. In this case,
it assigns G(o) if o is a face of Z’ and 0 otherwise.

Since we consider the polyhedral structure on Y induced by X, the tropical hy-
persurface X is a rational subpolyhedral complex of Y and we have the cosheaves
.7-':3/ |x, which can be considered on X or Y as described above.

To prove Theorems 1.1 and 1.2, we consider two exact sequences of cosheaves. The
first is the exact sequence of cosheaves on Y given by,

(3.1) 0—F|lx > F —Q—0.
The second one consists of cosheaves on X and is given by,
(3.2) 0—F = F|x >N, —0.

The injective maps on the left hand side of both cosheaf sequences are both
natural inclusions on the stalks over faces. The cosheaves Q, and N, are defined as
the cokernel cosheaves in both short exact sequences. The cosheaves ]—";/ Ix, ]-";/ , and
]-;;X are all free Z-modules. Moreover, since X is a non-singular tropical hypersurface,
the cosheaves Q, and Np are also cosheaves of free Z-modules.
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ProposIiTION 3.1. — If X is a non-singular tropical hypersurface in Y, the
cosheaves Q,, and N, from (3.1) and (3.2) are cosheaves of free Z-modules.

Proof. — The cosheaf Q,, satisfies Q,(c) = 0 if o is a face of X and Q,(c) = F,(o)
for o a face of Y and not a face of X. Therefore, the cosheaf Q, consists of torsion
free Z-modules.

Given a face o of dimension ¢ of X, the Z-module F,* (o) is a submodule of )} (o),
and the map F,¥ (o) — F) (o) is simply the inclusion map.

Let Y, be the minimal stratum of ¥ such that o is contained in Y,. Let m be the
dimension of Y, (as X is non-singular, we have m > 1). By Lemma 2.15, one has

p—I

j p 1 p—l p
Fio)=@FR" e ANzrc @ Az e \z'= \z"=F) (o).
=0 =0

Using the canonical base {e; ..., €mn_gq, €m—gi1s - -, €m} of Z™ 9 x 79 = Z™ and
the associated base {€;, A ... Ae; o<, <...iy <m Of A" Z™, we immediately see from
that description and the definitions of the standard tropical hyperplane H,,_,_1 (see

Example 2.13) and the cosheaves F; ™ %! that FX(0) is the free sub-Z-module of

F) (o) = A\PZ™ spanned by all the elements e;, A ... Ae; Aej, A ... Ae, such
that 41 < ... < i,, that 4y < m —q¢gand that | <m—¢q—1 (forl =0, ..., p).
Therefore, the quotient F) (0)/F,* (o) is free. O

Example 3.2. — If we drop the non-singularity assumption, the cosheaves N,

may have torsion. Consider for example the tropical hypersurface in R?® dual to the
simplex of volume 2 with vertices (0, 0,0), (1,0,0), (0,1,0) and (1, 1,2), and consider
the face o of X adjacent to the edges of X of direction (—2,0,1) and (0, —2,1). Then
the class in Nij(o) represented by the vector (—1,—1,1) is a 2-torsion class, since
(—1,-1,1) e FY|x(o) but (=1,-1,1) ¢ F{*(0) and (-2, —2,2) € F{*(0).

Example 3.3. — Consider again the tropical line X in TP? from Example 2.14
and Figure 2.2. Then the cosheaf Q, on TP? assigns the trivial Z-module to any
face of TP? which is also a face of X. For ¢ a face of TP? and not a face of X,
then Q,(o0) = FEPQ(J). The inclusion maps Q,(c) — Q,(7) are either 0 or equal to
lor: fEPQ(J) — fEP2(7).

For x the unique vertex of sedentarity 0 of X, the cosheaf N, assigns N,(z) = 0,
for all p < 2. When p = 2, we have N, (z) = \*Z2

For an edge o; of X the Z-module N,(0;) is a free module of rank 1, similarly for
the three other vertices 7; of X that have non-zero sedentarity.

To prove the Lefschetz section theorem for hypersurfaces, we first prove some
useful lemmas, then some statements about the vanishing of both the standard and
Borel-Moore homology with coefficients in Q, and with coefficients in N,

We recall the definition of 4° for a face v of X of dimension s and sed(y) = 0. For
each cone p in the fan ¥ defining Y, set v, := v n'Y, and define

~° = |_| relint ,.
p
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The set 4° is not a rational polyhedral complex since the strata are not closed
polyhedra, however 7° is a rational subpolyhedral complex of Y. The set 7° is a
stratified subset of Y and it can be viewed as a poset with the order relations given
by inclusions. By Lemma 3.5, the set 7° has a unique minimal strata.

If v is a face of a rational polyhedral complex Z and G is a cellular cosheaf on
Z, we can consider the cosheaf G restricted to v° even though ~° is not a rational
polyhedral complex. Similarly to Definition 2.10, the restriction G|, is a functor from
~v¢ considered as a poset to the category of Z-modules. The groups of Borel-Moore
chains of G restricted to +° are

(3.3) CIM (6 = @B GO)-
dim p=¢q

The chain groups form a complex with the boundary map

(3.4) 0: CM (7% Glye) — C2Y (%3 Glae)

given by the cosheaf maps combined with the orientation map inherited from Z.
The homology groups of this complex are denoted HPM(7%; G|,). For simplicity we

denote the cosheaves .7:;7 e by simply FJ °
If X is a hypersurface in R"*!, then for every face v of X the complex 7° consists
of a single open cell relint(y). See Figure 3.1 and Example 3.4 for illustrations of °.

Example 3.4. — Let X be a tropical hypersurface in a 3-dimensional tropical
toric variety Y. We describe the sets v° for some faces v of X. If v is a face of X
which does not intersect any of the strata Y, for p # 0 then +° consists of a single cell
which is simply relint(-y). Therefore 4° is combinatorially isomorphic to R? where ¢
is the dimension of ~.

Suppose that 7 is a 2-dimensional face of X and v nY, # ¢ for a unique 1-
dimensional stratum Y),. There must be two 2-dimensional strata Y, and Y,» of ¥’
which contain Y),, moreover v has non-empty intersection with both Y, and Y.
Therefore, v consists of four open cells and is combinatorially isomorphic to T?, see
the left hand side of Figure 3.1. If v is 2-dimensional and intersects only a single
2-dimensional stratum Y, then «° consists of two open cells and is combinatorially
isomorphic to R x T.

Suppose v is a 1-dimensional face of X of sedentarity 0 such that v n'Y, is non-
empty for a unique stratum Y, of codimension 1. Such a situation is depicted on the
right hand side of Figure 3.1. Then ° consists of two open cells, the 1-dimensional
cell 7o = v n R? and the point 7, := 7N Y,.

In the case of such a 1-dimensional face v, we can describe the restriction cosheaves.
Namely, we have F)|,o(v) = A" Z? and F)"(7°) = A" Z for all p. The restrictions

of the cosheaves ]—"If( to ¢ are
}—OX‘W('Y) =Z le‘w“('Y) =7’ ‘FQX"YO('Y) ~ 77
and .7-";( |o(7) = 0 otherwise.

LEMMA 3.5. — Let Y be a tropical toric variety whose defining fan is simplicial
and X be a combinatorically ample tropical hypersurface that is proper in Y. Then
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Figure 3.1. A depiction of the sets v° for two faces v from Example 3.4

for every face v of Y, considered with the polyhedral structure induced by X, the
stratified set v° has a unique minimal face by inclusion.

Proof. — Let X be the simplicial fan defining Y. We show that for any face v of
Y, the collection S, of cones p € X such that vy n'Y, # & forms a closed cone of %,
which in particular implies the statement of the lemma, as the minimal face of 7°
will correspond to the intersection of v with the stratum of Y of the maximal face
of that closed cone.

Consider any top-dimensional cell ¥ of Y such that ~ is a face of 5. As we have
assumed combinatorial ampleness, the stratified set 7° is combinatorially isomorphic
to T* x R"*1=* for some 0 < k < n + 1, where n + 1 is the dimension of Y. Then 7°
has a minimal face which corresponds to the face {—o0}* x R H1=F = TF x RrHI-F
under the isomorphism. The minimal face of 7° corresponds to some simplicial cone
p of ¥ and every other face of 4° corresponds to a face of p. So the collection of
cones in Sy are the faces of p.

By [OR13, Lemma 3.9], we have v n'Y, # ¥ if and only if C, n relint(p) # &,
where C, is the recession cone of «. Therefore, if a ray of ¥ is in S, it is in S5,
and therefore a ray of p. By convexity of the recession cone, if C\, N relint(p;) # &
for a collection of rays p1, ..., pg, then C, nrelint((py, ..., pr)) # . Since p is a
simplicial cone all faces are simplicial, and S, is a cone of S5 which means it is a
cone of Y. Therefore it follows that v has a unique minimal face. ([l

LEMMA 3.6. — Let X be a non-singular and combinatorially ample tropical
hypersurface of an n + 1 dimensional non-singular tropical toric variety Y. Consider
the polyhedral structure on Y obtained by refinement by X. Let v be a face of Y of
sedentarity 0. Then for any p and all ¢ # dim~y

M (75 F)) =0,

Proof. — Suppose 7 is of dimension ¢ and that the minimal face o of 7° is of
dimension k. The Borel-Moore chain groups for 7° are

p
M F) = @ ATl
fitiher
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The stratification on 7° is isomorphic to the stratification of R* x T¢~*. Moreover,
there are lattice isomorphisms between the integral tangent spaces 1%(7,) and the
integral tangent spaces of the corresponding strata. These isomorphisms are compat-
ible with the projection maps between the strata and hence the boundary maps of
the chain complexes. Therefore, the chain complex CPM(7°; F7°) is isomorphic to

CEM (RE s ok PR

and there are isomorphisms of the corresponding homology groups.

By [JRS18], the space R* x T97* satisfies Poincaré duality for tropical homology
and the Borel-Moore tropical homology groups of R%* x T* are zero except in degree
q = dim . The statement of the Lemma 3.6 follows. 0

LEMMA 3.7. — Let X be a n-dimensional non-singular tropical hypersurface in
a tropical toric variety Y. For o a face of X of dimension q and sedentarity sed (o),
we have N,(0) =0 if p < n — q —sed(o).

Proof. — The Z-modules N,(0), F) |x(c), and F,X are all free, so it suffices to

show that the ranks of F)'|x(c) and F,¥ are equal when p < n — ¢ — sed(c). By
Example 2.14,

rank 7 | x (o) = (

By Corollary 2.16, the polynomial defined by

Xo(A) = Zn](—l)p rank .7:;((0))\1”.

n+1;wd®)

is
XU()\) :(1 _ )\)n+1fsed(0) _ (1 _ )\)q(_)\>nfq+lfsed(a).

So that
rank F¥ (o) = (n 1 —psed(a)) if p<n—q—sed(o).
Therefore N, (o) = 0 when p < n — ¢ —sed(o), and the proof is completed. O
LEMMA 3.8. — Let X be a combinatorially ample n-dimensional non-singular

tropical hypersurface in a tropical toric variety Y. For a face v of X of sedentarity 0
we have

BM (. o. TX _

Hq (’Y ’]:p ’YO) =0

for all ¢ # dim~y.

Proof. — Denote by 7, the unique minimal face of v° and suppose it is contained
in the stratum Y, .. Let I" denote the star of v, in X, , that is,

' = stary, (ym) = {relint(c) |y, < 0 = X, } < RrH17sedlm),

Then as a rational polyhedral complex I' ¢ R**1=s¢d(vm) ig up to GLy 4 1—sed(ym) (Z),
equal to a basic open set of IV x R4m¥m where [V = H,—sed(ypn)—dim v, 15 the standard

tropical hyperplane in R7+1—sed(ym)=dimym
Definition 3.7].

. For the notion of basic open set see [JSS19,
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Moreover, the star of any other face 7, in 7° is, up to GL,+1(Z), equal to a basic
open set of IV x R4™% TLet v be the vertex of I, then by Lemma 2.15, for any face
Yp in 7 we have

P l )
Fi(v) = DFY ()@ J\ 28,
=0

This isomorphism follows from the tensor product formula for the Z-module F,* (v,)
in Lemma 2.15.
For each [ from 0 to p, let CL? denote the chain complex whose terms are

1
cr= @  FL)e /\zmr
PW;J#@
sed(vp)=dimy—q

We define the boundary maps of the complex on the direct summands. If v, is a
face of v, then the map on the direct summand is

I I
id@ 7y FLy(0)® N 257 — FY (o) @ N 285,
where 7, N z3mve — A'73m7% is induced by the projection map
Mo+ T2(Y,) = Tz(Yy)
from (2.1). If 7, is not a face of v,, then the map is 0.
Following the description of the cosheaf maps from Lemma 2.15, there are isomor-

phisms of chain complexes
p

) = PCr.

1=0
By distributivity of tensor products we also have the isomorphisms

o' = 7L (0) @ CPM (3 F").

CPM (v FX

Moreover, the homology of the chain complex CBM (70;.7:70) vanishes except in
degree ¢ = dim~ by Lemma 3.6, so we also have HPM(v°, F") = 0 for all ¢ # dim .
Because the tensor product is right exact, we have H,(C?') = 0 for ¢ # dim~ and
all I and p. It now follows that HPM(y°; FX|,0) = 0 for ¢ # dim . O

LEMMA 3.9. — Let X be a combinatorially ample n-dimensional non-singular
tropical hypersurface in a tropical toric variety Y. For a face v of X of sedentarity 0
we have

HPM (%N,

vo) =0
for all ¢ # dim .

Proof. — The chain groups CfM (723 Nplse) are all zero for ¢ > dim~y, therefore
it suffices to prove the vanishing of the homology of the cosheaf N|,- in degrees

strictly less than dim . To do this we return to the short exact sequence from (3.2)
but restricted to +°, namely

X Y
0— FX|. — F

"/O_)Np

—
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and .7-';/ |0 in order to show the vanishing of the homology groups as stated in the
theorem. By Lemma 3.8 we have HM (°; F.X[,2) = 0 for ¢ < dim .
Next we will show that

BM o,

HPM (7%

By Lemma 3.5, there is a unique maximal cone p,, of the fan of Y such that
Y, N~ # . Let Y be the tropical toric variety of dimension n + 1 defined by the

fan consisting of the single cone p,,. There is a correspondence between the strata of
~° and the strata of Y, where a g-dimensional stratum o of v° corresponds to a (n +

Vo) =0 for ¢ < dim~.

1 —dim~y + q)—dime{lsional stratum & of Y. Moreover, under this correspondence we

have F)'|,o(0) = F) (7). The cellular chain complex CPM(7°
to the chain complex

o) is isomorphic

Oﬁ+n+1 dim vy (Y’]:;z/) :
By Lemma 3.6 it follows that HfM(Y;]:;/) = 0 for ¢ < n + 1 and therefore,
HPM (e +) = 0 for ¢ < dim~.
By considering the long exact sequence in homology from the sequence (3.2) re-
stricted to ° proves that H,(7°; Ny|,0) = 0 for all ¢ # dim . O

PROPOSITION 3.10. — Let X be a combinatorially ample non-singular tropical
hypersurface of an n + 1 dimensional non-singular tropical toric variety Y. Then
HPM(Y;Q,) =0 for all ¢ < n+ 1, and therefore the map

BM (. TY BM (. TY
Hq (X’]:p ‘X)HHq (Y’]:p)
is an isomorphism when q < n and a surjection when q = n.

If in addition (Y, X) is a cellular pair and every parent face of a compact face of
Y\X is compact, then H,(Y; Q,) = 0 for all ¢ < n + 1, and therefore the map

.Y .Y
Hy (X F) |x) = Hy (Y5 F,)
is an isomorphism when q < n and a surjection when q = n.

Proof. — We consider the polyhedral structure on Y given by refinement by X.
For any face o of Y which is also a face of X we have Q,(0) = 0. Therefore we have
the following isomorphism of cellular chain complexes,

(3.5) CcEM(y;Q,) = (—D ]:Y
ceY\X
When (Y, X) is a cellular pair, the cellular chain groups compute the standard
homology by Remark 2.20 and we also have the isomorphism
(3.6) C(Y;Q)= P F (o)

ceY\X
o compact

The complement Y\ X consists of connected components each of dimension n + 1.
Each such connected component is equal to v° where v is a n + 1 dimensional face
of Y with polyhedral structure induced by X. For v a face of Y of dimension n + 1,
there is the equality of cosheaves F) = ]-";/ 0. Each face o in Y\ X is contained in
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~° for a unique n + 1-dimensional face v of Y. Moreover, the boundary of the face o
contained in 7° is also contained in v°. Therefore, the cellular chain complexes for
@, split and we have the following isomorphisms,

(3.7) CHMY:Q)= D CHM(H%AE)
dim y=n+1

and

(3.8) CY:iQ)= @D CM(HhR).
dim’y:n-i-tl
7 compac

This produces the isomorphisms

HMY;:Q,)= D HM (R
dimy=n+1

and

H(Y;:Q,)= &P HMH5F)).
e

It follows from Lemma 3.6 that H’"(v% F)°) = 0if ¢ # n + 1, and we obtain
that Hy(Y;Q,) = HPM(Y;Q,) =0 for all ¢ < n + 1.
A direct comparison of the respective chain complexes gives isomorphisms
H, (Vi F) |x) = Hy (X; F) |x) and HPY (V5 F) |x) = HPM (X3 F) |x) -

Lastly, combining this with the long exact sequence in homology associated to the
short exact sequence (3.1) and the vanishing of HPM (Y Q,) and H,(Y; Q,) for all
q < n + 1 proves the statement of the proposition. [l

PRroPOSITION 3.11. — Let X be a combinatorially ample non-singular n-dimen-
sional tropical hypersurface in a n+ 1 dimensional non-singular tropical toric variety
Y. Then

HM(X5N;,) =0
for all p + q < n, and therefore the map
HM (X5 7)) = HY (X7 [x)

is an isomorphism when p + q < n and a surjection when p + q = n.
If in addition (Y, X) is a cellular pair and every parent face of a compact face of
X is compact, then H,(X;N,) = 0 for all p+ q < n, and therefore the map

. TX .Y
H, (X’]:p ) — H, (X“Fp ‘X)
is an isomorphism when p + q¢ < n and a surjection when p + q = n.

Proof. — By Lemma 3.7, for a face o of dimension ¢ and sedentarity k, we have
N,y(o) =0if k <n—q—p+ 1. Moreover, by assumption X is proper in Y so there
are no faces of X of dimension ¢ and which have order of sedentarity strictly greater
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than n — ¢. Therefore, the Borel-Moore cellular chain groups with coefficients in N,
can be written as,

n—q
(3.9) CPMXN) = D D M),
k=max{0,n—p—q+1} dimo=q
sed(o)=k
Perform the change of variables k& 4+ g = m:
(3.10) CPM(X;N,) = D P N,(0).
m=max{q,n—p+1} ((11(1111)0=q
sed(o)=m—q

If in addition (Y, X) is a cellular pair, by Remark 2.20 the cellular chain complexes
compute the standard homology of X and we also have the isomorphism

n

(3.11) CXN) = D D Nyo).

m=max{q,n—p+1} dimo=q
sed(o)=m—q
o compact

We now filter the cellular chain complex for N, using the order of sedentarity of
faces. Set,
Cf%(X;Np) = @ Np(0> and Cq,m(XQ-N’p) = @ /\/;;(0)
dimo=q dimo=q

sed(o)<m—q sed(a)smftq
o compac

Notice that Cy,.(X;N,) = Cy,..1(X;N,), where the = in the exponent denotes
either Borel-Moore or standard homology.
Since X intersects the boundary of Y properly, the boundary operator can only

increase the order of sedentarity by at most 1. Therefore,
va.7m(X7 '/\/;7> - Ct;—l,m(X; Np)7
and there is a filtration of the chain complex CJ(X;N,):
CUXGN,) = CLL(X5N,) 2 CF 1 (XKGNp) 2+ 2 CF 5 (X5 NG) 20,

where m = max{q,n — p + 1}. The first and last terms of the filtration come from
the bounds on the direct sum in Equation (3.10).

The spectral sequence associated to this filtration for the Borel-Moore complex
has 0" page consisting of the terms

(3.12) E.= @ No)

dim o=q
sed(o)=m—q

The differentials dy: E) ,, — E_; ,,
The complex EY , is then

(3.13) 0—E) . — E;

m—1,m

are induced by the usual cellular differentials.

- ... > B, —E, —0

Notice that the differential dy decreases the dimensions of the cells by one and also
increases the sedentarity of the cell by one. A g-dimensional face of sedentarity m—gq is
in the boundary of a unique face v of X of dimension m and sedentarity 0. Moreover,
the differential dy is defined on the direct summands from (3.12) and it restricts to
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a non-zero map N, (o) — N,(o’) if and only if o and ¢’ are contained in the same
m-dimensional sedentarity 0 face v of X. In this case, the map N, (o) — N,(o’) is
the same as the one defined in (3.4) for the complex CZ™(7°; A, |,0). Therefore, we
have an isomorphism of complexes for every m:
E?,m = @ C.BM (’YO§NP|7°) .
dimy=m
sed(v)=0

By Lemma 3.9, for a face v of dimension m and sedentarity 0, we have H, fM (7%
Nylye) = 0 for g # m, and the second page of the spectral sequence associated to the
filtration under consideration satisfies E(;m = 0 if ¢ # m. Moreover, for m <n —p
the entire complex EY , is 0 by Lemma 3.7, so E, ., = 0 for all ¢ when m <n — p.

The differentials at the r*" page of the spectral sequence are given by 0, : E; . —
E} .. Therefore, the spectral sequence E; , satisfies Ej , = 0 for any r > 1 and
q < n —p. Since E; , converges, we conclude that HfM(X;./\/;,) =0forp+q<n.

To obtain the analogous statement for H,(X;N,), consider the spectral sequence
associated to the filtration of the chain complex for the standard homology. The
first page of this spectral sequence has terms like in Equation (3.12), except that
the sum is taken over the faces o which are compact. In order to proceed with a
similar argument to that used for Borel-Moore homology, we require the assumption
that if o is compact then the unique face v of X of sedentarity 0 which contains
o is also compact. Then the rest of the argument is the same as in the case of the
Borel-Moore homology except we restrict to only compact faces of X.

To complete the proof of the proposition, consider the long exact sequence in
homology associated to the short exact sequence in (3.2). Applying the vanishing
statements for HPM (X;\,) gives the isomorphisms HPY(X; FX) = HPM(Y; F))
for all p + ¢ < n. This completes the proof of Proposition 3.11. U

Theorem 1.1, which we state again, is now a trivial consequence of the two previous
propositions.

THEOREM (Theorem 1.1). — Let X be a non-singular and combinatorially ample
tropical hypersurface of an n + 1 dimensional non-singular tropical toric variety Y .
Then the map induced by inclusion

i HPM (X FY) — HPM (Y5 F))
is an isomorphism when p + q¢ < n and a surjection when p + q = n.
If additionally, the pair (Y, X) is a cellular pair and every parent face of a compact
face of X is compact, then the map induced by inclusion
is: Hy (X; FX) — Hy (Y3 F))
is an isomorphism when p + q¢ < n and a surjection when p + q = n.

Proof. — The proof of the theorem follows by combining the statements in Propo-
sitions 3.10 and 3.11. U

We now present the proof of the Lefschetz section theorem for the tropical homology
groups with real coefficients of tropical hypersurfaces which are not necessarily non-
singular, but are still proper in a non-singular tropical toric variety.
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THEOREM (Theorem 1.2). — Let X be a combinatorially ample tropical hyper-
surface of an n + 1 dimensional non-singular tropical toric variety Y such that X is
proper in Y. Then the maps induced by inclusion

iv: HPM (X, F @R) —» HPM (Y F) ®@R)

are isomorphisms when p + q¢ < n and surjections when p + q¢ = n. If additionally,
the pair (Y, X) is a cellular pair and every parent face of a compact face of Y is
compact, then the maps induced by inclusion

is: Hy (X; X QR) — H, (Y; F) ®R)
are isomorphisms when p + q¢ < n and surjections when p + q¢ = n.

Proof. — The proof follows the same strategy as the proof of the Lefschetz the-
orems for the integral tropical homology groups. First we tensor the two exact
sequences of Z-module cosheaves from (3.1) and (3.2) with R to obtain two exact
sequences of cosheaves of R-vector spaces.

The vanishing of the homology groups H,(Y; Q,) from Proposition 3.10 still holds
for H,(Y; Q, ® R). The chain groups still decompose as in the proof over Z, namely

(3.14) CHM(Y;Q0R) = @ MR ®R)
dimy=n+1

and

(3.15) C.(Y;Q,0R) = @O CM(1F ®R).
dimy=n+1
7 compact

Since Y is non-singular and X is combinatorially ample in Y for each n + 1 dimen-
sional face v of Y we also have isomorphisms of chain complexes

C.BM (70;./—";0 ®R> >~ C.BM (Rm % ']I‘n"'l_m;‘/'_g%mx'ﬂ'"*l*m @R)

as in the proof of Lemma 3.6. The homology groups of the complex on the right hand
side of the above isomorphism vanish as in the integral case by [JSS19, Section 4].
We claim that a variant of Proposition 3.11 holds for the cosheaf N, ® R. In order
to prove this we describe the dimensions of the vector spaces F,(c) when X is a
tropical hypersurface. Consider the polyhedral decomposition of Y induced by X,
and let v be a vertex of X of sedentarity 0. Then v is contained in some n + 1
dimensional face v of this polyhedral decomposition of Y. For p < n we have

Fp(v) @R = Z /\TY(U)v

vCoCy
dimo=n

where in the sum the faces of o are faces of X. The number of faces o of dimension
n is at least n + 1. Up to a linear transformation, we can assume that the first
n + 1 hyperplanes are the standard hyperplanes z; = 0 in R**!. And then for p < n

we have
F)@R= > ATy(o)= \R""

vCoCy
dimo=n
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For any p < n we have 7, (v)®R = A" R""', and for p > n we have F,X (v)®R = 0.
Therefore, we have

2N = i(—m dim (FX(0) @ R) X = (1 = A" — (=)L

We can repeat the above argument for vertices of X of non-zero sedentarity and also
apply the same argument for the Kiinneth type formula from Lemma 2.15. Therefore,
if 7 is a face of X of dimension ¢ whose relative interior is contained in a stratum
Y, of dimension m, we obtain

FX(r) = éfi’?“(v) ® A Tu(r).

so that, as in Corollary 2.16, we have
Xr(A) = (L= A = (L= A)I(=A)"""

This description enables us to conclude that Lemma 3.7 holds for A, ® R. Similarly
the proofs of Lemmas 3.8 and 3.9 as well as Proposition 3.11 hold for a arbitrary hy-
persurface when using R coefficients. Then the proof of the Theorem 1.2 is completed
in the same way as the proof of Theorem 1.1. OJ

4. The tropical homology of hypersurfaces is torsion free

We start this section with the proof of Theorem 1.3, which uses the Lefschetz section
theorem for the integral homology of a non-singular tropical hypersurface. This
proposition establishes that the integral tropical homology groups of the hypersurface
are also torsion free if the integral tropical homology groups of the tropical toric
variety are as well.

THEOREM (Theorem 1.3). — Let X be a non-singular and combinatorially ample
tropical hypersurface in a non-singular tropical toric variety Y such that (Y, X)
is a cellular pair and every parent face of a compact face of Y is compact. If the
tropical homology groups H,(Y'; F,) are torsion free for all p and g, then both the
Borel-Moore and standard tropical homology groups of X are also torsion free.

Proof. — Let X be a non-singular tropical hypersurface of a tropical toric variety
Y such that the standard tropical homology of Y is torsion free.

By the universal coefficient theorem for cohomology [Hat02, Theorem 3.2] for every
p and ¢ we have the following short exact sequence:

0 — Ext (Hyq1 (X; F, ), Z) > H 1 (X; Fy ")
— Hom (H,—q (X;F;" ), Z) — 0.
Notice that the cohomology of the sheaf Fy ” appears in the middle term because
C?(X; F%) = Hom (C, (X; F\),Z) .
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Ifp+q=>=n,then 2n —p—q—1 < n, and it follows from Theorem 1.1 that
Hy g (X3 F,) = Hoga (Y. F))
Since H,_,1(Y; F,_,) is a free Z-module by hypothesis, we conclude that
Ext (H,—q-1 (X; F )  Z) = 0.

Also the Z-module Hom(H,_q(X; F,X ), Z) is free since it consists of maps to a free
module. Therefore, for all p + ¢ = n we have

g (X; ]:;_p) ~ Hom (Hn—q (X§ ]:T)f,p) ’Z)

and H" (X ; F¢ ") is torsion free. The tropical hypersurface X is a non-singular
tropical manifold, so by Poincaré duality for tropical homology with integral coeffi-
cients from [JRS18] we have

H" (X5 FY ?) = HPM (X5 FY)

for all p,q. This, combined with the torsion freeness of H" (X ; Fy ) established
above, proves that HfM(X; ]—"If() is torsion free for all p + ¢ = n.

Notice that applying the above argument to the tropical homology of Y shows that
if the groups H,(Y, F,) are torsion free for all p and ¢, then HPM(Y, F,) are also
torsion free for all p and ¢. It follows from this and Theorem 1.1, that H™ (X; FX)
is torsion free for p + ¢ < n, so the Borel-Moore tropical homology groups of X are
all torsion free.

To prove that the standard tropical homology groups of X are torsion free, we use
the universal coefficient theorem for cohomology with compact support. For every p
and ¢ we have the following short exact sequence

0 — Ext (HPY (X; 7)), Z) — H! (X; F%)
— Hom (HPM (X; FX),Z) — 0.
Since HPM (Y, F,,) are torsion free for all p and ¢, it follows from Theorem 1.1 that
HPM(X, F,) are torsion free for all p + ¢ < n. Then the Z-modules HPM (X; F.X)

are torsion free for all p and ¢, and the Z-modules HI(X; F%) are also torsion free
for all p and ¢q. Applying again Poincaré duality, we have

H (X FR) = Hyg (X F,)
and H,(X; fﬁ){ ) are also torsion free for all p and g. O

We now establish that the integral tropical homology groups of a compact tropical
toric variety are torsion free. For a non-singular compact complex toric variety Y,
we let h?9(Ye) denote its (p, ¢)™ Hodge number. Recall that h?4(Ye) = 0 if p # ¢
and the numbers h?P(Y() form the toric h-vector of the simple polytope A whose
normal fan is the fan defining Y [Ful93, Section 5.2].

PROPOSITION 4.1. — The integral tropical homology groups of a non-singular
compact tropical toric variety Y are torsion free. Moreover, we have

rank H, (Y;]-;/) = hP7(Ye)
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where Y¢ is the corresponding non-singular compact complex toric variety. In par-
ticular, we have Hy(Y; F)') = 0 unless p = q.

Proof. — We now switch to computing the cellular homology groups of Y using
the polyhedral structure on Y which is dual to the polyhedral structure on the
defining fan . Notice that every stratum Y, is compact. Let us first show that
Hy(Y;F)) = 0 for all p > ¢. With this cellular structure on Y, a face Y, of
dimension ¢ has sedentarity order n + 1 — ¢ where dimY = n + 1. By Definition 2.11,
we have that ) (Y,) = A" F)(Y,) where dim F)(Y,) = ¢. Therefore, we have
.7-";/ (Y,) = 0 if p > q. Hence the chain groups C,(Y; Fg ) are equal to zero for any
q < p, which implies that H,(Y;F)) = 0 for ¢ < p.

Recall by Remark 2.22 that the tropical cohomology groups are the cohomology
of the complex dual to the tropical cellular complexes. Therefore we can apply the
universal coefficient theorem for cohomology [Hat02, Theorem 3.2] to get the exact

sequence
(1) 0— Ext (H, (Y;F)),Z) - H™' (Y FY)
' — Hom(H 44 (Y;}";/),Z) — 0.

When ¢ < p we have H,(Y; ]:;/ ) = 0, so there is the isomorphism
H™ (Y Fy) = Hom(Hg (Y3 F)), Z).

The tropical toric variety Y is a tropical manifold, thus Poincaré duality for tropical
homology with integral coefficients from [JRS18] states that

HY (Y FY) = Hoyog (Y Fry,) -
If g = p, then n — g <n+ 1— p and applying the isomorphism above we obtain
HT (Y3 7)) = Hoeg (Vi Fiy) = 0.
This means that
Tor (H, (Y;F))) = Ext (H, (Y; F)),Z) =0,
and so H,(Y; .7:;/ ) is torsion-free for all ¢ = p and thus for all p, . We also see from
the sequence in (4.1) that Hy(Y;F)) = 0 for all ¢ # p.

All of the chain groups for the cellular tropical homology of Y are also free so we
have

n+1
X (Co (Y5 F))) = Z (—1)?rank C, (Y;F)) = (=1)Prank H, (Y; F)) .
q=0
Let f, denote the number of strata of Y of dimension g. Then (fy, ..., fn+1) is the

f-vector of a polytope Py whose normal fan is the fan defining Y. Then for every p
and ¢ we have rank Cy(Y; F)) = (%) f,. Therefore,

V(C (V5 FY)) = nE(—l)Q(‘-’) fy = (“1)h,.

q=0 p
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where (hg, ..., hpy1) is the h-vector of the simple polytope Py. By [Ful93, Sec-
tion 5.2], we have h, = dim H*(Yg) = h, ,(Yc) which completes the proof of
Proposition 4.1. 0

The following example shows that a tropical toric variety, which is not assumed
to be non-singular, may have torsion in its tropical homology groups.

Example 4.2. — The fan producing the simplest classical singular toric variety,
produces a tropical toric variety with torsion in its tropical homology groups. Let Y
be defined by a single cone in R? having rays (—1,0) and (—1,—2). Then the chain
complex 0 — CPM(Y; FY) — CPM(Y; FY) — 0 consists of terms

7?2 /e

CPM (Vi FY) =Cenea) and CPY(ViF)) = 2= @ 75—

where the differentials are the direct sums of the projection maps. Then under the
differential we have e; — (0,2) and ey — (1, —1) and the image of the differential is
a proper sublattice of rank 2 of CPM(Y; F)). In fact we have HPM(Y; Fy) = Zs.

COROLLARY (Corollary 1.4). — If Y is a compact non-singular tropical toric
variety and X is a combinatorially ample non-singular tropical hypersurface in Y,
then all integral tropical homology groups of X are torsion free.

Proof. — By Proposition 4.1, if Y is compact, all its integral tropical homology
groups are torsion free. Then by Theorem 1.3, all the integral tropical homology
groups of X are torsion free. O

COROLLARY (Corollary 1.5). — Let Y be a non-singular tropical toric variety
associated to a fan whose support is a convex cone and such that the complex
toric variety Y¢ is quasi-projective. Let X be a combinatorially ample non-singular
tropical hypersurface in'Y such that (Y, X) is a cellular pair and every parent face of
a compact face of Y is compact. Then both the standard and Borel-Moore integral
tropical homology groups of X are torsion free.

Proof. — Assume that the convex cone supporting the fan of Y is full dimensional
in R"*!. We will first show that the tropical toric variety Y equipped with the
polyhedral structure dual to the polyhedral structure on its defining fan is a regular
CW-complex. Thus the cellular tropical chain complexes can compute the standard
and Borel-Moore homology groups of Y. To prove this claim, consider Y, the quasi-
projective toric variety associated to a fan ¥. Let D be any ample Cartier divisor on
Y and consider the associated polyhedron P (see for example [Ful93, Chapter 3]).
The hypothesis on the support of ¥ implies that it is the normal fan of P ([Mus04,
Chapter 6]). Therefore, the polyhedron P is combinatorially isomorphic to Y, the
tropical toric variety associated to 3. Since P is a polyhedron, it is a cell-complex in
the sense of [Curl4, Chapter 4], and one can use the cellular description to compute
the standard homology groups of Y.

As in the proof of Proposition 4.1, both standard and Borel-Moore tropical homol-
ogy groups of Y vanish if p > ¢. It follows again from Poincaré duality and universal
coefficients theorem that both standard and Borel-Moore tropical homology groups
of Y are torsion free. The statement for X follows again from Theorem 1.3. Now
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suppose that the convex cone supporting the fan ¥ is of codimension s in R"*!. Then
the tropical toric variety Y is a product R® x Y’ where Y’ is a tropical toric variety
of dimension n + 1 — s satisfying the assumptions above. The tropical toric variety
Y is then combinatorially isomorphic to a polyhedron P’. By the Kiinneth formula
for Borel-Moore tropical homology [GS19, Theorem B| we have

HEM (ViF)) = @ HPY (RFE) @ HPY (V5 7).
i+j=p
k+l=q
Therefore, the Borel-Moore tropical homology groups of Y are all torsion free
and thus so are the standard tropical homology groups. This completes the proof of
Corollary 1.5. O

5. Betti numbers of tropical homology and Hodge numbers

The k-compactly supported cohomology group of a complex hypersurface X¢
(C*)™*! carries a mixed Hodge structure, see [DK86]. The numbers el 9(X¢) are
defined to be

P (Xe) = Y- (HA(XE)).
k
where h?9(H*(X¢)) denote the Hodge-Deligne numbers of X¢. The numbers e??
(Xc) are the coefficients of the E-polynomial of Xc,

E (Xc;u,v) = Z el (X )uPvl.
P

The x, genus of X¢ is defined to be
Xy(Xe) = B(Xc;y,1) i= ) el 9(Xe)y

P,q

Theorem 1.8 relates the coefficients of the x, genus and the Euler characteristics
of the chain complexes CPM(X; F,). For the proof of the theorem we require the
notion of torically non-degenerate complex hypersurfaces.

DEFINITION 5.1. — If Y¢ is a complex toric variety, a hypersurface X¢ < Y¢ is
torically non-degenerate if the intersection of X¢ with any torus orbit of Y¢ is non-
singular and X¢ intersects each torus orbit of Y¢ transversally. If Y is the complex
toric variety associated to the Newton polytope of X¢, then the second condition
follows from the first one (see for example [Kho77]).

THEOREM (Theorem 1.8). — Let X be an n-dimensional non-singular tropical
hypersurface in a non-singular tropical toric variety Y. Let X¢ be a complex hyper-
surface torically non-degenerate in the complex toric variety Y¢ such that X and Xc¢
have the same Newton polytope. Then

(=1)Px (CPM (X5 7)) Ze’q

q=0
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and thus

xy(Xc) = zn] X (CPM (X5 F5)) P

Proof. — Firstly, the variety X is stratified by its intersection with the open torus
orbits of Y¢. Moreover, the numbers e?%(X¢) are additive along strata by [DK86,
Proposition 1.6]. So we have

2,k (Xe) = 2 0, el (Xe,)
= =

for X¢ = u,Xc,,, where X¢ , := X¢c n Y¢, , and Y¢ , is the open torus orbit corre-
sponding to the face p of the fan ¥ defining ¥ and Y¢.

The tropical hypersurface X admits a stratification analogous to X¢. The Euler
characteristics of the chain complexes for cellular tropical Borel-Moore homology of
X satisfy the same additivity property. Namely,

X (CPM (X5 7)) = ;X(C?M (Xpi 7))

Moreover, for any face p of the fan ¥ defining Y and Y, the Newton polytope of
Xc,, is equal to the Newton polytope of X,. In fact, since X is proper in ¥ and
Xc intersects the boundary of Y¢ properly, it is enough to prove it for p a ray of
>: and then proceed by recurrence. Up to a toric change of coordinates, one can
assume that p is a ray in direction e; = (1,0, - -+, 0). Then the hypersurface X¢ ,
is given by the polynomial f€(0,zs, - -+, ,11), where fC is the polynomial defining
Xc. Similarly the tropical polynomial of X, is obtained from the tropical polynomial
of X by removing all monomials containing x;. So, the fact that X and X¢ have the
same Newton polytope implies that X¢ , and X, do as well. Therefore, it suffices to
prove the statement for X < R"™! and X¢ < (C*)"*1.

We now assume that X is in R"*! and X¢ is in (C*)"*!. In [KS16, Section 5.2],
Katz and Stapeldon give a formula for the x, genus of a torically non-degenerate
hypersurface in the torus. Their formula utilizes regular subdivisions of polytopes to
refine the formula in terms of Newton polytopes of Danilov and Khovanskii [DK86].
Note that they use the term schon in exchange for torically non-degenerate. Let A
be the Newton polytope for X¢ and A a regular subdivision of the lattice polytope
A. Then the formula is

(5.1) Xy(Xc) = (=) (Xe, p),
P

where X¢ r is the hypersurface in the torus (C*)"*! defined by the polynomial

obtained by restricting the polynomial defining X¢ to the monomials corresponding

to the lattice points in the face F' of A. Notice our description of X¢ p differs from

the one in [KS16] up to the direct product with a torus.
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Suppose that Ais a primitive regular subdivision of A. Then for each face F' of

A the variety Xc¢ g is the complement of a hyperplane arrangement. By [Sha93] its
mixed Hodge structure is pure and

,(Xc. r) Z D)™ dim H™P(X¢, p)yP.

In fact, this hyperplane arrangement complement is C,,—, x (C*)9, where dim F
=n+1—gqandC,_, is the complement of n + 2 — ¢ generic hyperplanes in CP"~9.
By [Zhal3], we have dim H?(X¢, p) = rank F,(or) where o is the face of the tropical
hypersurface X dual to F. By Poincaré duality for X¢ p we obtain dim H?(X¢ r) =
rank F,,_,(or). Therefore, we obtain the formula

Xo(Xer) =y y— 1) [(y — )"0 = (—=1)" 9]

Therefore when the subdivision is primitive y, (Xc, ) only depends on the dimension

of F. Moreover, if A is the subdivision dual to the tropical hypersurface X then
formula in Equation (5.1) can be expressed in terms of the f-vector of bounded faces
of X. Namely,

(5.2) (X)) = Zn] =D [(y = )" (1)

where fé’ denotes the number of bounded faces of X of dimension q.
On the other hand we can compute the Euler characteristics of the Borel-Moore
chain complexes

(5.3) X(CPM (X Fy)) = D (—1)%™7 rank F, (7).
TeX
The star of a face 7 of X is a basic open subset and satisfies Poincaré duality
from [JRS18]. Therefore, we have
rank F,(7) = rank Hy(star(7); F,) = rank H (star(7); F"7P)

= > (=)' rank Fy(0).

oD sTdimo=q

since rank F"~?(7) = rank F,,_,(7) and also H(star(7); " P) is torsion free. Swap-
ping the order of the sum we obtain

X (CPM(X;]:},)) = Z (=1)" "4 yank F, (o) Z (—1)dim7,

ceX TCO

If o is a bounded face of X, then ), __(—1)4™7 = 1. If ¢ is an unbounded face
of X then Y, __(—1)%m7 = 0, since the one point compactification of o has Euler
characteristic equal to 1. Therefore, the sum in Equation (5.3) becomes

X (C’,BM (X;fp)) = Z (—1)"‘dim7rank]:n_p(7').

T€X
7 bounded
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For a face 7 of dimension ¢ we have
= 1
2 (1) rank Fy (T = (<15 )

p=0
= (=D)"y Hy = D[y - )T (1)
where x, is the polynomial from Corollary 2.16. By comparing this with Equa-
tion (5.2) we obtain

Xy(Xe) = 2 X (CPM (X FX)) v
and the proof of the Theorem 1.8 is complete. 0J
COROLLARY (Corollary 1.9). — Let X be a non-singular and combinatorially

ample compact tropical hypersurface in a non-singular compact tropical toric variety
Y and assume that X has Newton polytope A. Let X¢ be a torically non-degenerate
complex hypersurface in the compact complex toric variety Y also with Newton
polytope A. Then for all p and q we have

dim H”?(X¢) = rank Hy (X; F,) .
Proof. — By combining Proposition 4.1 with the Lefschetz hyperplane section

theorems for tropical homology and the homology of complex hypersurfaces of toric
varieties, for p + ¢ < n, we have

(5.4) rank H,(X; F,) = rank H, (Y; F)) = h"%(Yc) = h»*(X¢).

The above equations combined with the Poincaré duality statements for all of
X,Y, X¢c and Y establishes the same equalities when p + g > n.

Therefore, it only remains to prove the statement when ¢ = n — p. It follows from
the tropical and complex versions of Lefschetz theorems and from Proposition 4.1
that

X (C’FM (X;.F;{)) = (—1)Prank H, (Y;]:;/) + (—=1)"Prank H,_, (X;FZ;X) ,
and

D e ?(Xe) = dim H”P(Ye) + (—1)" dim H»""(X¢)
q
for p # 3.
For p = 3, we get

X (C:BM (X;F?)) = (-1)2 rank Hn <X;.7:§(> :
and
Zec (X¢) = dim H> 2 (X¢).
Again by Proposition 4.1 for tropical toric varieties we have
rank H, (Y;}";/) = dim H”?(Yg).
The statement of the corollary follows after applying Theorem 1.8. U
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The next corollary also follows from Theorem 1.8.

COROLLARY 5.2. — Let Y be a non-singular tropical toric variety associated to a
fan whose support is a convex cone of maximal dimension in R"*! and such that the
complex toric variety Y¢ is affine. Let X be a combinatorially ample non-singular
tropical hypersurface in Y such that (Y, X) is a cellular pair and every parent face
of a compact face of Y is compact. If X¢ is a torically non-degenerate complex
hypersurface in Y¢ with the same Newton polytope as X, then

q
YL (H!N(Xe))  ifp+g=n

k HPM(X; F,) = 4 120
ran q ( ) p) hPP <H2P(X(C)) llcp =q> %

0 otherwise.

Proof of Corollary 5.2. — Tt follows from [MM18, Theorem 3.6] that if p # ¢ or
k # 2p, then h?9(H*(Yc)) = 0. Therefore, if p # ¢, then e”9(Ye) = 0 and when
p = q we have

e??(Ye) = WP (H(Ye)) -

From the proof of Corollary 1.5, we also have H, fM (Y; F,) = 0if p # ¢q. The equality
in Theorem 1.8 also holds if we replace X and X¢ with non-singular toric varieties
Y and Y. This is because it holds for (C*)* and the Euler characteristic of the
Borel-Moore complexes and the x, genus are both additive. Therefore, we obtain

rank HfM (Y;}";/) = WP (H?(Ye)) .
Notice that since Y¢ is affine, the Andreotti-—Frankel theorem imply that h?P(H?
(Ye)) = 0 if 2p < n, and thus rank HPM(Y; F)) = 0 if 2p < n. Combining the
tropical Lefschetz theorem and Poincaré duality, we obtain that if p + g # n
rank HBM (Y;]:;/H) ifp=q > 3,

kHBM X, .FX _ p+1
ramt Hy ( P ) 0 otherwise.

Since X is affine, one has again that h?4(H¥(Xc)) = 0 if k < n. By the Lefschetz-
type theorems for the Hodge Deligne numbers on H?(X¢) [DK86, Section 3], we get
hP4(H*(X¢)) = 0 if k > n and p # ¢ and that if 2p > n

WP (HP?(Xe)) = hPHHPH (HZPP(Ye))

Therefore,
(=11 (HP(Xe)) ifp+qg<n
el (Xc) = { WPHUPHL(HZPP(Y)) ifp=gq > 2
0 otherwise.
Then by applying Theorem 1.8 and using the fact that the Borel-Moore tropical
homology groups of X are torsion free by Corollary 1.5, we obtain the statement of
Corollary 5.2. 0

Theorem 1.8 can be used to calculate the ranks of the tropical homology groups
of tropical hypersurfaces in R"*!.
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COROLLARY 5.3. — Let X be a non-singular tropical hypersurface in R"** with
full-dimensional Newton polytope. If X¢ is a non-singular torically non-degenerate
complex hypersurface in (C*)"*! with the same Newton polytope as X, then

q
D (HN(Xe))  ifp+g=n
k HPM(X; F,) = 4 120
Rk TG I) = e (e x) i =

0 otherwise.

The Hodge—-Deligne numbers appearing in the above corollary can be calculated
using the algorithms in [DK86]. For example, when X¢ a non-singular torically

non-degenerate complex hypersurface in (C*)"*! we have h??(H"*P(X¢)) = (Zﬁ)

Proof of Corollary 5.3. — The proof follows exactly the same lines as the proof
of Corollary 5.2. It follows from [DKS86] that

n+1\ .. B
e ey = (1) Trmamai=neies

0 otherwise .

The Borel-Moore tropical homology groups satisfy HPM (R F,) = 0if ¢ #n+1
and
1
rank AP (R*™ F,) = (n+ )
p
Combining Theorem 1.1 and Poincaré duality for the tropical homology of X, when
p + q # n we have

n+1 .
fq—=
rankaM (X;]:;() = (p+1) 1 e
0 if ¢ # n.
The hypersurface X¢ is a non-singular affine variety, so the Andreotti—Frankel the-
orem and Poincaré duality imply H*(X¢) = 0 if k < n. By the Lefschetz-type
theorems for the Hodge-Deligne numbers on H(X¢) [DK86, Section 3], if k > n

one has
n—+1
if p= dk=n+
hp’q(Hf(XC)) _ (p—i—l) II'p=gqan n—+p
0 otherwise.
Therefore
((=1)"h? 9 (H(Xc)) ifp+g<nandp+#q
1
(1 hP s (H (Xe)) + (~1)r (" N 1) ifp+g<nandp=g
P 1(Xe) = 4 ) P+
(—=1)"tp nt ifp+g>nandp=gq
p+1
L0 otherwise.

Then by applying Theorem 1.8 and using the fact that the Borel-Moore tropical
homology groups of X are torsion free by Corollary 1.6, we obtain the statement of
Corollary 5.3. O
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