MEMOIRES DE LA SMF 85

BOUNDARY COHOMOLOGY
OF SHIMURA VARIETIES, III:
COHERENT COHOMOLOGY ON
HIGHER-RANK BOUNDARY STRATA
AND APPLICATIONS
TO HODGE THEORY

Michael Harris

Steven Zucker

Société Mathématique de France 2001

Publié avec le concours du Centre National de la Recherche Scientifique



M. Harris
Institut de Mathématiques de Jussieu, U.M.R. 7586 du CNRS, Université Paris 7,
2 Pl. Jussieu 75251 Paris cedex 05, France.

E-mail : harris@math. jussieu.fr

Url : http://wuw.math. jussieu.fr/ harris

S. Zucker

Department of Mathematics, Johns Hopkins University, Baltimore, MD 21218 USA.
E-mail : sz@math. jhu.edu

Url : http://wuw.math. jhu.edu/ sz

2000 Mathematics Subject Classification. — 14G35, 11G18, 14C30, 11F75.

Key words and phrases. — Shimura varieties, automorphic vector bundles, cohomol-
ogy of arithmetic groups. mixed Hodge structures.

M.H.: Supported in part by the National Science Foundation, through Grant DMS-
9203142.

S.Z.: Supported in part by the National Science Foundation, through Grants DMS-
9423689 and DMS-9820958.



BOUNDARY COHOMOLOGY
OF SHIMURA VARIETIES, III:
COHERENT COHOMOLOGY ON HIGHER-RANK
BOUNDARY STRATA AND APPLICATIONS
TO HODGE THEORY

Michael Harris, Steven Zucker

Abstract. — In this article, third of a series, we complete the verification of the
following fact. The nerve spectral sequence for the cohomology of the Borel-Serre
boundary of a Shimura variety Sh is a spectral sequence of mixed Hodge—de Rham
structures over the field of definition of its canonical model. To achieve that, we
develop the machinery of automorphic vector bundles on mized Shimura varieties, for
the latter enter in the boundary of the toroidal compactifications of Sh; and study the
nerve spectral sequence for the automorphic vector bundles and the toroidal boundary.
We also extend the technique of averting issues of base-change by taking cohomology
with growth conditions. We give and apply formulas for the Hodge gradation of the
cohomology of both Sh and its Borel-Serre boundary.

Résumé (Cohomologie au bord des variétés de Shimura, I11). —  Dans cet article,
troisiéme d’une série, nous terminons la vérification du fait suivant. La suite spectrale
«du nerf », qui calcule la cohomologie du bord de la compactification de Borel-Serre
d’une variété de Shimura Sh, est une suite spectrale de structures de Hodge-de Rham
mixtes sur le corps de définition de son modéle canonique. Pour le faire, nous dé-
veloppons la théorie de fibrés automorphes sur les variétés de Shimura mixtes, car
de tels objets figurent dans le bord d’une compactification toroidale de Sh; et nous
étudions la suite spectrale « du nerf » pour les fibrés automorphes et le bord toroidal.
En plus, nous généralisons nos résultats antérieurs sur la cohomologie avec conditions
de croissance, qui permettent d’éviter les difficultés associées au changement de base.
Enfin, nous énoncons et appliquons des formules pour la graduation de Hodge de la
cohomologie de Sh et celle du bord de sa compactification de Borel-Serre.
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INTRODUCTION

The present article continues the study of the boundary cohomology of Shimura
varieties initiated in [HZ1, HZ2|. Let G be a reductive group over Q, X the symmet-
ric space associated to G(R), and I' a congruence subgroup of G(Q). We consider
the cohomology of I'\ X with coefficients in the local system V constructed from a
representation V of G, i.e., H*(I\X, V) ~ H*(T', V). It is standard that this coho-
mology can be decomposed as the direct sum of “interior” cohomology, defined as the
image of the cohomology with compact supports H(I'\ X, V), and a complementary
“boundary cohomology” that restricts non-trivially to the boundary of the Borel-Serre
(manifold-with-corners) compactification of I'\ X. The designation of boundary coho-
mology is generally non-canonical, and much work has been devoted to constructing
canonical decompositions using Eisenstein series.

By an elaboration on the de Rham theorem, one knows that the cohomology group
H*(T'\ X, V) can be expressed as the relative Lie algebra cohomology of the space of V-
valued C* functions on I'\G(R), or even the functions of moderate growth ([B2,§7]).
Thanks to the work of Franke [Fr1], one can replace the functions of moderate growth
by the subspace of automorphic forms, and this can provide the starting point for
an approach to the boundary cohomology. However, in this series of articles we
are concerned only tangentially with the relation between boundary cohomology and
automorphic forms. We choose to work at a more intrinsic level, concentrating instead
on the additional structures on H*(T"\ X ‘N/) when X is a hermitian symmetric domain.
In that case, I'\X is an algebraic variety, and V underlies a natural variation of
Hodge structure. Morihiko Saito’s theory of mixed Hodge modules [Sa3] then gives
that H*(I\X, V) has a corresponding mixed Hodge structure (MHS). The nature
of this MHS at the boundary—more accurately, the associated MHS on the deleted
neighborhood cohomology of the boundary—was the subject of [HZ2].

The “adelic version” of I'\X is the Shimura variety Sh(G, X), whose connected
components are of the form I"'\X. This has a canonical model over a number field
E. The de Rham isomorphism identifies H*(Sh(G, X), V) with the hypercohomology
of of an E-rational complex of coherent sheaves on Sh(G, X); thus H*(Sh(G, X), V)



2 INTRODUCTION

acquires an E-rational structure distinct from the topological rational structure com-
ing from the coefficients V. In particular, H*(Sh(G, X), V) has a Hodge filtration
whose graded pieces are given by the coherent cohomology with coefficients in certain
automorphic vector bundles [H1, Mi2]; the latter have natural E-rational structure.
(This E-rationality can be asserted for de Rham cohomology, without grading for the
Hodge filtration, and that is conjecturally equivalent in this context.) Study of the
boundary cohomology of such automorphic vector bundles was begun in [HZ1].

Both [HZ1] and [HZ2] made essential use of toroidal compactifications of Shimura
varieties (which has its origin in [AMRT]), following [H3] and [H4]. The toroidal
boundary of Sh(G, X) (a divisor with normal crossings), like the Borel-Serre bound-
ary, is stratified according to conjugacy classes of parabolic subgroups of G. The
cohomology of the boundary, both in the topological setting (as above) and in the
coherent setting (i.e., for canonically extended automorphic vector bundles), can be
computed as the abutment of the spectral sequence for the closed covering given by
this stratification; this is called the nerve spectral sequence. In [HZ1] we analyzed
the contribution to the nerve spectral sequence from the strata associated to mazximal
parabolics in the coherent setting. The first task of the present article is to extend
this analysis to general parabolics, thereby fulfilling our promise from [HZ1], and
this is carried out in the first three Chapters. This necessitated a generalization in
Chapter 1 of much of the machinery of automorphic vector bundles to the toroidal
compactifications of mized Shimura varieties (constructed by Pink [P]).

Most of the calculations from [HZ1,§3] go over without change, but there are a
few delicate points, notably the issue of basechange in (3.4). For the latter, we must
recall the role of conditions of growth and decay. These entered in the coherent setting
when we established the existence and degeneration of Leray spectral sequences for
morphisms of toroidally compactified varieties and the corresponding morphisms of
canonical (or subcanonical) extensions of automorphic vector bundles. In effect, it
enabled us to circumvent the complications related to basechange at infinity. As
suggested above, this last point recurs here. We are obliged to prove (in (2.3)) a
generalization to mixed conditions of growth and decay, enabling us, in effect, to
isolate a single boundary stratum.

Our main result in Chapter 3 is that the differentials in the E;-term of the nerve
spectral sequence for coherent cohomology decompose naturally into pieces that ei-
ther are given in terms of restriction maps on pure Shimura varieties or are “purely
topological” (see (3.5.4)). Via Franke’s interpretation of cohomology in terms of auto-
morphic forms, this implies (see (3.6)) that the constant term maps for cohomology,
expressed as integration of an automorphic form along the unipotent radical of ap-
propriate parabolic subgroups, are rational with respect to the de Rham rational
structure; for maximal parabolics, this was already obtained in [HZ1, 4.8].
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The nerve spectral sequence for the topological cohomology H*(I'\ X, V') was stud-
ied in detail in [HZ2]. Hodge-theoretic considerations require (algebraic) compacti-
fications, and the toroidal compactifications were convenient to use for this purpose
as well. It was a subtle matter to compare the deleted neighborhoods of the Borel-
Serre and toroidal boundary strata associated to a given parabolic subgroup (see
[HZ2,§2]). We constructed isomorphisms between them that are compatible with re-
striction maps, allowing for transport of structure from the latter to the former. From
this, it follows that the differentials in the topological nerve spectral sequence are mor-
phisms of mixed Hodge structures. In particular, they induce maps after grading for
the Hodge filtration F'. Since a morphism of mixed Hodge structures is determined
by its gradation for F, it follows, for instance, that ghost classes exist in H*(I'\ X, V)
if and only if they exist in GrpH*(T'\X, V) (see (4.6.7)). (Recall that a ghost class
in H*(I'\ X, ‘7) is a cohomology class whose restriction to the Borel-Serre boundary
is non-zero, yet whose restriction to each face (stratum) thereof is zero.) In (4.1),
we compare the graded differentials to the results obtained for the differentials in the
case of the coherent cohomology. To that end, we derive a formula for the deleted
neighborhood cohomology of a boundary stratum as de Rham cohomology on a suit-
able toroidal compactification of the associated (Baily-Borel) boundary component
(see (4.1.9)).

Of course, the above can be repeated for the weight filtration. For an example of
the use of weights to rule out ghost classes (cf. (4.6.14)), see [Z5, App. A].(1) We are
still seeking a satisfactory way of dealing with the entire mixed Hodge structure. It
is therefore strongly to be feared that this article is not the last of the series ... The
content of the first three chapters of this article completes the verification of results
announced in [HZ1,§5] and in [H5]. They can be summarized by saying that the
(topological) nerve spectral sequence is a spectral sequence of mized Hodge-de Rham
structures over the field of definition of the canonical model.

In Chapter 4, we continue to develop the Hodge theoretic material from [HZ2,§5].
In (4.2), we reformulate the results in (4.1) by using the “minimal model” of the
holomorphic de Rham complex, viz., the dual Bernstein-Gelfand-Gelfand complex,
and deduce the E-rational version of (4.1.9).

A big surprise in this work was the discovery of another interesting filtration on
the boundary complex, whose spectral sequence is, like the nerve spectral sequence, a
spectral sequence of mixed Hodge structures. In a way, there is nothing new about this
filtration, which we call the filtration by holomorphic rank; it is given by the pullback
to the Borel-Serre boundary of the filtration of the Baily-Borel Satake boundary by

(D The correct outcome of the calculation presented in the latter is that there are no ghosts for
GSp(4) when the representation V is generic, i.e., where the highest weight for Sp(4) has positive
inner product with both simple roots. When V is trivial, on the other hand, the calculation does
allow for a weight-two ghost class in H?(I'\ X, Q), and such a class is determined in [KR, 14.1.3].
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4 INTRODUCTION

(unions of) boundary strata of increasing dimension (see also (4.4.15)). In a sense
that can be made precise, its E1-term is closer to the abutment than that of the nerve
spectral sequence, though further from the question of ghost classes. We treat the
holomorphic rank filtration in (4.4), though the same considerations already show
up in (3.5) in the coherent setting. Cases of the latter give the Hodge components
for the Ej-term of the topological holomorphic rank spectral sequence, and this gets
examined in (4.5).

Several fundamental questions remain open. The analysis of cohomology of Shimu-
ra varieties should be extended to the intersection cohomology of their minimal (Baily-
Borel) compactifications. The Zucker conjecture, proved by Looijenga [L] and Saper-
Stern [SS], asserts that this cohomology is isomorphic to the Lo-cohomology, or again
to the Lie algebra cohomology of square-integrable C*° functions, or by [Frl], of
square-integrable automorphic forms. However, it is not known whether this isomor-
phism identifies Morihiko Saito’s Hodge structure with the analytic Hodge structure
on La-cohomology (the one given a priori by the L? harmonic forms). In Chapter 5 we
obtain a partial result in this direction: we show that the map from Ls-cohomology
of the open Shimura variety to ordinary cohomology is a morphism of (mixed) Hodge
structures (this is a small improvement over what was asserted in [H5,3.3.9]). We
do not address the question of whether intersection cohomology carries a de Rham
rational structure.

It is also true that not all questions are treated in maximum generality. For in-
stance, we have not studied the cohomology of a general automorphic vector bundle or
variation of mixed Hodge structure on a mixed Shimura variety, but have rather been
content to work out the cases directly relevant to the cohomology of pure Shimura
varieties. Experience suggests these omissions will return to haunt us (providing even
more impetus for article IV?). Another thing absent is the exploration of relations
between our constructions and the general polylogarithms constructed by Wildeshaus
(W1, W2].

Much of this work was begun at the time of writing of [H5], where some of our
results were announced. The actual writing of the present article did not get under
way until the second-named author visited Université Paris 7 in May, 1997. We
both wish to thank that institution for the hospitality extended on that occasion.
Likewise, a large amount of the work and writing of this article was carried out
while the second-named author was spending Academic Year 1998-99 on sabbatical
at the Institute for Advanced Study in Princeton. We also wish to thank P. Polo for
helpful discussions of the generalized Bernstein—Bernstein—Gelfand resolution, and
Z. Mebkhout for help with the proof of Proposition (4.2.21). We thank J. Wildeshaus
for numerous thoughtful comments on both the content and the exposition of the
article. Finally, we are grateful to the referee for his careful reading of the first
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version of the present article and for his numerous suggestions, which we believe have
led to a substantial improvement of the first section, in particular.

Conventions and notation

0.1. We let S = Rc/rGp c be the torus whose real representations parametrize R-
Hodge structures. To any real representation h : S — GL(V) is associated a Hodge
structure on V' such that V79 is the subspace of V¢ on which z € S(R) — C* acts as
z7PZ79. The Hodge structure thus obtained is canonically the direct sum of its weight
graded components. We let i : Gy, ¢ — S¢ be the cocharacter such that ho p(z) acts
as z7P on VP4, for any h and V as above. We let w : G,,, g — S be the natural map.
Then with (h, V) as above, the associated Hodge structure is pure of weight w(V') if
and only if h o w defines a character of G,, g, and in that case h o w(t) = t—wV),

0.2. Let G be a connected reductive group over C, P C G a parabolic subgroup,
L C P a Levi subgroup, H C L a maximal torus, R, P C P the unipotent radical.
Let B C P be a Borel subgroup of G containing H. We use the lower case Gothic
letters g, p, b, [, b to denote the corresponding Lie algebras, and let ® = ®(g,bh)
be the set of roots, ®T the positive roots corresponding to b, ®, = ®(l,h) and @}
respectively the roots and positive roots of b in [. Let W = W(g,h) be the Weyl
group, Wi, = W(I,h). The subset WP C W of Kostant representatives of W \W is
the set
{fweW |w Ha)>0,Yae d}}.

Then W7 is the set of representatives of shortest length for the right cosets W \W.

The same terminology is used for the shortest representatives of Wi, in W when G
is quasi-split over a field of characteristic zero.

0.3. Starting in §3 we will concentrate on the case of pure Shimura varieties. Nota-
tion is as in [HZ1] and [HZ2] (see, however, (0.5)). In particular, (G, X) is a Shimura
datum, K, C GR is the (algebraic) identity component of the stabilizer of a point
p € X, H C K, is a maximal torus, b its Lie algebra. We assume a set of positive
roots ®T chosen as above, with decomposition &+ = &F U &} into compact and
non-compact roots, as in [HZ1,3.6] (where we used the letter R instead of ®). All
references to highest weights will be with respect to these choices. Let B+ C g (resp.
B~) be the maximal parabolic subalgebra with Levi component £, and unipotent
radical p* (resp. p~).

0.4. We wish to recall the combinatorics of the intersection of boundary strata in
the Borel-Serre and toroidal compactifications of the locally symmetric variety T'\ X .
This goes the same for both, so we will treat only the former.

The Borel-Serre compactification is T'\X, where X is a certain manifold-with-
corners with G(Q)-action, with X as interior. Its closed (or open) boundary faces are
in natural one-to-one correspondence with the rational parabolic subgroups P of G,
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6 INTRODUCTION

and are denoted e(P). Then e(P)Ne(Q) # @ if and only if P N Q is parabolic, and
then the intersection is simply e(P N Q).

In T'\X, one has boundary faces indexed by TI'-conjugacy classes of rational
parabolic subgroups. It is customary to take representatives of these conjugacy
classes, so one must understand the notational complication that ensues. The
boundary face e'(P) of '\ X is an arithmetic quotient of e(P), so likewise for any
I-conjugate of P. Thus, it is wrong to expect that e/(P) Ne/(Q) = ¢/ (P N Q) when
P N @ is parabolic. Indeed, ¢/(PN@Q) is only one connected component of the
intersection. Suppose that PN @ is the parabolic subgroup R. Then mﬁm isa
finite disjoint union of faces of the form e’(gRg~1), for g running over representatives

of the fiber over the identity double coset in the right-hand side of

(TN P)\P(Q)/R(Q) — MG(Q)/Q(Q).

This understanding underlies all treatment of intersections of boundary strata in this
work. (For more on this, see the appendix to [HZ2, (3.5)].)

0.5. We wish to remind the reader that it was necessary in [HZ2, (1.4)] to make
a change of notation for the sequel, in particular this paper. In [HZ1], we used
the symbol F' to denote a boundary component, and associated objects such as its
normalizing parabolic subgroup Pr, the Cayley transform cp, the associated cone
complex Y, etc. carried the subscript F. Given that P = Pr and F are equivalent
data, we decided it was more convenient to switch to writing P, cp, Xp, etc. As
such, one must take this change into account when tracking down notions from [HZ1].
For example, the Shimura datum denoted (Gj,p, X (F)) in [HZ1,1.7] is here denoted
(Gh,p, X(P))

The notation Zx(R) (for the closed R-stratum of the toroidal boundary) was intro-
duced in [HZ2, (1.5.2)]. It derives from [HZ2, (1.4.11)]; there, the F-stratum should
have been denoted <Zp 5, (as in 1.5.2 of [HZ1]), not °Zr 5. Fortunately, this causes
no trouble in the sequel.

0.6. There is a notational inconsistency in [HZ1] (cf. (0.5)). Along with the P-
stratum we defined the F-stratum of K} Sh(G, W\X)yx, in [HZ1, 1.7], where F' denotes
the rational boundary component fixed by P, also denoted Pr. However, in §5.3 of
[HZ1] the F-stratum was denoted the P-stratum. In the latter setting we had also
defined R-strata for general parabolic subgroups R of G (i.e., not only for maximal
parabolics) by the formula

(0.6.1) aSh(GW\X)E = N Sh(G,W\X)E .
! __ PDOR !
P maximal

MEMOIRES DE LA SMF 85
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Here the final P should have been an F. However, we will retain the notation (0.6.1)
and rename the F-stratum the P(x)-stratum, denoted K} Sh(G,W\DC)gl(*). We re-
call that this is the union of the G(Ajy)-translates of the P,-strata for all maximal
parabolics P, conjugate to P. Similarly, if R is any standard parabolic subgroup of
G, we let

(0.6.2) kiSh(GW\NEY = o Sh(G, W\X)

~ PDOR
P maximal

In what follows, we will also use the less cumbersome notation of [HZ2, (1.5.2)] for
closed boundary strata. Thus the Zariski closure of the R-stratum will be denoted
Zx(R) and the Zariski closure of the P(*)-stratum will be denoted Zx(P(x)), where
appropriate.

0.7. Let (G,X) be a (pure) Shimura datum. As in [HZ2] we let P(G) denote the
set of rational Q-parabolic subgroups of G, Pmax(G) C P(G) the subset of maximal
proper parabolics; the analogous notation is used for other reductive groups. To any
P € Ppax(G) we associate its Levi quotient Lp and subgroups Gy, p and Gy p of Lp,
as in [HZ1,§1.2], where the “P” was sometimes dropped; see also (0.5). As in [HZ1],
we choose liftings of Lp to a subgroup of P, also denoted Lp. Sometimes we will
restrict attention to standard parabolic subgroups, relative to a choice of minimal
parabolic Py and then the Levi subgroups Lp will all be assumed to contain Lp,.

Assume G?? is Q-simple. Then the set of standard maximal Q-parabolics of G
Prax(G) is totally ordered, as follows. Fix a connected component X+ C X. For
each P € Puax(G) let F(P) denote the rational boundary component of X fixed by
the identity component P(R)® of P(R). Then P’ < P if and only if F/(P’) is contained
in the closure of F(P).

As in [HZ2,(2.2)], for P € Pnax(G) we define an injection ep : P(Ge,p) — P(G),
with image denoted Pp(G), such that

PG -G = [[ Prc).
PEPmax(G)

If R € Pp(QG), then R is said to be subordinate to P, and we write II(R) = P; this is
the case if Gy p is maximal among the G}, ¢ contained in the Levi quotient of R, as
Q runs through Puax(G) (this was stated differently in [HZ2]). For brevity, we write
Gh,r = Gp,p if R is subordinate to P. Let Ry p = RNGy p (in [HZ2,(2.2.3)], this was
called tp(R)). It is a Q-parabolic subgroup of Gy p, and every Q-parabolic of Gy p
is of the form Ry p for some R subordinate to P. We also let G r denote the Levi
subgroup Lr NGy, p of Ry p.

0.8. A single object (sheaf, group, etc.) can be regarded as a complex with [at most]
one non-zero term in degree 0. A sheaf S, or other such object, even if it “looks like it
belongs in degree ¢”, is placed in degree ¢ only by specifying the standard shift to the
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8 INTRODUCTION

right: S[—¢]. In general, §*[—¢] has in degree ¢ what S* has in degree i — ¢, whence
the notation.

The cone C* of a morphism of complexes ¢ : §* — 7°* has, by definition, as
underlying sheaf S*[1] @ 7*. Often it is more natural to work with C*[—1]; in that
case, this shift will be specified.
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CHAPTER 1

AUTOMORPHIC VECTOR BUNDLES
ON MIXED SHIMURA VARIETIES

In § 4 of [HZ1], although we did not draw attention to this fact, we tacitly developed
the basic theory of automorphic vector bundles on the mixed Shimura varieties, in the
sense of Pink’s thesis [P], that arise as boundary strata of toroidal compactifications
of pure Shimura varieties. The present discussion recapitulates the constructions of
[HZ1] in more orderly fashion and in the full generality of [P]. The general setting in-
cludes the special case of Kuga’s families of abelian varieties with additional structure,
as well as their toroidal compactifications. These will not be discussed in the sequel
but the results proved here appear to have interesting applications to the construction
of mixed motives.

Most of the proofs are simple adaptations of the constructions in [H1, H2, H4], as
well as [HZ1, HZ2,5.1]. Where this is the case, we keep the details to a minimum,
referring to the analogous proofs in the earlier papers and thereby avoiding tedious
repetition. We follow the strategy of [HZ1] by reducing purely geometric theorems
about (mixed) Shimura varieties to local assertions, which we then prove on connected
models of the form I'\ D.

1.1. Mixed Shimura varieties

We refer to [P] for notation and precise definitions concerning mixed Shimura
varieties. As in [HZ1,1.6], a mixed Shimura variety is defined by a pair (Q,X),
where @ is a connected algebraic group over Q with a three step-filtration by normal
subgroups

(1.1.1) {1} CW_oQCW_1Q =R,Q CWoQ=0Q
and X is a homogeneous space for Q(R) - W_2Q(C) with a finite-to-one map
(1.1.2) h: X — Hom(S¢, Qc).

We write h, for h(z). It is assumed that W_,@Q is commutative, and for any arithmetic
subgroup I' C Q the quotient T1(Q,X) = ' N W_2Q(Q)\W_2Q(C) is viewed as the
set of complex points of the split torus with character group Hom(T'NW_2Q, Z). The
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additional conditions satisfied by the pair (Q,X) are listed in [P, Definition 2.1] and
will be recalled as needed. The mixed Shimura variety is denoted Sh(@, X).

We write Ug = W_2Q, Wgo = W_1Q, Vo = Wg/Ug, and drop the subscript @
when it is understood, as it will be for most of the remainder of this section. Then
U and V are commutative unipotent algebraic groups. In particular the exponential
maps Lie(U) — U and Lie(V) — V are isomorphisms of vector groups. We let
G = Q/W be the maximal reductive quotient of Q.

Let

a1:Q —Q/U, a2:Q/U—G, a=maoa:Q—G

be the natural maps. Conditions (i) and (ii) of [P, Definition 2.1] are that

(i) For any x € X, aj o h, is defined over R;

(ii) For any = € X, @ o hy, o w is a cocharacter of the center of G.

Pink’s remaining conditions imply that the pair (G, {aohy|z € X}) is a datum defining
a pure Shimura variety. Let p : Q@ — GL(A) be a Q-rational representation. Assume
the weight morphism is defined over Q (see (1.1.7), below). Then for any = € X, the
map p o h, defines a rational mixed Hodge structure on A [P, Proposition 1.4], and,
as x varies, the family of p o h, defines a variation of mixed Hodge structures over X.
In particular, the family satisfies Griffiths transversality. Taking p to be the adjoint
representation, we obtain a family of mixed Hodge structures on Lie(Q). For z € X,
let QY C Qc denote the connected subgroup with Lie algebra F?(Lie(Q)); then Q9
is the subgroup stabilizing the Hodge filtration F2(A) for any representation (p, A).
Let X denote the quotient Qc¢/QP.

Let Hy = Im(h) C Hom(S¢, Qc). The space Hxy has a Q(R) - U(C)-equivariant
complex structure determined by the following property: Suppose (p, A) is a faithful
representation of @). Let F(p) denote the variety of flags in A containing the Hodge
filtration F} attached to p oy for any, and hence all, y € Hx. Then the map

B :Hx — F(p); y—F,

is a complex analytic embedding [P, 1.18(a)] that naturally factors through the homo-
geneous space jC((C) Since h is a local diffeomorphism, this also determines a unique
Q(R) - U(C)-equivariant complex structure on H. The map 3 = oh : X — X is
called the Borel morphism.

The reflex field E(Q,X) of the pair (@, X) is the field of definition of the conjugacy
class of hy oy : Gy, — @, with g as in (0.1), for any z € X [P, Definition 11.1].
Just as in the case of pure Shimura varieties, the homogeneous algebraic variety X is
canonically a quotient of this conjugacy class, and for the same reasons has a natural
rational structure over E(Q, X) (cf. [H1,§3]).

Let Ky C Q(Ay) be a compact open subgroup. Then the mixed Shimura variety
K,;Sh(Q,X) is defined as a complex analytic variety, just as in the pure case, by

(1.1.3) k;Sh(Q,X)(C) = QQ\(X x (Q(Af)/Ky)).
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1.1. MIXED SHIMURA VARIETIES 11

As Ky varies, the g, Sh(Q,X)(C) form a projective system, and one can define
Sh(Q,X)(C) to be the inverse limit of the g Sh(Q,X)(C). Alternatively, we can
view Sh(Q, X)(C) as shorthand for the projective system. In either case, we obtain
an action of the group Q(Ay) on Sh(Q,X)(C) as “Hecke correspondences”. However,
we will mainly be concerned with the objects at finite level.

A morphism (Q,X) — (@', X") of mixed Shimura data is a pair consisting of a group
homomorphism @ — @', defined over Q, and a holomorphic map X — X', compatible
with the group actions on the two sides. To a morphism ¢ : (Q,X) — (Q',X’) of
mixed Shimura data we can associate holomorphic maps of mixed Shimura varieties:
if Ky CQ(Ay) and K} C Q'(Ay) are such that ¢(Ky) C K, then there is a natural
map
(1.1.4) (6] + ,Sh(Q,X)(C) — K, Sh(Q",X)(C)

([P,3.4]). Asin the pure case, to a morphism of mixed Shimura data we obtain a map
of reflex fields in the opposite direction: E(Q',X") C E(Q,X).

In particular, we can take Q' = Q/U or Q' = G = Q/W in the above construction,
and @ — Q' to be the natural projection. If we define X’ to be the quotient of X by
U(C), resp. by U(C) - W(R), we thus obtain morphisms of Shimura data (Q,X) —
(Q',X"). Writing U\X in place of U(C)\X and W\X in place of U(C) - W(R)\X, we
thus obtain a short sequence of morphisms of mixed Shimura varieties:

(1.1.5) Sh(Q, X)(C) —=— Sh(Q/U,U\X)(C) —— Sh(G, W\X)(C).
We have already noted that (G, W\X) is a pure Shimura datum.

Among the main theorems of [P] are the existence of natural algebraic structures on
the mixed Shimura varieties Sh(Q, X)(C), the existence of smooth projective toroidal
compactifications of the mixed Shimura varieties x,Sh(Q, X)(C) (provided the level
subgroup Ky is neat, in the sense of [P,0.6]), and the existence of canonical mod-
els of Sh(Q,X)(C) and its toroidal compactifications over the reflex field E(G, X)
[P, Theorems 9.21, 11.18, and 12.4].(). We mention for the sake of completeness that
any K contains a neat subgroup of finite index, and that if Ky is neat then any
subgroup of finite index in Ky is also neat. The algebraic structures are “natural”
in that they are compatible with the morphisms introduced above, including the
Hecke correspondences QQ(Ay) and the morphisms [¢] of (1.1.4) associated to mor-
phisms ¢ : (Q,X) — (Q',X’) of mixed Shimura data. The algebraization of the
mixed Shimura varieties is actually accomplished by constructing ample line bundles
on certain toroidal compactifications.

The canonical model, denoted Sh(Q, X), is defined, as in the pure case, by functo-
riality with respect to morphisms of mixed Shimura data (T,Y) — (Q,X). Here T

(W Of course, Pink’s theorems presuppose the existence of canonical models in the pure case; see
[M2] for references, as well as the recent articles of Moonen and Milne [Mo,M3], filling an apparent
oversight in the literature.
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12 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

is a torus, the “symmetric space” Y is a finite set of points, and the canonical model
of Sh(T,Y) is defined by the analogue of the Shimura-Taniyama reciprocity law for
complex multiplication. The points contained in the image of a morphism of the form
Sh(T,Y) — Sh(Q,X), or the corresponding points at finite level, are called special
points. Thus the canonical models constructed by Pink, like those of Shimura, are
characterized by the reciprocity law at the special points. Details can be found in
[P,11.5].

1.1.6. The (partial) toroidal compactifications of x,Sh(Q,X)(C) are associated to
combinatorial data, just as in the pure case [cf. HZ1,1.4, 1.7]. Following the con-
ventions introduced in [HZ1], the set of combinatorial data will be denoted ¥ and
will be called a K ¢-admissible family of fans for (Q,X) (Pink denotes the set of data
S and calls it a Ky-admissible partial cone decomposition; see [P, 6.4]). This aspect
of Pink’s theory was discussed in [HZ1,1.6 and 4.1] in connection with the mixed
Shimura varieties that arise as boundary strata of pure Shimura varieties, and the
general case is identical. The (partial) toroidal compactification of x,Sh(Q,X)(C) as-
sociated to the K y-admissible family of fans ¥ is denoted g, Sh(Q, X)s(C). We assume
¥ satisfies the hypotheses of [P, Theorem 12.4]. Then by [loc. cit.], x,Sh(Q, X)=(C)
exists as a complex algebraic variety, and descends to a scheme g, Sh(Q,X)s over
the reflex field E(Q,X). Under supplementary hypotheses on X, we may assume
K;Sh(Q, X)s to be quasi-projective; in this case we call ¥ quasi-projective. Just as
in the pure case, the set of all Ky-admissible families of fans is an inverse system
under the relation of refinement. If ¥; is a refinement of Y5 then there is a natural
morphism f,Sh(Q,X)s, —x, Sh(Q,X)s, [P,6.7(b)]; moreover this morphism is pro-
jective [KKMS], and the set of quasi-projective ¥ is cofinal in the set of all families
of fans [P, Theorem 9.21].

If Ky is neat, then we may also choose ¥ such that x,Sh(Q,X)s is smooth and
the complement dx,Sh(Q, X)s =k, Sh(Q, X)s —x, Sh(Q, X) is a divisor with normal
crossings. In this case, x,Sh(Q, X)x is said to be SNC.

1.1.7. On the morphism h of (1.1.2). — Say a pure Shimura datum (G1, X;)
is standard if the associated map h : X;— Hom(S¢,Qc) of (1.1.2) is one-to-one.
It follows from Proposition 2.11 of [P] that there is a standard Shimura datum
(G1,X1) = (G, h(X)) and a Shimura datum (7, Y), with T' a torus, such that (G, X)
admits an embedding

(1.1.7.1) (G, X) — (G1,X1) x (T, ).
In other words the map h associated to (G, X) is concentrated on the second (toric)

factor.
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1.1. MIXED SHIMURA VARIETIES 13

Let (G,W\X) denote the pure Shimura datum attached to the mixed Shimura
datum (@, X). Consider the following hypotheses:

(1.1.7.2) For any h € W\X, the weight morphism h o w : G, g — Gr
is defined over Q.
(1.1.7.3) Let Z¢ denote the maximal R-split torus of the center of G

that is Q-anisotropic. Then Zg is trivial.

The Shimura datum (@, X) will be called motivic if (1.1.7.2) holds. We assume this
to be the case. Taking (G, X) in (1.1.7.1) to be (G, W\X), it is then easy to see that
we may assume (G1, X1) and (7, Y) to be motivic as well. If G also satisfies (1.1.7.3),
then we may assume this to be the case for G; and T as well.

We wish to determine the failure of (7,)) to be standard. Let h : Y—Hy with
H as in (1.1.3). First note that there is a unique Shimura datum (G,,,Y(£)) such
that Hy () is the character z + 2Z of S, and such that J(4) has two connected
components. For any integer M, the character t—t* is a morphism ¢as : G, —Gpn,
and there is a mixed Shimura datum (G,,, Y(M, £)) such that ¢; defines a morphism

(1.1.7.4) (G, V(£)) — (G, V(M, £))

of Shimura data. (Actually, ¢p; defines two morphisms. Y (M, +) has two connected
components, interchanged by complex conjugation on cyclotomic fields. Composing
one choice of ¢p; with exchange of the components of Y(M,+) defines a second
morphism of the form (1.1.7.4).) We let Y(M) denote the single character z — (2Z)M.
Then every (G,,,Y) is of the form (G,,, Y(M)) or (G, Y(M, <)) for some M.

Suppose T satisfies (1.1.7.3). Let Ty denote the maximal Q-anisotropic subtorus of
T, Ty = T/Ty. There is a Shimura datum (77, Y1) and a morphism (T, Y)— (11, V1)
whose first factor is the canonical map; the datum (77, Y1) is the quotient of (T, )) by
To, in the sense of [P, Proposition 2.9]. By (1.1.7.3), the map mo(T(R))—mo(11(R))
is injective; it then follows from the proof of [P, loc. cit.] that the map Y—)) is also
injective. On the other hand, T} — G”, for some non-negative integer . Thus there
is an embedding of Shimura data

(1.1.7.5) (T,Y) — (T, Hy) x (GT,, D).

By incorporating (T, Hy) into the first factor on the right of (1.1.7.1), we see that,
assuming G satisfies (1.1.7.3), there is an embedding of pure Shimura data

(1.1.7.6) (G, X) — (G1,X1) x (T, )

where (G1, X1) is standard and T is a Q-split torus.

Via (1.1.7.6), the general theory of pure Shimura data, in Pink’s sense, is reduced
to the theory of standard Shimura data and the additional cases (G, Y(M,+)). We
use this reduction in explaining the construction of automorphic vector bundles in the
following section.
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14 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

1.1.8. We will carry out certain calculations on connected components of the mixed
Shimura varieties. Thus if I' C Q(Q) is a congruence subgroup, and if X° C X is a
connected component, we let M = Mr(X?) = T'\X°. The connected components of
the mixed Shimura variety x,Sh(Q,X)(C) are all of the form Mp(X°) [P,3.2]. The
notation (X°) will generally be dropped, since our assertions are independent of the
choice of a connected component.

Similarly, a toroidal compactification of Mr will be denoted Mr x. Here it is
understood that ¥ is a I-admissible family of fans for the pair (Q,X"), with the
obvious definition. Alternatively, if Mt is realized as a connected component of some
i Sh(Q, X)(C), then we may take ¥ to be a Ky-admissible family of fans for (Q, X),
and define Mr s to be the closure of Mr in x,Sh(Q,X)s(C). Again, this distinction
will be irrelevant in calculations involving connected components.

1.1.9. Boundary strata. — For future reference, we introduce notation for the
stratification of the toroidal boundary. For this we need to recall the classification
of rational boundary components of Sh(Q,X). Let G* = G; x --- x G, be the
decomposition into Q-simple factors. Let P; C G; be a Q-parabolic subgroup for
every 4, and let P C @ be the inverse image of P; x --- X P,.. Then [P, Definition 4.5]
P is an admissible Q-parabolic subgroup of @ if every P; is either equal to G; or to a
maximal proper Q-parabolic subgroup of G;. As in the pure case (see (0.7)), we let
P(Q) denote the set of admissible Q-parabolics of Q.

In particular, every admissible Q-parabolic subgroup of @ is the pullback of an
admissible Q-parabolic subgroup of G. In what follows we refer to (0.6) for notation
concerning the boundary strata in the pure case. Let P be an admissible Q-parabolic
subgroup of G, P the corresponding admissible parabolic of . We define the P-
stratum K}Sh(G7 W\X)gl of K}Sh(G7 WA\X)x, as in [HZ1,1.7], and define the P-
stratum of x,Sh(Q,X)s to be

(1.1.10) 1 Sh(Q, 0)E = (m2,3 0 m1.5) ! (41 Sh(G, W\X)E).

We note that these strata are in general not Zariski closed.
If now P is any Q-parabolic subgroup of @), we define the P-stratum of r,Sh(Q, X)s

by analogy with (1.1.10); the P(x)-stratum x,Sh(Q, X)5 ™) of x,Sh(Q, X)s; is defined
in the same way, with P replaced by P(x).

1.2. Construction of automorphic vector bundles

We keep the notation of §1.1. Henceforward, we make the following standard

HyPOTHESIS 1.2.1. — The Shimura datum (Q,X) is motivic (1.1.7.2) and satisfies
condition (1.1.7.3).
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1.2. CONSTRUCTION OF AUTOMORPHIC VECTOR BUNDLES 15

Hypothesis 1.2.1 guarantees that any algebraic representation of G gives rise to a
rational local system over Sh(Q, X)(C), in the sense of [H1, 3.14]. The hypothesis also
allows us to define the standard principal bundle 1(Q,X)(C) over Sh(Q, X)(C) as the
complex analytic variety

(1.2.2) 1(Q,X)(C) = lm Q@)\(Q(C) x X x (Q(A)/Ky)).
Here as in (1.1.3), the group Q(Q) acts diagonally on the left on the product of the
three factors. That this is indeed a principal bundle follows in the usual way from
Hypothesis 1.2.1 (cf. [M2, Proposition 3.3]). Again, this can be viewed as an inverse
system of principal Q(C)-bundles

k;1(Q,X)(C) — k,Sh(Q,X)(C).

REMARK. — One obtains slightly more generality by dropping hypothesis (1.2.1) and
restricting attention to algebraic representations of G trivial on the subgroup Z(G)
defined in (1.1.7.3). We leave it to the interested reader to carry out the necessary
modifications.

The natural projection I(Q,X)(C) — Sh(Q,X)(C) is denoted ¢ = ¢g,x. On the
other hand, there is a natural map p = pg x : I(Q,X)(C) — X(C) defined in terms of
(1.2.2) by

(1.2.3) pla,z,qr) = ¢ B(2),q € Q(C), w € X, g5 € (Q(Af)/Ky).
The right-hand side is obviously invariant under left-translation by Q(Q) and defines

a holomorphic map.

PROPOSITION 1.2.4. — The standard principal bundle I(Q,X)(C) can be given a
natural structure of algebraic principal bundle I(Q,X)c over Sh(Q,X)c. Moreover,

I(Q,X)c has a canonical Q(Ajf)-equivariant model I(Q,X) over the reflex field
E(Q,X), and the morphisms pg.x and qq,x descend to yield a canonical diagram

1(Q,X)
N
X Sh(Q,X)
over E(Q,X).
EXPLANATION-DEFINITION 1.2.5. — The canonical model to which we refer in the

proposition is defined by combining the definitions of Pink (for canonical models
of mixed Shimura varieties) and Milne (for canonical models of standard principal
bundles over pure Shimura varieties, see [M1]). Unfortunately, a complete explanation
requires additional notation. We take as given the existence of a canonical model on
I(T,Y) when T is a torus. When ) is a point, this canonical model is defined as in
[M1] in terms of the period torsor. The discussion in (1.1.7) reduces the general case
to the case where T' = G,,, which will be treated in the appendix (1.2.A), below.
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16 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

If (Q,X') — (Q,X) is an embedding of mixed Shimura data then E(Q,X) C
E(Q',X") [P,11.2(b)]. Then a canonical model on I(Q,X) is a Q(Ayf)-equivariant
model such that, for any embedding of mixed Shimura data (7,)) — (@, X), with T
a torus, the natural morphism I(7,Y) — I(Q,X) descends to E(T,Y). One verifies
as for pure Shimura varieties that the canonical model is unique, if it exists.

Proof of Proposition 1.2.4. — For any positive integer g, we let (Pg, X24) be the
mixed Shimura datum defined in [P, 2.25]. It is a mixed Shimura datum associated to
the genus g (maximal) boundary component of the Siegel modular Shimura variety
of genus g + 1, denoted Sh(GSp(g + 1),Ggi+1). Here GSp(g + 1) is the group of
similitudes of a 2(g + 1)-dimensional symplectic space and G;tﬂ is the union of the
Siegel upper and lower half-spaces of genus g + 1. We can realize the parabolic
subgroup Poy C GSp(g+1) as the stabilizer of a rational genus g boundary component
of Ggiﬂ. For a cofinal subset of the set of level subgroups Ky C Pay(Ay), the
associated mixed Shimura variety x,Sh(Pg,X24) can thus be realized as a union
of boundary strata of a toroidal compactification of Sh(GSp(g + 1),69i+1) (at an
appropriate finite level, depending on K¢). Since the center of the unipotent radical
of P54 is one-dimensional, the realization as a (union of) boundary strata does not
depend on the choice of toroidal compactifications.

Now when (Q,X) is a pure Shimura datum and the natural map X — H is
the identity — i.e., (Q,X) is a standard Shimura datum — then the proposition
is proved in [H1] and [M1]. When Q is a torus, the proposition is tautologically true,
whether or not X is connected. On the other hand, when g Sh(Q,X) is a (union
of) boundary strata of a toroidal compactification attached to a rational bound-
ary component of a pure Shimura variety, then the canonical model of I(Q,X)c is
constructed in [HZ1, Lemma 4.5.8]. The fact that this model is canonical is an im-
mediate consequence of [HZ1,Lemma 4.6.9], since, when (T,)) is as in 1.2.5, the
morphism Sh(T,)) — Sh(Q,X) factors through some section of the natural map
m1 o : Sh(Q, X) — Sh(G, W\X).

We remark that the Q(Ay)-equivariance is not stated explicitly in [HZ1], and
indeed the statement needs to be modified for boundary strata of toroidal compacti-
fications to take account of the combinatorial data defining the compactification. We
will only apply [HZ1, Lemma 4.5.8] to the case of (Pa4,Xog). The fan in this case is
uniquely determined. Therefore, the Ps,(Af)-equivariance follows immediately from
the GSp(g + 1)(Ay)-equivariance of the canonical model of the standard principal
bundle over Sh(GSp(g + 1), 69i+1).

It follows in the usual way that if (Q',X’) — (Q,X) is an embedding of Shimura
data, then the existence of a canonical model for I(Q,X) implies the existence of a
canonical model for I(Q’,X’). Tt thus follows from what has been established up to
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this point that, if (Q,X) admits an embedding of the form
(1.2.6) (Q,%) — (G1, X1) x (T, ¥) x [ [ (Pag, Xay)
i=1
where (G1, X1) is a standard Shimura datum, 7" is a Q-split torus, and n is a non-
negative integer, then the proposition holds for (@, X).

Lemma 2.26 of [P] asserts that, we can replace (@, X) by a new pair (Q’, X’), where
@’ is an extension of Q by Uy ~ G, (contained in the center of the unipotent radical of
Q') of a specific type, called a (Py, Xo) — (Gm,q, Ho)-torsor, such that (@', X') admits
an embedding of the form (1.2.6); the fact that we can take T Q-split is (1.1.7.6).
Thus we have the Q'-torsor I(Q',X’) over Sh(Q’,X’) with its canonical model over
E(Q',X"), which is easily checked to equal E(Q,X). The quotient of I(Q’,X") by Uy
is then a @Q-torsor over Sh(Q’,X’), which is in turn a G,,-torsor over Sh(Q, X). Over
C, Up\I(Q',X") is obviously isomorphic to the pullback of I(Q,X)c from Sh(@,X).
Thus the G,,-action on Sh(Q’, X’) lifts canonically to an action on Up\I(Q’,X’) and
thus defines an E(Q, X)-rational model I(Q,X) of I(Q,X)c. Since any morphism
(T,Y) — (Q,X), with T a torus, lifts to a morphism (T',)) — (Q’,X’), the canonicity
of I(Q, X) follows from that of I(Q’,X’).

It remains to show that the morphism p : I(Q,X) — X can be descended to
E(Q,X). This follows again by reduction to the individual factors on the right-hand
side of (1.2.6). For the first factor this is in [H1] and [M1], for the second factor
it’s trivial, and for the third factor it is contained in Lemma 4.5.8 of [HZ1]. This
completes the proof. O

Given the diagram in Proposition 1.2.4, automorphic vector bundles can be con-
structed on Sh(Q,X) by the procedure described in [H1] and [M1], which we now
recall. Let W be a @Q-homogeneous vector bundle on X. Then p*W is a Q-equivariant
vector bundle on I(Q,X), hence descends to a Q(Aj)-equivariant vector bundle [W]
on Sh(Q,X). The functor W +— [W)] is rational over E(Q, X), by construction, and
defines canonical models, just as in [M1], on the complex points of [W], which just as
in the classical case can be identified with a locally homogeneous vector bundle:

(1.2.7) [WI(C) —= (QU@Q\B"W) x (Q(Af)/Ky)).

A Q-homogeneous vector bundle on X is called locally-finite if it is the direct limit
of finite-rank homogeneous vector bundles on X. The functor above obviously is
defined on locally-finite homogeneous vector bundles and satisfies [lim W,] = lim[W,].
Defining [W](C) by (1.2.7), we resume this discussion as follows:

PROPOSITION 1.2.8. — The functor W — [W](C), defined by (1.2.7), maps the ten-
sor category of locally finite Q-homogeneous algebraic vector bundles on X to the tensor
category of Q(Ay)-equivariant algebraic vector bundles on Sh(Q,X). This functor is
rational over E(Q,X) and is functorial with respect to morphisms (Q',X') — (Q,X)
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18 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

of mized Shimura data. When (Q,X) is a pure Shimura datum, the functor coincides
with the one defined in [H1, M1]. In particular, the bundles [W] have canonical models
in the sense of [M1].

The final assertion in (1.2.8) is an immediate consequence of the others, since the
canonical models are defined with respect to embeddings of pure Shimura data of the
form (T,Y), with T a torus. Bundles of the form [W] are called automorphic vector
bundles. The automorphic vector bundles form a tensor subcategory of the category
of all Q(Ay)-equivariant vector bundles on Sh(@, X).

Let (p, L) be an algebraic representation of Q. We say (p, L) is locally finite if it is
the direct limit of finite-dimensional (algebraic) representations of ). An automorphic
vector bundle [W] on Sh is called flat if W is isomorphic to a Q-homogeneous vector
bundle on X of the form L ® Oy, where (p, L) is a locally-finite representation of Q.
We then write W] = L. Equivalently, on any connected component Mr C Sh(C),
[W] is the direct limit of vector bundles associated to finite-dimensional algebraic
representations of the fundamental group I' of Mp (here “algebraic representation of
I is shorthand for “restriction to I' of an algebraic representation of @”.) A flat
vector bundle always has a canonical flat connection Vv = vV : L — L ® Q4. induced
by functoriality from the constant connection 1®d: L ® Oy — L ® Q;C

The standard principal bundle I(@,X) has the following functorial description.
Let (p, L) be a faithful Q-rational representation with contragredient (p*, L*). Let
s; € L8 @ (L*)®™i (4 = 1,...,r) be a finite set of Q-rational tensors such that
@ is the subgroup of GL(L) stabilizing all s;. Let 1 denote Q, viewed as a trivial
representation of Q). For each 7, the morphism of Q-representations

;i1 — L @ (L*)®™: (1) =s;

defines by functoriality an injective homomorphism

(1.2.9) & : Ogy — L& @ (L*)®m

of automorphic vector bundles. Let s; = @;(1), ¢ = 1,...,r. It is then tautological
that I(Q,X) represents the functor that, to any Sh-scheme 7', associates

(1.2.10) {(f:Lr =5 Lp | (f& @ (F)®™)(5) = s; @ 1}.

Here Lt is the constant bundle L ® O and the remaining notation is obvious. In
fact, the construction of the canonical model of I(Q,X) in [H1,M1] in the pure case
proceeds by constructing the flat filtered automorphic vector bundle L and showing
that it has an appropriate kind of canonical model; in particular, that the [s;] are
rational over E(Q,X). Then I(Q,X) is defined by (1.2.10), and is shown as in [H1,
Remark 4.9(1); M2, Remark 3.3] to be independent of the choice of (p, L).

The morphism 72 : Sh(Q,X) — Sh(Q/U,U\X) is a locally constant pro-torus
fibration over Sh(Q/U,U\X) with fiber 7 = limU(Q)\U(C) x U(Ay)/Kuy,s. Here
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Ky, ¢ runs over the set of open compact subgroups of U(Ay). At finite level Ky, mo
is a locally constant torus fibration. It follows just as in [HZ1, (3.2.1)] that

(1.2.11) W] = 73 (2. (W) 7).

Here 7 acts naturally on the direct image m2 . ([W]) (cf. [SGA 3]) and the superscript
7 designates the subsheaf of 7-invariant sections.

This can be globalized, following [HZ1,§4.6]. The subgroup W C @ acts freely on
the principal bundle I(Q,X). We let I(Q,X) (resp. I1(Q, X)) denote the quotient of
I(Q,X) by U (resp. by W). Then I5(Q,X) (resp. [1(Q,X)) represents the functor
defined by analogy with (1.2.10), in which the faithful representation (p, L) of @ is
replaced by a representation of @) that factors through a faithful representation of
Q/U (resp. Q/W). Tt follows immediately that

(1212) 1(Q.X) == m(I(Q/U,U\X)), 11(Q,%) < (my o m)" (1(Q/W, W\X)),

the isomorphisms being canonical and, in particular, defined over E(Q, X).
On the other hand, there are canonical isomorphisms

(1.2.13) U\X =5 (U\X)Y, W\X == (W\X)".

The isomorphisms (1.2.13) can be defined over C tautologically, in terms of the def-
inition of X as a homogeneous space under Q(C); it is then easy to see that the
isomorphisms descend to E(Q,X). Now any Q-equivariant vector bundle W on X is
necessarily U-equivariant. Since U acts freely on X, the natural map 75 : X — (U\X)Y
makes X a U-torsor over (U\X)V. It follows that

W= ﬁ—;(WU)v

for some @ /U-homogeneous vector bundle Wiy on (U\X)V. It is then easy to see that,
in the notation of (1.2.11),

(1.2.14) T (W7 = Wyl

In particular, ma . ([W])7 is an automorphic vector bundle over Sh(Q/U, U\X).
The analogue for 7 is more complicated and will be discussed in §1.4.

REMARK 1.2.15. — The generalization of Langlands’ conjecture on conjugation of
Shimura varieties to the setting of mixed Shimura varieties has been carried out in
[W1, II,5]. Wildeshaus also constructs flat automorphic vector bundles on mixed
Shimura varieties [W1, II, 6] and determines their behavior with respect to the action
of Aut(C).

1.2.16. Let x € X and let Q% C Q be its stabilizer, as in § 1. In the diagram (1.2.7),
the homogeneous vector bundle *(W) is determined by the isotropy representation
of QY on the fiber W,. We say W is fully decomposed if the isotropy representation
at some point z is trivial on the unipotent radical R,QY of QY. This condition
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20 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

is evidently independent of the choice of x, and we then say that the automorphic
vector bundle [W] is fully decomposed.

We will need a more general condition in practice. As above, we write W = W_1Q),
U=W_3Q.

DEFINITION 1.2.16.1. — We say W satisfies a Kostant condition at x if there are
(i) a reductive group K,
(ii) a parabolic subgroup II, C K,,
(iii) an injective map «a, : Q2 N W—IL, with a(Lie(Q) NW)) = R, Lie(Il,),
(iv) a finite-dimensional representation o, of K, on W,

such that the isotropy representation of Lie(Q% N W) on W, is equivalent to

Ox |Lie(HI) O Qg.

Again, this condition is independent of the choice of z, so we simply say that the
automorphic vector bundle [W] satisfies a Kostant condition. Such a condition serves
to provide the splitting of spectral sequences at Es, as in Corollary 1.4.5 below. This
splitting is canonical, given = and items (1.2.16.1,(i)—(iv)) (z determines a canoni-
cal Levi subgroup of Q). Indeed, the derived functor RHomyc(qonw)(C, Ws) splits
canonically as the sum of its cohomology objects, for one then gets an embedding

(1.2.16.2) H*(Lie(Q% N W), W,,) — C*(Lie(Q° N W), W,.),

where C* is the standard Lie algebra cochain complex and H* has the zero differential,
inducing the identity on cohomology.

REMARK 1.2.16.3. — The consequence (1.2.16.2) of the Kostant condition is really
just [K,(5.7.4)]. In its original form, it was tacitly invoked several times in the cal-
culation of boundary cohomology of the pure Shimura variety Sh(G, X) in [HZ1,§ 3].
(To be specific, it enters there in at least 3.5.12, 3.7.8 via 3.7.5, 3.13.4.5, and 3.14.2—
though not 3.5.8.) The mixed Shimura varieties there were of the form (P, X (Dr))
attached to a rational boundary component F of X, with P, = G, pWr and X(Dp)
an enlarged Siegel domain of the third kind containing X (see [HZ1, 1.2.3] for this
notation). We write W = Wg, U = Up. If z € X is viewed as a point in X (Dp),
then the natural map
QAW — W/U=gr_ W

is injective and identifies Lie(Q% N W) with the anti-holomorphic tangent space v,
[HZ1,1.8.4] of the abelian variety corresponding to the point x. In this case, the
group K, is the complexification of the connected stabilizer of x € X in G(R); i.e.,
of the maximal compact (mod center) subgroup of G(R), the parabolic subgroup II,
is the group denoted Qp, in [HZ1,1.8.7], and Lie(R,QF) = S,; and the map « :
v, — Lie(R,QF ) is defined via the Cayley transform in [HZ1,3.5]. In [HZ1:3.5.12],
the embedding (1.2.16.2) is tacitly used, though it might have been more helpful to
quote [K:5.7.4] explicitly.
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1.2. CONSTRUCTION OF AUTOMORPHIC VECTOR BUNDLES 21

1.2.16.4. Variant. — Let S, C QY N W be a subgroup with s, = Lie(S;). Sup-
pose that the analogues of (1.2.16.1, (i)—(iv)) hold, with Q% N W replaced by S, and
Lie(Q% N W) replaced by s,. We then say W] satisfies a Kostant condition relative to
Sz, (or s;). The analogue of (1.2.16.2) then holds for s,: there is a canonical splitting

(1.2.16.5) H* (55, Wy) = C* (84, Wa).

A condition of this kind occurs in the proof of Proposition 1.5.24.

1.2.A. Appendix: Periods and rationality. — The articles [H1] and [M1] de-
fine canonical rational structures on automorphic vector bundles in terms of CM
motives. This construction is adapted in section 4.3 of [HZ1] to the mixed Shimura
varieties treated there. We briefly show how this construction extends to general
mixed Shimura varieties.

In the previous version of the present article, the construction of standard principal
bundles on mixed Shimura varieties was reduced to the case of pure Shimura varities,
by the procedure outlined in the proof of Proposition 1.2.4. We are grateful to the
referee for pointing out that the literature only considers pure Shimura varieties in
the standard definition, and not the more general definition due to Pink. The purpose
of the present appendix is to fill this gap in the literature with an exposition of Pink’s
constructions. As explained in (1.1.7), it suffices to treat the case of a pure Shimura
datum (7,)), where T is a Q-split torus. However, it is no more difficult to treat a
general torus, and we do so now.

If (Q,X) is a general mixed Shimura datum, and if (z,qf) € X x Q(Ay), we
let [z, gf] denote the corresponding point in Sh(Q,X)(C). We begin by recalling the
period formalism, as described in [HZ1, §4.3]. First suppose (7, h) is a Shimura datum
with T a torus and h a point. We write & for the “compact dual”, as above. Let W be
a T-homogeneous vector bundle on A, and let [W] be the corresponding automorphic
vector bundle. The homogeneous vector bundle W defines a representation o = oy
of T' and a period element

p(h, o) = p(h,ow) € Aut(W][sn(r,n)(C)),

well-defined modulo ow (T'(Q)), that compares the de Rham and Betti rational struc-
tures of W]|gn(r,n)(C). In the notation of [HZ1, (4.3.6)], we have

(1.2.A.1) Hpr(9M(0) /Sh(T, h))in,q;) = p(h, 0) - He(M(0)/Sh(T, h))h.q,1-

Here gy is a variable point in T'(Ay), as above.
We note that either side of (1.2.A.1) can be taken to be defined independently.
Over C, we just have

(1.2.A.2) Hg(9M(0) /Sh(T, h))(C) = T(Sh(T, h)(T), W(C)),

with W(C) defined by the formula (1.2.7). There is a reflex field E(W) D E(T,h),
such that both sides of (1.2.A.1) have natural E(W)-rational structures. (In practice,
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we can take E(W) to be the composite of F(T,h) with a field of definition of the
algebraic representation o.) Then Hg(9M(o)/Sh(T,h)) can be defined, in terms of
(1.2.A.2), by

(1.2.A.3) Hg(M(o)/Sh(T, h)) = T(Sh(T, h)(C), W(E(W))),
where by W(E(W)) we mean the local system in E(W)-vector spaces
lim T(Q\W(E(W)) x (T'(Ay)/Ky)).

Ky
On the other hand, the left-hand side of (1.2.A.1) is given (a posteriori) by
(1.2.A.4) Hpr(9M(o)/Sh(T, h)) = T'(Sh(T, k), W]),

where here the relevant structures are the E(T, h)-scheme Sh(T, h) and the (rational)
vector bundle [W]. The content of (1.2.A.1) is that there exists a theory of period
invariants p(h, o) that behaves naturally with respect to morphisms of Shimura data
and tensor products. These invariants, initially introduced (up to algebraic factors) by
Shimura, are provided by the theory of abelian varieties with complex multiplication,
and are described in detail in [H1].

Now let (T,)) be a general Shimura datum, in Pink’s sense, with 7" a torus; as
always we assume hypothesis (1.2.1). We write h for the singleton Hy; thus there is a
morphism of Shimura data (T,)Y)— (T, h), inducing a morphism of Shimura varieties
7 : Sh(T,Y)—Sh(T, h) as well as a T-equivariant identification of compact duals Y—h.
If W is a T-homogeneous vector bundle on ) = h, then we define the corresponding
automorphic vector bundle [W]y on Sh(T,)) by

(1.2.A.5) Wiy =n"W].

Here [W] on the right-hand side is the automorphic vector bundle on Sh(7, k). This
is the only definition compatible with the functoriality assertion of Proposition 1.2.8.
The element p(h,o) of (1.2.A.1) lifts to an automorphism of [W]y which we denote
p(h,0)y. We then tautologically obtain

(1.2.A.6) Hpr(M(0)/SW(T, Y)y.q;) = p(h,0y) - He(M(0)/SW(T, V))py.q,1-

for y € Y, where both sides of (1.2.A.6) are defined in terms of the corresponding
sides of (1.2.A.1) by pullback.

This apparently simplistic definition of the period invariant has a simple justifica-
tion. There is an isomorphism

(1.2.A.7) L(Sh(T,Y), Wly) — Osn(r,y) @o(sn(r,n)) L(Sh(T, h), [WV]).

The period term is concentrated in the second factor on the right; the first factor
accounts for the reciprocity law of Sh(T',)), as defined by Pink.

Now we consider the period invariant in general. Let (@, X) be a mixed Shimura
datum. Let W be a Q-homogeneous vector bundle on X, and let [W] be the cor-
responding automorphic vector bundle. As in the pure case, there is a canonical
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“periods” isomorphism
(1.2.A.8) Per(an) : Wg(z) = [W][qu}

(cf. [HZ1, (4.3.5)]). Suppose W is rational over the extension E(W) of E(Q,X), as
@-homogeneous vector bundle. By Proposition 1.2.8, [W] has a canonical model over
E(W). This model has the following description in terms of the period elements: For
any map (7,)) — (Q,X), with T a torus, let E(T,Y;W) = E(T,Y) - E(W). Then
for any field L D E(T,Y; W), x € Y, and any t; € T(Ay), we have

(1.2.A.9) WD)zt = p(hyow) - Per sy (Wp(2) (L)) € Ve, (C).

This both summarizes and generalizes the discussion that follows [HZ1, (4.3.6)].

1.3. Canonical extensions of automorphic vector bundles

Let x,Sh(Q,X) C k,Sh(Q,X)s be a (partial) toroidal compactification as an alge-
braic variety, as in (1.1.6). We retain Hypothesis (1.2.1) and assume for the remainder
of §1 that K is neat, in the sense of [P, 0.6], and that x,Sh(Q, X)yx is an SNC compact-
ification. We write Sh = g, Sh(Q,X), Shy = k,Sh(Q,X)s, 9Shy = 0k, Sh(Q, X)s.

After (1.3.5), and for the remainder of the paper, we also assume g ,Sh(Q,X)s to
be compact, unless an explicit statement is made to the contrary.

Our hypothesis that Ky is neat implies, as in the pure case (cf. the proof of
[H2, Theorem 4.2]) that the connection v, has unipotent monodromy. Deligne’s exis-
tence theorem [Del] thus provides a unique extension of L to a vector bundle Ly; over
Shy, such that V extends to a connection Vy with regular singularities and nilpotent
connection forms along dShsy.

DEFINITION 1.3.1. — Let [W] be an automorphic vector bundle on Sh. An ad-
missible metric on W] is a hermitian metric whose pullback, under the natural
map X x Q(Ay) — Sh, is a Q(R) - U(C) x Q(Ay)-invariant hermitian metric on
BrW x X x Q(Ay)).

The stabilizer Stab(z) in Q(R) - U(C) of any point « € X is a compact Lie group
(Pink doesn’t state this explicitly, but it is clear from Lemma 1.17 of [P]; cf. the proof
of [P,Prop. 2.11].). Therefore, admissible metrics exist and their restrictions to inde-
composable C* summands of V] are unique up to constant multiples. Note that the
automorphic vector bundles that are indecomposable as C*° automorphic bundles are
parametrized by irreducible representations of the compact group Stab(z), for one (or
any) « € X. The indecomposable holomorphic automorphic bundles are parametrized
by locally-finite indecomposable representations of the algebraic subgroup Q% C Q,
defined in (1.1).
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LEMMA 1.3.2
(i) Let [W] be an automorphic vector bundle on Sh. Then W) has an admissible
metric.

(ii) Let h(-,-) be an admissible metric on the flat vector bundle L. Let B C Shy be

an open polydisk with coordinates z1, ...z, chosen so that B N OShy is the union of
the coordinate hyperplanes defined by z1,. .., z, for some r < n. Then
(1.3.3) T(B,Ls) = {s € N(BASh, L) | |h(s, )| = O(P(|log |zall,..., log |2 ])

for some polynomial P}.

Proof. — Part (i) has already been explained. To prove Part (ii), we reduce to the
case of an equivariant torus embedding. Indeed, let Q' C @ be a rational bound-
ary subgroup and let X’ be the corresponding rational boundary component of X,
in the sense of [P,§4]. We let U' ¢ W' = R,Q’ C Q' be the canonical filtration
of @', and let 75 : Sh(Q',X') — Sh(Q'/U’,U\X') be the canonical map, represent-
ing Sh(Q’,X’) as the locally constant pro-torus fibration over Sh(Q’/U’, U'\X') with
structure group 77, as in the discussion preceding (1.2.11). There is a natural em-
bedding X’ C X (cf. [HZ1, Lemma 4.5.8]), extending the inclusion of S(X’) in X as a
Siegel domain of the third kind. There is also a neighborhood Sh(Q’, X’)gQ/ of the

boundary 9Sh(Q’, X')s,,, admitting a natural map
(1.3.4) for +Sh(Q,X')_, — Shs.

The map fg is a local isomorphism in a neighborhood of the part of the boundary
of Shy; corresponding to Q’.

We assume @’ chosen so that the polydisk B lies in the image of fg/. The flat vector
bundle L is defined by the representation p, say of Q. The restriction of p to Q' defines
a flat vector bundle (L) on Sh(Q’,X’) whose restriction to Sh(Q’, X’)ng NSh(Q',X")

is equivalent to fé, (E) Then it is clear by uniqueness that the admissible metric
h(-,-) on L pulls back to the restriction to Sh(Q’, X’)gq of an admissible metric on

(L)'. Thus we may assume @’ = @ and that B is not contained in the image of fo~
for any proper boundary subgroup Q” of Q. In other words, possibly shrinking B,
the map 7o can be written as a product

WQZBL)BO XTE(T)

where By is open in Sh(Q/U, U\X) and 7 — 757 is an equivariant torus embedding,
with 7 a torus of the form U(Q)\U(C)xU(Ay)/Kuy,s as in the discussion at the end of
§1.2. Near B the local system is thus defined by a representation of the fundamental
group of 7. In this way, we may assume ) = U, Sh is a torus of the form U(C)/A, for
some lattice A in U(R), L is the local system defined by a representation (p, L) of A,
and A(-,-) is a U(C)-invariant metric. The representation p is the restriction to A of a
unipotent representation of the algebraic group U. Moreover, we may assume n = r
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and Sh — Shy, is isomorphic to the obvious embedding C*" — C", with coordinates
Z1,...,2n. In particular, Shy, is affine, hence Ls generated by its global sections.

Let j : U(C) x U(Af) — Sh denote the natural map. We fix a basepoint, say
o, in U(C), and a basis {e1,...,en} of L, such that h(e;,e;), is the identity ma-
trix. It follows from the U(C)-invariance of h(-,-) that, with respect to the trivial-
ization j*(L) =~ U(C) x L, the matrix of h(e;,e;)y is polynomial in the variable
u € U(C), hence has logarithmic growth in terms of the coordinates 21, ..., z,. Now
let {v1,...,un} denote a basis of global sections of Zg, and express the v; in terms
of the horizontal sections e; over the universal cover U(C) of Sh:

vi =Y fije;,
J

where f;; are functions on U(C). Since the monodromy of Lis unipotent, the f;; have
logarithmic growth in terms of 21, ..., z,. The inclusion of the left-hand side of (1.3.3)
in the right-hand side is now clear. The opposite inclusion then follows because any
section satisfying an inequality of the indicated form has removable singularities with
respect to the basis {v1,...,ox}. O

A local section of L satisfying an inequality of type (1.3.3) is said to be slowly
mcreasing.

In (ii) of the following Definition-Proposition, we let (Q,X’), U’, and so on be as
in the proof of Lemma 1.3.2.

DEFINITION-PROPOSITION 1.3.5. — Let [W)] be an automorphic vector bundle on Sh.
A canonical extension [W)s of [W] over Shy, is a vector bundle over Shy, satisfying
one of the following equivalent conditions:

(i) If h(-,-) is an admissible metric on W) and if B is as in Lemma (1.3.2)(ii),
then

I(B, Wls) = {s e T(BNSh, [W]) [ |A(s, s)| = O(P(|log |z1]], - ., [log [2r|]))

for some polynomial P};

the polynomial P above may depend on s.

(ii) Let (Q',X') be a rational boundary pair for (Q,X), as above. Write ¥ =
UZXp, the union taken over the rational boundary subgroups P of Q. If o € Xg, let
Sh(Q',X")s C Sh(Q',X")s,, denote the corresponding partial compactification, and
let

7.0+ Sh(Q', X'), — Sh(Q' /U, U\X)
denote the natural extension of w (cf. [H2,4.1] for the analogue in the pure case).
Let [W)' denote the automorphic vector bundle on Sh(Q',X') associated to the Q-
homogeneous vector bundle W, restricted to X' C X. Then via the natural map (1.3.4)

SOCIETE MATHEMATIQUE DE FRANCE 2001



26 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

we have canonical isomorphisms
* ~ * T/
b0 for (W]s) — (m2,5)" (m3 . (V)™ ),
and these isomorphisms are compatible with respect to inclusions o C T.
(iii) There is a flat automorphic vector bundle L such that [W] can be realized as
an automorphic subquotient of L, and [W]s, is a locally free subquotient of the Deligne

extension Ly, compatibly with the given realization over Sh.
The canonical extension W] exists and is unique.

Proof. — The existence of [W]x satisfying (iii) is proved in exactly the same way
as the corresponding assertion for pure Shimura varieties [H2, Theorem 4.2]. The
equivalence of (iii) with (ii), similarly, is identical to the proof of (4.2.2) of [H2].

Let B be as in (i). It follows from Lemma (1.3.2)(ii) that, if [W]x satisfies (iii),
then there is an inclusion

(1.3.6) I'(B,[W]x) C {s € (BN Sh, [W])|s is slowly increasing}.

But then every s € T'(B N Sh, [W)]) in the right-hand side of (1.3.6) has a removable
singularity along OShy, and therefore extends to an element of I'(B, [W]x). This shows
the equivalence of (iii) with (i). Uniqueness is clear from (i). O

As mentioned at the beginning of this section, unless an explicit statement is made
to the contrary, we now assume our partial compactifications Shy, to be compact, as
well as SNC. Then OShy, is a complete divisor with normal crossings on Shy;, defined
by the invertible sheaf of ideals Zygp,,. If [W] is an automorphic vector bundle on Sh
with canonical extension [W]x, we define the subcanonical extension of [W] to be

WV = VIS = W]s @ Toshy

the subscript » will be omitted whenever possible. Similarly, we will write V] in
place of [W]y, when ¥ is understood.

The theory of coherent cohomology developed in [H3, H4] extends without change
to the case of mixed Shimura varieties. We state the main results in the present
context.

PROPOSITION 1.3.7. — Let (Q,X) be a mized Shimura datum, and let [W] be an
automorphic vector bundle on Sh = g, Sh = g, Sh(Q,X), for some open compact
subgroup K¢ of Q(Ay). Let Shy; be a toroidal compactification of Sh.

(i) Let 31 be a refinement of ¥, and let fx, x : Shy, — Shy be the corresponding
morphism of compactifications. Then there are isomorphisms

~

Fs(Ws) == Wsi, f5, s(VIED)

functorial in W, and the natural morphisms
HY(Shs, W]s) — H?(Shy,, [Ws,),
H(Shg, W) — HY(Shy,, W)

~

= VY,
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are isomorphisms for all q.
(ii) For each q, we define
H(Sh, [W]*™") = H(Shs, [W]5)
for any 3; we can also write
F9(Sh, V™) = lim HY(Shy, W),
bl
the limit taken over the system of all X’s, all maps being isomorphisms. Similarly,
we define
H9(Sh, [W]™P) = lim H9(Shs;, [W]5P),
bl
Let

ﬁq([w]can) _ mﬁq (Kf Sh, [W]can)7
Ky

(V) =i H (1, Sh, V™).
Ky

Then H(IW]®) and HI(]W]**®) are naturally admissible Q(Af)-modules.

The proof of Proposition 1.3.7 follows word for word the proofs of Propositions 2.4
and 2.6 of [H4]. The action of Q(Ajy) arising in (ii) is defined as in [H4, (2.5.2)]: to any
h € Q(Ay) and any fixed toroidal compactification x,Sh(Q, X)s at level K, there is
an analogous compactification K Sh(Q, X)sn of K Sh(Q, X), where K;} = h~'Ksh.
Right-multiplication by h defines an isomorphism g,Sh(Q,X)s — K Sh(Q, X)sn
that respects automorphic vector bundles and canonical extensions. By functoriality,
we thus obtain an operator ¢, in the limit on H7(W]*®) and HY(]W]s"P).

For any automorphic vector bundle [W] on Sh we consider the Dolbeault complex
A%*(IW]) on Sh. For each g, A%9([W]) will denote the sheaf of C'*°-sections of
the bundle Q%9 @ [W] of (0, ¢)-forms with values in [W)]. Letting jx denote the
embedding Sh < Shy, we have, for each ¢, the direct image sheaf js .(A%9([W]))
on Shy. We let A%((W]))si C ju«(A%9([W)])) denote the subsheaf of sections s
such that s and ds are both slowly increasing, in the sense of (1.3.3), with respect to
admissible metrics on the bundles Q%9 ® [W] and Q%91 @ [W)]. Similarly, we define
the rapidly decreasing sections, and the sheaf A%9([W])),q, as in [HZ1, 3.8.2]. We let
COUW))s = li_n)le’Z I'(Shy, A%9([W].), where * denotes either si or rd.

THEOREM 1.3.8. — There is a natural commutative diagram of Q(Ay)-modules,
where the horizontal maps are isomorphisms:

H* (W) —=— H*(C%*(WV])ra)
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The proof is identical to that of [H4, Corollary 3.4].

A purely algebraic construction of the canonical extension of an automorphic vector
bundle was given in [HZ1], in the case of pure Shimura varieties. The analogous
construction works here as well.

PROPOSITION 1.3.9. — We retain the notation of Proposition (1.3.7).

(i) The standard principal bundle I(Q,X) extends to an E(Q,X)-rational Q(Ay)-
equivariant principal Q-bundle 1(Q,X)x. over Sh(Q,X)s.

(i) The morphism p : 1(Q,X) — X extends to a Q-equivariant morphism ps -
1(Q,X)s — X, rational over E(Q,X).

(ii) For any automorphic vector bundle [W] on Sh(Q,X), there is a canonical
isomorphism of vector bundles over Sh(Q,X)s:

Wi — ps(W)/Q.

This isomorphism is rational over the field of definition of W as a Q-equivariant
vector bundle over X. Over Sh(Q,X) this isomorphism restricts to the construction
of [W] given in §1.2.

Proof. — The proof is identical to that of Lemma 4.4.2 of [HZ1]. O

REMARK 1.3.10. — Just as in Remark (1.2.15), we can formulate a conjecture for
the action of Aut(C) on the canonical extensions of automorphic vector bundles. It
should again be a simple matter to reduce this conjecture to the case of pure Shimura
varieties, where it is known [BHR, Proposition 1.4.3].

1.4. Functorial properties of canonical extensions
We retain the notation of the previous sections, and let
g : Sh(Q,X) — Sh(Q/U,U\X) and m :Sh(Q/U,U\X) — Sh(G, W\X)

be the morphisms of (1.1.5). Let Ky C Q(Ay) be any neat open compact subgroup
and let

K3 = Kp)(U(Af) N Kf) © (QU)(Ap),  K}=Ky/(W(Af)NKf) C GAy).
Then there are natural morphisms at level K¢, also denoted mp and my:
(1.4.1) K;Sh(Q, X) LN K?Sh(Q/M U\X) SE SN K}Sh(G, WAX).

Now we can find families of fans X, ¥, ¥, admissible relative to Ky, KJ%, and K}c7
respectively, such that r,Sh(Q, X)x is compact and such that the morphisms in (1.4.1)
extend to the corresponding toroidal compactifications [P, 6.7(b)], which we assume
to be SNC and rational over E(Q, X):

(142)  #,Sh(Q,X)y — (=Sh(Q/U,U\X)s, —= x1Sh(G,W\X)s,.
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In what follows, we let W be a Q-homogeneous vector bundle on X and let W] be
the corresponding automorphic vector bundle on x,Sh(Q, X).

PRrOPOSITION 1.4.3. — With the above notation, the higher direct images
Rimy, 5 oW =0, Rimys.[W™ =0

for ¢ > 0, and we have canonical isomorphisms

~ ~

(1.4.3.1) Mo, 5,4 (W] — (72,5, [W])™ — Wy

(1.4.3.2) o5, WP 5 (w5 W)™ Wy,
in the notation of (1.2.14). Moreover, there is a canonical isomorphism

(1.4.3.3) W] = 75 5 (2,5, [V]) 27

Proof. — The isomorphism (1.4.3.3) is analogous to (i) of [HZ1, Proposition 3.12.2]
and is proved in the same way. The vanishing of the higher direct images of [W]®",
together with the first isomorphism in (1.4.3.1), is a mild generalization of (ii) of
[HZ1, Proposition 3.12.2]. The proof in the present situation is identical, the basic
local ingredient being a calculation [HZ1, Lemma 1.6.8 (iii)] in the setting of proper
morphisms of torus embeddings. The second isomorphism in (1.4.3.1) is clear from
(1.2.14).

The assertions for subcanonical extensions follow as in [HZ1, (3.14.1)] from the toric
version proved in [HZ1, Lemma 1.6.8 (iii)]. O

The following proposition is more substantial. In what follows, we let v = Lie(V).
Any z € X determines a subalgebra F?(Lie(Q)) C Lie(Q), as in (1.1), and we let
v, = F2(Lie(Q)) N v, as in [HZ1,1.8]. The (abelian) Lie algebra v, depends only on
the image 71 o 7o of z in W\X, which we denote T in the following proposition.

PROPOSITION 1.4.4. — Let V be a Q/U-homogeneous vector bundle on U\X and let
[V] be the corresponding automorphic vector bundle on K?Sh(Q/U, U\X). For any

integer q, let V(9 be the G-homogeneous vector bundle on W\X ~ (W\X)Y whose
fiber at the point T is the representation of FO(Lie(G)) on H(v; ,Vy), for any x € X.
Then for all q, there are canonical isomorphisms

(1.4.4.1) Ry 5, V"™ <5 (Rimy 5, [V])" = [P(@]ean

(1.4.4.2) Ry s [V 5 (Rimy 5 V]3P 5 [V(@]sub

of vector bundles on K}Sh(G, WA\X)x,. The family of such isomorphisms, asV varies,
is rational over E(Q, X), in other words, the isomorphisms respect canonical models.
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Proof. — We use the characterization of the canonical extensions by growth condi-
tions in (1.3.5)(i), and the calculation of their cohomology by the Dolbeault complex
of forms of moderate growth (see (1.3.8); also cf. §2 below). The first isomorphism
in (1.4.4.1) is a slight generalization of Proposition 3.13.4(i) of [HZ1], and is proved
by the same argument. The second isomorphism, which incorporates the rationality
assertion, is proved by the argument used to prove Lemma 4.7.14 of [HZ1].

Likewise, the subcanonical extension [V]*"P is described by conditions of rapid
decrease at the boundary. The proof of Proposition 3.13.4(i) of [HZ1] works just as
well for rapidly decreasing sections, yielding the first isomorphism of (1.4.4.2). The
second isomorphism then follows from the second isomorphism of (1.4.4.1). O

COROLLARY 1.4.5. — Write s, = w1 5, 0 ma,5;. There are spectral sequences:
EyT = HP(k1Sh(G, W\X) g, ,(Rims, [V])*")
(1.4.5.1) = H""(;2Sh(Q/U,U\X)sx,, Wy]™™)

~

— Hp+q(KfSh(Q7x)E7 [W]Can);

B3 = HP (4 Sh(G, W\X)x, ,(Rims . [W])*")
(1.4.5.2) = H""(2Sh(Q/U, U\X)x,, Wu ™)
= HPM(k,Sh(Q, X)s, V™).

Suppose W) satisfies a Kostant condition (see (1.2.16)). Then these spectral sequences
degenerate at FEo and the filtration induced by the FEo term splits canonically.

Proof. — Given Propositions 1.4.3 and 1.4.4, the first part is just the Leray spectral
sequence for ;. When W] satisfies a Kostant condition, the reason for degeneration
at Eo and the splitting are given in (1.2.16.3). To elaborate further, the prototype
of the use of the Kostant condition is given in [HZ1,Corollary 3.7.8], the version of
the present corollary for unextended automorphic vector bundles. The degeneration
of the spectral sequences for canonical and subcanonical extensions can be found
in [HZ1, 3.13-3.14]. These results were obtained by following the proof of [HZ1,
Corollary 3.7.8], paying close attention to growth and decay conditions. Proposition
1.4.4 ensures that exactly the same arguments work here. The importance of (1.2.16.2)
in proving the splitting was noted in Remark (1.2.16.3). O

1.4.6. Periods and rationality. — Mimicking sections 4.7 and 4.8 of [HZ1], we
show that the isomorphisms of Propositions (1.4.3) and (1.4.4) are compatible with
the canonical rational structures described in (1.2.A). Let m : X — W\X be the
natural map. For j > 0 we define the homogeneous vector bundle Wr(]j,) on W\X as
in the previous section; its fiber at the point 7(z) € W\X, for x € X, is given by

(1.4.6.1) W CE i (0 W,).
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Let Ui,w denote the representation of Staby\ g (7(z)) on WY, The following lemma
is the analogue of Lemma 4.7.14 of [HZ1], and is proved in the same way:

LEMMA 1.4.6.2. — Let (T,h) — (Q,X) be a CM pair, as above. Let L D E(T, h; W)
and ty € T(Ay). Then we have

p(h, ol ) - Pexg ) WO(L) = RIm W|(L) ) C RO W] |1, (C).

1.5. A boundary calculation

In the present section, we generalize Proposition 1.4.5 to a situation arising from
the study of the boundary cohomology of pure Shimura varieties. The length of the
calculation is primarily due to the complexity of the requisite notation.

Thus, let (G, X) be a pure Shimura datum, which we may as well assume to be
standard (i.e., the map h of (1.1.2) is a bijection). For simplicity, we assume G to
be Q-simple. Then the standard maximal QQ-parabolics of G are totally ordered as in
(0.7).

Let P, P’ be two standard maximal Q-parabolics, with P’ < P. Let P(P') = P'N
G, p; then P(P’) is a maximal proper parabolic subgroup of G}, p, hence corresponds
to a boundary stratum in the toroidal compactification of Sh(Gy, p, X (P)), where
X (P)is asin (0.5). Let Q(P) C P denote the canonical subgroup, in the terminology
of [P,§4]: if L(P) = Gh,p - Ge,p is viewed as a (standard) Levi subgroup of P, then
Q(P) = R, P - Gp,p, with associated mixed Shimura datum (Q(P), X(P)). We define
the mixed Shimura data (Q(P’),X(P’)) and (Q(P(P’)),X(P(P'))) analogously. We
write

Q'=Q(F), Q=Q[P), Q"=QP(F));
X'=X(P), X=X(P), X'=X(P(P))=W\X,
and let
U=Ug=W_2Q, U =Ug =W_3P';
W =Wg = R,Q(=R,P), W =W =WnWw').-U"
Note that G}, p(pry = Gp,pr and U C U".

Let P, = P(P’) - W denote the admissible parabolic of @ corresponding to the
parabolic subgroup P(P’) C G}, p. Then Q' C Py; indeed, Q' is precisely the canonical
subgroup of P; (cf. [P], Lemma 4.19; note that our P’s are Pink’s s and vice versa).
In particular, WNU' c W/, UcCU NW, Q" =Q /(W NW’). Let

w" = Waon = W//(W N W/), U’ = Ugr = U//(U/ n W)

Let V. =W/U,V' = W'/U’, and define v, = FO(LieQ) Nv, v~ = FO(Lie Q) Nv’
as in the paragraph preceding Proposition 1.4.4. Let V7 C V and V)~ C V' be the
corresponding subgroups. Let Qp, (resp. Qps ;) be the maximal parabolic subgroup

of K (denoted Qr, in [HZ1, Lemma 1.8.6]) with unipotent radical V; (resp. V7).
Let K, = K, N Gh7p, K;L =K,N Gh,p/ (Cf [HZl, 18])
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The adjoint representation of G, p on v endows the latter with a variation of
Hodge structure of weight —1 over X (P), corresponding to the homology in degree
one of the abelian scheme Sh(Q/U,U\X) over Sh(G}, p, X(P)). (This is the abelian
scheme denoted Ap in [HZ2]; cf. (2.5), below). The maximal parabolic subgroup
P(P’) C Gy, p corresponds to a degeneration to a mixed Hodge structure, with weight
filtration denoted W.P(P/)n, (denoted WEFv in [HZ1, 1.2.2]). We write Grf(Pl)n =
wPE 'y w POy Let v/— = FO(Lie Q) N G2 .

Let [W)] denote a fully decomposed automorphic vector bundle on the original pure
Shimura variety Sh(G, X). Thus for any point z € X, with stabilizer K, C G, [W] is
the locally homogenous holomorphic vector bundle associated to some algebraic rep-
resentation A\, : K;—GL(W,). In the calculation in [HZ1] of the part of the boundary
cohomology of [W] corresponding to P, we associated to [W] an automorphic vector
bundle [W(P)] (which would be W(F')] in the notation of [HZ1,4.7]) on Sh(Q,X).
Concretely, [W(P)] is the locally homogenous holomorphic vector bundle associated
to Az |Kh,p-V;' Note that QQp, maps isomorphically to its image in Q)/U, and the
representation ), defines the bundle W(P)y] (cf. (1.2.14)) on the abelian scheme
Sh(Q/U,U\X).

Let Sh(Q,X) — Sh(Q, X)x. be a (SNC) toroidal compactification. We will be study-
ing the coherent cohomology of the pullback of the canonical extension WW(P)]°*" to
the part of the boundary of Sh(@, X)s, corresponding to the admissible parabolic P;.
Let Dy g denote the quotient P;/Q’. This is the group that plays the role of Gy p/ in
Pink’s theory of the toroidal compactification of Sh(@,X) (and if @ were reductive, it
would reduce to Gy, p/); we call it the D;-group in what follows. Its unipotent radical
RyDy ¢ equals W/(W NW'), with Lie algebra Grg)(Pl)n.

Let (PN P')y,pr = PN Ggp, a maximal parabolic subgroup of Gy ps (this is
consistent with the notation to be used in §3). Then it is easy to check that

(1.5.1) RyDygr = Ru(P N P)epr.

Moreover, the standard Levi subgroup of (P N P’), pr is naturally identified with
G&P . GZ,P(P/)- Let P17g = G@,P(P/) Ru(P n Pl)g7pl. Then Pj; is the Subgroup
Py - Gp pr - W' C P, and there are natural isomorphisms

(1.5.2) D&Q/ = PLg/(Gth ﬁPl,g) = GLP(P/)/(GLP(P/)OG]—MP/)'RU(PQP/)@’P/.
Note that
(1.5.3)  Lie(Qp.NQ") = Lie(K}) ®v)™; Lie(Qp,NQ') = Lie(K}) ®v)~.

In particular, Qp: , N Q' contains the unipotent radical of @ps . On the other hand,
it follows easily from (1.5.1) that Cayley transform defines an isomorphism

(1.5.4) v, =Lie R,Qp, — Lie RyDyq @0},

The choice of a base point x is made only for convenience in characterizing auto-
morphic vector bundles, and plays no essential role in the theory. In what follows,
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the subscript z will be used uniformly to designate a point of any of the homoge-
neous spaces X, X', X", etc., the sole condition being that the various z’s be chosen
compatibly with respect to morphisms of mixed Shimura data.

In addition to (Q/U,U\X), and (Gp p,X(P)), we will be working with the
intermediate Shimura data (Q'/U,U\X') and (Q'/W,W\X') = (Q",X"). There
are three more relevant Shimura data: (Q'/U’,U\X"), (Q"/U",U"\X"), and
Q' /W', WN\X") = (Gp,pr, X(P")). We write o where the level subgroups would
be indicated. We find three sequences of morphisms
(155)  Sn(QX") —=— JSh(Q//U,UNX) —"—s ,Sh(Ghpr, X(P'))
(156)  Sh(Q", ") — .Sh(Q"/U",U\X") —Zs [Sh(Gppr, X(P'))
(L.5.7) Sh(Q ) T2, sh(@/u o\ T Sh(Q, x7)

The first two are instances of boundary diagram (1.1.5), whereas (1.5.7) is the bound-
ary diagram for the mixed Shimura variety Sh(Q,X) corresponding to the admissible
parabolic subgroup P; C Q.

We choose compatible families of fans ¥/, 35, ¥} (resp. ¥, ¥4, XY = X, resp.
Y/, 39, 1) so that the morphisms in diagram (1.5.5) (resp. (1.5.6), resp. (1.5.7))
extend to morphisms of toroidal compactifications. By definition we have ¥ = U{Zp, }
where P, runs through the standard admissible parabolic subgroups of @, and likewise
for the other data. However, to avoid irrelevant notation we designate the toroidal
compactification of any of the Shimura varieties ? simply by 7s. Again, note that
the data for (1.5.7) represent part of the data for the toroidal compactification of
Sh(Q,X). In the end, we obtain a large commutative diagram

«Sh(Q', X')x
7T(P/)2,EJ/
«Sh(Q'/U, U\X')x

.|

(1.5.8) Sh(Q /U W, (U nWN\X )y —2—  JSh(Q'/U", U\X)x
wsl ml
.Sh(Q//7 x//)E & .Sh(Q”/U”, U”\X”)Z

"
7"1,):l

Sh(Gh,pr, X (P')s

Here the arrows v;, ¢ = 1,...,4, have been introduced to make the diagrams
commute. We then have
(1.5.9) a0y 0 TI'(P/)ZE = 7"’2,2? 71'/1/,2 oty = 71"1,2; 3oy = W(P/)l,il
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One checks that 1, and 1, are compactifications of toric fibrations, whereas 13 and
14 are generically abelian schemes. The left-hand column in (1.5.8), a refinement of
(1.5.7), will be analyzed below in connection with the Q’-part of the boundary in the
compactification of the diagram (1.1.5):

(1.5.10) Sh(Q, X))y —2— Sh(Q/U,U\X)s —— ¢Sh(Gp, p, W\X)s.

At no point in our calculation of boundary coherent cohomology have we seriously
used the fact that W is the full unipotent radical of (). The only real restriction is
the Kostant condition, used to prove splitting in Proposition 1.4.5. We now apply
the analysis of [HZ1,§ 3] to study the boundary cohomology of [W(P)]. We begin by
choosing a connected component D C X and replacing the disconnected (finite-level)
Shimura varieties oSh(Q,X) by a connected component of the form Mr = T'\D. As
above, we use the subscript ¥ uniformly for all (compatible) toroidal compactifica-
tions. Recall that Mp has a Baily-Borel compactification M7 [P, 6.2], defined set-
theoretically as the disjoint union of boundary strata My (P, ) for I'-conjugacy classes
of rational parabolic subgroups P, of ). There is a surjective map ¢x, : Mp s— M.
We let Zg: C Mr s denote the closure of the subset ¢5' Mr(Py) (see [HZ1,(1.5.1)]
for the analogue in the pure setting). Under our hypotheses, it is a divisor with nor-
mal crossings, each of whose components is smooth. We denote by ig  the closed
immersion Zg — Mr .

As in the pure case (cf. [HZ1,1.3]), the fan ¥p, is a polyhedral decomposition
of a certain subset of the closure of a cone C(Q') C U'(R)(—1) (the Tate twist
is as in [P]), homogeneous with respect to P;(R)? and invariant under translation
by (U' N W)(R)(—1). Pink proves that the quotient C(Q")/(U’' N W)(R)(-1) is a
non-degenerate homogeneous cone for Gy p(pr)(R)? in Uppy(R)(—1) (for all this,
see [P], Proposition 4.15). The fan ¥ p, is equivariant with respect to an appropriate
congruence subgroup Ay g C Dy /(Q) (denoted Aq by Pink in its adelic incarnation).
Our running hypothesis that I' be neat (cf. (1.3)) implies that Ay ¢/ acts freely on
Y p,. We may assume without loss of generality that A, o admits a factorization as
semi-direct product

(1.5.11) A —Toppry X Ty,

where I'y p(pry is the image in Gy p(pr)/(Gr,p(pyNGh, p)(Q) of a congruence subgroup
I'! of Geppy(Q) and T, is a lattice in the vector group R, Dy q/. (The hypothesis
that T' be neat implies that the map I'! — [y p(pry is an isomorphism.)

We define X% and i)f,l as in [HZ1, (1.3.2)] and [HZ1,(2.2.2)], respectively. The
irreducible components of Zg: are indexed by the one-dimensional faces in ¥ p, modulo
the action of Ay /. Then it is easy to verify that the analogue of Lemma 3.7.2 of
[HZ1] remains true in the present setting:

LEMMA 1.5.12. — The nerve W(Zq:) of the closed covering of Zg: by its irreducible
components is isomorphic to Ay g/ \X%, -
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As before, we write , where the level subgroups belong, to avoid proliferation of
notation. We now consider the restriction of (1.5.10) to the connected component
MQ,Z
(1.5.13) M.y —=— Ag/ues —— Mpas;

here, Ag/u.e,x (resp. Mp, ) is a connected component of a toroidal compactification
of ¢ Sh(Q/U,U\X) (resp. «Sh(Gp,p,X")). It follows from Pink’s theory that Ag: /e,
is a toroidal compactification of a semi-abelian scheme over Mg~ 45. There is a
commutative diagram:

Zoy _te M, s

ol e

iqQ/ /U
Zou — AQ/ues

ol e

Zqr ——— Mpex

(1.5.14)

As in the discussion of ¥ p, above, the second and third lines of (1.5.14) correspond
to fans
Ypv COWQ/U) CUJUR)(-1) and Xpw C C(Q") C (U /U NW)(R)(-1),
respectively, with the obvious notation. The corresponding D,-groups are denoted
Dy gy and Dy . It is easy to see that there are maps
Xp, — Yp v — Xpw,

where the first map is a bijection, and that

(1.5.15) Dy — Dyg v Degr — Degryv/RuDegrjv — Gep(p)s
C(Q'/U) — C(@Q)/UR)(-1); C(Q") — C(Q)/(U' nW)(R)(-1).

The two lines of (1.5.15) are compatible. As an immediate consequence, we have the
following elaboration on Lemma (1.5.12):

LEMMA 1.5.16. — Define W(Zq ji7) and N(Zqr) to be the nerves of the closed cov-
erings of Zqijy and Zgr, respectively, by their irreducible components. Then there is

a diagram

N(n(P')2) N(m(P)1)

N(Zq) N(Zq v) N(Zqr)
where the first arrow is an isomorphism and the second is homotopy equivalent to a
fibration with fiber T, \[(U' N W/U)(R)(-1)].

To each 0 € Xp, corresponds an irreducible closed stratum Z, C Zg/, a
toroidal compactification of a connected component of the mixed Shimura vari-
ety «Sh(Q'/U(c),X"), where U(c) C U’ is the rational subgroup whose group of real
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points is generated by o. The left-hand column of (1.5.14), restricted to Z,, is a
diagram of connected components for the analogue of (1.5.7) where Q' is replaced
by Q'/U(o). Fix any such Z,. Then the left hand column of (1.5.8) gives rise to a
diagram of connected components:

n(P') Y P
(1.5.17) 7, T2 AQ /U+U(0)),0,5 — AQ /U nw+U(0)) 0,5 —— Zo
Here ¢” denotes the image of o in C(Q"), and Z,» = Mg,y (57,5 is the corre-

sponding closed stratum in Zg~. As o’ varies, the diagrams (1.5.17) fit together to a

refinement of the left-hand column of (1.5.14):

(1.5.18) Zg TR, Zoyy —2 A pew —2— Zgn:

This can be continued with a map 7" : Zgr—Mps o 5, where Mps o 5 is a connected

component of Sh(Gp,, p/, X(P'))s, that is the toroidal compactification of (1.5.6).

Fix ¢ C C(Q"), and let Zg (0"”) C Zg' denote the union of the strata Z, that

map to Z,» under 7(P’) := w(P’)1 o w(P’)2. Lemma 1.5.16 and the discussion below

diagram (1.5.8) imply that

(1.5.19) The nerve M(Zg (¢”)) of the closed covering of Zg (o) by its ir-
reducible components is homotopy equivalent to the compact torus
LA\(U' NW/U)(R)(—1)] (more precisely, it is isomorphic to a triangu-
lation of the latter).

(1.5.20) Over 7”"~1(Mp: o) (i.e., over the open stratum), 3 is an abelian scheme

",—.

whose typical anti-holomorphic tangent space is v~ ; in particular, it is a

bijection on sets of irreducible components.

(1.5.21) w(P’)2 is a bijection on sets of irreducible components.
By Proposition (1.4.3), we have canonical isomorphisms

(1.5.22) T(P 2 (V(P)) = iy ;o V(P)u] ™™
o Rin(P)a. (W(P)]*™) =0, i > 0.

Similarly, there is an automorphic vector bundle that we might denote [W(P')y/nw|
on Sh(Q'/(U' n W), (U N W)\X") such that, for any diagram of closed strata as
in (1.5.17), the pullback to Ag//(w+u(s)),e,5 Of ié,/U[W(P)U]C"“‘ is isomorphic to
VI (P )unw].

It then follows from (1.5.19) and (1.5.20), as in [HZ1, (3.12.6)], that
(1.5.23) RIm(P"). (i [W(P)]**") =~ HI(Rr,, b3« [W(P)vaw]™);

here recall (cf. (1.5.9)) that w(P’) is the composite of the three arrows in (1.5.18). The
notation Rr, s . for equivariant higher direct images is as in [HZ1], e.g. [HZ1,3.12.4].
PROPOSITION 1.5.24. — The Leray spectral sequence

B} = HP(Zgr, Rn(P'). (it W(P)*™)) = HP*9(Zgr, ity V(P)™)

degenerates at Eo and the gradation induced by the Eo term splits canonically.
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Proof. — As in the proof of Corollary 1.4.5, the point is to apply an appropriate
Kostant condition, in this case to the mixed Shimura datum (Q'/U,U\X'). The
group K, C G stabilizing z € X is the K, of (1.2.16.1); for II, we take @Qp . Instead
of the full subgroup Q% N (W’/U) for the mixed Shimura datum (Q'/U,U\X'), we
take the subgroup QY N (W/U) = Q% NV, whose Lie algebra is just v, . The map

az 10, — Lie(R,Qp)

is defined, as in [HZ1,1.8.6], in terms of the Cayley transform for the boundary sub-
group P of G. Thus we are in the situation of (1.2.16.4). and we use the canonical
splitting (1.2.16.5). Note that all choices are canonical with respect to our choice of
the point z, the standard parabolics P, P/, and the standard Levi components. In
this sense, the splitting we will obtain on the F5 term is also canonical.

We next set up the Leray spectral sequence, so that we may apply the above.
The automorphic vector bundle [W(P)yaw] is the locally homogeneous holomorphic
vector bundle associated to the restriction to

Qr:NQ =~ (Qpr.NQ)/(Qp.NQ'NU' NW)

of the representation \, : K,—GL(W,) introduced near the beginning of (1.5). In
particular, its fiber at = is W,. Just as in Proposition 1.4.4,

(1.5.24.1) Rl o [W(P)raw]™ == W(P)(@)7]ean
where [W(P)(@-"] is the automorphic vector bundle whose fiber at z is
(1.5.24.2) H(Lie Ry (Qps N Q) W,) = HY (v~ , W,);

the equality follows from (1.5.3).

Next, T, acts trivially on Ag//ivw, hence the T'y-equivariant cohomology on the
right-hand side of (1.5.23) is computed fiber by fiber. Thus H?(Rr, 13 «[W(P)y:aw ")
is the automorphic vector bundle whose fiber at z is

(1.5.24.3) HY(R(T,) o R(07)(W,)).

Here R(T,) and R(v”:~) are abbreviations for the right-derived functors of H%(T,, )
and HO(v”>~ ), respectively. We use the analogous notation for Lie algebra coho-
mology below. Now by Nomizu’s theorem (cf. [HZ2, (5.4.7)]), there is a canonical
isomorphism of functors

(1.5.24.4) R(Ty,¢) — R(Lie RyDy g, ).

It follows from (1.5.4) that the group in (1.5.24.3) is canonically isomorphic to
H(v; ,W,). Let [W(Q")@]° be the canonically extended automorphic vector
bundle on Zg~ associated to the representation of Qp(pry,, on H9(v, W,). We have
thus constructed a canonical isomorphism

(1.5.24.5) HI(Rr, 3 [W(P)paw]®™™) — W(Q") @]
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(this is obvious without the canonical extensions, and that it holds with them follows
from using growth conditions, as in the proof of Proposition (1.4.4).)
By (1.5.23), the Leray spectral sequence can thus be rewritten

(L5.246)  EPT = HP((Zgr, V(Q")D]™)) = HP9(Zgr, iy W(P)™).

Since v, is the unipotent radical of a parabolic subalgebra of K, the Kostant con-
dition is satisfied, and the degeneration and splitting follow (as described at the
beginning of the proof). O

One verifies from the explicit descriptions in terms of A, that, for each g,
W(Q")( @] is the pullback via igr of the canonically extended fully decom-
posed automorphic vector bundle [W(P)@]%* on the (connected) pure Shimura
variety Mp o s; notation is as in Proposition (1.4.4). Applying Kostant’s theorem,
Proposition (1.5.24) yields an isomorphism:

i 9{23 Hn—é(b)(ZQ“’ 7’2?” [V)\(h,b)]can ® V/\(é,b))
6 T

~

(1.5.25) H"(Zqr, ity W(P)]"™) =

as in [HZ1,(3.7.4)]. Thus we let
[W(Q/I))\(h,b)]can — i*Q” [V)\(h,b)]can'

Then we can apply the analysis of §3 of [HZ1] to the cohomology of [W(Q")xn)] to
obtain

(1.5.26) H*(Zgr, [W(Q”)/\(h,b)]can) AN
D DH T Mppry s QDb rra)) ™) RH (L, p(prys Vathbyrit,a))-

a€EWP(P )z T

Here the first term A(h,b) in the subscript corresponds to the decomposition (1.5.25),
whereas the second term corresponds to the decomposition relative to the parabolic
Qpp),z C Knp. Note that Mppr) .5 coincides with Mp: o5, (compare the final
terms in (1.5.5) and (1.5.6)).

Let R = P N P’; the standard Levi factor of R is Gy r X Gp, pr, where Gy g is
the standard Levi factor of R N Gy pr. Let QF = QpzNQp 5. This is a parabolic
subgroup of K, with Levi factor isomorphic via Cayley transform to Gy r X K, pr.
Let WE(= W%?) be the corresponding set of Kostant representatives in the Weyl
group of K,. Then (see Lemma 3.1.6 below), we can combine the decompositions
(1.5.25) and (1.5.26) to write:

~

(1.5.27) H™(Zqr, i W(P)]*™) —
@ @ anf(w)*T(MP,,.’Z, [VA(h,w)]Can) QH" (FZ,P(P’) R V)\(E,w)).

weWnR r

More general results are obtained in section 3.3. The decomposition (1.5.27) can be
compared with (3.3.1), below. Note, however, that the second factor on the right
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here is the cohomology of I'y p(p/) and not that of a congruence subgroup of Gy r(Q).
Indeed, as in (3.3.4), below, we have Gy r = Go,p - Go p(pr)-

This is the “long way” to calculate the left-hand side of (1.5.27). The short way is
to apply Corollary (1.4.5) to the different strata Z, of Zg/, and to use the analogue
of diagram (1.5.5) for the mixed Shimura varieties «Sh(Q'/U(c),X’) (cf. (1.5.17)) as
o varies:

’ ’
71'2 s

(1.5.28)  [Sh(Q'/U(0),X") —2— WSh(Q'/U",UNX') —"— Sh(Gypr, X (P")):
Note that the last two terms of (1.5.28) are independent of 0. Applying Lemma 1.5.12

directly to the configuration of the Z,, we find the following equivariant version of
(1.4.5.1):

LEMMA 1.5.29. — There is a spectral sequence

EYT=HY,  (Mpras, Rt W(P)“") = HP(Zg, it [W(P)]*™").

This spectral sequence degenerates at Fo and the filtration induced on the abutment
splits canonically.

We are using the fact that if) [W(P)]®*™ is, on each Z,, isomorphic to the re-
striction to Z, of [W(P’)]®®. This is because oSh(Q, X)s, can be realized as a part
of a toroidal compactification of +Sh(G, X), and then Zg is part of the P’-stratum
of the latter. Then the lemma follows from the characterization [HZ1, (3.2.2)] of
the canonical extension on Sh(G, X)s. The last assertions are a consequence of the
Kostant condition, applied essentially as in (1.5.24) (cf. [HZ1, (3.13.6)]). In this case
I, = Qp» C K,, and Lie(Q%) = v, with the isomorphism «, being given by
Cayley transform as in [HZ1,(1.8.6)].

We can write the splitting in (1.5.29) in terms of Kostant representatives in WP/7
as above. Since Ay g/ C Gy pr, we obtain an isomorphism

(1.5.30) H"™(Zg, it [W(P)™)
o @ HY O (Mpr s, Vg™ @ H (Deors Vaen)-
tewp’ =
The last factor on the right can be computed by a Hochschild-Serre spectral sequence
via (1.5.11). Recalling that T',, is a lattice in the unipotent radical of Ry pr := RNGy p-,
(see (1.5.1)) and applying Nomizu’s theorem and Kostant’s theorem again, we have
(1.5.31) H (Mg, Vaen) — @ H 'O (Tro, Vaenas)-
SGWRLP'
Applying Lemma 3.1.6 (below) again, we can combine the last two formulas. As a
special case of the formulas in Section 3.3 below, we find that, if w € WE equals st,
with s € WBer' and t € WF'® then
Wanl = Wawl;

(1.5.32)
Ve ine,s) = Vaw)
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40 CHAPTER 1. AUTOMORPHIC VECTOR BUNDLES ON MIXED SHIMURA VARIETIES

where the right-hand sides are as in (1.5.27). Thus (1.5.29) gives another isomorphism

~

(1.5.33)  H"(Zqr,ig [W(P)]*") —
@ @ ané(w)*T(MP,,%E, [VA(h,w)]Can) ®H" (FZ,P(P’) y V,\(é,w))'

weWR r

PROPOSITION 1.5.34. — The isomorphisms (1.5.27) and (1.5.33) are the same.

Proof. — This comes down to the commutativity of the diagram (1.5.8). The short
calculation goes by way of the maps 1, and 5, whereas the long one involves wé”z
and 13 (use (1.5.9) in both cases). O

REMARKS 1.5.35

(i) Proposition 1.5.34 is the point of this section. It is applied at the end of section
3.4. The key step is the proof of Proposition 1.5.24, where the Kostant condition is
obtained only thanks to the intervention of the discrete group I',.

(ii) Throughout this section, the Shimura datum (Q,X) can be replaced by
(Q/Uy,Up\X) for any rational subgroup Uy C U. In this way, the simplicial ar-
guments of [HZ1,3.7] can be applied to extend the results of this section to the closed
stratum Zp of a toroidal compactification of (a connected component of) ¢Sh(G, X).
This amounts to replacing I'y p(py by I'e p X I'y p(pry on the right-hand of formulas
(1.5.27) and (1.5.33). As noted after (1.5.27), I'y p x 'y p(pr) is a congruence subgroup
of Gy, r(Q), and the results of this section come down to showing that two ways of
calculating the coherent cohomology of Zp give the same result.

(iii) The adelic formulations of Propositions 1.5.24 and 1.5.34 and Lemma 1.5.29
are left to the reader. These are intermediate results; the principal applications (in
§3) will be stated in adelic form. In particular, the “long” calculation satisfies the
analogue of Lemma 1.4.6.2.
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CHAPTER 2

MIXED GROWTH CONDITIONS
AND COHERENT COHOMOLOGY

In this Chapter, we treat the conditions of moderate growth and rapid decrease
on differential forms—and also combinations of the two—along divisors with normal
crossings and discuss their implications on Dolbeault cohomology. In the case of the
boundary divisor of a toroidal compactification of the mixed Shimura variety associ-
ated to the pair (@, X), we convert these conditions to growth and decay conditions
on the corresponding vector-valued functions on the group @ on various Siegel sets for
its admissible parabolic subgroups. This enables us to deduce the useful isomorphism
(2.7.1) on cohomology that seems inaccessible by geometric methods.

2.1. 0 with logarithmic growth in one variable (cf. [HP],[H4, § 3], [HZ1, 3.8])

Let f be a C* function on the punctured disc AX = {z € C: 0 < |z| < a}, with
a < 1. Given an integer N, we say that f has logarithmic growth of degree <N when

(2.1.1) |£(2)| [log =[]~

is bounded from above on A*. The set of all such functions is denoted A%;. It is
obvious that A%, c A%, for all N/ > N.

One says that f is slowly increasing if it has logarithmic growth of degree < N
for some N, and rapidly decreasing if it has logarithmic growth of degree <N for all
N.(M Tt is wise to restrict one’s attention to functions f such that the derivatives of
f of all orders are slowly increasing (resp. rapidly decreasing). The space of all such
(resp. A2,.).

. . 0
functions is denoted A da.

If w is a differential form of bidegree (0,1), one can write w = g(2)dz/z. We say
that w has logarithmic growth of degree < N whenever g does; in effect, we declare

that dz/Z is slowly increasing. We can then define the notion of (0,1)-forms that are

(1)C1ear1y, one can assume without loss of generality that N is taken from any set of numbers that
is unbounded from both above and below.
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slowly increasing or rapidly decreasing to all orders, and denote them by A%Y and

sia

Afg’:) respectively. We obtain Dolbeault complexes A2 :

sia*

A9, 25 40D

sia sia

and the analogously defined A?, , which is a subcomplex of A?

rda’ sia*

PROPOSITION 2.1.2 (Dolbeault lemma with logarithmic growth)
(i) HO(As,,) is the space of holomorphic functions on the disc A, of radius a.
(ii) HO(Az,,) is the space of holomorphic functions on A, that vanish at the origin.
(iii) H'(A},) = H(Ag,) = 0.
As the first two assertions of the Proposition are obvious, we concentrate on (iii).
This is seen to come down to verifying:

PROPOSITION 2.1.3 ([HP]). — Let N be an integer different from —1. If g € A%,
there exists f € A% such that 9f(z) = g(z)dz/z.

For completeness, we give:

Outline of the proof of (2.1.3). — There is a standard solution of the d-equation in a
disc A, which gets written here as df /0% = g(2)/Z, viz. f = I(g) where

(2.1.4) I(g)(z) = (2771')_1/ gw)dw A dw/w

wEA w—=2z
This is an absolutely convergent integral if g has logarithmic growth; note that I(g)
is independent of N. One then shows that logarithmic growth for g implies the
corresponding growth for f. By decomposing (2.1.4) into pieces, as in [HP], one
reduces the verification to the following elementary calculations:

LEMMA 2.1.5. — Let N be an integer different from —1. Then there is a constant
Cn > 0 such that whenever r < a:

() r [ owol™ do < o ogrl™.

(1i+) /OT p g p|N dp < Cy logrN T, i N >0

(ii—) /a p~ " logp|™ dp < Cy logr[V*if N <0.

Moreover, when g € A%, (resp. g € A%, ), the formula

implies that I(g) € A%, (resp. 1(g) € A%, ) likewise.

sia
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2.2. Logarithmic growth in several variables

In the our setting, the natural notions of logarithmic growth and decay are the
following. Given an integer NV, a function f of (z,w) € (A})™ x (A,)™ is said to have
logarithmic growth of degree <N when

(2.2.1) |f(z,w)|<Z|log|zj|l)7N

is bounded from above. The set of all such functions is again denoted A%,. We can
then define A%, and A% asin (2.1). Also asin (2.1), we regard dz;/Z; as logarithmic
(after all, it has logarithmic growth in the sense of (1.3.5)). It is not hard to see that
these growth conditions allow one to define, on any complex manifold M, sheaves of
forms having slow increase or rapid decrease along the divisor with normal crossings D,
for the notion of logarithmic growth is independent of local coordinates, and likewise
for all derivatives. We denote these by A2, (M, D) and Az, (M, D).

An alternate simpler notion of logarithmic growth of degree IV is provided by the
boundedness of

(2.2.2) f(z,w)| [] fog |21,
j=1

which is asymptotically different from (2.2.1). However, (2.2.2) yields the same notions
of slow increase or rapid decrease in view of the following:

LEMMA 2.2.3. — IfA; > 1 for 1 < j < m, then

(ITv) " <o < I
Jj=1 Jj=1 j=1
This allow us to replace the growth condition of (2.2.1) by that of (2.2.2), for which
we have, in effect, separation of variables (cf. [GH, p. 25]). One obtains from (2.2.3):

PROPOSITION 2.2.4. — Let D be a divisor with normal crossings on a complexr man-
ifold M. Then A%, (M,D) is a fine resolution of On, and A2y, (M,D) is a fine

resolution of Oy (—D).

COROLLARY 2.2.5. — Let F be a locally-free sheaf of Opr-modules. Then the com-
plex A%, (M, D) ®o,, F is a fine resolution of F, and A2y, (M, D) ®@p,, F is a fine

resolution of F(—D).
REMARK 2.2.6. — The issues involved in the proof of (2.2.4) were misrepresented in

[HP], as was pointed out to us by J. I. Burgos, who also provided a correct argument
along the lines outlined here.
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2.3. Forms with mixed growth conditions

We continue to let D denote a divisor with normal crossings on the complex mani-
fold M. Consider any 2-partition of the set of irreducible components of D, and write
D correspondingly as the union Dy U Dy. We define the middle term in

(2.3.1) * (M, D) C Az (M;D,Dy) C A, (M, D)

rda mxa sia

by the condition that a differential form should be slowly increasing along D;, and
rapidly decreasing along Do, and likewise for all derivatives. Our purpose is to obtain
the following variants of (2.2.4) and (2.2.5):

ProrosITION 2.3.2. — A

mxa

(M; D, Ds) is a fine resolution of Op(—Ds3).

COROLLARY 2.3.3. — For any locally-free sheaf F of Opr-modules, the complex
Ae (M; D, Ds) ®o,, F is a fine resolution of F(—D2).

One is led to define:

DEFINITION 2.3.4. — A function f of (z,u,w) € (A%)™ x (AX)™2 x (A,)™ is said
to have logarithmic growth of bidegree (N7, N3) when
ma 7N1 m2 7N2
[z uw) (3 [oglzl]) (D [1oglusl])
j=1 j=1
is bounded from above. Differential (0, k)-forms of logarithmic growth of bidegree
(N1, N3) are defined just as before, and the space of such is denoted A?Nl’ Na)-

Then Proposition (2.3.2) and indeed Proposition (2.2.4) are deduced from the fol-
lowing multivariate version of (2.1.3), which is proved by iteration on the latter.

PROPOSITION 2.3.5. — Let N1 and Ny be integers different from —1. If k > 0 and

w € A?N17N2), there exists ¢ € A’(C];11+1,N2+1) such that 0¢ = w.

2.4. Siegel sets in mixed Shimura varieties

We will retain the notation from (1.1) as far as possible. Thus, let (Q,X) be
a mixed Shimura datum. By convention (as before) we also allow X to denote a
connected component of this homogeneous space. Let (G, W\X) be the corresponding
pure Shimura datum for G = Q/W and « : @ — G the natural map. For any
connected component Mr of g ,Sh(Q,X)(C) and corresponding component ]\/Zr of
7, Sh(G, W\X)(C), where IA(f = (K ), we have the commutative diagram of complex
manifolds

— Mr

|

X
(2.4.1) l
X= W\X — Mr
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in which the spaces X and X are contractible.

The notion of going to infinity in Mr or My is expressible in terms of Siegel sets,
equivalently in the group or on the homogeneous space, associated to parabolic sub-
groups. For the present purposes, it is the admissible parabolic subgroups that enter.
Recall from (1.1.9) that the mapping P(G) — P(Q) that assigns P = 7 '(P) to
P € P(G) is bijective. Since the notion of admissibility is determined on G, the
admissible parabolic subgroups of G and @ are thus in canonical one-to-one corre-
spondence.

We work with the pair (G, 56), though the story for (@, X) is parallel. Let P € P(G);
then P(R) acts transitively on X. Select a basepoint Zo € X. Let Ap denote the
associated lift to P(R) of the connected component of the center of P/Wp. Then
PO ~ (°P)0 x Ap, where °P denotes, as in [BS, 1.1], the intersection of the kernels of
the squares of the rational characters of P; we make this identification routinely. A
Siegel set for P in G(R) is a subset of P(R) of the form & = &, = k x Ap, where
K is a compact subset of °P(R), and

(2.4.2) Apy={a€ Ap: a? >t for all simple roots 3 occurring in Wp}.
It is also standard usage to call & - Zj a Siegel set for P in X.

In what follows, Up is the center of the unipotent radical Wp of P, Vp = Wp/Up.
The associated Siegel domain coordinates are deduced from embedding X as an open
subset of the total space Xp of a mixed Shimura variety,

(2.4.3) X cXp— Up(C\Xp — Fp,

where Fp is the boundary component of X corresponding to P, and trivializing the
fibration analytically:

(2.4.4) Xp ~ Fp x Vp(R) x Up(C).
This yields
(2.4.5) X ~ {(y,v,u) € Fp x Vp(R) x Up(C) : Imu — U(y,v) € Cp},

where Cp is a homogeneous cone in Up(R), in which the action of Ap on X is given
by the dilations of Cp. In the above, ¥ : Fp x Vp(R) — Up(R) has well-known
properties; aside from continuity, these will not concern us here.

REMARK 2.4.6. — When G is Q-simple and P is maximal, one places a point at
infinity in Vp(R) xUp(C) in (2.4.2) to attach (topologically) the Baily-Borel boundary
component corresponding to P. It is reached by letting a® — oo (see (2.4.2)), while
keeping the simple roots of G, p bounded.

Next, let 7 be any compact cone in C'p; by “compact”, we mean that T = (T —0)/RT
is compact in Cp := (Cp — 0)/R¥. A complex Siegel set for P in X, built from 7T,
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will be a set S of the form
(2.4.7) {(y,v,u) € Fp x Vp x Up(C) : y € kn, v € ky,Reu € ky,Imu € (tg +7T)},

for kp, kv, ky compact and ty € 7. It is easy to verify that the two notions of Siegel
set are commensurate: every Siegel set for P is contained in a complex Siegel set for
P, and conversely. (For the same reason, one sees that in defining a Siegel set, one
could take the x to be a compact subset of P(R) or even of G(R).)

We turn now briefly to the pair (Q,X). As our current concern is over mixed
Shimura varieties for which 7 in (1.1.5) is an isomorphism (that is to say, abelian
fibrations), we assume that W_Q = {1}. Let P € P(Q) correspond to P € P(G).
There are objects for P analogous to those for P given above, as defined in [P, §4].
This yields a diagram:

X < X — Up(O\Xp — Fp

(2.4.8) [ | |

X Cc Xp — Up(C\Xp — Fp

in which the vertical arrows are surjections, and a surjection of cones Cs — Cp.
(Note, however, that the homomorphism Uz — Up need not be injective.) Moreover,
if we select a basepoint xg € X with 7(x9) = Zo, the projection of Az in Q(R) to
Ap C G(R) is an isomorphism. Thus Siegel sets for P in X, defined in the same way
as those for P, map onto Siegel sets for P in X. In actuality, though, it will suffice
for our purposes to consider the Siegel sets for P and P independently.

The following is well-known (see [B3]):

PROPOSITION 2.4.9. — Let k be a compact subset of °P(R), &, the Siegel set
kX Apt and (S, +)r the image of S, in Mr C RfSh(G,X)((C), Then for t suf-
ficiently large, ‘

(Gwt)r @ kr X Apy,
where kr is the image of Kk in ]\/Zr, such that the projection &, + — (S,.+)r decomposes

as (k — Kkr) X Lap,.

COROLLARY 2.4.10. — Let (S, ¢)r be as in (2.4.9). Then for t sufficiently large,
there is a canonical projection a : (S, ¢)r — Ap (Ap-coordinate).

2.5. Toroidal compactifications and Siegel sets

For simplifying notation only, we assume henceforth that G is Q-simple. We leave
it to the reader to formulate the general case.
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We start by taking a slight variation of the basic diagram (induced by (2.4.3)) in
[HZ2,1.4.4]:

MI/J = Tu,\Xp — Mp

| |7

(2.5.1) Up(CO\Xp — Ap
i
3ACP — Mp

(In [HZ1] Ap was denoted Ap or Ap, but here Ap has a different meaning.) We
have made the upper square cartesian: M b is the pullback of My to the universal
cover Up(C)\Xp of Ap, replacing Xp. The coordinates in (2.4.4) induce an analytic
isomorphism

(2.5.2) My ~Xp x Vp(R) x Tp,

where Tp denotes Up(Z)\Up(C), viewed as the complex points of the torus with
cocharacter group Up(Z).

We next review some pertinent features of the structure of the boundary of
toroidal compactifications Mr 5. of connected components of Sh(G, X)(C), following
[HZ1, (1.5)]. Let P € P(G). The data in Xp are used to construct 7 : (Mp)x, — Mp,
with boundary divisor written as
(2.5.3) <Zs(=P)¥ U <Zu(P).

PP
The quotient of (2.5.3) by I'; p will be denoted <Zx (> P); in the notation of [HZ1]
it is the union of all <Zx(P’) for P’ = P. Recall that a neighborhood of the latter is
a building block in the construction of Mr 5. It will be useful to keep in mind that
<Zs (> P) is more than the P-stratum of the boundary unless P is maximal with
respect to >, yet contains all of Zx(P) (the closure of the P-stratum) only when P
is minimal with respect to >. We also observe that Tp acts on (2.5.3).
The toroidal constructions with Tp lift to ones on M 5. In particular, we have

(2.5.4) (Mb)g, ~Xp x V x (Tp)g,.

Let <Zx(P) and <Zx (= P) denote the respective pullbacks of < Zx(P) and <Zs (= P);
we can write, for instance,

(2.5.5) <Zs(=P) = Xp x V x 8(Tp)s,.

In [HZ2,1.4(d)], we introduced a topological compactification of Mp, the real
boundary quotient Mr s g, of Mr x, which was designed for the present discussion
(also, cf. [HZ1,2.3]), with structure map

p:Mrys — Mrya,.
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By construction, p(<Zx(> P)) is given naturally as I'y p\ (<Zg(i P)/Tf,), where T§
is the maximal compact real torus in Tp. Likewise, we can define the real boundary
quotient

(2.5.6) (Mp)sip00 = Xp X V X O(Tp)sp 00

for which (‘9(]T4/1’,)2P,5~JR ~XpxV x (TpP)sp . 0p- In terms of the product structures in
(2.5.4) and (2.5.6), the quotient map (Mp)s, — (Mp)sp .o, is induced by the natural
projection (Tp)s, — (Tp)sp.0:-

For any character y of Tp, there is a morphism of commutative diagrams(®, which

we also denote by x:

Up(C) —™ . Up(C)/Up(R) =~ Up(R)
UP(C)/UP(Z)’ZTP W Tp/Tfp

(2.5.7) lx

c =, C/Rx~R

exp J{ exp J{ ~

C/Z ~C* —— C*/S! ~ R+
Mod

In other words, up to a constant multiple, the logarithm of the modulus of a toroidal
variable is induced by the imaginary part of a linear function on Up(C). In this
way, approaching the boundary of Xz,am corresponds to going to infinity in the radial
direction of the cone Cp. Specifically, 9(Tp)s, o, can be viewed as a copy of Sp
attached at infinity to the cone, with f]g,l)’c giving p(<Zs(P)) (see the illustration
[HZ1, (2.3.10)]), while T§-orbits are getting collapsed to a point.

We make the following:

OBSERVATIONS 2.5.8. — Let P be a maximal Q-parabolic subgroup of G, 7 a com-
pact cone in Cp, and S a complex Siegel set for P built from 7, as in (2.4.7). Then:

(1) the closure of the image of S in (MI’J)ZP@R meets the boundary in xp, X ky x T,

(ii) Take 7 to be any union of finitely many top-dimensional simplicial cones in
ZS,I)’C that maps onto FAP\EQ’C, and assume that sy and ky are sufficiently large.
Then the closure of the image of S in Mr x; meets the boundary in 7=!(Ry) N <Zp,
where Kj, denotes the image of x5, in Mp.

(ili) For any P’ > P, there is a dense open subset (determined by Yp(P’) below)
of Zs,(P’) of which each point is in the closure of some Siegel set for P.

)1n the literature (see [HZ1, (2.3.2)]), the induced map Tp — Up(R) is called “ord”.
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In practice, the above asserts that every point of Zx(P) (the union of components of
the toroidal divisor generated by %) is a limit point of some Siegel set; however, one
must consider Siegel sets for all parabolic subgroups dominated by (i.e., <) P, as well
as those for P itself.

To be more specific, if we let V(L) stand for the set of vertices of a simplicial
complex L, then

(2.5.9) VEp) = [[{V(ES) : P'= P}

is a Iy p-equivariant partition (cf. [HZ2, (2.4.2)]). By taking the real projection of the
toroidal divisors corresponding to each f]%,” one induces a decomposition of ép (which
is an open subset of [Sp|) into sets Vp(P’) that intersect only at their boundaries,
and which are the closure of their interiors; of these, only JAJP(P) is compact modulo
yp. In [HZ2,(2.2)], Yp(P') gets called the open thick P'-stratum of f)gjl)7 and the
decomposition (2.5.9) plays an important role. When 7 C Cp as before, we will

say that T abuts on Zs(P') whenever 7T C Yp(P'). Letting Yp(P’) denote the
corresponding cone in C'p, we conclude:

PrROPOSITION 2.5.10. — Let P be a mazimal Q-parabolic subgroup of G. Then:

(i) The set of all complex Siegel sets for admissible parabolics that abut on Zs,(P)
consists precisely of those complex Siegel sets, for some @ =X P, built from compact
cones contained in the subcone Yg(P) of Cg.

(ii) Let Zg(P) denote the union of the limit points of such Siegel sets for a fized
Q. Then this set is open and dense in Zs,(P).

(i) Let Zg(P) C Zx(P) denote the image of Zg(P) in Mrx.. Then
Zs(P) = U{ZJ(P) : Q e M(I)},

where M(T") is a set of I'-conjugacy classes of admissible parabolic subgroups @ with
Q=P

(iv) ﬂ{Zg(P) :Q € M(I)} is an open and dense subset of Zx(P). It is open in
the Zariski topology only when P is minimal with respect to <, i.e., when M(T') has
only one element (representable by {P}).

2.6. Growth conditions at the toroidal boundary

Given P € P(G), let § denote the positive simple root occurring in Wp. We now
prove:

PROPOSITION 2.6.1. — Let (z,w) € (AF)™ x A", with r < 1, give local coordinates
on a deleted neighborhood of <Zs, (= P) associated to an n-fold intersection of com-
ponents of this divisor. Then on the intersection of this coordinate neighborhood with
(&,t)r, the functions a® (determined by (2.4.10)) and Z?Zl |log|z;|| grow at the
same rate along <Zs (= P).
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An argument proving this is given for pure Shimura varieties in [Mu, p. 264}, though
it seems a bit unfocused. The proof is geometric, and goes the same in the mixed
case; we present it here:

Proof. — We appeal to (2.5.7). Write A; for |log|z;||; these are linear functions on
the cone that are positive in the region under consideration. We may assume without
loss of generality that the Siegel set (&, ¢)r involves, as a factor, a compact subset
of the “standard” cross-section of Cp — {0} — ép determined by Gy p(R)4°*. Then,
the value of a” at any point is given by the amount of dilation in Cp required to get
to the point from this cross-section. By compactness, this differs from the amount of
dilation required to get from any other cross-section over the same compact set by
an amount that is bounded from above and away from zero. In other words, the rate
of growth of the Ap-coordinate is independent of cross-section. Then, just take the
cross-section to be the one defined by >>; \; = 1.

Next, let Zy be the basepoint of 3AC, which was used in definition of Siegel sets in
(2.4). Let Kq denote the stabilizer in G(R)%" of Zy. It is well-known (see [B1]) that
there are norms | - | on G(R)" that satisfy:

(i) lgk| = lg| whenever k € Ko;

(ii) lgg'l < lgllg’l-
The following is easy to verify:

PROPOSITION 2.6.2. — Let P be a mazimal parabolic subgroup of G. Then:
(i) On Ap, |a| grows like (a®)* for some £ > 0;
(i) For g in the Siegel set S, ¢, |g| and |a(g)| have the same rate of growth.

We recall that a C* (0, ¢)-form w on Mp with values in W is determined by a
unique smooth T-invariant function f,, on G(R) with values in A?(p~)* ® W. When
we combine the preceding with (2.5.10), we get:

PROPOSITION 2.6.3

(i) An element w of the Dolbeault complex for W on (an open subset of) Mr has
moderate growth along Zs,(P) in the sense of (2.2.4) if and only if f., has moderate
growth on all complex Siegel sets for Q that are built from subcones of Yqo(P) C Cq,
for all Q@ X P.

(11) w lies in A3,..(Mr s; Zs,, Zs,(P)) @ W (of (2.3)) if and only if f., has mod-
erate growth and has rapid decrease on all complex Siegel sets for Q that are built

from subcones of Yo (P) C Cq, for all Q < P.
2.7. Mixed growth conditions and basechange

We now take in (2.4.1) the lower part of the tower for the mixed Shimura variety
for the admissible parabolic subgroup P of G (this is denoted m : Ap — Mp in
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(2.5.1)). According to [P], there exist compatible toroidal compactifications for .
Let 7 : Apz — MP’E (as in [HZ1,1.6]) be one of them. We let ZZ(P') and Z=(P')
resp. denote the P’-strata of the respective toroidal boundaries. The main goal of
this section is to deduce the following variant and extension of [HZ1, 3.14]:

PROPOSITION 2.7.1. — In the above situation, there is a commutative diagram of
quasi-isomorphisms of sheaves on Mpz=:

Ry A VA (=71 Z2(P')} —— R, (VA1) (= Z=(P"))

| I

Ry [VA]a (= ZA(P'))} «———— H*(sp, V)" (— Za(P"))

D H (sp, V) (= Z=(P"))[~]

This implies at once:
COROLLARY 2.7.2. — In the above situation,
H*(Apz, (VA" (= Z2(P")) ~ H*(Mpz,H* (sp, V)™ (— Z=(P"))).

REMARK 2.7.3. — There would be nothing to prove in (2.7.1) if one knew that
ZA(P') were equal to 7; Z=(P') in the sense of divisors, i.e., that the fibers of 7y
over Zp: are reduced. One might hope that this can be arranged by choosing =
suitably, but that is not apparent from [P].

Proof of (2.7.1). — We show first that in the derived category of Mp,a both sides of
the isomorphism in the bottom row of (2.7.1), are computable by means of complexes
of C'* differential forms, on Mp and Ap respectively, with moderate growth and that
decrease rapidly in the direction of the P’-strata.

We use the mechanism from [HZ1, 3.5.12]. Consider the Dolbeault complexes:

(2.7.4) AYL (H (5, V) < AV (AN sp @ V) < m, AYL (VA

up to quasi-isomorphism, this is

(2.7.5) H*(sp,V) — N\ sp @V — Rmp VA

The complexes in (2.7.4) can be written as sheaves of relative Lie algebra cochains:
(2.7.6) C; — C3 — (3,

where, for O open in Mp,

(2.7.6.1) C1(0) = {C>(On,p)® A\ (p)" ® H*(sp, V)}r,

(2.7.6.2) C3(0) ={C=(On.p)® A\ (p,) @ A (sp)* @ V}iErr,
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where O}, p is the inverse image of O under 'y, p\Gp,p — Mp; also for O’ the inverse
image of O in Ap

(2.7.6.3) C3(0) = {C=(0)N@ A (p;, ®sp)* @ VIERP,

with O] the inverse image of Oy p in T'4, \(P'/Up)(R). For (2.7.6.3), we are using
the fact that V4 is a homogeneous vector bundle (recall (1.2.14)), determined by the
representation of Kj p on H°(Tp,V},)TP | which is isomorphic (via evaluation at the
basepoint) to V as a K}, p-module.

There are homotopy inverses to the maps in (2.7.6) via projections
(2.7.7) cr ey 22 e,

with 1; given by the semi-simplicity of representations of a compact group—mnote that
we are invoking here the assumption that p~ acts trivially on V—and 9 given by
taking the constant term along the fibers of Ap.

Here and again, one makes use of the following homological lemma;:

LEMMA 2.7.8. — Let C; and Cy be cochain complexes [of sheaves], and assume given
morphisms i : C1 — Co and 1) : Co — Cy such that
(i) poi=1,

(ii) io =1+ dB + Bd.

for some mapping B : C3 — Cy of degree —1. Let C, = Kere. If i’ : C5 — Co denotes
the inclusion, the morphism

ciac, 2 e,

is an isomorphism. Moreover, C} = 0, and i and ) are quasi-isomorphisms inducing
mutually inverse isomorphisms on cohomology [sheaves]. Furthermore, the above is
functorial with respect to the triple (i,%, B).

This yields that the maps in (2.7.4), and therefore also (2.7.5), are quasi-isomorphisms.
This was extended to the toroidal boundary for the canonical extension in [HZ1, 3.13]
and the subcanonical extension in [HZ1, 3.14]. These were obtained by observing that
11 and 12 respect the growth conditions on (2.7.7) given as in (2.6.1), as do their
homotopy operators, and then appealing to (2.7.8). Said another way, imposing the
growth conditions preserved the homological situation, and we could again invoke
(2.7.8).

We apply (2.3.3) to both sides of bottom row in (2.7.1), writing them as Dolbeault

complexes with mixed growth conditions on jp,g and Mp = resp., taking Ds to be
the respective P’-stratum of the toroidal boundary, for some Q-parabolic subgroup Q

MEMOIRES DE LA SMF 85



2.7. MIXED GROWTH CONDITIONS AND BASECHANGE 53

of P. This reduces us to verifying that

(2.7.9)  Al.(Mpz; Z=, Z=(P') @ H*(sp, V)"
— T A A (Apz; 22, Z2(P) @ V4]0

is a quasi-isomorphism, extending that of (2.7.4) to the toroidal boundary. For use
in conjunction with the Lie algebra cochains of (2.7.6), we appeal to (2.6.3)(ii): the
mixed growth conditions are equivalent to moderate growth, together with decay
conditions on a specific class of Siegel sets. That these are preserved by ¢; and 2 in
(2.7.7) follows as before. This gives that (2.7.9) is a quasi-isomorphism, and (2.7.1)
follows.

To complete the proof of (2.7.1), we must show that the square commutes. First,
we make the following observation, which follows from (2.2.5) and (2.3.3):

LEMMA 2.7.10. — The inclusions
(2.7.10.1) A% (Apz, Z8) @ VA @ 7Ty pry
> Ao Apz; 22, Z2(P)) @ A"
s A% (Apz, Z2) @ [VA]en
are compatible fine resolutions of
(2.7.10.2) VA @ T Ty (pry — V™ @ Tya(pry — VA
Applying the functor R7, to (2.7.10.1) gives
T A (Apz, Z2) © VA" @ Ty (o

ha(Apz; Z2, Z2(P')) @ A"}

— (Tl (Apz, Z2) @ VA"

[SEEN {ﬂ-*

The above are taken as Co’s in (2.7.8); for C;’s, we take
A5ia(Mpz, Z2) @ 1 (sp, V)" @ Tr(pr) — Ala(Mpiz, Z2) @ HY (s, V)"
— A;a(MP& ZE) ® H(sp, V).

From here, it is obvious that the square in (2.7.1) commutes.
The above implies a useful fact:

PROPOSITION 2.7.11. — The morphism
H* (JZP,E7 [VA]Can) L H* (VZ(P,Ea [VA]can ® OZ‘E“(P’))

s given by the direct sum of mappings

H'(MPE,Hi(sP, vyen) — H'(]/\ZPE,Hi(ﬁP, V) OZE(P/)).
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Proof. — The sheaf [VA]" @ Oza(pry is quasi-isomorphic to the complex
(2.7.11.1) {1 @ Zyapry — VA1
Then

R%*{[VA]CM] ®IZ£(P’) _ [VA]can}[l]
is quasi-isomorphic to
(2.7.11.2) B{H (5p, V)™ @ Ly (pry — H'(sp, V)" 1],
which is in turn quasi-isomorphic to H*(sp, V)" ® Oz (p/). Restriction to Z2 (P')

and Zz(P') is induced by inclusion into (2.7.11.1) and (2.7.11.2). Our assertion fol-
lows. |
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CHAPTER 3

THE NERVE SPECTRAL SEQUENCE
FOR COHERENT COHOMOLOGY

For the remainder of the article, we fix a pure (standard) Shimura datum (G, X).
Thus G is a reductive group over Q; for simplicity we assume G®? to be Q-simple. All
mixed Shimura varieties will be realized as boundary strata of toroidal compactifica-
tions of x,Sh(G, X)s. Here and in what follows the notation Ky and ¥ are used as
in §1, relative to (G, X)), and will be used without comment. Moreover, all toroidal
data 3 will be assumed to be full, in the sense of [HZ1,2.2.6].

3.1. Cohomology on boundary strata of toroidal compactifications

We refer to (0.5)—(0.7) and (1.1.9) for notation and conventions concerning rational
parabolics and boundary strata. For R € P(G), R subordinate to P, we define
the R-stratum Zx(R) of x,Sh(G, X)s as in (0.6.1) and [HZ2,(1.5.2)]. We revert
momentarily to the classical (non-adelic) language of [HZ1,851-3]. When R = P
is maximal, Z5(R) is itself the union of irreducible divisors with normal crossings
corresponding to 1-dimensional cones in ¥£¢ modulo conjugation by I'y p (notation
as in [HZ1], esp. §1.5). The nerve 9z (R) of the closed covering of Zx(R) by its
irreducible components (denoted M(Zyx,, ) in [HZ1]) is a simplicial complex canonically
isomorphic to I', p\i% [HZ1,Lemma 3.7.2]. More generally, if r is the parabolic rank
of R, then Zx(R) has a closed covering by irreducible components of codimension r
in g, Sh(G, X)s. However, the nerve Mx(R) of this closed covering does not have
a transparent description in terms of Y. This is because, for instance, if P < Py,
R = PN Py, and o (resp. 0’) € ¥p is a two-dimensional (resp. three-dimensional)
cone with one (resp. two) edge(s) in X p, and one in X%, then the corresponding closed
toroidal stratum Z, (resp. Z,) is of codimension 0 (resp. 1) in Zs(R) but the facets
of 0 and ¢’ in ¥p have the same dimension. The constructions in [HZ2,§2] were
designed to deal with this problem.

Let ir : Zs(R) — k,;Sh(G, X)s denote the canonical closed immersion. For
R = P maximal, the geometric description of Mx(P) in [HZ1,§3] yields a simple
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expression for the coherent cohomology H*(Zx(P),i5[W]"), when [W] is an au-
tomorphic vector bundle on Sh(G, X) [HZ1,3.7.8,3.13.6]. The main step is the cal-
culation [HZ1,3.6.4] in terms of the pure Shimura variety attached to Gy p of the

cohomology H*(Z,,i%[W]®") where Z, is an individual closed stratum as above and

o i Ly k,Sh(G, X)x is the inclusion. More precisely, the argument in [HZ1,3.6.4]
only concerns the open stratum Z,, and expresses its cohomology in terms of that of a
family of automorphic vector bundles Vy(p .,y on the base Mp. For Z » we obtain the
analogous expression in terms of the canonical extensions [V,\(h@)]"a“ on the toroidal
compactification Mp 5 py, using Proposition 1.4.4 and Corollary 1.4.5; see (3.1.2),
below. In particular, the calculation works in exactly the same way when Ny (P) is
replaced by s (R) for general R.

REMARK. — Careful readers of the proofs in [HZ1] may note an apparent depen-
dence on analytic considerations not discussed here. Specifically, the reduction of the
cohomology of a boundary stratum to cohomology of reductive groups is carried out
in Corollary 3.7.8 of [HZ1]. An intermediate step in the proof of this corollary is
provided by Lemma 3.7.5 of [op. cit.], which (in the present setting) calculates the
coherent cohomology of Zx(P) in terms of the I'y p-equivariant coherent cohomology
of an abelian scheme, the analogue of Sh(Q/U,U\X)s,. In turn, the proof of Lemma
3.7.5 makes forward reference to [HZ, 3.9.4], whose proof is analytic and homotopy-

theoretic. However, that argument was not needed; Lemma 3.7.5 is actually a simple
consequence of (3.7.3), (3.7.4), and (3.7.6).

We first state the result (for general R) in the classical setting. Thus D is a
connected component of X and I' C G is a neat arithmetic subgroup of G(R) that
fixes X. We retain the notation I'y p = I' N G¢,p(Q) N R(Q), when R is subordinate
to P, from [HZ2]. We fix a point p € D as in [HZ1,§3.5], let K,, C G(R) denote its
stabilizer. We can and do always choose p so that K, N P(R) contains a maximal
connected compact subgroup of P(R) for every standard parabolic P. As in [HZ1],
we restrict attention to fully decomposed automorphic vector bundles; i.e., those
associated to representations of K, ([HZ1, Definition 3.1.2]).

We let Mp denote the (connected) pure Shimura variety associated to P. Similarly,
we let WP denote the subset of the Weyl group of K, from [HZ1, §3.6] (see (0.5)).
Recall that this is the set of Kostant representatives for the maximal parabolic denoted
QPP C K, with Levi subgroup Kz(,Q) and unipotent radical S,. The Lie algebras are
denoted by lower case Gothic characters, as usual. Recall further [HZ1, (1.8.3), (1.8.6)]
that the Cayley transform induces isomorphisms

(3.1.0) KP® =5 Kyp x Gepy Spp — 0,

Here K, p C G, p is the maximal compact subgroup associated to p. More generally,
if R is subordinate to the maximal parabolic P, we let QP C QP be the parabolic
with Levi factor isomorphic via Cayley transform to K} p x G, g and unipotent radical
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Sp.r D Sp.p and let WP be the corresponding set of Kostant representatives in the
Weyl group of K.

PROPOSITION 3.1.1. — Let (W] be an irreducible automorphic vector bundle on
Sh(G, X) and let R be a proper Q-parabolic subgroup of G, subordinate to the maxi-
mal parabolic P. Then

(i) For each b > 0, the assignment

(3.1.1.1) o HY(Z,, 0% W]

defines a locally constant sheaf L°(-,W) on the simplicial complez Ms(R), and an
associated spectral sequence

(3.1.1.2) B = H* Ny (R), L°(-,W)) = H"(Zs,(R), i5[W]™").
(ii) Over the universal cover of Mx(R), Lb(s, W) is isomorphic to

(3.1.1.3) D  H ' (Mpsp), Vagw]™)  Vaw)-

weW P.p
Here Mp s py is any admissible toroidal compactification of Mp, £(w) is the length of
w and Vxpn,wy and Vi) are defined (relative to [W]) as in [HZ1,(3.6.1)].

(iii) The spectral sequence in (i) degenerates at Eq, and is naturally split.

REMARKS 3.1.2

(i) The hypothesis that [W] be irreducible is made in order to obtain the simple de-
composition (3.1.1.3). This hypothesis was inadvertently omitted from the discussion
in [HZ1,§3].

(ii) For R = P maximal, the above is a strengthening of (3.7.3), (3.7.4) and (3.7.7)
of [HZ1], which pertain to the (open) P-stratum. (Note the misprint in [loc. cif],
where the spectral sequence was labelled Ey rather than F;.) Here, we extend those
results in two ways: we are working with the closed R-stratum Zx(R), and this is
for arbitrary R. Correspondingly, the above formulas involve canonical extension to
some toroidal compactification Mp s (p).

Proof of (3.1.1). — We adapt the line of reasoning in [HZ1,§3]. By [P, Corollary
7.17), every closed stratum Z, C Zx(R) (whose interior was constructed from a cone
in X p) can be realized as a toroidal compactification of a (connected) mixed Shimura
variety of the form g ,Sh(Q,X)s, of the sort considered in (1.4). For appropriately
chosen Y, we get a morphism

Mo =T2,5 0o : Lo — Mpx(p)

as in (1.4.2). To obtain the formulas in (3.1.1), we incorporate growth conditions
at the toroidal boundary, replacing Corollary 3.6.3 of [loc. cit.] by Proposition 1.4.4
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here. Then, Corollary 1.4.5 (the generalization of the Leray spectral sequences of
[HZ1,3.5.10]) reads:

B = H? (Mps(p), (R1®oi5 V)") = HPH(Zy i3 V)" = L7 (0, W),

[ea

Moreover, as noted in Remark (1.2.16.3), i%[WV]°" satisfies a Kostant condition
in this case. Hence this Leray spectral sequence degenerates at Es and the grading
induced by the Es-term splits canonically:

L'(oW) = Hb_q(MP,Z(P)a (R1®,i  [W])*™")
q

= @ Hbié(w) (MP,E(P)a [VA(h,’LU)]Can) ® VA(wa) :

weW F:p
The second equality, the decomposition of the higher direct image as a sum over
Kostant representatives, is (the version with growth conditions of) [HZ1,Corollary
3.6.4].

Note that the final expression is independent of 0. Asin [HZ1, § 3.6], this expression
is compatible with all restriction maps for the simplicial complex Nx(R) [loc. cit.,
3.6.4] and with the action of the fundamental group of Mx(R) ([loc. cit, 3.6.3]; see
below). This proves (i) and (ii), and implies that the E;-term in (3.1.1.2) is canonically
isomorphic to

EM?P H(m1(Ns(R)), Vaew)) @ H' ™ (Mp spy, [Vaghw ™).

we P
(The fundamental group of Mx(R) is identified with I'y g in Proposition 3.1.3, below.)
Let V A(t,w) denote the local system on NMx (R) associated to the representation of the
fundamental group on Vj (g .,). Thus (iii) follows from the Kiinneth formula, or more
precisely from the universal coefficient theorem, applied to the sum over w € WP of
the local systems

Vaew @ H ™ (Mp sypy, [Va(hw]™)

on Nx(R), as in the last part of the proof of Proposition 3.7.7 of [HZ1]. g

In §2 of [HZ2] the nerves Ny (R) are identified for general R, up to homotopy type.
Let X (T'y,p) be the locally symmetric space associated to the arithmetic subgroup
I'yp (denoted X (I'y) in [HZ1,2.2.10]). Let X(I'yp) — X(I'y p) denote the Borel-
Serre compactification. The result is the following;:

ProOPOSITION 3.1.3. — Let R be a proper Q-parabolic subgroup of G, subordinate to
the mazimal parabolic P. As above, let Ry p denote the corresponding Q-parabolic
subgroup of G¢.p. Then

(i) The nerve Nx(R) is homotopy equivalent to the Ry p-stratum e (Ryp) C
X(Ty.p).

(1) Let R C R' be two Q-parabolic subgroups of G subordinate to P. Under the
homotopy equivalences in (i), the natural inclusion Nx(R) C Nx(R') corresponds to
the natural inclusion €' (Rep) C €' (R} p).
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This is essentially contained in Proposition 2.6.4 of [HZ2]; the translation into the
present language is provided by Corollaries 2.5.9 and 2.5.10 of [loc. cit.].

The fundamental group of e/(Rep) is just I'yr. Let ‘7,\(4,71,) denote the local
system on X (I'y, p) associated to the representation A(¢,w), as in the proof of (3.1.1)
(cf. the statement of Corollary 3.7.8 of [HZ1]). Just as in the case of maximal strata
(cf. [HZ1, Corollary 3.7.8]), Proposition 3.1.3 and (3.1.2) allow us to identify

H* M5 (R), L% (e, W) ~ @ yewrs H*(To.r, H1) (Mp s pys Vaw)] ™) @ Va,w))
>~ DyewrPr Hbié(w)(MP,Z(P)» Wrth,w)]“™) @ H*(Te,r, Va(t,w))
(3.1.4) ~ @yewrr H'™ O (Mps(p), W™ © H (€' (Re.p), iR, n Vaw)

where the second isomorphism expresses the fact that I'y p acts trivially on the first
factor, and in the third isomorphism ig, , : €/(Ry,p) — X (T'y,p) is the natural inclu-
sion.

On the other hand, the calculation of H*(e/(Ry, p), i}Z’P‘N/,\(&w)) is standard. Let
We,p denote the relative Weyl group (over Q) of Ge p, and let WeR C Wy, p denote the
subset of Kostant representatives relative to Ry p (cf. Notation). Identify Gy r with
a Levi quotient of R p and let FZ?I% denote the image of I'y g in Gy r(Q); let X(F;?g)
be the corresponding locally symmetric space, the quotient by ng of the symmetric
space attached to Gy g. Let (¢, w) denote the highest weight of A(¢, w) relative to
the choice of positive roots for Gy p made in [HZ1, 3.6]. Then [Ha|

(315) Ha(el(Rl,P)7 i}{%g’p‘ﬂ}k(f,w)) o @ Ha_é(w) (X(FE?}%% ‘7)\(€,w;w))

wEWeR

Here ‘N/A(&w;w) is the local system on X (FZ?I%) associated to the representation
A, w;w) of G r, and this in turn is the representation with highest weight
w(p(l, w) + pe) — pe, where pg is the half-sum of positive roots of Gy p.

The following easy lemma has already been used several times in Chapter 1, and
will be used repeatedly in what follows. Presumably it is well known but we did not
find a reference.

LEMMA 3.1.6. — Let H be a quasisplit reductive group over the field k, with Borel
subgroup B, and let Py D Py be a pair of standard k-parabolic subgroups of G, with
Levi decompositions Py = Ly - Uy, Po = Lo -Us, L1 D Ly. Let Q = PoN Ly. Let
T C B be a mazimal k-split torus and let W = W(H,T) and Wy = W(L1,T) be
the relative Weyl groups. Let W' C W be the sets of Kostant representatives for P,
i=1,2; let WQ C Wy be the set of Kostant representatives for Q. (In both cases the
Kostant representatives are defined relative to the ordering determined by B.) Under
the natural identification of W1 with a subgroup of W, we then have

W2={w w|weW?weW'}.
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Moreover, with the above notation, by (w - w) = by (w) + bw, (w), where by and Ly,
are the length functions on W and W7y, respectively.

Proof. — The map
WQXW1—>W; WX W w-w

is injective, since W' is a set of right coset representatives mod Wi. If the image is
contained in W2 then it must equal W2, since the two sets have the same cardinality.
Let w' = w - w as above, and suppose « is a positive root in Ly. Then w=!(a) is a
positive root in L1, by definition of W€, hence

w1 a) =w wHa)

is a positive root in H, by definition of W'. Since £(w’) = ¢(w"~1), the assertion
about the lengths follows from the definitions by counting the positive roots made
negative by w1 1w, bearing in mind that W, C L, fixes the set of positive
roots of the unipotent radical of P;. O

= w

Applying Lemma 3.1.6, with P, = QPP P, = QP  and thus Q ~ Ry p, to (3.1.4)
and (3.1.5), we thus find for (3.1.1)(i)
B3 ~ ) HY ) (Mp sy, [Va(h,n]™) @ H* (X (TR), Vaw)-
w=w1 - waEWE:P
Here w € WP is factored as in Lemma 3.1.6 as wy -we with wy € WER and wy € WHP;
£(w;) is given by the appropriate length function; and A(¢,w) = A(¢, we;w1) in the
previous notation. Moreover, we have used Kostant’s theorem to write
(3.1.7) H? (5;[,73, ) = @ V,\(h,w) ® V)\(g,w)
weW Rorif(w)=1i
where V) (n,w) = VA(h,w,) 18 @ representation of Kj p and V)., is a representation of
Gy, R
Combining this with (3.1.1)(iii), we obtain the following formula:

PROPOSITION 3.1.8. — Let [W] be an irreducible automorphic vector bundle on
Sh(G, X), and let R be a proper Q-parabolic subgroup of G, subordinate to the maxi-
mal parabolic P. Then

H*(Zs(R), TgV]*™)

~ ?k @R H ") (Mp sy py, Pahuw)])“™) @ HY (X (T58), Vaew)-
a+b=k weW k.r

REMARK 3.1.9

(i) In the setting of Lemma 3.1.6, let u; denote the Lie algebra of U; for i = 1,2
and ug the Lie algebra of the unipotent radical of ). Then uy = u; @ ug. If follows
from Lemma (3.1.6) that the spectral sequence

Eg,q = Hq(uQ,Hp(ul,V)) — Hp+‘1(u2,V).
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degenerates at Es.

(ii) Here and in what follows, the passage from the sum over WP to a sum over
WP should be regarded as a purely topological operation. All the arithmetic infor-
mation is carried by the G, p-factor, and is independent of the parabolic subgroup R
subordinate to P. In particular:

(a) The isomorphism (3.1.5) is rational over the field of coefficients of the automorphic
vector bundle [W]. This is because the spectral sequence in (i) above, with @ = Ry, p,
is purely algebraic and ug is a Q-rational nilpotent Lie subalgebra of g. In particular,
the adelic reformulation (3.2.9) of the calculations of this section is compatible with
the canonical models of Sh(G, X)) and Sh(Gp, p, X (P)).

(b) Similarly, for the Hodge-theoretic applications in §4, it makes no difference
whether the cohomology of the R-stratum is written as a sum indexed by WP or
by WP, (Compare (4.2.27) and (4.2.29)). Again, this is because the contribution of
the Gy, g-factor is purely topological.

3.2. The nerve spectral sequence for boundary cohomology

The spectral sequence in question is the one associated to the closed covering
{Z%(P) : P maximal} of Zx. In classical language, the F;-term is

(3.2.1) EM = @  EM(R) = H™(Zs,i*[W]™), where
r(R)=r+1
(3.2.2) ET*(R) = H*(Zs(R), i WV]™).

Using the description of the right-hand side of (3.2.2) given in (3.1.8), we can write
the above as
(3.2.3)

EFR) = @ @ H " (Mpsp), Vahw]™) @ H(X (TR, Vaw)-
a+b=s weWHh.p

For R of parabolic rank 7 + 1 and R’ C R of parabolic corank 1, we will see that the
nature of the contribution to dy,

di(R,R') : E{*(R) — E{T*(R)),

depends on whether or not II(R’) = II(R) (in the notation of (0.7)).

We set up the adelic version of the above. We drop the level subgroup K from the
notation and write Shy, for Sh(G, X)s, 0Shy, for its (toroidal) boundary, Shg(*) for its
R(x)-stratum, and S_hg(*) for the Zariski closure of Shg(*) in OShy. As in [HZ1,5.3],
the S_hg(*)7 as P runs through the maximal admissible parabolics, form a closed cover
of OShy. Taking the nerve of this closed cover thus yields a spectral sequence for the
cohomology of OShy, with coefficients in a canonically extended automorphic vector
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bundle. For simplicity we describe this spectral sequence when G®¢ is assumed Q-

simple. Let ip : S_hg(*) — Shy, denote the corresponding closed embedding, and

let r(R) denote the parabolic rank of R. Taking the limit over neat open compact

subgroups and families of fans, we obtain the nerve spectral sequence in the following

form:

(B24) B = @ lim H SRy ip(VI) = BT (W] ().
r(R)=r+1 K; %

Here H*([W)](0)) denotes lil>an,E H*(0Shs, W] @ Opshy, ), as in [HZ1].

The individual summands on the left-hand side of (3.2.4) can be written as induced
representations, just as in [HZ1]. It is most convenient to express each term as a tensor
product of the coherent cohomology of a (pure) Shimura variety by the cohomology
of a locally symmetric space. Let R be any rational parabolic, subordinate to the
maximal rational parabolic P, and define G¢ r as before. We define the adelic locally
symmetric space

(3.2.5) X(Gr,r) =lm G, r(Q\Gr,r(A)/(Ke,r - Ze,r)(R) - Ki R s

where Z; g is the center of Gy r, Kir = K, N G r(R), and Ky g runs through
compact open subgroups of G¢ r(Ay). Let Ly be a (standard) Levi subgroup of R.
We also let Sh(Gp, p, X (P)) denote the Shimura variety attached to Gy, p. For brevity
we write Sh(R) = Sh(Gj p, X (P)) when R is subordinate to P. For each w € W1»
we have the automorphic vector bundle [V)\(h,w)] over Sh(R), as above, and therefore
we can define the cohomology of its canonical extensions in the adelic limit

H*(WVahaw))
(notation as in [H4] and [HZ1,§4]). We define
(3.2.6) H*(w) = H* (Magnw]) @ H (X(Ge.r), Vi) [-€w)]:

by analogy with [HZ1, (4.1.10)]
Parametrization of connected components introduces annoying complications, as
in [HZ1,4.1.12]. We let

Al,R = Ker . Gh(Af) X G&R(Af) — Gh(Af) . GZ,R(Af)
(the product viewed as a subgroup of R(Ay)) and let
(3.2.7) Ao,r = Lr(Q)"/(Gr(Q)F - Grr(Q)7); Ar = A¢r X A g.

(For the relation between (3.2.7) and connected components of the R stratum when
R is maximal, see [HZ1, (4.1.10,4.1.11)]. The analogous relation holds for general R.)
Then G1,(Ay) x Ge,r(Ay) acts on H*(w), and therefore so does its subgroup A; g.
Moreover Ag g acts on Sh(R) x X (G r) by the analogue of [HZ1, (4.1.11)]. We define

R . Lr(Ay) o A
(328) LM (w)} = Indg (4 0).6, niagyean {7071

just as in [HZ1, (4.1.13)]. Then we have
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COROLLARY 3.2.9
(i) In the spectral sequence (3.2.4), there is a natural decomposition E]° =

@r(R):r+1 EI,S (R) , where

EP°(R) = Indjy ) @ & IHHTT O Wana) @ H (X (Cer): Ve

(it) Moreover, suppose R' C R are two Q-parabolic subgroups of G, both subordinate
to P, with r(R') = r+2, 7(R) = r+1. Let Q" = R p, QR) = Q' NGur.
Let dr/ g denote the restriction E7°(R) of the nerve spectral sequence differential
dy : Ep® — ETYYS ) followed by projection to EJTV(R'). Then, with respect to the
above formula, drs g is induced by the identity on the holomorphic component tensored
with the boundary map induced by the inclusion of the boundary stratum e'(Q(R')) in
the Borel-Serre compactification of X (Gy r).

Proof. — The first statement generalizes Corollary 4.1.14 of [HZ1], and is proved in
the same way. The second statement follows immediately from (ii) of Proposition
3.1.3 (as such, it is deduced from the same for (3.2.3)). O

3.3. Differentials in the nerve spectral sequence

Corollary 3.2.9 completes the verification of [HZ1,(5.3.12.4)], and computes half
of the differentials d; in the nerve spectral sequence in terms of the cohomology of
locally symmetric spaces attached to reductive groups. The present section will begin
the computation of the remaining half: the dg: g for r(R’) = r(R) + 1 with R and R’
subordinate to distinct maximal parabolics, say P and P’, respectively. Let P(P’) =
P'N Gy, p, as in (1.4.6). In terms of the expression for E}"® in Corollary 3.2.9, dp' g
will be expressed in terms of the restriction map from the first (holomorphic) tensor
factor to the boundary stratum corresponding to P(P’). In other words, dg/ g, which
is given a priori by a restriction map on the coherent cohomology of mixed Shimura
varieties — more precisely, the cohomology of simplicial schemes whose components
are all toroidal compactifications of mixed Shimura varieties — can be expressed as a
restriction map whose source is the coherent cohomology of a toroidally compactified
pure Shimura variety. This is the opposite of the story in (ii) in Corollary 3.2.9, and
will be proved in (3.4) below.

As usual, we will verify this at the level of connected Shimura varieties at finite
level, the extension to the adelic setting being routine. Thus we have isomorphisms

~

(3.3.1) EP*(R) >
D DH TN Mpsp), V™) @ H(X(T)R), ‘7,\(e,w))

weWR.p i
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and

~

(3.3.2) EJTVY(R)
B DH TN Mposipry, Wagnwn]™) @ HI (X (TR, Vaw)

w EWR .p J

On the other hand, letting [B] denote any automorphic vector bundle on Mp 5 py,
we have by (3.1.8) applied to G, p

~

(3.3.3) H'(Shg"™™) it oy [Ble)
D  H T Mprospry, Bagnw)]™) @ H¥(X Ty ppn)s Baew))

weWP(P).p’

Here [By(p,)] and B)\(Z,w) bear the same relation to [B] (for the boundary component
Mp: sy(pry of Mpsypy) as [Van,w)] and V(g bear to [W] (for the boundary compo-
nent Mp s py of Sh(G, X)). Finally, p’ is the fixed point of the subgroup K, N Gy p.
Bear in mind that

(3.3.4) Go,r = Gor Goppry,

where Gy p(p/y C G, p is the G-factor of the maximal parabolic P(P’) C Gj,p. Then
for sufficiently small I", we have

F&R/ = FZ,R X FZ,P(P’); F??I%’ = FZ?}d% X FZ,P(P’)'
Moreover, Lemma 3.1.6 allows us to write
W2 — wP®E)p  yyRe

Say w' € WHP is the product w - w, with w € WPED)P and w € WP, We then
have canonical isomorphisms

(3.3.5) Vaew) — Vathw)(,w) ® Vaew);

(3.3.6) H(X(T8), V) —

, ? HYNX(Teppn) Vg ew) © H(XTER) Vagw))-
i+k=j

Here Vi(h,w) () is the representation of Gy p(p/y associated to the highest weight
A(h,w) of K p and the Kostant representative w.
We consider the toroidally compactified (connected) Shimura variety Mp s (p); let

ip(pry : Zs(p)(P(P')) = Mpxp)

denote the inclusion of the closed P(P’) stratum of its boundary. If in (3.3.3) we now
let [B] vary over the [Vy(j,u)] from (3.3.1), we conclude that the right-hand side of
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(3.3.2) is the sum over w of the right-hand sides of (3.3.3), tensored with the sum
over i of Hi(Fg,R, V)\(Z,w)):

~

(3.3.7) E]TVY(R) =
,s—i—L(w can 7 re X/
D DETT PP Pagw|™) © H (X (TEE Vagw))-

weWE:p i
Here we have written EV*(P(P');[B]) for the P(P') piece of the EY*-term of the
nerve spectral sequence calculating the boundary cohomology of [B]°"
it is the cohomology of the pullback of [Vx(,w)] to Zs(p)(P(P')).
For use in the next section, we note that the above factorization of WPE'P can be
continued. As in (3.1), we have Levi subgroups K,f/’@) C K, K;;(P/)’(z), etc., and
the corresponding sets of Kostant representatives. Now we have the factorizations:

on Mp s (p);

WRl»p _ WP(P/)*pI ) WR,p — WP(P/)*pI . WP,p . WER — WPOP/W ) WER

(3.3.8) S,
=W . WwP'v. Wk,

Here WeR is a set of Kostant representatives for RNGy, p in G¢ p and the factorization
Whr = Whr. W[ is the application of Lemma 3.1.6, via Cayley transform, to the
Levi subgroup K, p x Ge.p C Kp p - Ge,p. Similarly, WPNP'P ig a set of Kostant

) = Kh,p X G&p and then taking

representatives in K, obtained by identifying K,f ’
the parabolic subgroup associated to P(P’) in K}, p; the last equality on the first line
is the application of Lemma 3.1.6 to the pair of inclusions

KP;(P/)’(Q) x Gy C Kh,p x Gy.

p

P),(2)

Finally, we can identify K ;;( = K n,pp) X Ge pcpry via Cayley transform on

Gh,p, and Ky, p(pry is just Kp pr. Applying Lemma 3.1.6 to the standard parabolic
R} of Ggpr with Levi factor Gy rr = Gyr X Gy p(pr), we obtain the factorization
WPNP'p = W . WPl’p, whence the second line.

3.4. Differentials in the nerve spectral sequence, concluded
For any automorphic vector bundle [B] on Mp, let
dP(P’) : .Z;I'(]\fp,g(p)7 [B]can) — H.(Zz(p) (P(P,))7 i};(P/)[B]can)

denote the natural restriction. We use the same notation to designate the homomor-
phism

H*(Mp,sp), [B]"") — E{*(P(P"),B)
obtained by composing the restriction map with the decomposition (3.2.3), and anal-
ogously in the adelic setting.
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PROPOSITION 3.4.1. — Let [W] be an automorphic vector bundle on Sh(G, X), as
above, and let R and R’ be a pair of proper parabolic subgroups of G, with R’ C R,
r(R') = r(R)+1. Suppose that R and R’ are subordinate to the mazimal parabolics P
and P’ respectively (P' < P). In terms of the (adelic versions of the) isomorphisms
(3.3.1) and (3.3.7), the map dr r of Corollary (3.2.9) is given by

D Ddpwr) @ Lixgw)

weWHR.p i

where 1; \(r,w) 18 the identity map of HY(X(Ger), ‘7>\(47w)),

Proof. — The proposition is stated in the adelic framework, but for the proof it
suffices to work with connected Shimura varieties. Let Z, C Zs(R) be an irreducible
stratum and let Z,(r) = Zo N Zs(R') = Zo N Zx(P'). Let iy and i,g) be the
inclusions of Z, and Z, (g, respectively, in g ,Sh(G, X)s.

We will show that the following diagram commutes:

(342) _
H*(Z,, iz (IW]em)) e H*(Zs(rr), 05y (IV]))
fT Q’T
dp(p % can
@ H (Mpxp), Vanw)™) —— @ H*(Znp)(P(P)i5pnVagw]™)
weEWP weWP

Here the top arrow is the natural restriction map, the left-hand vertical arrow is given
by Corollary 1.4.5, and the right-hand vertical arrow is to be constructed. There is
difficulty caused by the fact that 70( Rr'), by which we mean the reduced divisor on
Z, need not be the pullback of Zspy(P(P')).

We abstract the situation and study the restriction map drs g in the context of
base change. Consider the following diagram of morphisms of schemes of finite type

over C:

Z"=Zly —2 7 1 A
(3.4.3) gl ﬂl
zZ "M
We assume that the square is cartesian. The notation Z/_; refers to the underlying
reduced scheme of Z’. The schemes A and M are assumed smooth, and Z is a

(reduced) divisor on M. The morphism 7 is proper. More generally, we will be later
considering situations in which

(3.4.4) (i) A is a finite union of irreducible components, each of which is a smooth
scheme;

(ii) any intersection of irreducible components of A is smooth and the restric-
tion of 7 to it is proper.
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In effect, we will take A to be a simplicial scheme, each of whose components is as in
(3.4.3).
Let F be a locally-free sheaf on A. Consider the following diagram:

0 —— Folz F FROy — 0
(3.4.5) l :l J
0 —— FeIzm F F&Ozm —— 0

The rows are exact because F is locally-free. Applying the (exact) functor R, to
the first row, we get

(3.46) 0 —— Rm.(F®ZIz) —— RmF —— Rm.(i”"F) —— 0.
Since Tz = n*Zz and Z is locally-free, we can rewrite (3.4.6) by “adjunction” as
(3.4.7) 0 —— (RmF)®Z; —— Rm,F —— Rm.(i{"F) —— 0.
This yields the isomorphism

(3.4.8) Rm.(i"F) =~ i*Rm.F.

We get from (3.4.5):

0——  S®Iz Rr,(i"F) —— 0

S
(3.4.9) l :l l
0 —— Rm.(FQIz) S R (i"*F) —— 0

where we have written S for Rm,F, and i’ =i o 1.

We consider the diagram (3.4.3), where 7 : A — M is a morphism of toroidally com-
pactified mixed Shimura varieties «Sh(Q,X)yx — «Sh(Q’,X')x,, with Q' = Q/R,Q
(so M is pure), and Z is the (reduced) boundary divisor associated to a maximal
parabolic subgroup of '. Take F to be a canonically extended automorphic vec-
tor bundle [V4]°*" on A satisfying a Kostant condition, and & = Rm.F again.
We want to compare the restriction map H*(A4,F) — H*(Z",i""*F) to the map
H*(M,S) — H*(Z,i*S).

We are actually interested in the case in (3.4.2): A = Z,, M = Mpspy, Z =
Zspy(P(P")), and F = i} ([W]|°"). However, we see by Proposition 1.4.3 that in
general we may replace @ by Q/W_»Q), thereby reducing the issue to the case where
W_2@Q = (0). Then w : A — M above is generically an abelian scheme, and that
puts us into the situation of Proposition 2.7.1 (with P’ replaced here by P(P’) and
7" = Z4).

In the present situation, it follows from Proposition 2.7.1 that the left vertical
arrow in (3.4.9) is a quasi-isomorphism. This provides the top half of the following
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commutative diagram, where the vertical arrows are just the Leray spectral sequence:

H*(A,F) ——  HY'(Ai"F) ——  H'(Ai""F)

| | |

(3.4.10)  H*(M,Rm,F) —— H*(M, Rr,(i"*F)) —=—— H*(M, Rr,(i""*F))

Il Il Il

H*(M,®S8,) —— H*'M,®i*S,) —— H*(M,®i*S,)
As for the bottom half of (3.4.10), the pairs of opposing vertical maps (all isomor-
phisms) are given by the splitting in the derived category provided by (2.7.6) and
(2.7.7) for all three instances. More precisely, from Lemma (2.7.10) and the subse-
quent discussion we obtain the left half of the following commutative diagram:
H A F®ZIz) —— H'(AF) — He(A,i"*F)

| y |

(3.4.11) H*(M,Rm.F ®1z)) —— H*(M,Rm.F) —— H*(M, Rm.(i""F))

Il Il Il

HM,S,®1z) —— H*'M,®S,) —— H*(M,®i*Syw)
The top of (3.4.11) is obtained from (3.4.7). Using (3.4.8), we can replace R, (i"*F)
by i* Rm.F in the second row of (3.4.11). That the last pair of opposing vertical maps
are isomorphisms then follows by the five lemma. It follows that restriction in (3.4.10)
respects the splittings. This completes the verification of (3.4.2).
Now the natural projection Zyp)(P(P'))—Mp:/ sp/y —we are assuming our
toroidal compactifications have been chosen compatibly—defines isomorphisms

"« H*(Zsp)(P(P)), i5(pry VA I™) — BV (P(P'), Vx(hw)))-

We claim that the composite

9" o (@) H Zogrys (V) == Suewr By (P(P'), Magw))
equals the isomorphism given by applying Proposition 1.4.5 simplicially to the indi-
vidual closed strata of Z,( R

More precisely, if Z,/ is an irreducible stratum of Z, (g, then (1.4.5), combined
with (3.1.2), asserts an isomorphism between H*(Z U/,za/([W]Ca“)) and a sum over
terms indexed by W', Slmllarly, (3.3.3) writes each EY"*(P(P’), Vr(h,w)]) as a sum
of terms indexed by WP ()2 As in (3.3.8), we have

WP(P ),p WPp WPﬂP P WRZ . WPl,p.

Thus this sum can be regrouped as a sum over terms indexed by W¥ "P. The claim,
from which the proposition will follow, is that the composite ¢g” o (¢’)~! can be iden-
tified with the isomorphism of (1.4.5) after regrouping in this way. But this follows
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formally by applying Proposition 1.5.34 simplicially to the individual closed strata
(cf. Remark 1.5.35 (ii)). O

We conclude as in [HZ1, §4.8]:

THEOREM 3.4.12. — Let [W] be an automorphic vector bundle on Sh(G, X), with
canonical model over the field E(W). Suppose R’ C R are two Q-parabolics of G
with 7(R)) = r +2 = r(R) + 1. Write E]*(R) and E}""*(R') as in Corollary
3.2.9. Then the differential dr s : E}*(R)—E|™"*(R') is rational with respect to the
E(W)-structures on the two sides for all s.

Proof. — If R’ and R are subordinate to two distinct maximal parabolics, this follows
from Theorem 4.8.1 of [HZ1] and Proposition 3.4.1, above. If R’ and R are subordinate
to the same maximal parabolic, the theorem is a simple consequence of Corollary
3.2.9. 0

3.5. Towards the determination of F,

It is a good idea at this point to recall how the nerve spectral sequence (3.2.1)
arises as the spectral sequence of a filtered complex. Writing C*(-) for any functorial
cochain complex representing RI'(+), one has that C*(i*[W]®") is quasi-isomorphic
to the double complex K*, with terms
(3.5.1) K™= @ C°(ix[W]),

r(R)=r+1
in which the differential d is the sum of the differential of C'* (which increases s by
one), and restriction (which increases r by one). We denote the latter by dpay. The
filtration R according to the value of r is a decreasing filtration of K*, for which
(3.5.2) GreK = @  C (W™ 1),

r(R)=t+1
in which dpa, vanishes. This is the source of the nerve spectral sequence, with F;-term
Eq(K*,R), and di induced by dpar.

For comparison later, it is convenient to replace parabolic rank by actual rank. Let
p denote the rank of G (over Q). A Q-parabolic subgroup R of G has Q-rank pg,
with pg +r(R) = p. Thus, r(R) = t+ 1 if and only if pgr = p — 1 — t. The increasing
filtration by Q-rank determines the same spectral sequence (up to a translation) that
R does; we allow R to refer to that from now on.

Our calculations in this Section suggest the following notion. Let R be a parabolic
subgroup of G that is subordinate to the maximal parabolic P. Then R has a Levi
subgroup G, p - G¢,R.

DEFINITION 3.5.3. — The holomorphic rank of R is the Q-rank of Gj p, and is
denoted pp,(R).
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Thus, all parabolic subgroups subordinate to a given P have the same holomorphic
rank. We use this notion now to combine (3.2.9) and (3.4.1) into a single statement:

THEOREM 3.5.4. — The differential dpar of K* decomposes as dpar = dt + d", where
d® preserves holomorphic rank and d* lowers holomorphic rank. This induces the
same for the differential di of the Ei-term E1(K*,R) of the nerve (rank) spectral
sequence: dy = df + d%. The determination of df is given in (3.2.9); that of d} is
given in (3.4.1).

It seems right at this point to shift gears and look instead at the spectral sequence
for the filtration R" of K* by holomorphic rank: R!K* is the direct sum of those
terms in (3.5.1) with R of holomorphic rank < j. This is clearly closed under d. We
have
(3.5.5) G K = @ C W= —r(R),

pr(R) =t
on which d" vanishes (compare (3.5.2)).

Though we were preoccupied with cohomology calculations in (3.1), we point out
that the discussion in (3.1.1) and (3.1.4) actually give assertions in the derived cate-
gory, viz.,

PROPOSITION 3.5.6. — Let P be a mazimal parabolic subgroup of G, and R a
parabolic subordinate to P. Let Tp : Zx(R) — Mp sp) be the boundary projection.
Then there is a canonical isomorphism in the derived category of Mp s py:

R@p)« gV = @D [Wathu)]™ @ C*(Le,r, Vage,w)) [—£(w)]

weWb:p

X B V)] @C TR, Vagw) [—0(w)]

weW R.p
Note that the first factor of the tensor product above is independent of R (for R
subordinate to P). If we combine (3.5.6) with (3.5.5), we obtain something “familiar”:

COROLLARY 3.5.7. — There is an isomorphism in the derived category of Mp spy:

CrR'R(7p). K* ~ D WA, @ K2(X(Te,p), Vagew)) [ (w)],
pr(P)=t,weWb.p

where

KX p) Vi) = @D C*(Ler, Vag,w)
I(R)=P

is a cochain complex for the cohomology of the pair (X(Tsp),0X(Lyp)).

As suggested by the notation, one can identify H*(X(I'y.p),0X (Ts.p); Vatw))) =
H(X(T',p), Va(e,w)))- Numbering the standard maximal parabolics by omitted sim-
ple root, so that P; > P;y1, we can now assert:
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COROLLARY 3.5.8. — In the spectral sequence for R", the Ey-term is
EPI(K*,R") = HP*(GrRK*)
= @ H'(Mpspy, Vath,w]™) ® gt el (X(Ty p), ‘7,\(e,w))~

a,w;P~P, 1y
NB—The non-trivial terms in the above are for p < 0.
Next, we note that the differential d; in (3.5.8) is induced by d". We can deduce

the effect of d; by observing that R is the composite, or convolution, of R" and an
evident analogously defined filtration R, written

(3.5.9) R =R"+RE

This implies that

(3.5.10) GRK >~ @ G G K
t+u=y

(see [Z3,§1(6)]). We can see, from the calculations that produced (3.5.4), that d; does
“nothing” on the second factor of the tensor product in (3.5.7). In actuality, that means
we are looking at the inclusions of X (T'y p) in X (I'y pr), with pp(P") = pp(P) — 1.
Also, note that there is a cohomology equivalence by excision

LIX(Tep),0X(Tep)) = (0X(Trpr), 0X (Tepr) — |F|X(FE,P))-

P
Thus:
PROPOSITION 3.5.11. — In the spectral sequence for R", the differential
dy: EPY(K®, R — EPTVI(K* R
s given by

a can —a—I(w Ve dy ®6
D  {H Mpxp), V™) @ HFF (X (T p), View))} ——

a,w;P~ Py,

D {H(Mp: 5Py, ippr [V,\(h,w)]can)®Hf+q+lfa7l(w) (X(Te,pr), @(Aw))};

a,w; P~ Py pi1

in the above, d? is induced by d" and acts between consecutive boundary components
(P = P’), and § is the connecting homomorphism in the exact sequence of the triple

(X(Ce,pr), 0X (T pr), 0X (Lopr) — I X (Te,p)),
P
where P runs over a finite set of conjugates of P,y, (see [HZ2, App.to (3.5)]).

The Es-term of the holomorphic rank spectral sequence, Fy(K*,R"), is, of course,
isomorphic to the cohomology of (E;(K*,R"),d;). This can be determined as in the
appendix below.
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Appendix: Zipper products. — Let C* be a cochain complex with differential
d, and V* a chain of vector spaces:
To

Ty Ts

VO Vl V2

For the next definition, one really need assume only that C* is a chain of vector spaces.

DEFINITION 3.A.1. — The zipper product Zip(C*,V*) of C* and V* is the chain of
vector spaces

To®d T ®d

vegco 8L yigor N8 yrg oz 1%,

The following is easy to verify:

PrOPOSITION 3.A.2
(i) If C* is a complex, then Zip(C*,V*) is actually a complez.
(i) H(Zip(C*,V*)) ~ {(Vi @ Kerd;) + (KerT};) ® C*} /(Im T—1) @ (Im d;_1).

Our goal is to express the above in terms of the cohomology of C*. We point out
that (3.5.8) is the direct sum of zipper products. The calculation is based on the
unremarkable:

LEMMA 3.A.3. — Let A and B be subspaces of a vectorspace, and let E be a subspace
of both. Then there is a short exact sequence

0— A/E— (A+B)/JE— (A+B)/A~B/(ANnB) — 0.

In our case (3.A.2)(ii), we compute

AJE = (V'@Kerd;)/(ImT,_1) ® (Imd;_y) ~ (ImTj_1) @ H(C*) & (Vi @ Ker d;),
where V¢ is a complement to Im7;_; in V. On the other hand,
B/(ANB) = {(Ker T;)@C"} /{[(Ker T;)@C"']N[V'®(Ker d;)]} = (Ker T;)®(C"/ Ker d;).
Putting these together, we obtain:
PROPOSITION 3.A .4

H'(Zip(C*,V*))
=~ {(ImT;-1) © H'(C*)} @ {(Coker T; 1) ® (Kerd;)} @ {(Ker T;) @ (C"/ Ker d; )}

3.6. Differentials and automorphic forms

It remains to express the £ terms and the differentials d; in terms of automorphic
forms. The terms El1 ** have already been treated in [HZ1,§4.2]. The general case is
completely analogous, and we will simply state the result. However, Franke’s theorem
[Fr1] justifies replacing slowly increasing smooth functions by automorphic forms in
the Lie algebra cohomology groups, and we will do so. We warn the reader that
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[Fr1] only treats (topological) cohomology with local coefficients. The extension to
coherent cohomology is contained in an unpublished early version of [Frl].

Suppose H is a reductive algebraic group over Q, P C H a parabolic subgroup,
N C P its unipotent radical, L = P/N the Levi quotient. The constant term map
cu,p  A(H) — A(L) is defined as usual:

(3.6.1) enp(f)g) = / f(ng) dn,

N(Q\N(A)

where dn is the right-invariant measure on N(Q)\N(A) with total mass 1. If now
R’ C R is a pair of parabolic subgroups of G, with Levi quotients Lr/ and Lg,

respectively, we write cg g/ for CLp,L g+

As in [HZ1,§4], we write I§ = Indg&;g, when R is a parabolic subgroup of G.

Given R subordinate to the maximal parabolic P, we write Prhr="Pnp Let
(3.6.2) ger =8 R®PLR
be the (complex) Cartan decomposition. As in [HZ1,§4.2], we write

Pe.r = ar ® Pe.R,

where ag is the Lie algebra of a split component Ar of Gy containing the center Zg
of G. Finally, write sr instead of s, r, and let up(R) denote the Lie algebra of the
unipotent radical of Ry p. Then we can decompose

(3.6.3) SR ;Ep@up(R)

Recall from [HZ1, (3.10.3.2),(4.2.6)] that we can use the Cayley transform to iden-
tify

P~ = p,p Supc D op.
It is better for our purposes to use the further identification
(3.6.4) pT =P, p ©Pep ®sp

derived from [HZ1, (1.8.6)]. Now projection of Lie(Ry,p) = g¢,r ®up(R) onto py p via
the Cartan decomposition for g, p defines an isomorphism of K, r-modules

(3.6.5) pe.r ®up(R) — pe,p.
Combining (3.6.3-3.6.5), we obtain an isomorphism of Kp, g - Ky r - Ar(R)-modules
(3.6.6) p-— Pnp® Pe,R ® SR

Now
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THEOREM 3.6.7
(i) For each r, s, there is an isomorphism

~

E? —

S, Ig{ S5 [/\.(p}_L7R®E€,R)*®A(LR)®H.(SR,VA)]Kh'KZ,R'AR(R)]}

r(R)=r+1 weW B:p

(on the right-hand side: terms of total degree s).
(ii) For each r,s, there is a commutative diagram

~

EY — A
1| J
E{‘+1,S ~ B
with A == B given by
o IF { D Ay r®Per) @ALR)® H*(sR, VA)]K”KZ'R'AR(R)]}

r(R)=r+1 weW R.p

CR,R/
R/CR,r(R")=r(R)+1=r+2

© I5] © Nhnp®bur) ©ALr) @ H (s, V)] Ken A ®] 5
r(R)=r+2 weEWR".p ’
Here the constant term maps are applied to functions, and the map on coefficients:
(N (prr @ Per)” @ H(sp, V)] — (A" (P, o @ Pe,r)” @ H* (spr, V)]
is obtained by applying (3.6.6) to identify
A (prr ©Prr®sr) — A(p7)",
and likewise for R'.
Proof. — That this holds for the dr g/ with R and R’ subordinate to the same max-
imal parabolic follows from Corollary 3.2.9 and [Sch,1.10]. For R and R’ subordinate

to distinct maximal parabolics, this follows from Proposition 3.4.1 and diagram (4.2.4)
of [HZ1]. O
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CHAPTER 4

HODGE THEORETIC APPLICATIONS

In this Section, we will tie together the results and methods of [HZ1] (as generalized
here in §3) with the Hodge theoretic considerations from [HZ2].

4.1. The Hodge filtration for boundary cohomology

Let (G,X) be a pair defining a (pure) Shimura variety, F a finite-dimensional
vector space over Q, and p: G — GL(E) a homomorphism of algebraic groups. This
determines a compatible family of local systems E on the associated complex varieties
Sh(G, X)(C). Moreover, the space X, by its nature (see (1.1)), defines a family of
variations of Hodge structure on Sh(G, X)(C), with underlying local system E.

Let M = Mt denote a connected component of Sh(G, X)(C). Let j : M — My
be the inclusion of M in a smooth toroidal compactification, and let Zx, denote the
corresponding boundary divisor My, a divisor with normal crossings in My. This
implies that the holomorphic logarithmic complex,

(4.1.1) 15, (log Zs) @ £en

is quasi-isomorphic to Rj*E. In the above, £°an denotes the canonical extension of
the flat vector bundle £ determined by E, as in [HZ1,4.4]. The complex (4.1.1) is
equipped with the decreasing Hodge filtration F', and the increasing weight filtration W
induced from one on Rj*E. These complete the data of a cohomological mixed Hodge
complex that induces, upon taking hypercohomology, the mixed Hodge structure on
H*(M,E)V.

Though the description of W on (4.1.1) is rather complicated, it is easy to specify
F, and we will study the latter. Let {FPQ3,(log Zx)} be the usual Hodge filtration,
given simply by truncation from below, and let {F*} be the filtration of £ that gives

M1t may be useful to keep in mind that this remains true for admissible variations of mized Hodge
structure [Sa2].
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the variation of Hodge structure. Then the filtration F' of (4.1.1) is given by the
tensor product of these two:

(4.1.2) FP(Q3, (log Zs) @ %) = Y~ FTQy, (log Zs) @ (F5)°.
r+s=p

For this, there is a general definition of (F*)®" for a variation of Hodge structure,
given by j.JF* () £%n_ In the present case, each F* is an automorphic vector bundle
and (F*)" coincides with the canonical extension in the sense of automorphic vector
bundles (see [HZ1,3.2]). Because (},)*" is Qf; (log Zs;), we can rewrite (4.1.2) as

(4.1.3) FP(Q3, (log Zs) @ £°%) = Y (FQy, @ F*)°.
r+s=p

By Hodge theory [De2, (8.1.9)], the spectral sequence for F' degenerates at Ej.

There are parallel assertions for deleted neighborhood cohomology. For each ad-
missible parabolic subgroup R of G, let ig : Zx.(R) — My denote the inclusion of the
R-stratum of OMy. The complex

is called the deleted neighborhood complex for Zx,(R) in My, for its hypercohomology
is naturally isomorphic to

(4.1.5) H;,(Z5(R), E) = H'(N(R) — Zs(R), E),

where N(R) is a regular neighborhood of Zs;(R) in My. For R’ parabolic in R, let
ir .k Zs(R) — Zs(R)

denote the inclusion; note that the evident relation irr = ir/ g 0 g yields:

(4.1.6) Cau(Zs(R), B) ~ i3y pCh(Zs(R), E).

It is not hard to see that the following complex is quasi-isomorphic to C3,(Zx(R), E):

(4.1.7) 05 (Q4y,, (log Z) @ EM),

the complex of locally-free sheaves on Zy;(R) given by restricting (4.1.1). This complex
inherits a filtration F' from (4.1.2). Again, for general reasons, the filtration F’ induces
the Hodge filtration of the natural mixed Hodge structure on H3 (Zx(R), E) [Sa3];
and the spectral sequence for F' degenerates at Fj.

We now introduce the notation

(4.1.8) DR(M,E) = Qy, ® E ~C*(p*, E),

so that, for instance, (4.1.1) becomes DR(M, E)<®® (cf. (4.1.3)). This is a complex of
automorphic vector bundles that are fully decomposed only when the representation p
is trivial. We need to determine the direct images of deleted neighborhood complexes,
first in the unfiltered category (the filtered version will be deduced later, in (4.3)):
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PROPOSITION 4.1.9. — Let P be a maximal Q-parabolic subgroup of G, and R a
parabolic subordinate to P. Let Tp : Zx(R) — (Mp)z be the boundary projection.
Then there is a canonical isomorphism in the derived category of (Mp)=:

R(7p). (i) {DR(M, E)}** ~ {DR(Mp,C" (T¢.n, H* (wp, E))) "
Proof. — Using the composite Tp = 71 o Te, as per (1.4.2), we calculate that:

R(7p).(i{DR(M, E)}*™) ~ RF1.(F2ikC* (¢, E)*™™)  (by (4.1.8))
~ C*(To.r, C* (s, (C*(pT, E))))™ (by (2.7.5) and (3.5.6))
~C*(Tyg,C* (s @p™, E))™ (by Remark 3.1.9),

where s> denotes the complex conjugate of sp. The Cayley transform switches us
from G to Gy, p as follows:

R(Tp). (i) {DR(M, E)}**") = C*(Ty.r, C*(sp @ p*, E))*™ (repeated from above)
~C*(Tyr,C* (b p ®0p, E))™  (induced by ¢p)
~C'(To,r, C*(pf p, C*(wp, E))™  ((3.1.9) again)
~ C‘(p:;P, C* (TR, C*(0p, E)))*™ (as Gp,p and Gy r commute)

~ {DR(Mp,C" (Ly.r,C*(wp, E)))}* (equivalent formula)

~ {DR(Mp,C (T, H*(w0p, E)))}* (follows by Kostant; cf. (2.7.5)).

REMARKS 4.1.10

(i) Recall (cf. [HZ1,1.8.3]) that conjugation by cp' takes a subgroup K; of K,
onto Gy, and transforms the adjoint action of K; on sp & p~ to the action of G, on
pn.p ®p. Thus the action of I'y g on C*(sp @ p*, E) in the first line above comes
from the identification of I'y g, via ¢p = 01317 with a subgroup of K, or equivalently,
the identification

C*(sp@p™, E) = C*(p;, p ®10p, E).

The above is the basis of the calculations in [HZ1] that underlie this isomorphism
(see [HZ1, Lemma 3.5.11]). The action on the second line of the above series of quasi-
isomorphisms, by contrast, is via the usual (adjoint) action of Gy r on wp; Gy g and
¢p both act as the identity on p;P.

Moreover, for P’ < P, one has ¢cpr = ¢p o c¢prp, where cp, p denotes the Cayley
transform for X pr as a boundary component of X p.

(ii) Note that we have elected not to make use of the Kostant decomposition of
H*(sp, V) (thus also its complex conjugate), utilized in [HZI, 3.6] and Section 3 here.
The conclusion of the above result can be viewed as the extension of (3.5.6) to special
complexes that are not fully decomposed. Also, the final answer is, as one expects
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after [HZ1], independent of the choice of toroidal compactification. Introducing the
Kostant decomposition,

(41101) H.(mP7E): @ Eu(h,w)®E,u(£,w)[_l(w)]7
weWF

we can rewrite the formula of (4.1.9) as:

R@p)iaRIEx @ RGP)Euhw @ H (Tor, Eue.w)~1(w)],
weWw?r

(4.1.10.2) ~ {DR(Mp, Lp)}**"

where jp : Mp — (Mp)zg is the inclusion, and Lg = H*(T'¢,r, H*(wp, E))).
(iii) Throughout, we can express the I'y g-cohomology as 1"§f’1%—(:0h0mology7 using

the maneuver that produced (3.1.8). We would then write

Lr=H*''\%%, H* (g, E)).

Next, let R' = RN P’, with P’ maximal. We consider the restriction mappings
from Zg to Zp in conjunction with Proposition (4.1.9). If P’ > P, then R’ is also
subordinate to P. In that case,

(4.1.11.1) R(@p)- (i) {DR(M, E)}™") — R(7p). ik {DR(M, E)}™")

is given tautologically:

(4.1.11.2) {DR(MP,C (FLR,H.(YUP,E)))}C&H —
{DR(Mp,C" (Ve H (v0p, E)))},

which is induced by the morphism of local systems coming by restriction on the I'y’s.
After grading for F, the above is essentially equivalent to what we discussed in (3.2).
On the other hand, if P’ < P, then R’ is subordinate to P’. In that case, one reverts
to the determination in (3.4).

The treatment of d* has the same problem and the same remedy as before. Consider
the diagram:

R',R

Zs(R) Zs(R)
Epl l‘r
(4.1.12) Mpxp) LD Zspy(P(P"))
J/EP’P/
MP/,Z(P/)
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Let Ly, = C*(Ty,r, H*(tvp, E)). Then the calculation:

R(Tp:)« (iR {DR(M, E)}*™) = R(%p,p:)« R7u (i r i) {DR(M, E)}*"
~ R(Tp,pr)wippr R(Tp)wip{DR(M, E)}**® (from (2.7.11))

~ R(Tp, p/)*i*P(P,){DR(Mp, Lg)}e® (by (4.1.9))
(4113) ~ {DR(MP/ (Fg P(P")s H'(up(P/),LR)))}Can
= {DR(Mp:,C" (T, p(pry, H* (up(pry, H* (To,p, H* (10, E))) }"

~ {DR(MP/ (Fg R’ H* (I'DP/,E)))}Can (as in (316))

recovers the direct computation of R(Tp:).i% {DR(M, E)}n | because of (4.1.10)
and the way in which the Cayley transforms entered. We now see that d” is induced
by restriction on the Mp’s.

When one grades (4.1.2) for F, the differentials become linearized, and each
Grl (23, (log Zs) ® £°m) becomes a complex of canonically-extended, fully decom-
posed automorphic vector bundles, placing us in the context of (3.2). For (4.1.7),

(4.1.14) i (Grh (Q, (log Zs) ® E97))

becomes the restriction of the same to Zx(R).

We briefly recall the topological nerve spectral sequence that is of fundamental in-
terest, which we treated in [HZ2, (3.5.4)]; it is the one associated to the local system E
and the covering of the Borel-Serre boundary by its closed faces, {¢/(P) : P maximal}:

(4.1.15) Ef* = @ H((R),E) = H"*(0M,E).
r(R)=r+1

By [HZ2,(3.5.5)], the above coincides with the corresponding spectral sequence for
deleted neighborhood cohomology on My, viz.,

(4.1.16) E® = (R)ea H3,(Zs(R), B) = H}*(Zs, E).
T =r+1

We can use (4.1.7) and (4.1.8) to rewrite (4.1.16) in the form
(4.1.17)
EM = @ H(Zs(R),iDR(M, E)*™) = H"+(Zy,i* DR(M, E)*™®),
r(R)=r+1

where H indicates hypercohomology. This is a spectral sequence of mixed Hodge
structures (see [HZ2, (5.5.2)]; cf. (4.5.2) here). A morphism of mixed Hodge structures
is completely determined by its gradation for the Hodge filtration F', so we can grade
for F without losing information about kernels and images; this reduces such questions
about the spectral sequence (4.1.12) to analogous considerations for spectral sequences
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of the form (3.2.1). Thus,

(4.1.18) GrpE* = @ GryH*(Zs(R), i DR(M, E)*™)
r(R)=r+1

— GrypH 5 (Zs, i"DR(M, E)°™).
By basic Hodge theory, we can write (4.1.18) as

(4.1.19) GrypEy* = @ H(Zs(R),Gry{izDR(M, E)"})
r(R)=r+1

— H"**(Zs, Gr3-{i*DR(M, E)**"}).
Using (4.1.14) and (4.1.16), we obtain:

(4.1.20) GryE(° = @ H'(Zo(R) ip{GryH: (p", E)}")
r(R)=r+1

= H"(Zs,i*{GryH (pT, E)}).

4.2. The dual Bernstein-Gelfand-Gelfand complex

Following Faltings [F], we can replace the de Rham complex DR(M, E) by a quasi-
isomorphic filtered subcomplex, the dual BGG complex BGG(M, E), which is minimal
in the sense that each degree is given by a sum of irreducible automorphic vector
bundles. After taking cohomology, the quasi-isomorphism between BGG(M, E) and
DR(M, E) recovers the results of [Z1]. Because its terms are irreducible automorphic
vector bundles, the dual BGG complex has particularly nice rationality and integrality
properties. Moreover, its cohomology is directly expressible in terms of automorphic
forms.

We use the formalism introduced in [H5, §2], but with slightly different notation.
We assume first that E is an absolutely irreducible representation of G, with highest
weight A € b* (see (0.3)); the irreducibility hypothesis will be removed at the end
of the section. Let W' denote the set of Kostant representatives for the parabolic
subalgebra B+ (see (0.3)). For any t € W1, we let A(t) = t(A + p) — p, where p
is the half-sum of positive roots. Then A(t) is the highest weight of an irreducible
representation of K, hence defines an irreducible automorphic vector bundle which
we denote BGG! (M, E). For 0 < i < dime(M), let

BGG'(M,E)= @ BGG'(M,E).
o(t)=i
The ngi(M E) form a complex BGG(M, E) in which the differentials are algebraic
differential operators, and there is a canonical inclusion [F]

(4.2.1) BGG(M, E) — DR(M, E).
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In (4.2.1), one places the Hodge filtration F on the left-hand side in the usual way
for homogeneous vector bundles (see [H5,(2.2.3)]), and we have likewise the Hodge
filtration from (4.1) on the right-hand side.

THEOREM 4.2.2 ([F]). — The inclusion (4.2.1) is a filtered quasi-isomorphism that
extends to a filtered quasi-isomorphism of complexes of canonical extensions.

REMARK. — It is implicit in the second part of the above theorem that the complex
BGG(M, E)°™ is functorial with respect to change of toroidal compactification. This
follows easily from Proposition 1.3.7, or alternatively from the functoriality of the
canonical extension of the de Rham complex.

Theorem (4.2.2) yields immediately:

COROLLARY 4.2.3. — There is a spectral sequence
EPY = HP49(Grl BGG(M, E)*™) = HP*9(M, E)

that degenerates at E1. The filtration induced by F on the abutment is the Hodge
filtration in its mized Hodge structure.

Using (4.2.2) on both sides of (4.1.9), we obtain the following reformulation of the
latter:

COROLLARY 4.2.4. — In the situation of (4.1.9), there is a canonical isomorphism
in the derived category of (Mp)=:

R(7p).(i5){BGG(M, E)}*** ~ {BGG(Mp,C" (T g, H* (wp, E)))}.
We present below a more concrete way to see this quasi-isomorphism.

We begin with some general considerations involving Weyl group combinatorics.
Let G be a reductive group as in (0.2), with chosen set ®* of positive roots, and let
P,Q C G denote two standard parabolics; let R = PN Q. Let top, wg, togp denote
the Lie algebras of the unipotent radicals of P, @), and R, respectively; similarly, let
Lo, for 7= P, @, R, be a compatible set of Levi factors. Then we can decompose
(4.2.5) WR = 1pg HWE G W
in such a way that

Wp =tpo DY, 1o =tpg ® W,
(so topg = wp N mQ) and ®rp = Ppg U (I)g [ (I)g; here ®r, ®pg, (I)jQ,, (I)g denote
the sets of positive roots in wg, etc. Let W’ C W, for ? = P,Q, R, denote the
corresponding sets of Kostant representatives, and let W, C W be the Weyl group
of Ly. Finally, Lp N R = Lp NQ is parabolic in Lp and we let WF = W§ denote
the Kostant representatives in Wy, = Wp relative to W ,g; define Wé{ = Wé)
similarly. As in Lemma 3.1.6, we have canonical decompositions

(4.2.6) wh=wg wf=wk we.
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We denote the elements of W by w, and those of Wg, WF, W§, W€ by a, b, s,
and t, respectively. For any w € W% we write

Dpo(w) = w(@H) N =Bpg; PP(wW) =w(@H) N -0F; B5(w) = w(@F) N -dF.
Then

(4.2.7) {w) = [2po(W)| + 2 (w)| + @G (w)I:
If w = ab = st by the factorizations of (4.2.6), we then have
(4.2.8) Uw) = L(a)+L(b) = L(s) + £(t),

Ua) = [PD(W)], £(b) = |Ppq(w)| + @5 (wW)];
U(s) = | @5 (W)], €(t) = |@pow)| + [2E(w)].

Finally, if w,w’ € W, we write w—w’ if there exists v € ®* such that w = r,w’
and {(w) = £(w') + 1; here 7 is the reflection attached to .

(4.2.9)

LEMMA 4.2.10. — Let w,w’ € W, with factorizations w = ab = st, W' = a't/ = s't'
as above. Suppose w—w'. Suppose further that b =1b". Then s = s’ and t—t'.

Proof. — Tt follows from (4.2.8) and (4.2.9) that ¢£(¢t) = £(¢') + 1. Indeed, Ppg(w) =
Ppo(b) = Ppo(w'). Suppose we know that s = s’. Writing st = rst’, we see that
t = r4-1,t’, hence t—t'. So it remains to prove s = s’. For this it suffices to show
that fbg(s) = fbg(s’), since both s and s’ preserve tvg. But

BR(s) = R (w) = DR(D), BP(s') = PR(W) = SR,

where the first equalities follow from the definition of W& and the second from the
fact that Wg preserves top. The assertion is now clear. |

Let g, p, q, v denote the Lie algebras of G, P, @, and R respectively. Letting E and
A be as above, we consider the generalized Bernstein-Gelfand-Gelfand resolutions of
E with respect to the parabolic subalgebras we have introduced. Thus for w € W£
let

(4.2.11) Mg (A(w)) = U(g) @y E(AwW)),

with A(w) defined as above and E(A(w)) the finite-dimensional Lz module with high-
est weight A(w), extended as usual to an irreducible 4(r) module. The generalized
BGG complexr BGGT(E) of E, relative to t, is the complex

alt
(4212) - — @  MpAw) S @  MaAw) —
weWE L(w)=i+1 weWE L(w)=1

Here df is the differential constructed in [Le, §4]. It can be written as a sum

(4.2.13) df = > af .,

w,w EWER w—sw’ L(w)=i
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where df,w, : Mp(A(w)) — Mp(A(w’)). These differentials can be defined uniquely
up to sign ([RC, Lemma 10.5]), and the natural surjection Mp(A)—FE (defined up
to scalar multiples) defines a quasi-isomorphism BGGF(E) ~ E in the category of
i(g)-modules. It follows from the results of [RC, §§10-11] that changing the sign of
one differential changes all signs simultaneously, and that the different choices of sign
yield isomorphic complexes.

Let P = LpNp be the parabolic opposite to P, with Lie algebra p = [ & wp.
As (p)-module we have Mr(A(w)) = U(P) Dy(pne) E(A(w)). For any irreducible
finite-dimensional Lp-module V, we let BGGLP"E(V) denote the generalized BGG
resolution of V relative to Lp N R, and define the maps daL’};,mR by analogy with
(4.2.13).

Now, BGGT(E) is np-acyclic, hence the complex Hy(twp, BGGT(E)) computes
Ho(wp, E), via the quasi-isomorphism BGGE(E) ~ E. For any w we have natural
isomorphisms

(4.2.14) Ho(wp, Mp(A(w))) — U(lp) Qupne) E(A(W)).
We let M(A(w); Lp) denote the right-hand side of (4.2.14). Then

PROPOSITION 4.2.15

(i) There is a canonical isomorphism of complexes

Ho(Rp, BGGR(E)) =~ @ BGGP)/(E(AD))[®D)).
bew

Here E(A(b)) is the irreducible representation of Lp with highest weight A(b).

(i) More precisely, for any pair a,a’ € Wg = WEWP)  with a—a’, and for any
be WP, there is a pair t,t' € W? and s € Wéj such that the differential d§g€) in
BGGEP)(B(A(b)))[£(b)] is obtained by applying Ho(Rp, ) to d?

w,w’?

with w = ab = st,
w'=d'b=st.

(iii) For any pair w,w’ € W1 not obtained as in (ii), the morphism Ho(np, df,w,)
vanishes.

Proof. — We first verify (ii) and (iii). Assertion (ii) is a consequence of Lemma 4.2.10.
Suppose w—w’ in WE, and write w = ab, w’ = a’b’. Now it follows from the theory of
Verma modules for Lp that the infinitesimal character separates M(A(w); Lp) from
M(A(w'); Lp) if b # b'. Thus Ho(p,df ) = 0 unless b = b’, and (iii) follows from
(ii).

The assertion (i) follows easily from (ii) and (iii) by checking degrees. Indeed, by
writing w = ab as above, we see that the assertion is true in each degree separately, and
it remains only to check that the differentials correspond (up to sign). But this follows
from the explicit construction of the generalized BGG resolutions in [Le,RC]. O

We fix a toroidal compactification Sh(G, X )y, (omitting the left subscript for the
level subgroup), with 3 assumed to be sufficiently fine for the following arguments.
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Fix a maximal parabolic subgroup P C G. Let P’ C P denote Gj p - Wp, as in
[HZ1, 1.2.3]. Thus there is a mixed Shimura datum (P’,X) and a partially com-
pactified mixed Shimura variety Sh(P’,X)ss corresponding to the P-stratum of the
boundary of Sh(G, X)s. We refer to (1.4) for the morphisms my s, m2 5/, and let
Tsy = Ty o masv denote the composite morphism from Sh(P’,X)ss to Mpx(py,
where Mp s p) is a toroidal compactification of the pure Shimura variety associated
to (Gp,p, W\X). We let 1% denote the inclusion of the open P-stratum in the bound-
ary, and let 7 : Sh(P’,X)—Mp be the corresponding map of uncompactified (mixed)
Shimura varieties. The differentials in the complex i3"BGG(M, E) (with M a con-
nected component of Sh(G, X)) are differential operators of positive degree, hence
not O-linear. But they are morphisms of abelian sheaves, hence give rise to functorial
morphisms under R'r,, for each i, and these are also differential operators. Our goal
is to calculate these directly at the level of BGG(Mp,C' (Ty.z, H*(wp, E))), using
Proposition 4.2.4.

We apologize that the standard maximal parabolic P here will play the role of
P in the applications of Proposition 4.2.15 in what follows; this is because we are
ultimately interested in homology and cohomology of tvp, not wp. Thus, our nota-
tion is correspondingly contorted. First, let @1 be the complex parabolic with Lie
algebra ¢ @ P, and Q = Ad(cp")(Q1). Then, let Q@ C G denote the standard com-
plex parabolic conjugate to Q; = £ @ P~; and Q the parabolic opposite to Q, viz.,
Ad(cp)(t@P7). Let R=PNQ, and Ry = Ad(cp)R C Q1.

Via Ad(cp) we may identify W@ = W@, W = W, We use the same letters
a, b, s, t as above to denote corresponding Kostant representatives. In particular, we
denote the components of the BGG complex by BGG (E), dropping the “M” in (4.2.1).
Similarly, for each ¢ and ¢, we have

(4.2.16) R'r,BGGHE) = @  [BGG'(E)?.

sGWQF,Z(s):q

Here if ngt(E) is the automorphic vector bundle associated to the representa-
tion E(t) of K, [BGG'(E))* is the automorphic vector bundle on Mp associated
to C*(Ty,p, H*(s'%, E(t))), where H® denotes the Kostant constituent of the cohomol-
ogy associated to s € Wg . We are abusing notation (in a harmless way) by writing
in the discrete group I'y p in this adelic situation. If now w = st = ab as in (4.2.6),
then we can identify

(4.2.17) BGG! (B))* = C* (I p, BGG" (H (wp, E))).

It then follows from (4.2.6) that

LEMMA 4.2.18. — The identifications (4.2.16) and (4.2.17) define an isomorphism
between the constituents of the two quasi-isomorphic complezes in (4.2.4).
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It remains to show that these isomorphisms are compatible with the differentials
on the two sides of (4.2.4). Recall that, if £ and F are vector bundles on a smooth
complex variety Z, a C-linear map A : E—F is a differential operator of order n if it
can be factored as N

£ 1o Jet"(€) — F,
where Jet"(€) is the bundle of n-jets of sections of £, j™ is the canonical differential
operator, and the right-hand arrow is Oz-linear. (Here the notation for jets is as in
[H1].) Classification of differential operators A : E—F thus comes down to classifi-
cation of Oz-linear maps Jet™ (€)— Jet™ (F), where Jet™ denotes the inverse limit
over the jet bundles of finite order.

For our purposes, it is more useful to look at the dual picture. Let Dz denote
the sheaf of differential operators on Z; we write D instead of Dz when the base Z
is understood. For G a vector bundle on Z, let D(G) = Dz(G) denote the locally
free D-module D ®v, G¥. Then to A as above we associate a homomorphism of
D-modules

(4.2.19) AV D(FY) — D(EY).

More precisely, Jet™ (£) is naturally isomorphic to the Oz-linear dual of Dz(£V) and
the dual of AV is the map of infinite jet bundles mentioned above. We call AV the
linearization of A.

We fix a point p € X compatible with our system of standard rational parabolic
subgroups. If [W] is the automorphic vector bundle corresponding to the irreducible
representation (p, W,,) of the stabilizer K, of p, then D([W]) is the automorphic vector
bundle corresponding to the natural representation of 3, on the generalized Verma
module

D(W;) = U(e) Sy W
We point out that D([W]°") # D([W])°*". However, we will only be concerned with
the latter, to which logarithmic differential operators naturally extend.

We now fix a maximal standard rational parabolic P and the subgroup P’ C
P to which the corresponding boundary mixed Shimura datum (P’,X) is attached.
The constructions in (1.2) associate automorphic vector bundles on the associated
mixed Shimura varieties to representations of the stabilizer in P’ of the fixed point
p € X. This stabilizer will be denoted FOP’, since its Lie algebra is F Lie(P’) for
the Hodge filtration associated to p; in particular, we drop the base point p from
the notation. In what follows, we will identify automorphic vector bundles with the
locally homogeneous vector bundles attached to representations of

FOLie(P') = tnp ®p, p &0,

and we will also drop the subscript P from the above.
Without loss of generality we may assume that, for fixed = in the P-stratum,
there is an étale analytic morphism from Sh(P’,X)ss to a neighborhood of x. The
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pullback of D([W]) to Sh(P’,X) via this morphism is the D(e) of the pullback of
[W]. This can be determined just as above, and we find that it is the automorphic
vector bundle corresponding to the natural representation of F° Lie(P’) on the tensor
product module

(4220) DP(W;) = il(Lle(P/)) ®11(F0 Lie(P’)) Wp* ;) u(Lle(P))@H(FO Lie(F”)Gng) W;,

where the second isomorphism just serves to indicate that arithmetic subgroups of
G¢ = Gy p act on the coefficients and commute with all homogeneous differential
operators.

Now we concentrate on the map, again denoted 7 : Z = Sh(P',X)sy — Mp,
where the subscript X’ corresponds to a compactification in the vertical direction. In
particular the map 7 is smooth and proper. Henceforward, we let

& =BGG" (E), F=BGG'(E),

with t—#' in W as above. Let A be the highest weight of the contragredient of E.
Then the fibers at p of FV and €Y are Dp(H*(pt, E)V) and Dp(H' (p*, E)V), respec-
tively. In turn, these can be identified respectively with Mg, (A(t)) and Mg, (A(¢)).
The differential dgtl, : Mg, (A(t))—>Mg, (A(t")) in the generalized BGG complex gives
rise to the differential operator A, : E—F, corresponding to a component of the
differential in BQQ(E).

To determine the image of A;, under Rim,, we pass to linearizations. The map
AY of (4.2.19) is a morphism of Dz-modules, hence it is natural to consider its image
under the direct image in the category of Dz-modules. Following [B4], we denote this
derived functor Rm .

ProOPOSITION 4.2.21
(i) Let G = & or F, and d = dim Z — dim M. For each q > 0, there is a natural
isomorphism

R*m:Dz(G") = Darp (R m(GY)).
(ii) Under this isomorphism, the image of Axt, is the linearization of the image of

Ay via Ri~*x,.

Proof. — The first assertion is a simple consequence of the definitions. Recall that 7
is smooth and proper. By definition, for any Dz-module N,

L
R7T+./\/ = R’]T*(D{Mphz} ;? N)
z
Here Dinrpzy = 7 (Dump) ® wz/np, Where 7 is inverse image in the category

of O-modules and wz/p, = Q‘é /Mp is the relative dualizing sheaf. In our case,
N =Dz ®0, GV is a free Dz-module, hence we can replace ®" by ® above, and we
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have
R'miDz(GY) = R'm[n*(Dup) @ wzynp ©G]
(4.2.22) = Dyp @ Rm(wz/a, ©GY)
= Dup @ (R'1.G)Y = Darp(R*m.(GY))
where the first isomorphism is the projection formula and the second is Serre duality.

The second assertion is well-known (see [Sal, Lemme 2.3.6]). O

We rewrite the formulas (4.2.22) in terms of representation theory. Recall that
(4.2.23) wpc=uc®v o~

as modules over €; here u = Lie(U) with U the center of Wp, as usual. We write o+ =
uc ® U; . Then the bundle wz, s, is the automorphic vector bundle on Mp associated
to the adjoint representation of €, on the highest exterior power of the holomorphic
cotangent space at the image of p in Mp, i.e. on A%(r™)*. Next, 7*(Dps,) is the
bundle associated to the adjoint representation of FYLie(P’) (or F°Lie(P), if we
want to keep track of the Gy-action) on Hy(to™, U(Lie(P’))) (or Ho(ro™, tU(Lie(P))),
but the addition of g, at this point changes nothing in the final calculation). Finally,
the functor Rm, corresponds to the standard bar complex C*(v~,) for Lie algebra
cohomology. Thus the first line of (4.2.22) expresses Rm1Dz(G") as the automorphic
vector bundle attached to

C* (0™, Ho(w™, U(Lie(P)) @y Lie(p)) A (0F)" @ W)),

where GV is the automorphic vector bundle attached to the representation of € on W.
Since v~ C FU Lie(P’) the action passes across the tensor product to yield

Ho (o™, U(Lie(P)) ®y(po Lie(py) C* (07, A4 (0™)* @ W)).
Koszul duality [Kn, Theorem 6.10 (6.30)] provides a canonical identification
C*(07,7) =5 Cy_—o(0, AT (b7)*®7),
where Co (b7, 7?) is the standard complex for Lie algebra homology and d_ = dimbv~.
Thus we can replace the last complex by
(4.2.24)  Ho(rw™, U(Lie(P" - WoP{) @y (ro ie(pry) Ca_—e(0, A (r0p)* @ W))
= Ho(vo™, t(Lie(P" - WaPL) ®@y(ro Lie(pry) A (0p)* @ Ca__e(v™, W)

Here dp = dimtop and we have used (4.2.23) and the fact that v~ being unipotent,
has trivial determinant on twp.

Remember that v~ acts on W via an identification with s C &, the unipotent
radical of a parabolic subalgebra we will denote T(Q). Similarly, we identify g, with
Ad(cp)(ge) C €. Then there is a Levi decomposition

Q)= DgDs
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and we let t(Q) C € denote the opposite parabolic, R(Q) the corresponding parabolic
subgroup. We can replace W as $(€£)-module by the quasi-isomorphic complex
BGG™®)(W). Then there is a canonical quasi-isomorphism

Cu(s, W) = Ho(s, BGGEQ (W)

— Hy(s, E(G)% U(E) Du(e(q) EAW)(s))).

(4.2.25)

Here s runs through the set of Kostant representatives relative to R(Q), as in the first
part of this section, and we use A(W) to designate a highest weight of W.

We now return to the notation &, F, associated to the pair t—t' € W€: i.e., associ-
ated respectively to the representations E(t’) and E(t) of €. We extend (€) @y (x(q))
E(t)*(s) trivially to a module over (¢ & p~) and then restrict to U(t, & p, ) C
U(FOLie(P")). We extend from F°Lie(P’) to F°Lie(P) by letting G, act via the
Levi decomposition above. Then as 4(F° Lie(P))-module the right-hand side of the
last formula in (4.2.25) is

ﬂ(FO Lie(P)) ®s(x(q)) E(t)"(s).
So substituting (4.2.25) into (4.2.24), we obtain

Hg(m_‘_,il(Lie(P))@u(Fo Lie(P))AdP(ﬂp)*®H0(5, (6)9 u(FO Lie(P))(g)u(t(Q))E(t)*(s))
l(s)=e

which simplifies as
(4.2.26) Ho(rop, U(Lie(P)) @y £(t)"(s)) = Ho(rop, M(A(t)(s)))-

The same calculation, with ¢ replaced by t’, shows that R*7, Dz (F") is the automor-
phic vector bundle associated to

Z(E)Di Ho(rop, M(A(#')(s)))

We recognize (4.2.26) as the left-hand side of (4.2.14), where (unfortunately) P
and P have been interchanged. From here we apply Prop. 4.2.15 (b) to obtain that
the correspondence in Lemma 4.2.18 is compatible with the differentials on the two
sides of (4.2.4), i.e. that for any s € Wg the linearization of the direct image

R A1) : R, (€)° — Rir, (F)*
is the homomorphism
Dar(RY" I, (F)Y)* — Dar(R* 7. (EY))°

associated to the homomorphism M(A(¢)(s)) — M(A(¢')(s)) of generalized Verma
modules. We conclude:
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THEOREM 4.2.27. — In the situation of (4.1.9), there is a canonical isomorphism of
complezxes:

(4.2.28) R(7p).(i%){BGG(M, E)y™ ==

GVBV {ng(MP7 E,u(h,w))can ®C* (FE,Ra H* (E,u(é,w))[_g(w)]}'
weWw?r

Here the notation is as in (4.1.10.1).

We adelize the above theorem using the notation Shy, Sh(R), etc., of (3.2). The
least awkward expression is in terms of the inverse limit over all toroidal compactifi-
cations

Sh = Sh(G, X) = lim Shy,
Ks,%

(recall that the level subgroup Ky is implicit in the notation). Let ip : é\flR(*) < Sh
denote the inclusion of the R(*)-stratum (inverse limit over all R(x)-strata at finite
level). Let Aj gy denote the projection of the group A; g of (3.2) on G p(Ayf),
and let Sh(R)" denote the quotient Sh(Gj p, X(P))/A1,r,n. Then R(Af) acts on
Sh(R)™, and the adelic version of Tp is a natural morphism

~ R(*
(4.2.29) FriSh

— Ind(47) Sh(R)*,
where é\l/l(R)+ is again the projective limit over all toroidal compactifications. For
we W, let

BGG(Sh(R), w, E)
= BGG(Sh(G.p, X (P)), By )™ @ C*(X(Ge.r), Ep(e ) [—(w)).

Then the formula (3.2.8), with the space H*(w) replaced by the complex
BGG(Sh(R),w, E), defines an R(A f)-equivariant vector bundle I*(BGG(Sh(R), w, E))

on Sh(R)*. The adelic version of Theorem (4.2.27) is

THEOREM 4.2.30
(a) In the above situation, there is a canonical isomorphism of complezes:

R(7p) (i) {BGG(Sh(G, X), E)}**" — Ind4") SVBV R{IR(BQQ(Sh(R)Lw,E)).

(b) This isomorphism is rational over the reflex field E(G, X).

Proof. — Part (a) is just the adelic version of (4.2.27), or rather of its obvious vari-
ant for the R-stratum. (Here we are using the fact that the Kostant decomposition
for the parabolic subgroup R, p of Gy p defines a direct sum decomposition in the
derived category for the cohomology complex of the R, p-stratum of the boundary
of X(Ge¢,p).) Then (b) is immediate because the identification in Lemma 4.2.18 is
rational over E(G, X), as are all subsequent constructions. O
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REMARK 4.2.31. — Upon taking fixed vectors for a level subgroup Ky, the above
theorem can be given a reasonable expression in terms of toroidal compactifications
at finite level.

4.3. Hodge theory at the boundary, revisited

Let M} denote a connected component of the mixed Shimura variety associated
to a maximal parabolic subgroup P of G, and

(4.3.1) My —7— Ap —— Mp

the associated tower of algebraic fibrations (see (1.4.1) or [HZI,(1.2.5)]). Let, as
usual, w (or mp) denote m o me. For p: P — GL(E) a rational representation, there
are isomorphisms of local systems on Mp:

(4.3.2) Rrm,E~ H (vp, E).

This follows from the fact that the fibers of 7 have the homotopy type of the compact
nilmanifold I'yw,, \Wp(R). In fact, (4.3.2) is a consequence of the more basic fact at
the cochain level:

(4.3.3) Rr.E ~m{C (wp,E)|s,},

where Sy, is the cross-section of 7 given by a choice of rational Levi subgroup L C °P
and basepoint cp(xg) (the latter is fixed by Gy p).

In [HZ2,85], we saw (among other things) that the above assertions remain true
in the Hodge theoretic sense. As J. Wildeshaus has pointed out to us, the arguments
in [HZ2] are really assertions about the associated mized Hodge modules—much of it
is already there—and we wish to recast them here.

Let Mp 5, denote the toroidal partial compactification of M} determined by ¥; it is
not an algebraic variety, as its boundary has infinitely many irreducible components.
It contains the boundary stratum that is called <Z p,y in [HZ1]. Taking the quotient
of the latter by I'y p gives rise to the P-stratum <Zpy in My. And Zx(P) is the just
the closure of <Zpx in M. Of course, Zx(P) contains Zs;(R) whenever R C P, but
Zx(R) maps surjectively to (Mp)z under the projection 7 : Zx,(P) — (Mp)z (as in
(4.1.10.2)) if and only if R is subordinate to P.

We recall some constructions from [HZ2, (5.2)]. We denote by jx the inclusion of
Mp in Mpy,. Let My (called M in [HZ2]) be the unique mixed Hodge module on
Mp s, with underlying perverse sheaf Rj.E, such that its restriction to M} is the
variation of mixed Hodge structure defined by the representation of P on E. Then
(me My, R’IT*E) is a mixed Hodge module on Mp with action of I'y p.

PRrROPOSITION 4.3.4 ([HZ2,(5.2.9),(5.4.19)]). — In the derived category of mized
Hodge modules, (m.Myx, Rr.E) is I'y p-equivariantly isomorphic to the complex of

MEMOIRES DE LA SMF 85



4.3. HODGE THEORY AT THE BOUNDARY, REVISITED 91

variations of mized Hodge structure m,{C" (wp, E)|s, } with filtrations induced by the
mixed Shimura data for P. In particular, the latter is admissible.

Though unusual in general, we expected in this case that the mixed sheaf Rm.E
would split as the direct sum of pure sheaves (of different weights). Indeed, the
following is an immediate consequence of (4.3.4):

THEOREM 4.3.5. — In the derived category of mized Hodge modules on Mp,
RuE~H (0,E)~ @ Euhw) @ Eyrwl-l(w)]
weWwr

underlies a decomposition of mized Hodge modules. Fach Eu(h,w), being determined
by an irreducible representation of G, p, is pure.

COROLLARY 4.3.6 ([HZ2,(5.4.20)]). — The mized Hodge structure of H' (M}, E) de-
composes as the direct sum of mixed Hodge structures:
@ Hiil(w) (Mp7 Ep(h,w)) & Ep([,w)-
weWr

It is time to move on to the boundary cohomology of Zy, = 0My. The final result
in [HZ2, § 5] is the following, which should be compared to (4.3.5) and (4.3.6). It is the
Hodge theoretic version of (4.1.9), and, by iteration, it provides the Hodge theoretic
version of (4.1.19).

THEOREM 4.3.7 ([HZ2, (5.6.10)]). — Let E be a representation of G, so that E un-
derlies a variation of Hodge structure on M. Let jp : Mp — Mpxpy be a suitable
toroidal compactification of Mp, as in (3.1.2). Suppose that II(R) = P. Then

(i) there is a decomposition in the derived category of mized Hodge modules on

Mpxp)
REiRE~ @ R(p)eEpunuw) © C*(Cen, Bugew)l~1(w)
weWw
~ @ R(.jP)*Eu(h,w) ®C* (FE?I%7EM(Z,w))[_l(w)]
weWR

~ R(jp)+«C*(Lo,r, H (w0, E));
(i) there is a decomposition of mized Hodge structures

HSH(ZE(R),E): &) HQ(MP,EM(h,w))®Hq*a*l(w)(re,R,Eu(e,w))-

a;weW?P

REMARK. — The passage from the sum over W to the sum over W# is an isomor-
phism of mixed Hodge modules; cf. Remark (3.1.9)(ii)(b).

There are four main ingredients in the proof of the above assertions: the simplicial
structure of the boundary (which produces the I'y gr-cohomology in (ii) above), the
calculation on M}, for a single simplex, the irrelevance of the boundary of Mp, and
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the inability of the boundary cohomology here to distinguish the variation of mixed
Hodge structure from M}, from the variation of pure Hodge structure on M.

For the second item, one reverts back to Mpy, as the structure of both at the
P-stratum is locally the same. Let 7 be any cone in ¥p, and i : Z, — M},,Z the
inclusion. Then,

PROPOSITION 4.3.8. — There is an isomorphism in the derived category of mized
Hodge modules on Mp, given by restriction of that in (4.3.4):

R, i Rj.E ~ m{C (wp,E)|s,}.

The next proposition, tacit in [HZ2, § 5], asserts that a divisor with normal crossings
behaves like the boundary of a manifold-with-corners with regard to deleted neighbor-
hood cohomology. (This is consistent with the comparison of nerves in [HZ2, (2.7.8)].)

PROPOSITION 4.3.9. — Let D be a divisor with normal crossings, whose irreducible
components will be denoted D;, on the complexr manifold Y, andlet j: Y — D — Y
be the inclusion. Let Dy = ﬂieADi be an intersection of components of D, and
denote by Ds° the set of points of Dy that lie on no additional components of D, and
va : Do° — Da. Finally, let 14 and i denote the respective inclusions of Da and Da°
in Y. Then for any local system LonYy — D,

ia*Rj.L = Rua . (i%)*Rj.L

Proof. — The assertion is local on Dy. Also, there is nothing to prove at points of
Dy°. Thus, suppose that y ¢ D4, and let Dp denote the (non-empty) intersection of
the additional divisors passing through y. Then there are local coordinates centered
at y such that neary, j : Y — D < Y is (A*)? x (A*)’ x A"~b=¢ C A" where a = #A
and b = #B. In these terms, Ds° = {0} x (A*)® x A"=P=¢ and Dy = {0} x A’ x
An—t=a_ Thus, we may as well assume that n = b+ a. Then the stalk of iA*Rj*~
is C*((A*)® x (A*)®, L), while that of Ruva .(i%)* Rj.L is C"((A*) C*(A*)*, L). In
both cases, one has a complex for computing H*((A*)® x (A*)?, L), and our assertion
follows. O

In short, one does not have to worry about the compactification of a stratum of the
boundary in treating the deleted neighborhood cohomology. This addresses the third
item in the outline of the proof of (4.3.7) above.

The fourth and final one is worded imprecisely, and we elaborate now. As men-
tioned before, I'y p\<Z py is analytlcally isomorphic to <Zpy; indeed, there is a
I'y, p-invariant deleted neighborhood Oof <Z py in M; Py such that I'y p\O is analyt-
ically equivalent to an deleted neighborhood O of <Zpy in Ms,.

Of course, the local system E |o underlies a variation of (pure) Hodge structure,

z., the restriction of the one on M. On the other hand, the variation of mixed
Hodge structure determined by E as a representation of P is I'y p-equivariant, so its
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restriction to O descends to a variation of mized Hodge structure on O, with the same
underlying local system; it is an admissible variation. To distinguish them as mixed
Hodge modules, we write E(G |o and E( pylo resp. The following is an elaboration
on [HZ2, (5.6.12)]:

PROPOSITION 4.3.10. — Suppose that II(R) = P. Then the mized Hodge modules
inE@)lo and iLEpylo are isomorphic.

Proof. — We begin by recalling that E(G) |o and E(p) |o have the same Hodge filtra-
tion, but they differ in their weight filtrations. The latter are determined respectively
by the weight homomorphisms wg and wp (as in [HZ1, 1.2.2], where the first one is
written h o w). As such, they have the same asymptotic Hodge filtrations, and we
want to show that the associated weight filtrations along Zx(R) coincide. Let Z3(R)
be the locus of smooth points of Zx(R). By (4.3.9) and the uniqueness property
[Sa3,2.11], it is enough to verify that the weights coincide along Z3(R).

The local monodromy transformations of E are unipotent. Until we say other-
wise, we continue in the setting of an arbitrary admissible variation of mixed Hodge
structure (V W F ) with unipotent local monodromy, defined in a neighborhood of
Z%(R). Then ZR(V w ,F), can be determined as a mixed Hodge module by iteration
on the following construction (iterated deleted neighborhood cohomology, discussed
n [HZ2,(3.1.7)]). Let y € Z2(R); because II(R) = P, there is a component D of
Zx(P) passing through y. Also, let ip — My be the inclusion. Then i’j:,(f/, W,]-')
is a one-variable degeneration with D as “parameter”.(2)

The issues that occur are at the level of a filtered local system on the punctured
disc A* (the situation transverse to D) with unipotent monodromy. Let N denote the
(nilpotent) monodromy logarithm, acting on any reference fiber V' of V. The weight
filtration of i’j:,(f/, W, F ) is given by the weight filtration of N relative to W, which
is denoted M (N;W). If W is trivial, then M (N; W) is the absolute weight filtration
M(N) of N, equal to the convolution of the kernel and image filtrations of N (see
[StZ, (2.3)]), which is characterized by the statement

(4.3.11) NMk(N) g Mk»_Q(N), and

k. Grffw(N)V — Gryk(N)V is an isomorphism.
In general, M (N; W) is characterized (if it exists) by
(4.3.12) NMi(N;W) C M_o(N; W), and

N* . Gr kM+(N w) GrWV — Ger(iVZ W)GrZVV is an isomorphism;

(2)The situation in one variable was a basic, pre-existing element in the foundation of Saito’s theory
of mixed Hodge modules.
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in other words, M (N; W) induces M (Gr}" N)[i] on Gr}" V. In total generality, there
is no reason that a filtration satisfying (4.3.12) should exist. However, it is one of the
conditions defining admissibility that the relative weight filtration exist.

At this point, one appeals to the following fact that we used in [HZ2, (5.6)]:

PROPOSITION 4.3.13 ([StZ, (2.14)]). — Let V be a vector space with increasing fil-
tration W, and N a nilpotent endomorphism of V' such that NW; C W;_1. Then
M(N; W) exists if and only if NW; C W;_q, in which case M(N; W) =W.

We check that this is satisfied in the Shimura variety setting. Let o be the one-
dimensional cone in X% that defines D. The monodromy logarithm N around D is
given by some non-zero integral element of ¢, and this is interior to Cp. Thus, its
weight filtration is just the one defined by wp. This lowers weights by two, so by
(4.3.13), M(N;W) = W, which is also M(N). Thus, there is an isomorphism of
mixed Hodge modules:

inEpylo ~ihE@)lo-

Using the fact that i% = ip o (i8)°, where (i£)° denotes the inclusion of Z2(R) in D,
we get that

i*RE(P)|O ~ i*RE(G)|07

on Z9(R), hence on Zs(R), which is what we needed to show. O

We conclude by formulating the nerve spectral sequence in the language of this
section:

THEOREM 4.3.14 (see [HZ2, (5.5.2)])

(i) The mized Hodge module i*Rj, E is canonically isomorphic in the derived cat-
egory of mized Hodge modules to the chain complex So, where

S,= @ iLRLE
r(R)=r+1

and the differentials are given by restriction. On hypercohomology, the spectral se-
quence associated to filtration by degree in the latter is the nerve spectral sequence,
which is thereby a spectral sequence of mized Hodge structures.

(i1) Whenever II(R) = P, one has, as in (4.3.7)(i),
R(Tp)+ifRj.E ~ R(jp)+ C* (e H (wp, E))

~ @ RGP)Eunw) @ C (Lo Euo.w) [~ 1(w)].
weW?r
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(iii) Grading for the Hodge filtration F, one has that Gr%(i*Rj*E) is canonically
quasi-isomorphic to Gri.Se. The corresponding “nerve” spectral sequence is:

EP*= @ H*(Zg,izGr2(Rj.E))
r(R)=r+1

~ @ H*(Zgp,izGrhBBG(M, E)*™") = H"+*(Z,i*Gr2 BBG(M, E)*™).
r(R)=r+1

(iv) Whenever II(R) = P, one has:
R(7p).iGrh.BBG(M, E)™ ~ C*(Ty g, {H* (5p,r, Gry BBG(M, E))}*).

REMARKS 4.3.15

(i) Theorem (4.3.14) has an adelic version, along the lines of Theorem (4.2.29),
whose formulation we leave to the reader, noting that it is most easily effected upon
replacing the sum over W¥ by a sum over W¥%; see the remark following (4.3.7)
and the horizontal arrows in (ii), below. We also note that (4.2.29)(b) implies that
(4.3.14.)(i) defines a canonical isomorphism in the derived category of mixed Hodge
modules with E(G, X)-rational structure.

(ii) Proposition (3.4.1) also has a version in terms of mixed Hodge modules: if
R D R’ are two proper parabolics of G, with 7(R’) = r(R) + 1, then the following
diagram commutes:

R(TR)vipRin(E) = Indjya") @ {M(R(R): O(X(Ger): Bugean) =)}

| |

R(Tp )iy Riw(B) = ndG)) @ {17 (R(jr)e C*(X(Ger), By [—(w)))}
weW R’

Here the horizontal arrows are the quasi-isomorphisms of (4.3.14.)(ii), and the left-
hand vertical arrow is defined by the natural restriction. When II(R) = II(R’) (resp.
II(R) # II(R')) the right-hand vertical arrow is determined as in (3.2.9)(ii) (resp. as in
(3.4.1)). We leave the precise formulation to the reader, noting only that in the BGG
realization, the quasi-isomorphisms can be replaced by isomorphisms of complexes.

4.4. The topological cohomology

As usual, let R € P(G). In the “standard” way of doing things, one writes R =
L - Wg; then by [Hal,

(4.4.1) H*(&(R),E)~ H*(¢'(R),E) ~ H*(T'n, E) ~ H*(X(T'1.,,), H (wg, E)).

In actuality, the above holds at the cochain level, which can be viewed as an instance
of (2.7.8):

(4.4.2) C*(¢(R),E)~ C*(X(T'y,,), H (wg,E)) ~ C*(I'y,, H* (wg, E)).
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If we have that II(R) = P, then Gy, p is a direct factor of Lg; indeed, we have, as
we noted before, that R = G, p - Q - Wp, for Q a parabolic subgroup of Gy p. The
group I' N @ has been denoted I'y g (see (3.1.4)). When this is taken into account, we
continue as in (3.3) to see that (4.4.2) can be written as:

(4.4.3) C*(¢'(R),E) ~ C*(T.p - Ty, H* (wp, E)).

We observe that the only thing on the right-hand side of (4.4.3) that varies when R
is, restricted to be subordinate to P, is the “I'p .
Analogous to (3.5.1), a complex for computing the topological cohomology of the
Borel-Serre boundary 0X is the double complex
(4.4.4) K”°= @ ((R),E),
r(R)=r+1

in which the differential d is the sum of the differential of C* (which increases s
by one), and restriction (which increases r by one). We denote the latter again by
dpar. The nerve spectral sequence in this setting (see [HZ2, (3.5)]) is associated to the
filtration R by rank, starting from the analogue of (3.5.2):

(4.4.5) GLK = @ C(d(R),E)[-1],
r(R)=t+1

in which dpar vanishes. This produces for the Ej-term, as in (4.1.15):

EPI(K",R) = ( )@9 EYY(R), where
r(R)=p+1

(4.4.6) EPY(R) = H'(¢'(R), E)
~k ,
~ @ H*Mp,H (T'yr,H’(0p,E))) by (4.4.3).
a+j+k=q
When we invoke Kostant’s theorem, this time for the rational parabolic subgroup P

of G, with Levi subgroup G, p x G, p:

(447) H* (mP7E) = @ (Eu(h,w) 0y Ep,(é,w)) [—l(w)],
weWP
we obtain
(4.48)  EPM(R) ~ @ PH@(MP,E#(h,w))®HQ*“*““’>(F5,R,EMM>)
a;weW
~ @ H'(Mp,Eypw) @ H” (X (Tp ), Epyow)-

a;weW?r

There is some reason to work instead with the filtration R" by holomorphic rank,
which is the filtration determined by the decomposition of M induced by the natural
mapping of X onto the Baily-Borel compactification of M (see [Z6,(1.6)(11)]). For
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this, we have instead

(4.4.9)(i) RIK® = %q(i‘(e’(R),E)[l —r(R)]
(4.4.9)(id) G K" = %ﬂC‘(e’(R),E)[l —(R)]
= @ C*(Tn,p, K(X(Te,p), H*(wp, E))),

with K¢ as in (3.5.7), and the differential induced by d + d*.

REMARK. — We note that the differential d”, viewed as a summand of dpar, decom-
poses canonically as
dh _ Z dh,r7
T

where, d"" decreases holomorphic rank by 7, and increases R’ by r — 1.

From (4.4.9)(ii), we can now write down a convenient expression for the Ej-term
of the holomorphic rank spectral sequence (cf. (3.5.8)):

PROPOSITION 4.4.10. — In the spectral sequence for R", the Ei-term is
EPUE,RM = @ EPIUP),
P~Ppip
where
~ —~k —~J
EPY(P)= @  H'(Mp,H (X(Tep), H (wp, E)))
a+j+k=p+q
a —J
= @ H (Fh,P7H§(X(FZ,P)7H (mPaE)))
a+j+k=p+q
—~a —j
= @ H?(X(FLP)VH (MPaH (mPaE)))
a+j+k=p+q

NB—The non-trivial terms in the above are for p < 0.

Proof. — We use Kostant’s theorem, again applied to P (4.4.7). This enables us to
use the Kiinneth formula to determine that
(4.4.10.1) EPUP) =  H(Mp, E\yhwy) @ HPF7 U (X (T p), Byyr,)-
a;we
We now recombine the terms:
P = @ H(Mp. By @ HEM ) (X(Ter). Byirn)
| —~p+g—a—I(w)

= @ HG(MP’ Hc (X(FZ»P)7 Eu(@,w) 2 Ep,(h,w)))
a;weWFr

= @ HMp H,(X(Typ), H (wp, E))),
a+j+k=p+q
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which is the first formula for E?(P) above. The second formula is equivalent, and
the third is proved similarly. O

We wish to elaborate on the relation between the filtration by holomorphic rank and
the Baily-Borel compactification M* of M = Mr that was mentioned before (4.4.9).
Let f: M — M* be the natural map. Our first observation is that, by degeneration
of the relevant spectral sequences, one has the following and its corollary:

.~ —~k —
PROPOSITION 4.4.11. — (RUAiE)|y, ~ @ H (X(Tep), H (wp,E)).
jrk=i
As we are using a mixture of compact and closed supports, we introduce the symbol
H; . to refer to that. Then

COROLLARY 4.4.12. — We have the formula for EP(P) of (4.4.10):

EYi(P)~ @ H"(Mp,R'fiE)~H}!((P),E).

a+i=p+q
We consider OM* as a filtered space. Specifically, one has
oM*= || Mp
P maximal
(as a set), and we put for each integer ¢
(4.4.13) Y, = || Mbp.
holrk P<t

This defines a finite increasing filtration of M™*, which we also call Y., by closed
subspaces. Note that RfiE is constructible with respect to the stratification of M*
induced from (4.4.13), and we have for all P:

(4.4.14) H*(Mp,Rf.E) ~ H; (¢ (P), E).
‘We now assert:

PROPOSITION 4.4.15. — The spectral sequence for the filtration by holomorphic rank
(see (4.4.10)) coincides with that of the filtered space OM™*, with filtration given in
(4.4.13), and with coefficients in F = RfiE:

EPY = HPHI(Y_, Yo, 13 F) = HPHI(Yoe; F).

Proof. — Let Yy = f~'Y;, a closed subset of 9M that consists of a union of maximal
faces. As such, it is topologically a manifold-with-boundary. Note that the boundary
of a maximal face e/(P) consists of faces ¢/(R) with R C P; then f(¢/(R)) C Mp
if and only if R is subordinate to P. It follows that Y7 is the union of those €/(R)
for which py(R) < t. From (4.4.9)(i), one sees that the cochain complex RIK" is

quasi-isomorphic to

C* (Y, 0V s E) = C2(Y, — 8Y; E) ~ C*(Yy; RAE).

This proves our assertion. O
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The following elementary fact, which is essentially (3.3.4), is fundamental in the
determination of the differential d; in the holomorphic rank spectral sequence:

LEMMA 4.4.16. — Let R be a parabolic subordinate to P, and let
Lr=Gor-Gnp

be the associated decomposition of its Levi subgroup. Let P’ be a mazimal parabolic
with P' < P, and put R' = RN P’. Then the decomposition of Ly is

Lr = Gor - Gh,prs with Gur =Gor - (Ge,pr NGhp).

In particular, when P and P are consecutive, Go,pr = Gy,R.

When P’ and P are consecutive, we thus have that
(4.4.17) R =Lp -Wg = Gor-Gh,p - (Wg - Wp)

is contained in R = Gy r-Gp,p-Wg. If T is sufficiently small, one has the corresponding
decomposition of I'p/. One can elect to factor out Wp instead; it is just a question of
whether one is viewing R’ as a parabolic subgroup of P or of P'.

At bottom, d" is given by R +— R’ = RN P’ whenever II(R) = P and P’ < P
(which entails a shift of rank by one), and the inclusions

(4.4.18) ¢/(P) D €e'(R) «— €'(R') — ¢/(P’),

This is the same situation that was faced in (3.5.11), so dy is the composition of a
restriction mapping and a connecting homomorphism. In the topological setting, the
most efficient way to formulate this is without the Kostant decompositions, though
the latter may be needed for calculations. We obtain the following formula:

PROPOSITION 4.4.19. — When P is conjugate to Py, and P’ is conjugate to P,ipi1
and satisfies P’ < P,
dy : EM(K',R") — EPTY YK, RM)
in the spectral sequence for R", is the direct sum of maps E‘f’q(P) — Ef“’q(P’) given
by
Hj (¢/(P). B) —"— Hj (¢'(PNP),B) —"— H'(¢(P'),E),

where r is restriction and & a connecting homomorphism.

We quickly compare the nerve and holomorphic rank spectral sequences (see (4.4.6)
and (4.4.10) resp.) in the least complicated non-trivial situation, namely when the
Q-rank of G equals two. In that case, one has standard parabolics, maximal: P; >
P>, and minimal P;s = P; N P». Both spectral sequences have only one non-trivial
differential, so they both degenerate at Fo. For the sake of simplicity of notation, we
will omit the symbol for summation over I'-conjugacy classes in both cases, though it
is important not to lose sight of this; said summation is explicit only in our formula
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for the terms of the holomorphic rank spectral sequence, but it is present in the other
one as well.
The respective differentials d; look like:

(
(4.4.20.N) ® I

(44.20.0)  HY (¢(P), E) —— H{ (¢/(Pr2), E) —>— H{I'(e/(R), E).

The arithmetic quotients for Gy p, and Gp p, are compact; the nilmanifolds coming
from the unipotent radicals are always compact. Thus, (4.4.20.h) simplifies to:

(4.4.21h)  gae/(py), E) —— H/(Pp), E) —2—
HIY (e (Py), E) ~ HI (! (Py), 0¢'(Py); E).

Since R is finer than R", we have
(1422)  E)Y(R,R)— ESUE,RY),  EM(E,R) — EY(E,RY)

(these relations can also be deduced directly from (4.4.20.N) and (4.4.21.h)). By
reason of degree, the spectral sequence degenerates at Eo — this need not be true in
higher rank — so the total dimension of Es in each degree is the same for both.

4.5. The mixed Hodge complex filtered by holomorphic rank

Given the isomorphism of deleted neighborhood cohomology for OM and OMs
provided by [HZ2, (3.5.5)], we begin by replacing K from (4.4.4) by any compatible
system of cohomological mixed Hodge complexes (e.g., the de Rham complexes of the
corresponding mixed Hodge modules), and put

K*(R) = C*(i%E).

We will see that the double complex K*, with its Hodge and weight filtrations (one
can see F via (4.1) here), is a mixed Hodge complex filtered by R". The last notion is
a technical condition, determined by El Zein, that implies that the spectral sequence
for R" is one of mixed Hodge structures. What the latter means is spelled out
after [HZ2, (5.5.2)], and it includes the assertion that the differentials of the spectral
sequence are morphisms of mixed Hodge structure. A useful criterion for that, which
is easy to check in practice, is that R be a convolutant of the weight filtration W,
which in turn implies that R" splits on Gr'V K* (see [23, (3.6)]).

We already know that R is a convolutant of W, with W = R « W where W#
is the usual Hodge weight filtration on the individual summands of the complex. We
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also have that R = R" + R by (3.5.9). However, this fact in general is not enough to
give

(4.5.1) W =R"x (R WH),

one would need to check that the three filtrations W¥#, R? and R’ form a distributive
family in the sense of [Ka, 1.7]. In this case, however, it is evident that (4.5.1) holds,
and we leave it to the reader to verify this. We therefore assert:

PROPOSITION 4.5.2. — The complex K* is a mized Hodge complex filtered by R" (as
well as by R) that determines the mived Hodge structure of OM with coefficients in E.

For emphasis, we restate a consequence of (4.5.2) that was mentioned above:

COROLLARY 4.5.3. — The holomorphic rank spectral sequence in the topological set-
ting is a spectral sequence of mized Hodge structures.

With (4.5.3) established, we make a Hodge theoretic comparison of the E;-terms
of the [topological] nerve and holomorphic rank spectral sequences. For that, we
examine the respective formulas, (4.4.8) and (4.4.10.1), for the Ej-term. One thing
stands out: they both involve the same variations of Hodge structure on Mp, viz.,
those coming from the representation of G, p on the E, .)’s. Where they differ
is in the finite-dimensional vector spaces (with the trivial Hodge structure) that the
cohomology groups H*(Mp, Eu(h,w)) are tensored with. As in [Z2], an “undesirable”
term in a formula can disappear because it gets tensored with O.

Finally, we assert the conclusion towards which we have been heading:

THEOREM 4.5.4. — The holomorphic rank (resp. nerve) spectral sequence for coher-
ent cohomology abutting to H*(Zs,i*Gri.{DR(M, Ecan}) is canonically isomorphic
to the Gﬁ oj the topologicaiholomorphic rank (resp. nerve) spectral sequence abutting
to H*(OM,E) ~ H; (Zs, E).

REMARK 4.5.5. — The same holds for all F?/F?" (with p’ > p).

4.6. Ghost classes

We set up the question of the existence of ghosts in its natural settings. The reader
should expect by now that there are two parallel notions, one for the topological setting
(local systems) and one for the coherent setting (vector bundles).

Let Y be a manifold-with-corners. Topologically, it is just a manifold-with-
boundary [BS, App.], but the boundary has designated differentiable corner structure.
Let {E,} denote the set of closed faces of codimension one in Y, and let V be a local
system on Y. We mention that Y and its interior are homotopically indistinguishable.
The faces of Y are themselves manifolds-with-corners. If we define the rank p(Y)
of Y to be the largest number of maximal (codimension-one) faces of JY having
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non-empty intersection, or equivalently, the highest codimension of a boundary face,
then, a face E of codimension m in JY has rank at most p(Y') —m, with equality if
and only if E contains a face of highest codimension in dY. Note that this notion of
rank is consistent with the intrinsic rank of parabolic subgroups when Y = M.

A ghost class in Y with coefficients in V is an element in H* (Y, ‘7) with a non-zero
image in
Ker{H*(Y,V) > @ H*(E,,V)}
(4.6.1) Gh*(Y,V) = o

Ker{H*(Y,V) — H*(Y,V)}
Ker{H*(Y,V) — @ H*(E,, V)}

C Im{H*(Y,0Y;V) — H*(Y,V)}
(it is denoted Spect®(Y, V) in [Z5]). The above is isomorphic to its image under
restriction to 0Y:

(4.6.2)  Im{H*(Y,V) — H*(Y,V)} NKer{H*(3Y,V) — @ H*(E,,V)}.

We call Gh* (Y, V) the ghost group of (Y, V). Note that the definition depends on the
corner structure of Y. In the case of Y = M, we have

Ker{H*(M,E) — @ H*(¢/(P), E)}
(4.6.3) Gh*(M,E) = —_r —
Im{H+(M,0M; E) — H*(M, E)}
where P runs over maximal parabolics.

Next, let Y be instead a complex manifold, and D an SNC divisor on Y. Let F
be a locally-free sheaf on Y. We assume given a partition of the set of irreducible
components of D, which decomposes D into a union |J; D; (cf. (2.3)). Then a ghost
class in Y with coefficients in F, relative to {D;}, is an element of H*(Y,F) that has
non-zero image in

Ker{H*(Y,F) = @ H*(D;, F @ Op,)}

(4.6.4) G VADLF) = T v A = B D.F e 0p)]

or equivalently:

(4.6.5) Im{H*(Y,F) — H*(D,F®Op)} N Ker{H*(D,F @ Op)
— @ H*(D;, F ® Op,)}-

Of course, we are most interested in the case where Y = My is a toroidal compactifica-
tion of a connected component of a Shimura variety, 7 stands for P, and D; = Zx(P);
in that case, (4.6.4) becomes:

Ker{H'(Mg,}') — @PH°(Zz(P),f® OZ (P))}
4.6.6) Gh*(Ms,{Zs(P)}; F) = 2
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The following is an immediate consequence of what we have developed in (4.1.7)
and [HZ2, (5.6)]:

PROPOSITION 4.6.7. — There is a natural decomposition
Gry.Gh* (M, E) ~ Gh*(Ms, {Z5(P)}; Gr3, DR (M, E)**").

REMARK 4.6.8. — Contained in the above assertion is the fact that the Hodge com-
ponents of a ghost class are themselves ghost classes. It follows that the existence of
ghost classes for the topological cohomology imply the existence of the same for at
least one of the vector bundles on the right-hand side and conversely.

Though we could state the essential content of the Hodge-theoretic criterion
(4.6.14) now, we first elect to formulate (4.6.3) in terms of a single filtered mixed
Hodge complex. Let

(4.6.9) ¢+ = Cone{C* (M, E) — C*(0M, E)}[-1],
and € its Hodge-theoretic quasi-isomorph:

(4.6.10) ¢* = Cone{C*(Ms, Rj.E) — C3,(0Ms, E)}[-1].
We have

(4.6.11) H*(¢*) ~ H*(€*) ~ H*(M,0M; E)).

As the cone of a morphism of mixed Hodge complexes, (4.6.10) is a mixed Hodge
complex in the standard way (see [E, p. 76]). We extend the simplicial filtration from
the boundary complex by simply setting €* = S, and likewise for €*. We now assert:

PROPOSITION 4.6.12. — In terms of the filtered mized Hodge complex (&',S), the
ghost group Gh*(M, E) equals
I { H*((S1/5-1)€*) — H*((S1/S0)€")}
Im{H*(S1€*) — H*((51/S0)€*)}

Of course, we may replace ¢* in the above by €.
The “denominator” in (4.6.12) (see (4.6.3)) is, in degree 1,

(4.6.13) Im{H'(M, E) — H'(M, E)}.

For E an irreducible representation of G of weight e, the weights occuring in the
left-hand side are < i + e, and those occurring in the right-hand side are > i + e.
It is immediate, then, that the mixed Hodge structure of (4.6.13) is actually pure of
weight ¢ 4+ e. We obtain the following criterion for the existence of ghosts.

CRITERION 4.6.14. — Assume that E is pure of weight e. If
Im{H'((S1/S-1)€*) — H'((S1/50)€*)} ~ Ker{H*(M, E) — @ H*(¢'(P), E)}
P

is not pure of weight i + e, then there are ghost classes in H'(M, E)
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REMARK. — Of course, (4.6.14) makes no statement about the possibility that the
weight i + e summand of Ghi(M, E) be non-zero. The method of [KR] finds ghosts
for E =C (e = 0) that are in the image of the Borel map (i.e., among the cohomology
classes of the invariant forms). These are of weight ¢. Thus, the above criterion is
independent of theirs.

There are other ways to write the ghost group, and each emphasizes a different
Hodge-theoretic relation. From the point of view in (4.6.2), we have the equivalent
formulas:

(4.6.15)(i) Gh*(M,E) ~ Ker{H*(50€*) — H*(5,€*) & H*((S0/5_1)€*)}
~ Ker{H*(0M,E) — (H*(M,0M; E)[1] & @ H*(¢'(P), E))}
P

(4.6.15)(ii) Gh*(M, E)
~ Ker{H*(So€*) — H*(S1€*)} NIm{H*(S_1€*) — H*(5,€*)}
~ Ker{H*(0M, E) — H*(M,0M; E)[1]} N Im{H*(S_,¢*) — H*(dM, E)}.

The apparent difference between (4.6.15) and (4.6.14) is that the former has one
looking at

(4.6.16) H*(0M,E) — @ H*(¢'(P),E)
P

= @ H.(MP7H (mPvE))@ @ H.(mP7E)a
P~P; PPy

whereas (4.6.14) emphasizes

(4.6.17) H*(M,E) — @ H*(¢(P),E).
P

REMARK 4.6.18. — The cohomology H(S_1€*) is that of the codimension-two
skeleton of OM, viz.,
H™'(U ¢@Q).E).
r(Q)=2
The above union is a non-vacuous disjoint union if and only if G is of Q-rank two, in
which case it equals
@ H'((Q)E).
r(Q)=2
In effect, the method used in [Z5, App. A] to rule out ghosts for G = GSp(4)
(4 x 4 matrices), was based on (4.6.15)(ii). The main step was to examine the weight
structure of H*(S_1€*)/Im H*(Sy/S_1€*), viewing H*(S_,€*) as the iterated deleted
neighborhood cohomology associated to ¢/(Q) C e¢/(P) € M for P of rank one and
containing ). Note that when G = GSp(4), Mp is a modular curve (uncompactified)

if P ~ P; and is a point if P ~ P,.
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The local system Eon M gets its weights from the weight homomorphism wg,
whereas the local systems on Mp get theirs from wp. The two are related by the
formula wp = mp - wg (see [HZ1,(1.2.2.1)]); mp gives rise to the so-called parabolic
weights, and the latter are computed from Kostant’s theorem.

4.6.A. Appendix: The case of GSpy. — For arithmetic quotients X associated
to a reductive group G, with tkgG?! = 2, the ghost group can be approached via
(4.6.15)(ii) and (4.6.18). It is not so difficult to see what is at stake, and we describe
it here, following and correcting [Z5, App. A].

The maximal closed faces of X consist of the Borel-Serre compactifications of
arithmetic quotients of spaces associated to Q-rank one groups. These are of two
types, corresponding to the two conjugacy types, P; and P», of maximal parabolic
subgroups of G; the two types of closed boundary face are here denoted X, and X,
and their respective interiors X; and X,. An intersection of type X [) X+ is a space
of type X129, corresponding to the minimal parabolics Pjo. The unipotent radicals
of the parabolics give rise to proper nilmanifold fibrations, e.g., X; — )?17 so the
cohomology of X; (with coeflicients) gets expressed as cohomology with coefficients
in Lie algebra cohomology; likewise for Xy — )?2 and X195 — X 12. The numbering
has been chosen so that when X is a connected Shimura variety, )?1 is a connected
Shimura variety of a Q-rank one group, and Xg is collapsed in the map to the Baily-
Borel (cf. (4.4)).

The geometry of the boundary is well-known (see the appendix to [HZ2, (3.5)]):

PROPOSITION 4.6.A.1. — Any two closed faces of type X1 are disjoint, as are two of
type Xo or Xy2. The boundary of a face of type X1 or Xy consists of a finite number
of faces of type X12, and each face of type X12 is a boundary face of exactly one face
of type X1, and of exactly one face of type Xo.

Let
(4.6.A.2) PGh (X, E)
= Coker{@ H Y (X1, E) & @ H Y(X2,E) - @ H' '(X12,E)},

where the sums are over the set of faces of the given type, be the pre-ghost group; it
is only from here that ghost classes could arise. When we decompose the cohomology
groups in (4.6.A.2) according to Kostant (cf. (4.6.16)), we get the direct sum of
mappings of the form

(4.6.A.3)(i) H*(X1,Ep) — HY (X19, Ey1)
(4.6.A.3)(ii) H¥(X2, E,2) — HE (X12, Ey2),

in which w? € W7 is a Kostant representative. The mappings (4.6.A.3) give the means
for killing potential pre-ghosts.
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In the case of GSp(4), everything is at its easiest. The space X, and X, are both
modular for GL(2), and X1, is just a point, reducing us to k = 0,1 in (4.6.A.3). Tt
turns out that k& = 1 is the more interesting, and we denote by PGh'(X, E)l the
corresponding subspace of PGh'(X, E) (We refer the reader to [Z5] to see that ghost
classes cannot come from k = 0.) Since X 1 and )?2 are both non-compact orientable
surfaces—call them S—the mappings in (4.6.A.3), when summed over the boundary
circles of a single S, can be interpreted as the natural mapping

(4.6.A.4) H'(S,E) — H°(05*, R'j.E),

where j : S < S* is the inclusion of S in its compactiﬁgation with cusps. For simple
topological reasons, (4.6.A.4) is surjective if and only if E is a non-trivial local system.
When E ~ C, we have instead

(4.6.A.5) dim Coker{H'(S, E) — H°(8S*,R'j.E)} = 1.

On the other hand, H(S, E) — H°(S*, R%j, E) is never surjective.

Let A1 and Ao be the fundamental dominant weights for the Cs root system. Let
E = E), and write A = mq A1 + maAs.
CALCULATION 4.6.A.6 ([Z5, (A.1.16)])

(i) By, is trivial as a representation of SL(2) if and only if [(w') = 0 or 3, and
mo = 0,'

(ii) Similarly, E., is trivial as a representation of SL(2) if and only if [(w?) = 0

or 3, and mp = 0.

We rewrite the right-hand side of (4.6.A.3) as
(4.6.A.7) (1) Erwr, (i1) E., w2,

where 7; is the non-trivial element of the A; Weyl group W; of P;. This enables us
to invoke (4.6.A.1) and write down a basis of PGh*(X, E)1:

PROPOSITION 4.6.A.8. — Let w'? be an element of the Weyl group W12 of Co, and

E, 12 the corresponding vector space. Then: PGh*(X, Ey); is generated by the E 2,

with w'? satisfying one of: w'? = mw!, l(w!) = 0,3, and ma = 0; or w'? = w?,

l(w?) = 0,3, and m; = 0.

It is useful to keep in mind that 7 W' JW? excludes just the identity element
of W12, Similarly, 7 W' (| 72W? is the longest element (I = 4) of W'2. We conclude:

COROLLARY 4.6.A.9. — The exceptions to the assertion “PGhi(X, EA)l = 0" are
given by:

(i)i=2:l(w') =0, and my = 0; or [(w?) =0, and my =0,

(ii) i = 5: l(w') =3 or [(w?) =3, and m; = ma = 0.

‘We prove next:
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PROPOSITION 4.6.A.10. — PGh2(X,Ey)1 N Gh2(X,E,) = 0 unless (m1,ms) =
(0,0).

By means of the other calculations in [Z5:(A.1)], we conclude:
COROLLARY 4.6.A.11. — Gh2(X, E,) = 0 unless (m1,m2) = (0,0).

Proof of (4.6.A.10). — Let w) denote the (Hodge) weight of E,. Ttis actually defined
only up to an even integer, and the choice will be seen to be irrelevant.

We recall the tables from [Z5:(A.1.15)], in abbreviated form, in which the parabolic
weights are determined from Kostant’s theorem:

wt ¢ parabolic weight highest weight for SL(2)
0 my+m m
(4.6.A.10.1) e ?
3 —mi — Mo — 4 mo

w2 ¢ parabolic weight highest weight for SL(2)
0 mi + 2m m
(4.6.A.10.2) e '
3 —mi1 —2m9 — 6 my

Again, to get a trivial local system at the boundary, we must have either ms = 0
(for 1 € W) or my = 0 (for 1 € W?2). This gives, for the corresponding trivial
local systems on )?1 and )?2, parabolic weights m; and 2mso resp. It follows that
H' (X2, E,\) is of Hodge theoretic weights wy — m1 + 2 and wy — 2ms + 2 resp. We
must check whether this can match a weight occurring in H?(X, E »). The latter are
all > 2 + wy, which is higher than those of Hl(Xlg, EA) except when m; = mo = 0.
Our assertion is proved. [l

REMARK
(i) The only possibility for a term E,:2 entering into PGh*(X, E)) that is not
covered by (4.6.A.9) is for w!? = 1 (when i = 1). This does not yield a non-zero

element of Gh'(X, E)), for the weights are wrong ([Z5, (A.1.18)]).

(i) The ghost class constructed in [KR] is for ¢ = 2 and m; = mge = 0.
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CHAPTER 5

ON THE COMPARISON OF HODGE STRUCTURES

It has been more than ten years since the “Zucker Conjecture” (see [Z2,§6]) was
proved. We quickly recall the statement in (5.1) below. Let M* be the Baily-Borel
Satake compactification of a connected component M of a Shimura variety.

THEOREM 5.1 ([L], [SS]). — Let G be the group in the Shimura datum giving rise to
M, E a rational representation space for G, and E the associated local system on M.
Then there is a quasi-isomorphism

t(M*, E) = IC*(M*, E),

between the sheaves of L? E-valued differential forms and the E-valued intersection
cochains on M*.

This has the standard consequence:
COROLLARY 5.2. — For all k, Hly (M, E) ~ IH*(M*, E).

Upon seeing (5.2), it is natural to expect more. Recall that each side of the iso-
morphism comes with an associated Hodge structure. For the L2-cohomology (the
left-hand side), it comes from the L? harmonic forms (see [SZ]); for the intersection
cohomology, it comes via Morihiko Saito’s Hodge modules [Sal]. A priori, the two
Hodge structures need not correspond under the isomorphism. However, there is an
inevitable conjecture, the Hodge theoretic version of (5.2):

CONJECTURE 5.3. — The isomorphism in (5.2) is an isomorphism of Hodge struc-
tures.

This conjecture remains unresolved. A few cases of (5.3), in which M™* has only
isolated singular points, are covered in [Z4]. We remind the reader that one cannot
even be sure a priori that the Hodge numbers (dim HP-?) coincide.

In the direction of (5.3), we now make the following improvement on [H5,3.3.9]:
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THEOREM 5.4. — For all k, the mapping
ri : Hy) (M, E) ~ TH*(M*, E) — H"(M, E)
is morphism of mized Hodge structures.

REMARKS 5.5

(i) The image of ry, is the lowest non-zero weight level in the mixed Hodge structure
of H*(M, E). This can be deduced from the decomposition theorem: IH*(M*, E)
is seen to have the same image in H*(M, E) as TH*(Msy, E) has, and the latter
determines the lowest non-zero weight level. Thus, (5.4) asserts that the Hodge struc-
tures in (5.2) have a given common Hodge-theoretic quotient. By semi-simplicity, this
quotient can be embedded as a common substructure.

(ii) Let ¢ denote the codimension of the singular locus in M*. Included in (5.2) is
the assertion that r; is an isomorphism whenever k& < ¢, and is injective for & = c.
Thus, from (5.4) it follows that (5.3) is true in degrees k < c.

We will be referring to the following commutative diagram:

WA

M*

As in (4.1.8), let DR(M, E) be the holomorphic de Rham complex of M with
values in E. We have the explicit formula on My:

(5.7) DR(M, E)*™ = Q3. (log Zs,) ® £,

a complex quasi-isomorphic to Rj,E. We write A*(DR(M, E)°*) to denote the
Dolbeault resolution of (5.7); this (or more precisely, its associated single complex) is
also quasi-isomorphic to Rj.E. We also let

A* = A*(DR(M, E)*™)

denote the complex of its global sections. Then H*(A*) = H*(M, E).
It is clear that A® is a subcomplex of

. . .
sia — Asia

(M, E),
the global sections of Az, (Mx, Zx) ® Q3 (log Zx) ® £°", which is equivalently (by

(2.6.1)) the global sections of the de Rham complex of forms with moderate growth
A2, (M, E) on M. We know that A%, (M, E) is quasi-isomorphic to Rk, E [B2,7.4].

sia sia

There is a tautological extension of E to a local system on M, as the latter is a
manifold-with-corners, and Rk, E is quasi-isomorphic to that. Thus, H*(Ag,) is also

H*(M, E), so the inclusion of A* in A2, is a quasi-isomorphism.

sia
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Both A* and A3, inherit a filtration F from the usual Hodge filtration on A* (M, E),
which is given in (4.1.2). Note that (A®,F) underlies the standard mixed Hodge

complex for H*(M, E).

PROPOSITION 5.8. — The inclusion of filtered complexes (A*, F) — (A%, F) is a
filtered quasi-isomorphism.

Proof. — We must show that for all p,
(5.8.1) Grh A* — GrlL A;

sia
is a quasi-isomorphism. Because of the way the filtration F' is given, we can rewrite
(5.8.1) as

(5.8.2) A*{Gr? (DR(M, E)***)} — A%, {Grh(DR(M, E)*")}.
Now, as we mentioned in §4, Grl.(DR (M, E)™) is a complex of Oz, -modules. That
(5.8.2) is a quasi-isomorphism follows by applying (2.2.5) to each term.() O

COROLLARY 5.9. — The filtration F on Ag, induces the Hodge filtration on
H*(M,E).

We can now prove (5.4). Let h* denote the space of E-valued harmonic k-forms on
M. According to [BG], h* consists of forms of moderate growth. Then, the inclusion

(5.9.1) h* — A3, (M, E),

s1a
which is for trivial reasons compatible with F', induces the morphisms r;. We may
invoke (5.5)(i) and the strictness principle for Hodge structures: a morphism of filtered
vector spaces (H,F) — (H',F') in which F and F’ define Hodge structures is a
morphism of Hodge structures. This completes the proof of (5.4).

(1) Alternatively, it is possible to invoke (4.1.12) at this point.
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