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FROBENIUS' THEOREM FOR DIFFERENTIAL FORMS
ON ANALYTIC SPACES

Hans - Jorg REIFFEN

let be A = c{z}k/w, B = c{x}m/’,‘, C= c{Y}n/'c , where C€{.} is the ring of all
convergent power series, The images of ZX,X ’Yv in A, B, C will be denoted by

,xp,yv.Q1(A) is the finite differential module of A over . ¢ . The module

T

2

r

A @' (8) of all differential forms of degree r is denoted by R (A).
d:a(a) »@

+1(A) is the natural derivation,

The rings B , C are called a decomposition of A if A is the analytic

tensor product of B and C
~
A=3B®c = ¢fx,v}/e{x,v}.(&,c).

let Mo y N0 be germs of complex analytic varieties and let B = &(Mo) ’

C = e(NO) be the (reduced) structure rings of the germs, then we have
B®C =0(MxN ).
0" o

If B , C are a decomposition of A , the module Qr(A) is a direct sum :

& (a) = 2 a”%(s,c),

pP+a=r
where Qp'q(B,C) is the module generated by

{dxu A-..l\d-xu AGY, Aeeondy 1€u1<...<p.p\<m,1<v1<...<vq<n} .

1 P 1 q
We have d = dB + dC » Where dB ’ dC are the derivations relatively to B resp.
C , and we have a differential sequence

d
1
0= P(B) & P°(s,c) = ' (B,C) = ... ,

where ¢ 1is the natural injection, If C is contractible, then this sequence is

exact, Il A is reduced, the sequence
0-3-4-0""(s,c)
is exact, and we have
B=d(e'"°(8,0)),c = a” (& (3,0)).

. 1 1
In this case the sum Q a) =¢ ’O(B,C) + 90’1(B,C) determines the rings B , C .
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We now will study the following precblem : Given a direct sum 91 (4) = @'+Q"

can it be obtained from & decomposition of A ?

THEOREM 1. let A be a domain and let the summands Q' , Q" of the direct sum

91 (A) = @'+Q" be generated by elements df , f € A , Then there are rings B sy C
such that A =B®C , @' = Q '°(8,0),@" = 90’1(3,0),_

Proof ., We have

=
]

C{X,Y} /2, Q" A.(dx1,...,dxm),
Q" = A.(dy,s.eendy ).
If A is regular, then there is an isomorghism ¢ : A -R , where R is a
ring of power series. By ¢ we have an isomorrhism cp1 : 91 (a) » 91 (R) . We may

suppose, that

R = G{U,V},cp1(9')

R.(dU1 - ..,dUp),
v (a")

R.(dV1,...,qu).

]

If ¢ is given by the substitution of & = (2',@") , @' = (@;,...,@I;l) ,
" = (e::;,...,qw;) , We have a®' = dcp(X“) € R.(dU1,...,dUp), o' ¢ ¢{u} and
"
<I>3 € C{V} . Then &' , ®" are biholomorphic mappings of the germs cé’,cg onto

germs M'c:ozm,N Cd}n . We have A =0(MxN ) .
o o’ o o oo

In the general case A 1is the structure ring of an irreducible germ Ko .
Iet K represent K0 in an open neighbourhood W = W' x W" , W' C Q:m , W' C Cn ’

of 0 . We use the following notations,

¢ » & are the structure sheaves of W resp, K , J is the ideal sheaf of

X, 91 is the sheaf of differential forms of degree 1 on K. We set
Q' ¢ =3.(dx1,...,dxm) , Q" 2 =0‘.(dy1,...,dyn) .

We may suppose, that the sum 51 = Q' + Q". is direct and that J is generated

by holomorphic functiohs h1 ""'ht on U .,

W € X is a regular point, we have

qwo = 0;0'(h1""'ht) = &Wo.(f1,...,fr,g1,...,gs) , fg€W{X},gc€®{Y} .

Setting
11---1t}7

PR— ] 1 " 1 o 0 — .
M:={w €W .hT(W ey ) =0 4T

N

]

fw € w h_r(w? ,...,w: W) =0 , T =1,...,t}

we get K 0 = (M x N) °o Then Ko must be an irreducible component of (MXN)O.-
w w
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STORCH has given an algebraic proof for theorem 1 ([3]). By STORCH's proof

theorem 1 is valid in the complete case too.

if A 1is regular, the theorem of FROBENIUS gives a condition for Q' being

generated by elements df , f € A

1
Iet A be regular and let Q (A) = Q' + Q" be a direct sum. Then we have :

Q' is generated by elements df , f € A iff dQ' < Q1A Q' -

In the singular case we have :

THEOREM 2, Let A and the direct sum 91(A) = Q' + Q" satisfy the following condi-
tions ¢+ A is a domain, 91(A)‘ is torsionless, there is a contraction vector field

v on A such that v(Q') =0 , emdim A/V(Q1(A)) = dim Q'A‘Q' . Then we have :
Q' is generated by elements df , f € A iff dQ' c Q1A Q' -

An A-module M is called torsionless if the natural mapping M — M** (x>
bidual module) is injective. For a reduced complete intersection the following are
equivalent :

(i) 91(A) is torsionless.

(ii) The codimension of the singular locus of A is »2 .

(iii) A is normal.

A contraction vector field v on A is a vector fiéeld on A , which in an
appropriate coordinate system 21""’Zk can be represented by a vector field
T m, ZM O/OZM » » 0 integer. For the embedding dimension of Av s .= A/V(Q1(A))
we nave the formula emdim Av = emdim A - rank dv , where dv is the linear map-

ping in the tangent space given by the matrix

m1 0 +ee O

0 ... .O m .

For the proof of theorem 2, see [2].

We give an application ([1], [2]).

The analytic ring A = €{U}/e  is called real if we have f: = zEa ¢ o
for all f = Eaa Ua € A , The morphisms in fhe category of real analytic rings are
given by substitutions of real power series,

If Ko c R: is the germ of a real analytic variety, the ring A =¥ (Ko) of
all germs of complex-valued real analytic functions on KO is a real analytic

ring., We have A = a'(ﬁo) » Where Ko is the complexification of Ko .
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A direct sum 91(A) =Q' + Q" is called an almost holomorphic structure on
the real analytic ring A if we have QU = Q" . The quasi-local ring
H(A) : = d~1(Q') is called the ring of almost holomorphic functions. In general
H(A) is no analytic ring.

The germ Ko C:K% (K=R or €) of a K-analytic variety is called a cone
if there is a coordinate system such that the ideal of KO in this coordinate sys-
tem is homogeneous of a type (mT,...,ml) s, m >0

A
We have ([2]) :

let K C mo be an irreducible germ of a complex analytic variety with an
- o0

isolated singularity. Then Ko is a complex cone iff Ko is a real cone.-

Hereby and by theorem 2 we have ([2]) :

THEOREM 3, Zlet K° c Rﬁ be an irreducible real cone with an isolated singularity

and let 91(A) , A ==£,(Ko) , be torsionless. Then for an almost holomorphic

structure 91(A) = Q' + Q" the following gre equivalent :
(i) K0 is complex analytic with holomorphic structure ring 2a) .
(i1) We have d@' c 91,\ Q' , and there is a contraction vector field v on

A such that v(Q') =0 , rank dv = 1/2 emdim A.~
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