ELENA STROESCU
A dilation theorem for operators on Banach spaces

Mémoires de la S. M. F., tome 31-32 (1972), p. 365-373
<http://www.numdam.org/item?id=MSMF_1972__31-32__365_0>

© Mémoires de 1a S. M. F,, 1972, tous droits réservés.

L’acces aux archives de la revue « Mémoires de la S. M. F. » (http:/smf.
emath.fr/Publications/Memoires/Presentation.html) implique 1’accord avec les
conditions générales d’utilisation (http:/www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit contenir
la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=MSMF_1972__31-32__365_0
http://smf.emath.fr/Publications/Memoires/Presentation.html
http://smf.emath.fr/Publications/Memoires/Presentation.html
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Colloque Anal. fonctionn. [1971, Bordeaux]
Bull. Soc. math. France,
Mémoire 31-32, 1972, p. 365-373.

A DILAPTON THEOREM FOR OPERATORS ON BANACH SPACES
by

Elena STROESCU

Introduction. -

Let R+ be the set of all non-negative real numbers and B (¥ ) the
Banach algebra of all linear bounded operators on a Banach space ¥ . In this pa-
per, we present a dilation theorem by which an object {¥ , I' , U} dilates into
{f,09,P, r , V} ; where ¥ and ¥ are Banach spaces, is a bicontinuous iso-
morphism of ¥ into ¥ , P a continuous projection of ¥ onto ©(¥) ,

r={Tt}teR+C B(¥) and 1"={Tt}t€R

a B X )-valued linear map on an arbitrary algebra (@ estimated by a submultipli-

+CB( %) are operator semi-groups, U is

cative functional and V a B( ¥)-valued representation on @ such that

V. 'i't = i‘t Va , for every a€Q and t€ R . This theorem is an extension of
some previous results (see [8] , [9]) ; it has arisen from the concern to characte-
rize restrictions of spectral operators on invariant subspaces (or operators which

dilate in spectral operators) by a map replacing the spectral representation.

Notations. -

Throughout the following C denotes the complex plane ; N = {0,1,2,...};
Q@ an arbitrary algebra over C with unit element denoted by 1 ; K a submul-

e e . . . + .
tiplicative functional of @ into R (i.e. KabSKaKb for any a,b€Q) such

that Kl =1 3; X a Banach space over C ; ((%) the Banach algebra of all 1li-

near bounded operators on % over C ; I the identity operator. Let T,
TQE B( %) two commuting operators ; then one says that T. 1is quasi-nilpotent

equivalent with T, and denotes T, ~ T, , if 1lim ||(Tl- Te)nH Im=o. a family
n-—»>o

of operators {Tt}tG_R"' cB(x) 1is called semi-group if Ty =1 and T =TT

for any t and sER+.

THEOREM. - Let {Tt} +CB(%¥) be a semi-group of operators and U :Q@-+>B(%)

t€ER

a linear map such that U, =1, HUa Il <X, , for any a€d .

Then, there exists a Banach space % , an isometric isomorphism ¢ of
¥ into % , a continuous projection P of % onto ©(X) , a semi-group

T= {i‘t}te R¥ CB( £) and a representation V : @ + B (%) such that :
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(o) 1Pl =25 l|F)l =l 7l . for eny teR'; Vv, =1 and
”Va” <K, forany a€Q .

(1)  v,T =TV , forany o«€Q , TER' .

(ii) P:i"r \A o (x) = cp(TTUax) , for any a€Q , T€R+ , XEX o

~ ~ +
(iii) ¥ is the closed vector space spanned by { TtVacp(x);ocEO., te R ,x€ ).

(iv) Let s GR+ 3 then we have the following equivalences
1° TS o(x) = cp(Tsx) , for any x€% ;
20 Pi'sva ®(x) = TPV o(x) , for any a€Q , x€%;

o = .
3 UaTs TsUa , for any a€Q

(v) Let bEQ ; then V. ©(x) = o (U x) , for any x€X is equivalent
b b

with Uab = Uan , for any a€Q .

(vi) Let o€ R+ and B €Q commuting with all the elements of @ such

= = . T oy -
that U, = UaUB » T U, =UT , for any a€@ ; then ||(T(7 VB) |

I (To - UB')n” , for every né€N .

R*xQ x(t’a’)
Proof : A) Let us consider the Cartesian product % =
( (t,a)€ R*xa
+ t,a)
and the direct sum  E(X xa),= A z , Where z(t.e) g for
(t,a)eR™>x @

+

+ R"xQ . .
every t€R , a€Q . An element y€% is a family (yt,a)(t,a.)eR+xa

(many times we write y = (yt,a)t,a ) of components (Y)(t,a.) =Y. €%, for every

+ (R*xa) _ r*xa ..
t€ER , a€Q . If y€x c X , then (y)t o=V o # 0 for only a finite
E] 9’

number of elements (t,a)€ R'xa .

Let us consider a map : . +
£ (®x Q) R*x a

of into %

_ t,a
©=(9"") ayer*xa
defined by

= (7 r TU for ev GI(R+XO)
8y L ab’s,b s ery y .
’

)

t,a

It is easy to see that ® is a well defined linear map. Then, we denote by x

the range of ® and by ¥ an arbitrary element of ¥ .
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For every §€% , we have :

+
o5 = rex® ) gy =5
We define a function w : % +R' by m(i).= inf T I K‘b“ y. .l
) ye@-l({$)) sp ° ;00 7

for every §€% ; let us prove that w is anormon % . Let u€EC be non-zero,

Fe€X anda A(WH) = {uy ; y€®_l({?}) 3 then we show that ®-1({u37}) = A(u¥). In-

deed, let wuye A(u§), i.e. yE@-l({j‘r}), then uy = (uTt LT U Y b)t o= 0wy,
s,b s s

hence uy€®_l({u§}) . Let now z€®_l({u§}), i.e. Bz =u§y or® % = § , hence
z - -

y' == €@({$}) and z = uy'€ A(uF) . Then w(py) = inf :le el 2 .
! z€0 " ({u§}) sl ol 2o,p

N T N LA T

z€ A(uF) s,b s % S yeo l((§) s ° R S,P

= |u|  inf ol e Iy, = Tul o), ivee wlud) = Julul@) ;
v€0~1({5) sp  ° RRRER

whence one deduces also that w(a)-- O « Then, for u = 0 we have m(OS}) =0 and
O0w(§) = 0, for any §€% . Hence w(yy) = |u|w(§) , for any Fe% , nec .

Al L2
Let § , ¥ €% and

a3t + 30 = ¥ e® 5 yree (M, yPeo T s,
. ~l, A2 =121, A2
then obviously we have A(F+ §)c @ "({F+ §°}) and

RERRI P LA LY RN I

+§
2€07 L7+ § s,

w(§

< inf DR I O [ 0 S |
Tzeai+ 5D s S Soll %o

. 1 2
= qinf - Tl &l vg o+ vg Il <
y1€®—l({?l}), y2€ @ 1({?2}) S K‘b S,b S,b

< _inf zlT ik Iyt |l + inf sl el y2 ]
veo (5 s o Sl ¥a ea 1({5%)) sp S % s"L

iee. (55 5°2) < w3+ w(3°) , for a11 §, F€I

Then, from the definition of w , for every $€X , we have :

1) o <z Tl Kl Ys,b , for any y€O L({§}) and
s,b
2) 19, Il Ty || Kgol§) 5 for tert , aca .

Hence w is a norm on ¥ ; we denocte by £ the w-completion of ¥ and the norm

on i also by w .
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+
B) We define an isomorphism ¢ of % into R xa by ©(x)=(T Uax)t o

= (T T TU. 6§ & for every x€% .

t Uab Sos S1p Fi,a €F 5
s,b

Applying 1) and 2) we get

3) x|l < wl@(x))< ||x|| , for any x€% .

Therefore ¢ is an isometric isomorphism of X into X .

We define a projection P of X onto o(%) , by Py = o(§ ) for

-~ O’
every F€X . Applying 3) and 2), we get w(P§) = w(cp(?o 1 ”yo ll < wl§), i.e.

L) w(P¥) < w(§) , for any H€% . Hence, P can be extended by continuity

to a continuous projection of X onto @(%) , that will be denoted by the same

symbol.
Let now t€R' ; then for every FEX we put
Tr y= (Tt z Ts+r Uab ys,b)t ,:a = (Tt z To Uab Vot ,b)t,a =
S,b N 0,b
=(Tt r T U, zab)ta = @z=zex .
o,b
where we denote s + 1 =0 Zc,b = yc-r,b for o>t and z'o,b= 0, for Ogo<t ,
with bv€d .

~ -~

We see easily that ‘fT is a well defined linear map of ¥ into %X .

Let us prove that also it is continuous.

~ = (®*xa) _

For every J€% , denoting A(r, §) = (26 k2 10 b yc—r,b for
o>t and 3,0 p =0 for Ogo <7t ,DEQ, y€®-l({i}) } , we see that
JENIPOR, DT N .

At, §F)c® ~({T_%}) . Then, we have w(T_§) = inf e e 1% i<
T s T EE®_1({TT§'}) ,b o] Kb 0,b
inf tolT ki, = dnf Tl Kl ¥ I
fea(r,y) op  ° Sl %o n gETH{T §1) op 0 © ol Yout.
T
= inf g flr, e v, o I<liT |l o), ie.
veo1({51) s S+T K-'b s,b T ’
5) cu("In‘T 7) g”TTH w(§) , for any 3762 .

Thus, for every T €R+ N TT can be extended by continuity to an element
of B(%) , that will be denoted by the same symbol. Then, we see easily that
PTTcp(x) = t‘,o(’I‘T x) , for any x€% .
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Hence || T, x|| w( CP(TT x))

i.e.

6)
{T }

e is a semi-group of operators, that we denote

ert

c) Let us define a representation V . Let a€

we put

)

v s,b t,a=

o

z
s,b

(T

t y

¥ Ts Uaab

Bu

(7, = T U =
S ac
s,C

ac = {b€Q

u

t s,c)t,a

c}

by
L€ Clc

and u

ab
s,c

H

Vs ,b

~1

is well defined. Indeed, let ¥

The map Va

1

DX X
R+xa)
y

such that

1
ab Js ,b

, y2exl 1= 0y1 ana §2 = 0y°

T =Tt

t

E]

2
z TsU ab ys,b

s,b

r T U
s,bs

2
a'b ys,b

=T

T b

Then, "

z TS U
s,b
with a€Q . We see

Y

r T U
s

yl
1
a'd Ys,b s,b

easily that for every
: Q

w€@, V
_a
~ &£ (%)

§=§% , for any $€% . Moreover, V is

+
, for t€R and a'
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(P o(x)) < w( o< |T || olwx) =T |||,

”TT x|]< ]I'i‘TH ||x|| , for any x€%¥ . At last, we see easily that

by T

@ ; then for every j‘rEi ,

s€rY , cea

= }7265 ; then there exists
, hence

for any t€R+ , a€Q .

aa€

¥ >% is a linear map and

a representation (see [4] ;

for a vector space X , &£(X) denotes the algebra of all linear maps of X into
X ) . Now, we prove that, Va X % is continuous, for every oa€Q . Let o€Q ,
PP ay _ (R*xQ) . “1,,4
F€X and Ale , §) = {u€X s u T ¥y , YE@ TT({§#})} , then we see
s,C bEQ s,b
c
Ao , §) c®-l({Va $}) . Therefore, we have :
wV_§) = inf ro il gl <
o 'LIE@-J'({Vay}) s,c S K'b s,C =
< inf ot llx lu. || = inf okl oz oyl <
u€ala,§) s,c 87 ¢ 8¢ ven T({F) s, shoe beEa, L
<inf e ik Ny, <k inf z T ¥, Jl= K o)
y€®—1({§’}) s,b s ob s,b "' Ta s,b ” s” Kb” s,h“ o 4

vee ~LU{F})

i.e. for every a€Q we get

7)

can be extended by

Lo(Vol 7)< K, w(§) , for any FEZ . Hence, v,
continuity to an element of B(Z ) that will be denoted by Vv, » for every a€Q.

24
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Thus, (0) 1is completely proved. The property (i) is immediate, since

+ -
fo a = =
r every o€ and TER , we have TV, ¥ (Tt SZb Torr Yoo ys,b)t,a

~ k]

= Va T_r ¥ , for any 9€§ . Using the definitions of ¢ , P, Vu and TT , for
0€Q, 1€ RY , we obtain immediately (ii), (iii) and (v).

D) Let us prove (iv). From T _op(x) = (Tt T, Uy x)t,a and

cp(Ts x) = (Tt U, T x)t,a , we see that 1° and 3° are equivalent.

Now chosing o =1 in 2° , and using P’fTCp(x) = CP(TT x) for t€R' y
x€%X (see (ii)), we get 1°.

Conversely, taking into account of (ii) and writting 1° with U, x ins-
tead of x , for a€Q, we get 2° .

At last, we show (vi). Let 06R+ , and B€Q, as in the assumption,

also let n€N and 5’6% 3 then, we write :

G -v)P= 1 (PF ey

o 8 k=0 B
S s ru, Ry ) = ev=e}
= - = = b
k=0 t s,b s ab o B s,b't,a
where v is defined by
n n-k 2 n-k - =1 +
vep = I (PN BTy o, for ye T (Y , seR , ana
s,b k=0 o B s,b
beEQ .
Denoting by A(o, B, n, §) = the set of all element v so defined, we
see that :

8o, 8, m, PecOHE - v §)).

Then, we have :

w((T_ -V )" ) = inf T v <
o B V€®-l({Tg- VB)H'?}) s.b I s” K"b” s,b”
< inf T Tk || v =
oy 5 m ) e el

) n -« B n-k
= inf It lx] = (D" @™ Fy | <
vee l({F}) s,p ° & k=0 B Tsb

n
(-0 () 5 B gnr A el gl vg ol =

<z
= yee 1§} s,

k=0
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n
)n-k (k) Tlg U’g-k | w(§) . Therefore, for every n€ N ,

n
= |z (1
k=0
we have m((i‘c— VB)n < (i‘c- Ue)n” w(§) , for any F€Z ; hence
”(fg- VB)nH < ”(Tc- UB)n” . Conversely, since (‘50- VB)n o (x)= c;;((T0 - UB)n x)

for any x€% , we get easily ”('fc- VB)nH < | (Tc - Ue)n”

DEFINITION. - Let {%¥, I , U} be an object, where % 1is a Banach space,

T = {Tt}t €r* cB (%) a semi-group of operators and U : @+ B (%) a linear map

as in the asbove theorem. Then, an object {x s, P, T, V} where X is a

Banach space, ® a bicontinuous isomorphism of ¥ into ¥ , P a continuous pro-

Jection of I onto 9 (%) , I = {ic}téR*' cB(%¥ ) a semi-group of operators and

V:a-> B(¥) a representation such that Vl =1, Va TT = TT Va s for any

a€d , 'reR+ , is called an Q-spectral dilation of {%¥, I , U} if the property

(ii) is satisfyed. An Q-spectral dilation is called minimal if also we have (iii).

Remark 1. - When @ 1is a Michael algebra and U : @+ B( %) a linear continuous

map, then K is the seminorm which estimates U .

‘Remark 2. - Let TEB(X) ; then the above theorem is obviously true with

™ instead of {Tt}

n€N te RY

Application. - Let %Y be an admissible algebra in the sense of [1]. Then, an
operator T€ B( X¥) is called Y-subspectral (see [9]) if there is a Banach space
containing ¥ as a closed subspace, a continuous projection P of f onto ¥ ,

a Y -spectral operator TER(E) having a U-spectral representation V : Q@ - 8( i)
with the properties szCf and Pi'fo = ‘fPfo , for any f€Y , x€%X , such
that T|, =T .

We have the following characterization for U-subspectral operators : an
operator TE€B(X) is Y-subspectral if and only if there is a linear map
U:%> B(%) with the properties :

(1) u =1,
(2) Upr, =0p Uy s
(3) |]Uf|| < ML, for any fey ,

(where M is a positive constant and L : U~ B(Y) , a linear map satisfying
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(3) HLng <zl ||Lg|| , for any f, g€% and the function

(33) £ > LfE is analytic in csupp f , for every f€Y ;

Y is a Banach space), such that T, =0
and [9]1).

g T, for any f€Y and U-T , (see [8]

If % 1is an admissible topologic algebra with the topology of Michael
algebra, then the property (3) of U is replaced by its continuity.

For instance, let Y= {z€C ; |z| = 1} ; one denotes by LP(Y)(p < =)
the Banach space of the all complex-valued functions f on Y such that |f|P is
integrable with respect to the Lebesgue measure. (Thus a function f€ IP(Y) if

and only if the function f defined by t(o) = f(ele) for 6€ [- m, + 1] belongs

pe 1
to L(27T as)) .

In the same way one considers the Banach algebra Lm(Y) of all complex=-
valued essential bounded functions with respect to the Lebesgue measure on Y ,
(i.e. a function f€ L°(Y) if and only if the function f defined by
7(8) = £(e®) belongs to L( % a8)) .
Let p>=1 , as usual, the space uP
D={z; |z| <1} such that f. defined by fr(e) = f(reie) , for 8€ [~ m, +n] ,

is the set of analytic functions in

belongs to LP(E}-T— d6) for every O<r<1 , or with the other words, H® is &
closed subspace of functions f of IP(Y) such that Jrm 1o f(ele) = d6= 0 ,

n=1, 2,3, «e. -

Taking %= IP(Y) and U= L7(Y) , we define a representation
V:Y-> B(X) by :

ch f=0¢f , for every cpELw(Y) , f€ vy .

From the theorem of M. Riesz ([3], cap. IX) we have LP(y) = HP EB?IT(; ,

1l <p < o, where ’}TIO) is the space of complex-conjugate functions of H® beco-

ming zero at z = O ..Let P be the continuous projection of IP(Y) onto HP .

We define the continuous linear map U : L(Y) > B(H®) vy :

Uy £ =P Y, £ , for every O¢€ Lo(y) , reHP .

Obviously, U 1is a continuous linear map with the above properties (1)

and (2). Then an operator T€®B(HP) such that Uy T=TU for @€ L(Y) and

00 cp ’
T~ U . is a L (Y)-subspectral operator. For p =2 , V 10
e

10 is the bilateral
e

shift and U 30 is the unilateral shift (see [2]) .
e
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