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INVOLUTIVITY OF TRUNCATED MICROSUPPORTS

BY MASAKI KASHIWARA, TERESA MONTEIRO FERNANDES
& PIERRE SCHAPIRA

ABSTRACT. — Using a result of J.-M. Bony, we prove the weak involutivity of trun-
cated microsupports. More precisely, given a sheaf F' on a real manifold and k € Z,
if two functions vanish on SSy (F'), then so does their Poisson bracket.

RESUME (Inwvolutivité des micro-supports tronqués). — Utilisant un résultat de
J.-M. Bony, nous prouvons l’involutivité faible des micro-supports tronqués. Plus
précisément, étant donnés un faisceau F' sur une variété réelle et k € 7Z, si deux
fonctions s’annulent sur SSi (F'), il en est de méme de leur crochet de Poisson.
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1. Introduction

The notion of microsupport of sheaves was introduced by two of the present
authors (M.K. and P.S.) in the course of the study of the theory of linear partial
differential equations. References are made to [3]. These authors also intro-
duced a variant of this notion, that of “truncated microsupport” and developed
its study with the third author in [2].

A crucial result in the microlocal theory of sheaves is the involutivity of the
microsupport. This property does not hold true any more for the truncated
microsupport, but a weak form of it does. More precisely, we prove here that
the truncated microsupport is stable by Poisson bracket, that is, if two functions
vanish on it, so does their Poisson bracket. The main technical tool is a result
of J.-M. Bony which asserts the same property for the normal cone to a closed
subset.

2. Notations and review

We will follow the notations of [3] and [2]. For the reader convenience, we
recall some of them as well as the definition of the truncated microsupport.
Let X be a real analytic manifold. We denote by 7: TX — X the tangent
bundle to X and by 7n: T*X — X the cotangent bundle. For a smooth
submanifold Y of X, Ty X denotes the normal bundle to ¥ and 7y X the
conormal bundle. In particular, T%X is the zero section of T*X. We set
T*X =T*X \ X, and denote by 7: T*X — X the restriction of w to 7*X.

For a morphism f: X — Y of real manifolds, we denote the associated
morphisms by

[ X xyTY — T*Y and fq: X xy T*Y — T X.

For a subset A of T*X, we denote by A® the image of A by the antipodal
map a: (x;€) — (x; —€). The closure of A is denoted by A.

For a cone v C T'X, the polar cone v° to v is the convex cone in T* X defined
by

7 ={(z;€) € T*X;2 € w(7) and (v,§) > 0 for any (z;v) € 7}.
A closed convex cone 7 is called proper if 0 € v and Int(y°) # @.

Let k be a field. One denotes by Mod(kx) the abelian category of sheaves
of k-vector spaces and by D’(kx) its bounded derived category. One denotes
by D%_.(kx) the full triangulated subcategory of D®(kx) consisting of objects
with R-constructible cohomology. If X is a complex manifold, one denotes by
Db._ (kx) the full triangulated subcategory of D’(kx) consisting of objects
with C-constructible cohomology.

If S is a locally closed subset of X, one denotes by kxg the sheaf on X
which is the constant sheaf with stalk k on S and 0 on X'\ S. If there is no risk
of confusion, we may write kg instead of kxg.
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For k € Z, we denote as usual by DZ*(kx) (resp. D=F(kx)) the full ad-
ditive subcategory of D’(kx) consisting of objects F' satisfying H7(F) = 0
for any j < k (resp. H(F) = 0 for any j > k).

We denote by 7<F: D(kx) — D<F(kx) the truncation functor.

Recall that for F' € D(kx) the morphism 7<FF — F induces isomorphisms
HI(rSFF) = HI(F) for j <k and HI (7SFF) =0 for j > k.

If F is an object of D%(kx), SS(F) denotes its microsupport, a closed
R*-conic subset of T*X. For p € T*X, D%(kx;p) denotes the localization
of Db(kx) by the full triangulated subcategory consisting of objects F' such
that p ¢ SS(F). A property holds “microlocally on a subset S of T*X” if
it holds in the category D’(kx;p) for any p € S.

We recall the definition of involutivity of [3]. This notion makes use of that
of “normal cone” (see [3, Def.4.1.1]). For a pair of subsets S; and Sz of a
manifold X, the normal cone Cp(S1,S52) at p € X is defined as follows: it is
a closed cone in the tangent space T, X consisting of points v such that, for a
local coordinate system, there exist a sequence {z,}, in S1, {yn}n in Sz and
a sequence {an}n in R>g such that =, and y, converge to p and an(z, — yn)
converges to v. For a subset S, C, (S, {p}) is denoted by C,(S).

DEFINITION 2.1. — (see [3, Definition 6.5.1]) Let S be a locally closed sub-
set of T*X and let p € S. One says that S is involutive at p if for any
0 € T;(T*X) such that the normal cone C,(S,S) is contained in the hyper-
plane {v € T,(T*X); (v,0) = 0} one has H(0) € Cp(S). Here H: T (T*X) =
T,(T*X) is the Hamiltonian isomorphism.

If S is involutive at each p € S, one says that .S is involutive.

The involutivity theorem of [3, Theorem 6.5.4] asserts that the microsupport
of sheaves is involutive.

The following definition was introduced by the authors of [3] and developed
in [2].

DEFINITION 2.2. — Let X be a real analytic manifold and let p € T*X. Let
F € D%kx) and k € Z. The closed conic subset SSi(F) of T*X is defined
by p ¢ SSi(F) if and only if the following condition is satisfied.
(i) There exists an open conic neighborhood U of p such that for any
x € m(U) and for any R-valued C'-function ¢ defined on a neighborhood
of x such that ¢(z) =0, dp(x) € U, one has

(2.1) Hf@zo}(F)a: =0 foranyj<k.

We refer to [2] for equivalent definitions. In particular, it is proved in loc. cit.
that one can replace the condition that ¢ is of class C! by ¢ is of class C?,
where o € Z>1 U {00, w}.

This condition is also equivalent to:
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(ii) there exists F' € DZ**1(kx) and an isomorphism F ~ F” in Db(kx;p).

3. Normal cone

Let us recall the notion of the normal vector due to J.-M. Bony. Here we set
forr >0
By(z) = {y €R"; [ly — || <r},
the open ball with center x and radius r.

PRrROPOSITION 3.1. — Let X be a real manifold, S a closed subset of X, and
a € Z>1 U {oo,w}. Then the following subsets of T*X are equal:
(i) SSo(ks);

(i) the closure of the set of points p = (x;€) € T*X such that x € S and there
is a C% function ¢ defined on a neighborhood U of x such that ¢(x) =0,
do(x) =€ and SNU C o H(Rxo);

(iil) the closure of the set of points p = (x;&) € T*X such that x € S and
Cx(S) C {v e T, X; (v,§) > 0}.

If X is an open subset of R™, then the above sets are equal to the following
set:
(iv) the closure of the set of points p = (z;§) € T*X such that x € S and the
open ball By¢(x — t€) does not intersect S for some t > 0.

Proof. — We may assume that X = R"™.
(i) = (ii)o is an immediate consequence of Definition 2.2. In particular, the
set (i), does not depend on a.
(ii)q = (iv) for a > 2 is obvious.
(i)q C (iii) is clear.
(iii) C (iv). Let p = (z0; &) € T*X with xp € S and
Cuo(S) C {v € T X; (v, &) = O}

We have to prove that p belongs to the set (iv). The proof is very similar to
that of Lemma 3.3 of [2], but for the sake of completeness, we shall repeat it.
If &, = 0, then it is trivially true. Hence we may assume that &y # 0.
We shall show that for an arbitrary open conic neighborhood U of p, there
exists a point (z1;£1) € U such that the open ball B¢, | (z1 — &1) satisfies

(3.1) 1 €S, 11 ¢ BH&”(ZL‘l - fl) ns.

This implies By, (21 —t{1) NS =@ for 0 <t < 1.

Let us take an open neighborhood V' and a proper closed convex cone 7 such
that & € Int(y°), V x (v°\{0}) C U and Int(y) # @. Since Cy, (S)N~y* C {0},
there is p > 0 such that

H_:={z eR"; (x — x0,%) > —p}
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satisfies H_ N (zg+v%) C V and SNH_ N (2o +~%) = {xo}. Set Sp :=SNH_.

Let us define the function ¥ (z) on R™ by

(@) = dist(2,7") == inf{|ly — 2] ; y € 4"}

It is well known that ¢ is a continuous function on R", and C* on R™ \ 2.
More precisely for any € R™ \ 7%, there exists a unique y € * such that
Y(x) = ||z — y|. Moreover di)(z) = ||z —y||~*(z — y) € 7° \ {0}. Furthermore
By (z)(y) is contained in {z € R™;9(z) < ¥(x)}.

For € > 0, we set

¢ ={z eR"; (z) <e}.

Then ~¢ is an open convex set. Moreover v& + v* = 2.

Let us take v € Int(v), and 6 > 0 such that o — dv € H_. Then take ¢ > 0
such that 72 — 6v C Int(y%), (zo +72) N H_ C V and (xo +7%) NSy C H_.

Set W = z¢ + v¢ + tv for t € R. Then one has

(3.2) W = Uy We and W; = Nerse Wer = Nyrsy Wi,
(3.3) xo€WNS fort>0, and W,NH_ =@ for t <0,
(3.4) Wi;nSyc H-NV for t <O0.

Hence, for any closed subset K of H_ and t € R such that K N W, = @, there
exists t/ > t such that K N W,y = &.

Let us set ¢ = sup{t; W; NSy = @}. Then ¢ < 0 and W, N Sy = &. By the
above remark, one has W,NSy # @. Take x; € SoNOW,. Here OW, := WC\VVC
is the boundary of W_.. The point x; belongs to H_ NV.

As seen before, there exists an open ball B.(y) such that B.(y) C W,
lz1 —y|| =€ and 21 —y € v°. Hence B.(y) N SN H_ = &, while H_ is a
neighborhood of z1. Hence (x1; z1—y) belongs to U and satisfies condition (3.1).

O

DEFINITION 3.2. — For a closed subset S of X, the closed subset given
in Proposition 3.1 is called the 0-conormal cone of S and denoted by N ().

Note that Ni(S) is a closed cone and it satisfies
Wx(Ng(S)) = Wx(NO*(S) ﬂT_)*(X) =8S.
Note also that one has Nj(S) = SSo(ks) C SS(ks).
EXAMPLE 3.3. — (i) If S = X, then Nj(S) =T%X.
(ii) If S is a closed submanifold, then Ng(S) = T§X.
(iii) If X =R? and S = {(x,y) € X; 2 >0 or y > 0}. Then
N (8) = {(2,9:0,0) € T X ; (a,y) € S}
U{(z,y;6,m) € T*X;y=0,2<0,7>0and { =0}
U{(x,y;f,n) €eT"'X;2=0,y<0,{>0andn= O}.
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One has the microlocal isomorphisms

kx on {(z,y;0,0); > 0 or y > 0},

kgy—oy on {(z,0; 0,77) x <0 and n > 0},
kiz—oy  on{(0,5:€,0);y <0 and &> 0},
E{(0,03[—1] on {(0,0;£,7m); £ > 0 and > 0}

Note that (see Theorem 4.5 below)
SS(kxs) =SS1(kxs) = Ng(S)U{(0,0:¢,m) € T"X; £, > 0}
and this set is different from N (.5).

kXS ~

PROPOSITION 3.4. — (i) Let f: X — Y be a morphism of manifolds and let S
be a closed subset of X. Assume that f(S) is a closed subset of Y. Then

Ny (f(9)) C fxfi (N5 (S)).
If f is moreover a closed embedding, then one has N§(f(S)) = fxfi {(NG(S)).
(ii) For a closed subset Sy of X1 and a closed subset Sy of Xo, one has

NS(Sl X SQ) = N{f(Sl) X NS(SQ)

(i) If a closed subset S of X satisfies N§(S) C TxX, then S is an open
subset.

(iv) Let f be a C*-function on X, let S a closed subset, and let c € R. Assume
that f|s: S — R is proper, f(S) C [a,00) for a < 0. If df (x) ¢ Nj(S)
for x such that f(x) < ¢, then f(S) C [¢,0).

(v) Let ~y be a proper closed convex cone of R™, Q an open subset of R™ such
that Q +~% = Q, and S a closed subset of  such that S is relatively
compact in R™. If N;(S)N (S x Int(v°)) = @, then S is an empty set.

Proof. — (i), (i), (iii) are easy exercises.
(iv) If f|s5 takes its minimal value at « € S, then df (x) belongs to N;(.S).
(v) is nothing but Lemma 3.3 in [2]. O

The following property of involutivity is due to J.-M. Bony [1].

THEOREM 3.5. — Let S be a closed subset of X and f, g two C'-functions
on T*X such that N§(S) is contained in the zeroes’s set of f and that of g.
Then N§(S) is contained in the zeroes’s set of the Poisson bracket {f,g}.

4. Involutivity of truncated microsupports

THEOREM 4.1 (Weak involutivity of truncated microsupports)

Let F € D(kx), k € Z and let f, g be two C'-functions on T*X such that
SSk(F) is contained in the zeroes’s set of f and that of g. Then SSi(F) is
contained in the zeroes’s set of the Poisson bracket {f, g}.
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Proof. — Assume that SSi(F) C {f =0} N{g = 0} and let p = (xo; &) such
that {f,g}(p) # 0. We have to show that for any function ¢ with ¢(zg) =0
and dp(z0) = &, the local cohomology HY,- oy (F)z, vanishes.

By induction on k we may assume that p ¢ SS,_1 (F'). Hence we may assume
that F € DZ*(kx). Then Hﬁazo}(F)zo ~ D(p>0} (H¥(F))z,. Assume that
s € Tiy>0)(H"(F))z, does not vanish. There exists an open neighborhood
V of zo such that s extends to § € I'(,>03(V; H*(F)). Then S := supp(s)
satisfies N (S) C SSi(F). Hence p ¢ N§(S) by Theorem 3.5, which is a

contradiction. O

REMARK 4.2. — The truncated microsupport is not involutive in the sense
of Definition 2.1. Indeed, for X = R and Z = {« € X ;2 > 0}, one has

SSo(kz) = {(2:€): £ =0,z >0}.
Hence one has C,(SSo(F), SSo(F)) C {—d§ = 0} with p = (0;0), but —9/0z =
H(—dg) ¢ Cp(SSo(F)).

COROLLARY 4.3. — Let S be a locally closed submanifold of T*X such that
T,S is not involutive for any p € S. Then S NSSK(F) C SSk(F)\ S.

THEOREM 4.4. — Let F € D%(kx), k € Z and let S be a subanalytic subset of
T*X of dimension smaller than dim X. Then SSi(F) = SSk(F)\ S.

Proof. — We shall argue by the induction on dim S. There is a closed subana-
lytic subset S7 of S such that dim S; < dim S and Sy := S\ S is non singular.
Since T},Sy is not involutive for any p € Sy, SSi(F) C S1 U SSk(F) \ S. Hence
one has SSi(F) \ S = SSi(F) \ S1, and the induction proceeds. O

THEOREM 4.5. — Let F' € D_.(kx). Let {Ya}aca be a locally finite family
of real analytic submanifolds subanalytic in X, and let A, be an open subset
of Ty X subanalytic in T*X, such that SS(F) C Uy Aa. Let Ko € Db(k)
and assume that F' is microlocally isomorphic to ky, @ K, at every point of A,.
Set

Ap = {oz EAK, ¢ D>k(k)}.
Then SSi(F) = UaeAk Ay for any k € Z.
Proof. — Set S = Jyea(Aa \ Ag). Then dimS < dim X. If o € Ay, then

Ay C SSk(F) and if o ¢ Ay, then SSi(F) N A, = @. Hence SSx(F)\ S =
(Uaea, Aa) \ S. Hence Theorem 4.4 implies the desired result. O

The following corollary is proved in [2] when k = C by a different method.
Let X be a complex manifold. Recall that F' € D2__(kx) is perverse if

codim Supp(H*(F)) > k and codim Supp(H*(RHom (F,kx))) > k
for any k € Z.
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COROLLARY 4.6. — Let X be a complex manifold. Let F € Db_.(kx) and let
{Xo}aca be a family of complex submanifolds such that X, and X, \ X, are

closed complex analytic subsets and SS(F) = J,e 4 Tx, X
(i) If F is a perverse sheaf, then one has

(4.1) SSk(F) = U T X for any k.
codim X, <k
(ii) Conversely if F € D*(kx) satisfies
(4.2) SSk(F) USSk(RHom (F kx)) | ) Tx.X for anyk,
codim X, <k

then F' is a perverse sheaf.

Proof. — Recall (see [3, Theorem 10.3.12]) that F' is perverse if and only if F
is microlocally isomorphic to a finite direct sum of copies of kx_[— codim X,,]
at a generic point of Tx X for any a.

(i) Assume F' is perverse. Using the notations of Theorem 4.5, we get
A = {a; codim X, < k}
and the result follows from this theorem.

(ii) The proof goes as [2, Corollary 6.10]. For the sake of completeness,
we repeat it. Recall that py (-) denotes the Sato’s microlocalization functor.
By [3], F is isomorphic to kx, [~ codim X,] ® K at a generic point of T% X
for some K € D°(k). Since pux, (F) must be in D=4 Xe (kpy x) and

px, (F) ~ kr; x[—codimXo| ® K,
one has K € D=%(k). Similarly,
px., (RHom (F,kx)) ~ k:T;(QX[— codim X,] ® RHom (K, k)
implies K € D=°(k). O
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