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CURVATURE HOMOGENEOUS RIEMANNIAN
MANIFOLDS ( )

By F. TRICERRI anp L. VANHECKE

1. Introduction

Let (M,g) be a Riemannian manifold and denote by R its Riemannian curvature
tensor. We suppose that (M,g) is of class C* and, if necessary, that (M,g) is
connected. The Riemannian manifold is said to be curvature homogeneous if for all
points p and g of (M, g) there exists an isometry f of the tangent space T, M on the tangent
space T,M which preserves the curvature tensor, that is f*R, =R, ([17],[6], p. 109).

Of course, a (locally) homogeneous Riemannian manifold is curvature homogeneous
but the converse is only true in special cases. (See Section 5 and [5], [19] for
counterexamples.) For example, let (N, g) be an irreducible symmetric space and let
(M, g) be a curvature homogeneous space whose Riemannian curvature tensor is the
same as that of (N, g). It is proved in [21] that in this case (M, g) is locally symmetric
and hence locally isometric to the so-called model space (N,g). We note that this result
will also follow from a more general theorem which will be proved in Section 3 and it
can be considered as a particular case of a theorem of Z. I. Szabo [18], Theorem
4.3. (See also the remarks at the end of section 4.)

This property shows that, up to local isometry, there is a unique curvature homoge-
neous Riemannian manifold whose Riemannian curvature tensor is that of an irreducible
symmetric space. In Section 4 we will show that this result still holds when the model
space (N, g) is a reducible symmetric space with a de Rham decomposition without
Euclidean factor. This means that the curvature tensor R has vanishing index of
nullity. In what follows we will call the set of the germs of Riemannian metrics which
are locally isometric, an isometry class. Then our considerations lead to the following

(*) This work was partially supported by contract Nr. 86.02130.01, C.N.R., Italy.
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536 F. TRICERRI AND L. VANHECKE

problem, stated by M. Gromov:

PrOBLEM 1. — Do the isometry classes of the germs of Riemannian metrics which have
the same Riemann curvature tensor as that of a given homogeneous Riemannian manifold
depend on a finite number of parameters?

Of course, there are examples of curvature homogeneous manifolds which are not
locally isometric and whose curvature tensor is that of a homogeneous space. Such
examples are given in the work of Ferus, Karcher and Miinzner about isoparametric
hypersurfaces [5] and for these examples there are only a finite number of isometry
classes.

In Section 5 we shall study an infinite family of isometry classes of irreducible
complete Riemannian metrics on R*® which are curvature homogeneous but not locally
homogeneous. For these examples, the curvature tensor R is that of R x H?, where H?
is the hyperbolic plane of constant curvature — 1.

These examples have been introduced by K. Sekigawa [15]. Their isometry classes
are in one-to-one correspondence with R?/Z,; so they depend on two parameters.
Nevertheless, the metrics of Sekigawa are not the only metrics on R® which have the
same curvature tensor as R x H2. Indeed, O. Kowalski and the two authors constructed
in [12] some non-homogeneous metrics on R* which have the same curvature tensor as
R x H? and whose isometry classes depend on two arbitrary functions. So we get a
negative answer to Problem 1, but we are unable to give an answer to:

PROBLEM 2. — Do the isometry classes of the germs of Riemannian metrics which have
the same Riemann curvature tensor as that of a given “‘irreducible” homogeneous Riemann-
ian manifold depend on a finite number of parameters?

Beside these local problems it is also possible to consider a global one. In fact, let M
be a compact manifold of dimension n and .#,(M) the set of Riemannian metrics on M
which have the same curvature tensor as a homogeneous space (N, g). The diffeomor-
phism group Diff (M) of M acts naturally on .#,(M). So we can consider the moduli
space M ,(M)/Diff (M) and state the following.

CoNJECTURE OF GROMOV (see [2]). — The moduli space M ,(M)/Diff (M) is finite dimen-
sional.

For example, this conjecture is true if the model space (N, g) is a symmetric space of
non-positive sectional curvature and, when dim M >3, its de Rham decomposition does
not contain any Euclidean factor nor any factor isometric to the hyperbolic plane
H2. (Compare with the examples of section 5.) In this case, the index of nullity of
(N, g) is zero. Therefore, all the metrics of .#, (M) are locally isometric to g and locally
symmetric. If dim M =2, they have the same constant negative Gauss curvature and
the result follows from the classical theory about the moduli space on a Riemann
surface. If dim M =3, the Mostow rigidity theorem [13] applies and .#,(M)/Diff (M)
reduces to a point. [Recall that all the metrics of .#,(M) have the same curvature
tensor and this removes any indetermination.]

Motivated by these problems we will study in Section 2 and Section 3 the case where the
so-called model space (N, g) is a general homogeneous Riemannian manifold. Contrary to
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CURVATURE HOMOGENEOUS SPACES 537

the case of symmetric spaces, isometry classes of such manifolds (N, g) are not determined
by the Riemannian curvature tensor but we now need the curvature and the torsion
tensor of a particular invariant connection, namely the canonical connection of a reductive
homogeneous space. In what follows we call this the Ambrose-Singer connection ([1],
[8], [20]). As is well-known, this connection is not uniquely determined but it depends
on the group G of isometries acting transitively on the manifold and also on the reductive
decomposition of the Lie algebra of G. On the other hand, all these connections
determine the same (M,g). (We refer to [20] for more details.) Note that for a
symmetric Riemannian space, the Riemannian connection D is an Ambrose-Singer
connection.

In Section 2 we give a brief survey about the curvature and torsion of an Ambrose-
Singer connection. In particular we consider the notion of an infinitesimal model of a
Riemannian homogeneous space. This notion is implicitly contained in [14] and may
be seen as a generalization of that of a holonomy system introduced by J. Simons in
[16]. (See also [3].) Infinitesimal models have also been used by O. Kowalski in his
book on generalized symmetric spaces [9].

In Section 3 we consider Riemannian manifolds equipped with a metric connection V
whose curvature tensor Ry and torsion tensor Ty are the same as those of a given
infinitesimal model m. When m is supposed to be naturally reductive we obtain that
Ty is parallel with respect to V. Moreover, when m is in addition Einsteinian, Ry is
also parallel and hence, for naturally reductive Einstein models m, V is an Ambrose-
Singer connection. Using standard results, we obtain from this that the Riemannian
manifolds with such a model are locally homogeneous and locally isometric to that
infinitesimal model. Note that there is no scarcity of examples of naturally reductive
homogeneous spaces (see for example [4]). All normal homogeneous Riemannian man-
ifolds are naturally reductive ([8], [22]) and all isotropy irreducible homogeneous
Riemannian manifolds have the same property [23]. (For further references and exam-
ples we refer to [11], [20].)

We return to symmetric infinitesimal models in Section 4 to prove the already men-
tioned extension of the result proved in [21].

We are grateful to M. Gromov for his interest in this work and for several useful
discussions.

2. Ambrose-Singer connections

Let (M, g) be a Riemannian homogeneous space. As is well-known, there exists on
(M, g) a metric connection V such that its curvature tensor Ry and its torsion tensor Ty
are parallel with respect to V. In what follows, a connection on a Riemannian manifold
which satisfies these three properties will be called an Ambrose-Singer connection. This
is motivated by:

THEOREM 2.1 [1]. — Let (M, g) be a connected, simply connected and complete Riemann-
ian manifold equipped with an Ambrose-Singer connection. Then (M, g) is homogeneous.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



538 F. TRICERRI AND L. VANHECKE

(See also [20].)

The curvature and torsion tensor of an Ambrose-Singer connection satisfy a collection
of algebraic identities which we recall first:

(2.1 (Ry)xy= —(Rv)yx,
(2.2 (To)x Y=—(Ty)y X,
(2.3) (Ry)xy &=0,
(2.4) (Ry)xy* Ty =0,
(2.5) (Ry)xy Ry=0,
(2.6) xgz {Re)xy Z+(Ty)ag v Z } =0,
(2.7 > | (Ro)rox vz } =0.
X,Y,Z

Here X, Y, Z are C* vector fields on (M, g) and ), denotes the cyclic sum. Moreover,
Ry and Ty are defined by:

(2- 8) (RV)XY = V[x, Y1 — [Vx, VY]
and
(2.9) (To)x Y=Vx Y —Vy X —[X, Y].

Further, in (2.3), (2.4) and (2.5), (Ry)xy acts as a derivation on the tensor
algebra. Hence, these identities may be rewritten as follows:

(2.10) g(Ry)xy Z, W) +2(Z, (Ry)xy W) =0,
(2.11) [(Ry)xys (Tv)z]_(Tv)(RV)xyzzo’
(2.12) [(Rv)xy> (Ry)zwl — (Ro) Ry)xy zw — (R¥)Z @g)xyw =0

The identities follow at once from the fact that g, Ry and Ty are parallel with respect to
V and from the Ricci identity

(2.13) V?{Y—V\z(x= _(RV)XY_V(TV)X Y-
(2.6) is an immediate consequence of the first Bianchi identity

(2.14) 2 {RIxy ZH(To)agx v Z+(Vx(Ty))y Z} =0.

X, Y, Z
Further, (2.7) follows at once from the second Bianchi identity

2.15) Y. {Vx(Ry)yz +(Ry)rox vz } =0.

X, Y,Z
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CURVATURE HOMOGENEOUS SPACES 539

Next we consider the notion of an infinitesimal model. Let (V, <, ») be a Euclidean
vector space of dimension n. Let

T: V-oHom(V,V): X Ty
and
R: VxV-oHom(V,V):(X,Y)— Rxy

be tensors of type (1,2) and (1,3) on V. Then we state

DerFiniTION 2.1. — (T, R) is said to be an infinitesimal model (of a homogeneous
Riemannian manifold) on V if T and R satisfy the identities (2. 1)-(2. 7).

Two infinitesimal models, (T, R) on (V, {,>) and (T, R’) on (V’, {, )’), are said to be
isomorphic if there exists an isometry a: (V, {,>) = (V’, ¢ )’) such that aT=T" and
aR =R’ that is

(2.16) (@aT)y=a°T,-150a”",
(217) (aR)X’Y':aORa_lX’a_lY’oa_l‘

It is clear that when (M, g) is a homogeneous Riemannian manifold, V an Ambrose-
Singer connection on it and 0 an arbitrary point of M, then T=Ty, and R=Ry,
determine an infinitesimal model on (V=T M, {,>=g |0). Since (M, g) is (locally)
homogeneous, the choice of another point 0 gives an isomorphic infinitesimal model.

Conversely, let (T, R) be an infinitesimal model on (V, {,>). Following Nomizu [14]
(see also [9], [10]), let b be the Lie subalgebra of the Lie algebra so (V) of skew-symmetric
endomorphisms of V defined by

(2.18) h={Aeso(V)|A-T=0,A-R=0}.

It follows from (2. 3), (2.4) and (2.5) that Ryy€l. Further, let g be the direct sum of V
and b and put

(2.19) [X,Y]=—TxY—R,Y,
(2.20) [A, X]=A(X),
(2.21) [A,B]=A-B—BoA

for all X, YeV and A, Bel. Then, the identities (2. 1)«(2.7) yield that g, with this
bracket, becomes a Lie algebra. Now, let G be the connected, simply connected Lie
group with Lie algebra g and let H be the connected subgroup corresponding to ). When
H is closed, then M=G/H is a smooth manifold and the inner product ¢, > extends to a
G-invariant Riemannian metric g on M. The canonical connection associated with the
reductive decomposition g=V @ ) is an Ambrose-Singer connection with curvature tensor
R and torsion tensor T at the origin.

These considerations show that the study of Riemannian homogeneous spaces G/H is
equivalent to the study of a class of infinitesimal models.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



540 F. TRICERRI AND L. VANHECKE

In what follows we denote by m (V) the set of infinitesimal models on (V, {,>). It is

3 4
the subset of (® V*) ® (® V*) determined by the algebraic conditions (2. 1)-(2.7). Note
that we do not make a distinction between covariant and contravariant notation. We
pass from the one to the other by using the inner product {,).

In [20] we introduced the notion of a homogeneous Riemannian structure and gave a
classification of these structures. A homogeneous structure on a Riemannian manifold
is a tensor field S determined by

S=D-V

where D denotes the Riemannian connection and V an Ambrose-Singer
connection. Since V is metric, Ty determines S completely by

(2.22) 28(5xY,2)=—g(Ty)x Y, D) +2 (Ty)y Z, X) =g (Tv) X, Y).
Conversely, we have
(Tv)xY = SY X _ SX Y.

In this context, we say that an infinitesimal model (T, R) is of type # when the tensor S
determined by

(2.23) 22(8xY,Z)=—Txyz+ Tyzx—Tzxy

where Tyyz=(TxY,Z), is of type # according to [20], p.40. For example, we say
that the model (T, R) is of type J 5 or is a naturally reductive model if

SxX=0 or,equivalently, Tyxx=0

for all X, YeV. It is clear that the symmetric infinitesimal models are obtained by
putting T=0.

We note that in this last case Nomizu’s construction is the classical construction of E.
Cartan of a symmetric space by using the curvature tensor. Moreover, in this case, the
subgroup H of G, corresponding to the Lie algebra determined by (2. 18), is always
closed and compact (see [7], p. 218-223). Hence, in this case there is a one-one correspon-
dence between the symmetric spaces and the symmetric infinitesimal models.

3. Naturally reductive homogeneous spaces

Let OM be the bundle of orthonormal frames of (M, g). A point u=(q;u,, . ..,u,)
of OM determines an isometry between V=R", equipped with the standard inner product,
and (T,M,g,,) by

(3.1) u@=u(,....,80=3 u.
i=1
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Further, let V be a metric connection on M. Then its torsion and its curvature tensor

3 4
define a map @ of OM in (® V*) @ (® V*) given by

(3.2 @ (u) =(Ty (1), Ry (v))

where

(3.3) To(We e365=(Tv | Jutgutrues
(3.4 RV(u)§1 €283 é4=(RVIq)u§1 ubrubzuty

and §;, &,, &3, E,€V.

3 4
The orthogonal group acts on the right on OM and also on (® V*) ® (® V*). This
last action is given by

(3.5 (T,R)a=(Ta,Ra)
where

(3-6) (Ta)§1 &2 §3=Taixa&2a€3’
(3.7 (Ra)§1§2§3£4=Raﬁlaézﬂﬁsaé4

and &, ...,E,€V, ae0 (n).

Further, the set m (V) of infinitesimal models on V is invariant under this action of
the orthogonal group and moreover, since (ua)E=u(at), we have

(3.8) ® (ua)= (u) a.

Hence ® is equivariant.

DEermNITION 3. 1. — Let m=(T, R) be an infinitesimal model on V=R" corresponding
to a homogeneous Riemannian manifold (M° g°. We say that a metric connection V
on M has the torsion and the curvature of m if ®(OM) is contained in the orbit of m
under the action of the orthogonal group.

The definition above is equivalent to the following fact: for all points p of M, there
exists an isometry a, of V=R" on T, M such that

(Ty, ) a,=T, (Ry|pa,=R.
Or, equivalently, there exists an orthonormal frame (u,, . . ., u,) of T, M such that
(TV)ijh = (TV)ui ujup = Tijh’
(RV)ijh = (Rv)u,- ujupug Rijhk’

where T;j, and R, are the components of T and R with respect to the natural frame
e, =(1,0,...,0),...,¢,=(0,0,...,1) of V=R".

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



542 F. TRICERRI AND L. VANHECKE

Using these remarks we obtain:

PrOPOSITION 3.2. — Let V be a metric connection on (M, g) which has the torsion and
the curvature of an infinitesimal model m=(T,R). Then

(i) Ty and Ry satisfy the identities (2. 1)-(2.7),
(ii) Z (Vx(Ty))yZ=0;

X,Y,Z

(i) Y (Vx(Ry)yz=0;

X,Y,Z
(iv) || T¢||=]||T|| and || Ry ||=||R || are constant on M.

Now, let m be a naturally reductive infinitesimal model, that is Tyy;={(TxY,Z) is
skew-symmetric. Hence, if V has the torsion and the curvature of m,

(To)xyz=8((Ty)x Y, 2)

is a three-form on (M, g). With this, we are ready to prove

LeEMMA 3.3. — Let V be a metric connection on (M, g) which has the torsion and
curvature of a naturally reductive infinitesimal model m=(T,R). Then Ty is parallel with
respect to V.

Proof. — To simplify the notation we put T'=Ty. First, from Proposition 3.2, we
get that || T’|| is constant. Hence

0=3 Vo || T

2 =2 Z (Vrzan/)ith;jh+2 ” VT ”2
h

m, i, j,

Next, using (ii) of Proposition 3.2, we obtain

“ VT'|P= Y (VAT)m Tt Y (VAT Ti
m,i,j, h m, i, j, h
or, since T’ is a three-form,
” VT'|*=2 Z (Vrzni T’)jmh Tt{jh'

Now we use the Ricci identity and (2.4) to obtain

|vT

2=2 z (ViZmT/)jth;jh_z Z (VpT’)jth;nipT;jh

m, i, j, h m, i, j, h, p

=2 Z (VizmT/)hjmTL{jh_?‘ z (VpT/)hjmT;nipT;jh-

m, i, j, h m, i, j, h, p
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Using again (ii) of Proposition 3.2 and the skew-symmetry of T’ we get
“VT/”2= -2 Z (Vp T,)hjmT;nipT:{jh

m,i, j,h, p
=2 Y (v, T) jpm Tomip Tijn+2 Y (V5T phm Tomip Tijn
m, i, j, h, p m,i, j,h, p
=4 Z (Vh Tl)jpm ;nip ;jh
m, i, j, h, p

=4 Z (VpT/)mhj ;'ihthmp=_2“VT,

m, i, j, h, p

K

This yields the required result.

COROLLARY 3.4. — With the same hypotheses as in Lemma 3.3 we have the following
relation between Ry and the Riemann curvature tensor R of the Riemannian connection D:

(Ry)xy =Rxy+[Sx, Syl +Siro)x v

where S=D—V.

Proof. — This follows at once from the definition of the curvature tensor and from
V(Ty) =0.

COROLLARY 3. 5. — With the same hypotheses as in Lemma 3.3 we have
(Ro)xyzw =8 (Rv)xy Z, W) =(Ry)zwxy-
Proof. — Use Corollary 3.4 and the skew-symmetry of S.

COROLLARY 3.6. — With the same hypotheses as in Lemma 3.3, the Ricci tensor py,
given by

(Pv)xy= Z (RV)XE,,, YE»

is symmetric. Moreover, if the Riemannian Ricci curvature p satisfies Vp=0, then Vpy=0.

Proof. — The symmetry follows at once from Corollary 3.5. Further, since V(Ty) =0,
(2.22) yields VS=0. The rest follows now easily from Corollary 3. 4.

LemMA 3.7. — With the same hypotheses as in Lemma 3.3, Vp=0 implies V (Ry)=0.
Proof. — Put R’=Ry, T'=Ty, p’=py. Since |R’
0=Y VoulIlR'[?=2 Y (VamR)imRimu+2| VR’

m, i, j, h k

is constant, we get

2

Using (iii) of Proposition 3.2 we get

”VR' =— Z (VrzniR/)jmhkRz{jhk_ Z (Vrzan,)mihkR;jhk

m, i, j, h, k m, i, j, h, k

=-2 Z (VrzniR/)jmhkR;jhk'

m, i, j, h k
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Now we use the Ricci identity and (2. 5) to obtain

2=-2 Y (VAR)mRimt2 Y (VR juni Rk Thnipr

m, i, j, h, k m, i, j, h k, p

| VR’

Corollary 3 5 and again Proposition 3.2 yield

2=-2 Y (Vi R)psejm Rijuc+2 Z Trip (Vo R jouiic Rijik

m, i, j, h, p m, i, j, h,k, p

=4 ) (Vi R")imjm Rijue+2 z Trip (VR jruic Rijik

m, i, j, h, k m, i, j, h, k, p

=4 Y (ViP)yRim+2 X Top(VR) e Rime

i, j,hk m, i, j,hk, p

| VR’

=2 Z T;m'p (Vp R’)jmhk R;jhk'

m, i, j,h k, p
Now, (2.4) yields

Z (R;jhm T:nkl + R;jkm T;ml + R;jlm T;lkm) =0.

Since V(Ty) =0, we get from this

24 (V5 R iim Trata (V5 R m Tt + (VR i1 Thiom } =0

and hence

Y {(ViR) iim Lokt (ViR m Thmt + (ViR i1 Thiom § =0.
m,l

On the other hand, using once again Proposition 3.2 (iii) and also Vp’=0, we obtain

Z(Vl R/)iﬂm:o'

1

Using the last two formulas we obtain

2=2 Z T:nhl (Vl R,)kmij ;lkij

m, i, j, h k1

| VR’

=2 Z T;lml (Vl R,)ijk"' R;jhk

m, i, j, h,k, 1

=2 Z T;nkl(VlR,)hmin;lkij= _HVR,

m,i,j, h k1

2

This yields the required result.
From Lemma 3.3 and Lemma 3.7 we obtain:

THEOREM 3. 8. — Let (M, g) be a Riemannian manifold equipped with a metric connection
V such that its torsion and curvature tensor are the same as those of an Ambrose-Singer

/
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CURVATURE HOMOGENEOUS SPACES 545

connection of a naturally reductive homogeneous Einstein space (N,g). Then (M,g) is
locally homogeneous and locally isometric to that model space (N, g).

What we mean here is that the curvature and the torsion of V are the same as those
of the infinitesimal model of (N, g).

Proof. — If (N, g) is an Einstein space, then Vp=0. The rest follows now easily.

From this we get:

COROLLARY 3.9. — Let (M, g) be a Riemannian manifold such that its Riemann curvature
tensor is the same as that of a symmetric Einstein space. Then (M, g) is locally symmetric
and locally isometric to that model space.

Since an irreducible symmetric space is Einsteinian, Corollary 3.9 implies at once the
result proved in [21].

4. Riemannian symmetric spaces

In this section we shall extend the result of Corollary 3.9.

A simply connected symmetric Riemannian manifold is, up to an isometry, determined
by the Riemann curvature tensor or, equivalently, by its symmetric infinitesimal

model. Putting T=0 in (2.1)-(2.7) we see that the set mg(V) of these models is the
4
subset of ® V* determined by the conditions

(4.1) Rxy=—Ryx,
(4.2 <RXYZ’W>+<Z’RXYW>=O’
(4.3) Ryy R =0,
(4.4) Y RyyZ=0.
X,Y,Z

We say that a Riemannian manifold (M, g) has the same curvature tensor as that of a
symmetric Riemannian space if its Levi Civita connection D has the same curvature tensor
as that of the infinitesimal model corresponding to the symmetric space. This means
that R, (OM), where Ry, is the map defined by (3.4), is contained in the orbit of an
element R of mg(V) under the action of the orthogonal group. In this case, a theorem
of Singer [17], p.688 implies that there exists a principal subbundle P of OM with
structure group H where H is the connected component of the identity of the subgroup
of O (n) consisting of the elements leaving R invariant. This means that (M, g) has an
H-structure.

Using Cartan’s construction of a symmetric space from the curvature tensor (see for
example [7], p.218-223 or our remarks in Section 2), we see that H is the connected
component of the identity of the isotropy subgroup of the connected and simply connected
symmetric space (M?, g% which has R as its curvature tensor.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



546 F. TRICERRI AND L. VANHECKE

The Lie algebra h={Aeso(n)|A-R=0} of H contains the holonomy algebra K
because K is generated by the operators Ryy and Ry, R=0. It is also easy to see that
f is an ideal of b.

The vector space V may be decomposed as a direct sum of orthogonal subspaces
which are invariant under the action of f. In general we have

V=V, ®V,®...@V,

where f acts trivially on V, and irreducibly on V, for a=1. This decomposition is also
b-invariant. Indeed, we have that Ze V, if and only if Ry, Z=0 for all, X, Ye V. But
since AR =0 we have also

RXYAZ=ARXYZ—-RAXYZ—RXAYZ=0

and so AZeV,. Further, the spaces V,, a=1, are generated by the vectors RyyZ,
where X, Y, Ze V, because the V, are f-irreducible. Now, since

ARxyZ=RyyAZ+R xyZ+RxayZ=—Ryaz X —Razx Y+ R xy Z+Rxav Z,
we see that ARy, Z€eV,.
It follows from this that each element A of [y may be decomposed in a unique way as
A=A,+A,+...+A,
where
A=Ay, a=0.

Now, let X, denote the projection of X on V,. The invariance of V, under the action
of f implies that Ry y,Z,=0 except when a=B=y. Hence

Ryy Z= 21 Rx, Yy Za
and we have A-R =0 if and only if for all a=>1
A, R,=0
where R, is determined by
(Ra)X, Yo Z,= qu Yo Z,
This proves that
h=so(m)xbh; x ... xDh,

where m=dim V, and h,, a =1, is the isotropy algebra of the connected simply connected
symmetric space (MY, g% with curvature tensor R, This space is irreducible since

f,=f v, acts irreducibly on V,. It follows from this that bh,=b,y, coincides with the
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