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COHOMOLOGY OF LINE BUNDLES ON G/B

By HennING HaAHR ANDERSEN

Let G be a connected algebraic group over a field of characteristic p>0. Denote by B a
Borel subgroup of G. Let y be a character of B and consider the induced line bundle L (y)
on G/B. This paper deals with the questions:

(a) when is H(G/B, L(x))#0?

(b) what is the structure (dimension, trace, G-composition factors) of H'(G/B, L(y)) ?

An important partial answer to (a) is contained in the following Theorem due to
G. Kempf [9]:

If H°(G/B, L(x))#0 (. e. if x is dominant) then H'(G/B, L(x))=0 for i>0. (For
another proof see [2].)

For non-dominant weights, however, very little is known about the vanishing behaviour of
the cohomology of L (). In fact the only group for which there has been given a complete
answer to (a) is SL(3) (W. L. Griffith [5]) but even in this case (b) is wide open.

Our main results in this paper are (see Section 1 for notation):

(2.3)and (2.9). — If0=<<a , x><p—1lor{a ,y>=ap"—1 with a<p and neN then

H'(G/B, L(x))~H""'(G/B, L(s,(x +p)—p).

(3.1). — If there exist positive integers a, n with a<p and two distinct simple roots o, B
such that (o, x> +ap"+1<0and (B, x D+ap"{P , a»+1=0then H' (G/B, L(x))=0.

(4.5). — For non-dominant characters the condition in 3.1 is also necessary for vanishing
of H! (G/B, L(x)) when G has semi-simple rank 2.

The proofs of (2.3) and (2.9) are based on M. Demazure’s simple proof of Bott’s
Theorem [4]. As a Corollary we in fact get that Bott’s Theorem holds in characteristic p for
line bundles induced by “small” characters (2.4) as well as the Steinberg characters (2. 10) but
we show also that there always exist line bundles having at least 2 non-vanishing cohomology
groups (2.7). Using (2.9) together with a couple of Lemmas about the restriction of line
bundles to codimension 1 Schubert varieties in G/B we are able to obtain the sufficient
condition for vanishing of H* (G/B, L(y))in (3.1). We point out in (3.2) exactly what we
need to show in order to get that this condition is also necessary. Via a Theorem of
C. S. Seshadri [10] we then use this in Section 4 to handle the semi-simple rank 2 case. This
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86 H. H. ANDERSEN

Section contains also some results about the G-module structure of some of the
H!(G/B, L(y))’s, which though very far from a complete answer to question (b) above, may
indicate a little about what kind of results to expect. As C. S. Seshadri’s work [10] is not
generally available we have included an Appendix containing a brief outline of his proof of the
above mentioned Theorem.

I'would like to thank J. E. Humphreys for some very helpful and stimulating discussions on
the problems treated in this paper. )

1. Preliminaries

NortatioN. — G will denote a connected reductive algebraic group over a field k. We will
assume k is algebraically closed and of positive characteristic p. We fix a maximal torus
T = G and a Borel subgroup B containing T. R will denote the set of roots of G with
respectto T, R _ theset ofrootsof Band R, =—R_. S < R, will be the set of simple roots
and W the Weyl group.

When aeR we let U, denote the corresponding unipotent subgroup of G and we fix an
isomorphism 0,: G, — U, satisfying t0,(z)t ' =0,(a(t)z), teT, zek.

The Schubert variety in G /B associated to an element w e W is defined to be the closure of
the cell BwB/B. We denote it X,,.

The character group of T will be denoted X (T). If neX(T) or more generally if 1 is any
linear representation of B on a vector space E we let L (n) [or sometimes L (E)] denote the
induced locally free sheaf on G/B, i. e. the sheaf whose Sections over an open subset
UcG/B are the regular functions ¢:n '(U)—E satisfying the relation
@ (xb)=n(b) '@ (x), xen *(U), beB. Here = is the canonical morphism G - G/B.

From [4] we recall the following crucial but simple Lemma valid in all characteristics.

LemMA 1.1. — Let o€ S and let P, denote the minimal parabolic subgroup of G having o as
only positive root. Let m: B — GL(E) be a linear representation of B and pe X(T). Ifn
extends to P, and (o, p>=—1 then

H'(G/B, L(n)®@L(w)=0 for all i.

In order to apply this Lemma we will need a detailed knowledge of some
representations of P,:

Lemma 1.2. — Let xeX(T), €S and suppose r={a ,y>=0. Then
V2=H°(P,/B, L(y)) has a basis vy, vy, . . ., v, with the following properties:
(a) v; is a T-semi-invariant of weight s,(x)+ia, i=0,1, ..., r;

(b) 0_,(2)v;= i (J;)zj'iv,-, zek,j=0,1, ...,
<0

Proof. — Elementary exercise (see [1], example 3.6).
Finally we shall need some criteria for vanishing of H° (X,,, L(x)]x_):
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COHOMOLOGY OF LINE BUNDLES ON G/B 87

Lemma 1.3. — Let f,: G/B - G/P, denote the canonical morphism. Then f,|x_ is a
P!-fibration if and only if l(ws,)=1(w)—1. [Here I(w) denotes the length of w.]

Proof. — The statement follows from the Bruhat decomposition, see [9], Lemma 2.1.

Lemma 1.4, — If H(X,,, L(x)|x)#0 then H®(X,,, L(x)|x) contains a unique B-stable
line. The weight in question is w(y).

Proof. — The Lemma is well known for X,,=G/B (i. e. for w=w,, the element in W with
maximal length), see [8], Theorem 8.3. The same proof applies.

CoroLLARY 1.5. — Let ae€S. Then H*(X,,., L(x)|x, )=0 if either:
(@) 3peS—{a}: <P, x> <0or ‘ h

(b) 3peS—{a}: (B, sa(x)) <O.

Proof. — Note that if o, BeS, a#p then

l(wg s,)=1{wgy)—1 and Hwo sy55)=1(wo) — 2.

Hence by Lemma 1.3 f;| Xy, 15 P'-fibration. The fibers are isomorphic to Pg/B and if

(B", x> <0 we have H°(P4/B, L(x))=0. Hence f. L(x)=0 and the Leray spectral
B X B
sequence

HP (fy(X,,,), R fueL(x) = H""(X,. . L)

shows then that H° (X4p,» L(x))=0. We are done if y satisfies condition (a). Suppose
now that y satisfies condition (b) and assume HO(XwOS,, L(x)#0. Set y=—wqy(p).
Then  I(s,wos,) =1(wosps,) =1(wo) —2. Hence the closure of B, B is
P,-stable V(under multiplication on the left) [3], Proposition 1.4. Hence P, acts
on HO(X%su, L(x)). Aswgs,(y) is a T-weight here so is therefore s, wqgs,(x). But

Sy W0 S5 (X) =10 5, (0) =< ¥, WoSa(X) > ¥ =105, (X)+< B, 5.(0) > V-

Now in general if B — GL (E) is any linear representation of B and e € E is a T-semi-invariant
whose corresponding weight is maximal among the T-weights of E [with respect to the order
of X(T) induced by B] then the line generated by e is B-stable. But by Lemma 1.4
H°(X,,... L(x)) has only one B-stable line and the weight in question is wg s, (x). Therefore
Wo s, (X)+< B, s4(3) >y cannot be bigger than w, s,(x). This contradicts condition (b).

2. Line bundles induced by small characters

LetaeS, yeX(T)and suppose r={a , x> =0. From Lemma 1.2 we see that we have
the following sequences of B-modules

o [ 0V

0-k —+K;—>V;—>O,

5. ()
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88 H. H. ANDERSEN

where k, denotes the 1-dimensional B-representation : B — GL (k) and where V; has a basis
{v,, 05, ..., 0,—, } with the properties:
(i) v; is a T-semi-invariant of weight s, (x)+ia;
j .
(i) 0_,()0;= Y ({)ﬂ-fﬂh zek, j=1,2, ..., r—1.
i=1\!
Let HY: V; — V}_, denote the map that takes v; into iv;_;. It is easy to see that this is a
B-equivariant map. The kernel K7 of Hj has a basis {el, ey, ..., € }
a=max{n|np<{a , x>}
with the properties:
(i) e; is a T-semi-invariant of weight s, (x)+ pi a;
j .
(ii) 0_,(2)e;= ) <J.>z”‘j_“ei, zek.
i=1\1!
Similarly the cokernel Q2 of H¢ has a basis {e;, e, ..., ¢, } with the properties:
(i) e; is a T-semi-invariant of weight s, (x)+ pi a.
.. - < (p-1 R
(ii) 0_,(2)e;= ) < i )z”“‘"ei, zek.
=1 \pi—1
We derive the following properties of these B-representations when { o, x) is “small”:
If0 <o, x> <pthen ViV, , (via H,).
If ap < (o, x> < (a+1)p for some a<p then

(2 2) K;: Q;:(Vra—l)m,)(p) ® k\,l(xfptat-#(a-l)m,)) ’

where @, is the fundamental weight corresponding to a.

[When E is a B-representation we denote by E? the same representation raised to the p’th
power.]
Let now p=half the sum of the positive roots (=) ®,). Combining (2.1), (2.2) and
aeS

Lemma 1.1 we get.

THEOREM 2.3. — Let a€S:
@) If <o”, x+p> 20 then

H'(G/B, L(x))~H"!(G/B, L(K},,) ® L(—p));

X+p
(i) if 0< <o, x+p) Sp then
H!(G/B, L(x))~H"*'(G/B, L(s,(x +p)—p));

(i) if ap <<, x+p> <(a+1)p for some 1<a<p then we have two long exact
sequences:
(@ ... >H7"(G/B, L(s,(x+p)—p) — H(G/B, L(x))
' —H*(G/B, L(VZ, )®L(—p) > ...
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COHOMOLOGY OF LINE BUNDLES ON G/B 89

(b) ...->H"Y(G/B, L((VE_,,)?)
® L(s,(x+p—pla+(a—1a,)—p) > H*(G/B, L(V%,)

xtp

®L(=p) > H(G/B, L((Vi_ o)) ® Lss (x +p)—p(@+(@a—1)o)—p) = ...

COROLLARY 2.4. — (i) if o , x+p> =0 and H*(G/B, L(s,(x +p)—p+na)=0 for
n=0,1, ..., {a , x> then H(G/B, L(x))=0.
(i) f weW and 0 (o, x+p> <pforall aeR, nw ' R_ then

H'(G/B, L(x)) ~H™"' “ (G/B, L(w(x+p)—p));

(iii) let A, denote the interior of the bottom alcove in the dominant chamber. Ifwe W and
x+pew t(Ay) then

0 for i#l(w),

Proof. — (i) follows from Theorem 2.3 (i) by considering the exact sequences arising when
one takes a B-filtration of K}, with 1-dimensional factors. (ii) and (iii) follow by repeated
use of Theorem 2.3 (ii).

Let us illustrate the results in Corollary 2.4 by an.
Example 2.5. — Let G be of type B,. Then X(T) has rank 2. In the Figure below we

have named the Weyl chambers in X(T) H°, H!, H?, H® and H* in such a way that if the
characteristic is zero then y € H' if and only if H/(G/B, L(x))=0 for j#i,i=0,1, ..., 4.

H1 HO

H?2 H
B o

H3 =0 H2
H4 H3

By 2.4 (i) it is easy to see that if y e H! then H3(G/B, L(x))=0 (compare observation
below) and by Serre duality we therefore get that H* (G/B, L(x))=0 for xeH?. On the
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90 H. H. ANDERSEN

Figure we have also indicated the bottom alcoves. By 2.4 (iii) the vanishing behaviour for
line bundles induced by characters from these alcoves is as in characteristic 0.

Set N=dim G/B. Itis easy to see that the canonical sheaf on G/Bis L(—2 p)and hence
HY(G/B, L(x))~H°(G/B, L(=x—2p). As H°(G/B,L(x)#0 if and only ify is
dominant (i.e. (a ,x)>=0 for allaeS) we find HY(G/B, L(x)#0 if and only if
(o, x> < —2forall aeS.

Suppose now y e X(T) satisfies p<{a , x> <2p—2 for some aeS and suppose there
exists BeS—{a} such that (B, s,(x+p)—p>>—2. By the above observation
HY(G/B, L(s,(x+ p)—p))=0 and from Theorem 2.3 (iii) we get

H™"'(G/B, L(x)~H"(G/B, L(V%, )®L(—p))
and

. = HY(G/B, L(s,(x+p)—p+p) » H(G/B, L(VZ, )
®L(—p)) - H"(G/B, L(s,(x+p)—p+pa)) = 0.

Now {a,s,(x+p)+pad=—<a ,x>—1+2p which by assumption lies between 0
and p. Hence by Theorem 2.3 (ii) we have

H'(G/B, L(s,(x +p)—p+pa) ~H " (G/B, L(x—p))
and we find by inserting this above
(2.6) HN"Y(G/B, L(x)~HN(G/B, L(x —pa)).

If therefore —y +pa—2 p is dominant we can conclude that HY ' (G/B, L(x))#0. Butwe
assumed above that s, (y + p) — p does not belong to the Weyl chamber which in characteristic
zero contains the characters whose line bundles have HN"'#0. If y therefore is non-
singular and satisfies the above conditions then L (y) will have at least two non-vanishing
cohomology groups. To be precise what we have proved is the following.

CoRrOLLARY 2.7. — If y satisfies the conditions:

(@) there exist two distinct simple roots o, B such that p<<{a ,yx><2p—2 and
(B salx+p)—p>z—1;

(b) <y ,x—pa)=—2forallyes;
then HY=%(G/B, L(y)) and HN='(G/B, L(y)) are both #0.

Remark 2.8. — From the Dynkin diagrams of the various root systems one can easily see
that the conditions in Corollary 2.7 will always be satisfied for some y € X(T) unless G is of
type A;. In all other cases there will therefore exist line bundles on G/B with at least 2 (in
case G, at least 3) non-vanishing cohomology groups.

Let now S} denote the unique simple submodule of V7. With notation as in Lemma 1.2

we have S}=span { v;

<:>¢0}. Suppose now that (a ,x>=ap"—1 for some a<p,

4° SERIE — TOME 12 — 1979 — N° 1



COHOMOLOGY OF LINE BUNDLES ON G/B . 91

neN. ThenS], =span {vo, Vpy + - e vap,} and it is easy to see that we have exact sequences

oL o
0= ip = Spup 2 Ky 0,

- 0.

oL +2
0— ks,(x+p) - Cx+p - Sx+pAp"a

From the corresponding exact sequences of locally free sheaves we get by tensoring
with L(—p) and using Lemma 1.1:

TueOREM 2.9. — If (o, 3 > =ap"—1 with a<p then
H'(G/B, L(x))~H""'(G/B, L(s,(x +p)—p)
CoROLLARY 2.10. — Let g=p" and set y,=(q—1)p. Ifp><a , p) for allaeR, then

0 for i#lWw),

H'(G/B, L(W(Xq+p)_p))={Ho (G/B, L(x,) for i=1[(w)

for all weW.
Proof. — Apply Theorem 2.9.

Remark. — The y,’s are known as the Steinberg weights and H°(G/B, L(y,)) as the
Steinberg modules. It is a fact that the Steinberg modules are irreducible [6] and so are
- therefore H'®(G/B, L(w(x,+ p)— p)) under the assumption of Corollary 2.10.

3. Vanishing of H'

THEOREM 3.1. — Let x € X (T) and suppose there exist o, B€S, aa#B, a, ne N with a<p
such that

(o, x> +ap"+1=0 and (BT, xd+adB ,adp"+1=0.

Then H'(G/B, L(x))=0.

Proof. — We first note that if a is any simple root then the divisor X,, ; in G/Bis defined by
the invertible sheaf L (w,), i.¢. we have the exact sequence

0—>L(—mu)—>OG/B—+Oxw . - 0.

Tensoring this sequence with L(A) and looking at the associated cohomology sequence
we see that the induced map H!'(G/B, L(A—w,)— H!(G/B, L(\) is injective if

H° (X4,s,» L(M)=0. To prove the Theorem it will therefore be enough to find two non-
negative integers r and s with the properties:
() H'(G/B, L(y+rw,+sw)=0
and '
- (i) H°(X,,,, Lt +no,+mog)=H’(X,,,, L(x+no,+maog)=0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



92 H. H. ANDERSEN

for all (n, m) with 0=<n=<r and 0=m=<s.
We claim that
(r.5)=(—ap"—<a , x> —1, —a{p ,ayp"—<P x> =1
will do the job: Choose ¥, € X(T) such that
Sy (X1 +P)—Pp=%+r0,+50g.
FEasv computations show that

(o, x1p=ap"—1 and (P73 >=-1

By Theorem 2.9 we have H' (G/B, L(x+rw,+swg)~H°(G/B, L(x,)) and the latter is
zero by Lemma 1.1. Hence (r, s) satisfies (i). To see that (ii) is also satisfied note first that
when n<r we have

(o, y+no,+mogd=<a , x> +n<{a , x> +r=—ap"—1<O0.

According to Corollary 1.5 HO(XWB, L (x+no,+mawy)) therefore vanishes. The same
Corollary shows that we are done if we also show that

<Bv,sa(x+ncou+mcoﬁ)><0 fof 0n=r, 0=mZ<s.
But ’

Sa (X 1o, +mwp) =y +nw,+mog—(< o, x> tna
and so

(B, s,y +nw,+mog> =B, x> +m—(Ca’, x> +n) (B, o)
SCBL A As= (Ko, x> +R (BT o)
=—a{(B,a)p"—1+(ap"+1) (B, ad=—1+(B", a) <O0.
Remark 3.2. — If y is dominant then all the higher cohomology groups of L (y) are zero
([9], [2]). It seems very likely that for non-dominant weights the condition in Theorem 3.1

is also necessary for vanishing of H'. 1In fact this will be true if we have non-vanishing at the

edge points —(a+1)p" o, + Y al— B~, &) p"wp: Let namely x be a non-dominant weight
B#a -
and choose aeS such that {a ,y)><0. Leta<p, neN be determined by

—(a+1)p"s<a’, x> < —ap"—1. If we assume that the condition in Theorem 3.1 is not
satisfied then (B, x>=—a{PB ,a)p" for allBeS—{a}. We want to show
H!(G/B, L(y))#0. This follows by semi-continuity if % belongs to one of the chambers
where H' #0 in characteristic zero, i.e. if there exists yeS: s, (x + p) —p is dominant. So
assume that ¥ does not belong to any of these chambers. We claim that then

H°(X,,,. L(Y nyog)=0 for all (n5) with —(a+1)p"En,<<a, x> and
B

—a{B’, a)p"<ng={ B, x): B#a. For y#a this follows via Corollary 1.5 from the
fact (o, Y ngop » <0, and for y =a it followsyfrom the assumption that s, (x +p)—p is not
dominant. This assumption implies namely that (o, sg(x +p)—p > <0 and hence

o', sp (X me)> =<, sg(x+p+ nyo,—x—p)>
=Ca’, sp(x+p)—py+1+<a, Yo, —x—p—(g—<a, x>—1)p)
<l+4n,—{a , x> —1—(ng—<a , x> -1 <a’, B> =0.
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COHOMOLOGY OF LINE BUNDLES ON G/B 93

As in the proof of Theorem 3.1 we conclude that
H'(G/B, L}, ngoz—o,) > H' (G/B, L}, nywp)
B B

is injective for all yeS. Repeated use of this shows that

H'(G/B, L(—(a+1)p"o,— Y, a{B ", o) p"wp)
is injected into H' (G/B, L(y)).

4. Semi-simple rank 2

We first recall a Theorem due to Seshadri (valid without any assumption on the semi-
simple rank).

THEOREM 4.1 (C. S. Seshadri [10]). — There exists a locally free sheaf M on G/B with the
properties:
(@) for any vector bundle V on G /B there is a long exact sequence

F

..—» H(G/B, V) > H(G/B, V?) > H'(G/B, VM) > . ..
(b) MY ~L(Q) where Q is a B-representation whose set of T-weights is

{-Y n,a|0=n,<p—1}—{0}.
aeR,
(For construction and further details about M see the Appendix.)

We shall need the following easy consequence of Seshadri’s Theorem.

COROLLARY 4.2. — Let yeX(T):
(a) the Frobenius H! (G/B, L(y)) —» H(G/B, L(py)) is injective if

H°(G/B, L(Q®L(py)=0;
(b) H°(G/B, L(Q®L(px))=0 if the weights py— ¥ n,a, 0=n,<p—1 all are non-

aeR,
dominant.

F
roof. — By eorem 4.1 (a , L(y)— 5/B, L(py)) is injective i
Proof. By Th 4.1 (@ HY(G/B, L(y) - H'(G/B, L(py)) is injective if

H°(G/B, M®L (y))=0. Applyihg‘Theorem 4.1(a) with V=M®L (y) we get (a) while (b)
follows by taking a full filtration of Q.

Remark 4.3. — With notation as in Remark 3.2 observe that if aeN then

sa(—(a+1)o,— Y alBp", a)ws+p)—p

Bt

is dominant, i.e. —(a+1)w,— ), a{B’, a>ws belongs to the H'-chamber. By
B#a

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



94 H. H. ANDERSEN

semi-continuity H'(G/B, L(-(a+1)w,—Y a{Pp’, adwy)#0. One way of
B#a
showing non-vanishing at the edge points mentioned in Remark 3.2 would therefore be to

show that the Frobenius

~

H'(G/B, L(—(a+o,— Y alB’, o) op)

B#a

SHUG/B, L(—~@+1)p a,— ¥ alB, a)p"op)

B#a

is injective. By Corollary 4.2 a sufficient condition for this is:

Y no—(a+1)po,— Y alB,a)p w,

aeR, B#a
4.4 is non-dominant for all n,, a, n with

0sn,<p-—1, 0=<a<p and n=0.

Unfortunately (4.4) does not hold for all groups and so this method is not fine enough for
proving that the condition stated in Theorem 3.1 is both necessary and sufficient for
vanishing of H'. However we shall now see that it does work for groups of semi-simple
rank 2:

THEOREM 4.5. — (i) Let G be of type A, and denote by o and P the two simple roots. If
x€X(T) is non-dominant and does not belong to any of the H'-chambers then
H'(G/B, L(x))#0 if and only if there exist a,neN with a<p such that either
Cal, x>z —(a+1)p"and (B, x>Zap"or (B, x Y= —(a+1)p" and (o, x> 2 ap"

(ii) Let G be of type B, and denote by o and P the two simple roots with (o, B the two
simple roots with (o, p>= —2. IfyeX(T) is non-dominant and does not belong to any of
the H'-chambers then H' (G /B, L (x))#0 if and only if there exist a, ne N with a<p such that

H% chamber

AVAVAVAVAN VAVAVAVAVAVA
</H\?amber \/\/\/\/\ —chamberw
W\/\/\/\/\/\/\/\/\/

V‘(‘L\L_p A4 V

/ H -chamber H2-chamber

\VAVAVAVAVAVAVAVAVAVAVAVAVI
JAVAVAVAV AT AVAVAVAVAVA

Fig. 1. — Type A,.

4° SERIE — TOME 12 — 1979 — nN° 1
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either (o, x>=—(a+1)p" and (P ,xd>=ap" or (B ,x>=—(a+1)p" and
(o, >22ap™

(iii) Let G be of type G, and denote by o and B the 2 simple roots with { o , B>=—3. If
x€X(T) is non-dominant and does not belong to any of the H'-chambers then
H!(G/B, L(x)#0 if and only if there exista,neN with a<p such that either .
o', x>z —(a+1)p"and (B7, x> Zap" or (B, % >Z —(a+1)p" and (o, g )23 ap"

Remark 4.6. — Via Serre-duality we obtain corresponding necessary and sufficient
conditions for vanishing of HY"'(G/B, L(x)), N=dimG/B. The exact formulation of
these conditions is left to the reader. On Figure 1-3 below we have illustrated the results
of 4.5 by shading the alcoves with the property that if y belongs to the interior of such an
alcove then H'(G/B, L(x)#0 [resp. HY"'(G/B, L(x))#0] in positive characteristic
but =0 in characteristic zero.

H'- chamber

H2 chamber

HL chamber]

H3_chamber HZ.chamber

Y

H% chamber H3—chambe|7

/

Fig. 2. — Type B,.
[On this figure we have also indicated the expected vanishing behaviour of H2.]

Proof of Theorem 4.5. — Theorem 3.1 shows that the conditions are necessary and by
Remark 4.3 we are done if we show that (4.4) holds in each of the 3 cases. For type A, this
was already done by Seshadri in [10]. The method is the same in the other cases. Let us
treat the first of the two type G,-cases and leave the others to the reader: For type G, we have
Ri={o, B, a+p, 2a+p, 3a+p, 3a+2p} and some easy computations show that

nyo4n, B+ns(@+B)+nsQa+p)+nsBoa+p)+nsBa+2p)
=(2n1_3n2_n3+n4+3n5)ma+(—n1 +2n2+n3_n5+n6)mﬂ.
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\\ //
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H®-chamber HZ chamber H4chamber
Fig. 3. — Type G,.

What we have to check is therefore that the inequalities
—(2ny—=3n,—nz+n,+3ns)—(a+1)pn=0,
—(—ny+2n,4+n3—ns+ng)+ap"=0,
cannot both be satisfied if 0=m;<p—1, i=1, 2,...,6. Assume that they are

satisfied. From the second we get 2n,+n3;<n,+ns—ne+ap” and by inserting in
the first we conclude that the left hand side of this s
S—ny+n,—ng—2ns—ng—p"<n,—p"<0. We have reached a contradiction.
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