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Abstract. We determine the rate of decrease of the right tail distribution of the exponential functional of a Lévy process with
a convolution equivalent Lévy measure. Our main result establishes that it decreases as the right tail of the image under the
exponential function of the Lévy measure of the underlying Lévy process. The method of proof relies on fluctuation theory of
Lévy processes and an explicit pathwise representation of the exponential functional as the exponential functional of a bivariate
subordinator. Our techniques allow us to establish analogous results under the excursion measure of the underlying Lévy process
reflected in its past infimum.

Résumé. On s’intéresse à la vitesse de décroissance de la queue de distribution d’une fonctionnelle exponentielle d’un pro-
cessus de Lévy dont la mesure de sauts est équivalente par convolution. Le résultat principal de ce papier montre que cette
vitesse décroît comme la queue de la mesure image de la mesure de sauts par la fonction exponentielle. La preuve de ce ré-
sultat repose sur la théorie des fluctuations pour les processus de Lévy et une représentation trajectorielle explicite de la fonc-
tionnelle exponentielle comme la fonctionnelle exponentielle d’un subordinateur bivarié. Nos techniques nous permettent éga-
lement d’établir des résultats similaires sous la mesure d’excursion du processus de Lévy sous-jacent réfléchi en son minimum
passé.

MSC: 60G51(60F99)
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1. Introduction and main results

Let (ξ,P) be a real valued Lévy process with characteristic triple (a, σ,Π), a ∈ R, σ ∈ R and Π a measure over
R \ {0}, such that

∫
R\{0}(1 ∧ x2)Π(dx) < ∞. The characteristic exponent of ξ , will be denoted by Ψ ,

E
(
eiλξ1

) = exp
{−Ψ (λ)

} = exp

{
−

(
iaλ + λ2σ 2

2
+

∫
R\{0}

(
1 − eiλx + iλx1{|x|<1}

)
Π(dx)

)}
for λ ∈ R. We assume that ξ drifts towards −∞, limt→∞ ξt = −∞, P-a.s. Later we will also assume that ξ has
unbounded positive jumps, Π(x,∞) > 0, ∀x > 0, and hence the case where ξ is the negative of a subordinator is
automatically excluded. For background on Lévy processes see e.g. [1,8] and [15].

In this paper we are interested in the asymptotic behavior of the right tail distribution of the exponential functional
associated to the Lévy process ξ ,

I :=
∫ ∞

0
eξs ds.
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The assumption that ξ drifts towards −∞ implies that I < ∞, P-a.s. see e.g. [3], Theorem 1.
The exponential functionals of Lévy processes have been the subject of several recent researches and have found

a number of applications in branching processes, composition structures, generalized Ornstein–Uhlenbeck processes,
finance, financial time series, population dynamics, random algorithms, random media, risk theory, self-similar frag-
mentation theory, self-similar Markov processes theory, among others. The thorough review by Bertoin and Yor [3],
is an excellent source of information about exponential functionals of Lévy processes and their applications.

Finding the distribution of the random variable I is in general a difficult problem mainly because it is defined in
terms of the whole path of the underlying Lévy process. In fact, in the literature about the topic we can only find
a few cases where the law of I is explicitly known, most of which are enlisted in [3]. Carmona, Petit and Yor [6]
proved that for a large class of Lévy processes the law of I admits a smooth density and that solves an integral-
differential equation. It can be seen in the discussion and examples in [6] that solving such equation is a hard task,
even for Lévy processes whose characteristics admit a simple form. Very recently, Patie [21,22] obtained a formula
for the distribution of I under the assumption that the underlying Lévy process has no-positive jumps. Patie’s formula
involves a power series whose coefficients are given in terms of the Laplace exponent of ξ .

As it often happens, in many applications it is enough to have estimates of the right tail distribution of I , t �→
P(I > t), as t → ∞. But by the same reasons described above these are not easy to obtain and there is no standard
technique to tackle the problem. This is a topic that has been studied by Haas [12] and Rivero [23] in the case where
the underlying Lévy process is the negative of a subordinator; by Maulik and Zwart [16] under the assumption that ξ

is not the negative of a subordinator and that the law of ξ1 satisfies a condition of subexponentiality; and by Rivero
[24] under the assumption that ξ is not the negative of a subordinator and ξ satisfies the so-called Cramér condition
and an integrability condition. We will next describe with further details the main results in [16] and [24].

In [16] it is assumed that ξ satisfies that

(MZ1) μ = −E(ξ1) ∈ (0,∞),
(MZ2) G(x) := min{1,

∫ ∞
x

P(ξ1 > u)du} is subexponential, or equivalently that

min

{
1,

∫ ∞

x

Π(u,∞)du

}
is subexponential. (For the definition of subexponential see the forthcoming Definition 1.)

Under the assumptions (MZ1–2) Maulik and Zwart, in their Theorem 4.1, proved that

P(I > t) ∼ 1

μ
G

(
log(t)

)
, t → ∞. (1)

Besides, the hypotheses in [24] are that

(R1) ξ is not-arithmetic, that is, its state space is not a subgroup of kZ for any real number k;
(R2) the Cramér condition is satisfied, that is, there exists a θ > 0 such that E(eθξ1) = 1;
(R3) E(ξ+

1 eθξ1) < ∞, with a+ = max{a,0}.
The conditions (R2–3) are for instance satisfied whenever ξ has nonpositive jumps or its positive jumps are bounded
by above. Under the assumptions (R1–3) the author proved that

P(I > t) ∼ Ct−θ , t → ∞, (2)

where C ∈ (0,∞) is a constant. The identity C = E(I θ−1)

E(ξ1eθξ1 )
was obtained in [24] under the assumption that 0 < θ < 1,

and later extended in [16] to any θ > 0, under the assumption that −∞ < E(ξ1) < 0. Patie in [20] established a further
formula for the constant C for Lévy processes with no-positive jumps and which satisfy some assumptions.

An intuition for the latter and former estimates rely on the conjecture that

P
(
log(I ) > t

) ∼ cP
(

sup
s>0

ξs > t
)
, t → ∞, (3)
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for some constant c ∈ (0,∞). Which in turn is based on the heuristic that the large values of I are due to the large
values of exp{sups>0 ξs}. It can be verified that the latter conjecture holds true under the assumptions in [16] and [24].
Namely, in [16] it has been proved directly that

P
(
log(I ) > t

) ∼ P
(

sup
s>0

ξs > t
)

∼ 1

μ
G(t), t → ∞.

Whereas, under the assumptions (R1–3) Bertoin and Doney [2] proved that there exists a constant c′ ∈ (0,∞) such
that

lim
t→∞ eθtP

(
sup
s>0

ξs > t
)

= c′.

This estimate together with (2) confirms that under the assumptions (R1–3) the conjecture (3) is verified.
The main purpose of this paper is twofold. First, providing an estimate for the right hand tail distribution of I for a

large class of Lévy processes that do not satisfy the hypotheses (MZ1–2) nor (R1–3), namely that of Lévy processes
with a convolution equivalent Lévy measure. Second, exhibiting other cases where the conjecture (3) is verified.

Before stating our main result we need to recall some basic notions.

Definition 1. A distribution function G(x) < 1 for all x ∈ R, is said to be convolution equivalent or close to expo-
nential if

(a) it has an exponential tail with rate γ ≥ 0, written G ∈ Lγ , viz.

lim
x→∞

G(x − y)

G(x)
= eγy, y ∈ R, G(x) := 1 − G(x), x ∈ R;

(b) and the following limit exists:

lim
x→∞

G∗2(x)

G(x)
:= 2M < ∞,

where as usual G∗2 means G convoluted with itself twice.

In that case, we use the notation G ∈ Sγ . If γ = 0, the family S0 is better known as the class of subexponential
distributions. It is known that M = MG := ∫

R
eγ x dG(x), and that if γ > 0 the convergence in (a) holds uniformly

over intervals of the form (b,∞), for b ∈ R.

A result by Pakes [17,18], see also [30], estabishes that if F is an infinitely divisible distribution with Lévy measure
ν and

Jν(x) := ν[x ∨ 1,∞)

ν[1,∞)
, x ∈ R.

Then we have the following equivalences:

Jν ∈ Sγ ⇐⇒ Jν ∈ Lγ and lim
x→∞

F(x)

ν[x,∞)
= MF ⇐⇒ F ∈ Sγ ,

where by Jν ∈ Sγ we mean the distribution that is in the class Sγ and whose right tail equals Jν . We will use the
notation ν ∈ Sγ whenever Jν ∈ Sγ . For further background on convolution equivalent distributions we refer to [17,
18,30] and the reference therein. We will say that a Lévy process is in Sγ , for some γ ≥ 0, if the law of ξ1 is in Sγ or
equivalently its Lévy measure Π ∈ Sγ . We have all the elements to state our main result.
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Theorem 1. Assume that ξ is not arithmetic, ξ ∈ Sα for some α > 0, and E(eαξ1) < 1. If 0 < α ≤ 1, we assume
furthermore that E(ξ1) ∈ (−∞,0). We have that E(Iα) < ∞, and

P(I > t) ∼ E(Iα)

−ψ(α)
Π

(
log(t),∞)

, t → ∞,

where ψ(α) = log(E(eαξ1)). As a consequence the distribution of log(I ) belongs to the class Sα , and the estimate (3)
holds.

The proof of this result will be given in the next two sections via a few lemmas. Our arguments rely on the
fluctuation theory of Lévy processes, and a result which is the analogue of the latter theorem but for excursions. To
give a precise statement we next make a digression to provide further notation and recall a few facts from fluctuation
theory of Lévy process, and we refer to [1,8] and [15] for further background on the topic.

In the fluctuation theory of Lévy processes it is well known that the process ξ reflected in its past infimum:

ξt − it := ξt − inf
s≤t

ξs, t ≥ 0,

is a strong Markov process in the P-completed filtration (Ft )t≥0, generated by ξ . So it admits a local time at 0,
which we will denote by (L̂t , t ≥ 0). Let L̂−1 be the downward ladder time process associated to ξ , that is the right-
continuous inverse of the local time L̂, and ĥ the downward ladder height process associated to ξ , that is

ĥt = −i
L̂−1

t
, t ≥ 0.

It is well known that for each t > 0, L̂−1
t is a (Fs)s≥0-stopping time and ξ

L̂−1
t

= −ĥt . The couple ((L̂−1
t , ĥt ), t ≥ 0) is

the so-called downward ladder process associated to ξ . We denote by n the measure of the excursions out from 0 of
the process ξ reflected in its past infimum, by ε the coordinate process under n, and by ζ its lifetime. We consider also
the upward ladder process, ((L−1

t , ht ), t ≥ 0), that is the downward ladder process associated to the dual Lévy process
−ξ . We will denote by φh (respectively, φĥ) the Laplace exponent of the upward (respectively, downward) ladder
height subordinator h, and by (κ, a,Πh), respectively (̂κ, â,Πĥ), its associated killing rate, drift and Lévy measure.
Furthermore, we denote by Vh(dx) (respectively, Vĥ(dx)) the potential measure of h (respectively, ĥ), viz.

Vh(dx) =
∫ ∞

0
dtP(ht ∈ dx), Vĥ(dx) =

∫ ∞

0
dtP(̂ht ∈ dx), x ≥ 0.

The Wiener–Hopf factorization in space for ξ tells us that there exists a constant k′, whose value depends on the
normalization of the local times, L̂ and L, such that the characteristic exponent of ξ , Ψ , can be factorized as

k′Ψ (λ) = φh(−iλ)φĥ(iλ), λ ∈ R.

We assume without loss of generality that the local times are normalized so that k′ = 1. Let C = {λ ∈ R: E(eλξ1) <

∞}. The characteristic exponent Ψ can be extended by analytical continuation to the complex strip −�(z) ∈ C. Thus
we can define the Laplace exponent of ξ by

E
(
eλξ1

) = eψ(λ), ψ(λ) = −Ψ (−iλ),λ ∈ C.

By Hölder’s inequality the function ψ is convex on C, and so if ψ(λ0) < 0 for some λ0 ∈ C ∩ (0,∞), then ψ(λ) < 0
for 0 < λ < λ0. It holds also that

E
(
eλh1

)
< ∞, for λ ∈ C ∩ R

+,

and by analytical continuation

E
(
eλh1

) = e−φh(−λ), λ ∈ C ∩ R
+.
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The Wiener–Hopf factorization can be analytically extended to C as

ψ(λ) = (−φh(−λ)
)
φĥ(λ), λ ∈ C, (4)

see [29], chapters 4 and 6, for further details.
We next recall a few results by Kyprianou, Kluppelberg and Maller [14] which are consequences of the assumption

that ξ is not arithmetic, the law of ξ1 ∈ Sα , for some α > 0, and E(eαξ1) < 1. These conditions are equivalent to
h ∈ Sα , and E(eαh1) < 1. When these hold we have that Π

+
(x) := Π(x,∞), and Πh(x) := Πh(x,∞), x > 0, are

such that

Π
+
(x) ∼ φĥ(α)Πh(x), x → ∞. (5)

We have that [0, α] ⊆ C, C ∩ (α,∞) = ∅, and that

ψ(α) = (−φh(−α)
)
φĥ(α), 0 < φh(−α) < ∞. (6)

Furthermore, as ξ drifts to −∞, it follows that h has a finite lifetime, or equivalently φh(0) > 0, and its renewal
measure is a finite measure such that

lim
x→∞

V h(x)

Πh(x)
= 1

(φh(−α))2
, V h(x) := Vh(x,∞), x ≥ 0. (7)

See [14] for a proof of these facts and other interesting related results. We have also that for any y ∈ R,

lim
x→∞

V h(x + h)

Πh(x)
= e−αh

(φh(−α))2
uniformly in h ∈ (y,∞). (8)

Of particular interest for us is the following result, which together with our main result imply that the conjecture
(3) is verified.

Lemma 1 (Kyprianou, Kluppelberg and Maller [14]). Assume that ξ is not arithmetic, that ξ ∈ Sα for some α > 0,
and E(eαξ1) < 1. We have that

P
(

sup
s≥0

ξs > t
)

∼ φh(0)

(φh(−α))2
Π

+
(t), t → ∞,

where φh denotes the Laplace exponent of the upward ladder height subordinator of ξ .

With the latter result we finish our digression and go back to the main arguments in the proof of Theorem 1. The
key ingredient in our approach is a pathwise representation of the exponential functional I as the exponential func-
tional of a bivariate subordinator, (̂h, Y ), that we characterize explicitly, viz. I = ∫ ∞

0 e−ĥt− dYt . Such is the content of
Lemma 2 and its proof uses excursion theory for the process ξ reflected on its past infimum. The Lévy measure of the
subordinator Y is the image of the excursion measure of the process ξ reflected in its past infimum under the map-
ping that associates to an excursion path its area under the exponential function. Roughly speaking, the forthcoming
Lemma 4 will be used in the proof of Theorem 1 to justify that the large values of I come from a large jump of Y , in
the sense explained in [13], and therefore it will be crucial to have estimates of the right tail of the Lévy measure of Y .
These will be obtained by means of the next result which can be seen as an analogue of Theorem 1 for the exponential
functional of the excursion of a Lévy process reflected in its past infimum.

Theorem 2. Assume that the hypotheses of Theorem 1 hold. Let n be the measure of the excursions out from 0 for the
Lévy process ξ reflected in its past infimum, ε be the canonical process and ζ its lifetime. The following tail estimate

lim
y→∞

n(
∫ ζ

0 eε(t) dt > y)

Π
+
(log(y))

= E(Iα)

φh(−α)
∈ (0,∞),

holds, where φh denotes the Laplace exponent of the upward ladder height subordinator of ξ .
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We think that this result is of interest in itself as it reflects how the excursions of the reflected process mimics the
behaviour of the whole process, and vice-versa, and because in general little is known about the excursion measure
of a reflected Lévy process. This result is in the same vein as the one in [9] and, as in that paper, this may lead to a
Poisson limit theorem for the number of excursion paths with large area under the exponential of the excursion, we
leave the details to the interested reader.

The proof of Theorem 2 will be given by means of the Lemma 5. Its proof is quite long and technical, so we
consecrate most of Section 3 to it.

The fact that the estimate in Theorem 2 holds raises the question of whether the analogous result holds under the
assumptions in [16] or [24]. The following result answers this question.

Theorem 3. With the same notation as in Theorem 2.

(i) Assume that the hypotheses (MZ1–2) hold. We have that

lim
y→∞

n(
∫ ζ

0 eε(t) dt > y)∫ ∞
log(y)

Π(x,∞)dx
= 0.

(ii) Assume that the hypotheses (R1–3) hold. We have that

lim
y→∞yθn

(∫ ζ

0
eε(t) dt > y

)
= E(I θ−1)

μ
(θ)
h

,

where μ
(θ)
h = E(h1eθh1) ∈ (0,∞) and h denotes the upward ladder height process associated to ξ .

The proof of Theorem 3 will be given in Section 4.
It is important to observe that the arguments in the proof of Theorem 1 apply, using instead of Lemma 5, the result

in Theorem 3(ii), to give an alternative proof to the result in [24], described in (2) above.
We finish this section by mentioning that an interesting related problem is determining the behaviour of the distri-

bution t �→ P(I ≤ t), as t → 0+. This has been studied by Pardo [19] in the case where the underlying Lévy process
has nonpositive jumps and its Laplace exponent is regularly varying at infinity with index β ∈ (1,2), and by Caballero
and Rivero [5] in the case where the underlying Lévy process is the negative of a subordinator whose Laplace expo-
nent is regularly varying at 0. To our best knowledge there is no known conjecture or heuristic that allow to intuit the
rate of decrease of t �→ P(I ≤ t), for general Lévy processes.

2. Some preliminaries

For x > 0, we denote by T(−∞,−x) the first passage time below level −x for ξ ,

T(−∞,−x) = inf{t > 0: ξt < −x}.
A key ingredient for our approach is the following representation result.

Lemma 2.

(i) The process Y , defined by

Yt := at +
∑
u≤t

∫ L̂−1
u −L̂−1

u−

0
exp

{
(ξ

s+L̂−1
u−

− ξ
L̂−1

u−
)
}

ds, t ≥ 0,

is a subordinator with drift a determined by

aL̂s =
∫ s

0
1{ξu=iu} du,
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and Lévy measure ΠY , given by

ΠY (y,∞) =: ΠY (y) = n

(∫ ζ

0
eε(u) du > y

)
, y > 0.

The process (̂h, Y ) is a bivariate Lévy process.
(ii) The pathwise equality of processes(∫ L̂−1

t

0
eξu du, t ≥ 0

)
=

(∫ t

0
e−ĥu− dYu, t ≥ 0

)
holds.

(iii) The Laplace exponent of Y can be represented as

φY (λ)

λ
= a +

∫
(0,∞)

Vh(dx)exE
(

exp

{
−λex

∫ T(−∞,−x)

0
eξs ds

})
, λ > 0,

or equivalently the tail Lévy measure of Y is determined by∫ y

0
ΠY (u)du =

∫
(0,∞)

Vh(dx)exP
(

ex

∫ T(−∞,−x)

0
eξs ds ≤ y

)
, y ≥ 0.

Proof. The proof of the claims in (i) and (ii) use the same arguments as in the proof of Lemma 2 in [7], so we omit
the details. The claim in (iii) is a consequence of the fact that the Laplace exponent φY can be written as follows

φY (λ) = aλ + n

(
1 − exp

{
−λ

∫ ζ

0
eε(u) du

})
= aλ + λn

(∫ ζ

0
dseε(s) exp

{
−λ

∫ ζ

s

eε(u) du

})
= aλ + λn

(∫ ζ

0
dseε(s)

(
exp

{
−λ

∫ ζ

0
eε(u) du

})
◦ Θs

)
,

where Θ· denotes the shift operator. Hence using the Markov property under n and the fact that under n the canonical
process has the same law as ξ killed at its first hitting time of (−∞,0], we obtain the equality

φY (λ) = aλ + λn

(∫ ζ

0
dseε(s)Eε(s)

(
exp

{
−λ

∫ T(−∞,0)

0
eξu du

}))
, λ ≥ 0.

We conclude using that the renewal measure of the upward ladder height subordinator h equals the occupation measure
under n, viz.

Vh(dx) = aδ{0}(dx) + n

(∫ ζ

0
1{ε(s)∈dx} ds

)
,

see e.g. [1], exercise VI.5, and making an integration by parts. Indeed, we have the following equalities, which are a
consequence of Fubini’s theorem:

φY (λ)

λ
− a =

∫
(0,∞)

Vh(dx)exEx

(
exp

{
−λ

∫ T(−∞,0)

0
eξu du

})

=
∫

(0,∞)

Vh(dx)exE
(

exp

{
−λex

∫ T(−∞,−x)

0
eξu du

})

= λ

∫ ∞

0
dze−λz

∫
(0,∞)

Vh(dx)exP
(

ex

∫ T(−∞,−x)

0
eξu du ≤ z

)
;
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and by an integration by parts:

φY (λ)

λ
− a =

∫ ∞

0
e−λyΠY (y)dy = λ

∫ ∞

0
e−λz

(∫ z

0
ΠY (y)dy

)
dz,

which are valid for λ > 0. The claim follows by the uniqueness of the Laplace transform. �

Remark 1. Observe that a side consequence of the latter result is that

I =
∫ ∞

0
e−ĥt− dYt .

In particular, in the case where ξ has no negative jumps we know that ĥt = ct for some 0 < c < ∞, and therefore
I = ∫ ∞

0 e−ct dYt . This implies that in this case I is a self-decomposable random variable. This is a fact that has
been observed by a number of authors using a completely different argument, it can be found e.g. in [23], p. 468.
By a classical result by Wolfe [31] and Sato and Yamazato [27,28], it is known that there exists a subordinator Z

such that E(log(1 + Z1)) < ∞ and I
Law= ∫ ∞

0 e−s dZs . Lemma 2 contributes to the understanding of the subordinator
(Zs, s ≥ 0) by providing a pathwise construction and a description of its characteristics, because necessarily the
processes (Yt , t ≥ 0) and (Zct , t ≥ 0) have the same law.

In the following lemma we gather some useful results for exponential functionals of Lévy processes, which will
allow us to ensure that the constants appearing in our main results are finite and strictly positive.

Lemma 3. We have that for γ > 0,

E
(
I γ

)
< ∞ if and only if E

(
eγ ξ1

)
< 1.

In that case, we have the identity

E
(
Iγ

) = γ

−ψ(γ )
E

(
I γ−1).

Besides, if μ = −E(ξ1) ∈ (0,∞) then E(I−1) = μ.

Proof. If γ ∈ (0,1) the assertion of the lemma has been proved in Theorem 1 in [25]. To prove the result in the case
γ ≥ 1, we observe that the following formula holds

E
(
Iγ

) = γ

−ψ(γ )
E

(
I γ−1), γ ∈ {

λ > 0: E
(
eλξ1

)
< 1

}
. (9)

This is a well known formula, for a proof see e.g. [6], Proposition 3.1 or the proof of the Lemma 2 in [25]. (Note
that in the formula (7) in [25] a negative sign is missing, the correct formula is the one in (9) above; the proof of this
formula in the op. cit. paper is correct.) With this formula at hand we have that if γ ≥ 1 and E(eγ ξ1) < 1, then by
iteration

E
(
I γ

) =
{∏γ

k=1

(
k

−ψ(k)

)
if γ ∈ {1,2, . . .},

E
(
Iγ−�γ �)∏�γ �−1

k=0

( γ−k
−ψ(γ−k)

)
if γ /∈ {1,2, . . .}, (10)

where �γ � denotes the integer part of γ . If γ ∈ {1,2, . . .} the proof of the if part follows from this equation. For
γ /∈ {1,2, . . .} it follows from the latter formula and the fact that the claim in the lemma holds for 0 < γ − �γ � < 1,
that if E(eγ ξ1) < 1, then E(I γ ) < ∞. The proof of the reciprocal follows as in its counterpart in Lemma 2 in [25], as
the assumption that γ < 1 is not used in that part of the proof. The final assertion can be found in [6], Proposition 3.1.

�
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3. Proofs of Theorems 1 and 2

An elementary observation that will be very useful in the sequel is that if G ∈ Lα then x �→ G(log(x)), x > 0, is
a regularly varying function with index −α. As the assumptions of Theorem 1 imply that Π

+
(log(·)) is regularly

varying at infinity with index −α, it is natural to start the proof of that result by establishing conditions under which
the law of I has a tail distribution which is regularly varying at infinity. That is the purpose of the following lemma.

Lemma 4. Let t > 0 fixed, and Q := ∫ L̂−1
t

0 exp{ξs}ds, M := e−ĥt . We have that the tail distribution of I is regularly
varying with index −β , for some β > 0, if and only if the tail distribution of Q is so. In that case the estimate

P(I > s) ∼ 1

1 − E(Mβ)
P(Q > s), s → ∞,

holds.

Proof. Applying the strong Markov property at the stopping time L̂−1
t we obtain the identity

I =
∫ L̂−1

t

0
exp{ξs}ds + e

ξ
L̂

−1
t

∫ ∞

0
exp{ξ̃u}du = Q + MĨ,

where ξ̃s = ξ
L̂−1

t +s
− ξ

L̂−1
t

, s ≥ 0, and hence Ĩ has the same law as I and it is independent of F
L̂−1

t
. Hence, the random

variable I satisfies the random recurrence equation, with (Q,M) as above:

I
Law= Q + MĨ, (Q,M) independent of Ĩ

Law= I.

As M ≤ 1, it has moments of all positive orders, and thus the claim in the lemma follows from a simple application
of the main result in [11]. �

We deduce from this lemma that to reach our end it will be enough to prove that under the assumptions of Theo-
rem 1, s �→ P(Q > s), s > 0, has the same rate of decrease as Π

+
(log(·)) at infinity. To reach that end we will need

the following lemma.

Lemma 5. Assume that the hypotheses of Theorem 1 hold. The following tail estimate

lim
y→∞

n(
∫ ζ

0 eε(t) dt > y)

Πh(log(y))
= α

(φh(−α))2
E

(
Iα−1)

holds. The tail distribution of Y1 is regularly varying with index −α.

The proof of Theorem 2 is a straightforward consequence of Lemma 5 as we have seen in (5) that Πh is asymptot-
ically equivalent to Π

+
. The expression for the constant follows from the Wiener–Hopf factorization (6). The proof

of this lemma is rather long and technical because different ranges of values of α need different approaches, so we
prefer to postpone its proof and proceed to the proof of Theorem 1.

Proof of Theorem 1. A consequence of Lemma 2, is that Q is the stochastic integral Q = ∫ t

0 e−ĥs− dYs , with t fixed.
Where by Lemma 5, we can ensure that the tail distribution of Y is regularly varying at infinity, and furthermore e−ĥs− ,
s ≥ 0, is a bounded and predictable process, because it is adapted and left-continuous, with respect to the filtration
(F

L̂−1
s

, s ≥ 0). Hence we have all the elements to apply the Theorem 3.4 in [13] to ensure that

P(Q > y) ∼
∫ t

0
dse−sφĥ(α)P(Y1 > y) ∼ 1 − e−tφĥ(α)

φĥ(α)
ΠY (y), y → ∞.



1090 V. Rivero

By Lemma 4 we have therefore that

P(I > y) ∼ 1

1 − E(e−αĥ1)
P(Q > y) ∼ 1

φĥ(α)
ΠY (y), y → ∞.

Then by Lemma 5 and the estimate (5) we get the estimate

P(I > y) ∼ αE(Iα−1)

φĥ(α)(φh(−α))2
Πh

(
log(y)

) ∼ αE(Iα−1)

(φĥ(α)φh(−α))2
Π

+(
log(y)

)
, y → ∞.

But by the extended Wiener–Hopf identity (6) we have that φĥ(α)φh(−α) = −ψ(α) and by Lemma 3 we have that
αE(Iα−1) = −ψ(α)E(Iα). From where the form of the constant follows. Finally the assertion that the law of log(I )

is in Sα follows from the tail equivalence property of convolution equivalent distribution, see Lemma 2.4 and Corol-
lary 2.1 in [17] or Lemma 2.1 in [30]. �

We proceed now to the proof of Lemma 5. It will be sufficient to prove that the estimate therein holds, as it implies
that the tail Lévy measure of Y is regularly varying at infinity. A classical result by Embrechts and Goldie [10] ensures
that the latter is equivalent to the regular variation at infinity of the tail distribution of Y1 and that in that case

P(Y1 > y) ∼ ΠY (y), y → ∞.

Proof of Lemma 5 (Case α < 1). By Karamata’s Tauberian theorem, Corollary 8.1.7 in [4], it is well known that the
regular variation at infinity with index α < 1, of the function y �→ ΠY (y) is equivalent to the regular variation at 0 of
φY , and in that case

lim
u→∞

ΠY (u)

φY (1/u)
= 1

�(1 − α)
,

see e.g. [1], p. 75. So to prove the claimed result it will be enough to prove that

lim
λ→0

φY (λ)

Πh(log(1/λ))
= α�(1 − α)

(φh(−α))2
E

(
Iα−1).

Recall that an expression for the Laplace exponent φY has been established in Lemma 2. To reach our end, we will
use the following inequalities, for λ > 0,

φ̃Y (λ)

λ
:= a +

∫
(0,∞)

Vh(dx)exE
(
exp

{−λexI
})

≤ φY (λ)

λ
= a +

∫
(0,∞)

Vh(dx)exE
(
exp

{−λexSx

}) ≤ 1

E(e−λI )

φ̃Y (λ)

λ
, (11)

where Sx := ∫ T(−∞,−x)

0 eξs ds, x > 0. The first inequality follows from the fact that Sx ≤ I . To establish the second
inequality we need that ξT(−∞,−x)

≤ −x, and that conditionally on FT(−∞,−x)
, I − Sx and eξT (−∞,−x) Ĩ , have the same

law; where Ĩ is independent of FT(−∞,−x)
and with the same law as I . Indeed, we have that

φY (λ)

λ
= a +

∫
(0,∞)

Vh(dx)exE
(
exp

{−λexSx

})
= φ̃Y (λ)

λ
+

∫
(0,∞)

Vh(dx)exE
(
exp

{−λexSx

} − exp
{−λexI

})
= φ̃Y (λ)

λ
+

∫
(0,∞)

Vh(dx)exE
(
exp

{−λexSx

}(
1 − exp

{−λex+ξT(−∞,−x) Ĩ
}))
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≤ φ̃Y (λ)

λ
+ E

(
1 − exp{−λI })∫

(0,∞)

Vh(dx)exE
(
exp

{−λexSx

})
≤ φ̃Y (λ)

λ
+ E

(
1 − exp{−λI })φY (λ)

λ
≤ 1

E(e−λI )

φ̃Y (λ)

λ
,

where the last inequality follows by iteration.
From the inequalities in (11) we deduce that to prove the result it is enough to prove that

lim
λ→0

φ̃Y (λ)

Πh(log(1/λ))
= α�(1 − α)

(φh(−α))2
E

(
Iα−1).

Using the representation of φ̃Y in (11), we deduce that

φ̃Y (λ)

Πh(log(1/λ))
= aλ

Πh(log(1/λ))
+ λ

Πh(log(1/λ))

∫
(0,∞)

Vh(dx)exE
(
exp

{−λexI
})

= aλ

Πh(log(1/λ))
+ λ

Πh(log(1/λ))

∫
(log(β/λ),∞)

Vh(dx)exE
(
exp

{−λexI
})

+ λ

Πh(log(1/λ))

∫
(0,log(β/λ))

Vh(dx)exE
(
exp

{−λexI
})

=: aλ

Πh(log(1/λ))
+ A1(λ) + A2(λ)

for β > 0. It follows from the fact that t �→ Πh(log(t)) is regularly varying at infinity with an index −α, α ∈ (0,1),
that

aλ

Πh(log(1/λ))
−→
λ→0

0.

It remains to study the behaviour of A1 and A2. Using the uniformity property in (8) we can estimate A1. Indeed, we
have that for ε, δ > 0, and β > 0,

A1(λ) = λ

Πh(log(1/λ))

∫
(log(β/λ),∞)

Vh(dx)exE
(
exp

{−λexI
})

=
∑
n≥0

λ

Πh(log(1/λ))

∫
(nδ+log(β/λ),(n+1)δ+log(β/λ))

Vh(dx)exE
(
exp

{−λexI
})

≤
∑
n≥0

(V h(log(β/λ) + nδ) − V h(log(β/λ) + (n + 1)δ))

Πh(log(1/λ))
βe(n+1)δE

(
exp

{−βenδI
})

≤ 1

(φh(−α))2

Πh(log(β/λ))

Πh(log(1/λ))
β

∑
n≥0

[(
e−α(nδ) − e−α(n+1)δ

) + εδ
]
e(n+1)δE

(
exp

{−βenδI
})

. (12)

By the monotonicity of the exponential function, elementary arguments and making a change of variables u = βex−δ ,
it follows that∑

n≥0

[(
e−α(nδ) − e−α(n+1)δ

)]
e(n+1)δE

(
exp

{−βenδI
})

≤
∑
n≥0

α

∫ (n+1)δ

nδ

dxe−αxeδexE
(
exp

{−βex−δI
})
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= eδα

∫ ∞

0
dxe−αxexE

(
exp

{−βex−δI
})

= αβα−1eδ(2−α)

∫ ∞

βe−δ

duu−αE
(
exp{−uI }). (13)

And similarly that

ε
∑
n≥0

δe(n+1)δE
(
exp

{−βenδI
}) = εβ−1e2δ

∑
n≥0

∫ (n+1)δ

nδ

duβe−δenδE
(
exp

{−βe−δe(n+1)δI
})

≤ εβ−1e2δ

∫ ∞

βe−δ

duE
(
exp{−uI })

≤ εβ−1e2δ

∫ ∞

0
duE

(
exp{−uI })

= εβ−1e2δE
(

1

I

)
. (14)

Using the former and latter inequalities in (12) and letting λ → 0 we get that for δ,β, ε > 0,

lim sup
λ→0

A1(λ) ≤ α

(φh(−α))2
eδ(2−α)

∫ ∞

βe−δ

duu−αE
(
exp{−uI }) + εe2δE

(
1

I

)
. (15)

Now we let δ → 0, and finally β → 0, to obtain the upper bound

lim sup
λ→0

A1(λ) ≤ α

(φh(−α))2

∫ ∞

0
duu−αE

(
exp{−uI }) + εE

(
1

I

)
. (16)

On account of the hypothesis −∞ < E(ξ1) < 0, we can ensure that E(I−1) < ∞, and hence we infer that

lim sup
λ→0

A1(λ) ≤ α�(1 − α)

(φh(−α))2
E

(
Iα−1).

An argument analogous to the one above gives also

lim inf
λ→0

A1(λ) ≥ α�(1 − α)

(φh(−α))2
E

(
Iα−1).

To finish the proof we need to prove that A2(λ)−→λ→0 0. To that end we start by observing that A2 can be bounded
by above by

lim sup
λ→0

A2(λ) ≤ λ
∫ log(β/λ)

0 Vh(dx)(ex − 1) + λVh(0, log(β/λ)]
Πh(log(1/λ))

= λ
∫ log(β/λ)

0 dueu(V h(u) − V h(log(β/λ))) + λVh(0, log(β/λ)]
Πh(log(1/λ))

≤ λ
∫ β/λ

1 duV h(log(u)) + λVh(0, log(β/λ)]
Πh(log(1/λ))

∼ (1 + α)−1λ(β/λ)V h(log(β/λ))

Πh(log(1/λ))
+ λ

Πh(log(1/λ))
Vh

(
0, log(β/λ)

]
,
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where the first equality follows by an integration by parts, the first estimate is a consequence of Karamata’s Theorem
(Proposition 1.5.8 in [4]) and the fact that

∫ β/λ

1 duV h(u) tends to infinity as λ → 0. Moreover, the estimate (8) implies
that

(1 + α)−1λ(β/λ)V h(log(β/λ))

Πh(log(1/λ))
∼ β(1−α)

(1 + α)(φh(−α))2
as λ → 0.

Using that any function, say �, that varies slowly at infinity is such that xγ �(x) → ∞ as x → ∞, for any γ > 0, we
get that

0 ≤ lim sup
λ→0

λ

Πh(log(1/λ))
Vh

(
0, log(β/λ)

] ≤ Vh(0,∞) lim sup
x→∞

1

xΠh(log(x))
= 0.

Finally, letting β → 0, we obtain that

0 ≤ lim sup
λ→0

A2(λ) ≤ 0,

which finishes the proof. �

Proof of Lemma 5 (Case α = 1). We will prove that

lim
y→∞

∫ λy

y
ΠY (u)du

yΠh(log(y))
= 1

(φh(−1))2
log(λ), λ > 1. (17)

The result will follow from this by an application of Theorem 3.6.8 in [4], which allow us to ensure that in that case

lim
y→∞

ΠY (y)

Πh(log(y))
= 1

(φh(−1))2
.

To establish an upper bound for the limit in (17) we observe that Lemma 2 implies that the numerator can be written
as follows:∫ λy

y

ΠY (u)du =
∫

(log(yβ),∞)

Vh(dx)exP
(
y < exSx < λy

) +
∫

(0,log(yβ))

Vh(dx)exP
(
y < exSx < λy

)
:= B1(y) + B2(y)

for β > 0 and Sx := ∫ T(−∞,−x)

0 eξs ds, x > 0. The term B1 can be bounded by above and below by∫
(log(yβ),∞)

Vh(dx)exP
(
ye−x < Slog(rβ), I < λye−x

)
≤ B1(y) ≤

∫
(log(yβ),∞)

Vh(dx)exP
(
ye−x < I,Slog(rβ) < λye−x

)
(18)

for any r < y; these follow from the inequality Sy < I . Now, let δ, ε > 0 and use the uniformity in (8) to bound by
below the left hand side in Eq. (18) as follows:

1

yΠh(log(yβ))

∫
(log(yβ),∞)

Vh(dx)exP
(
ye−x < Slog(rβ), I < λye−x

)
≥ β

∑
n≥0

(V h(log(yβ) + nδ) − V h(log(yβ) + (n + 1)δ))

yΠh(log(yβ))
yenδP

(
β−1e−nδ < Slog(rβ), I < λβ−1e−(n+1)δ

)
≥ β

∑
n≥0

[
1

(φh(−1))2

(
e−nδ − e−(n+1)δ

) − εδ

]
enδP

(
β−1e−nδ < Slog(rβ), I < λβ−1e−(n+1)δ

)
(19)
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for y large enough. To study the right most term in the latter equation we argue as in (13) to get∑
n≥0

[(
e−nδ − e−(n+1)δ

)]
enδP

(
β−1e−nδ < Slog(rβ), I < λβ−1e−(n+1)δ

)
≥ 1 − e−δ

δ

∫ ∞

0
dxP

(
β−1e−(x−δ) < Slog(rβ), I < λβ−1e−(x+δ)

)
= 1 − e−δ

δ

∫ β−1eδ

0

du

u
P
(
u < Slog(rβ), I < λue−2δ

)
. (20)

The rightmost term in the latter inequality is finite because Slog(rβ) ≤ I , P-a.s. and hence by Fubini’s theorem∫ β−1eδ

0

du

u
P
(
u < Slog(rβ), I < λue−2δ

) ≤
∫ ∞

0

du

u
P
(
Ie2δ/λ < u < I

) = log(λ) − 2δ

for 0 < δ < 1
2 log(λ). Moreover arguing as in (14) we obtain that

ε
∑
n≥0

δenδP
(
β−1e−nδ < Slog(rβ), I < λβ−1e−(n+1)δ

)
≤ εe−δ

∫ ∞

0
dxexP

(
β−1e−x < Slog(rβ), I < λβ−1e−x

)
= εβ−1e−δ

∫ ∞

β

duP
(
S−1

log(rβ) < u < λI−1)
≤ εβ−1e−δ

∫ ∞

0
duP

(
I−1 < u < λI−1) = εβ−1e−δ(λ − 1)E

(
I−1) < ∞. (21)

Putting the pieces together we get

lim inf
y→∞

B1(y)

yΠh(log(y))
= lim

y→∞
Πh(log(yβ))

Πh(log(y))
lim inf
y→∞

B1(y)

yΠh(log(yβ))

≥ e−δ

(φh(−1))2

∫ β−1eδ

0

du

u
P
(
u < Slog(rβ), I < λue−2δ

)
− (λ − 1)

εe−δE(I−1)

(φh(−1))2
, δ, r, β > 0.

By letting ε, δ → 0, then r ↑ ∞ and finally β → 0 and using the monotone convergence theorem we obtain the lower
bound

lim inf
y→∞

B1(y)

yΠh(log(y))
≥ 1

(φh(−1))2
log(λ), λ > 1.

It is proved in a similar way that

lim sup
y→∞

B1(y)

yΠh(log(y))
≤ 1

(φh(−1))2
log(λ), λ > 1.

We omit the details. So, to finish the proof we need to prove that the term B2 is o(yΠh(log(y))). Indeed, observe that
by Fubini’s theorem and Tchebyshev’s inequality it follows that

E(I ) =
∫ ∞

0
E

(
eξs

)
ds = 1

ψ(1)
< ∞, P(I > y) ≤ E(I )

y
= 1

yψ(1)
, y > 0.
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Using this inequality and making an integration by parts in the following expression we conclude that∫
(0,log(yβ))

Vh(dx)exP
(
y < exSx < λy

) ≤
∫

(0,log(yβ))

Vh(dx)exP
(
y < exI

)
≤ 1

yψ(1)

∫
(0,log(yβ))

Vh(dx)e2x

= 1

yψ(1)

(
Vh

(
0, log(yβ)

) +
∫

(0,log(yβ))

Vh(dx)
(
e2x − 1

))
≤ 1

yψ(1)

(
Vh(0,∞) + 2

∫
(0,log(yβ))

e2xV h(x)dx

)
.

Moreover, by making a change of variables u = ex and using Karamata’s Theorem we get∫
(0,log(yβ))

e2xV h(x)dx =
∫ yβ

1
uV h

(
log(u)

)
du ∼ (yβ)2V h

(
log(yβ)

)
, y → ∞.

It follows from the latter and former estimates, the estimate in (7) and the fact that y2Πh(log(y)) tends to ∞ as
y → ∞, that

0 ≤ lim sup
y→∞

B2(y)

yΠh(log(y))
≤ lim sup

y→∞
(Vh(0,∞) + 2

∫
(0,log(yβ))

e2xV h(x)dx)

ψ(1)y2Πh(log(y))
= 2β

ψ(1)
. (22)

Letting β tend to 0 we get the claimed result. �

Proof of Lemma 5 (Case α > 1). Observe that the hypotheses and the fact that α > 1 imply that the integral∫ ∞
0 Vh(dx)ex < ∞ (see e.g. [14], Proposition 4.2). Due to Lemma 2 and the monotone density theorem (Theo-

rem 1.7.2 in [4]) for regularly varying functions it is enough to prove that

y �→
∫ ∞

y

ΠY (u)du =
∫

R+
Vh(dx)exP

(
ex

∫ T(−∞,−x)

0
eξs ds > y

)
, y ≥ 0,

is regularly varying at infinity with index 1 − α. As in the proof of the case α < 1 we will compare the latter quantity
to yΠh(log(y)), at infinity. Indeed, an application of Fubini’s theorem gives∫

(0,∞)

Vh(dx)exP
(

ex

∫ T(−∞,−x)

0
eξs ds > y

)
= E

(∫
(0,∞)

Vh(dx)ex1{x>log(y/Sx)}
)

≤ E
(∫

(0,∞)

Vh(dx)ex1{x>log(y/I)}1{I−1>δ}
)

+ E
(∫

(log(yδ),∞)

Vh(dx)ex1{x>log(y/I)}1{I−1≤δ}
)

+ E
(∫

(0,log(yδ)]
Vh(dx)ex1{x>log(y/I)}1{I−1≤δ}

)
=: E

(
F(y/I)1{I−1>δ}

) + C1(y) + C2(y) (23)

for y, δ > 0, where F(z) := ∫
(0,∞)

Vh(dx)ex1{x>log(z)}, z > 0. To study the first term on the rightmost term in Eq. (23)
we claim that F is a function which is regularly varying with an index 1 − α at infinity and such that

lim
z→∞

F(z)

zV h(log(z))
= α

α − 1
. (24)
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Furthermore, on account of the regular variation of F with a negative index 1 − α, we have that for v > 0,

lim
z→∞

F(zλ)

F (z)
= λ1−α uniformly in λ ∈ (v,∞),

see e.g. chapter 1 in [4]. Let us prove that the limit in Eq. (24) holds; the regular variation of F follows therefrom.
Using Fubini’s theorem and Karamata’s Theorem we get that

F(z) = zV h

(
log(z)

) +
∫ ∞

log(z)

Vh(dx)
(
ex − elog(z)

)
= zV h

(
log(z)

) +
∫ ∞

log(z)

dxexV h(x)

= zV h

(
log(z)

) +
∫ ∞

z

duV h

(
log(u)

)
∼ zV h

(
log(z)

)(
1 + 1

α − 1

)
, z → ∞,

which proves (24). From the properties of F and the estimate (7) we infer that for δ > 0,

lim
y→∞

E(F (y/I)1{I−1>δ})
yΠh(log(y))

= 1

(φh(−α))2

α

α − 1
E

(
Iα−11{I−1>δ}

)
. (25)

We next study the terms C1 and C2. The term C1 can be bounded by above as follows:

C1(y) ≤ P
(
I−1 ≤ δ

)∫ ∞

log(yδ)

Vh(dx)ex

≤ δαE
(
Iα

)(
yδV h

(
log(yδ)

) +
∫ ∞

yδ

duV h

(
log(u)

))
∼ αδαE(Iα)

α − 1
yδV h

(
log(yδ)

)
, y → ∞,

where the first inequality follows from the very definition of C1, the second inequality from Tchebyshev’s inequality
and an integration by parts and finally the estimate follows from Karamata’s Theorem. Using the estimate (7) and the
regular variation of V h(log(·)) we conclude that

0 ≤ lim sup
y→∞

C1(y)

yΠh(log(y))
≤ δ

αE(Iα)

(α − 1)(−φh(−α))2
. (26)

We should now determine the rate of growth of C2. This can be done as follows:

C2(y) ≤
∫ log(yδ)

0
Vh(dx)exP

(
I > ye−x

)
≤ y−αE

(
Iα

)∫ log(yδ)

0
Vh(dx)e(1+α)x

≤ y−αE
(
Iα

)(
Vh

(
0, log(yδ)

) + Vh(0,∞) + (1 + α)

∫ log(yδ)

0
due(1+α)uV h(u)

)
∼ E

(
Iα

)
y−α(δy)α+1V h

(
log(δy)

)
,

where the first inequality follows from the definition of C2, the second from an application of Tchebyshev’s inequality,
the third follows by an integration by parts and a change of variables and finally the estimate follows from Karamata’s
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Theorem and the fact that Vh is a finite measure. Using the estimate (7) and the regular variation of V h(log(·)) we
infer therefrom that

lim sup
y→∞

C2(y)

yΠh(log(y))
≤ δ

E(Iα)

(−φh(−α))2
. (27)

Plugging the estimates in (25), (26), (27) in the inequality (23) we conclude that

lim sup
y→∞

∫ ∞
y

ΠY (u)du

yΠh(log(y))
≤ 1

(φh(−α))2

α

α − 1
E

(
Iα−11{I−1>δ}

) + δγα for δ > 0, (28)

where γα is a positive and finite constant whose value is the addition of the constants appearing in (26) and (27).
Letting δ tend to 0 we get the upper bound

lim sup
y→∞

∫ ∞
y

ΠY (u)du

yΠh(log(y))
≤ 1

(φh(−α))2

α

α − 1
E

(
Iα−1). (29)

To obtain a lower bound we use the inequality∫
(0,∞)

Vh(dx)exP(ex
∫ T(−∞,−x)

0 eξs ds > y)

yΠh(log(y))
≥ E(

∫
(r,∞)

Vh(dx)ex1{x>log(y/Sr )}1{S−1
r >δ})

yΠh(log(y))

= E(F (y/Sr)1{S−1
r >δ})

yΠh(log(y))
,

for δ > 0 and log(yδ) > r > 0. Using this inequality and arguing as for (25) we get that

lim inf
y→∞

∫ ∞
y

ΠY (z)dz

yΠh(log(y))
≥ 1

(φh(−α))2

α

α − 1
E

(
Sα−1

r 1{S−1
r >δ}

)
, for δ > 0, r > 0.

Letting δ tend to 0 and then r towards ∞, using the monotone convergence theorem and using the estimate in Eq. (29)
we conclude that

lim
y→∞

∫ ∞
y

ΠY (z)dz

yΠh(log(y))
= 1

(φh(−α))2

α

α − 1
E

(
Iα−1).

The conclusion of the lemma follows therefrom using the monotone density theorem for regularly varying functions,
Theorem 1.7.2 in [4]. �

4. Proof of Theorem 3

4.1. Proof of assertion (i)

The assumptions (MZ1–2) imply that E(̂h1) = μĥ < ∞ (Corollary 4, Section 4.4 in [8]) and together with Theo-
rem 3(a) in [26] imply that

Πh(y) ∼ 1

μĥ

∫ ∞

y

Π
+
(x)dx, y → ∞. (30)

Hence, by asymptotic equivalence, Πh ∈ S0 (Lemma 2.4 and Corollary 2.1 in [17] or Lemma 2.1 in [30]) and so we
can apply the results in [14] to ensure that (7) holds with α = 0. So, to prove our claim it will be enough to prove that

lim
y→∞

ΠY (y)

Πh(log(y))
= 0.
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To that end we start by proving that

lim
z→∞

∫ log(z)

0 Vh(dx)ex

zV h(log(z))
= 0. (31)

Indeed, by an application of Fubini’s theorem and a change of variables we get the identity∫ z

0
Vh(dx)ex = Vh(0, z) +

∫ z

0
Vh(dx)

(
ex − 1

)
= Vh(0, z) +

∫ z

0
dueu

(
V h(u) − V h(z)

)
= Vh(0,∞) − ezV h(z) +

∫ ez

1
dsV h

(
log(s)

)
for z > 0. On account of the fact that under the present assumptions V h(log(·)) is slowly varying, we can apply
Karamata’s Theorem to get that∫ y

1
dsV h

(
log(s)

) ∼ yV h

(
log(y)

)
.

Also by the properties of slowly varying functions we have that yV h(log(y)) → ∞ as y → ∞. Putting the pieces
together we conclude that the assertion in (31) holds true.

We have also the inequality

P(I < ye−x)

P(I < y/2)
≥ P

(
Sx < ye−x/2

)
, x, y > 0. (32)

To prove this inequality we will use the fact that

I = Sx + eξT(−∞,−x)

∫ ∞

0
exp{ξs+T(−∞,−x)

− ξT(−∞,−x)
}ds

Law= Sx + eξT(−∞,−x) Ĩ

with Ĩ independent of (Sx, eξT(−∞,−x) ) and with the same law as I . Indeed, we have that

P
(
I < ye−x

) = P
(

Sx + eξT(−∞,−x)

∫ ∞

0
exp{ξs+T(−∞,−x)

− ξT(−∞,−x)
}ds < ye−x

)
≥ P

(
exSx < y/2, ex+ξT(−∞,−x)

∫ ∞

0
exp{ξs+T(−∞,−x)

− ξT(−∞,−x)
}ds < y/2

)
≥ P

(
exSx <

y

2
, Ĩ <

y

2

)
= P

(
exSx <

y

2

)
P
(

I <
y

2

)
. (33)

So by inequality (32), Lemma 2, Fubini’s theorem and elementary manipulations we have that

P(I < y)

∫ y

0
ΠY (x)dx

= P(I < y)

∫
(0,∞)

Vh(dx)exP
(
exSx ≤ y

)
≤

∫
(0,∞)

Vh(dx)exP
(
exI ≤ 2y

)
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= E
(∫

(0,log(2y/I))

Vh(dx)ex1{I−1≤β}
)

+ E
(∫

(0,log(2yβ))

Vh(dx)ex1{I−1>β}
)

+ E
(∫

(log(2yβ),log(2y/I))

Vh(dx)ex1{I−1>β}
)

(34)

for β > 0, and y large enough. Given that we are only interested by large values of y we can neglect the term P(I < y),
which tends to 1 as y → ∞. Recall that the hypothesis E(−ξ1) ∈ (0,∞) implies that E(I−1) < ∞. The terms on the
rightmost hand side in Eq. (34) can be analyzed as follows:

E
(∫

(0,log(2y/I))

Vh(dx)ex1{I−1≤β}
)

+ E
(∫

(0,log(2yβ))

Vh(dx)ex1{I−1>β}
)

≤ 2
∫

(0,log(2yβ))

Vh(dx)ex = o
(
yV h

(
log(y)

))
,

and

E
(∫

(log(yβ),log(y/I))

Vh(dx)ex1{I−1>β}
)

≤ E
(

1

I
1{I−1>β}

)
yV h

(
log(yβ)

)
.

We deduce therefrom that

lim sup
y→∞

∫ y

0 ΠY (x)dx

yV h(log(y))
≤ E

(
1

I
1{I−1>β}

)
, β > 0.

Letting β → ∞ we infer that

lim
y→∞

∫ y

0 ΠY (x)dx

yV h(log(y))
= 0.

It follows from (7) and (30) that

lim
y→∞

∫ y

0 ΠY (x)dx

y
∫ ∞

log(y)
Π

+
(x)dx

= 0.

The claim follows from the monotone density theorem for regularly varying functions.

4.2. Proof of assertion (ii)

The proof in this part is quite similar, but simpler, to that of Lemma 5. The main difference is that here we will use the
renewal theorem instead of the results in [14], which we recall were crucial in our development. Hence we will just
outline the main steps of the proof.

Assume that ξ satisfies the hypotheses in (R1–3). This implies that h is not arithmetic,

E
(
eθh1

) = 1, and μ
(θ)
h := E

(
h1eθh1

)
< ∞.

The reason for this is the extended form of the Wiener–Hopf factorization stated in (4), as under these assumptions
[0, θ ] ⊆ C. Indeed, it implies that

0 = −ψ(θ) = −φh(−θ)φĥ(θ), φĥ(θ) > 0 ⇒ φh(−θ) = 0,

or equivalently E(eθh1) = 1. Moreover, by standard arguments

∞ > E
(
ξ1eθξ1

) = lim
λ→θ−

ψ(λ)

θ − λ
= φĥ(θ) lim

λ→θ−
−φh(−λ)

θ − λ
= φĥ(θ)E

(
h1eθh1

)
.
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The finiteness of the constant E(I θ−1) is proved in Lemma 2 in [25] whenever 0 < θ < 1; whilst if θ > 1 it follows
from Lemma 3 here, because by the strict convexity of ψ we have that E(e(θ−1)ξ1) = eψ(θ−1) < 1.

Case θ < 1. From Lemma 2 we know that the tail Lévy measure of Y is such that

∫ y

0
ΠY (x)dx =

∫
R+

Vh(dx)exP
(

ex

∫ T(−∞,−x)

0
eξs ds ≤ y

)
, y ≥ 0.

It is easily verified that the function u �→ e(1−θ)uP(I ≤ e−u), u ∈ R, is directly Riemman integrable, because it is an
integrable function which is the product of the exponential function and a decreasing function. The renewal theorem
applied to the renewal measure V ∗

h (dx) := Vh(dx)eθx , x ≥ 0, implies that

e−(1−θ)y

∫ ey

0
ΠY (x)dx = e−(1−θ)y

∫
R+

Vh(dx)exP
(

ex

∫ T(−∞,−x)

0
eξs ds ≤ ey

)

=
∫

R+
V ∗

h (dx)e(1−θ)(x−y)P
(∫ T(−∞,−x)

0
eξs ds ≤ e−(x−y)

)

=
∫

R

V ∗
h (dz + y)e(1−θ)zP

(∫ T(−∞,−(z+y))

0
eξs ds ≤ e−z

)
1{z>−y}

−→
y→∞

1

μ
(θ)
h

∫
R

due(1−θ)uP
(
I ≤ e−u

)
= 1

μ
(θ)
h

∫
R+

dzz−(2−θ)P(I ≤ z) = 1

μ
(θ)
h (1 − θ)

E
(
I θ−1). (35)

The result follows from the monotone density theorem for regularly varying functions.
Case θ > 1. Arguing as in the case θ < 1 we get

e(θ−1)y

∫ ∞

ey

ΠY (x)dx = e(θ−1)y

∫
R+

Vh(dx)exP
(

ex

∫ T(−∞,−x)

0
eξs ds > ey

)

=
∫

R+
V ∗

h (dx)e−(θ−1)(x−y)P
(∫ T(−∞,−x)

0
eξs ds > e−(x−y)

)

=
∫

R

V ∗
h (dz + y)e−(θ−1)zP

(∫ T(−∞,−(z+y))

0
eξs ds > e−z

)
1{z>−y}

−→
y→∞

1

μ
(θ)
h

∫
R

due−(θ−1)uP
(
I > e−u

) = 1

μ
(θ)
h

∫
R

due(θ−1)uP
(
I > eu

)
= 1

μ
(θ)
h

∫
R+

dzzθ−2P(I > z) = 1

μ
(θ)
h (θ − 1)

E
(
I θ−1). (36)

The result follows using the monotone density theorem for regularly varying functions.
Case θ = 1. We proceed as in the proof of Lemma 5 by discretizing the integral. Observe that we do not need

the hypothesis that E(I−1) < ∞, because for a renewal measure U , which satisfies the hypotheses of the Renewal
Theorem, we can assume that for any δ, and any ε given, there exists a t0 such that

(1 − ε)
δ

m
≤ U(t, t + δ] ≤ (1 + ε)

δ

m
, t ≥ t0,
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where m denotes the mean of the inter-arrival distribution. This fact is used instead of the uniformity property (8). In
that way we get that for any 0 < λ < 1,∫ y

λy

ΠY (x)dx =
∫

R+
Vh(dx)exP

(∫ T(−∞,−x)

0
eξs ds > e−(x−y) ≥ λ

∫ T(−∞,−x)

0
eξs ds

)

=
∫

R+
V ∗

h (dx)P
(∫ T(−∞,−x)

0
eξs ds > e−(x−y) ≥ λ

∫ T(−∞,−x)

0
eξs ds

)
−→
y→∞

1

μ
(1)
h

∫
R

dzP
(
I > e−z ≥ λI

) = 1

μ
(1)
h

log(1/λ). (37)

The result follows from Theorem 3.6.8 in [4].
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